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Abstract

For higher order Hilbertian Sobolev spaces, we improve the embedding inequality for
the critical LP-space by adding a remainder term with a suitable weak norm.
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1 Introduction

Let © ¢ RY be any domain and for an integer m consider the space D" 2((2), namely the
completion of the space of real-valued C'*°-functions with compact support in €2 with respect

to the norm
ol = ([ (- )1/2 o e (1)
ul| = — Uu-Uu = .
Q |VAM=1/2y),  if m is odd,

where |u|, denotes the LP-norm of a function u € LP(€). We assume that m < %, then
the so-called critical Sobolev exponent 2* = 2N/(N — 2m) is well-defined and the following
inequality holds

Suld < |Jul? for all u € D™?(Q). (1.2)

It is known [12,14] that the best constant

2
5= it LUl

werm:2() [uf3
u#0

in inequality (|1.2]) does not depend on the domain €2, and that S is attained if and only if
Q=R and
u€ M:={cUy,:ceR\{0},y e RV A >0} (1.3)

where )
Uny € Dm’Q(RN), Ury(x) := AUAN=2m (x — y)),

N—

and U € D™? is given by U(x) = (1 + |z|>)” ™. In the sequel we will also write Uy in
place of Uy . The minimization property of the functions Uy, implies that they satisfy the
equation

_ HUA,yHQ
‘Uk,y

_ (5 4m)
3 L(§ —m)

(=A)"Uyy = Ti|Usy|* 72Uy, with 7, (1.4)
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In the present paper, we are interested in bounded domains Q € RY. In this case, the space
D™2(Q) is usually denoted by HJ*(Q) and we stick to this notation. Since S is not attained
when 2 is bounded, it is natural to wonder if some lower bounds exist for the remainder term
|w||? — S|ul3. whenever u € HJ*(Q2). Generalizing a result of Brezis-Lieb [4] for the first order
case m = 1, Gazzola-Grunau [7] proved that for any bounded domain @ C RY there exists
C = C(©2,m) > 0 such that

ul|? = S|ul3 > Clul?, for all u € HY() (1.5)

where |u|,, denotes the weak L?"/2-norm (see [11]) defined by
2m
o = sup 141 [ Jul.
ACQ A

|A|>0

The space Hy"(€2) is of interest for the study of boundary value problems for the polyharmonic

m—1

operator (—A)™ complemented with Dirichlet boundary conditions u = u, = -+ = g 5—u =
0 on 9€). If these boundary conditions are replaced by Navier boundary conditions ©u = Au =
A2y =...A™ 1y =0 on 09, one is led to consider the space

Hy'(Q) = {uEHm(Q) : Aju:0f0r0§j<%}

which may also be endowed with the norm . Clearly, whenever m > 2, the space Hy"(2)
is strictly larger than H{'(Q2). Nevertheless, it has been shown in [8] (see also previous work
in [9,15]) that the Sobolev inequality holds with the same optimal constant S also
for functions in Hy"(2). Whenever m > 2, this fact does not follow by a trivial extension
argument, as is most easily seen in the special case m = 2. Indeed, in this case any extension
of a function in HZ() with nontrivial outer normal derivative u, on 9§ to a function in
D22(RY) increases the norm || - || if RV \ © # @. We also point out that the optimal
constant changes for subcritical embeddings, namely embeddings in LP with p < 2*, see [5].
In this paper we prove a remainder term estimate of type for functions u € Hy"(Q2).
We note that the proof of in [7] does not carry over to functions in this larger space
since one cannot trivially extend functions in H;*(€2) to functions in Hy*(B) where B is a
ball containing €2; moreover, a further nontrivial radial extension outside this larger ball B
was needed in [7] and this extension seems not to be possible in H;"(€2) even if Q is itself a
ball. The following is the main result of the present paper.

Theorem 1.1. Let Q@ C RY a bounded domain with O of class C™. Then there exists a
constant C' = C(Q2,m) > 0 such that

lul| — Sul3 > Cluly, for allw € Hy*(Q2).

The exponent of the weak norm is sharp. Indeed, using functions of the form Uy as test
functions with 0 € €, large A and a cut off function %, it is easily seen that an estimate of
this type cannot hold for ¢ > 2% /2. For expansions of different norms of ¥)Uy as A — oo,
see [6,9,10]. On the other hand, Theorem implies that for all ¢ € [1,2*/2) there exists a
constant Cy = Cy(n,Q2) > 0 such that

|ul|* > Slula + Cq]u\z for all u € HY*(Q).

Our proof of Theorem [I.1]is based on the following tools. First, we use Talenti’s comparison
principle [13] to reduce the problem to radial positive functions in a ball. Second, we apply
the extension map constructed in the recent paper [8] in order to pass to radial functions in
D™2(RY). Finally, we use a remainder term estimate proved in [2]. In Section [2| below we
collect and discuss these tools, and in Section [3| we complete the proof of Theorem



2 Preliminaries

In the following, for the sake of clarity we will sometimes specify the domain of integration in
the norms we use, that is, we write |- |, 0, || - || and |- |, 0. We denote by B the unit ball in
RN, by ex = |B| its measure and by f* € L?(B) the spherical rearrangement of f € L?(Q)
when Q2| = |B|. Here we use the definition of f* given in [13, p. 701], so the superlevel
sets {z € B : f*(x) > t} are concentric balls centered at zero with the same measure as
{r € Q : |f(x)] > t}. With this definition, f* = |f|* is always a nonnegative and radially
decreasing function - even if f is sign changing.

The first crucial tool for the proof of Theorem is the following comparison principle due
to Talenti [13, Theorem 1].

Proposition 2.1. Let Q@ ¢ RY (N > 2) be a C™-smooth bounded domain such that |Q| =
|B| = en. Let m = 2k be an even number. Let g € L*() and let u € HJ'(2) be the unique
strong solution to

(—A)u=g in Q,
ANy =0 on 052, j=0,....k—1.

Let g* € L*(B) and u* € H}(B) denote respectively the spherical rearrangements of g and u,
and let v € H)'(B) be the unique strong solution to

(—A)fy = g* in B, (2.1)
Ay =0 on 0B, j=0,....k—1. :
Then, v > u* a.e. in B.

As we shall see, Proposition [2.1] enables us to reduce the proof of Theorem [I.1] to the case
where 2 = B and to the subspace of Hy" of radially symmetric and decreasing functions,
which we denote by Rj'(B).

The second tool needed in the proof of Theorem [L.1]ia an extension argument taken from [8]
which we now explain in some detail. Consider first the case where m is even, namely m = 2k
for some k > 1. For any g : [0,00) — R with appropriate integrability conditions, we define

(Gg) (r) = /TOO /Op <Z>N_1 g(s)dsdp.

If g goes to 0 fast enough for r — oo (e.g. like 7~7 with v > 2), then an integration by parts
gives

(Gg) (r) = ﬁT2_N /OT sV Lg(s)ds + ﬁ /OO sg(s)ds, (2.2)

and
—A(Gg) (lz]) = g (|z]) for 2 € RV,

Moreover, we denote by G* the k-th iteration of the operator G. With these notations we
recall a result by Gazzola-Grunau-Sweers [8]:

Proposition 2.2. Let m = 2k and let u € R*(B) \ {0}. Let w(r) = (G*f) (r) for

AR ur) ifr <,
fr) = { 0 ifr>1,

then w € D™2(RN), Jullg = llullp. and [wly gx > [ulz- 5.



In particular, if m = 2 the extension of a radial function u = u(r) in R%(B) is given by

u(r) + Nl_ 2\u'(1)] if r € (0,1),
w(r) = PN-2 .
N_2\u (1)] if r € [1,00).

Proposition [2.2]also enables us to treat the case of odd m, namely m = 2k +1 for some k£ > 1.
Since H;***(B) c HZ*(B), by Proposition [2.2| we know that any u € Rz*t!(B) \ {0} allows
to define an entire function w such that

w>uin B, A¥(w—-u)=0in B, Afw=0inRY\B.
In particular, this implies that also
V(A*(w —u))=0in B, V(AFw)=0in R\ B. (2.3)

The construction for the 2k-case also enables us to conclude that w € C?*~1(RN), a regularity
which is not enough to obtain w € D?*12(R"), here we need one more degree of regularity.
This is obtained by recalling the extra boundary condition that appears by going from H, 92]“ (B)
to Ha*™'(B), namely A*u =0 on dB, and that A*w =0 in RV \ B.

Next, we recall a result by Bartsch, Weth and Willem [2]:
Proposition 2.3. There exists a constant o > 0 such that

”UH2 - S"U, %* Z adlSt(U, M)2 fOT all u € Dm,Q(RN)

Here dist(u, M) = inf{||u — v|| : v € M} is the distance of u from M in D™2(RY).

For m = 1 this result is due to Bianchi and Egnell [3], solving a problem posed by Brezis and
Lieb [4].

We finally note that if u € D"™2(R¥) is a function with dist(u, M) < ||ul|, then there exists
v € M with dist(u, M) = ||u — v|| since M is relatively closed in D™2(R) \ {0}. If, in
addition, u is a radial positive function, then the distance minimizing v € M can be chosen
as a positive and radial function, i.e. v = cU)y with ¢, A > 0. To see this, we note that every
positive function v € M is a translation of a radially decreasing function. Therefore v € M
implies v* € M, whereas by and [1, Theorem 2.2] we have

/ (—Amv)u:Tm/ vz*_luSTm/ (U*)2*_1u:/ (=A™ )u
RN RN RN RN

and therefore

lu—ol* = fJul® + 520

g*_2/ (—A™ )y > |]u\2+52]v*]%*—2/ (—A™ ) = [[u— v*||?
RN RN

3 Proof of Theorem [1.1]

With no loss of generality we may assume that |2 = |B| = en.

Assume first that m is even, m = 2k for some k > 1. Take any function u € Hy"(Q2), put
g := (—A)*u, and let v € Hy"(B) the unique solution to . Then by the properties of
symmetrization, see [1], we obtain both that

k
5.8 = lolia = A"uf3 g = [luld (3.1)

k
ol = A% 5 = |g”

4



and
[ull3- o = |u*f3- 5 < V]34 p (3.2)

where, for the last inequality, we used Proposition Moreover, for any A C €2 such that

|A| > 0 we have
_2m _2m
A% / ju = |A] % / xalul
A Q

where x 4 denotes the characteristic function of A. Since by [1, Theorem 2.2] we know that

[ xalul < [ x
Q B
2m 2m
A [ <4 ® [
A A*

and therefore, by taking the supremum over all such A, we deduce that |ul, 0 < |u*|, 5. In
turn, by Proposition [2.1} we infer that

for any such A we have

|ulw,0 < [V]w,B- (3.3)

Putting together (3.1)), (3.2), and (3.3]) shows that if we can prove Theorem in the sym-
metric framework where Q = B and u € Rj*(B), then we are done.

A similar conclusion is reached if m is odd, m = 2k + 1 for some k£ > 0. In this case, invoking
again [1], (3.1)) becomes an inequality:
k * k
ol = [VA*[S g = V"3 5 < [Vgl30 = VAU o = [[ullf,
which also allows to consider just the case where Q = B and u € Ry'(B).

We now proceed by contradiction. If the assertion of Theorem is false, then there exists
a sequence of functions u, € Ry*(B) (n € N) such that ||u,||p = 1 for all n and

1 — Slun |3
ﬂ —0 as n — oo. (3.4)

|un1mB

We denote by w, the extension of u,, as given by Proposition (if m is odd, also the remarks
following Proposition are needed). Then we know that

[wnllgy = llunllp =1, [wnlo gy > |unlo-,B-
Moreover, recalling that w, > u, in B, we also have
[ wn gy > [tn|w 5
Consequently,
0<1—Slwpf3. gy <1 = Slugl3- g — 0

and therefore, by Proposition
dist(w,, M) - 0  asn — oc.

Since ||wy,||gy = 1 for all n € N, it follows by the remarks below Proposition that there
exists cp, Ay, > 0 with ||w, — ¢, Uy, ||[gy = dist(wy, M), and that

0 < inf ¢, < supc, < oco.
ne neN



In case that m = 2k is even, we have
di 2 _ _ 2 Ak _ 2
ist(wn, M)” = [[wn — caUn, |lgy = |A%(wy CnUAn)‘QRN
> ’Ak(wn - CnU)\n)’§7RN\B = Cn‘AkU/\n@’RN\B > Scn’U)\n‘g*RN\B

since Afw, = 0 a.e. in RV \ B for n € N. In case m = 2k + 1 is odd, we get the same
conclusion using (2.3)). In both cases necessarily \,, — oo and therefore \,, > 1 for all n after
passing to a subsequence. This yields that

|U/\n’2I v [ N-1 00 N-1
Q’RN\BzAi/ - Ndr:/ ), e dr
N€N 1 |:1 +( N—om )2] AN-2m (]_ +7r )

ANy

/°° dr 1
= ANz pNFL T N 2N Z2

We conclude that

Q

1

dist(wy, M) > with C7 > 0 independent of n € N.

&

On the other hand, a scaling argument shows that |c,Uy,|w,5 < §|U|, gn; We point out

that scaling gives this nice estimate precisely because we deal with the weak L2"/2-norm.
Therefore, we have

IA

|wn‘w,B < |CnU)\n|w,B + |wn - CnU)\n’w,B

%”|U|W7RN + OslJwn — enlUn, |lan < Cadist(wn, M).

|Un|w,B

A

with constants Co,C3 > 0 independent of n. Hence, (3.4 implies that

ol — Stnl g

dist(wy,, M)?

— 0 as n — 00.

contrary to Proposition 2.3} This contradiction shows the claim.
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