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WAVE EQUATIONS WITH MEMORY: THE MINIMAL STATE
APPROACH

MONICA CONTI, ELSA M. MARCHINI

ABSTRACT. Recently, in [6, 12], a new theoretical scheme has been developed in order
to study equations with memory, the so—called minimal state approach. The aim of
this work is to provide the technical body needed to study the asymptotic behavior of
semilinear integrodifferential equations of hyperbolic type in the novel framework.

1. INTRODUCTION

In many physical phenomena (e.g. viscoelasticity, heat flow in real conductors, population
dynamics, phase separation) the actual evolution of the system is influenced by the past
values of one or more variables in play. A correct modeling of this phenomenon naturally
leads to differential equations, the so-called equations with memory, where a memory term
arises as the time convolution of the unknown function against a suitable memory kernel.
The nonlocal character of such models represents an intrinsic difficulty in the analysis of
equations with memory, that have been poorly understood for many decades. Nowadays
we know that an effective way to circumvent this difficulty is trying to translate the
integro—differential problem into an ordinary differential equation generating a dynamical
system on some abstract space, where one can exploit the powerful toolbox of semigroups
theory.

In the literature, this strategy traces back to C. Dafermos in the seventies [9] and
constitutes the core of the classical history approach. It is based on the introduction of
an auxiliary variable, ruled out by its own equation, which contains all the information
about the unknown function up to the actual time, its past history. In recent years,
an alternative scheme has been proposed in [12] to investigate equations with memory,
the so-called minimal state approach. The introduction of the new theoretical scheme is
motivated by an objection raised in Dafermos’ framework, where it might happen that
two different past histories lead to the same solution, hence they are indistinguishable
from the point of view of the dynamics. As an attempt to overcome this weakness, in the
state approach a different additional variable, rather then the past history, is employed to
describe the initial state of the system. This is based on the novel notion of minimal state,
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which satisfies the desired property that different initial states entail different evolutions
(see also [10, 11]).

Many progresses in the analysis of equations with memory have been made thanks to
Dafermos’ scheme, see e.g. [1, 2, 4, 7, 8, 14, 15] just to mention some recent contribu-
tions. Then, a natural point in order to investigate the effectiveness of the minimal state
approach is trying to prove corresponding results within the novel framework.

A first contribution in this direction is given by [6], where an asymptotic theory for the
nonlinear model of viscoelasticity (see (2.1) below) is developed. This is based on earlier
contributions in the past history framework [7, 14] where the asymptotic properties of the
semigroup S (t) generated by (2.1) in Dafermos’ scheme has been analyzed in full details.
Indeed, [6] investigates the relationship between S(¢) and the corresponding semigroup
S(t) acting on a new extended phase space H according to the state approach. As a
consequence, leaning on the existence of the global attractor for S (t), the authors obtain
by comparison the existence of a regular global attractor for S(¢) in the new scheme.

The goal of this work is to keep further the development of the minimal state approach
by providing the technical body which is needed to handle equations with memory in the
novel abstract framework, without going through the history approach.

In this paper we discuss two of the main ingredients which allow to exploit the machinery
of dynamical systems in the new extended phase space, namely, a general compactness
result directly applicable to its subsets, and a family of auxiliary functionals suitable to
recover energy estimates for the semigroup. As an application we furnish a direct proof of
the existence of a regular attractor for S(t), but the tools here devised are quite general
and suitable to be applied and adapted to a large variety of models.

1.1. Plan of the paper. We first present the hyperbolic nonlinear model with memory
under investigation. Then, after stating the general assumptions on the nonlinearities
involved in the equation and on the memory kernel, in Section 3 we recall the abstract
functional setting needed to treat the model in the minimal state framework and the
main results concerning with the asymptotic behavior of S(t). Section 4 provides a general
compactness theorem for a class of functional spaces including H. The subsequent Section
5 is devoted to construct suitable energy functionals; some of the proofs are postponed
in the Appendix at the end of the paper. In Section 6 we finally show how to exploit the
whole machinery to provide a direct proof of the existence of a global attractor of optimal
regularity for S(t).

2. PRELIMINARIES

Let Q C R3 be a bounded domain with sufficiently smooth boundary 9Q2. We consider the
strictly positive operator A = —A acting on L*(€2) with domain dom(A) = H*(Q)NH (D).
For r € R, we define the scale of compactly nested Hilbert spaces

H = dom(A"2),  {u, 0} = (A"2u, A2}y, ulle = 14772l 20

We will always omit the index  whenever r = 0. The symbol (-, -) will also stand for the
duality product between H” and its dual space H™". We recall the relations

H'=H1'Q), H=L*Q), H'=H(Q), H?>=H*Q)NHQ),



WAVE EQUATIONS WITH MEMORY: THE MINIMAL STATE APPROACH 3

along with the generalized Poincaré inequalities

Valull < lullisr,  Vu e T,
where A; > 0 is the first eigenvalue of A.

The model. We consider the hyperbolic equation with memory arising in the theory of
isothermal viscoelasticity [13, 19]

(2.1) U+ A[Ozu — /000 u(s)u(t — s)ds| + g(u) = f,

where u = u(x,t) : 2 x R — R represents the displacement of an elastic body occupying
the region €2. Here, g is a nonlinear smooth function, whose typical form is an odd
polynomial with positive leading coefficient (see (2.6)—(2.7) below), f is an external forcing
and « a positive constant.

The boundary-value problem (2.1) is supplemented with the initial conditions

(2.2) uw(0) = ug, Owu(0) = v,

where ug, vy are prescribed data. Besides, in order to compute the convolution term in
(2.1), it is usually assumed the knowledge of the values of u for all past times, namely

(2.3) u(—$)|s>0 = Po(s),

where the past history function ¢y on R is a given datum. We shall return on this point
later.

Calling
Folt) = / 4t + 5)do(s)ds,
0

equation (2.1) can be rewritten as

(2.4) i+ A[Ozu - /Ot pu(s)u(t — s)ds — Fo(t)| + g(u) = f.

Accordingly, given (ug,v9) € H* x H, and ¢y : R™ — H! such that Fy(t) € H! for a.e.
t > 0, we say that a function u € C([0,00),H') N C*([0,0),H) is a weak solution to
(2.1)-(2.3) if u(0) = ug, u(0) = vy and, for every w € H' and a.e. t > 0,

(a(t), w) + afu(t), w)r — /0 pls)(ult = 5), whrds — (Fo(t), w)r + (g(u(t)), w) = (f, w).

Assumptions on p. The memory kernel p is supposed to be a (nonnegative) nonin-
creasing and summable function on R = (0, 00), with total mass

| wtsis e 0.0,

mapping nullsets into nullsets. In order to simplify the discussion, we assume that the
discontinuity points of p, if any, form an increasing sequence {o,}. In particular, u is
piecewise absolutely continuous, and thus differentiable almost everywhere with ' <
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0, albeit possibly unbounded about zero. Without loss of generality, we take p right-
continuous, and we denote the jump amplitudes at the (left) discontinuity points o, by
M = ,U(O-;> - ﬂ(an) > 07

so that
(25 ps) == [ st a)do+ 3
0 s<on

Besides, we set
m(T) :/ wu(s)ds, 7 >0.
For simplicity, we agree to put a — m(0) = 1.

Assumptions on g and f. The external force f = f(x) belongs to L?(Q2), while the
nonlinearity g € C}(R), with g(0) = 0, fulfills the growth and dissipativity assumptions

(2.6) |9'(u) = g'(0)] < cfu—v|(1+Ju| + |v]),

(2.7) liminfM > —\;.

lu|=00 U

3. A DYNAMICAL SYSTEM IN THE MINIMAL STATE SPACE FRAMEWORK

In this section we collect the main definitions and basic results contained in [6, 12],
concerning with the minimal state framework.

3.1. The functional setting. We define the new memory kernel

V), 7 E(0,50),
v(r) = lim1/u(s), 7=0,

5—0
where
Seo =sup {s € R : u(s) > 0}.

To provide a unitary picture for finite delay (s < 00) and infinite delay (s, = 00), given
any function h = h(7), we agree to put h(7) = 0 whenever s, < 7 < 0.

Notice that, In view of the assumptions on p, the kernel v is nondecreasing and piecewise
absolutely continuous, with nonnegative derivative (defined a.e.)

V(1) = —p/ (1) /(7))
e For r € R, we define the state space (again, r is omitted if r = 0)
S" = LR, H,

namely, the space of L2-functions on RT with values in H"™! with respect to the measure
v(7)dr, which is a Hilbert space endowed with inner product

@h&ENZAmVUN&U%&WDMﬂT
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Note that, if £ € 8", then ¢ € L'(R*, H"™!) and

(3.1) / () adr = / VA VA N eadr < /m(0) (€]l
e We denote by
P:dom(P)cS—S

the infinitesimal generator of the strongly continuous semigroup of left translations on S,
namely,

P¢=D¢, dom(P) ={¢€S8: D¢ e S}
with D the distributional derivative. Note that, due to (3.1), there hold
(3.2) dom(P) c WHHRY, H') C Co([0, 00), H'),

where Cy is the space of continuous functions vanishing at infinity. Hence we have that
1€(T)|l1 = 0 as T — $4, Whenever & € dom(P).

If £ € dom(P), we have the relation

(3:3) 2(P,&)s = — /OOO V() IEDRT = v(O)IEO)IF =D vallé@n)lIF <0,

where v, = v(o,) — v(o,) > 0.

e We finally define the extended state spaces as the product Hilbert spaces
H =H' xH xS&"
normed by
1, o5 = lullfer + [J0lle + 1€]15-
In particular,
H=H'xHxS,
will be the new phase-space where we shall reformulate the original problem (2.1).

3.2. The equation in the state framework. We consider, for ¢ > 0, the system of two
variables u = u(t) and £ = £'(7)

i'L—i-A[u—i-/ f(T)d’T:| +g(u) = f,

. 0

§ = P+ pa,

where £ represents the so—called minimal state variable. It is said to be minimal in the
sense that the knowledge of w(t) for all ¢ > 0 uniquely determines &', see [6, Remark 4.4].

As shown in [6, 12], system (3.4) generates a strongly continuous semigroup of solutions
S(t) : H — H. Thus, for every t > 0 and every z = (uo, vo, o) € H,

S(t)z = (u(t), u(t), &)
is the unique weak solution at time ¢ to (3.4) with initial datum z, whose third component
fulfills the representation formula

(3.4)

t

(3.5) E(r)y=&t+71)+ / p(T + s)u(t — s)ds.

0



6 M. CONTI, E.M. MARCHINI

An integration by parts along with (2.5) yields the equivalent relation

(3.6) €'(r) = &t +7) + p(r)u(t) — p(t + 7)ug
+ /0 W (T + s)u(t — s)ds — Z pnu(t +7 — 0,),

see [6, Remark 4.3]. The correspondence between the new system (3.4) and the original
problem (2.1) is given in the following proposition (see [6, Proposition 5.3]), stating that
the system constitutes the correct reformulation of (2.1) in the state framework.

Proposition 3.1. Let (ug,vo) € H' x H and let ¢ : RT — H' be such that

Folt) = / "t + s)dols)ds

belongs to H! for a.e. t > 0. Assume in addition that DFy € S. A function u is a weak
solution to (2.1) with initial conditions (ug, vo, Fy) if and only if

(u(t), a(t), &) = S(t)(uo, vo, o),
where & is given by (3.5) and & = pug + DFy.

Accordingly, we name Fy state function, and we shall interpret Fj, rather then ¢q, as the
correct initial datum accounting for the past evolution of u, so identifying all the initial
past histories ¢ leading to the same solution. Indeed, it is apparent from (2.4) that Fj
contains all the information needed to capture the future dynamics of the system.

From now on we shall restrict our attention to initial state functions Fy with DFy € S, so
that the solutions of the original equation are in correspondence with the first component
of the semigroup S(t) on H. In particular, having well-posedness in the extended state
space gives an existence and uniqueness result for (2.1). Besides, the asymptotic behavior
of its solutions is described by the long term dynamics of S(t).

3.3. Asymptotic behavior. The long term dynamics of a dissipative semigroup is well
described by the so—called global attractor. We recall that this is the unique compact set
2A C H fully invariant and attracting for the semigroup (see e.g. [3, 16, 20]). Namely,
S(t)A =2, for every ¢ > 0, and

lim disty (S(t)B,2A) = 0,

t—o00

for every bounded set 8 C H, where disty is the usual Hausdorff semidistance in H. In
this respect, the main result concerning with the semigroup associated with (2.1) is the
following ([6, Section 7]):

Theorem 3.2. Assume that p satisfies the further conditions
(3.7) w(t+8) <O u(s) and p(s) <0,

for some © > 1 and 0 > 0, every 7 > 0 and (almost) every s € (0,5+). Then, S(t)
possesses a global attractor A bounded in H*.

The next sections will be devoted to provide a direct proof of this result.



WAVE EQUATIONS WITH MEMORY: THE MINIMAL STATE APPROACH 7

4. A COMPACTNESS RESULT

In order to prove the existence of a global attractor for S(t) some compactness tools are
needed. Notice that, although the inclusion H"™*! C H is compact for all » > 0, the
injection S C § is not compact in general (cf. [18] for a counterexample). The aim of
this section is to provide an abstract compactness result for subsets of S.

For i = —1,0,1, let Y? = H" for some r; € R satisfying

YieY’cy™
(where € stands for a compact embedding). Let us recall that all the above embeddings
are dense and continuous and that the following interpolation inequality holds

(4.1) lyllyo < kollyll3—1llyl2*  VyeY?,
for some ko > 0 and 6 € [0, 1),depending on ;. Finally, set

Vi = [2(R*,Y7)
and define the Banach space
T={¢ey :Dcey™), |l =l + 1Dl
The following compactness result holds.
Proposition 4.1. Let I C T be bounded and such that
Sup €5 < f(s),  ae seRT

for some function f € LL(RT). Then K is precompact in Y°.
Proof. By assumption, K is bounded in L2([Sp, S1], Y') N H([Sy, S1], Y1), for any 0 <
So < 51 < So, with bound independent of Sy, S;. Set
o(s) = / v(7)dr, for s € [0, $o0)-
0
Let ¢ = ¢! defined on R*, and consider the set

Ky={§o:{ €K}
For any £ o9 € Ky there holds

St
1€ 0 1o o50vt) = / o()[1€(5) [2ads,
(0]

and
#(S1)

16 0 ) I Z2pis)aisuny—1) = /¢(SO) ¥ ()1 DE(W(s))II5-rds

S1
! / v(3)| DE)|IE1 ds.

= Wi Js,
Hence, Ky is bounded in
L*([(So), 9(S)], Y1) 0 HY([9(S0), 6(S1)], Y1) = L*([6(S0), ¢(S1)], Y°)



8 M. CONTI, E.M. MARCHINI

with compact embedding (see, e.g. [17, pag. 57]). Let &, a sequence in K. Then there
exists n € L*([¢(Sy), #(S1)], Y?) such that, up to a subsequence,

5n°¢—>77 inLQ([¢<Sﬂ>7¢(Sl)]7Y0)'
On the other end the function & = no ¢ € L2([So, S1],Y?), and the above convergence
implies
& — & inL([So, 5], YY).

Using a classical diagonalization method, it is possible to find a subsequence, still denoted
&, converging to some & € L2([Sy, S1], YY), for any 0 < Sy < S} < 8. Since K is bounded
in L2Z(RT,Y") and v(s) = 0 in (S, 00), then & € L2(RT,Y?). We are left to show that
& — €in L2(RT,Y?). To this aim, it is sufficient to show that

So Soco
(42) %ﬁgm(giéu@k@%m+41wmww%ﬂ)=a

Then, exploiting (4.1), for any measurable F C R™ and any £ € K, we obtain
0 1-6
[ v ads < ([ voleads) ([ vl ds)
E E E
<c( [ vl ds)
E

for some C' dependent only on K. This provides

2EE[EV(S)||£<S)H?/°‘ZS < C( /E V(S)f(S)dS) o

which, since f € LL(RT), proves (4.2). O

As a consequence of this abstract tool, we can prove the following compactness lemma,
which is particularly useful when dealing with solutions of differential systems with mem-
ory in the minimal state framework.

Lemma 4.2. Forr >0, let U be bounded in L>(R*T, H) N WL (RT H"). Define

K= Uueu Utzo §,

where §& = & solves the equation £ = P&+ pi with null initial datum. Then, K is
precompact in S.

Proof. We are going to show that K is bounded in 7 = {£ € 8" : D¢ € S7'} and that
(4.3) sup [|€(T)||? < Cp(7), a.e. 7 €R".
ek

Hence by direct application of Proposition 4.1 for the choice Y! = H, Y° = H! and
Y! = H"!, we will get that K is precompact in the corresponding Y° = S.

In what follows, C' > 0 denotes a generic constant possibly depending on . For & €
K, taking into account that £ = 0 and exploiting (2.5), it is easy to show that the
representation formula (3.5) is equivalent to (see e.g. Lemma 2.1 in [6])

(1) = /TOO ( - /Ot t(y + s)u(t — s)ds + Z POt 4y — an))dy,

y<on<t+y
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for some u € Y and t > 0. So, using (2.5) again, we find the inequality
1DE(T) |- < Cu(7)-

In a similar manner, writing £ as in (3.6) leads to

1€(T)[|r41 < Cualr).

This directly proves (4.3) and provides the required boundedness, since
[€llse + 1 D€l s—1 < [[€lls + Cl|DElsr— < C.
O

4.1. Compact embeddings. In this section, along the line of [15], we introduce a class
of Banach spaces which are compactly embedded in Y°. To this aim, given z > 0, we
define the tail function of £ € Y~! as

Tew) = [ vOleOB-dr, o>,
where 7., = max{1,2/s-} and

I — (0, 1) U (800 — 1,550), Soo < 00,
o (0, 1) U (z,00), Soo = 00.

Given any increasing function g : [zs, 00) — R such that lim, ., g(z) = oo, we define
the Banach space

Ty = {f eV :DEeYt sup 9(z)Te(z) < oo} cT )’
T>Too
endowed with the norm

€17, = 1IEl5n + 1 DE]3-+ + sup g(2)Te(x).

T>Too

Then, there holds

Lemma 4.3. The continuous embedding T, € Y° is compact. Besides, closed balls of T,
are compact in J°.

Proof. We have to show first that, given any bounded subset K C 7, then K is precompact
in ). This can be proven reasoning exactly as in the proof of Proposition 4.1, the only
thing to show being the validity of (4.2) therein. To this aim, notice that, since K is
bounded in 7, and g¢(x) is unbounded as z — oo, then

lim sup T¢(z) = 0.

T—00 EEIC
Hence (4.2) follows by
6 1-60
sup [ v(@) e Rods < sup k([ vle@ads)” ([ vl ds)

Iy I

< Caup (’]1}@))1_9
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for some C only depending on K.

To finish the proof, we have just to prove that closed balls of T, are closed in °. Obviously,
it is enough to consider balls centered at zero. Hence, given &, € 7, such that ||§,||7, <r
for some r > 0 and &, — & in V°, we are left to prove that £ € 7, and |¢|7, < 7.
To this aim, notice first &, is bounded in the reflexive Banach space 7 hence (up to a
subsequence) &, converges weakly to n in 7. In particular, the weak-lower semi continuity
of the T—norm ensures

€13 + I1D€-1 < limin (el + D& 1).
Furthermore, by the convergence in Y° we get, for every fixed z > 2,

(4.4) 9(2)Te(x) = lim g(2)Te, (r) < liminf[sup g(y)Te, (y));

Y>Too

which provides

(4.5) sup ¢(x)Te(x) < liminf] sup g(x)Te,(x)].
T>Too n—=00 >z
Collecting (4.4) and (4.5) we conclude the proof. O

We conclude the section noticing that, by (4.3), the set K in Lemma 4.2 is bounded in
T, with g(x) = (fIT p(s)ds)~t.
5. SOME AUXILIARY FUNCTIONALS

We consider the family of nonhomogeneous linear systems

il+A[u~l—/OO§(T)dT] +~v=0,
§':P£—I—,ui£

for some v = (t). Aim of this section is to construct suitable auxiliary functionals and
to prove some differential inequalities holding for any sufficiently regular global solution
to (5.1). The main result reads as follows:

(5.1)

Proposition 5.1. For every ¢ > 0 small and every r € [0,1], there is a function AL :
H" — R such that

1 ., 3 ,
(52) SlelBe < AL() < Slellde, Ve €
and the differential inequality
d .
(5.3) G N(2) + MU Z) 4 20y )y + 2e:(y,u)y < cov/E I717-s

holds for any sufficiently reqular solution Z(t) = (u(t),u(t),&") to (5.1) and some c. > 0
independent on Z and v such that lim._gc. = 0.

The proof of the proposition, which will play a crucial role in the next section when
proving higher order energy estimates for the semigroup S(t), is based on some auxiliary
functionals that we are going to define.
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For any 6 > 0, we consider the sets
Ps={seR:u +du>0} and Ns={seR:pu +du<0}.

As we are assuming that p/(s) < 0 for almost every s it is apparent that the probability

measure
1
[(Ps) = —/ w(s)ds
) =500 Ui
vanishes as § — 0.
For r € R and £ € 8" we denote

mmzéwwwwm and -WHIAMMWWM

Notice that, since Pf UNT = R™ (possibly up to a nullset), it holds P} [¢]+ NI [€] = ||€]|%--
Choosing £ > 0 such that m(x) > 0, we define p(7) = min{7/k, 1} and, for z = (u,v,§) €
H" with r € [0, 1] we introduce the functionals

B (2) = —— /Ooop(¢><v,g(¢)>rd7

m(x)

(I)g(z) = <U7 u>7“7

w5 = [ ([ vonne1as)letr) - il

Notice that (3.7) implies, for any 7 € R* and some C' > 0,

(5.4) / v(s)ds < Cv(r7),

0
hence, taking advantage of (3.1), it is readily seen that for some C' > 0,
(5.5) 0 < [@7(2)| + [@5(2)| + D5(2) < O3

Then, if Z(t) = (u(t),u(t),&") is any sufficiently regular solution to (5.1), the following
inequalities hold:

Lemma 5.2. For any a € (0,1) and any 6 >0

d r r ¢ T
Lai(2) < (-l + allul,, + AR P + SNl
1 /OO
+— pAT 775 T rdT
— [ r6.ee
. 2m(0 0
with ¢y = 2mEn§2 + (( )) + 2/\1/€2(m)(fi)

Lemma 5.3. For any a € (0,1) and any 6 >0

d . m(0)
aé 8NZ) < —(1—a)|lullpy + ||l + t g

HPIPHE + DNl — ()
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Lemma 5.4. For any a € (0,1) and any 6 > 0

L05(2) <alull — (1 - (P ) Pl
2 [TVl s+ ez ),

with c3 = max{4u (o7) 4f0 su(s ds}

Since the proof of these lemmas is technical and rather involved, we postpone it into the
Appendix and we directly go to the proof of the main Proposition 5.1.

Proof of Proposition 5.1. We preliminary observe that, if z = (u,v,£) € H" and § > 0
there holds

(5:6) ML= 5 [ VOl s

Besides, we have

60 ([ 1eladr)” < m)(yaRopsie 0 - aPAGLE)
< 2m(0) (i (Ls)P5 (€] + N5 [€]).
Let € > 0, choose 0 = d(g) > 0 such that
Vvem(k)? 1 }
32m(0)  4(64c; 4+ 144m(0))

(with ¢; as in Lemma 5.2), and let Z(t) = (u(t),u(t), ") be a sufficiently regular solution
o (5.1). Applying Lemma 5.2, 5.3, 5.4 with a = 1/16 we find

d
@i

(5.8) fi(P5) = min {

T T T 3 :
401(2) +295(Z) + 204(2)) + S [lully + —||UI|3 +2(y, u)r

— (2 - Py (64er + 144m(0 >>)P5 6]+ (6der + 16m(0))A ¢

4 o
bt [T onemhar 4 sza( [T/OIE s + D nleels).
Hence, in light of (5.7) and (5.8), it holds

d

3 (497(2) +20}(2) + 295(2)) + ||u||r+1 + —||u||3 +2(7, u)r
e[ VO s + S wlelona)
7 4 -

< ~2Py1e)+ Ster + 16mONTIE + — s [l

SO Vgle] + VE

3 3
< —Z€l>, =z R
< —Sllell3 + (2 +6er +16m(0) + =0
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Besides, by (3.3) we easily obtain

d ) o
allzllir + 2(y, i)y = —/ V()1 1ds = v(O)IEO) 1710 = Y vallé(on) -
0
Then, if we set
AL(z) = ||2]|5 4+ €0{4P](2) + 2®}(z) + 20%(2) },
collecting all the above inequalities and exploiting (5.6), we are led to

d 3

< devE I+ eoVENTIE = (L= ebe) (| @I ds + X vl )
< eV Iyl — (1= ede = ev3)( / V(€6 [2ads + D wallE () [241).

for some ¢ > 0 independent of ¢, Z and ~. This proves (5.3) for £ small enough, and
since it is apparent from (5.5) that (5.2) holds (up to possibly reducing ¢), the proof is

finished. O
Remark 5.5. Inequality (5.3) can be equivalently written as
d
(5.9 SE(Z) +eF(Z) < 23, u), +eE Il +ee, cER,
where

ENZ) = NAZ) + 2(y,u), +c.
6. PROOF OF THEOREM 3.2

We start by showing that the new model (3.4) is a gradient system, which allows to
characterize the global attractor 2 as the unstable set of the stationary points of (3.4),
see [6, Section 7.

6.1. The gradient system structure. Let us call
£ = {z* EH:S(t)z = 2z, VE > 0}

the set of equilibria of S(t), made of all vectors z, = (uy,0,0), with u, solution to the
elliptic equation
Au, + g(uy) = f.
In light of (2.7), the set £ is nonempty and bounded in the more regular space H?.
Let us recall that S(t) is a gradient system if there exists £ € C(H,R), called a Lyapunov
function, satisfying the following properties:
(i) L(z) — oo if and only if ||z||z — oo;
(ii) £(S(t)z) is nonincreasing for any z € H;
(i) if £(S(t)z) = L(z) for all t > 0, then z € £.

Proposition 6.1. Assume that (3.7) holds. Then, the function

L(z) = |lzll3 +2(G(w),1) = 2(fiu), 2= (uv,§) €N
with G(u fo y)dy, is a Lyapunov functional.
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Proof. The continuity of £ is apparent. Besides, on account of (2.6)-(2.7),
@||zll7 — ¢ < L(2) < cllzllz + e,

for some w > 0 depending only on the limit (2.7), and some ¢ > 0. Next, we verify
that £ is decreasing along the trajectories of S(¢). Indeed, working within a suitable
regularization scheme, in light of (3.3) we have

61 FLSO)+ [ VIOl + el <o

yielding (ii). Furthermore, if £ is constant along a trajectory of S(t), by (6.1) we learn
in particular that [;° 1/(s)[|€'(s)||3ds and since v/ > 0 almost everywhere, then &' = 0.
Plugging this information in (3.4), we conclude that S(¢)z is constant in time and that
zef. O

As a byproduct we have the following uniform—in—time estimate

Corollary 6.2. Assume that (3.7) holds. Then, for any R > 0, there exists a positive
constant C' = C(R) such that, whenever ||z|]ly < R,

sup ||S(t)z]|x < C.
>0
Since S(t) is a gradient system with a bounded set of equilibria, exploiting a general

argument (cf. [7, 16]), the existence of the global attractor is proved if we show that, for
any R > 0, there exists a compact set € = €(R) C H such that

(6.2) Jim disty(S(t)Br, €) = 0,
—00
where Br = {z € H : ||z|]|x < R}. Furthermore, 2 C € for some R large enough.

Let us fix R > 0, and select any z € 8. In what follows, the generic constant C' > 0
will depend on R, but not on the particular z € Br. We write

S(t)z = (u(t),u(t), ") = So(t)z + S1(t)z,
where
So(t)r = (v(t),0(t),¢") and  Si(t)x = (w(t),w(t),y")

solve the systems

ii—l—A[v—l—/OOOC(s)ds] +g(v) +kv=0,

(6.3) -
¢ = PC+ o,

and

(6.4) i Al [ us)as] + g0 - o) ko= 1

U= Py + b,
with £ > 0 to be suitably chosen, and initial data
So(0)z =2 and S1(0)z=0.
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Since (6.3) is a gradient system, and recalling Corollary 6.2, we derive the uniform bounds
(6.5) sup 1S®) 2l + I1So(®) 21l + 151(8)212] < C.

Lemma 6.3. There exists § = B(R) > 0 such that
1So(t)2|l% < Ce™?.
Proof. We set Gy(v) = G(v) + %ka, and we choose k large enough such that
(g(v) + kv,v) >0 and (Go(v),1) > 0.

This is possible thanks to (2.7) and the assumption g(0) = 0. Applying Lemma 5.1 for
r =0 and v = g(v) + kv, and setting

E(t) = A(So(t)2) + 2(Go(v(t)), 1),
we infer from (2.6) and (6.5) the controls

1
31502115 < E() < CllSo(t)= ]

along with the differential inequality
d Ce
T PO+ S1S(0)zl < cov/E llg(v(t)) + kB2, = 2¢{g(v (1)) + ko(t), v (1))
< eV ||g(u(t)) + ku()]12;.
Using the straightforward estimate
lg(v) + kvl < Clolls,
up to taking £ = ¢(R) small enough, we end up with
d

Ca 2
th(t) + 4 ||50(75)Z||H <0

The Gronwall lemma completes the argument. 0
To keep further our analysis we need a dissipation integral. Namely,
Lemma 6.4. For any R > 0, whenever the initial datum z of system (3.4) satisfies

Izl < R,

to
/ a2t < c(ts— ) +C,  Yt>th >0 and Ve>0,

t1

for some C = C(R,¢).
Proof. By Lemma 5.2 and (5.7), for any a € (0,1/2) there holds

d 1
San(s(0)2) + gl

< alulf + 2APIPIE) + SNE + —llotw) = flla [ e

<l + (2 + o PR, + (2 + G S A + alg(e) — 1P
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Applying Corollary 6.2 and choosing a and § small enough we get
d

1.9 ¢
Z < 2
C0.(S()2) + 5l < 5+ ONGle],
for some C' = C(R, €). Besides, exploiting estimate (5.6) in (6.1), we have
d
T L(S(1)2) + aNGET <0

Collecting the two last inequalities gives

d C 5

Bl el - <<

= (#(5(0)2) + SLS@=) + Sl < 5,
and the claim follows by an integration over (¢1, ¢t2), observing that, for a fixed R, ®,(S(t)z)
and L£(S(t)z) are bounded functions of ¢. O

Lemma 6.5. There exists M = M(R) > 0 such that
sup ||S1(t) 2|48 < M.
>0

Proof. We apply Lemma 5.1 for r = 1/3 and v = g(u) — g(v) — kv — f. Calling this time
B(t) = A% (Si(t)2) + 2(g(u) — g(v) — kv — f, APw) + c,
for some ¢ > 0, we get (cf. (5.9))

d
(6.6) EE +c.BE<ILi+ L+ I3+ cec,

having set

I = 2{[g/ () — ¢ ()i, A0,

L =2([¢'(v) = ¢'(0)]u, Aw),

Iy = 2{g'(0)i, AP w) — 2k (0, AYVPw) + e/ |lg(u) = g(v) — kv — fI[2o5.
It is also clear from (2.6) and (6.5) that

lg(u) —g(v) — kv — fl| < C.
Accordingly, by means of (5.2), we can choose ¢ = ¢(R) large enough such that
1

(6.7) IS 02150s < E(1) < 20181()21305 + 2¢.

By the assumptions on g, the bounds (6.5) and (6.7), and the continuous embeddings
HEP=6)/2p  [P(Q), we draw the estimates (note that e is fixed)

L < C(L+ ullzs + [[vllzs) ll l[wll s APl gojs < Cllif llwls < 6 ZE+Cllul*E,
I < C(|[vlls + l[ollZe) lloll s/ | A wl| prsss < Cllvllalliblhysllwllays < 5 ZE+C|v|3E,

hsqmww+cwmw+0§§E+a
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Therefore, setting ¢ = C||u|* + C||v|3, inequality (6.6) improves to
d

C
—FE+==E<gE+C
gl Ty satl

where, by virtue of Lemma 6.3 and Lemma 6.4,

t2
/ g(t)dt < %(tQ — )+ C.
t1

Since E(0) = ¢, on account of a Gronwall-type lemma (see e.g. [7]), we conclude that
E(t) < CE(0)e Tt +C < C.
In turn, (6.7) yields the boundedness of S;(t)z in H/3. O

Lemma 6.5 states in particular that the set U = {w(-) : z € By} is bounded in
L®(RT HY3) 0 Whe(R*+ HY?). Hence, by applying Lemma 4.2 to U and r = 1/3, we

have that
K= Uweu Utzo W

with (w,w, 1)) solution to (6.4), is precompact in S. As a consequence, in light of Lemma
6.3 and Lemma 6.5, the set

¢ = {w c H4/3 X H1/3 : HwHH4/3><H1/3 < M} X K C Hl/g

(where K is the closure of K in S) complies with (6.2). This finishes the proof of the
existence of the global attractor 2l. As a matter of fact, since 2l C € for R large, we have
also established the following regularity result.

Corollary 6.6. The attractor 2 is bounded in H'/3.

To prove that 2 is bounded in H!, for z € A, we split again the solution S(t)z into the
sum So(t)z + S1(t)z, but taking now, in place of (6.3)-(6.4), the simpler decomposition

ij—l-A[v—l—/oo((s)ds}:O, w—i—A[w—l-/oow(s)ds]—i-g(u):f,
(= Pt pi b = P+ s,

with initial data Sp(0)z = z and S1(0)z = 0. Relying on the properties of the attractor,
and since the linear semigroup Sy(t) is exponentially stable on H (as a particular case of
Lemma 6.3), Theorem 3.2 follows from the next result and Lemma 4.2 for r = 1, arguing
exactly as before.

Lemma 6.7. We have the uniform bound

supsup ||S1(t) 2|3 < oc.
t>0 zeA

Proof. We apply Lemma 5.1 for r = 1 and v = g(u) — f, setting
B(t) = A:(S1(t)2) — 2(f, Aw) + ¢,
with ¢ > 0 large enough such that

1
Z||S1(t)z|ﬁ{1 < B(t) < 2||S1(t)z]50 + 2c.
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Denoting by C' > 0 a generic constant independent of z € 2 and applying (5.9) we are
led to the inequality

d .
gErebs —2(g(u), )1 — 2¢:(g(u), w)1 + cov/e ||g(u) — f|* + cec
C€
< EE + C’Hg(u)H% + C.

On the other hand, as S(t)z € 2 and 2 is bounded in H'/3 by Corollary 6.6, exploiting
the continuous embeddings HY? ¢ L'¥(Q) and H'/3 ¢ L'®7(Q), and recalling (2.6), we
deduce the bound

lg@)ll < llg' (@)l | A2 ull prsjr < C(1+ [JullFas) < C,

yielding
d
iy 3 <C.
a2
Since E(0) = ¢, an application of the standard Gronwall lemma will do. O

This finishes the proof of Theorem 3.2.

APPENDIX.

This appendix is devoted to prove in full details the technical lemmas stated in Section 5.

Proof of Lemma 5.2. By simple computations, @] satisfies the differential equality

dayz)— -t / " )i €(r) e — — / " ()i E(r)

m(x) m(x)

By the first equation in (5.1) we learn that

- /Omp<f><u,5<f>>rdT=L /Ompuxu,w»mdf

m(r) m(r)

[T o ([t cmnaas)ir + L [T s

< gl | WMt ([ hear)
b [ nemar

1 1 o0 2 1 o
<l + (g + ) (] J@lndr) + = [ o) ar
In 11ght of (5.7) it follows that

s [ e < auuugﬂ N ( m ) <°>)(/z<P5>P§m + A7)

m(k)
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Concerning the second term, applying (3.2) and (5.7) we obtain

mif{) /0 ) p(7) (11, §(7))pdT = m;l(m) /:(u,&(r)»dr — ﬁ( /0 N p(T)M(T)dT) kAl

il / 160 oerdr — ]2

IN

1
VALkm(k) N
~0 =il + g () I adr)’

Zﬁ%%%gﬂ%&ﬂ¥m+A@m)

IN

< —(1—a)llul* +

Collecting the above inequalities we end the proof. O

Proof of Lemma 5.3. Taking the time derivative of ®} we find the equality

d

G2 =l + 1l = [ w6 = (),

Applying (5.7) to estimate the integral by

[t ndr <l s ([ )’

0
< allullz + S (apyypyTe] + A3,
the claim follows. 0J

Proof of Lemma 5.4. Exploiting the second equation in system (5.1) we have

68 502 = [ ([ vonleis)2en - nruée) - ur)iads

= [ (] vexn(e)as)2(e) = utryu Pe(r)ade

= [ (] e (o)as)
2 [ ([ v sl P

In order to control the first contribution, we integrate by parts reasoning as in [12, Lemma
7.2] to prove the existence of ¢, — s such that

(6.9) Tim () [€(6n) 4 =

which holds if £, D& € S". By (5.4) this implies

lm,
T €Iz [ v (sds =0
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thus providing

/OOO (/OTV(S)ng(s)ds)%\I&(T)H?de=W1Liggo/0£m (/0 (3)ey (5)5) () 2,17
b b,

= lim {Ilé( )!I3+1/0 V(S)Xpa(S)dS—/O xe; (T)v(T)[[€( )H2+1d7} = —P5lel-

We continue by estimating the last term in (6.8) as follows:
610) <2 [ ([ vls)xn (6)ds) utr)u. PE(r)rde
- ;
=2 [ ([ rono)s) [0 s = )

Recalling that v/(1) = —p/(7)/[1(7)]? for a.e. 7 € R, we have

2 [T [ vonn0as) 6t dr

<Aulr [ ([ o(s)ds) () IEE) ardr
[ ([ o)

< 2HU||T+1(/OOO </OT V(S>d5)2(_“/<7))u2(7)d7>1/2(/0 e )||2+1d7>1/2_

Since by the monotonicity of v and (2.5) it holds

/OOO(/OW(S)dS)2<_MI<T>>M2(T)dTS/:OTZUz(T)MQ(T)(_“I(T))dT
-t - 5 et oo} <o [t <

nion <l

calling c3 = 4 fo Tu(T)dT gives

o0

2 [T ([ vono)s) 5 6 endr < Glull + 2 [Tl

To estimate the latter term in (6.10) we integrate by parts

=2 [ (] v 6s) ) €0}

~ fim -2 /0 " ( / Tu(s)xpé(s)ds)diim(f)u,g(f)mw

m—ro0 0

— n’lLLI)rcl)o{ -9 Z (/"” V(S)ng(s)d8>,un(u,f(an)>r+1

n:on <lm 0

= " (5 (5)) ) 1 €00 )) o +2 / " ) 5<T>>r+1dT}
=237 ([ oo o)) 60 +2 [ ()
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with ¢, as in (6.9). Applying (5.4) we obtain

230 ([ v aes) it o) +2 [ (e
< 2ulls (o vtomallon)llsa + [ 1))

< gtk + 5 (Evtonmleolen) + 5 ( [ heladr)
As

(S vtonmle@len) < (X vamvimle@ala)
< ZMnZVnHS On Hr+1 < p(oy Z’/nl‘g On Hr+1

we finally get

= [ (] Tu(s)xR;(s)ds)%m(f)u,w»mdr
4m(0)

4 T
IIUIIM +— (o) Y vall€(@n)llF 0 + — (P P3[E).

Collecting all the above mequahtles we conclude the proof. O
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