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Abstract

We study two elliptic problems, respectively in the second and in the fourth order case, both
under Steklov-type boundary conditions and critical growth. In the second order case, by stan-
dard tools of critical point theory, we give existence and nonexistence regions for nontrivial nodal
solutions. The basic ideas here are to concentrate the Sobolev minimizers on the boundary and to
perform a suitable orthogonal decomposition of the functional set of the solutions. In the fourth or-
der, in spite of the similarity between the variational structures of the two problems, concentration
doesn’t work and we only have partial results.

1 Introduction

In a celebrated paper, Pohozaev [25] proved that the semilinear elliptic equation
—Au = |ul* 2u in Q (1)

admits no positive solutions in a bounded smooth starshaped domain Q@ C R™ (n > 3) under homo-
geneous Dirichlet boundary conditions. In fact, in these domains, Pohozaev’s identity combined with
the unique continuation property rules out also the existence of nodal solutions (see [19]) so that (1)
admits only the trivial solution v = 0. Here 2* = % denotes the critical exponent for the embedding
HY(Q) c L*¥ (9). Since then, in order to obtain existence results for the Dirichlet problem associated
to (1), many attempts were made to modify the geometry (topology) of the domain Q or to perturb
the critical nonlinearity |u|* ~2u in (1). It appears an impossible task to exhaust all the literature. In
these papers, existence of nontrivial solutions was obtained.

Much less is known when different boundary value problems are considered. Brezis [10, Section 6.4]
suggested to study (1) under Neumann boundary conditions:

u, =0 on 0f2 (2)

where u,, denotes the outer normal derivative of u on 0€2. Problem (1)-(2) was studied by Compte-
Knaap [15]: it is shown there that if n > 4 then it admits nontrivial solutions in any domain 2.

One of the purposes of the present paper is to study existence of nodal solutions for a different
boundary value problem. For § € R, we consider the following (second order) elliptic problem with
purely critical growth and Steklov boundary conditions:

—Au = |u|?> ~2u in Q
{ Uy, = ou on 0f). (3)

*Dipartimento di Matematica, Via Carlo Alberto 10 - 10123 Torino (Italy)
"Dipartimento di Matematica del Politecnico, Piazza L. da Vinci 32 - 20133 Milano (Ttaly)



Clearly, (3) becomes the Neumann problem when § = 0 and tends to the Dirichlet problem as 6 — —oo.
Hence, one expects nonexistence results in the spirit of [25] for § sufficiently negative: when  is the
ball, this was proved independently in [1, 29]. When § < 0, existence of positive solutions to (3) in
general domains was studied in [1, 29], see also [18] for the case n = 3 in the ball. In these papers,
the authors take advantage of the mountain-pass variational structure (constrained minimization over
the whole space).

We are here interested in the case where 6 > 0 and we obtain existence results for (3) by using
variational methods. Since the variational structure of the problem is no longer of mountain-pass
type, linking arguments are required. In this case, it is well-known that in order to lower the energy
level of Palais-Smale sequences one needs to estimate “mixed terms” which are difficult to estimate,
see [14, 17]. The basic idea is to concentrate Sobolev minimizers on the boundary as in [2, 3] but
before concentrating we need to subtract their mean value on the boundary.

A further goal of this paper is to highlight the nonstandard variational structure of (3). The space
spanned by the eigenfunctions of the linear boundary value problem does not exhaust all the functional
space under consideration. Therefore, the linking argument used for its study has somehow a more
complicated behaviour. We collect the main properties describing the variational structure in the
Appendix.

Finally, we emphasize that a quite similar structure may also be observed for the corresponding fourth
order critical growth problem

A2y = |ul?2u in Q (@)
u=0, Au=du, on 0f2
where & C R™ (n > 5) is a smooth bounded domain, d € R and 2, = 22 is the critical Sobolev

exponent for the embedding H?(2) C L?*(Q2). Also the boundary conditions in (4) are named after
Steklov. They were first studied for the eigenvalue problem in the two dimensional case [20, 23] and
more recently for the same problem in any dimension [16]. For some nonlinear problems and for the
positivity preserving property we refer to [7, 8]. In particular, in [8] the existence of positive solutions
of (4) was studied. Here, we are again concerned with the existence of nodal solutions. Although (4)
has the same variational structure as (3), it exhibits several different features. In particular, we cannot
expect concentration phenomena on the boundary since u = 0 on 9§). Moreover, since (4) requires
several hard computations, we obtain existence results only when €2 is the unit ball in dimensions
n=2>5,6,8.

2 Main results
We say that a function u € H(Q) is a weak solution of (3) if
/ VuVv -0 [ uv= / > "2uw for all v € H'() .
Q o9 Q
We say that a function u € H? N HE(Q) is a weak solution of (4) if

/AuAU—d/ u,,vl,:/|u
Q 0N Q

It can be shown that weak solutions in these senses are in fact strong (classical) solutions, see [11] for

22 for all v € H>N HY () .

the second order equation and [7, Proposition 23] for the fourth order equation.



Here and in the following, we denote by || - ||, the LP(2)-norm (1 < p < 00), and we put

ul|3 = u? for u e HY(Q) , ul| = u? for u e H>N HL(Q).
0 Oy v 0
o0 o0
Set
Hpox i= ;Ié%}éH(x), (5)

where H(z) is the mean curvature of 0. Let us recall the statement concerning positive solutions:

Theorem 1. [1, 29]

Let Q CR™ (n > 4) be a smooth bounded domain.

(i) If 6 > 0, then (3) admits no positive solutions.

(ii) If § € (352 Huax,0), then (3) admits a positive solution.

Moreover, if Q = B (the unit ball of R™, n > 3), then:

(i1i) If 6 <2 —n, (3) admits no positive radial solutions.

(iv) If 6 € (2 —n,0), then problem (3) admits a unique positive radial solution us which is explicitly
given by

n—2
4

[n(n — 2)057,1}
(Csp+|2|2) 7

us(x) =

where Cs,p, = 2T — 1.

In order to state our result about nodal solutions, we introduce the set

(ﬂﬂyz{ueﬂ%ﬂy Agu:o}\mﬂm

and define )
5 = e IVUIR (6)

uex(@) [ul?

so that §; is the largest constant satisfying
[Vu|l3 > 61|lul|}  for all u € X(RQ).

Moreover, §; is the first nontrivial eigenvalue of —A under the Steklov boundary conditions, see the
Appendix. Then, we have

Theorem 2. Let Q CR™ (n>4) be a smooth bounded domain. If § € (0,91), then (3) admits a pair
of montrivial nodal solutions.

In the case where €2 is the unit ball, Theorem 2 combined with Theorem 13 in the Appendix, states
that (3) has nontrivial nonradial solutions for all 6 € (0,1).

For the fourth order problem (4) we only consider the case where Q2 = B so that the first boundary
eigenvalue is d; = n, see [7] and Theorem 16 in the Appendix. Let us also recall results from [8] about
positive solutions. For n > 5, let

4 1-4

o o D@ (nL(@)\w [ TG n e _

R (n—4)(n 4)2%+1 ( ) ) (F(z(fﬁ@) ifn=5o0orn==6
4(n—3)
n—4

ifn>7.

In particular, o5 ~ 4.5 and o ~ 5.2, see [4]. Then, we have



Theorem 3. [8]

Assume that Q = B (the unit ball of R, n > 5).

(i) If d < 4 or d > n, then (4) admits no positive solution.

(i1) If d € (op,n) problem (4) admits a radial positive solution.
(i1i) For every d € R, problem (4) admits no radial nodal solutions.

For n > 5, put
o) = =20 (5) (= A+ AT [ (4 OTG ;’2123@“49 I
4 2T (n) fI‘( )

Then, in some dimensions, we can prove existence and multiplicity results for d > n:

Theorem 4. Assume that Q = B (the unit ball of R") and let n = 5,6, 8.
Ifde (n+2—g(n),n+2) problem (4) admits at least n pairs of nontrivial solutions.

Remark 5. As we explain in Section 5, even if we do not have a complete proof, we believe that
Theorem 4 holds for every n > 5. If this is true, since g(n) > 2 for n > 16, this means that the
existence result, for n large, covers the whole range between n and n + 2.

3 The Palais-Smale condition

Let )
[Vull3

min 5
ueDL2(R\(0} [u]l3-
By [21] we know that there exists K = K(£2) > 0 such that

5
22/n

Sy =

ull3 < ||Vul3 + K|jul|Z  for all u € HY(RQ). (8)
Consider the space H'(£2) endowed with the scalar product
(u,v); = / VuVu +/ uv for all u,v € H'(Q) 9)
Q o0N

and the induced norm

lull? = /|vu|2 / w2 forall ue HY(Q). (10)

1
:/|vu’2—5/ U2_7
2 Jo 2 Jaq

whose critical points are weak solutions of (3). We prove

Consider the functional

(11)

n/2

Lemma 6. The functional I satisfies the Palais-Smale condition at levels ¢ € (—oo, =5.—), that is, if
{tm}m>0 C HY(Q) is such that
552 oy

then there exists u € HY () such that u, — u in H'(Q), up to a subsequence.



Proof.  To deduce that {um,}m>0 is bounded in H'(2) we follow [26, Theorem 4.12]. Let {d;};>0
be the set of the eigenvalues of —A under the Steklov boundary condition and denote with M; the

eigenspace associated to d;. If § = 0y, for some k£ > 0, we define:

H, := @ Mj@Hg(Q), Hy:= M, and H_:= @ M;

j>k+1 j<k—1

and, in view of Theorem 13 in the Appendix, we have
H'(Q)=H,®Hy® H_.

Thus we may decompose U, = u} +ul + u.,,

where u € Hy, u), € Hy and u,, € H_.

If § # 6,

for every k > 0, and d; < 0 < 041, we just have the two spaces H+ and H_ but the decomposition
works similarly. By (12) and arguing as in [26], one can prove that each of the components of u,,

and in turn w,,, is bounded in H'(). By this we conclude that (up to a subsequence) there exists

u € HY() such that
Uy —u in H(Q) and wu, —u ae. in Q.

Hence, by compactness of the map H'(Q) — L?(92) defined by u — u|sq, we have:

Um |oo— u loo  in  L2(09).

We apply (8) to the function u,, — v and, in view of (14), we get

So

27 ltm — ull3e < [V (um —w)ll + o(1).

On the other hand, by the Brezis-Lieb Lemma [12], we know that

Exploiting (12), (13), (14) and (16) we have

= [l = llum — ul3- + o1).

o(1) = (dI (um), um — u

_/ \Vum|2—/Vum-Vu—5 U (U, — W /]umIQ*_Q (U, — )
Q Q o0

/(!VuWIQ—ZVum VU—HVU\ ) — /|um|2* /\u|2 +o(1)
Q

= [ 1V =0 = [ fun =+ o),

IV (= w13 = [lum — ul3- + o(1).

so that

By (12) we also get that

2%

o(1) = {dI (um), um) = [|Veuml3 = 8llumlf — lluml3-,

that is,
50 = [IVumll3 = 8llumll3 + o(1).

Hum

(13)



Inserting (18) into (12) we obtain
1 J
Tl — a3 = e+ o)
and therefore
IVull3 — dlfull3 + IV (um — w)l|3 = ne +o(1). (19)

On the other hand, exploiting the convergence (dI(u,),v) — (dI(u),v) for any fixed v € H'(£2), we
deduce that u solves (3) (that is, dI(u) = 0) so that

IVull3 = 8llulf = [lul3- > 0.
The last inequality combined with (19) gives
Sn/2
IV (tn, — u)||3 < me+o(1) < QT +o(1). (20)

Furthermore (15) and (17) give

2—4 Sz 4
19 =0l (o = 17 = 05 ) < o).
This, combined with (20), shows that ||V (um, —u)||2 = o(1). And this, together with (14), proves that
Um — u in HY(Q). O
We now turn to the fourth order problem. Let

in | Aul|3
2.
ueD22(Rm)\{0} [Jul|3,

Sy =
Consider the space H2 N H} () endowed with the scalar product
(u,v)g 1= /QAuAv for all u,v € H*N Hy(Q) (21)

and the induced norm
[|ul||? == /Q | Au? for all w € H* N Hy(Q). (22)

IR N U R
T =5 1= G [ -5 [ (23)

whose critical points are weak solutions of (4). We have

Consider the functional

n/4
Lemma 7. The functional J satisfies the Palais-Smale condition at levels ¢ € (—oo, 25; ), that is, if
{umtm>0 C H> N H} () is such that
2 n ‘
J(um) — ¢ < - 5’4/4, dJ(uy) — 0 in (H>NHY(Q))Y, (24)

then there exists u € H? N HE(Q) such that uy, — u in H2 N H(Q), up to a subsequence.

Proof. The first step consists in showing that {u,, }m>0 is bounded in H? N H}(£2). As in Lemma 6,
this follows by arguing as in Theorem 4.12 in [26], suitably adapted to this case. For the rest of the
proof one can follow the same lines as the proof of Lemma 6 except that, now, one has to exploit the
compactness of the linear map H? N H}(Q) 3 u — wuy|oq € L*(09Q) and the inequality (8) must be
replaced by the Sobolev inequality: Sy||ul3, < |Aul3, for all w € H* N H}(Q). O



4 Proof of Theorem 2

The nonexistence result for 6 > 0 is a consequence of the divergence Theorem combined with the
boundary condition. Indeed, if u > 0 is a solution of (3) and 6 > 0, we have:

0</u2*_1——/Au——/ Uy, = —0 u <0,
Q Q [2)9] [2)9]

Concerning the existence result, we prove it by showing that there exists a critical level for the

which is impossible.

functional (11) below the compactness threshold found in Lemma 6. In order to do this, we need some
estimates that we collect in the following subsection.

4.1 Estimates

For our convenience, we introduce the notation Z = (1, ..., 2,—1), V = (92, .-, 0z, _,). We choose a
point zg € 9 such that H(zp) = Hmax (see (5)), a neighborhood N of zp and a coordinate system
with origin in xg such that the domain 2N NNV is described by the relation

OQNN={zxeN:z,> f(x)}, (25)

where f : R"™1 — R is a smooth function satisfying f(0) = 0, V£(0) = 0. Define the transformation
® :R"* — R" by
y=z,
P = _ 26
{ynzxn_f(x)- (26)
It is easily checked that ® transforms the region z, > f(Z) into the half-space y, > 0 and that its

Jacobian is 1. Moreover, we have the relation between the surface elements do = /1 + |V f|2dy. We
may also assume that N contains ®~1(B, x [0,1]), where B, is the closed ball of radius r centered at
the origin in R"~1. Let 7 € C§°(R™) be a fixed cut-off function such that n o ® has support contained
in N and is equal to one in ®~!(B, x [0,1]). Then, we define

ue(y) = n(y)ue(y), (27)
where ey
IR ) 0%
e(y) @ 1 ) (28)
Finally, we set
ve () = uc(@()). (29)

L)

¥ 7concentrate” at the origin which, by construction, is a point of 92

When ¢ — 0 the functions v
where the mean curvature attains its maximum.
We now prove some estimates when e — 0. We first observe that from (27)-(29) the following identities

are easily verified
/ﬁ@@ﬁwxz/‘maw
0 R™

| @pde = [ u@oRy/i+ v (31)

> dy, (30)




From [13] we have

)y = [

. lue(y)[* dy + O(e™)

J

n
+

+
which, combined with (30), yields
[ i@ s = [ P dy+ o). (32)
Q R
The last term in (31) can be estimated by bounding |V f| and scaling, see [24]; then we obtain
— O(€?) if n=4
[ a@oPi+ Fi@ear = [ 0P+ { o oge) it n=s
Re—t v O(e) if n > 6.

By scaling we also get

/ 1o (7, 0) g = e /
B B

so that, for any n > 4,

s (7, 0) Py = ¢ /

Rn

1 luy (7,0)]2dg + O(e") = Ke + O(e"), (33)
r/e -

/ v (2)2do = Ke + o(e) . (34)
o0

Next, from Vv}(z) = D®(z)Vu?(P(x)) we obtain after some calculations
[ viz@Pds = [ (96w - 2910V )0, 0) + V1@ T ).
+
Hence, assuming that Af is bounded in B,, by [24, Lemmas 5.2 and 5.3], we have for ¢ — 0:
* 2 2 n—2 —\, 2 —
[ Ve @Pde = [ [Fudly - 5= [ Af@Em. 0+ RO, (35)
Q R7 (n—1) Jp,

where, for some positive constant c,

ce?|loge| + O(e?) if n=4
R(e) = { ce? + O(e"2) if n > 5.

Set h(y) = Af(y)/(n — 1) so that h(0) = Hmax is the mean curvature of the boundary at the origin.
Therefore, for every v < Hpax, we have h(y) > v for y € B, with small enough r. This combined with
(33) gives

-2
/ V0 () [2da < / Vudly)Pdy "> Ke+ R(e). (36)
Q R?

We conclude with two further estimates. Let B C R™ be a ball containing the support of u;; then,

for any a > 0 we have

I, = /Q v (z)|*dx = /R" lut (y)|*dy :/ lue(y)|®dy =  (by (28))

" R?NBg

— O3 / Ay
n—2

RynBR (€2 + [yf2)°

n—2

= (y=ez |z|=p)

8



e R/e n—1 . R
— Cen—af/o 14 — dp < Cen—aTQ (CO _|_/1 pn—l—a(n—Q)dp>

(1+p2)* 2
n—2 n—2

_ Cre"™ "2 + Che®™ T for o # =
~ | €Y2(Cy + Collne) for o= _-"5.

In particular, we get (for n > 4)

I(2*—1) = I% — O(e(n—2)/2)7 Il — O(e(n—Q)/Q); (37)

I =0(Ine) if n=4
Iig 9y = T4 = 0(62) if n>5. (38)
n—2

4.2 Linking argument
For any u € H*() \ {0} define the functional

= 'U2£I»'— U2U.
F(v)—/Q|V|d 6/89||d (39)

We consider H'(€2) equipped with the norm (10). Let My be the closed subspace of H'(Q) of the
functions with zero mean value on 0f2. From Theorem 13 in the Appendix, we know that My =
H}(Q) ® VT, where V7T is the subspace spanned by the eigenfunctions e,, of problem (53) with
positive eigenvalues 0 < §; < g < ...

Let F be the functional defined in (39). We want to minimize the ratio

F(v)
[v]13

over My. Note that if § < 61, then F(v) > 0 for all v € M.
We consider the functions v} in (29) and we define v} = v} — me, where

1

Me = —— vldo, 40
109 Jan (40)

so that v} € My. We have

/v:da— / @01+ Vi@ <C [ w0y,
o Rn—1 Br

where Br C R"™! is a ball containing the support of 7(7,0) and C' = maxg, /1 + |V f|?; hence, by
scaling as before we get

me = O(eM=2/2),

Then we obtain:
F(T)j):/ |Vz7:|2dx—5/ 17;‘2do:/ |VU:|2dyc—5/ (v Pdo + 6m2|Q) = F(u) + O("~2). (41)
Q o0 Q [s]9)

Furthermore, we have

/ o7
Q

1
¥ dx — 2*m€/ dt/ v} — tme|* 2 (v} — tm)da.
0 Q

Ydr = / |vf
Q

9



The estimate of the last term (see (37) above) gives

/|v e dx—/ W2 da + O(e2). (42)
Finally, by the last identities and by (34), (32), (36), we get
F(vg) F(vf) +0(e"?)
(o 22 d) ™ (f oz da + O(en-2))
. Jrn Vue@)? = eK (6 +975%) + R(e)
< (fRn e ()2 dy + O(en 2))2/2*

2/2*

1652 —eK (5 +7"52) + R(e) S, ,
- n/2 o\ 2/2° = 92/n eK'(
(3557 +O(en=2))
where K’ > 0. Conclusion: since R(e) comes from (35), we go below the critical level for e sufficiently
small.

"2y | R(o), (43)

Let us consider the direct sum
H'(Q) = My ©R;

furthermore, suppose 0 < p < Ry, 0 < Rs and let
S:{uEV : ||u|y:p}

Q:{s@:—i—c, 0<s<Ry, | SRQ}. (44)

Assume that [|0f|| =1 in (44), then S and 0Q) link (see [27] Example 8.3).

We are now ready to prove the existence of a critical level below the compactness threshold for the
functional (11). We first remark that for § < d§; one has inf,cg I(v) = a > 0 for small enough p. Let
us now evaluate the functional I on the manifold Q:

I(sv} +¢) /|V5*| dx—é/ 572 da — 609Q|c? —/ st + ¢|* dx

:% /|w | d:c—é/ 52 Pdo] — 5l09)? —/|—*

—c/ dt/ st + te|? ~2(stf + te)da. (45)

By using the inequality (@ + b+ ¢)? =2 < K(a?> =2 + b2 + ¢* ~2) we estimate :

)/vf]sv:—}—tc]Q*_zdx‘ §/v:|sv:—sm5—|—tc|2*_2d:c—i—me/ |sv¥ — sme + te|* “2dx
Q Q Q
< k{7 [/ |v:|2*_1dfc+me/ |v:|2*—2d:c+m§*—2/U:dm+m3*—1|9|]
Q Q Q

(te)? 2 [/Q ot e+ mef9)] )

10



Then, by (37), (38) and (40) and recalling that s is bounded in @), we can estimate the non negative
term in the last line of (45) as follows :

1
’c/ dt/ 2 -+ tef” 255 da| < K(0)(Ie] + |e? ),
0 Q

where K (¢) = O(e"=2)/2), Therefore, we can write :

S

2 2%
I(suzﬂ)gzuﬂyw:yzdx—a/m o2 Pdo] — 5 /Q|v:|2*da:—pe(!c|), (46)

where
pe(1) = 010072 — K(e)(r + 7% 7).

Since 2*—1 = "2 ¢ (1,3] (for n > 4) we see that (for small enough €) p(7) > 0 for every 7 > %K(e)

if n > 6 and for 7 in the interval [ﬁf((e), R(e)] if n =4 or n =5, where R(e) ~ K(e)%g; note that
the latter quantity is O(1/€) for n = 4 and O((1/€)?/?) for n = 5. In these two cases, the function p,
takes a maximum value of order 1/¢2 and 1/¢” respectively.
By the above discussion, it follows in particular that the term —p.(|c|) in the right hand side of (46)
is positive of order €®~2) for |¢| < O(e2)/2) and assumes arbitrarily large negative values for large
lc| (and small enough € if n =4, 5).
We can now verify the assumptions of [27, Theorem 8.4] : by the definition of I we have I(c) < 0 for
every c¢. Moreover, by taking |c| = Ry large enough in (46), one easily get I(sv} £ Ra) < 0 for all
s > 0. Finally, let Ry be chosen to satisfy I(R;0) < 0; then, again by (46) and recalling that the
term —pe(|c|) is either negative or arbitrarily small for e — 0, we obtain I(R;7* 4+ ¢) < 0V |c| < Rs.
Then, we have proved that
a = inf I(v) > sup I(v) =0.
vES vEDQ
Now, by defining
I ={heC'HH"); hlog = I},

it follows that the number

f = nf sup I(h(v))

is a critical value of I, whenever 3 < Sy /2 /2n. Since § < sup,eq I(v) = Bo, it is sufficient to prove

that By < Sy /2 /2n. Actually, by the estimate (43) and by standard arguments we have

So n—2

st 46 < [ k(349" 2) + )" e,

where k > 0. As previously remarked, for |¢| < Ry the last term is either negative or O(e"=2)), so
that our claim follows.

5 Proof of Theorem 4

As shown in Lemma 7, the compactness threshold for the corresponding functional J (see (23)) is
QSZ/ 4/n. Since (4) does not admit nodal radial solutions (see Theorem 3 (iii)), to go below the
compactness threshold one cannot exploit the functions uc(x) := (2 + |1:]2)_HT_4 (e > 0), which attain

11



the constant Sy. Moreover, in view of the first boundary condition (v = 0 on 0B), we cannot bypass
this difficulty by concentrating the functions u. on the boundary as done in the second order case.
This makes necessary to introduce a different procedure. For j > 1, we denote by M; the eigenspace
associated to d;, where the d;’s are the positive eigenvalues of A? under Steklov boundary conditions
in the ball and we define

My :=@M; and M_:=M P M,.
3>2

By Theorem 16 in the Appendix we have
My = span{¢1} and My = span{d}}i<i<n,

where ¢1(z) = (1 — |2|?) and ¢4 = z;(1 — |z|?), for i = 1,...,n. We set

Q=12 K up Q) (4
[[ull3, M_
and we prove
Lemma 8. Ifn =5,6,8, then K = Q(¢).
Proof. Let w, := |0B|. First we note that
186418 = 4" 20, 1Ag1]3 = dn, (45)

Next, let u € My so that u(z) = Y7 a;¢h(x) = (1 —|x|?) Y] cixi, where the o; are the components of
a real vector a € R". We denote by {v;}1<i<n a complete orthonormal system of coordinates in R”,
obtained by rotating {z;}1<i<, and such that y; := Wll ST aiz;. Then, we get
1 o7 Aghl3 _ 4nEwnlal
2/2.
(i I 227 il (1 — |2|?)? dz) (S e Jya [+ (1 = [y[%)* dy)

for all u € My. Similarly, one can prove that |lu + té1]3* = |3 + t¢1]|37, for all ¢ > 0 and all u € M,
such that || = 1. This, combined with (48), shows that it suffices to study the real function

Q(u) =

3 = Q(6)),

A 112 t2 A 2
|AgH3 +#180ul3

S0 = QU +ton) = =EEECIER, 1>

and prove that
max f(t) = £(0). (19)

>0

Let us simplify (49). Writing o = (21, 2’), where 2’ € R*~!, and denoting with B, the ball in R*~! of
radius r and center 0, we deduce:

T+ t|2* dz’ dxq

1
165 + tn 12 = / (1~ [22)% a1 + 1% da = / / (1— a2 — |o]2)>
B 1B

1 (1—a?)t/?
= Wp_1 / 21 + t|* / (1—a22 — p?)>p" 2dpdrx
-1 0

12



1 1
p=01- a:%)lﬂr] = Wn_1 </ lzy 4+t (1 — x%)2*+("*1)/2 da;l) (/ (1 — r2)2epn=2 dr)

0

wp-1 ,(n—1 3n—4 ! 9 o\ o=nt wp-1 ,(n—1 3n—4
- * — (n—4) =
o (M5 ) ([l ) = s (M 2 o,

We have so found that f(t) = C,F(t), where C,, = o 6(£n3"—4))2/2* and
n—1 2 ' n—4
n+ 2+ n’t?
F(t)= ————+—
(ip(t))2/2
The claim (49) becomes
max F(t) = F(0). (50)

When n = 5,6,8, the number 2, is an even integer so we may expand the term |s + ¢|?* and write ¢

explicitly.
Case n = 5. Here, 2, = 10 and

10
() = /_11(s+t)10(1 — $)2ds = Z( Y >tk /_11 $10-k(1 — 52)12 g

k=0

1
1,13
_F 2(5667) (1 + 175¢% + 3850t + 23870t° + 49445¢% + 29667¢°)
so that )
7+ 25t
F(t) = C - ,

(1 17562 + 3850t4 + 23870¢6 + 4944518 + 20667¢10) 5

utl=

where C5 := ( ﬂz(g;;g)) . Let now
27

F(t) := POV _ T+ 2ot ,

Cs (1 + 175t + 3850¢2 + 23870¢3 + 49445¢4 + 296671:5)%

so that by direct computations we get

0889¢* — 954813 — 10626t — 1820t — 55
(1 4 175t + 38502 4 2387013 + 49445t 4 29667t°)

Fl(t)=4

-
5
Consider the function

g(t) == 9889t1 — 9548> — 10626t> — 1820t — 55, ¢ > 0,

we have ¢'(t) = 4 (9889¢> — 7161¢* — 5313t — 455) and g¢”(t) = 132 (161t? — 434t — 899) . Therefore
there exists a unique ¢ > 0 such that

Jg't) <0 if t<t, ¢'"t) =0, ¢'(t)>0 if t>¢

This, together with ¢’(0) < 0 and tliin g'(t) = 400, shows that ¢’ has a global minimum at ¢ and
—400

¢'(t) < 0. Hence, there exists a unique o > ¢ such that

Jgit)<0 if t<o, ¢(6)=0, ¢g@t) >0 if t>o.

13



Similarly, since g(0) < 0 and tliin g(t) = 400, we know that g has a global minimum at o and
— 100

g(o) < 0. This proves that there exists a unique 7 > o such that
gty <0 if t<7, ¢g(r)=0, g(t)>0 if t>r.

Finally, this shows that F has a global minimum at 7, whereas F' has a global minimum at /7. Since
F0)=17Cs > 1tlier F(t) = 25C5(29667) /2, this proves that (50) holds when n = 5.

—T 00
Case n = 6. Here 2, = 6,

! 17 5(la B) 4
p(t) = / (s+1)°(1 —s*)2 ds = —2-2= (14 72t% + 528t" + 704t°)

and
8 + 36t2

(1 7242 + 528t4 + 7046) 3

F(t)=Cs

Y

1
where Cg := ( 04 )3 . To simplify further, we set

B(3:%)
Bty = F(Vt/2) _ 849t :
Ce (1+ 18t + 3312 4+ 11£3)3
and we compute
B = 11t? — 68t — 39

1-
3

(1 + 18t + 33t2 + 11t3)
This shows that F' has a global minimum for ¢ = ¢ > 0 and no local maximum for ¢ > 0. Hence, since
F(0) =8C¢ > 1tlier F(t) = 36C(704)~'/3, we conclude that (50) holds when n = 6.
——+00
Case n = 8. Here 2, =4,

! 15 B3 ) 2 4
w(t)z/ (s+8)' (1= 5%) 2 ds = =222 (1 + 406 + 120t")

and
10 + 64¢2

(1+ 4022 + 120t4)7

I

1
where Cg := (%) * . Consider

~ F(\/t/2) 5+ 16t
F(t) = 20 = 10
8 (14 20t + 30¢2)2
we have 55— 17
F'(t) =2

3"
2

(14 20t 4 30¢2)

Coming back to the function F, this means that F' has a global minimum for ¢ = ¢ > 0 and no local
maximum for ¢ > 0. Thus, since F(0) = 10Cs > tligl F(t) = 64C5(120)""/2, we conclude that (50)
——400

holds also when n = 8.
O
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Lemma 9. Let K be as in (47). If

n—+2
9 _
d>n+ K Sy,
then
p= sup J(u) < Sn/4
ueM_ n

Moreover, there exist p,n > 0 such that
J(w)>n, forall we My®HIB): |Aulz=p.

Proof. Let u € M_. Since d2 =n + 2 (see Theorem 16), we have

1 1 /n+2-d 1
(180l - dluly) - 5Tl < 5 (55 ) 1aul - 5

1/n+2—d n+2—d_\i
<5 (0 K, - -l < 2 (250 k)
2 n+ 2 n—+ 2

where the last inequality follows from

n—4
_n_ n—4\ 1 4 o4
I?Zaé{ (as—bsn*‘l) = ( - ) Y Cay Y7 for all a,b>0.

J(u) =

l\D\H

Therefore,

2 (n+2—-d
< — .
_n( n+2 ) (51)

+ 2
Let now u € M, ® HZ(B )amd,o—S8 ( +2d> , for ||Aull2 = p we have

1 (n+2—d 1 2 (n4+2-d_\4
J(u) > S ( ————— | [Aul} - mHAU y==(—="%) =mn
2 n+ 2 2*54 n n—+ 2
n S. 2
To conclude we observe that pu < %544 forn+2—-d< 4(7:LK+). O

Lemma 9 allows us to apply a result of Bartolo-Benci-Fortunato [5, Theorem 2.4] from which we
deduce that, if n +2 —d < Sy(n+2)/K, then J admits at least n (the multiplicity of d3) pairs of

n/4

critical points at levels below (2/n)S,”". Set g(n) := % and compute directly (using Lemma 8)

to obtain (7).

6 Remarks on Theorem 4 in general dimensions

As already mentioned in Section 2, we do not have a proof of Theorem 4 in general dimensions n > 5.
However, we make the following

Conjecture 10. Assume that Q = B (the unit ball of R™) and let n > 5.
Ifde (n+2—g(n),n+2) problem (4) admits at least n pairs of nontrivial solutions.

15



Let us explain the two main reasons why we believe this conjecture to be true. First, we notice
that what is missing for the proof of this conjecture is Lemma 8. In turn, this reduces to show that
F(0) > F(t), for every t > 0, or that G(t) > 0, where

G(t) = (n+2)73p(t) — (0)(n + 2 + n?t2)7 1 = (n+ 2)71p(t) — b(n + 2 + n2t?)7a (52)

A 3n—4 n24n—4
andl)s_/3<2m44y m;74)).

We can prove this property only locally:
Lemma 11. For any n > 5, we have G(0) = G'(0) =0 and G"(0) > 0.

Proof. Counsider first the function ¢. We have

1
o'(t) = 2*/ ls + > 2(s +1)(1 —s%)%ds >0 fort>0 and ¢ (0)=0,
-1

1
s 4+t 72(1 — s*)%ds > 0 fort >0,
1

() = 2.(2. — 1) /

n2—n+4

where a := 1)

. Thus ¢ is an increasing and convex function. Since

G/(t) = (n+2)77¢/(t) — b2n>t(n + 2+ n2) 71,
we have G(0) = G'(0) = 0. On the other hand,
G"(t) = (n+ Q)ﬁv?”(t) —b2,n%(n+2+ n2t2)%(n L2402 4 An2,42),
so that 4
G'(0) = (n + 2)75(0) — b2.n?(n 4+ 2)75 = ST +(3>_4) (2n+ 1)

where in the last step we exploited the property 3(p+ 1,¢q) = p%qﬂ (p, q) to deduce that

b >0,

(n+2)

n
=2(2. - )= — b

4 n? —4
90//(0):2*(2*—1)b< n -+ n —+n )

2(n—4)" 2(n—4)
g

The second argument which brings some evidence to Conjecture 6 are the numerical plots (obtained
with Mathematica) of the functions G defined in (52) when n = 7,9, 10, ..., 20. Not only it seems that
G(t) > 0 for all ¢ > 0 but also that G is increasing and convex.

Remark 12. The above proofs can be extended to get an existence result for d lying in a suitable
left neighborhood of any eigenvalue dj. Of course the computations become very difficult.

7 Appendix: some results about the eigenvalue problems

In this section we collect some facts about the two boundary eigenvalue problems

Au=20 in Q
U, = 0u on OS2
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and
{ A2y =0 in

u=Au—du, =0 on 0f) . (54)

Consider first (53); its smallest eigenvalue is dg = 0. This turns (53) into a Neumann problem which
is solved by any constant function in €. The smallest (positive) nontrivial eigenvalue §; of (53) is
characterized variationally by (6).

Consider the space

Z1={veC®Q): Au=0in Q}
and denote by V' its completion with respect to the norm (10). Then, we have:
Theorem 13. Let Q@ C R" (n > 2) be an open bounded domain with smooth boundary. Then:
— Problem (53) admits infinitely many (countable) eigenvalues.
— The first eigenvalue dg = 0 is simple, it is associated to constant eigenfunctions and eigenfunctions
of one sign necessarily correspond to dg.
— The set of eigenfunctions forms a complete orthonormal system in V.

— Any eigenfunction e of (53) corresponding to a positive eigenvalue satisfies IBQ e=0.
~ The space H* () endowed with (9) admits the following orthogonal decomposition

HY(Q) =V o Hi(Q).

~Ifv € HYQ) and if v = v1 + vy is the corresponding orthogonal decomposition with vi € V and
vy € HY(Y), then vi and vy are weak solutions of

Avi =0 mn Q and Avg = Av in Q
V] = on 09 vy =10 on 0N .

Proof. With the scalar product (9) we decompose the space H!(Q) as
H'(Q) = Hy(2) ® Hy ()™

Thus, every v € H'(2) may be written in a unique way as v = vy + ve, where vo € H}(Q) and vy
satisfies

vi =v on O and / Vv1Vug =0 for all vg € H&(Q)
Q

Hence, v; weakly solves the problem

Av; = in
v =0 on 0f)
and vo = v — v weakly solves
Avy = Av in
vg =0 on 0N .

The kernel of the trace operator v of H'() is H}(Q) so that v is an isomorphism between H} ()

and H'Y2(0S). Therefore, the embedding I, : H}(Q)+ C L?*(99) is compact and L*(9Q) can be
identified to a subspace of the dual space (HE(2)1)'. In view of this, we have

Hy(Q)* € L*(09) € (Hp(Q)*)"
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Next, let I : L?(0Q) — (H}(2)1) be the continuous linear operator such that
(lou,v) = /89 uv  for all u € L*(09), v € H(Q)*
and by L : H}(Q)* — (HL(Q)1) the linear operator defined by:
(Lu,v) = /QVUVU + /89 uv  for all u,v € HY(Q)L.

Then, L is an isomorphism and the linear operator K = L™s1; : H}(Q)+ — H}(Q)* is a compact
self-adjoint operator with strictly positive eigenvalues, H&(Q)L admits an othonormal basis of eigen-
functions of K and the set of eigenvalues of K can be ordered in a strictly decreasing sequence \;
which converges to zero. Thus, problem (53) admits infinitely many eigenvalues given by §; = /\% and
the eigenfunctions coincide with the eigenfunctions of K. Hence, H}(Q)+ = V.

By the divergence Theorem, we see that any solution w of (53) with § > 0 satisfies fagu = 0.
To conclude the proof it remains to show that the unique eigenvalue corresponding to a positive
eigenfunction is dop = 0. To see this, let § > 0 be an eigenvalue corresponding to a positive eigenfunction
e > 0 in €. By definition, we know that e satisfies

/Verzé/ ev for all v € H(Q).
Q o0N

Choosing v = 1 and recalling that e € V', the above identity shows that necessarily § = 0. O

When Q = B (the unit ball) we may determine explicitly all the eigenvalues of (53). To this end,
consider the spaces of harmonic polynomials [4, Sect.9.3-9.4]:

Dy :={P € C*(R"); AP =01in R", P is an homogeneous polynomial of degree k}.
Also, denote by puj the dimension of Dy so that [4, p.450]

(2k+n—2)(k+n—3)!
El(n — 2)!

HEk =

Then, from [9, p.160] we easily infer

Theorem 14. [9]

Ifn>2 and Q) = B, then for all k=0,1,2,...:

(i) the eigenvalues of (53) are 0 = k;

(7i) the multiplicity of 8y, equals p;

(7i1) any ¢ € Dy is an eigenfunction corresponding to Jy.

We now turn to the fourth order problem (54). Let H(Q) := [H? N H}(Q)] \ H3(Q). The smallest
(positive) eigenvalue d; of (54) is characterized variationally as

1 A3

dy = .
uen () Jlull3,

Hence, d; is the largest constant satisfying

|Aul|3 > di|jul|j,  for all u € H* N Hy(R)
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and dl_l/2 is the norm of the compact linear operator H? N HE(Q) — L?(09Q), u — u,.
Consider the space
Zy = {UGCOO(Q):AQu:O, u =0 on 00N}

and denote by W its completion with respect to the norm (22). Then, we have

Theorem 15. [16]

Assume that Q C R"™ (n > 2) is an open bounded domain with smooth boundary. Then:

— Problem (54) admits infinitely many (countable) eigenvalues.

— The first eigenvalue dy is simple and eigenfunctions of one sign necessarily correspond to d; .
— The set of eigenfunctions forms a complete orthonormal system in W.

— The space H* N HL(Q) endowed with (21) admits the following orthogonal decomposition

H*N HYQ) =W @ HZ(Q).

- Ifve H?N H& (Q) and if v = v1 + vo is the corresponding orthogonal decomposition with v € W
and vy € HZ(Y), then vi and vo are weak solutions of

A?%v; =0 in A?vy = A%y mn Q
vy =0 on 0N} and vy =10 on 0N}
(v1)y = vy on 0N (v2), =0 on 0N .

Again, when = B (the unit ball) we may determine explicitly all the eigenvalues of (54):

Theorem 16. [16]

If n>2 and Q) = B, then for allk =1,2,3,...:

(i) the eigenvalues of (54) are d, =n+2(k —1);

(79) the multiplicity of dy, equals pg—1;

(iii) for all 1 € Dy_1, the function ¢(x) := (1 — |x|*)y(x) is an eigenfunction corresponding to dy.
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