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ABSTRACT. This paper deals with a one—dimensional model for granular materials, which
boils down to an inelastic version of the Kac kinetic equation, with inelasticity parameter
p > 0. In particular, the paper provides bounds for certain distances — such as specific
weighted y—distances and the Kolmogorov distance — between the solution of that equation
and the limit. It is assumed that the even part of the initial datum (which determines
the asymptotic properties of the solution) belongs to the domain of normal attraction of a
symmetric stable distribution with characteristic exponent o = 2/(1+4p). With such initial
data, it turns out that the limit exists and is just the aforementioned stable distribution.
A necessary condition for the relaxation to equilibrium is also proved. Some bounds are
obtained without introducing any extra—condition. Sharper bounds, of an exponential type,
are exhibited in the presence of additional assumptions concerning either the behaviour,
near to the origin, of the initial characteristic function, or the behaviour, at infinity, of the

initial probability distribution function.

1. INTRODUCTION

This work deals with a one-dimensional inelastic kinetic model, introduced in Pul-
virenti and Toscani (2004), that can be thought of as a generalization of the Boltzmann-like
equation due to Kac (Kac (1956)). Motivations for research into equations for inelastic in-
teractions can be found in many papers, generally devoted to Maxwellian molecules. Among
them, in addition to the already mentioned Pulvirenti and Toscani’s paper, it is worth quot-
ing: Bobylev et al. (2000), Carrillo et al. (2000), Bobylev and Cercignani (2002a,b,c, 2003),
Ernst and Brito (2002), Bobylev et al. (2003), Bolley and Carrillo (2007). See, in particular,
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the short but useful review in Villani (2006). Returning to the main subject of this paper, the

one-dimensional inelastic model we want to study reduces to the equation

0 1

50/ W)= 5- /}RX[O’%){JC(UC(H) —ws(0),1) f(vs(0) + we(0),t)—

(1) — f(v,t) f(w, ) }dwdb
f(0,0):= fo(v) (t >0,veR)

where f(-,t) stands for the probability density function of the velocity of a molecule at time

t and

¢(0) := cos | cos 0P, s(0) :=sinf|sinf|?

p being a nonnegative parameter. When p = 0, (1) becomes the Kac equation. It is easy to

check that the Fourier transform ¢(-,t) of f(-,t) satisfies equation
0 e
5061 = o ; P(&s(0), 1) (£c(0),£)db — (&, 1)

(2) 2w

¢(€,0):=¢o(§)  (t>0,£€R)
where ¢¢ stands for the Fourier transform of fj.

Equation (2) can be considered independently of (1), thinking of ¢(-,t), for ¢ > 0, as
Fourier—Stieltjes transform of a probability measure (-, t), with u(-,0) := po(). In this case,
differently from (1), u needn’t be absolutely continuous, i.e. it needn’t have a density function
with respect to the Lebesgue measure.

Following Wild (1951), ¢ can be expressed as
(3) $Et) =Y e H(1—e )" gu00)  (t>0,6E€R)

n>1

(4) q1(&, d0) := Po(§) 1

Gn(& d0) = 727 22721 Gn—j(& ¢0) © 45(&; o) (n=23,...)

and

1

nom@ =5 [ nlcOmeso)n (¢ ew

is the so—called Wild product. The Wild representation (3) can be used to prove that the Kac
equations (1) and (2) have a unique solution in the class of all absolutely continuous probability
measures and, respectively, in the class of the Fourier—Stieltjes transforms of all probability

measures on (R, B(R)). Moreover, this very same representation, as pointed out by McKean
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(1966), can be reformulated in such a way to show that ¢(-, ) is the characteristic function of a
completely specified sum of real-valued random variables. This represents an important point
for the methodological side of the present work, consisting in studying significant asymptotic
properties of ¢(+,t), as t — +o0o. Indeed, thanks to the McKean interpretation, our study will
take advantage of methods and results pertaining to the central limit theorem of probability
theory.

As to the organization of the paper, in the second part of the present section we provide
the reader with preliminary information — mainly of a probabilistic nature — that is necessary
to understand the rest of the paper. In Section 2 we present the new results, together with
a few hints to the strategies used to prove them. The most significant steps of the proofs
are contained in Section 3, devoted to asymptotics for weighted sums of independent random
variables. The methods used in this section are essentially inspired to previous work of Harald
Cramér and to its developments due to Peter Hall. See Cramér (1962, 1963), Hall (1981).
Completion of the proofs is deferred to the Appendix.

1.1. Probabilistic interpretation of solutions of (1)—(2). It is worth lingering over the
McKean reformulation of (4), following Gabetta and Regazzini (2006b). Consider the product

spaces
Q=N xG x [0,2m)N x RN
with G = |J,, G(n), G(n) being a set of certain binary trees with n leaves. These trees are

defined so that each node has either zero or two “children”, a “left child” and a “right child”.

See Figure 1.
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Now, equip Q; with the o—algebra
Fi = P(N x G) @ B([0,2m)") @ B(RY)

where, given any set S, P(S) denotes the power set of S and, if S is a topological space,
B(S) indicates the Borel o—algebra on S. Define (v¢,~, 04, Xi), with 6, := (6¢n)n>1 and
Xt := (X¢,n)n>1, to be the coordinate random variables of ;. At this stage, for each tree in
G(n) fix an order on the set of all the (n — 1) nodes and, accordingly, associate the random
variable 0; ;, with the k—th node. See (a) in Figure 1. Moreover, call 1,2,...,n the n leaves
following a left to right order. See (b) in Figure 1. Define the depth of leaf j — in symbols, ¢,
— to be the number of generations which separate j from the “root” node, and for each leaf j

of a tree, form the product
5;
Bj,t - H Oégj)
i=1
)

where: a;* equals c(0p) if 7 is a “left child” or s(6; ) if j is a “right child”, and 6, is the
element of 6; associated to the parent node of j; ag)_l equals ¢(0y ) or s(0: ) depending on
the parent of j is, in its turn, a “left child” or a “right child”, 6 ,, being the element of 6
associated with the grandparent of j; and so on. For the unique tree in G(1) it is assumed
that B1, = 1. For instance, as to leaf 1 in (a) of Figure 1, 81, = cosf; 4 - cos B o - cos 6y 1 and,

for leaf 6, B+ = sinby 5 - cosf; 3 - sin by 1.

(From the definition of the random variables 3;; it is plain to deduce that

vt
Z |ﬁj,f|a = 17
j=1

holds true for any tree in G(v;), with

2
o= —,
1+p

For further information on this construction, see McKean (1967); Carlen et al. (2000);
Gabetta and Regazzini (2006b).
It is easy to verify that there is one and only one probability measure P; on (€, F;)

such that

P{vi =n,yw=g,0; € A, X; € B}

e H(1—e )" pa(g)ufN(A)psN(B) if g € G(n)
0 if g€ G(n)
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where, for each t,

e p, is a well-specified probability on G(n), for every n.

e u®Y is the probability distribution that makes the 6;,, independent and identically
distributed with continuous uniform law on [0, 27).

o M?N is the probability distribution according to which the random variables X} ,, turn

out to be independent and identically distributed with common law pg.

Expectation with respect to P; will be denoted by E; and integrals over a measurable
set A C Q will be often indicated by E;(-; A).

In this framework one gets the following proposition, a proof of which can be obtained
from obvious modifications of the proofs of Theorem 3 and Lemma 1 in Gabetta and Regazzini
(2006b).

(F1) The solution f(-,t) [¢(-,t), respectively | of (1) [(2), respectively | can be viewed

as a probability density function [the characteristic function, respectively | of
vt
Vii=> BiaXe;
j=1

for any t > 0. Moreover, B,y := max{|B1,¢|,...,|Bv, |} converges in distribution to zero as
t — +oo.

As a first application of this proposition, one easily gets
P&, 1) = Ee[By(e™V |vy)]

=elgo(&) + et (1 —e )" Gu(& o)

n>2
Then, since §¢,(&;¢0) = Gn(&; Re(¢p)) for any n > 2 — with Re(z) =real part of z — the
conditional characteristic function of V4, given {v; = n}, coincides with the characteristic
function of V; when ¢g is replaced by its real part. Whence,
(5) $(E ) =7ty (1 —e™)" " 4u(& Re(do)) + ilm(o(€))e "

n>1
with I'm(z) :=imaginary part of z. The distribution corresponding to Re(¢g) is symmetric
and is called even part of ug. In fact, Re(¢o) turns out to be an even real-valued characteristic
function, and this fact generally makes easier certain computations. It should be pointed out
that if the initial datum pg is a symmetric probability distribution, then the distribution of
V; is the same as the distribution of 377, [B;.¢|Xy,;.
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1.2. Topics on stable distributions. It can be proved that the possible limits (in distribu-

tion) of V4, as t — 400, have characteristic functions ¢ which are solutions of
1 27
(6) o | #&s(0))e(Ec(0))dd = 6(6) (€ €R).
0
This result has been communicated to us by Filippo Riccardi, who proved it by resorting to
a suitable modification of the Skorokhod representation used in the Appendix of the present

paper. It is interesting to note that also the stationary solutions of (2) must satisfy (6). We

didn’t succeed in finding all the solutions of (6), but it is easy to check that

(7) 9a(§) = exp{—aol¢|*} (£ €R)

is a solution of (6), for any ag > 0.

It is well-known that (7) is strictly connected with certain sums of random variables.
Indeed, it is a stable real-valued characteristic function with characteristic exponent « and,
in view of a classical Lévy’s theorem,

(Fy) If X1, Xo, ... areindependent and identically distributed real-valued random vari-
ables, with symmetric common distribution function Fy, then in order that the random variable
X be the limit in distribution of the normed sum Y ., X;/n' it is necessary and sufficient
that X has characteristic function (7) for some ag > 0.

One could guess that (F») may be used to get a direct proof of the fact that V;
converges in distribution to a stable random variable with characteristic function (7). This
way, one would obtain that these characteristic functions are all possible pointwise limits, as
t — +00, of solutions ¢(-, ) of (2). In point of fact, direct application of results like (F3) is
inadmissible since V; is a weighted sum of a random number of summands, affected by random
weights which are not stochastically independent. In spite of this, by resorting to suitable
forms of conditioning for V;, one can take advantage of classical propositions pertaining to the
central limit theorem.

In addition to the problem of determining the class of all possible limit distributions for
V4, an obvious question which arises is that of singling out necessary and sufficient conditions
on g, in order that V; converges in distribution to some specific random variable. As to the
classical setting mentioned in (F3), it is worth recalling

(F3) If X1, Xo, ... areindependent and identically distributed real-valued random vari-
ables, with (not necessarily symmetric) common distribution function Fy, then in order that

>on, X;/n'* —m,) converge in law to a random variable with characteristic function (7)
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with some specific value for ag — or, in other words, that Fy belong to the domain of normal
attraction of (7) — it is necessary and sufficient that Fy satisfies |x|*Fo(z) — ¢1 as ¢ — —o0

and x*(1 — Fo(x)) — ¢3 as x — +o0, i.e.

o Fo(—z) = % + S (~2) and 1-— Fy(z) = ;—i +S(z)  (z>0)
Si(x) =o(Jz|™%) as |z| = +oco (i=1,2).

For more information on stable laws and central limit theorem see, for example, Chap-
ter 2 of Ibragimov and Linnik (1971) and Chapter 6 of Galambos (1995). To complete the
description of certain facts that will be mentioned throughout the paper, it is worth enunci-
ating

(Fy) If ¢o stands for the Fourier—Stieltjes transform of a probability distribution func-
tion Fy satisfying (8), then

1—=¢o(§) = (a0 +wo(§))E]*  (E€R)

where vy is bounded and |vo(§)| = o(1) as || — 0.
(Fy), which is a paraphrase of Théoréme 1.3 of Ibragimov (1985), can be proved by
mimicking the argument used for Theorem 2.6.5 of Ibragimov and Linnik (1971).

2. PRESENTATION OF THE NEW RESULTS

In the present paper our aims are: Firstly, to find initial distribution functions Fj
(or initial characteristic functions ¢g) so that the respective solutions of (2) may converge
pointwise to (7). Secondly, to determine the rate of convergence of the probability distri-
bution function F'(-,t), corresponding to ¢(-,t), to a stable distribution function G, with
characteristic exponent a = 2/(1 + p), with respect both to specific weighted x—metrics and
to Kolmogorov’s distance.

It is well-known — from the Lévy continuity theorem — that pointwise convergence
of sequences of characteristic functions is equivalent to weak convergence of the corresponding
distribution functions. In particular, in our present case, since the limiting distribution func-
tion G, is (absolutely) continuous, weak convergence is equivalent to uniform convergence,
ie.

(9) sup |F(x,t) — Go(z)] — 0 as t — +o0.
rER
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Left-hand side of (9) is just the Kolmogorov distance (K, in symbols) between F'(-,t)
and G,. As to the above—mentioned first aim, besides sufficient conditions for convergence —
reducing to the fact that Fy belongs to the domain of normal attraction of (7) — a necessary
condition for convergence is given. As far as rates of convergence are concerned, results can
be found in the paper of Pulvirenti and Toscani, with respect to a specific weighted x—metric,
used to study convergence to equilibrium of Boltzmann—like equations starting from Gabetta
et al. (1995). See also Rachev (1991). Denoting this distance by xs, s being some positive
number, one has

(860 — exp(—anlél”)
X0 Gl =i & '

With reference to (1), after writing g, for a density of G,, Theorem 6.2 in Pulvirenti and
Toscani (2004) reads:

(F5) Let p > 1 with fy such that [ [v|**°|fo(v) = ga(v)|dv is finite for some 6 in
(0,(1 —a) Aa). Then

(10) Xa+5(F('a t)v Ga) < Xa+5(FO; Ga) eXp{_t(l - 2A2(1+6/a))}

holds true for every t > 0, with

1 [ rz
(11) Ay (5 I
2

|sin@|™df = (m >0).

:%O

Moreover, (10) is still valid if 0 <p <1 and [; |v|*T?|fo(v) — ga(v)|dv if finite for some & in
(0, ap).

It should be pointed out that the proof of (F5) provided in Pulvirenti and Toscani
(2004) rests on a hypothesis that is weaker than the one evoked in (Fj), i.e.

(12) wo(&)] = 0(€°)  as&—0

for some § > 0.

In the present paper we prove weak convergence of F(-,t) to G, under much more
general hypotheses than those adopted in (F5). For reader’s convenience, it is worth noticing
that the probability distribution function Fj corresponding to Re(¢o) (see the final part of

Subsection 1.2) coincides with

5 (Fola) +1 - Fo(~2))



SPEED OF APPROACH TO EQUILIBRIUM FOR AN INELASTIC KAC MODEL 9

at each point z of continuity for Fy. In view of (F3)—(Fy), if Fy belongs to the domain of

normal attraction of (7), then there is a nonnegative ¢ for which

(13) lim |z|%Fj(z) = lim 2%(1 - Fj(z)) =co

Tr——00 r——+00

and the characteristic function associated to F{, i.e. Re(¢p), satisfies

(14) 1= Re(¢0(§)) = (a0 + v5(£))I¢]*

for some bounded, real-valued v such that |[v§(§)| = o(1) as & — 0. Moreover, ¢ is related

+oo 3
ag = 200/ sin(z) dx.
0

th

to ag by

The precise statement of the aforementioned convergence reads

Theorem 2.1. Given p > 0, let the initial data for problems (1)—(2) satisfy

lim (1 — F§(x))z® = co.

r——+0o0
Then
lim K(F(-,t),Gq) =0.

t——+oo

In particular, if co = 0, then for every e > 0 one has

lim F(—et)= lim (1— F(e,t)) =0,

t——+o0 t——+oo
i.e. the weak limit of u(-,t) is the point mass dg. On the other hand, if p > 0 and there is
a strictly positive and increasing sequence (tn)n>1, divergent to 400, such that (F(-,tn))n>1

converges weakly to any probability distribution function, then

0< lim inf2%(1— Fj(z)) < +oo.
fE;glm;ggw( 0 (2)) <+o0

Proof of Theorem 2.1 is deferred to the Appendix.

After presenting the most general statement we achieved about the weak convergence
of F(-,t), let us proceed to investigate how convergence is fast. Pulvirenti and Toscani’s
argument to prove (Fs) lies in studying equation (4) directly via suitable inequalities and

from an analytical viewpoint. Differently, in our approach one starts from inequality

(15) |¢(£7t) - ga(£)| < Et(k&w (5) - ?]a(g)D

where g, is defined by (7) and, according to (F}), ¢,, represents the conditional characteristic

function of V; given (v,7,60:). Hence, from the beginning, we try to obtain bounds for
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|6, (€) — §a(€)|. This is tantamount to investigating bounds for |¢y, (€) — G (£)| When ¢, is

the characteristic function of

(16) 50 =3 g x,
1=1
with X7, Xo,... independent and identically distributed random numbers, with common dis-

tribution function Fj, and

n

(17) ql(") >0 for [=1,...,n, n=1,2,... such that Z( l("))o‘ =1.
=1
Think of n and (qgn), cee qfq,")) as realizations of vy and (|B1,4], ..., |0, ¢|), respectively. Ac-

cording to (F}) one can assume
(18) Gy = max{q{",....q{V} =0 asn — +cx.

We study this problem — preliminary to the investigation of rates of convergence for V; —
under the additional conditions that Fy is symmetric (and, consequently, the corresponding
characteristic function ¢g is even) and that it belongs to the domain of normal attraction
of §o. See (F3)—(Fy) and (13)—(14). This way we also get bounds for convergence in law
of weighted sums S,, to stable random variables, which are of interest in themselves and, as
far as we know, seem to be new. They are explained and precisely formulated in Section 3.
Resuming now the main issue of the speed of convergence of V; to equilibrium, some further
notation is needed. We set

[voll = suplvg(§)l, M :=ao+ |lvgll, v5(§) == sup |vg(x)]
€20 0<z<é

and, given n € (0, ag), define d to be some element of (0,1) such that
4 2 «@ —%
M [al" +55(a) <
comes true whenever |z| < (3d/(8M))'/®. Next, we put M, := max,>qz e~ (20=M=" d, =

(3/(8M))M e, k* = 55 (dyd™ ) (1 4 2d§d =255 (drd™ @) + (4/5)M2dSd + (32/25) MAd3*d®—=.

2.1. Speed of approach to equilibrium with respect to weighted y—metrics. Now we
are in a position to present our first results which concern convergence of F(-,t) to G, with

respect to x—metrics.
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Theorem 2.2. Let Fy belong to the domain of normal attraction of G, with o = 2/(1 + p),

for some p > 0. Define vy and vy to be the same as in (Fy) and (14), respectively. Set
By = max{|B1tl, ..., |8, t|}. Then

4
Xa(F(-,1),Ga) < Ey(T5(d15,,))) + 2M1E(T5(d15F,,))?) + = M M1 Ey(6(,,)

)
g2 2

el 4 2 * 1/ca
+ 25M3M Et(ﬂ(w)) + (k + dd?)Pt{ﬂ(Vt) >dANd7}

2 (03 —C —
+ BB 4 e sup [Tm(vo (©))]
1 £eR

is valid for any ¢ in (0,1).

The upper bound provided in Theorem 2.2 goes to zero as t — 400 thanks to (F}),
(Fy) and the definition of o§. Then, it can be used to yield further bounds, either via the
statement of specific upper bounds for the expectations which appear in the right—hand side,
or through the adoption of suitable extra—conditions on vy. As to the former way of arguing,

it is worth recalling that Proposition 8 in Gabetta and Regazzini (2006a) gives

E(>184™) = B3 Al,,,) (05 = depth of leaf j)
j=1

J=1

(19)
= exp{—t(l = 24,,(14p))} (m>0)

with A,, defined as in (11). Moreover, from Lemma 1 in Gabetta and Regazzini (2006b),
(20) P{B,) > x} < g T e~ H(1-240) (0<x<1l,g>0)

which, in turn, yields

(21) Ey(B,)) < et 4 e il1ma0a/27240)

for any positive o and ¢. Now, define U; ; as

4 32
L =% = d 2 2 : 4 92a
Z/{l,t T UO(dlﬂ(cut)) + ZMl(UO (dlﬁgyt))) + gM Mlﬁ?yt) + 2_5 3M 6(1&)
2 2 (6% —C —
(K + =B,y > dAdYe} + 500 et sup [Tm (o (€)))|
ddy ag (ve) €€R

and set
My =175 (dlﬁfm) + 2M1(6§(d156,t)))2

Rl,t = ul,t - M17t.
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Next, observe that the upper bound provided by Theorem 2.2 can be written as
Ei(Mu) + Ei(Rit) < Et(Mas; By < a) + ML+ 2MiM)P{B,) > x¢} + Ei(Rat)

with z; := exp{—ot} and o satisfying 1 — 24, — 0¢/(1 + p) > 0 to obtain

Xa(F (-, 1), Gy) <v8(die ") + 2My 5 (dye7t)?
(22)
+ M(1+2M; M)e~ (1 =24a=0a/ (4P 4 [ (R ).
Then, since Et(R1,+) can be re-written — thanks to (20)—(21) — as a sum of exponential func-
tions, (22) provides a bound entirely expressed, through 4, in terms of exponential functions
of t.
Exponential rates of relaxation to equilibrium hold true under some extra—condition

concerning the local behavior of vy near the origin.

Theorem 2.3. Assume that, in addition to the assumptions made in Theorem 2.2, (12)
holds for some § > 0. Moreover, let d be chosen in such a way that |x| < did"* entails
lvo(z)| < plx|® for some p > 0. Then,

Yt (F(1),Ga) <(p+ Jemt(1=2 s

d(1¥+6d(oz+6)/a

+éM2Ma76 e 117249 4 92 Mo et (172420 420/00)
5 = &
1

2
2 M M5 e 17249) 1 e~ sup | T (u (6))]
25 o £E€R |§|

holds true for § in (0, ], while

4 2
X2a (F(-1),Gq) §<3M2 + d%adQ)e_t(1_2A4)

+pM57a 67t(1*2A2(1+5/0)) 4 QMZLM?eft(lfQAG)
Ta 25
1
+2p2M27667t(172A2(1+25/G)) 4 et sup —— |Im(vo (5))|
: ger [§]*

is verified for § in (o, 2a].

In short, this proposition can be condensed into the following statement: Under the

hypotheses of Theorem 2.3, there are constants a1 and as such that:
Xars(F(1), Gy) <are t172420405/)  4f 5 e (0,ql,

X2a(F (1), Ga) <age™ 172440 if 5 € (o, 2q].
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Statements of the same type as Theorems 2.2 and 2.3 are proved in Section 5 in
Gabetta and Regazzini (2006¢) for a = 2 (p = 0), i.e. when G, is a Gaussian distribution
function with zero mean. Notice that the rate of convergence given in the former part of the
last theorem coincides with that of Toscani and Pulvirenti previously quoted in (F5). The
latter part of Theorem 2.3 and, mainly, Theorem 2.2 seem to be new. See Subsection 2.4 for

further comments.

2.2. Rates of relaxation to equilibrium in Kolmogorov’s metric (Conditions ex-
pressed on the characteristic function ¢g). Rates of convergence of F(-,t) to G4, in
Kolmogorov’s metric, can be deduced from the representation of V; as weighted sum, via
the well-known Berry-Esseen inequality in its form given, for example, in Theorem 3.18 of
Galambos (1995). Tt is worth recalling that application of this inequality is allowed thanks to
the fact that G, has derivatives of all orders at every point. Henceforth, given any strictly

positive [ and ¢, we put
+oo
No= [ exp{-(a0 - )
0
and

H(&, q) == lug (@I (1 + 2I€|*vg (€q)]),  H(E,q) == sup H (&, u)

u<q

with v§ as in (14).

Theorem 2.4. If Fy belongs to the domain of normal attraction of Go with o = 2/(1 + p)

for some p >0, then

9 & oo )
K(F(-1),Ga) S;Et[z 18,41 ; H(E, |B)])€0 e (@07 g¢]

j=1
cllhall 64

8
ol g —M2N N —t(1—2A4) M4N o —t(1—2A6)
* d t(ﬂ(w)) + o 2a€ + 257 4a®

—t
e
+—sup|Fo(z) + Fo(—z — 0) — 1
2 z€R
c being the constant which appears in the above-mentioned version of the Berry-Esseen in-

equality and d = (3d/8M)1/a,
A further bound for K(F(-,t),G,) can be obtained by replacing the summand

2 & +oo L e ven
SEI 150 [ HE |Ble e o g
j=1



14 FEDERICO BASSETTI f, LUCIA LADELLI*, AND EUGENIO REGAZZINT* f

with
“+o0

2RI HE Bu)e e o ag)
0

Finally, it is worth presenting a bound of the same style as (22), entirely depending

on exponential functions:

K(F(-,t),Gqa) SEM2N2a€—t(1—2A4) + ﬁM4N4ae—t(1—2A6)
o 257
—t
+ 5 sup [Fo(x) + Fo(—x — 0) — 1]
2 x€eR

2 cllha tHl—aoa)2—
+ (;”USH(N(I_FQNQO[HUS”)_A'_%)e t(1—qoa/2—2A,)

+oo
ocliball | 2
T Jo

+ H(g e '7)g e (0mme de,

Notice that the above two bounds go to zero as t — +o00. Indeed, the latter goes to
zero since, on the one hand, lim; ., o f0+oo H(¢ e to)ga—te=(20=mE" 4¢ = (0 and, on the other
hand, ¢ and ¢ can be chosen in such a way that 1 — goa/2 — 24, turns out to be strictly
positive. Exponential bounds can be given under the usual condition on the behavior of vg

near the origin.

Theorem 2.5. If, besides the assumptions considered in Theorem 2.4, v§ is such that |v§(€)| =

O(|€|5) as & — 0 for some 6 >0, and d is chosen to assure that || < d= (3d/8m)1/a entails
[ ()] < pl€]®, then
8 64

K(F(, t), Goz) S_MQNQQe_t(1_2A4) 4 —M4N4a€_t(1_2A6)
om 25w

2
+;pNa+6e—t(1—2A2+25/a) + 2p2N2a+266_t(1_2A2+45/”‘)

c[[hall e’
+——=—E:(Bw,)) + sup | Fo(z) + Fo(—z — 0) — 1].
d 2 z€R
In view of (21), the thesis of Theorem 2.5 can be formulated as: There are positive

constants az and b such that K(F(-,t),G4) < aze™® for every t > 0.

2.3. Convergence in Kolmogorov’s metric (Conditions expressed on the initial
probability distribution Fj). A characteristic feature of the results presented until now
is that all the assumptions adopted to obtain bounds — in particular, extra-conditions to
achieve exponentially fast convergence — are formulated in terms of conditions on the initial
characteristic function. In general, with respect to actual choice of initial data, it is easier

and more natural to assign conditions on Fy than on ¢y. Apropos of this remark, see the role
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played by Lemma 6.1 in Pulvirenti and Toscani (2004) and Section 2.4 below. With reference
to the classical case of independent and identically distributed summands, see, for example,
Cramér (1962, 1963), Hall (1981). Accordingly, the main objective of the rest of the section is
to determine bounds for K (F(-,t), Gy ), expressed in terms of quantities whose computation is
generally easier than the computation of characteristic functions, once either F or some ap-
proximate form of Fy has been assigned. To pave the way for presentation, let us complement

previous notation given, in particular, in Subsection 1.2:
h*(x) =25 (x) = {1 — F{(2)} — ¢§ = 2 F{(—=x) — ¢} (x >0)

“+o0
by (z) =2z /D sin(zu)S™ (u)du

where D is some strictly positive number and the integral has to be meant as improper

Riemann integral. Moreover,

B1 I:2k‘1NQ + 8k1k2N2+0“ B2 = 8k%N4, B3 = 4k2N1+0z + 2N1

4 32
By :=4koNa o + 2No, By = gMQNga, Bg := %M‘*Nm

with

P b3 ()] i
k1 ::/ x| S*(z)|dx, ko := sup < max{||v§]| + 2k1, 2/ |S*(x)|dx}
0 x>0 T D

and

—+o00

Hi(g) = / O g/ o)ldy,  H(g) = / y " (y/q)ldy

1
ks := sup Hi(q), ky:= sup H3(q).
q€(0,1) q€(0,1)

Theorem 2.6. If F belongs to the domain of normal attraction of G, with o =2/(1+p) in
[1,2), and [, |S*(z)|dz < 400 if a =1, then

K(F(,0),Ga) S 2B 3 |80l BoH7 (854]) + Ba3(1541))

=1

h 2
+C||C§a||Et(ﬂ(”‘)) 4 ;{Ble—tu—zh/a) 4 Bye t(1-24¢-20)/a)

—t
Bse~t(1-244) | Bﬁe—t(l—QAe‘)} + % sup | Fo(x) + Fo(—2 —0) — 1].
T€R
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Then, setting H; () := sup,<, H;(y) for i = 1,2, and recalling (21), we obtain a

bound completely expressed in terms of exponential functions, that is

[((F‘(7 t)’ Ga) Sg {Ble—t(1—2A4/a) + BQe_t(l_QA(872a)/a)
™

+ <k3B3 + k4By + z—c||h~a||)eft(lfq“‘/z*zA‘I)
2 d
4 Byet(1-240) 4 g o—t(1-24¢) | gc||ga||efat
t

+ BsHj(e™ ") + B4Ef§(e*"t)} + % sup |Fo(x) + Fo(—z —0) — 1].
S

In order to obtain exponential bounds, we reinforce the assumptions made in Theo-

rem 2.6, in the sense that

/

(23) |h*(x)] < |£|6 for some positive constant p’ and ¢ in (0,2 — «).

Theorem 2.7. Besides the assumptions made in Theorem 2.6, suppose (23) holds true. Then,

K(F(.’ t)7 Ga) Sz {Bleit(liQAéL/Q) + BQeft(172A(8_2Q)/a) + B5€7t(172A4)
s

'B o' By
B —t(1-2A¢) p B3 _t(1_2A2+26/a)}
+ Bee +(2—a—5 a+5—1)e
cllhq —t
4 Alhall (ot | o—ta-arasz-2a,)) L sup | () + o~ —0) ~1]
TE

which is tantamount to saying that there are positive constants aq and by such that K(F(-,t),Gy) <

ase~* holds for every t > 0.

It remains to consider the case with « in (0,1). In point of fact, the next theorem
is valid for any « in (0,2), but it requires further notation. Firstly, S* is assumed to be

monotonic on [D,+00). Then, one sets

“+oo
bzmozz-—zjf (1 — cos(ay))dS™ (y);

D

+oo _
Hi@ = [y W el B = s Hi), ks = s Hila):
Yy=q q ’

By = 2k1 Ny + 8k1kaNoy o + |S*(D)|D* Ny + 2ks|S*(D)|D? Noy o,

BQ = SE%N4, Bg = 2z0 + 4Zakg
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with

_ D?|S*(D

ki =k + M,

2
. 105 ()| . D?
o i= sup P2 < ky + 2D|S" (D) max (7, 2),
oo d 1

Zp = max{/o }Enr(x)}dx,g/ }dxnr }dm}

where

n,(x) == e (@M yr x> 0.

Theorem 2.8. Let « belong to (0,2) and let S* be monotonic on [D,+o0). Then,

K(F(,0),Ga) <2 BsBo 31836l (H (B54]) + H3(1854D)]
j=1
cllhall

—t
Byet(1-244) 4 Bﬁe*t(lﬁf“ﬁ)} + 67 sup | Fo(z) + Fo(—2 —0) — 1].
Tz€R

As done elsewhere in this section, it should be noted that the inequality

cllhq 2
Wl g 3y) + 2Bl 3183 (18101 + H 150
j=1
< (CHZ || + B3(k3+k5)> t(l—qoa/2—2A4)
hall _ S e - Sw
_|_C|| ||e Gt+;B3{Hik(e Gt)—FH;(e at)}

d
is useful to yield a bound for K(F(-,t),G,) depending only on exponential functions, while

an exponential bound can be derived from the next theorem.

Theorem 2.9. Besides the assumptions made in Theorem 2.8, suppose (23) holds true. Then,

[((F(7 t), Ga) Sz{gle—f(l—QAya) + BQe_t(l_QA(872a)/a) + B5e—t(1—2A4)
T

4 Bge—t(1-240) 4 (2 0’ B3 - " PB:}) 7t(172A2+25/0)}
—a— a+
cl|ha -t
[ (e7t 4 e t1ma00/2-240)y 4 % sup | Fo(z) + Fo(—z —0) — 1].

+ =
d zER
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2.4. Brief comparative study of extra—condition on ¢, and on Fj. In view of the
greater expressiveness of assumptions given for Fy, if compared to conditions on ¢q, already
stressed at the beginning of Subsection 2.3, we conclude the section with a brief comparative
analysis. This analysis deals, on the one hand, with the two kinds of conditions actually used
in the present paper and, on the other hand, with our conditions on Fjy compared with those
introduced in Pulvirenti and Toscani (2004).

Recall that in Subsections 2.1 and 2.2 we have used an extra—condition which, in the

symmetric case, reduces to
(24) |03(€)] = O(IE)  as € —0, for some 6> 0

while, in Subsection 2.3, we have stated a few results under the extra—condition

/

(25) (1-F) -3 < Lo @>0)

for some ¢ in (0,2 — ) when « belongs to [1,2), and for some § in (0,2 — &) when « belongs
to (0,1) provided that S*(z) = (1 — F§(z)) — ¢fx~ is monotonic for x > D > 0.

As to the former point under discussion, notice that for « in [1,2) one can resort to
easy inequalities, to be explained and used in the proof of Proposition 3.6, to obtain

b1 ()

+ 2k €27
ga T 2kald]

vg ()] <

where, in view of (25), [b%(£)| = O(|¢]**?). An analogous conclusion holds true when 0 < o < 1
with b5 and k; in the place of b% and k;, respectively. See formal developments in the proof
of Proposition 3.7. Hence: If § belongs to (0,2 — «) with 0 < o < 2, and S* is monotonic on
(D, +00) for some D >0 when 0 < a < 1, then (25) entails (24).

Moving on to the latter kind of comparisons, it should be recalled that Pulvirenti and

Toscani (2004), in order that initial data can satisfy (25), assume
(26) Mots = / |20 fo(z) — gu(x)|dz < +o0 for some 6 >0 .
R

In Section 4 of Goudon et al. (2002) it is proved that (26) entails (24) and now we prove that
(26) yields (25) when 6 < . Indeed, from the Markov inequality,

Ma+6
2xa+5 '

[F*(z) — Ga(2)| <
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This, combined with a well-known asymptotic expression for G, (see, for example, Sections
2.4 and 2.5 of Zolotarev (1986)), gives

Ma+6
Qpats

N ch 1
|F* (z) — x—2| < +0(=7) (= +o).

Then, (25) follows form (26) when § < a. This last restriction is consistent with Theorem 6.2
in Pulvirenti and Toscani (2004), mentioned in (F5), and with the first part of Theorem 2.3.
Moreover, it should be noted that classical asymptotic formulae for g, (see, e.g., Ibragimov
and Linnik (1971)) can be applied to exhibit simple examples of initial data which meet (25)
but do not meet (26). In other words, the criterion evoked by Pulvirenti and Toscani (2004) —
to get (24) together with exponential bounds for x,+s5 with § < « — could be usefully replaced
by the weaker condition (25), as we have done for convergence with respect to the Kolmogorov

metric.

3. LIMIT THEOREMS FOR WEIGHTED SUMS OF INDEPENDENT RANDOM NUMBERS

As mentioned in the introductory paragraph of Section 2 — see, in particular, expla-
nation for (16), (17) and (18) — the present section focuses on the study of the convergence
in distribution of weighted sums of independent random variables. This study, besides the
interest it could hold in itself, is essential for proving the theorems already stated in Section
2. In point of fact, the main steps of the arguments used to prove these theorems are set
out in the propositions we get ready to enunciate and prove in the present section. Specific
indications of how they are used will be given in the Appendix.

For the present, it should be recalled that we are interested in convergence in distri-

bution of sums

(27) Sni=Y ¢"X;
j=1
with X1, Xs,... independent and identically distributed real-valued random wariables with

common distribution function F. Moreover, the numbers q<")

i are assumed to satisfy (17) -

(18), and Fy is supposed to be a symmetric element of the domain of normal attraction of (7).

Then according to (F3) and (Fy), there is ¢y > 0 satisfying

+oo i
(28) ap = 260/ Mdm
0 z*

for which

hm |$|aF0($) = hIJ}l Jja{l — FO(J;)} = Cy

r— —0Q
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and
L—¢0(§) = (a0 +vo()E1* (£ €R)

where vg is a bounded real-valued function satisfying |vo(§)| = o(1) as £ — 0. See (13) - (14).

The above conditions, printed in italic type, are assumed to be in force throughout
the present section, and will be not repeated in the following statements. It is worth recalling
that these statements are inspired by previous work published in Cramér (1962, 1963) and
Hall (1981). Accordingly, the present line of reasoning is based on certain inequalities con-
tained in the following lemma where, as in the rest of the section, for the sake of typographic

. . . n
convenience, ¢; is used instead of qj(. ),

Lemma 3.1. Let ¢, be the characteristic function of (27). Then,

|én(§) - §a(£)| < e—(’lo—n)lﬁl“

€17 3" a7 lvo(€a;)I (1 + 21€1° wo(Eqy)])

j=1

(0% 3 [e% Ot
) +¢l MZZqJ( a7 + S M) JIJel < D}

|£| q(") _ 1/ca
+2H{|§|>D}( 1) {ds/a {C—O}+d/a11{q(n)>d ,0<ec<1}

+ ) Mg < /0 < e < 1]
holds for any £ inR, s >0, cin [0,1), d, d1, k* and M being the same as in Theorem 2.2 with
vo in the place of vy, gy = maz{qy,...qn} and Dy, = Dy(c,d) == (5 (dNafy ))an(an{O <
c< 1} + (S?Wd)l/aq(n)]l{c = 0}. Moreover, for s =a, cin (0,1) and £ in R,

dldl/a}

60(€) = (O] <l [e= 0" (k8 a > d. e < ==

(30) +3(€)aty 4 < /18 < digfy)' })

+ d_a< (n gy > dY/} + 405" 1))}

with

n

= > afleotéap)l + " (50 £23 gPloea, ) + 25|5|3aM4Zq )
j=1 j=1

j=1
Proof.  According to previous notation, set [[vol| := supy,-oy [vo(z)| and vp(§) =

SUP{o<g<e} [Vo(7)]. Now, in view of (Fy),

11— do(€gs)| = lao +vo(€q;)|I€q; 1™ < MIE|%qS
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and the last term turns out to be bounded from above by 3d/8 < 3/8 when |{|q(,) <
(3d/8M)' . Since log(1+2) = 2+(4/5)0.|z|? for |z| < 3/8 and some 6, satisfying |0, < 1 (see,
for example, Lemma 3 in Section 9.1 of Chow and Teicher (1997)), then [£|q(,) < (3d/8M)'/
yields

6u(6) = exp(3log(60(€0;))} = exp {3 log(1 = (1= doléa;))}

n

Zl—%g(b Z (1 — ¢o(£g5))}

with r(z) = (46,/5)|z|?. Moreover, if |¢| < (3d/8M )Y/ /q(,) and 0 < d < 1,

4
[r(1 = do(€ay)| < MPIEP g5 (G =1,....m)

and, via (Fy),
" () = exp (= D {ao + vo(€alegsl® — (1~ dolcay)))
31 j=1 j=1

= exp(—a,0|§|a) eXp(—Bn(f) + Rl,n(f))

with
= [¢]* Zn:q;*vo(fqg')
and a
Rin(©)] = 1301 = o(€g)] < 212 3 g2
Writing - B
exp(=B(€) & Run(€)) = 1= Bal€) + Run(6)
(06~ Bl 3 Fun(®) - Bule) 1
1= Bal®) + Run(6) + Ran(€),
with
" Ran(9)= (1€ = B0 3 (€)= Bale) 1

< 2{Bn(€)* + R1.n(§)*} exp(| Ba ()] + [R1n(E)]),

equalities (31) give

(33) $n (&) = exp(—aolé|* {1 = Bu(€) + Run(€) + Ran(€)}-



22 FEDERICO BASSETTI f, LUCIA LADELLI*, AND EUGENIO REGAZZINT* f

As to Ra (&), for [€]* < (3d/8M) () < and any sufficiently small d, one gets
«@ . = (07 4 (e 3Ne ) . (07
[Ba(O)] + 1 R1n(€)] < [€1* Y t0(Eaem))af + £ MIEP a5 Y 0
j=1 j=1
of~ 4 2| ¢l 0 «
< 61" {00 (Eaen)) + 2 ML an) } < mle]
by the definition of d given immediately before the beginning of Subsection 2.1. This entails

exp(| By (€)] + [Run(€)]) < e

for any 7 in (0,a0) and |£] < (3d/8M)1/°‘q(:L1). Next, an application of Jensen’s inequality
yields
|Ba(©F + [Run(©) < [€°* D afvo(6q)® + 5= M"Y ]
j=1 j=1
which, in turn, combined with (32), gives

a S a 32 a S a &
[Bon ()] < {206 D qvo(6ay)? + 2 MYl Y g2 perlsl.
j=1 j=1

Now, from (33) with |¢| < D,,

n

RONETI
j=1
+ §M2|£|a quza + (2|§|a quvo(&b)? + %Mﬂﬂ?’a Zq?a)e"ma}
j=1 j=1 =

|<5n(§)— exp(—aglé|*)] < e—ao0l€l”

< e—(ao-ml¢l° |£|a{ 3" g5 lvo(€qy) (1 + 2|§|a|vo(§%‘)|)
j=1

+ €[> M? Xn:q?“ (% 32M2|5|2a a) }
j=1

At this stage it remains to consider || > D,,. In this case, one gets

|£|s q(” q‘(sn) ca s(1—c) ca
i ds/au(c=0)+ ds/a]l(q(n) >dV/e 0<e< 1)+ 4y g <d/e0<e<1)p>1

and, to complete the proof for (29), it is enough to take account of the obvious inequality
|60 (&) — exp(—aol¢|™)| < 2.
Now, as far as (30) is concerned, take s = v and ¢ in (0, 1). Then, (29) becomes
|6 (&) — exp(—aolé]*)] < e~ @M g 75 (OI{|¢] < Dy}

(34)

3 n cor o o
+2|dL{ d)ﬂ( w > dVe) + g2 (g < dV )}]I{|§|>Dn}.
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Now, for g,y > d and [{] < D, (< dldl/a(](_nl)),
6(€) < o(dad"*) (1 + 247 d' =T (drd/*)) + (4/5)M?did + (32/25) M 'di*d®~* = k*

and (30) follows from (34) with &(£) replaced by k* on {q(,) > d, [{| < Dy} &
Lemma 3.1 can be used to obtain bounds for the y,—distance between G, and the

probability distribution function F,, of S,,.

Proposition 3.2. The x,—distance between F,, and G, satisfies

Xa(Fns Ga) <k Wgmy > d) + ) a5 vo(dugzaf,) ) {1 +2Miw0 (digjaf,,)') }

j=1
o [4 2 32 4 a 2 q?ﬁ) 1/ca Oz(l c)

for any ¢ in (0,1), with M, := max,>q e~ (@0~ 27 (1 being any positive number).
Proof. Consider (30) and observe that
o i - 32
) < Z ¢ (gt (1+ 2070 (daasafy)) ) + MQMlq(n)Jr O M Mgl

holds true on the set {q(,) < d, [{| < D,} since D,, < dqug)l on this set. <
It is easy to check that the upper bound stated in Proposition 3.2 is o(1) for n — +o0.
Lemma 3.1 can also be exploited to determine analogous bounds for x.+s and xaq,

under the extra—condition (12).

Proposition 3.3. Suppose (12) is valid for some 6 > 0 and take d in such a way that
I€lan) < dyd"/ e (= 4(n) D if ¢ = 0) entails vo(£q;) < pl€g;|° for some p > 0. Then,

Xeots(Fuy Ga) <p2qa+5+2p M, s Z A

j=1 j=1
a+d
4 20 4 2q(n)
+ 5M M Zq + M M Z d(11+<5d1+5/a
for any 0 < a, and
M2 & 32M M. 2q7

a+o 2 a+26 2()/ 2 (n

XQ(I(FW)G )<pM5 1;q +2p M%;q 5 ;qj 2:: d2()/d2

for any § in (a, 2a].
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Proof. jFrom (29) with ¢ =0 and s = a+,

[6n () —e0lél"| < e—<“°—">‘€‘o‘|£|a{p2q§“”lé|“<1 +2p0;1¢[*)

j=1
+ €] MQZq £+ M) JIe] < v/ ))
2q01+6
_ ) jejats Ve

Then, if 4 belongs to (0, a], one easily obtains the former of the inequalities to be proved. The
latter follows similarly from (29) with ¢ =0 and s =2a.
As mentioned at the beginning of Subsection 2.2, here we pass from weighted x—metrics
to Kolmogorov’s metric via the classical Berry—Esseen inequality
KR Gay < 2 [0 |20 80 e 4 g,
T J—d/qen) 3 d
c being the constant which appears in Theorem 3.18 in Galambos (1995).
Take (29), with ¢ = 0 and d = (3d/8M)"/*, and sobstitute it in the right-hand side

of the above Berry—Esseen inequality to obtain

Proposition 3.4. One has

d/qen)
K(Fy,Go) § qJ/ e (r0mmET gan 1H(£,qg)df+—M2N2aZ
j=1
(35)
64 c
+—M4N4a§ @ EHgaH(Rn)

with H(E, q5) = |vo(€qy)|(1 + 2[¢[*[vo(€q;)]) and Ny = [ exp{—(ao — )¢*}¢'~d¢. This

upper bound is o(1) as n — +00.
More informative bounds can be obtained under extra—condition (12).

Proposition 3.5. If (12) is valid for some § > 0 and d is fized in such a way that |£|q(,) <
did"/e (= 4y D if ¢ = 0) entails vo(&q;) < plég;|® for some p >0, then

N n N 4 n N
K(F,,Ga) [pNaH Z 657"+ 20" Na(ags) D657 + 2 M*Noa Y g
j=1 j=1

c
+ M4N4an] } EHQ&HQ(n):O(l) as n — +00.
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Proof. Under the present extra—condition, inequality in the previous proposition com-
bined with inequality H (¢, q;) < p|§|‘5q?(1 +2pq§|§|5), valid for every j and |£| < J/q(n), yields
the desired bound. &

Now, we proceed to present bounds for K(F),,G,) under restrictions on the initial
distribution function, rather than on ¢y. Notation is the same as in Subsection 2.3 with the
proviso that Fy is replaced by (symmetric) Fy and, consequently, symbols with x, like S*, h*,

¢, etc. must be changed to symbols without *, i.e., S, h, co, etc., respectively.

Proposition 3.6. Let « be in [1,2) and let the additional restriction that f (x)|dx < +o0
if a =1 be valid. Then,

2 - —Q «
K(F,,Ga) ;Z {Bﬂ]] + Bag;~* + (BsHi(q;) + BaHa(q5))d;

cllga
+ B5(]JQ‘(JZ + Bﬁq?a} + Hcgf ” 4y = o(1) asn — +oo.

In particular, if h is such that |h(z)| := x*|S(z)| < p'/2° for any x > 0, 6 in (0,2 — ) and

some constant p’ > 0, then

are valid for any q in (0,1].
Proof. We start from the definitions of S and ¢( to obtain, via (28),

“+o0
1 do€) = aolé|” +2¢ / S(z) sin(ex)dz

which, in view of (Fy), yields
o 1
[€1%vo(€a5)l = 5 1ba(g5) + Fa(&gy)]
J
where

+oo D
bi(y) == Qy/D sin(yx)S(x)dr and Ry(y):= Qy/o sin(yx)S(x)dx.

For these quantities one can write
D
Ra(ea)| <266 [ alS(@lde = 2t}
0

with ky := fOD x|S(x)|dz, and

kg = |b1( )l

m>0

—+o00

<max{||1}0||—|—2k1,/ 1S(2)|da}.
D
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Combination of these inequalities with the definition of H (see Proposition 3.4) gives us
|€|°‘_1|H(£,(Jj)| = (€17 uo(€a;)I(1 + 21€]*[vo(€q)))

2 2
|£| @O+ IR @O+ 2 (O] + IR0,

|€| {10166+ 2halbr (GONIE + 2hrl€qs1? + Shakag? I+ + SkEg e}

Using this inequality, we obtain

2 - « (i/(l(n) —(ap—n)E* pa—1
2 [ e et g
=1 70

(36) 2 ¢ e —(ao—n)&~ -1 a—1
<=3{ e (Ibn (g6l + 2halba(gz6)e" " ) e
j=1 70
+ 2k1 Nag? + 8k kaq? Nayo + 8K2Nyq* “}.
It remains to study integrals like I,.(q) := 0+O° |b1(€q)|€7 e~ (@0=mE" d¢ for + > 0. Following
the argument used in Hall (1981) to prove Lemma 7, one can state the inequality

+o0 %

(@) < 20Nz [ |8@)do +2°N1 [ alS(e)ldo
1 0
q

+oo 1
= 2N, 12 / Ih(y /@)y~ dy + 2N, 410" / Iy /@)y dy
1 0
= 2N, 42¢“H2(q) + 2N, 119" H1(q)

with h(z) = 2*S(x). To complete the proof of the main part of the proposition it is enough
to use (37) to obtain a bound for the right-hand side of (36) and, then, to replace this
bound for the first sum in the right—hand side of (35). As to the latter claim, recall that
Hi(q fo =2h(y/q)|dy, Ha(q) = 1+oo y~*lh(y/q)|dy and use the additional condition.
¢

Proposition 3.7. Let « be in (0,2) and let the additional hypothesis that S is monotonic on
[D,+00) be valid for some D > 0. Then,

2 « .
K(Fo, Ga) < ;Z{quﬁqu "+ Ba(H(g)) + Ha(4)))a5

+ B5q2“ + Bsq } + %Q(n) =o0(l) asn— +oo.
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Moreover, if h is such that |h(z)| < p'/x° for any x > 0, § in (0,2 — ) and some constant
p' >0, one gets

1)

r'q
H < -
i(a) < 2—a-90’

for every q in (0,1].
Proof. One starts from Proposition 3.4 once again, noticing that equality
[t|%vo(t) = ba(t) + Ra(t)
holds with

ba(t) == —2 /DJFOO(l —cos(tx))dS(x) and Ra(t) := Ry(t) +25(D)(cos(tD) — 1).

Observe that
|R2(€q;)| < 2k1|€q;)?

with k1 = k1 + D?|S(D)|/2. Moreover,

— D2
kgzsup| Qx( 2l < k2 +2D|S(D)| max (7,2).

>0
Then,
X )2
= (6, 07)] < f|§| (st + o] + 2 PN RSB
J
< g )+ 2l a6 + 2o+ Skt~ + Sk}
Hence,

2 d/q(n) o—(a0—n)€* _
K(Fy G ;Z{/ [+ 2t (e,

Jj=1

) o ! 32
+ (2k1 Ny + 8k1ka No12)q; + 8k Nag; ~* + gMQN ol + 25M2N4aq }

C
, elaall,

(n)-

Applying the Fubini theorem and the formula for integration by parts, we can write

d/acn
M@= [ @2 g it n (@)= o)

3
d/qn +OO d/an
< Z‘S(D)/O ( )(1 — cos(qu)) +2 ‘/ dx/o ( )nr(g) sin(qx)d€

<| S(D) | ¢*D*Ny 42 + MP(q)
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where
+00 d/qn
M&l)(q) = Zq‘ /D S(x)dx/o B )nr(ﬁ) sin(&qx)d€

+o0 T +o0
<2 [ [5G / (1 cos(éqa)) | -

n-(§) | d€ (from integration by parts)

D dg
+oo +oo
<o [Tl K | Lo dg
1/q [e%s}
§2zr{q2/0 sc|S(x)|dx+/1/+ 5@ g, }

(With zr:zrnax{/(foo|jg (&) | dE, = /()+Oo£2|—nr()|d§})

=22,{q"Hi1(q) + ¢“ Hs(q)}.
Then,
M.(q) < ¢ | S(D) | D*Nyys + 2% 2 {H1(q) + Hs(q)}

and

9 n B B o
K(Fn, GO,) < ; Z {MQ(Qj) + QkQMa(qj‘) + (ZklNQ + 8k1k2Na+2)qu
j=1
2 4—q 2 20 , 32 27 ||9a||
+ 8k Nyg Y + - M Noagi® + 5o MPNaag)™ } + —=— 7 4

To complete the proof it suffices to replace the quantities M with their upper bounds and,
next, to recall the definition of the constants B. <
4. APPENDIX

In this part of the paper we present the proofs of the theorems stated in Section 2.
For the sake of expository clarity, let us recall the common inspiring principles for all of these

proofs. First of all, we refer to representation (5) which, combined with (15), gives

(38) [ 6(6:) = §al€) IS Eul] du, (& Re(o)) — §al€) N+ | Im(o(€)) e~ (£ €R)

where @, (-; Re(¢o)) is equal to ¢,(-) when n = vy, ¢; = |B4| (j = 1,...,14) and, in the
definition of ¢y, ¢ is replaced by Redo. Analogously,

(39) | F(z,t) = Ga(@) |< E(| Fy, (25 F5) = Ga(@) )+ | Fo(z) = Fg(z) [e™" (v €R)

where F,, (-; F{) is obtained from F,(-) by replacing n, ¢; and Fy with v, |G;:] and F{,

respectively.
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Proof of Theorem 2.2. Apply (38) to write
Xa(F(,1),Ga) < Ee(Xa(F, (- F5),Ga)) + €_t2161£ [ Im(vo(§)) |

and, next, replace xo(F,,(-; Fy), Go) with its upper bound stated in Proposition 3.2. ¢

Proof of Theorem 2.3. Argue as in the previous proof by using the upper bounds obtained
in Proposition 3.3, instead of the upper bound of Proposition 3.2. Moreover, to evaluate
expectations, make use of the obvious inequality E;(f(),)) < Et[ZJ”*:l |8;¢|™] and, then, of
(19) and (20). <

Proof of Theorem 2.4. In view of (39), write

K(F(-,t),Ga) < E((K(F, (- F7),Ga)) + %f sup | Fo(z) + Fo(-2—0) — 1|
and replace K (F,,(-; Fy),Gq) with its upper bound determined in Proposition 3.4. Finally
use (19) to evaluate expectation.

The remaining theorems from 2.5 to 2.9 can be proved following the same line of
reasoning, according to the scheme: Resort to Proposition 3.5 and to (19) for Theorem 2.5.
Apply Proposition 3.6 and (19)-(20) to prove Theorems 2.6 and 2.7. Finally, use Proposition
3.7 and (19)-(20) to prove Theorems 2.8 and 2.9.

It remains to prove Theorem 2.1. Its former part is a straightforward consequence of
Theorem 2.4. As to the latter, we use the same argument as in the proof of Theorem 1 in

Gabetta and Regazzini (2006b), based on Fortini, Ladelli and Regazzini (1996). Accordingly,

for every t > 0 we define
Wt = (Ayt7>\1’t’ e )\l,t’t,(S(), e ,’}/t,et,l/t, U',g(]./2)7 th(]./?))7 .. )

where: \;; stands for a conditional distribution of |6j,t|X;t, given (v, 0¢,11); Ay, is the vg-
fold convolution of A1 ¢,... Ay, +; 0, indicates unit mass at x; U(§) := maxi<j<y, Aj+([—€,€]°).
Moreover, the X7, are conditionally i.i.d. with common distribution Fj. To grasp the im-
portance of Wy, notice that its components represent the essential ingredients of central limit
problems. As to this fundamental theorem, we refer to Section 16.8 of Fristedt and Gray
(1997). The range of W; can be seen as a subset of S := P(R)>® x G x [0,27)°° x R>, where:
R := [~00, +00]; P(M) indicates the set of all probability measures on the Borel class B(M)
on some metric space M; G is a distinguished metrizable compactification of G. These spaces

are endowed with topologies specified in Subsection 3.2 of Gabetta and Regazzini (2006b),
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which make S a separable compact metric space. Now recall that, under the assumption of
the latter part of Theorem 2.1, (V" := Zyt" 18,4, | X7+, Jn>1 must converge in distribution.
Next, from Lemma 3 in Gabetta and Regazzini (2006b), with slight changes, the sequence of
the laws of the vectors (W;, ),>1 contains a subsequence (W; ,),» which is weakly convergent
to a probability measure @ supported by P(R) x {6o}> x G x [0,27)>® x {+oc0} x {0}.
At this stage, an application of the Skorokhod representation theorem (see, e.g., Billingsley
(1999), Dudley (2002)), combined both with the properties of the support of @ and with (F}),
entails the existence of random vectors th, = (A[’in/ , 5\1%,, ...) defined on a suitable space

(Q, F, P), in such a way that W; , and th, have the same law (for every n’). Moreover,

A[, :>A, S\j’tn, :>50 (] = 1,27...)

tn/

(40) o, —+oo, Uy, (1/k) =0 (k=1,2,...),

By = max{|Bre,, |- 1Bs, 0, [} =0
where the convergence must be understood as pointwise convergence on Q) and = designates
weak convergence of probability measures. From (40) and Theorem 16.24 of Fristedt and Gray
(1997), there is a random Lévy measure p, symmetric about zero, such that

(41) lim Zx\jt [z, +00) lim Z{l - (W>} = plx, +00)

n’—>+oo n —>+oo

holds pointwise on Q for every x > 0. To complete the proof, we assume that lim,_, ;o 2*{1—
Fj(x)} = 400 and show that this assumption contradicts (41). Indeed, the assumption implies
that for any k& > 0 there is € > 0 such that *{1— Fj(x)} > k for every > 1/e and, therefore,

Z{l B ()

| J,fn/|

koo o
— By < e} D 1By, 1"

Jj=1

k A
= —]I ’ .
s {ﬂ(n ) < xe}

Y

Since (40) yields ﬂA(n,) — 0, then limsup,, | . Vn,» > kx~%, which contradicts (41) in view of

the arbitrariness of k.
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