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EXTINCTION PROBABILITIES IN BRANCHING PROCESSES WITH
COUNTABLY MANY TYPES: A GENERAL FRAMEWORK

DANIELA BERTACCHI', PETER BRAUNSTEINS??, SOPHIE HAUTPHENNE?,
AND FABIO ZUCCA*

ABSTRACT. We consider Galton—Watson branching processes with countable typeset X.
We study the vectors g(A) = (¢.(A))zex recording the conditional probabilities of ex-
tinction in subsets of types A € X, given that the type of the initial individual is . We
first investigate the location of the vectors g(A) in the set of fixed points of the progeny
generating vector and prove that ¢, ({z}) is larger than or equal to the zth entry of any
fixed point, whenever it is different from 1. Next, we present equivalent conditions for
¢z (A) < gz (B) for any initial type x and A, B € X. Finally, we develop a general frame-
work to characterise all distinct extinction probability vectors, and thereby to determine
whether there are finitely many, countably many, or uncountably many distinct vectors.
We illustrate our results with examples, and conclude with open questions.

Keywords: infinite-type branching process; extinction probability; generating function;
fixed point.

AMS subject classification: 60J80, 60J10.

1. INTRODUCTION

Branching processes are models for populations where independent individuals repro-
duce and die. If all individuals have the same reproduction law and live in a single
location, then the population can be modelled with a single-type branching process. If
individuals have specific characteristics (i.e. their location, or in general their “type”)
which impact the evolution of the population, then multitype branching processes are
suitable models. Here we focus on (discrete-time) multitype Galton—Watson branching
processes (MGWBPs) with countably many types (where countable includes the finite
case as well). These processes arise naturally as stochastic models for various biological
populations (see for instance [1, Chapter 7]). They can alternatively be interpreted as
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branching random walks (BRWs) on an infinite graph where the types correspond to the
vertices of the graph (see for instance [22] and references therein).

One of the primary quantities of interest in a branching process is the probability that
the population eventually becomes empty or eztinct. Extinction in MGWBPs can be of
the whole population (global extinction), in all finite subsets of types (partial extinction),
or more generally, in any fixed subset of types A (local extinction in A). To be precise, let
X denote the (countable) typeset, and let Z,, = (Z,, ;)zex, Where Z,, , records the number
of type-z individuals alive in generation n > 0. For A € X, let £(A) be the event that
the process {Z,},>¢ becomes extinct in A, that is, the event that lim,, o, >, 4 Zn. = 0.
Let g(A) = (¢(A))zex be a vector whose xth entry records the conditional probability
of local extinction in A, given that the population starts with a single type-x individual,
that is,

G2(A) :=P(E(A) ] Zo = e2),
where e, is the vector with entry x equal to 1 and all other entries equal to 0. In
particular, note that (&) = 1. We let q := g(X’) be the vector containing the conditional

probabilities of global extinction, and we let § = (G.)zex be the vector containing the
conditional probabilities of partial extinction, where

@:=P(A£lw5@@\zoze{>

Several authors have studied properties of ¢ and §; see for instance [2, 10, 13, 23] and
most other references herein.

If the process is irreducible, meaning that an individual of any given type may have a
descendant of any other type, then

e when X is finite, ¢ = q(A) = @ for all non-empty A < X, and
e when X is countably infinite and A is finite, § = q(A) (see for instance [9, Corol-
lary 1]).

More generally, for any non-empty A € X, it is known that
g<q(A)<qg<l;

in addition, these inequalities may be strict (see for instance [6] and [9]). Thus the vectors
q(A) are of independent interest. Other than the recent work of [17] (which focuses on
different questions than those considered here) and references in the remainder of this
section, little attention has been paid to properties of the vectors g(A).

The vectors {q(A)}acx are all solutions of a common fixed point equation. More
precisely, if G(s) := (G4(S))zex records the probability generating function associated
with the reproduction law of each type (defined in (2.1)), then q(A) belongs to the set

S:={se[0,1]": 5= G(s)}. (1.1)
In other words, Ext < S, where

Ext :={q(A): A< X} (1.2)
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is the set of extinction probability vectors. In this paper, we focus on the following three
main questions:

(i) Where are the elements of Ext located in S7 (Section 3)
(i) When does q(A) differ from q(B) for two sets A, B < X? (Section 4)
(i4i) How many distinct elements does Ext contain and can these elements be identified?
(Section 5)

While the answers to these questions are well established in the finite-type setting, much
less is known when there are infinitely many types. Below we discuss the background
behind each question and the contributions we make in this paper.

Question (7). It is well known that in the finite-type irreducible setting, the set of fixed
points S contains at most two elements: S = Ext = {q, 1}; see for instance [15, Chapter 2].
When there are countably many types, q is the minimal element of S [20, Theorem 3.1].
More recently, in [8] the authors proved that, for a class of branching processes with
countably infinitely many types called lower Hessenberq branching processes (LHBPs),
q is either equal to 1 or to the maximal element of S\{1}. Theorem 1 of the present
paper implies that the same result holds for general irreducible MGWBPs. In particular,
if there is strong local survival, that is, if ¢ = q < 1, then Theorem 1 implies that
S = Ext = {q, 1}, as in the finite-type setting. In addition, this theorem also applies in
the reducible setting as we show in general that, for any fixed point s € S, if s, < 1 then
So < gz ({z}).

Question (7i). Recent work addresses related questions: in [4] and [6], the authors provide
equivalent conditions for g(A) = q for every non-empty A < X; in [9], the authors give
sufficient conditions for g(A) < q(B) that apply to any MGWBP and A, B € X, as well
as sufficient conditions for ¢ < q(A) < g that apply to block LHBPs. In Theorem 2 we
present a number of necessary and sufficient conditions for ¢,(A) < ¢.(B) for any initial
type x; this is a significant improvement on [4, Theorem 3.3] and [6, Theorem 2.4] (see
Section 4 for details). One condition in Theorem 2 is the existence of an initial type
from which, with positive probability, the process survives in A without ever visiting B;
another is the existence of a sequence of types {z,},en such that

(1-62,(B))/(1 = ¢z,(A)) =0 asn— 0. (1.3)

A consequence of (1.3) is that, for any extinction probability vector g(A) # g, we have
SUP ey ¢z(A) = 1 (Corollary 2). In particular, if all the entries of g are uniformly bounded
away from 1, then there is strong local survival (g = ¢ < 1; Corollary 3).

Question (7ii). When q < @, the set of extinction probability vectors Ext may contain
more than two distinct elements. For instance, in processes that exhibit non-strong local
survival (@ < ¢ < 1 = q(J)), Ext contains at least three distinct elements; see for
instance [4, 14, 19, 21] for examples of such processes. In recent years, various examples
with more than three extinction probabilities have been constructed: for instance, [9]
contains examples with four and five distinct extinction probability vectors. The set Ext
can even contain uncountably many distinct elements, as shown in [6, Section 3.1]. In the
same paper, the authors leave open the question of whether Ext can be countably infinite.
Up to this point, the literature has focused primarily on specific examples. Here our goal
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is to develop a unified theory to characterise —and thereby count— the distinct elements
of Ext.

We start by restricting our attention to a more manageable subset of Ext,
Ext(A) := {qg(A): Ae X(A)}, (1.4)

where A = {A,}ici, is a (finite or infinite) collection of subsets of X and X(A) is the
smallest o-algebra on | J,_, A containing A. The idea is to select A carefully so that (1)
either Ext = Ext(A) or Ext(.A) highlights some property of Ext, and (2) A satisfies some
minor assumptions, in which case we call A regular. We show that we can associate a
directed graph G 4 to A, and that if A is regular, then the analysis of Ext(A) reduces to
the analysis of G 4. More specifically, in this graph, the vertices are the elements of K 4,
and there is a directed edge from i to j if and only if g(A;) > q(A;), where these pairwise
relationships can be determined using Theorem 2. We show that there is an injective
function from the set of edgeless subgraphs of G4 to the distinct elements of Ext(.A)
(Theorem 3 and Lemma 2); furthermore, if G4 does not contain a path of infinite length
(i.e. an ascending chain as defined on Page 13), we prove that this function is bijective
(Theorem 3 and Proposition 2(7i)). If G4 contains ascending chains, then we show that
the set of edgeless subgraphs can be extended so as to define a bijection between this
extended set and the distinct elements of Ext(.A) (Theorem 3 and Proposition 2(7)). These
results translate problems about the distinct extinction probability vectors into much
simpler problems about the graph G 4. We use this framework to provide necessary and
sufficient conditions for Ext(.A) to contain finitely many, countably many, or uncountably
many distinct elements (Theorem 4). To provide a rigorous exposition, we introduce an
equivalence relation ~ on the set 254 (see Definition 2) and then study properties of the
quotient set 254/ _.

We apply our results to three examples. In Example 1, we consider a specific family of
irreducible branching processes where, by varying a single parameter, we can transition
smoothly between cases where the process has any finite number of extinction probability
vectors, a countably infinite number of extinction probability vectors, and an uncountable
number of extinction probability vectors (Proposition 4). This resolves the open question
in [6]. In Examples 2 and 3, we use our general framework to list all distinct extinction
probability vectors in two non-trivial examples: in Example 2, the number of distinct
elements of Ext(A) is the same as the number of edgeless subgraphs in G 4, while in
Example 3, the number of distinct elements of Ext(.A) is strictly larger than the number
of edgeless subgraphs in G 4.

The paper is structured as follows. In Section 2 we introduce some definitions and nota-
tion, as well as some preliminary results. In Sections 3 and 4 we tackle Questions (i) and
(i), respectively. In Section 5 we deal with Question (7ii); more precisely, in Section 5.1
we introduce the concept of a regular family A, in Section 5.2 we define the equivalence
relation ~ on 254 and establish the relationship between 254/ and the distinct elements
in Ext(A), in Sections 5.3 we investigate the structure of the equivalence classes, and in
Section 5.4 we provide conditions for the number of distinct elements in Ext(.A) to be
finite, countably infinite, or uncountable. In Section 6 we present our examples, and in
Section 7 we discuss open questions. All the proofs, along with some technical lemmas,
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can be found in Section 8. In a final appendix, we propose an iterative method to compute
the extinction probability vector q(A) for any A < X.

In this paper, we let 1 denote the infinite column vectors of 1s. For any vectors « and y,
we write x < y if x; < y; for all 4, and * < y if * < y with x; < y; for at least one entry .
Finally, we use the shorthand notation P,(-) := P(-|Zy = e,) and E,(-) := E(:|Zy = e,).
We remark that, unless otherwise explicitly stated, our results hold for any generic, not
necessarily irreducible, MGWBP.

2. PRELIMINARIES

2.1. Definitions. In an MGWBP {Z,},>¢ with countable typeset X', each individual
lives for one generation and, at death, independently gives birth to a (finite) random
number of offspring. For z € X and j = (j,)yex € NV, let p,; denote the probability that
an individual of type x gives birth to j, children of type y, for all y € X. The associated
probability generating function is

Ga(s) := Z Pujst = Z Daj 1_[ s, se[0,1]7%, (2.1)
J:ld| <o gilil<oo yeX

where [j] 1= 3y jy, and we let G(s) := (G4(8))sex. Note that G: [0,1]* — [0,1]*
is nondecreasing and continuous with respect to the pointwise convergence (or product)
topology on [0,1]*. Let my, := E.[Z1,] = (0G.(8)/0s,)|s=1 be the expected number of
offspring of type y born to a parent of type x, and let (X, Ey) be the directed graph with
vertex set X' and edge set Ex = {(z,y) € X? : my, > 0}. We write z — y if there is a
path from z to y in (X, Ex), and we write x <> y if x — y and y — z. Note that z < x
because there is always a path of length zero from x to itself. The equivalence class [z]..
of & with respect to < is called the irreducible class of x.

The MGWBP {Z,} is called irreducible if and only if the graph (X, Ex) is connected
(that is, there is only one irreducible class), otherwise it is reducible. We say that the
process is non-singular if, in every irreducible class, there is at least one type whose
probability of having exactly one child in that irreducible class is not equal to 1, or, in
other words, if for every x, there exists y <> x such that Py(zwey Zyw = 1) < 1. This
assumption is different from the usual one (which is, for every x there exists y <> x such
that P,(>),cx Z1.w = 1) < 1), but both definitions are equivalent for irreducible processes.

weX

2.2. Properties of g(A). Forn > 0and A € X, we define g™ (A) := (qg(cn)(A))xex where

¢V (A) =P, (Z > 2y = 0)

{znyeA
is the probability of extinction in A before generation n, starting with a single type-z
individual. The sequence {q™(A)},¢ is (pointwise) nondecreasing, and satisfies
g™ (A) = G(g"V(4), Vn=1,
¢ (A) =0, Ve A, (2.2)
¢ (4) = Gu(qV(4) Vg A
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In addition, g™ (A) converges to q(A) as n — oo. This implies that, for every A < X,

q(A) belongs to the set of fixed points S defined in (1.1) (note that g also belongs to S).
We observe that ¢! (A) = P,(N(A)), where N (A) is the event that the process never
visits A. In principle, if we knew q ©)(A), we could iteratively apply G(-) and recover
q(A) as the limit of the sequence g™ (A). However, ¢® (A) is not uniquely characterised
by Equation (2.2). In other words, ¢'” (A) is not necessarily the only element of the set
of fixed points

S = {se[0,1]%: s = GW(s)},

where the function G : [0,1]¥ — [0, 1]% is defined by

é(A)<3) L O, lf.ﬁU € A
v T Ga(s) ifxé A,

and can be mterpreted as the generating function of the offspring distribution in the
modified process {Z } where types in A produce an infinite offspring number with
probability one. Note that, if A # ¢J, then 1 ¢ SA ForBc x , we define the probability
that the process becomes extinct in B and never visits A as q(B, A) 1= (¢.(B, A))zex,
where ¢, (B, A) := P,(E(B) n N(A)). The vectors g(B, A) belong to S@ for all B (by
the same arguments as those used to show q(A) € S). The following result characterizes

q(A).

Proposition 1. The vectors q(X,A) and ¢V (A) = q(, A) are the (componentwise)
mianimal and mazimal element of S respectively.

Observe that g(®(A) is uniquely identified by Equation (2.2) if and only if S@ iy 4
singleton, which, by Proposition 1, occurs if and only if g(X, A) = q°)(A); conditions for
S@ to be a singleton are given in Theorem 2. We also point out that, in the irreducible
case, ¢’ (A) can be interpreted as the partial extinction probability vector of {ZA,(LA)}; in
practice, g (A) can then be computed numerically using the method developed in [16],
and q(A) can be approximated by functional iteration, however it is unclear whether this
algorithm converges. An alternative iterative method to compute the vector g(A) for any
A € X can be found in the Appendix.

3. THE SECOND LARGEST FIXED POINT

It is well known that q is the componentwise minimal element of S while, clearly, 1
is the maximal. The next theorem gives an upper bound, namely ¢,({z}), for the zth
component of any fixed point, whenever it is different from 1. In the irreducible case, we
then have that q is either the largest or second largest element of S: the largest when
g = 1, and the second largest when ¢ < 1 (indeed, by [9, Corollary 4.1], G, = g.({z})).

Theorem 1. Suppose {Z,},>0 is a non-singular MGWBP. If s < (s), then

(i) for all x € X, either s, =1 or s, < q.({z});
(ii) if s, < 1, then s, < q,({y}) for all y € X such that y — x;
(iii) if the process is irreducible and s # 1, then s < q.
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The following corollary gives further insights into the set of fixed points S when
¢:({r}) = g, for all x; note that ¢.({x}) = ¢, < 1 is usually called strong local sur-
vival in z.

Corollary 1. Suppose {Z,}n>0 is non-singular and let s € S.

(1) If g.({z}) = q. for all x then, for every x € X, either s, =1 or s, = ¢.({x}). In
this case, any fized point is an extinction probability vector, that is, Ext = S.
(2) If {Z,}ns0 is irreducible and s # 1, then s < q. In particular, if § = q, then

S ={q,1}.
4. WHEN 18 q(A) # q(B)?

In order for two extinction probability vectors q(A) and q(B) to be different, it is
necessary for the process to have a positive chance of survival in the symmetric difference
of the sets A and B. More formally, letting S(A) := £(A)° denote the event that the
process survives in A, if P,(E(A A B)) = 1 then P,(S(A)) = P.(S(A n B)) = P.(S(B)),
that is,

q(A) # q(B) = dreX st PJ(E(AAB)) <.
A more powerful characterization of g(A) # q(B) is given in the following theorem, which

is a significant improvement over [4, Theorem 3.3], where the equivalence between (i) and
(v) was proved with A = X

Theorem 2. For any MGWBP and A, B < X, the following statements are equivalent:

(i) there exists x € X such that q.(A) < q.(B)
(i1) there exists x € X such that q,(A\B) < q¢.(B)
(i1i) there exists x € X such that q.(A) < qéo)(B)
(iv) there exists x € X such that, starting from x there is a positive chance of survival in
A without ever visiting B
(v) there exists x € X such that, starting from x there is a positive chance of survival in
A and eztinction in B
(vi)

1 —q.(B)

=0.
xEX:I;}C(A)<1 1-— qx(A)

Moreover, if A = X then each of the above conditions is equivalent to
(vii) S is not a singleton.

Note that the equivalence between (i) and (iii) was proved in [6, Theorem 2.4].

Corollary 2. For any MGWBP, every extinction probability vector q(A) # q, satisfies
SUPgex QJ:(A) =L
Remark 1. In [20, Lemma 3.3|, the author showed that, if an MGWBP is irreducible,

all fized points s # q with inf,ex s, > 0 satisfy sup,cy s. = 1. However, the condi-
tion ‘infcx s, > 07 was described as unsatisfactory. Corollary 2 proves that all extinction
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probabilities q(A) # q satisfy sup,cy ¢:(A) = 1 under no assumptions (not even irre-
ducibility).

In the irreducible case, Corollary 2 easily implies the following result.

Corollary 3. Suppose that {Z,} is irreducible. If sup,cy G < 1 then ¢ = q and S =
{q,1}.

Corollary 3 applies to irreducible quasi-transitive MGWBPs (see for instance [4, Section
2.4] for the definition) where ¢ < 1, extending [4, Corollary 3.2]; indeed, in that case the
coordinates of g take their value in a finite set and they are all different from 1. It also
applies to MGWBPs with an absorbing barrier (see [7]) with ¢ < 1, for which X = N
and ¢, is decreasing in z.

5. THE SET OF EXTINCTION PROBABILITY VECTORS

We now turn our attention to the set Ext of extinction probability vectors. Our analysis
builds upon an important consequence of Theorem 2 (which we state in Corollary 4). We
start by defining relations between subsets A, B € X in a given MGWBP: we write

e A = B if survival in A implies survival in B from every starting point (that is,
P.(S(B)|S(A)) =1 for all z € X),

e A = B if there is a positive chance of survival in A and extinction in B from some
starting points (that is, P,(S(B)|S(A)) < 1) for some = € X),

e A < B if survival in A implies survival in B and vice-versa from every starting
point,

e A < B if there is a positive chance of survival in B and extinction in A from some
starting points and vice-versa.

Note that A < A for all A € X. The next corollary is a straightforward consequence of
the equivalence between (i) and (v) in Theorem 2.

Corollary 4. Let A,B< X.
(1) A= B if and only if g(A) = q(B).

(2) A< B if and only if g(A) = q(B).
(8) A < B if and only if there is no order relation between q(A) and q(B).

We point out that any of the six equivalent conditions in Theorem 2 can be used to
establish the relation between the pair A, B € X.

5.1. Regular families of subsets. We will use the pairwise relations between subsets of
X to study Ext. Rather than considering all subsets of X, it is often sufficient to restrict
our attention to a particular family of subsets. More precisely, we focus on

Ext(A) := {q(A): Ae X(A)},

where A = {A1, As,..., A}, with k4 <00, A; € X foralli e Ky :={1,..., K4}, and
¥(A) is the smallest o-algebra on (Jx, Ai containing all A;. The idea is to select a
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suitable family A so that either Ext = Ext(.A) as in the examples in Section 6, and in [6,
Section 3.2] and [9, Example 1], or so that Ext(A) highlights some property of Ext as in
[6, Section 3.1]. Below we show that the analysis of Ext(.A) is substantially simpler under
some minor regularity conditions on A and the associated MGWBP.

Definition 1. We call A regular if

(C1) for any i # j € K, we have A; n A; = ;

(C2) for any i€ K 4, we have q(A;) < 1;

(C3) there does not exist i # j € K4 such that A; < Aj;
(C4)

(C5)

if Ae S(A) and T4 :={ie Ka: A; = A} # & then | J,.;, Ai = A;

iEIA

Condition (C1) allows an easy description of ¥(.A) in terms of unions of sets in A4; in
particular, under this condition, I — | J,.; A; is a surjective map from 254 onto X(A).
If in addition (C2) holds, then A; # & for all i € K4 and the map is also injective.
Conditions (C2) and (C3) can be viewed as a preprocessing step which removes elements
from A that lead to non-distinct extinction probability vectors. In particular we observe
that (C3) “almost implies” (C2), meaning that, if (C3) holds then g(A;) = 1 for at most
one i € K4 (by Corollary 4). Thus, (C2) implies that q(UieI Ai) = 1 if and only if
I = &, in particular ¢J ¢ A. Conditions (C4) and (C5) are minor regularity assumptions
that we use to compare the number of distinct elements in Ext(.A) and the cardinality of
the quotient set of 254 with respect to a suitable equivalence relation (see Definition 2).
On the other hand, (C2) and (C3) allow us to study the cardinality of a particular subset
of this quotient set (see Definition 3 and Equation (5.1)).

5.2. Equivalent subsets of indices. Not all the elements of Ext(.A) are necessarily
distinct. For instance, if A; = A;, then q(A; U A;) = q(A4;). This motivates the next
definition.

Definition 2. The subsets I,J < K4 are equivalent, and we write I ~ J, if and only if

(1) for every i € I there exists j € J such that A; = Aj, and
(it) for every j € J there exists i € I such that A; = A,.

Observe that ¢J ~ I implies I = (.

We are interested in the number of distinct elements in Ext(.A), which we denote
by |Ext(A)|. The next theorem implies that, if A is regular, then |Ext(A)| equals the
cardinality of the quotient set 254/_ that is, the number of equivalence classes.

Theorem 3. Given a family A and I,J < K 4, consider the following relations:

(i) I ~J
(i) Uses Ai < UjeJ Aj
(ii)) a(Uier A) = a( Uses 45)



10 D. BERTACCHI, P. BRAUNSTEINS, S. HAUTPHENNE, AND F. ZUCCA

Then (ii) < (ii1).

If (C4) holds then (i) = (iii); if in addition (C1) holds then |Ext(A)| < |2K4/_].
If (C2) and (C5) hold then (iii) = (i) and |Ext(A)| = |2K4/_].

5.3. Primitive subsets and ascending chains. In order to characterize |Ext(.A)|, the
next step is to better understand the structure of the equivalence classes. To help visualise
these classes, we associate a directed graph G4 = (K 4, F4), with edge set E4 := {(i,7) €
K%: A; = Aj}, to a given MGWBP and family A = {A;, A,, ..., A, ,}. Observe that

(P1) (4,7),(j, k) € E4 implies (i, k) € E4 (by transitivity of the relation =),
(P2) (i,7) € E4 for all i € K 4,

and, under the regularity condition (C3),
(P3) G 4 contains no cycles (of length greater than one).

Note that in G 4, there is a path from i to j if and only if (7, j) € E4. The next lemma states
that, given a directed graph (X, Fx) satisfying (P1) and (P3), there exist an MGWBP
and a regular family A such that G4 = (X, Ex).

Lemma 1. Let (Z, Ey) be a directed graph where

e 7 is at most countable,
e there are no cycles (closed paths).

Then there exists an MGWBP and a regular family A = {A;}icz such that A; = A; if
and only if there is a path from i to j in (Z, Ey).

For any subset I < K 4, we define the subgraph induced in G4 by [ as
Gull] = (I, E4[I]), with E4[I]:={(i,5) € I*: A; = A;}.

Definition 3. We call I = K4 primitive if for all 1,5 € I, © # j, we have A; < A;.
Equivalently, a subset I is primitive if the induced subgraph G 4[I] is edgeless. We write
P 4 for the set of primitive subsets of K 4.

The following properties are straightforward:

e [ := (¥ is primitive and, if (C2) holds, it is the only subset of K4 such that
q(UiEI Al) = 1;

e every singleton {i} is primitive.

e every subset of a primitive subset is primitive;

e if {I,}, is a sequence of primitive subsets of K4 such that I,, < [, (for all n)
then ,, I, is primitive.

From the definition of ~, if (C3) holds, then the equivalence class of a primitive subset
Iis
[Ul.={JcKqiJ2LVjed 3iel 4= Al (5.1)

In particular, given two primitive subsets I; # Iy we have [[1]. # [I3]~. Hence P4 can
be identified with a (possibly proper) subset of 254 /_. This directly leads us to the next
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Relations: o Ext(A)
Al = Ag, AQ = Al @ 1
Ay = Az, Ay = Ay {1} q(A) = q(A U Ay)
Ga {2} || 9(42)

Al U Ag) = q(A2 U Ag)
A1 U A2 ) Ag)

(
(
(AQ U A4)
) =
) =

@ B} | a4 >=g
q

4| a(A)
{1,4} || q(A1 U Ay) = q(A; U Ay U Ay)

{3,4} (Ag U A4 = (I(AQ U A3 U A4)
= q(Al U AQ U A3 U A4)

FIGURE 5.1. A regular family A = {A;, Ay, A3, Ay} with its associated
directed graph G 4, the set of primitive subsets P4, and the elements in
Ext(A). There is a one-to-one correspondence between the primitive subsets
and the distinct elements in Ext(.A).

result about the map

FaPa— 2500 st fall) = (1)
Lemma 2. If A satisfies (C3) then fa is injective; in particular [0 4| < |254/_].

We will see that in many situations, the injective map f4 is actually bijective, in which
case, if A is regular, then by Theorem 3 there is a one-to-one correspondence between
the distinct extinction probability vectors in Ext(.A) and the primitive subsets. We now
present two illustrative examples: in Figure 5.1, f4 is bijective, and in Figure 5.2, f4 is not
surjective because no primitive subset belongs to the equivalence class of I = {3,4,5,...}.

FiGURE 5.2. The directed graph G4 of a regular family A =
{Ay, Ay, Ag, ...} with an ascending chain. The set of primitive subsets is

P =1{T {itici23.., {1, j}j=456..,12, 7}j=456..}, and the set of represen-
tatives of pure ascending chains is €4 = {F,{3,4,5,...}}.
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In order for the map f4 to be bijective in general, the domain ¥4 of f4 needs to be
extended. To understand how to extend P 4, we need a more complete description of the
codomain 254/ of f4. We consider the following subsets of every I < K 4:

Ly ={iel:Yjel, j+i A= A}
Ij:={iel:3jely, Ay = Aj}
I, .= 1\I,.

Roughly speaking, I, contains the vertices with out-degree zero in G4[I], and I, is the
largest subset of I equivalent to Iy, (clearly, Iy, < Iy, since A; = A; for every j € K 4).
If we think of “=” as a partial preorder relation “<” (it is a partial order relation if
(C3) holds), then I, can be interpreted as the primitive subset of maximal elements of
I, and I; as the subset of elements which are smaller than a maximal element. Finally,
1. is the subset of elements which are not comparable with any maximal element of I; in
particular,

I={iel:{jely, Ai=Ajy={iel:Vjely, Ay Ay ={iel: Pjely A= A;}.

As an example, let [ = K4 = N for the family A considered in Figure 5.2; then I, = {1},
I;=1{1,2,3}, and I. = {4,5,6,...}.

Clearly I is primitive if and only if I = I; moreover [Ip]. = [I4]~, and if [ # &
then [I4]~ # [I.]~. The next lemma states several other properties of the subsets Iy, I,
and I.; in particular it extends the representation of the equivalence class of a primitive
subset given in (5.1) to that of a generic subset (Lemma 3 (vii)).

Lemma 3. Let I,J S K 4.

(i) I ~1Iy<Il.=;
(7,7,) [M ~ JM <:>[d ~ Jd,'

Suppose that (C3) holds.

(iv) [ ~J < Iy =Jy and I~ J.;
(v) I ~ J for some primitive J if and only if I, = J;
(vi) if I. # & then I, is infinite;
(vii) [T = {HOW: HW € K4, Hy~ I, W, ~ I, H, = Wy = &5}.

Any infinite sequence {i,},>¢ of distinct elements of K4 such that A;, = A; ,, will
be called an ascending chain. Under (C3), if I, is non-empty then every element in I,
belongs to an ascending chain (see the proof of Lemma 3(vi)). Any I < K4 such that
I =1, (that is, I, = Iy = ) will be called a pure ascending chain. From Lemma 3 (vii),
any subset J equivalent to a pure ascending chain is also a pure ascending chain (that is,
if | =1,and J ~ I, then J = J,).

Given two equivalent subsets I and J, observe that

{ieKyq:3jel,Ai= A} ={ie Kx:3je J A = A}
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The largest subset equivalent to I, defined as I* := {i € K4 : 3j € [,A; = A;}, is a
natural representative of the equivalence class [I].. We let

Cp={IcKy:3J=J,J" =1}
be the set of representatives of pure ascending chains; note that €4 is non-empty since

7 € €4. Moreover J € €4 if and only if J = J. and J = J*.

Recall that the domain of f4 is ¥4, which is non-empty (since J is primitive), and
that, by Lemma 2, f4 is injective (under (C3)). The following proposition implies that
P 4 can be extended by means of €4 to the set

Su={([,N) e O xC):InJ=0g, () =J} (5.2)

Clearly {} x €4 and P4 x {J} are subsets of T 4; in particular (&, &) € I 4. We define
the map

ga 284/ >34 st gall]e) = (Inr, (1) 7).
Proposition 2. If A satisfies (C3), then g4 is bijective; in particular,

(i) 1254/ | = [Bal,
(i) if there are no ascending chains (i.e. €4 = {J}), then the map f4 is bijective, that
is, every equivalence class contains one (unique) primitive subset.

Note that f4 = g;' o h where h is the natural bijection from P4 onto P4 x {&}. In
the example considered in Figure 5.1, €4 = {}, hence J 4 = P4 x {J}, while in the
example considered in Figure 5.2, €4 = {F, {3,4,5,...}}, and

I4={L.T): TePu{(T,{3,45,...}),{i},{3,4,5,...})iz12}-
In Figure 5.3 we provide a modification of the example considered in Figure 5.2 that
illustrates why the condition I nJ = (J is not sufficient in the definition of 734 in order
for g4 to be bijective: take I = {45 6/,...} and J = {3,4,5,...}; we have [ n J = (),
but It =T uJ, so (J\[T)T = & # J. In this case, g;'(I,J) = g4 (I, ) because
[[ v J]. = [I]-, so g4 is not bijective. Additional examples where we identify 73, are
given in Section 6.

F1GURE 5.3. The directed graph G 4 of a regular family with an ascending
chain (the edges implied by transitivity are omitted).

When combined, Theorem 3 and Proposition 2 allow us to identify the distinct elements
in Ext(A).
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Proposition 3. If A is regular, then
Brt(A) = {q (Uieron A1) : (1) € 3u . (5.3)

and distinct elements in "3 4 correspond to distinct extinction probability vectors.

In the example considered in Figure 5.2, the distinct elements of Ext(.A) are therefore
Ext(A)
= {g (Ui Ai) : 1P}
U {q(A3UA4UA5U...),q(A1UAgUA4UA5U...),q(AQUAgUA4UA5U...)}.
(5.4)

5.4. The number of distinct elements in Ext(.4). Building on the results in the
previous section, we are now ready to discuss the number of distinct elements in Ext(.A),
|Ext(A)|. In particular, Propositions 2 and 3 lead to equivalent conditions for the number
of distinct elements in Ext(.4) to be finite, countably infinite, or uncountable.

Theorem 4. Given a family A satisfying (C3),
(1) |Ext(A)| is finite if and only if A is finite (that is, k4 < o).
If (C2), (C3) and (C5) hold then
(i)
| Ezt(A)] = [P 4. (5.5)
If, in addition, A is regular and €4 = {}, then there is equality in (5.5).
(111) If Ext(A) is countably infinite, then there exists a family A" < A satisfying (C2)-

(C3)-(C5) with k4 = © such that either A} = Ay, = A, = ... or A} « A}, «
Ay < ... In particular if A is reqular, one can choose A’ as a reqular family.

If A is reqular, then

(iv) Ezt(A) is countably infinite if and only if © 4 and €4 are both countable and at least
one of them is countably infinite.
(v) Ext(A) is uncountable if and only if either P 4 is uncountable or €4 is uncountable.

Note that if A is regular, the condition ‘€4 = {J}’ is sufficient but not necessary for
the equality in (5.5) to hold. Indeed, in the example considered in Figure 5.2, €4 # {}
while Ext(A) and P4 are both countably infinite (see Equation (5.4)).

The next corollary gives a sufficient condition for the existence of an infinite regular
family whose associated graph is edgeless and, as a consequence, for the existence of
uncountably many distinct extinction probability vectors.

Corollary 5. If there exists a (infinite) collection of pairwise disjoint subsets Ay, As, . ..
of X such that for each i > 1 there exists x; € X with

P, (S(A;) nE(X\A;)) > 0,

then there are uncountably many distinct extinction probability vectors.
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6. EXAMPLES

We are ready to answer two important questions:

(1) The first question was asked previously in [6]: Is it possible to construct an irre-
ducible MGWBP with countably infinitely many extinction probability vectors?
Theorem 4 not only suggests that the answer is positive, it also gives insight into
how such examples may arise. In Example 1 we not only answer this question
but we go further by constructing an irreducible family of processes where, by
varying a single parameter, we can transition smoothly between cases where the
process has any finite number of extinction probability vectors, a countably infi-
nite number of extinction probability vectors, and an uncountably infinite number
of extinction probability vectors.

(2) Given a regular family A, do we always have |Ext(A)| = [P4|7 If P4 is either
finite or uncountable, then equality holds. Thus, by Theorem 4(v), we may only
have |[Ext(A)| > |P4| if P4 is countable and €4 is uncountable. In Example 2,
both P4 and €4 are countable, and thus |[Ext(A)| = |P 4|, while in Example 3, 0 4
is countable and €4 is uncountable, and thus |Ext(A)| > [P 4]. This means the
answer to the above question is negative.

Example 1 is an application of the results developed in Section 4 and 5, and Examples 2
and 3 highlight the framework developed in Section 5.

Example 1: From finitely many to uncountably many extinction probability
vectors. Consider a process with type set X = N2, where

e individuals of type (0,0) have one child of type (1,0) with probability ¢, and 0
children otherwise;

e individuals of type (0, 7), j = 1, have one child of type (0,j — 1) with probability
p < 1, and 0 children otherwise;

e individuals of type (7,0), ¢ > 1, have one child of type (i,1) with probability 1,
and one child of type (7 + 1,0) with probability ¢; and

e individuals of type (i,7), 7,7 = 1, have a geometric number of children of type
(i — 1,7) with mean r—7/*! and one child of type (4,7 + 1) with probability 1.

A visual representation of these offspring distributions is given in Figure 6.1. We partition
X in two ways: by levels, L; := {(4,j)};>0 for i = 0, and by phases P; := {(i,j)}i>0, for
Jj=0.

Consider the family A = {L£,Ls,...}. The next proposition implies that, for any
p,q < 1, we can choose r such that the process has any finite number k > 1 of extinction
probability vectors (p/*=1) < r < p/*), which corresponds to

Lielo=e... <L <L L. ..,

countably infinite many distinct extinction probability vectors (r = 1), which corresponds
to

£1<:£2<=£3<:£4<=...,
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Lo L1 Lo L3
pl 1 1 1
7.72 7,.72 7,72 7’_2
0,3 |€mmmmunn 1,3 |j€nmmnmnn 2,3 |gmmmmmnn 3,3 |€@nn= R
p 1 1 1
7.—1 7.—1 ,r,—l -1
@94 ....... .@94 ....... .@94 ....... .@ 2 = Py
p 1 1 1
1 1 1 1
0,1 |€mmmmmnn 1,] j€mmmnmnn 2,] |gmmmmmnn 3,1 |@un= P
p 1 1 1

) E T W Sy N R ' U S

FIGURE 6.1. A visual representation of the offspring distributions in Ex-
ample 1. The solid arrows represent Bernoulli distributions and bold dashed
arrows represent geometric distributions (the weights represent the corre-
sponding means).

or uncountably many distinct extinction probability vectors (r > 1), which corresponds
to

£1®£2@£3®£4<ﬁ>....

Moreover, the proposition implies that, when r < 1, Ext = Ext(.4). Note that in this ex-
ample, €4 = J, and when r < 1, the only primitive subsets are singletons. In preparation
for the next result, for any A € X we let

t(A) :=min{i = 0: |£; n A| = o0},
and set ((A) := oo if the above set is empty.

Proposition 4. In FExample 1,

(i) if r < 1, then there is a finite number i* = min{i > 1: r* < p} of distinct
extinction probability vectors, namely q = q if i* =1, and
q=q(Ly)<...<q(Lix)=4q ifi* = 2. (6.1)

In particular, if o(A) < i* then q(A) = q(L,(a)), whereas if 1(A) = i* then q(A) =
qg.
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(ii) if r = 1, then there are countably infinite many distinct extinction probability
vectors, namely

q = q<£1> < q<£2> < q(£3> < ..., (62)
and q. In particular, if L(A) < o then q(A) = q(L,a)), whereas if L(A) = © then

q(A) =q.
(iii) of r > 1, then there are uncountably many distinct extinction probability vectors.

0.9 bl

q(0,0) (A)

0.7 N

0.6 - 4

0.5

| | | | |
0 0.2 0.4 0.6 0.8 1
T

FIGURE 6.2. The probabilities of extinction g0 (£1) (lowest curve),
90,0 (L£2) (second lowest curve), g0y (Ls), ..., as a function of r when
p=0.1and ¢ = 0.5.

Figure 6.2 shows the distinct probabilities of extinction {g( ) (L:)}i>1 as a function of
r when p = 0.1 and ¢ = 0.5. Observe that, in accordance with Proposition 4, the number
of extinction probabilities increases by one at r = \/p for each i > 1. The probabilities
are computed using the iterative method presented in Appendix A.

We now consider what may happen if the family A is not chosen carefully (i.e. is not
regular). Consider the family A" = {L{, £}, £, ...}, where

L= (@ {(i,2k)}) L (@{(k,% +1)}), i=o.

Note that A’ does not satisfy (C5): indeed we have that £} = |J,.; £}, where J; =
{0,2,3,4,...}. The next proposition implies that, when r > 1, P4 is uncountable, while
Ezt(A) is countable; this shows that, without (C5), Theorem 4 (i) might not hold.

Proposition 5. Ifr > 1, then L <> L) for all i # j and Ext(A’) is countably infinite.
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FIGURE 6.3. Left panel: The graph G4 in Example 3. Right panel: The
graph G 4 in which particular subsets of vertices are highlighted.
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Example 2: A BRW on a grid. Consider a branching process with typeset N x N in
which the generating function of type (1, 5) is
1 1, 1, 1,
Gg(s) = 3 T 3%) T 13%6a+) T 195G+
In other words, an individual of type (7,;j) has no children with probability 1/3, three
children of type (i, j) with probability 1/2, three children of type (i, j + 1) with probability
1/12, and three children of type (i + 1, j) with probability 1/12.

Suppose we would like to determine the distinct elements of Ext. We consider the
family A = X' (the set of singletons), in which

(11,71) = (i2,J2) if and only if 43 < ip and j; < jo,

and whose associated graph G 4 is illustrated in Figure 6.3 (the edges implied by transitiv-
ity are omitted). Note that the family A is regular; indeed, (C7) and (Cj5) are immediate,
(C4) and (Cjs) can be verified easily (for instance by inspecting the graph G 4), and (C»)
follows from the fact that the mean number of type-(i, j) offspring of a type-(i, j) parent
is 3/2 > 1.

In this example, the primitive subsets are the subsets of X in which no element is
strictly greater (componentwise) than any other. More formally,

p,={Acx: ﬂ(’h,]&) (i2,72) € A with iy < iy and j; < jo}.

The set of blue nodes in Figure 6.3 is an example of a primitive subset. Note that every
element of P 4 is a finite subset, and therefore P 4 is countable. The set of representatives
of pure ascending chains is

Ca={(,j):1<i<kj=1llnulli,j):i=21L1<j<kj vt ud. (6.3)

To understand how this expression for €4 is obtained, observe that there are essentially
three kinds of ascending chains: those that take infinitely many steps upwards while only
taking finitely many steps to the right (representatives of these chains are given in the first
term of (6.3)), those that take only finitely many steps upwards while taking infinitely
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many steps to the right (representatives of these chains are given in the second term of
(6.3); the set of green nodes in Figure 6.3 corresponds to k = 2), and those that take both
infinitely many steps upwards and infinitely many steps to the right (these chains have
just a single representative X’; one such path is illustrated in red in Figure 6.3).

By Proposition 3 the set of distinct extinction probability vectors is

Ext = Bxt(A) = {a (Ugpperos(iod)) + (1) € 3af
where

Ja={LJ)ePaxCu):InJ=g, (N =J}
={([,])e P4 xCy): I nJ=T}

and the final equality follows from the fact that for every I € Py, I is a finite set. One
element (I,.J) of 334 is formed by letting I and J be the set of blue and green nodes
respectively in Figure 6.3. Because P 4 and €4 are both countably infinite, by Theorem 4,
Ext contains a countably infinite number of distinct elements. We have thus constructed
an example with ascending chains in which |P 4] = [Ext(A)].

Example 3: A BRW on a modified binary tree. Consider the modification of an
oriented binary tree which is illustrated in Figure 6.4 and is formally constructed as
follows. Let Z := |J5{—1,+1} denote the set of vertices, where {—1,+1}° = {&F}
represents the root. Note that every vertex is a finite sequence of —1 and +1. A planar
representation of this set is given by the map v : Z — R? where v({&}) = (0,0) and
v{ai, ag, .. a,)) = (Z?Zl ozi?fi,n), for n = 1. Henceforth, when we speak of “left”
and “right” we refer to the first coordinate in this planar representation. Given a vertex
{H} or {aq,...,a,} with n > 1, we define the (oriented) edges as follows

({Bifils, {ai}izy)
§

o; = B; Vi < m. ifm+l=n=>1
BizaiVién—l,an—anz1,6¢=—1Vi>n lfTTlZ’I’I,Zl

Roughly speaking, the first line defines the usual upward edges in the binary tree (where
each parent has exactly two children). The second line draws lateral edges to each point
from the sibling on its right (if any) and from each descendent of this siblings in such a
way that the resulting graph is isomorphic to a planar graph (see Figure 6.4). We observe
that there are no lateral edges pointing to the right, and that from every vertex {f;}/*,
such that 3; = 1 for some i, there is always a lateral edge pointing to the left (to the
sibling if 8, = 1, or to the sibling of some ancestor if 3, = —1). Denote this collection of
edges by F; it is easy to see that there are no cycles.

We can define an MGWBP and a regular family A with G4 = (Z, Ez) in a similar
manner as Example 2; however we do not provide an explicit construction here. Note
that the graph (Z, Ez) satisfies the assumptions of Lemma 1, hence such an MGWBP and
regular family A must exist. For simplicity, below we will assume that, as in Example 2,
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FIGURE 6.4. The modified binary tree.

o

the typeset in our MGWBP is X = Z and the regular family is A = X (the set of
singletons).

In this example the set of primitive subsets is P4 = X, i.e., the set of singletons. This
is because, by construction, for any z,y € A, either x = y or y = x. To identify €4 note
that each pure ascending chain corresponds to a ray in the tree, which can be represented
by its end point {a;}2,. The representative of the pure ascending chain is the set of
vertices that lie to the right of its corresponding ray. More formally, for each ray {a;}2,

we let
o0

h({oi}iZy) == {D} v U {{51 i-1 323_1@‘ = 23_@1‘}
n=1 i=1 i=1
denote the set of vertices to the right of the ray {a;} The set of representatives of

pure ascending chains is then
Ca = {h(fai}iZy)  {ai}iZy € (=1, +137}. (6.4)

Note that the set € 4 is uncountable because there are uncountably many rays. Here, we
have

0
i=1"

Su={L, ) e OAxCa):InJ =0, (J) =T}
={([,0): 1ePu{(T,J):JeCy}. (6.5)

To understand Equation (6.5), note that if [ = {z} € P4 and J € €4, then either z € J,
in which case I nJ # J, or x ¢ J, in which case if y € J then {y} = {z}, thus J < I*
and therefore (J\I")" = &; thus if I nJ = & and (J\I")* = J then either [ = ¢J or
J = . By Proposition 3, the set of distinct extinction probability vectors is then given
by
Ext = Ext(A) = {q(I): TeP4uCy}.

Because €4 is uncountable, by Theorem 4(v), Ext contains uncountably many distinct
elements. In addition, because &', and therefore P4, is countable, we have thus con-
structed an example in which [P 4] < |Ext(A)|. Note that in this example the inequality
in Equation (5.5) is strict.
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7. OPEN QUESTIONS

The results in this paper motivate several open questions. Here we consider a very
general setting, in which we observe a wide variety of behaviours; for instance, in Exam-
ple 1, there can be any number of distinct extinction probability vectors. We can then
ask whether we observe similarly rich behaviour in more homogeneous settings, such as
transitive or quasi-transitive processes. We believe that the answer is negative. In partic-
ular, for quasi-transitive BRWs on a graph G, like those considered in [24] (see also the
examples in [11]), we conjecture that either (i) [Fzt| = 1, in which case ¢ = ¢ = 1, (ii)
|Ext| = 2, in which case ¢ = ¢ < 1 or g < g =1, or (iii) |Ext| is uncountable, such as in
[6, Section 3.1]. Furthermore, we conjecture that, if the process is quasi-transitive, then
(ili) can only occur when it is nonamenable (see [4, Section 2.1] for the definition). Note
that, without the quasi-transitivity assumption, the MGWBP can exhibit an uncount-
able number of extinction probability vectors even if both the underlying graph and the
process itself are amenable (see Example 1 with > 1). We believe that similar results
also hold for irreducible BRWs in an i.i.d. random environment such as those considered
in [12, 18].

Moreover, the exact location of the extinction probability vectors g(A) (different from
g and q) in the set of fixed points S is yet to be identified. In [9], the authors conjecture
that the “corners” of the set S correspond to extinction probability vectors g(A); see
[9, Conjecture 5.1] for a precise statement. In addition, it has been shown that S can
contain (uncountably many) fixed points which are not extinction probability vectors;
see for instance [5, Example 3.6]. Under particular assumptions (i.e. in an irreducible
LHBP), it has been shown that there is a continuum of fixed points between q and g and
there are no fixed points between g and 1; see [8, Theorem 1]. Here we prove that there
are no fixed points between g and 1 in the general irreducible setting (Corollary 1); we
believe that, like in the setting of [8], there is a continuum of fixed points between q and
g, however this is yet to be established rigorously. Another closely related question is the
following: is it possible to have |Ext| < |S| < 4007

Finally, here we focused on the distinct elements of Ext(A), where A is a regular
family. In Example 1, we showed that Ext=Ext(A), and therefore the study of Ext could
be reduced to that of Ext(.4) without loosing any information. More generally we may
ask under which conditions there exists a regular family A such that Ext=Ext(A), and if
one exists, can it be described?

8. PROOFS

Proof of Proposition 1. The usual way to identify the maximal and minimal fixed points
of a continuous nondecreasing function in a (partially ordered) set is to generate iteratively
two sequences starting from the maximal and minimal elements of the set (if available).

More precisely, observe that if we let GAn(s) = GAM (G (s)), then GY™ (1) =

]P’x(ZAY(LA) < o0), that is, (A}’QA’n)(l) is the probability that, given Zy = e,, no typey € A
individual has been born into the population before generation n. We then have =
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G (1) N\ @”(A) as n — +o0. The fact that g (A) is the unique componentwise
mazimal element of the set S then follows from the fact that G*)(s) (and therefore
its iterates) are increasing in s.

Similarly, @(mA’n)(O) = IP’x(ZT(LA) =0) = qén)(X, A), and the limit of this nondecreasing
sequence (namely g(X', A)) is necessarily the minimal element of S, O

Proof of Theorem 1. (i). Let us fix s such that s < G(s) and suppose s, < 1 for some
reX.

Define G®: [0,1]% — [0, 1]% such that

() o Ug, y=2r,
Gy ('U,) - {

Gy(u), otherwise.

Observe that C:'(x)(-) is the generating function of the original process modified so that all
type-z individuals are frozen (at each generation they produce a single copy of themselves).

By induction, for any n = 0, we have s < G (s), which implies s < lim,_,., G (s).
By monotonicity of G(-), this leads to G(s) < G(lim,,_,,, G®™(s)), which implies

s < G(lim G®™(s)). (8.1)
n—00
Moreover, the function
B(sy): = Go(lim G@M(1,...1,5,,1,1,...)) (8.2)
n—aoo

is the (possibly defective) generating function of the asymptotic number of frozen type-x
individuals in the modified process when we start with a single type-x individual in gen-
eration 0, and we freeze all type-z individuals after generation 1. If we let this asymptotic
number of frozen individuals be Y; and then repeat these steps, with the initial number
of type-z individuals now being Y7, to obtain Y5 and so on, then we obtain a (possibly
defective) Galton-Watson process {Yx}r=0. This process is referred to as the embedded
type-x process, and it is known that the probability of extinction in {Y} is ¢.({z}) (see
for instance the proof of [26, Theorem 4.1]). In addition, because {Z,} is non-singular,
{Y)} is non-singular, which means that for any ¢ > 0 and N < oo there exists K such that

1= g({z}) —e <PV > N) < 1— gq,({z}) +=. (8.3)

for all £ > K. Combining (8.1), (8.2) and (8.3), we then have s, < ¢(s,), and for all
k> K,
Se < ¢o...0p(s,) =E(s))

—_——
k

< (Sx)N(l - %&({x}) + 5) + qx({x}) +E.

For any 7 > 0 we may then choose ¢ < 7/2 and N large enough so that (s,)" < n/2. For
these values of € and N we can then choose k sufficiently large so that (8.3) holds. Taking
n | 0 we then obtain s, < ¢,({z}).
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(7). Tt is not difficult to prove (see for instance the mazimum principle [4, Proposition
2.4]) that if s, < 1 then s, < 1 for all y — x. The previous part of the theorem yields
the claim.

(i3i). In the irreducible case y — x for all y € X. Whence s # 1 implies s, < 1 for all
x € X. Again, the first part of the theorem yields the claim because ¢, = ¢.({z}) (see [9,
Corollary 4.1]). O

Proof of Corollary 1. We only prove the equality Ext = S since the rest follows trivially
from Theorem 1. If s = 1 then there is nothing to prove; otherwise consider the (non-
empty) set A := {r € X': s, < 1}; we prove that s = g(A) (which shows that any fixed
point is an extinction probability vector). First, by definition of A and by the mazimum
principle [4, Proposition 2.4], there are no y € A° and x € A such that y — x. Therefore
qy(A) =1 =s, for all y € A°. On the other hand, if z € A then q(A) < q({z}); moreover
by Theorem 1(i), ¢, < s, < q.({z}), and we also have ¢, < ¢,(A) < q.({z}) for all z € A,
which yields the conclusion. U

Proof of Theorem 2. We start by proving the equivalence (i) < (iii). Theorem 2.4 in [6]
implies that, for every fixed point s, ¢,(B) > s, for some z € X if and only if qéo)(B) > 5,
for some y € X. It is enough to take s = q(A).

The implication (%ii) = (iv) is trivial, since the probability of survival in A is strictly
larger than the probability of visiting B. The implications (iv) = (v) and (vi) = (i) are
also straightforward.

We now prove that (v) = (vi). Suppose P,(S(A) n E(B)) > 0 and fix x as the type

of the initial individual. Let F,, denote the history of the process up to generation n and
observe that

M, (A) := P, (E(A)|F,) = P.(E(A)|Z)) = Q(A>Zn
M,(B) := P.(E(B)|F,) = P.(E(B)|Z,) = q(B)”"

are martingales. By Doob’s martingale convergence theorem M, (A) — P,(E(A)|Fy) =
Lgay as m — oo, with the same holding for extinction in B. Thus, by assumption

P.(S(A) n E(B)) = IP’m< lim q(A)%" =0, lim g(B)%" = 1) > 0. (8.4)
n—ao0 n—ao0
Now, suppose by contradiction that there exists ¢ > 0 such that
uniformly in 7 € X. Then,
a(B)” = [(1 = (1 = a(B)))"
1EX
< ][ = et = ai(A))) 7

eX

< exp{ —c Y Znil —qi(A))}, (8.6)

ieX
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where to obtain (8.6) we use the fact that 1 —y < e~¥. In addition, using the inequality
1 —[Leyou < 2e;(1 — ) (where I is countable and a; € [0,1] for all 4 € I) and the
subadditivity of the probability measure,

L= q(A)% < 3 (1= a(D)?) < Y, Zui(l - 4:(A))
1eX 1eX
so that
q(A)" = 1= Zoi(1— qi(A)). (8.7)
eX
Combining (8.6) and (8.7) we obtain

. Zn . Zn

< m(nminfz] Zni(1 = qi(A) = 1, lim > Z, (1 - q;(A)) = 0)
" iex =
=0,
which contradicts (8.4). Thus, the assertion in (8.5) cannot hold.

The equivalence (i) < (ii) follows from the equality S(A) n E(B) = S(A\B) n £(B)
and the fact that (v) < (i) (apply (v) with A\B instead of A).

Finally, we prove (w) < (vii). Assume A = X. Since S is non-empty, by
Proposition 1 it is not a singleton if and only if q(X,B) < q®(B). Note that
q;S;O)(B) — ¢.(X, B) = P,(N(B) n S(X)) whence q(X, B) < ¢'”(B) if and only if there
exists x € X’ such that P,(N(B) n S(X)) > 0, that is, if and only if (iv) holds. O

Proof of Corollary 2. If sup,.y ¢. = 1 there is nothing to prove. Otherwise, suppose
SUP,cy ¢z < 1; then by Theorem 2 (vi) (set A = X and B = A), we have

inf (1 — ¢,(A)) < inf

rzeX zexX 1 — qx
which yields the claim. O

Proof of Theorem 3. The equivalence (i1) < (éii) follows from Corollary 4.

Suppose that (C4) holds. Let us prove that (i) = (ii). Since for all i € I we have
A, = A; for some j € J, then A, = UJ.EJ A; for all ¢ € I which, by (C4), implies
U 4i = Uje ;Aj. By exchanging the role of I and J we prove the claim. This implies
that the map [[]. — q( Uies AZ-) is well defined and, if (C1) holds, it is a surjective map
onto Ext(A).

Now assume (C2) and (C5). We prove that (i) = (i). Suppose that either I or J are
empty; then (i) holds if and only if they are both empty. The same holds for (7ii) and
(ii) because q(UieI Ai) = 1 if and only if I = . We can assume henceforth I, J # (.
Suppose, by contradiction, that there exists ¢ € I such that A; = A; for all j € J (if
there exists j € J such that A; = A; for all 7 € I we proceed analogously): in this case
J < J;i and, by (C5), A; = (J;c; A;. This implies (J.; i = U;c; 4; and yields the

jed
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claim. Moreover, it implies that q( Uier Ai) — [I]. is a well defined surjective map from
a subset of Ext(A) onto 254/ _. O

Proof of Lemma 1. Fix a family of probability distributions {r;},z, where r; = {r;;};ez
such that r; = 1/2 for all i € Z and, when i # j, r;; > 0 if and only if (,j) € Ej.
Consider a probability generating function ¢(s) such that ¢/'(1) > 2.

We define a MGWBP on Z by the following reproduction rules: a particle living at
1 produces a random number of offspring according to the distribution with probability
generating function ¢; each newborn particle is placed at random independently according
to the distribution 7;. The offspring generating function of this MGWBP is G;(s) :=
¢(D2;7i585)- Define the family A as the collection of singletons A4; := {i} for i € Z.

Clearly local survival in ¢ implies survival in j if and only if there is a path from i to
j in (Z,Ez). Let us prove regularity. Condition (C1) is trivial and, since there are no
closed paths in (Z, Ez), then Condition (C3) follows.

The probability of local extinction starting from ¢ is the smallest nonnegative fixed
point of the generating function 1(s) := Gi(8)|s,=s,s;=1,j#;; indeed, every child placed
outside i cannot contribute to the local survival (because there are no closed paths of
length strictly larger than 1). This means that each particle in the progeny has the same
(positive) probability 1 — 5 of generating a population which survives locally and this
implies (C2).

Let us pick I < Z. If the process survives in | J,.; A; then there are infinitely many
descendants, and by a Borel-Cantelli argument, almost surely, at least one of them (actu-
ally an infinite number of them) will generate a progeny which survives locally. Thus, for
every fixed I, survival in | J,.; A; implies survival in A; for some 7 € I. This proves that

Condition (C4) holds.

To prove (C5) it is enough to observe that A, = A; if and only if there is no path
from i to j in (Z, Ez); thus, if the process starts from i, then the probability of visiting
U e, A; = J; is 0, while the probability of survival in A; is strictly positive. O

Proof of Lemma 3. Recall that, by definition, [I4]. = [Ia]~, that is, I; ~ Iy;.

(i). If I. = & then [ = I; and [I]. = [I4]~ = [Ia]~. Conversely, if I ~ I, then for all
i € I there exists j € Ips such that A; = Aj;, thus ¢ € I;. This implies that I = .

(7). The claim follows from the chain of equalities [I4]~ = [Iy]~ = [Jm]~ = [Ja]~-

(#ii). It Iy = Jyy then Iy ~ Jyg by (ii). Conversely, since [Iy|~ = [I4]~ = [Ji]~ =
[Ja]~, Iy and Jy, are primitive subsets, and (C3) holds, we have [Iy/]~ = [Jy]~, which
implies Iy = Jys because these sets are primitive.

(iv). Let us prove =>. Let I ~ J and i € I)y. If j € J such that A; = A;, there
exists 7; € [ such that A; = A;,, thus A; = A;, whence ¢ = i; = j (from the definition
of Ip; and from (C3)). Since by the equivalence there exists such a j € J, we have that
7 is an element of J which does not imply any other element of J, that is, ¢ € Jy;. Thus
Iy < Jyr; by exchanging the role of I and J, we have Iy, = Jy;. For all i € I.., there exists
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j € J such that A; = A; and, by the definition of I., there isno [ € Ij; such that A; = A;.
Since Iy = Jy; then j € J.. By exchanging the role of I and J we have I. ~ J..

Let us now prove <. Let i € I. If i € I}y = Jy then i € J. If ¢+ € I; then, since
Iy ~ Jy, Ai = A;j for some j € J; < J, whence A, = A, for some j € J. By exchanging
the role of I and J, we have that for all j € J there exists ¢ € I such that A; = A;. This
proves that I ~ J.

(v). Note that, from (i), if I ~ J then I. = & if and only if J; = . Whence, if J
is primitive and I ~ J we have ¢ = J. = I.. The converse follows from (i) by taking
I:= JM

(vi). We prove, by induction, that there is a sequence of pairwise distinct elements
{in}nen such that, for all n € N, 4, € [, and A;, = A,,,,. Since I, # J there exists
19 € I.. Suppose that we have n + 1 distinct elements ig,i1,...,7, € I. satisfying the
above relation. Since i, ¢ Iy there exists 4,41 # @, in [ such that A4; = A, .,. By (C3),
in41 # 4; for all j <n. If j € I such that A, ,, = A; then A; = A; whence j # I); since
i, € I.; this implies that i,,,1 € I..

in+1

(vit). Tt follows easily from (74i) and (iv), from the decomposition I = I; U I. and from
the basic properties discussed above, (Jg)n = (Ja)vr = Iy (Ja)a = Ja, (Jar)e = (Ja)e =
(Je)mr = (Jo)a = & which hold for all J < K 4.

Suppose that J ~ I and consider the decomposition J = J; U J.. Observe that, from (iv)
and the basic properties discussed above, (Jy)y = Jyr = Ingy, (Ja)e = (Jo)ur = (Jo)a = .
By taking H := J; and W := J. we prove that J belong to the set in the right-hand-side.

Conversely, let J = H U W belong to the set in the right-hand-side, and let us prove that
J~1. Ifiel;then A; = Aj for some j € Iy = Hy < J then A; = A; where j e J. If
i € I. then, by hypotheses there exists j € W. < J such that A, = A;. If j € Jy U

Proof of Proposition 2. Assume (C3). We make use of Lemma 3 to show that the map
ga([I]-) = Iy, (1)) is a bijection from 254/ onto 3 4. The map is well defined and
injective by Lemma 3(i); indeed, note that I, ~ I if and only if (I,)* = (I.)*. By the
definition of I. it is clear that for all i € Iy, and j € I, we have A; + A;, whence the
image of the map is a subset of J 4 (take J = (I.)" and J = I, in Equation (5.2)).

We are left to prove that the map is surjective. Note that I, can be equivalently
defined as

3= {([, ) e Py xC4): 3T~ JVicl VjeJ, A« A} (8.8)

Let (I, J) € 3,4 and let J~J such that Vi e I,Vj € J, A, < Aj. If we define I:=1TuJ
we have that Iy = Iy = I and I. = I\Iy = J; clearly (J)* = J since J ~ J. Then
ga([L]~) = (I,(J)*) = (I, J), whence the map is surjective and (i) is proved.

When €4 = {} then 34 = P4 x {J}. The claim (i) follows by the equality fa =
g;ll o h, where h is the natural bijection from P 4 onto P, x {}.

0

The proofs of Theorem 4 and Corollary 5 require the following lemma.
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Lemma 4. Let A= {A;, Ay, ..., A} with kg < +0.

(i) ka4 < oo if and only if P4 is finite.
(i1) If k4 = o0, then the following statements are equivalent:
(1) P4 is uncountable;
(2) there exists an infinite, primitive I;
(3) there exists a family A" = A such that A; <= A’ for all A}, A € A';

(M

Proof of Lemma /. (i). Clearly if k4 < +00 is finite then P 4 is finite as well. Conversely,
since every singleton {i}, where i € K4, is a primitive set, the reverse implication holds.

(ii). If I < K4 is primitive and infinite, then it must be countably infinite; in
this case, every subset of [ is primitive, and the collection of all subsets of [ is un-
countable, thus we have (2) = (1). To prove (1) = (2), it is enough to note that
{I = K4: I primitive and finite} < | J;-, K% which is a countably infinite set (provided
k4 # 0). The implication (2) = (3) is straightforward if we take A" := {A;: i € I}. To
prove (3)= (2), just take I :={ie K4: A; € A'}. O

Proof of Theorem 4. (i). Clearly if A is finite then X(.A) is finite and Ext(.A) is finite
as well (there is no need for (C3) to hold here). Conversely, if Ext(A) is finite, then by
Theorem 3 (which holds without any assumptions on singletons), we have that 254/ _ is
finite. By Lemma 2, P 4 is finite as well. By Lemma 4(i) x4 is finite.

(ii). We observed that, if (C2), (C3) and (C5) hold, then by Lemma 2 and Theorem 3,
there is an injective map from P, into the set Ext(A), and this yields Equation (5.5).
By regularity, according to Theorem 3, |[Ext(A)| = [254/_|. If, in addition there are no
ascending chains, by Proposition 2, we have equality in Equation (5.5).

(#1i). Suppose Ext(A) is countably infinite which, as shown above, implies k4 = 0. By
Lemma 4(i1) and Equation (5.5), an infinite primitive / < K 4 does not exist. Consider
the graph G 4 on K 4; let Iy = (& and for j > 1, define I; recursively so that I; is the set of
vertices with out-degree zero in the induced graph G4[K.4\(|J/—, I;)]. By construction,
EA[I;] = & for all j, thus there cannot exist j such that |;| = oo, since I; is primitive.
In that case, either there exists jo > 1 such that |I;| = 0 for all j > jo, or 0 < [[;]| < ©
for all 7 = 1. In the former case, because k4 = o0 and the graph contains no cycles in
G 4, there must exist an infinite path A;, = A;, = A,, = .... In the latter case, since
for all [ € I, there exists r € I, such that A; = A,, by transitivity we have that for
all [ € Uj>i I; there exists r € I; such that 4, = A,. Since 0 < |I,| < +oo for all n
and the sets {I,}, are pairwise disjoint, we have that | Ujon I;| = +oo for all n. Besides,
we have that for all n, there exists i € I,, such that d; := [{r € ;.. [;: A = A} is
infinite. Clearly, given any 4, € I, such that d; = 40, there exists 4,1 € I,,;1 such that
d;,., = +oand A; ,, = A;,. It is possible to construct iteratively a sequence {i,}, such
that 4, € I,,, d;, = +0, and A;,,, = A;,. In both cases the family A" = {4}, 45,...},
where A}, := A; , satisfies (C2), (C3) and (C5). Moreover it is regular if A is regular.

(iv) and (v). According to Proposition 2 and Theorem 3, regularity implies that Ext(A),
24/_, and 3 4 have the same number of (distinct) elements. By Equation (5.2) and the
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remarks thereafter,

max([P.al, [€al) < [Jal < P4 x C4l.
By recalling that [P 4] > 1 and |€4| > 1, it is easy to show that max(|P4],|€4|) and
1P 4 x € 4| are simultaneously finite, simultaneously countably infinite, or simultaneously
uncountable. Whence, the above double inequality yields the following table,

V4 <o P 4 countably co P, uncountable
€| < 0 |34 <0 3 4 countably co I, uncountable
€ 4 countably oo | I 4 countably co 34 countably oo 73,4 uncountable

€ 4 uncountable | 34 uncountable °J 4 uncountable 3, uncountable,

and this proves the claims.
O

Proof of Corollary 5. Let A = {A1, Ay, As, . ..}. By assumption, for alli > 1, A; = X\A;,
so A; = A, for j # 4. This implies that A is regular and I = N is a primitive set.
Therefore, by Lemma 4(7i) and Theorem 4(7), Ext(.A) is uncountable. O

Proof of Proposition 4. Assume r < 1 (cases (i) and (ii)). We consider the family A =
{Lo, L1, Ly, ...} and start by showing that for any i > 1, £; ; < L;, that is, survival in
L; implies survival in £; 1, regardless the initial type. This implies q(£;_1) < q(L;).

Observe that, with probability one, an initial (7, j)-type individual has an infinite line
of descent made of all (i,k)-types for k > j. Let & denote the geometric number of
(1 — 1, k)-type offspring born to the (i, k)-type individual in this line of descent. We have

ZP[§k>1]=Z‘ﬁ=OO;

k>j k=j

because this sum is infinite for all 7 > 0, by the Borel-Cantelli Lemma, if the process ever
reaches £;, then with probability 1, there are infinitely many individuals in £; who have
at least one child in £;_;; thus, survival in £; implies survival in £;_;.

We note that global survival implies survival in ( ,;, £ for some £ > 1; in particular,
global survival implies survival in £, and therefore in £y. This leads to ¢ = q(L£y) =

q(Ly).

Next, we show that the study of Ext can be reduced to the study of Ext(A): in other
words, for any subset A < X, if ((A) = oo then g(A) = ¢, while if t(A) < oo then
q(A) = q(L,a))-

We first assume that ¢(A) = co. If |A| < oo, then clearly g(A) = @ since the process is
irreducible, so we take |A| = co. In this case survival in A implies survival in Py. To see
why, suppose there is a positive chance of survival in A. If, by contradiction, the process
became extinct in Py there would exist a finite maximum level K ever reached by the
process. Since 1(A) = o0, we would have [A n (X, £i)| < oo, thus survival in A and
extinction in Py would imply that the process survives locally. However, by irreducibility,
local survival implies survival in Py which yields a contradiction. Hence q(A) = q(P).
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To show ¢ = q((0,0)) = q(Py) first observe that, by Theorem 1(iii), ¢ = q(Py). On the
other hand, extinction in (0,0) implies that a finite number of particles will ever reach
(0,0), and since each of them reaches a finite level in Py almost surely, there is almost
sure extinction in Py. When ¢(A) = oo we therefore have ¢ = q(A) = q(Py) = q.

We now assume 1 < t(A) < o0. First, observe that survival in £; implies survival in A
whenever |£; n A| = oo; for instance when i = ((A). Next, we show that survival in A
implies survival in £,4); by definition of £,(4), A only contains a finite number of types
in the levels below £,(4), namely the types in A; := A n U<, (4)L;. Therefore, survival in
A implies survival in at least one of A; and A\A;. By the argument above, survival in
Ay implies local survival, which implies survival in £,(4). On the other hand, survival in
A\A; also implies survival in £,(4) because survival in £, implies survival in £,_; for all
¢ =1 when r <1. So q(A) = q(L,a))-

Finally, if ¢(A) = 0, then extinction in A implies extinction in £, and therefore ex-
tinction in Lg; indeed, by the above argument, survival in £; implies that infinitely many
individuals in £; will have at least one child in A n Ly. On the other hand, here A; = (7,

and survival in A implies survival in £, for the same reason as above. So q(A) = q(Ly).

Thus, for r < 1, we have at most a countable number of distinct extinction probability
vectors.

Assume r = 1 (case (ii)). We show that when r = 1, the family A\{Ly} is regular,
and due to the linear structure of GG 4, the edgeless subgraphs are precisely the countably
infinite singletons (individual levels). It is enough to prove that for any i > 1, £; = L1,
that is, there exists x € X such that ¢,(£;) < ¢.(Li+1). This implies q(£;) < q(Li41). Tt
suffices to show that, starting from x, there is a positive chance of survival in £; without
ever reaching £;,1. We consider a (i,k + 1)-type individual (k = 0) and note that the
expected number of its descendants that eventually reach t (0, k+ j) when all particles are

frozen as soon as they reach Ly, is (ZJ;J_ Il) Each frozen particle at (0, k+ 7) independently

has probability p**/ of having a descendant that reaches (0,0); we refreeze the particles
reaching (0,0). Thus, the expected number of frozen (0, 0)-type descendants of the initial
(i, k + 1)-type individual is given by

when p < 1. Since the sum is finite, we can select k such that the initial type x =
(i, k + 1) has an expected number of frozen (0,0)-type descendants strictly less than 1.
By Markov’s inequality there is a positive chance that the original particle has no (0, 0)-
type descendants, and hence has no descendants in £;,1. The family A\{Ly} satisfies the
conditions of Theorem 4(v).

Assume r < 1 (case (i)). For any i > 1, we show that if r* > p, then q(£;) < q(Li41),
while if * < p then q(£;) = ¢; this implies that £; < £; if and only if r* < p and 1/ < p.
Hence the family A does not satisfy (C3), but the subfamily A" := {L;, ..., L} does and

it is regular.
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Assume first that r* > p. We need to show that there exists z € X such that q,(L£;) <
¢z (Li+1). Following similar arguments as in case (1), it suffices to show that the expected
number of frozen (0, 0)-type descendants of an initial (¢, 1)-type individual is finite. This
expected number is bounded above by

> (e

Jj=1 g1

which is finite when 7 > p.

Finally, assume r’ < p. Because q(L£;) < ¢, it remains to show that ¢ < q(L;), or
equivalently, that survival in £; implies local survival. Without loss of generality, we
consider an initial (i,1)-type individual and we show that, with probability 1, it has
an infinite number of (0,0)-type descendants. Indeed, with probability 1, the initial
individual has an infinite line of descendance made of type {(7,7)};>1 individuals. The
probability that any (7, j)-type individual in this line of descendants has at least one
(frozen) (0,0)-type descendant is bounded from below by the probability of having at
least one descendant along the direct path from (4, j) to (0, ) in P; and then along the

direct path from (0, ) to (0,0) in Lo. This probability is 1 — Gg )(1 — p’), where G (s)

is the composition of i geometric probability generating functions with mean r g+ and

satisfies

= . = ) + (14 (P (T
1-GY()  1-s

J

si-cfu-m- (- (5) ¢ (FL)) -

since the general term of the series diverges when 7 < p, by the Borel-Cantelli lemma, with
probability 1, the (i,1)-type individual has infinitely many (frozen) (0,0)-type descen-
dants. By extension the same is true when we start with any (4, j)-type individual. This
shows that survival in £; implies local survival. In this case ¥(A) = ¥({£;: 1 < i < ¥}
and Theorem 4(i) applies.

Because

Assume r > 1 (case (iii)). We show that for each i,j > 1,
P (S(L:i) n E(X\L;)) > 0. (8.9)

Corollary 5 then implies that there are uncountably many distinct extinction probability
vectors.

Recall that, with probability one, an initial (4, j)-type individual has an infinite line
of descent made of types (i, k) for k > j, and that & denotes the geometric number of
(1 — 1, k)-type offspring born to the (i, k)-type individual in this line of descent. By direct
computation,

+oo ypk+1

B(g = 0¥k > j) = [ ] (1- 15—=7) > 0

k=j
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since ZZ:; r~%*1 < 4oo. Thus, for all j > 1, there is positive probability that the
descendants of (7, j) never reach £;_, and therefore (8.9) holds.

t

Proof of Proposition 5. A similar argument as in the proof of Proposition 4 (r > 1) can
be used to show that £ <= L’ for all i # j.

Then, for any I < N with |I| = oo we have q(|J,.; £}) = q(X), and for any |I| < o
we have q(|,.; £;) = q(,c; £i); since the number of finite subsets of Ny is countably
infinite, this proves that Ext(A’) is countably infinite. O

APPENDIX A: NUMERICAL COMPUTATION OF q(A)

We describe an iterative method to compute the extinction probability vector q(A) for
any subset A € X in an irreducible MGWBP. Since X is countably infinite, we first relabel
the types in A as 1,2,3,4,..., and the types in X\A as 1",2/,3',4',.... For k, V' > 1, we
then define g**)(A) as the global extinction probability vector of the finite-type modified
branching process where the types in A larger than k are immortal and the types in X\ A
larger than ¢ are sterile. More precisely, the offspring generating function G**)(s) of
the modified process is such that

GF(s) = Gy(s) forallie A, i<k,
@Eﬁ’zl)(s) =Gy(s) foralli e X\A, </,
G (s) = forallie A, >k,
C_?E,k’m(s) =1 for all ! € XY\A, ¢ =71,

and ¢**)(A) is the minimal fixed-point of the (finite) system s = G**)(s), obtained by
functional iteration.

Proposition 6. If the MGWBP is irreducible then
lim lim g% (A) = g(A).

k—00 ¢/—0
The proof follows the same arguments as that of Theorem 4.3 in [9]. Note that the
convergence rate of the sequence {q***)(A)}, »=1 depends on the way the types are rela-
belled. In addition, it is often more efficient to let k = ¢’ and let them increase to infinity
together; however, we must be careful since that does not always guarantee convergence,
as highlighted in [9]. The computational method can be optimised depending on the
example under consideration.
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