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AND TREE-LIKE BRANCHING RANDOM WALKS
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ABSTRACT. The local critical parameter As of continuous-time branching random walks is com-
pletely understood and can be computed as a function of the reproduction rates. On the other
hand, only for some classes of branching random walks it is known that the global critical param-
eter Ay is a certain function of the reproduction rates, which we denote by 1/K,,. We provide
here new sufficient conditions which guarantee that the global critical parameter equals 1/K,,.
This result extends previously known results for branching random walks on multigraphs and
general branching random walks. We show that these sufficient conditions are satisfied by pe-
riodic tree-like branching random walks. We also discuss the critical parameter and the critical
behaviour of continuous-time branching processes in varying environment. So far, only examples
where Ay = 1/K,, were known; here we provide an example where Ay, > 1/Ky,.
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1. INTRODUCTION

The theory of time-homogeneous branching processes dates back to the work of Galton and
Watson ([12]) and the characterization of survival of these processes is very simple: the expectation
of the offspring distribution must be strictly larger than 1. One way to add complexity is to study
the process on a spatial structure: the individuals live on the vertices of a graph (X, F(X)) and
randomly reproduce; the offspring are placed onto neighbouring vertices. If we look at the trajectory
of lineages, they can be seen as random walks, which branch whenever an individual has more than
one child, whence the name Branching Random Walk (briefly, BRW) for the process. In a BRW
survival can be global or local, meaning that with positive probability there will always be someone
alive on the graph (global survival) or on a given vertex (local survival). Clearly local survival is
more restrictive than global survival and both situations become more likely when individuals get
more prolific. In continuous time an easy way to tune reproductions (and to have markovianity) is
to fix A > 0 and to attach to each particle living at « and to each oriented edge xy of the graph
an exponential clock whose parameter is proportional to A. The same is repeated for all particles,
sites and edges. Whenever the clock rings, the corresponding particle at z (if still alive) places an
offspring at y. The larger A, the higher the probability of global and local survival will be.

To be more precise, the graph is endowed with a matrix K = (kyy )z yex of nonnegative rates.
Each particle has an exponential lifetime of mean 1, and individuals living at = place children at
y, one at a time, at time intervals with Exp(Aks,) law (death and reproduction clocks being all
independent). Starting with one particle at time 0, it is well-known that there exist two critical
parameters, A,, < A such that for 0 < A < \,, the BRW goes extinct almost surely; for A € (A, As]
there is local extinction but global survival; for Ay < A there is local survival (when A = A,
depending on the cases, there can be global extinction or global survival). The two parameters Ag
and )\, are called local (or strong) and global (or weak) critical parameters, respectively. These
parameters in principle depend on the starting vertex, but they are actually equal for all vertices in
the same irreducible class (for more details, also on the critical cases, see Section 2).
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The characterization of A4 in terms of the matrix K has been known for quite a while. Indeed, Pe-
mantle and Stacey proved ([20, Lemma 3.1]) that if the graph (X, E(X)) is irreducible, K = Adj(X)
(where by Adj(X) we mean the adjacency matrix of (X, E(X))) and M = lim,_,o (k52")1/2" (where
£ s the (z,z) element of the 2n-th power of the matrix K), then \; = 1/M. This result has
been extended to irreducible BRWs on multigraphs by [3, Theorem 3.1] and then to generic BRWs
with rates K by [4, Theorem 4.1]. The behaviour at A = A is also understood: [3, Theorem 3.5]
and [4, Theorem 4.7] prove that there is almost sure extinction in continuous time, in the case of
multigraphs and in general, respectively. The discrete-time case has been described in [25, Theorem
4.1]. The critical behaviour was also investigated independently, with different techniques, in [19].

The characterization of A, is more challenging and is the main aim of this paper. If X = Z¢
and K = Adj(X), then A\, = As: it is also said that there is no weak phase. The absence of
weak phase can be found in many cases which, like Z¢, are nonamenable. Nonamenability by itself
is neither necessary nor sufficient for A\, = A, as was proven in [20]. Nevertheless adding some
kind of regularity to the graph, like quasi-transitivity (see [22, Theorem 3.1]) or some more general
regularity (see [3, Theorem 3.6]) turns nonamenability into an equivalent condition for the absence
of weak phase. The presence of the weak phase was first observed on regular trees Ty (endowed with
K = Adj(Ty)) and in that case, A\, = 1/d was computed in [18] (note that vertex transitivity makes
Ay easy to determine, since the total progeny is a Galton-Watson process). When either the graph
or K lack regularity, the characterization of A, is not obvious. For instance, on Galton-Watson
trees, only some bounds for A, are known (see [20, 23]).

We note that it is possible to define A, using the entire sequence {ki@}neN: indeed one has \; =

1/limsup,,_,.(k{%)1/ ([4, Theorem 4.1]). This result has an intuitive explanation in the fact that
the expected value of the cardinality of the set of n-th generation descendants living at x is )\"k:g(ut;;).
Then, moving to A, it would be natural to conjecture that A\, = 1/limsup,_ (>, cx k&Z))l/".
The first thing to note is that this conjecture has to be modified since in [4, Example 2] we have a
BRW where A, = 1/lim infnﬁoo(zyex kéz))l/”. We denote by K, the last limit and then look for
conditions guaranteeing that A, = 1/K,,.

The main result of this paper, Theorem 3.2, states that for a generic continuous-time BRW, two
uniformity conditions, (Ul) and (U2), together are sufficient for A\, = 1/K,, (see Section 3 for the
definition of these conditions). We mention here that an adjacency matrix always satisfies (U2)
and, in the case of multigraphs with K = Adj(X), it was already known that (U1l) was a sufficient
condition for A, = 1/K, ([3, Theorem 3.2]). For generic BRWs, the proof requires a new and
different technique, which heavily relies on multidimensional generating functions and their fixed
points (generating function techniques have proven to be excellent tools to identify the extinction
probabilities of a BRW, see for instance [4, 13, 14]). So far in the general case it was proven that
Ay = 1/K,, is true for BRWs which can be projected onto finite spaces, namely the F-BRWs
([4, Proposition 4.5]). Theorem 3.2 extends this result, since F-BRWs satisfy the two conditions
(U1) and (U2), while there are examples of BRWs satisfying the uniformity conditions without
being F-BRWs (for instance, a periodic tree-like BRW). Moreover, again a uniformity request, more
restrictive than (U1), had proven to be sufficient for A\, = 1/K,, ([4, Proposition 4.6]).

Here is an outline of the paper. In Section 2 we formally define the process, its local and global
survival and the associated critical parameters. We also introduce the generating function G of the
BRW and recall Theorem 2.3 which links global survival with some properties of G. In Section 3 we
first prove Theorem 3.2 and then Theorem 3.4, which gives a sufficient condition for the uniformity
condition (U1) to hold. Section 4 is devoted to examples where the equality A, = 1/K,, holds. The
first example is given by periodic tree-like BRWs, which we define in this paper, much in the spirit
of [21]. In particular they are a family of self-similar BRWs, which can be neither quasi-transitive
nor F-BRWs. To figure an idea of the self-similarity we require, one can think of BRWs on tree-like
graphs. Tree-like structures arise naturally in the context of complex networks. In particular, many
social and information networks present a large-scale tree-like structure or a hierarchical structure
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(see [1], [10] and references therein). The global survival of this family of processes could not be
treated with the previously known techniques. The second example is given by continuous-time
branching processes in varying environment: namely branching processes where individuals breed
accordingly to a Poisson process whose parameter depends on the generation. It suffices to interpret
generations as space variables and BRW techniques apply. We also show that, even for such a
particular law of the process, when A = )\, still global extinction and global survival are both
possible. Examples 4.4 and 4.5 show that (U1) is not necessary for A\, = 1/K,, (in the first case
Aw < s, in the second case A, = A;). Example 4.6 shows that (U2) is not necessary for A, = 1/K,,.
Finally Example 4.7 we construct an irreducible BRW where \,, > 1/K,,. It is worth mentioning
that, in the reducible case, it can even happen that A, = 1/K,, if the process starts from certain
vertices and A\, > 1/K,, if it starts from other vertices (see Example 4.7).

2. BASIC DEFINITIONS

2.1. The Branching Random Walk and its survival. Let us consider (X, K) where X is a
countable (or finite) set and K = (kyy)z,yex is a matrix of nonnegative entries such that 3 v kzy <
+oo for all x € X. The couple (X, K) identifies the BRW, that is a family of continuous-time
processes, depending on a positive parameter A\, where each particle has an exponentially distributed
random lifetime with parameter 1. When A > 0 is fixed, for each particle alive at x, there is a clock
which rings at Exzp(Akg,)-distributed intervals; each time the clock rings the particle places one
newborn at y. We say that the A-BRW has a death rate 1 and a reproduction rate Ak;, from z to
y. All the particles behave independently. We observe (see [6, Remark 2.1]) that the assumption
of a non-constant death rate does not represent a significant generalization. With a slight abuse
of notation, when there is no ambiguity, we omit the dependence on A and denote by BRW also
the process with a fixed A. It has to be mentioned that under the name BRW one can find, in the
literature, several kinds of processes: for instance processes in discrete time, with no death, where
parents randomly walk either before or after breeding, on continuous space, in random environment
or with multiple types ([9, 11, 15, 16, 17] just to mention a few).

To the process (X, K) we associate a graph (X, Ex) where (z,y) € Ef if and only if kg, > 0.
We say that there is a path from x to y, and we write  — y, if it is possible to find a finite sequence
{z:}, (where n € N) such that o = z, x,, = y and (z;,2;41) € Ex forall ¢ =0,...,n—1. If
x — y and y — = we write x = y. Observe that there is always a path of length 0 from z to
itself. The equivalence class [z] of x with respect to = is called irreducible class of x. We say that
the matrix K and the BRW (X, K) are irreducible if and only if the graph (X, Fx) is connected,
otherwise we call it reducible. The irreducibility of K means that, in the BRW, the progeny of any
particle can spread to any site of the graph.

Depending on the initial configuration ny € NX, the BRW {nt}+>0 can survive in different ways.
We consider initial configurations with only one particle placed at a fixed site x: let P* be the law
of this process.

Definition 2.1.

(1) The process survives locally in A C X starting from x € X if
q(z, 4) =1 —P*(imsup;_,oo > cam(y) > 0) < L.
(2) The process survives globally starting from z if q(z) := q(z, X) < 1.

From now on, q(x,y) will be shorthand for q(z,{y}). Often we will simply say that local survival
occurs “starting from z” or “at 2”: in this case we mean that g(x,z) < 1. When there is no survival,
we say that there is extinction and the fact that extinction occurs with probability 1 will be tacitly
understood.
Given z € X, two critical parameters are associated to the continuous-time BRW: the global
survival critical parameter Ay (x) and the local survival critical parameter \s(z). They are defined
3



as

Ao (@) = Ao (@ X, K) = inf{/\ > 0: w( 3 mi(w) > o,w) > o},
weX

As() = As(2; X, K) == inf{\ > 0: P*(limsupn(z) > 0) > 0}.
t—o00

By definition, starting with one particle at x, for A > A, (x) (respectively A > A (x)) we have global
or weak (respectively local or strong) survival with positive probability; for A < A, (z) (respectively
A < As(z)) we have almost sure global extinction (respectively local extinction). When A = A, ()
there might be global survival (as in [4, Example 3]) or global extinction (as in the case of F-BRWs,
see Section 2.2 for details). The critical parameters depend only on [z]: in the irreducible case we

will write As and A, instead of As(z) and A, (x) respectively.

We define recursively kg(EZ) = D wex kg(fffl)kwy (where k‘i?} = Jgy); moreover we set T =

dyex k%) and ¢(£Z,) = Zml,...,zn,leX\{y} kzzykzizs Kz, _,y; Dy definition ¢2y :=0forallz,y € X.

Clearly )\"k:(cz,) is the average size of the nth generation at y of the progeny of a particle living at x;

AT is the average size of the nth generation of the whole progeny of a particle living at . Finally,

)\"gb%) is the analog of ké’;) concerning only paths reaching y for the first time at the n-th step.
We introduce the following geometrical parameters

Ky (z,y) = Ks(z,y; X, K) := lim:up(kéz))l/", Ky(z) = Ky(r; X, K) = limninf(T;‘)l/”.

In the rest of the paper, whenever there is no ambiguity, we will omit the dependence on X and
K. We recall that \s(z) = 1/K,(z,z) ([4, Theorem 3]). Supermultiplicative arguments imply that
Ks(z,z) = 1imnﬁoo(kg(fin))l/d" for some d € N hence, for all z € X, we have that K,(z,z) < K, ().
As the critical parameters, also K, () and K;(z,y) depend only on the irreducible classes [x] and
[y]. For an irreducible BRW, we write K, := K, (z,y) and K, := K4(x) for all z,y € X.

Not only As(z) and K(x) are constant inside each irreducible class, but they also depend only
on the restriction of the BRW to the irreducible class [z] (that is, they are the same if computed for
the original BRW or for its restriction to [z]). This is due to the fact that local survival takes into
account paths starting from z and going back to z. That might not be true for A\, (z) and K, (z)
since when we restrict the BRW to [z] we might lose paths from x which exit [z] (in general A, (x)
of the restricted BRW is not smaller than the corresponding parameter for the original BRW and
the reversed inequality holds for K, (x)).

Remark 2.2. While nothing can be said, in general, about the relationship between A\s(x) and
As(y) for [x] # [y], it is always true that if x — y then A\y(x) < Ap(y) and Ky(z) > Ky (y).
One may wonder under which conditions the inequality may be reversed. Given A C X, if we
know that the restriction of the BRW to X \ A dies out for all A < inf{\,(y): y € A}, then
Aw(x) > inf{\,(y): y € A} for all x € X; the arguments are similar to those used in the comparison
between a BRW and the associated no-death BRW as in [6, before Proposition 2.1] or [5, Section
3.2]. Applications can be found in Section 4.2.

The following power series can be useful to identify the critical parameters

H(z,y|A) =Y kWA O[A) =Y TrA",  ®(a,y|h) = oW
n=0 n=0 n=1

Clearly 1/K(x,y) is the convergence radius of H(z,y|A) and for all A € C such that |\ <
1/limsup,, (7)™ we have ©(x|\) = > yey H(x,y[A). The following relations hold (provided that
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A is such that the involved series converge):

weX

=0ay + A Y H(@, w|A\)kuy

weX
= gy + (2, y|\) H (y, y|), (2.1)

OA) =1+ A keuO(w|N),
weX
Oz, 2 A) =X D kay®(y, 2[A) + Mg

yeEX,y#z
Moreover if x,y,w € X are distinct vertices such that every path from z to y contains w then
D(x,y|\) = D(x, w|A)P(w, y|\). We note that, since

1

1— 0z, 2[))’
we have that A\s;(z) = max{\ > 0 : ®(x,2|\) < 1} for all z € X (remember that ®(z,z|-) is
left-continuous on [0, A\;(x)] and that 1/(1 — ®(x, 2|A)) has no analytic prolongation in As(z)).

H(z, z|)\) = YAEC: A < As(2), (2.2)

2.2. Generating functions and projections. It is well-know that each continuous-time BRW
has a discrete-time counterpart which survives/dies if and only if the original BRW does (see for
instance [25, Section 2.2] or [6, Section 2.2 and Remark 2.1]). In this sense the class of continuous-
time BRWSs can be considered as a subclass of discrete-time BRWs. More precisely, let us denote
by u.(f) the probability that a particle living at « places exactly f(y) offspring at site y, before its
death. The generating function G : [0,1]* — [0,1]% of the corresponding discrete-time BRW has
coordinate given by

Gzle) == () [ 2™, (2.3)

fev yeX

where U is the space of finitely supported functions in NX. This generating function has been
introduced in [4, Section 3] (see also [5, 8, 25] for additional properties). In the case of the discrete-
time counterpart of a continuous-time BRW, given q € [0, 1]X, the z-coordinate of G(q) can be
written as

1
Gl = Rk — 9

where 1(z) = 1 for all z € X while Kz(z) = 3 x kzyz(y) for all z € (0,1 and z € X. Note

that G is continuous with respect to the pointwise convergence topology of [0,1]% and nondecreasing
with respect to the usual partial order of [0, 1] (see [4, Sections 2 and 3] for further details); every
time we say that an element of [0,1]% is the smallest (respectively largest) among a set of points
A, we are also implying that it is comparable with every element of the specific set A. We stress
that z < w means z(z) < w(z) for all + € X and z(zy) < w(xg) for some zyg € X. Moreover,
G represents the 1-step reproductions; we denote by G(™ the generating function associated to
the n-step reproductions, which is inductively defined as G"*Y(z) = G (G(z)), where G is
the identity. Extinction probabilities are fixed points of G and the smallest fixed point is q =
lim,, 00 G (0): more generally, given a solution of G(z) < z then z > q.

Global survival can be characterized by using G according to the following theorem (for the proof
see [25, Theorem 4.1] and [6, Theorem 3.1]; it is based on [4, Proposition 2.1]). For a short proof
see [2, Theorem 2.2].

Theorem 2.3. Consider a BRW and a fized x € X. The following assertions are equivalent:

(1) q(x) <1 (i.e. there is global survival starting from x);
(2) there exists q € [0,1]% such that q(z) < 1 and G(q) < q;
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(3) there exists q € [0,1]% such that q(z) < 1 and G(q) = q.
If q satisfies either (2) or (3), then q > @. Moreover, global survival starting from x implies that
liminf, oo A Zyex k’g(cZ) > 0 (or, equivalently,inf, . A" ZyEX kg(EZ) >0).

As a consequence of this theorem we have that A, (z) > 1/K,(z); indeed if A < 1/K,,(z) then

lim inf, 00 A (/32 cx b4y < 1 hence liminf, o A" 3", ¢ k%) = 0. This implies immediately that
if Ky(xz) = 0 then there is extinction for every A > 0 whence A\, (z) = +00. We show that the
natural conjecture A\, (z) = 1/K,,(x) is false since, even in the irreducible case, we can have a strict
inequality A, > 1/K,, (see Example 4.7); moreover, we also show that there are reducible BRWs
where Ay, (2) > 1/K,(z) and A, (y) = 1/ K, (y) for some z,y € X (even though Ay, (x) = Ay (y)).
In [4] the following useful characterization of \,, has been proven

Aw(x) =1nf{A € R: Iv € [*°(X), v(z) > 0, \Kv > v}. (2.4)

We recall here the concept of projection of a BRW for a continuous-time BRW. It first appeared
in [3] for multigraphs, in [4] for continuous-time BRWs and [25] for generic discrete-time BRWs (in
these papers it is called local isomorphism).

Definition 2.4. A projection of a BRW (X, K) onto (Y,K) is a surjective map g : X — Y such
that Zzeg,l(y) kez = kg(zyy for all z € X and y € Y. If there exists a projection of (X, K) onto a
finite (Y, K) then (X, K) is called F-BRW.

This is a particular case of the general definition used for discrete-time processes (see for instance
[25, Definition 4.2], [6, Definition 2.2] or [8, Definition 2.3] for the basic properties). The main idea is
to label the points in X by using the alphabet Y in such a way that the total rate at which particles
at x generate children placed in the set of vertices with “label” ¥, depends only on the labels y and
g(z). If {ni}1>0 is a realization of the BRW (X, K) then {}__ 1) n:(2)}i>0 is a realization of the
BRW (Y, K).

In particular, there is global survival for (X, K) starting from z if and only if there is global survival
for (Y, K) starting from g(z) (for any given A > 0) which implies Ay, (z; X, K) = Ay (g(z); Y, K) for
all z € X (see for instance [4, proof of Proposition 4.5] or [25, before Theorem 4.3]). On the other
hand, K, (z; X, K) = K,,(g(x);Y, I~() for all z € X since it is easy to prove, by induction on n, that

> ex kg(;;) = Zer Eé?;)y for all n € N, z € X; clearly this also implies that lim, s {/>.cx k:g(le)

exists if and only if lim, o0 {/D_, cy %;?;)y does. It is worth mentioning that when (X, K) is an

F-BRW, then A\, (z) = 1/K,,(z) and there is almost sure global extinction starting with one particle
at  when A = A\, (z) (see for instance [3, 4, 5, 25]).
We observe that (z,y) € Ex implies (g(x),g(y)) € Ez but the converse is not true; thus, if

(X, K) is irreducible then (Y, K) is irreducible as well and the converse is not true in general. If
(X, K) is projected onto (Y, K) then, for all q € [0,1]Y and z € X,
Gx(qoglr) = Gy(dlg(z)) (2.5)

that is
1 1

1+ AK(1x —qog)() 14 AK(1ly —q)(g(z))
where 1x(z) = 1y(y) := 1 for all x € X and y € Y. Moreover the following relation between the
probabilities of extinctions hold: qx = qy o g.

3. MAIN RESULTS

We know that 1/K,,(z) = A\, where K,,(z) = lim infn_mo(zyex
(but not in general, according to Example 4.7); in order to find more powerful conditions for this
equality to hold, it is natural to define the following.

6
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Definition 3.1. Given a BRW (X, K) and givene > 0, x € X, we define Ny o :={n € Nt 3 ka n) >
(Kw(z) — )"} and ny(e) := min N, .. We say that

(1) condition (U1) is satisfied if for all € > 0, sup,¢c x naz(e) < +00;
(2) condition (U2) is satisfied if inf{k,,: x,y such that kg, > 0} > 0.

The simplest example of a BRW satisfying (U1) and (U2) is any (X, K) where X is finite.

Theorem 3.2. Let (X, K) be an irreducible, continuous-time BRW such that sup,cx >
+oo. If conditions (U1) and (U2) hold then Ay, = 1/K,,.

yEX <

Proof. By irreducibility A\, and K, do not depend on z € X. Fix A > 1/K,,: we want to prove
that the A-BRW survives. Choose € > 0 such that A (K,, —¢) > 1 + ¢ and let n, := ny(e) for all
x € X. We study a discrete-time BRW (X, I?) where l%xy = ké@‘”), for all z,y € X. This means that,
n (X, K ), the 1-step children of a particle living at = are the n,-th generation descendants of the
particle, in (X, K). Clearly if (X, [A() survives, so does (X, K). The generating function of (X, IA()
is given by
Gl(zlz) = G (z]x)

where G is the generating function of (X, K).

Let v, be the distribution of the total number of children of a particle at x in (X, K ). Denote
by G, the 1-dimensional generating function of v, which is given by G, (t) = G (t1x|z). Then the
mean number of descendants of a particle at « in (X, K ) is

Zm = AT > (VK —e))™ >1+e.

Since (X, K) is a continuous-time BRW, then G(z|z) = 1/(1 + A}, ¢ kay(1 — 2(y))). We can
determine the first and second moments of the number of n-th generation descendants of a particle

(2 )

at x, by means of G. Indeed let us denote these moments by m,, , and my, i respectively. If z = t1x

we have
d
— 2 _ 2 (n-1) _
Mo = =G (tlx|$)‘t 1 /\§ by G (t1X|y‘ A Fayma 1y
yeX
and
m® —m, .= d—G(")(tlx\x)‘
T ’ dt? t=1

= 3 My e x| 2 2N 4G (axly)|

zy
yeX dt
We denote by &, o = (me}v Mn.z)/m2 .. Then for all z € X,
d? n—1
ZyEX AkmymG( )(tlx‘y)‘t=1 =92 EyGX )‘kwyfn—l,ym%—lﬂ

2 2
(ZyGX l’yddtG(n 1)(t1x|y)‘t_1> (ZyEX AkgxcyTTLn—l,y)

Define &, := sup,c x &n,o; @ straightforward computation shows that &, = 2 = & for all z € X.
From equation (3.6) we have

En,;v =2+ (36)

M gym? Nkgym? _ _
0 < 24 €0y sup —veX v n-1 5 <24 &, sup Zyex M1y 5 <2+ &31
vex (ZyEX Akrymnﬂ,y) vex (ZyEX \/ Akgyd mnflyy)



where § := Xinf{k,,: «,y such that k,, > 0}. Hence by induction
n—1 1 k
n <2 < ’
6<23 (5)
k=0
which implies &,, < M =2 ZkN:_Ol (%)k where N := sup,cx 1. < +00 by condition (Ul).
By Theorem 2.3 in order to prove survival of (X, K) it is enough to prove that G,(1 —t) <1 —t,

for some t € (0,1) and for all z € X. Writing the Taylor expansion of G, at 1 and using the
monotonicity of G/(-), we have

~

2 ~
Gy(1—1t) <1—my, ot + 5Gg(1)

2
=1 My, ot + 5 (msi)t — mnTz> .

Therefore, éw(l —t)<l—tforalxeXif

m(2) —m -
t <2 sup e Maey® .
zeX Mpyxz — 1

Since my,, » > 14 ¢ for any x € X and

m'SLQz),ac - mnz,z _ é. m%z,x
— Sng, x4
Mng,x — 1 ' May g,z — 1
we get
2 2N
m’ELm)ny — Mn, <M (/\M/)
My, o — 1 €
where M’ := sup,cx Zye x kzy. Thus the constant solution is obtained by choosing a strictly
positive t < 2¢/(M(AM')*N). O

We note that in the previous theorem irreducibility is not necessary, it suffices that (X, K) is such
that K, (x) does not depend on . In particular this is the case when (X, K) can be projected onto
an irreducible BRW, which leads to the following corollary.

Corollary 3.3. Let (X, K) be a BRW which can be projected onto an irreducible BRW (Y, K) which
satisfies the hypotheses of Theorem 3.2. Then Ay (x; X, K) and K,,(x; X, K) do not depend on x € X
and Mo (X, K) = 1/Ku(X, K).

Proof. The independence comes from the equalities Ay (23 X, K) = Ay (g(2): Y, K) and K, (2; X, K) =
K, (g(z);Y, K) and the fact that the two parameters computed on Y do not depend on the vertex
by irreducibility. It is enough now to apply Theorem 3.2 to (Y, K). O

As we remarked before, any BRW with X finite satisfies (U1) and (U2), thus the previous corollary
is a generalization, in the irreducible case, of the results for F-BRWs ([4, Proposition 4.5] and [5,
Corollary 4.10(2)]). Morevoer, our result applies to BRWs which do not satisfy (U2) but can be
projected onto a BRW which satisfy it. As an example, consider a BRW on N such that k,, ,11 =
1—1/2"" k,,, = 1/2"*1 and 0 otherwise. This is an irreducible BRW which satisfies (U1) but
not (U2) and can be projected onto a one-point BRW with rate 1; thus Corollary 3.3 applies.

The fact that (U1) is satisfied is the most tricky condition to check in Theorem 3.2; it is therefore
interesting to provide sufficient conditions on K under which condition (U;) holds. This is what
we do in the following theorem. A particularly nice application of this theorem, together with
Theorem 3.2, is given in Section 4.1 where we study the global survival critical parameter of periodic
tree-like BRWs.



Theorem 3.4. Let (X, K) be a continuous-time BRW such that (U2) holds. Suppose there exist
g € X,Y C X, ng €N such that

(1) for all x € X, min{n € N: k(n) >0 for somey € Y} < ny;
(2) for all y € Y there exists an injective map ¢, @ X — X such that ¢ (xz¢) = y and
oy (2)p,(z) = Koz for all z,z € X;

then (U1) holds.
Proof. Let 6 = inf{k,y: z,y such that kg, > 0} > 0 and put vz, = kgyy/0 for all 2,y € X. Define

T = Y owex ~) and K,y := liminf,,_, /2 wex +n). Clearly Yoy > lforala,ye X, T} = s T
forallz € X and ne N, K,, = 5IA{w; moreover n > fg is nondecreasing for all z € X.

Given = € X, let y(z) € X be a vertex such that B S0 and my = min{n € N: k(n)

zy(z)
0 for some y € Y'}. Note that, by the hypothesis (2), we can map zg to y(x) and get
() +my +
T" < y(fl’ Vay(x) Z ’yu(w Jw S Tn M < Tn ", (3.7)
weX

(ma)

for all n € N (the second inequality is due to Vay(z) > 1 and the last one holds since m, < ng). By
irreducibility and the definition of IA(M, given e > 0, there exists ny € N such that

()™ > k- & (35)
Applying (3.7),
(Fz#m) T > (T) T 2 Ry - S
Now,
(Tt} T¥ms = § (f;ﬁ"(’)m > K, —c
thus (U1) is satisfied. O

4. EXAMPLES

This section is mainly devoted to examples of BRWs where A, = 1/K,,. In Section 4.1 we define
the family of periodic tree-like BRWs, where Theorem 3.2 applies. Next, in Section 4.2 we view
continuous-time branching processes in varying environment as BRWs and determine their critical
parameter. Finally, Section 4.3 provides two examples (Examples 4.4 and 4.5) showing that (U1)
is not necessary for A\, = 1/K,,, even when K,, = lim, ”\/TT?, both in the case where there is
a weak phase (A, < As) and where there is not (A, = A;). Example 4.6 shows that even in the
irreducible case, it can be that lim,, ’{/ZT" does not exist and yet A\, = 1/K,,. Example 4.7 is
the first example where A, > 1/K,,.

4.1. Periodic tree-like BRWs. We describe the construction of a class of irreducible BRWs that
we call periodic tree-like BRWs. Let (I, Er) be an irreducible finite oriented graph (possibly with
loops) and let {(B;, K (i))}icr be a family of finite and irreducible BRWs. It might happen that even
if i # j then (B;, K(i)) and (Bj, K(j)) are isomorphic BRWs. Denote by {©i;}( j)er, a family of
one-to-one maps from the domains D(p;;) =: B;; C B; onto the images Im(p;;) =: B;; C Bj. The
main step of the construction is attaching an isomorphic copy of B; to an isomorphic copy of Bj,
that is, identifying a point z € B;; with ¢(z) € B;; for all z € B;; (each copy of B; is equipped
with the same family of rates K (1)).

We start by constructing recursively a labeled tree (T, E7) which is going to be the skeleton
of the BRW. Denote by ig € I the root of I and let Ty := {(0,40)} and E(0) := (); the label
of (0,ip) is the projection m((0,ig)) := 9. Suppose we defined To,..., T, and the set of edges
E(n) C U, T: x Ui, T; and suppose we defined the label m(z) for all x € I, T;; then 541 =

9



X,

(LE)

1 2 % 4 Xy

FIGURE 1. The graph (I, Ey). FIGURE 2. The pieces {B,}ier-

{(z,i): ¢ € Tn,(w(x),i) € Er} and E(n + 1) := E(n) U {(z,(x,i)): (z,i) € Tny1}. Moreover
m((z,i)) := 1 for all (x,4) € Tpy1. Finally T := |, ey Tn and Bt := {J,,cn E(n). Roughly speaking,
to each point in 7, of label j, we attach the same number of edges exiting j in the graph (I, E})
and we label the new endpoints accordingly; these new endpoints belong, by definition, to 7, 41.

Note that, by construction, for every i € I there is an infinite number of vertices in T with label
i; moreover, since (I, Fr) is connected and finite, the minimal number of steps required to go from
1 to ig is bounded from above by some n; with respect to . The same bound holds for the minimal
number of steps required to go from a point with label ¢ in T to the closest point with label 4.

We can construct now the periodic tree-like BRW. Let {(By, K(2))}ze7 be a family of BRWs
such that (B, K(z)) is an isomorphic copy of (B (), K(7(z))) (we suppose that B, N B, = () for
all © # y). For every (z,y) € T, we attach B, to B, as described above. The resulting irreducible
BRW is denoted by (X, K); note that, for this BRW, condition (U2) holds since it is constructed by
means of a finite number of types of BRWs.

Let us choose xg in the root set B ;,y where (0,i) is the root of 7. We denote by Y the
set of the copies of the vertex zy (collected inside the copies of the set B ;,) inside X, namely
{Bs}eeT: n(2)=io)- Given any graph, let d(z,y) be the minimal number of steps required to go from
z to y. Since {B}ier is a finite family of finite sets we have that ng := sup,c; . yep, d(@,y) < +oo.
Suppose we start from a vertex x € X and we want to reach the set Y; by construction, x belongs
to a copy of By, for some jo € I. Let {jo,...,ji =io} be the shortest path from jy to i in (I, Ey);
clearly, k < n;. In order to reach Y from z it is enough to exit the copy of Bj,, to cross a copy of
Bj,,...,Bj, , (in this order), to enter a copy of Bj, = B;, and then to reach the copy of z( inside
the last copy of Bj,. Each one of these actions requires at most ny steps. This implies that the
length of the shortest path from z to Y is at most (ny + 1)ng =: ng. Then Theorem 3.4 applies, and
since sup,¢ x Zer kgy < 400 we can apply Theorem 3.2 and get A, = 1/K,,.

Here is an explicit example of such a construction: define I := {1,2,3}, ig := 3 and consider the
graph (I, Et) pictured in Figure 1. The corresponding pieces are shown in Figure 2; Figure 3 explains
how to join the pieces. The construction of the labeled tree (7, E7) can be found in Figure 4 and
the final graph associated to the periodic tree-like BRW is shown in Figure 5 where we denoted by
xo the “actual x¢” contained in the root set and all its copies.

4.2. Continuous-time branching process in varying environment. Consider a continuous-
time branching process where the breeding laws depend on the generation (while the death rate is
always equal to 1); this is called a branching process in varying environment or BPVE. To be precise,
pick a sequence {k;, }nen of strictly positive real numbers. The reproduction rate of a particle of
generation n is Ak, . By interpreting generations as space, the behavior of this process is equivalent
to the global behavior of a BRW on N where k,,,,, = k,, if n = m — 1 and 0 otherwise.

We denote by A, (n), as usual, the weak critical parameter of the associated BRW on N starting
from n, which is the only critical parameter for this process (As(n) = +oo for all n since there is
clearly local extinction for every n). Being the rates strictly positive, there is always a positive
probability of reaching n from 0, hence A, (0) < Ay(n). On the other hand in order to survive
starting from 0 the process has to pass by n whence Ay, (n) < Ay (0). Thus Ay (n) = Ay (0) for every

10
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FicURE 3. How to join pieces.
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FI1GURE
4. The oo .
labeled tree FI1GURE 5. The final periodic tree-like BRW.
(T, E1).

n € N. The generating function of the associated BRW is

1
T 1+ Men(1—q(n+1))

G(qln)

for all q € [0,1]N. Easy computations show that K, = liminf, ., {/ H:-L;Ol k;. We are going to
prove in the next theorem that A, = 1/K,,. We point out that in this case if K,, = 400 then \,, =0
and there is survival for every A > 0 (while it is always true that if K, = 0 then A\, = +00).

Theorem 4.1. Let {X;:}1>0 be a continuous-time branching process in varying environment with
reproduction rates {\kp tnen. Then Ay = 1/K,y,.

Proof. We study the survival of the branching process by analyzing its associated continuous-time
BRW. Assume that K,, € (0,00]. Since A\, > 1/K,, for any BRW we just need to show that
the reversed inequality holds. It follows from Theorem 2.3(2) that for this purpose it suffices to
find, for any A\ > 1/K,, (where 1/K,, = 0 if K,, = +00), a solution of AKv > v/(1 — v) where
v € [0, 1] such that v > 0. Recall that Kv(n) = k,v(n + 1) for any n. Fix A > 1/K,, and choose
p € (1/Ky, ). Then define v(n) =t/(p™ H?:_Ol ki) where t < (1 —2)/M is fixed and M is an upper
bound of the sequence {1/(p™ H?:_Ol ki) }nen (whose existence is guaranteed by the fact that v(n)/t
11



converges to 0 as n — oo by our choice of p). Now

Akt A t 1 t
AKv(n) = ———57—— = = - — > ) —
P Lok oo pr Ly ke L=t pr [T ks (4.9)
o 1 t  v(n) '
Tt/ T k) eIl ke 1 V()
O

Remark 4.2. The identification of the critical parameter A, = 1/liminf, . 1/ H:-L:_Ol k; does not
tell us anything about the critical behavior when A = \,. There is not just one possible scenario: in
some cases there might be extinction while in others there might be survival.

Indeed, suppose that lim,, o k, = k € (0,+00) and k > k,, for every n > ngy (for some ng € N).
Then by a simple coupling argument when A = A\, = 1/k the BRW starting from ng is stochastically
bounded from above by a BRW with rightward constant rate 1 which is well-known to die out.

Conwersely, consider ky, := (14+1/(n+1))?%; then A\, = 1. Take A = 1 and define v(n) := 1/(n+2)
for allm € N. We claim that G(1 —v) <1 — v, that is \Kv > v/(1 — v); indeed

1/(n+2) (1+1/(n+1))2 1
= kvt ) - 570 = n+3 nt1
2
_ 1 ( (n+2) 71)>0'
n+1\(n+1)(n+3)

Hence by using  := 1—v, according to Theorem 2.3 there is global survival starting from any n € N.

v(n)
1—v(n)

AKv(n) —

4.3. Other examples. One of the main technical tools that we need in this section is the following
theorem (see [7, Theorem 2.2]), which states that there cannot be a weak phase on slowly growing
BRWs.

Theorem 4.3. Let (X, K) be a continuous time non-oriented BRW and let xo € X. Suppose that
there ezists k € (0,1]% and {c,}nen such that, for alln € N

(1) K(y)/K(w0) < cn Yy € B(zo,n)

(2) k(@)ksy = K(y)kys Yo,y € X,
where B(xz,n) is the ball of center x and radius n w.r. to the natural distance of the graph (X, Fk).
If lim, 00 /™ =1 and lim,, o0 | B(zo,n)|"/™ = 1, then K,(xo,x0) = Ky(zo) and there is no pure

global survival starting from xo. Moreover, in this case, liminf, ,. {/T? = limsup,,_,., V/T2.

In the proof of [7, Theorem 2.2] it was not explicitly mentioned that the lim, ., {/T? exists,

but it follows easily by noting that liminf, .o \, k;ﬁ% = limsup,, .. } kéﬁﬁ{

The following is an example where condition (U1) is not satisfied, nevertheless A, = 1/K,, < A
where, in this case, K,, = lim, {L/TT{L

Example 4.4. Consider the irreducible continuous-time BRW on the graph obtained by identifying
each vertezx of Ty (d > 3) with the vertex 0 of a copy of Z (each vertex is attached to a different copy
of Z) and let the rates matriz be the adjacency matriz of the graph. Denote this BRW by (X, K1).
We claim that (X, K1) can be projected into a BRW on Z with the following rates. Let K be defined
by koo :=d, kpnt1 :=1=: kny1n and 0 otherwise. Denote this new BRW by (Z,K).

Since knm = 1 for n # m whenever |m—n| = 1, we conclude that £(n)kpm = k(M)kmn Yn,m € N
if and only if kK(n) = 1 VYn. Then condition (2) in Theorem 4.3 is satisfied. Condition (1) in

Theorem 4.3 is satisfied for any choice of ng by taking ¢, = 1 for any n € N. Since c}z/n =1 and
|B(ng,n)|"/™ = 1 as n — 400 for any choice of ng, we conclude that K((Z,K) = K,,(Z,K) > 1/d,

where Ky (Z, K) = limy, 00 1/ cx kflnog, (the existence of the limit is guaranteed by Theorem 4.3).

12



Since projecting a BRW does not modified the value of the critical weak parameter neither the value
of Ky, we conclude that M\, (X, K1) = A\p(Z,K) =1/K,,(Z,K) = 1/K,,(X,K;) < 1/d.

Clearly, by going along a copy of Z in X at arbitrarily long distance from the junction with Tg,
we have that (Ul1) is not satisfied; more precisely, if x(n) is a point in a copy of Z in X at distance n
from the junction with T4, then 7\‘/Ey€X kM (x(n),y) =2<d—e < Ky(Z,K)—¢ for alle € (0,1).

Finally, we recall that the critical strong parameter can change in a projection; indeed it is not
difficult to see that \o(X, K1) = 1/(2Vd) > 1/d > \y(X, K1) for all d > 3. This can be proven
by using the characterization \s(X, K1) = max{\: ®(z,z|\) < 1} where, by standard generating
function computations (see equation (2.1) or the proof of [24 Lemma 1.24]),

O(x, x|/\)—1—7\/1—4/\2 \/1—4)\2

x being a vertex in the tree T4.

In the following example, condition (U1) is not satisfied, nevertheless \,, = 1/K,, = \; as before
K, =1lim,_, ¥/T7.
Example 4.5. Consider the BRW obtained by attaching d copies of the graph N to a common origin
0 and by defining the rates according to the adjacency matriz as in the previous example. As before,
this BRW can be projected onto N but we discuss this example without any projection. As before, the
key for computing Ay, is to observe that Theorem 4.3 applies by taking k(x) = ¢, =1 for alln € N
and every vertex x. This implies Ay, = 1/K,, = 1/Ks = A5 and Ky, = lim,, o Zyex kéﬁ?y What
we have to do now is to compute Kg; we can do that by using the same technique as before. In this

case
dl — V1 —4)2

2

which implies 1/Ks = max{\: ®(0,0|\) < 1} = \/1/d—1/d?> = /d—1/d. Thus K,, = ks =

d/v/d—1; thus, as before, if x(n) is a point in a copy of Z at distance n from the origin then

7\L/ZyeX1 kM (x(n),y) =2 < Ky, —¢ for alle € (0,K,, — 2). Whence (Ul) does not hold.

B(0,0[\) =

The following is an example of an irreducible BRW on N, where \,, = 1/K,, and lim,,_, Q/TT?
does not exist. The idea is to pick outgoing rates which are either 1 or 2 (alternating long stretches
of 1s and 2s in order to keep the sequence oscillating). Then we add rates from each n to 0, so that
the BRW is irreducible. If these rates are small enough, their presence will neither affect A, nor
K.

Example 4.6. Consider the BRW on X = N with the following rates. Let K be defined by kppy1 :=
kn > 6 > 0,kno := €, and 0 otherwise. Observe that {T{' /0" }nen is nondecreasing; indeed, since
k./d > 1,

E _ k(’ﬂ) k(’ﬂ) ' :c k(()’y”rl) - TgL-l—l
on zeN zeN gt T onr
Choose the sequence {, tnen in such a way that B := 375 E,(H; —o k)8 < 1. Since T =1
and
n—1 n—2 i—1 n—i—1 n—1 n—2 i—1
Tén k‘j 3 k‘J) TO kij Ei( k/’j) Tal
20 _ My < M i < W ) My 2o
o= 5+ 2 5(17) s < 5+ 25(10F) 5
7=0 1=0 7=0 7=0 =0 7=0
we get
n—1 n—1
ks
[k << @. (4.10)
=0 1-8



Therefore

1/n
n—1 /

. anl/m e
K, =liminf (73")"/" = lim inf }:Io k; . (4.11)
A straightforward computation shows that v(n) = 1/(A\" H;:Ol k;) is a solution in 1°°(N) with
v > 0 of AKv > v whenever A > 1/K,,; equation (2.4) yields A\, < 1/K,,. Since Ay, > 1/K,,, we
may conclude that Ay, = 1/Ky,. In [4], the following choice for the sequence {ky, }nen is made. Define
ap, = [log2/log(l + 1/n)], b, := [log2/(log2log(2 — 1/n))] and {cy}nen recursively by c1,car =
A91-Cor—1, Cor+1 = bapt1Coy for any r > 1. Let k; := 1 if i € (cor—1,car] (for somer € N) and k; = 2

1/n
if i € (car,cor—1] (for somer € N). It follows from this definition that liminf,, (H;’;OI kj) =1

. n—1 1/n o e n\1/n _ . .
and that limsup,,_,, ([T, &; = 2. Therefore, liminf,, o (T§")'" =1 (note that in this last

explicit example ), kg(cz) € [1,2"] for all x € X and n > 1, thus Theorem 3.2 applies).

In the following example we have an irreducible BRW where \,, > 1/K,; moreover, we also
provide an example of a reducible BRW where A, (z) > 1/K,(z) and A, (y) = 1/K,(y) for some
z,y € X (nevertheless A, () = Ay (y) for all z,y € X).

Example 4.7. To avoid confusion in the notation, in this example we denote the rates by k, ,, instead
of kay. For simplicity we start with a reducible BRW on Z: for alln € N we take ky, n41 € {1,2} as
in Example 4.6 in such a way that liminf,, \/Hn ! kiiv1 =1<2=limsup,,_, H?:_Ol kiiv1,
while k_p,—n—1 =3 — kp ny1 for alln € N. Note that k_,, _n_1knni1 =2 for all n € N; thus

on
H kfz,fz 1= —n—1.,
H1 0 kz 2+1

Hence, liminf, . {/T]\, k_z —i-1 = 1 < 2 = limsup,,_,, 1/ H?:_Ol k_; —i—1. Applying Theo-

rem 4.1 to the process restricted to N and to the process restricted to —N := {—n: n € N}, we have
that Ap(n) =1 =1/K,(n) for alln # 0. According to Remark 2.2, on the one hand A, (0) < Ay (1)
(since 0 — 1), on the other hand (by taking A := Z \ {0} in Remark 2.2) A\y(0) > Ay(1); hence
Aw(0) = 1. In order to compute K,,(0) we note that

A
Sk = H kiis1 + H ki = H Fiii1 + = > 217/2)
i€Z Ilico kiita
whence Ky, (0) = liminf, oo 1/ .cn k(n) > /2. This implies that A, (0) > 1/v/2 > 1/K,(0); thus
we have a reducible example where A\, (0 ) > 1/K,(0) and A\y(n) =1/K(n) for alln > 1.

Let us modify this BRW to make it irreducible, as we did in Example 4.6. We add ko := €n,

such that By := 3155 al(Hé;}) kjji1) <1/3 and B =3 ey H;;; k_j_;—1) <1/3. Note that,
as in Example 4.6, {T§ }nen is nondecreasing (in this case § = 1); moreover T) =1 and

n—1 n—1 n—2
Ty = H kj 1+ H k_j_j—1+ Z { (H k;, J+1) +e; (H k_j_j_ 1)} T(;“L—i—l
=0 j=0 i=0
271 iil n—2 i—1
SSTCTRES | COWRES 5{( (WO ROy | (9 1
J=0 j=0 i=0 i=0
Hence

150 kjgr + 117020 k—jmjr
Hk3]+1+Hk_]_J 1<TO— 1_6+_367 ’
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and K,, = liminf,,_, (H;:_()l kjiy1+ H;L:_g kj*j,fjfl)l/n > /2. We prove that Ay = \y(Z, K) =
1; indeed, suppose, by contradiction, that A\, < 1. For any fized A € (A, 1), equation (2.4) guar-
antees the existence v € [°°(Z) such that v(0) > 0 and AKv > v. In particular v4 (defined by
vi(n) := v(n) for all n € N) satisfies \Ktvy > v, where k({l = ko1 + (3 —ko,1)v(—1)/v(1)
and k;rj = ki for (i,5) € N*\ {(0,1)}; this would imply \,(N,K*) < 1. Similarly, v_ (de-
fined by v_(n) := v(-n) for all n € N) satisfies \AK"v_ > v_ where ko, = ko1 + (3 —
ko,—1)v(1)/v(=1) and k; ; = k_;—; for (i,j) € N2\ {(0,1)}; this would imply \,(N,K~) < 1.
Note that min(kj({l,ko_,l) < 3. Suppose, without loss of generality that kf{l < 3. In this case,

S 61'(]_[;;%, kj'-fjﬂ) < (3/ko1) S05S ei(Hj;B k;j+1) < 1, whence, by using the same above argu-

ments, K, (N, K*) = liminf, 1"/1_[?:_01 k;:jﬂ =1; thus K,(N,KT) =1 > M\ (N, K*) and this

is a contradiction (as a consequence of Theorem 2.3).

5. FINAL REMARKS
As we already mentioned, the local critical value As(x) admits a complete and general description

in terms of the matrix K, namely, \,(z) = 1/limsup,, . \ kﬁ) Moreover, at the global criti-
cal value there is always almost sure local extinction starting from z (see [3, 4, 25]). The global
behavior is somehow more elusive. On the one hand, in [4] it has been shown that at the global
critical value there might be almost sure global extinction starting from x as well as global survival
(even in the irreducible case). On the other hand, a general description of A, (z) is still missing
even for irreducible BRWs except for some classes of processes (some of them described in this

paper). The natural candidate, 1/limsup,_,. {/> ,cx k:a(f;)7 has been proven wrong in [4] (see
also Example 4.6 for an irreducible BRW). The results in [4] suggested a new candidate, namely

1/lminf, oo §/3°, cx k;’;), which coincides with A, (x) in many cases, such as BRWs satisfying
Theorem 3.2 and Examples 4.4 and 4.5. In Example 4.7 we showed that this cannot be a general
characterization, not even for irreducible BRWs. Hence, even though general characterizations for
Aw(z) in terms of functional inequalities are known (see equation (2.4)), the search for an explicit
expression, similar to the one available for \s(z), in the case of A, (X) is still open.
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