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Abstract

Let H be a graph on n vertices and G a collection of n subgraphs of H, one for
each vertex. Then G is an orthogonal double cover (ODC) of H if every edge of H
occurs in exactly two members of G and any two members of G share exactly an edge
whenever the corresponding vertices are adjacent in H . If all subgraphs in G are

isomorphic to a given spanning subgraph G, then G is said to be an ODC of H by G.

We construct ODCs of H =K, , by G=C, " §

n-m

(union of a cycle C, and a

star § _ whose center vertex v belongs to that cycle and m =6, 8,10,12 and m <n).

Furthermore, we construct ODCs of H =K, by G=C, US,_, (disjoint union of a
cycle and a star) where m =4, 8 and m <n. In all cases, G is a symmetric starter of
the cyclic group of order n.
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1. Introduction

Let H be a graph with n vertices and let G ={G,, ..., G,,} be a collection of »
spanning subgraphs of H (called pages). G is called an orthogonal double cover
(ODC) of H if there exists a bijection ¢ :V(H)— G such that:

(1) every edge of H is contained in exactly two of the graphs G, ..., G

n-1°
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(1))  for every choice of different vertices a,b of H

if {a,b} € E(H)

otherwise.

1
| E(p(a)) N E(p(b)) |= {0

If all pages in G are isomorphic to a given graph G, then G is said to be an ODC of H

by G. Note that in this case H is necessarily a regular graph of degree |E(G)|.

Moreover, if H is not complete, G must be disconnected.

This concept was originally defined for the case where H is a complete graph. We

refer the reader to the survey [3] for more details.

While in principle any regular graph H is worth considering (e.g., the remarkable case

of hypercubes has been investigated in [4]), the choice of H =K, is quite natural,

also in view of a technical motivation: ODCs in such graphs are of help in order to

obtain ODCs of K, (see [2], p. 48).

An algebraic construction of ODCs via “symmetric starters” (see Section 2) has been

exploited to get a complete classification of ODCs of K,, by G for n<9: a few

exceptions apart, all graphs G are found this way (see [2], Table 1). This method has
been applied in [2] to detect some infinite classes of graphs G for which there is an

ODCof K,, by G.

Much of research on this subject focused with the detection of ODCs with pages
isomorphic to a given graph G. So in [1] the graph considered was
G=(C,u" S, ,)unkK,, where U" denotes the union of a cycle of length m and a

(n—m)-star, whose center v lies in C, , together with n isolated vertices (nK,), as
shown in Figure 1. For m=4 and m<n it was established in [1] that there is a

symmetric starter of an ODC of K = by G as described above.

n,n

Here, we will improve this result, by showing that the same is true for
m=06,8,10,12 and m < n. Namely, we shall prove the following.

Theorem 1.1. Let n and m be integers such that 6 <m <12, m<n. Then there is a
symmetric starter of an ODC of K, , by G=(C,, V" S,_, )unkK,.



Figure 1: The graph C, U" §, U3K, .

Furthermore, we will construct symmetric starters of an ODC of K, 6 by
G=C,uS,  u(n-1K, (the disjoint union of a cycle and a star and n—1 isolated

vertices) where m =4, 8 and m < n. Namely, we shall prove the following.

Theorem 1.2. Let n and m be integers such that m =4, 8 and m <n. Then there is a
symmetric starter of an ODC of K, , by G=C,US,_ U(n-1)K,.

In addition, we will construct a symmetric starter of an ODC of K,, by
G=C,UK,uUS ,u(n-2)K, (see Proposition 4.3).

Preliminaries will be exposed in Section 2. The case where the center of the star
lies in the cycle will be discussed in Section 3, leading to the proof of Theorem 1.1.
Likewise, the case where the cycle and the star are disjoint will be considered in
Section 4, where Theorem 1.2 will be proved.

2. Symmetric starters

All graphs here are finite, simple and undirected.

Let I"=1{y,...,7,,} be an (additive) abelian group of order n. The vertices of K, ,
will be labeled by the elements of 7"x Z,. Namely, for (v,i)e I"x Z, we will write
v, for the corresponding vertex and define {w,,u,}e E(K, ) if and only if i = j, for
all wu el and i,je Z,.

Let G be a spanning subgraph of K, and let ae/". Then the graph G with
E(G+a)={(u+a,v+a):(u,v) e E(G)} is called the a-translate of G. The length of
an edge e =(u,v) € E(G) is defined by d(e) =v—u. As an example, Figure 2 shows
the edges of G, labeled by their lengths.



G is called a half starter with respect to /7 if | E(G)|=n and the lengths of all
edges in G are different, i.e. {d(e):e€ E(G)}=1". The following three results were
established in [2].

° °
0, 1, 2 0 1, 2
G G
1() 2()
O(J 1 0 2 0 O(J 1 0 2()
° ° °
0, I, 2 0, I, 2 0, I, 2
G
Gol G, 2,

Figure 2: ODC of K, by G =P, with I"=Z,.

Theorem 2.1. If G is a half starter, then the union of all translates of G forms an

edge decomposition of K, ,, i.e. Uaer E(G+a)=E(K,,).

Here, the half starter will be represented by the vector: w(G)=(v, ,v,,....,v, ).

Where v, e /" and (v, ), is the unique vertex ((v,,0)€ /'x{0}) that belongs to
the unique edge of length y,. For example, in Figure 2 the graph G, is a half starter
with respect to Z, represented by (0,1,1) (e.g. {1,,2,} is the unique edge of length 1,
thus v, =1).

Two half starter vectors v(G,) and v(G,) are said to be orthogonal if
W, (G)—v,(G):yelf=1.

Theorem 2.2. If two half starters v(G,) and v(G,) are orthogonal, then
G=1G, ,; : (ai)el'xZ,} with G, ,=G,+aisan ODCof K, .

The subgraph G, of K,, with E(G,)={{u,,v,}:{v,.u,} € E(G)} 1is called the
symmetric graph of G. Note that if G is a half starter, then G, is also a half starter .

A half starter G is called a symmetric starter with respect /" if v(G) and v(G,)
are orthogonal.



Theorem 2.3. Let n be a positive integer and let G be a half starter represented by

wWG)=,,v,,...,v, ). Then G is symmetric starter if and only if

v,-v +yyel}=1I.
3.0DCsof K,, by G=(C,, V" S, _,)unkK,.

In view of Section 2, all we need is to find suitable symmetric starters for all the
concerned parameters n and m. Each of the following lemmas provides a construction
for a value of m.

0 2
0o 1, Py 30 4 5 (n-4.)0 (n-?y.)0 (n'z)o(lzl)o

o
(n-4),(n-3),(n-2), (n-1) |

Figure 3: A symmetric starter of an ODC of K, , by G=(C, U™ S, ()UnK,.

Lemma 3.1. For each integer n 27 there is a symmetric starter of an ODC of K, by
G=(C,u" S, )unk,.

Proof. Define the vector v(G) as follows:

1 if i=2,n-2,o0r
v(G)=1n-2 if i=1, n-1,or
0 otherwise.

Clearly, v,(G) =v_(G), hence{v,(G)—v_(G)+i:ieZ,} =Z,. The claim now follows
from Theorem 2.3.

Note that the i-th graph isomorphic to G =(C, U™ S, )\ nK, has the edges:
{{(i+1)0,(i+j)l}:j:3,n—1}u
{{(i+n—2)0,(i+j)l} :j=n—3,n—1}u
i (i+),} 7 =0.3,4,,n-3]

as shown in Figure 3.



Lemma 3.2. For each integer n>9 there is a is a symmetric starter of an ODC of
K, by G=(C, ™S, )unk,.

n,n

0, 1023 30 49 50 0 To 3 (n-3)0(n—2)0(r;-1)0

o o
L 7,08, (n-3); (0-2), (n-1),

Figure 4: A symmetric starter of an ODC of K, , by G =(C; Ut S )unk,.

Proof. Define the vector v(G) as follows:

6 i=0,n—-4,or
5 i=1,n-1,or

v.(G)=40 i=2,n-2,o0r
1

i=3,n-3,or

n—i+2 otherwise.

Hence
6 i=0,n—4, or
5 i=1,n-1,or
v (G)=+0 i=2,n-2,o0r
1 i=3,n-3,or
i+2 otherwise.
So we get

i 1=0,1,2,3,n—4,n-3,n—2,n—1, or

—i  otherwise.

Vi(G)_Vi(G)"‘i:{

The above implies {v,. (G)-v ,(G)+i:ie Zn} =7,, so the claim follows from.
Theorem 2.3.
Note that the i-th graph isomorphic to G = (C, U™ S, ) UnK, has the edges:

H(i+1),-(i+2),}:7=0,6,7,....n -2}

i+4)l}:j:1,5}u

as shown in Figure 4.



Figure 6: A symmetric starter of an ODC of K,, by G=(C,, " S, ;) unk,,
nx12.

Lemma 3.3. For each integer n>11 there is a symmetric starter of an ODC of K, ,

by G =(C, U S,10) Y nK,.

Proof. For n =11, the vector v(G)=(8,6,9,3,1,0,0,1, 3,9, 8) is a symmetric starter
of an ODC of K, ,, by G =(C,, V" §,)U11K|, as shown in Figure 5.
Assume now that n>12. Define the vector v(G) as follows:

Vi(G) =

Hence

o
6, 7, 8, 9, 10,

0
1
4
5
2
3
8

n—i+6

i=0, 6, or
i=1,n-1,or
i=2,o0r
i=3,n-3,or
i=4,n—4,or
i=5n-5,or
i=n-—2,o0r

otherwise.

(n-4), (n-3); (n-2),(n-1),



i=0,6,or
i=1,n-1,or
i=n-2,o0r
v (G)= i=3,n-3,or

i=4,n—-4,or

i=5,n-5,or

o W NN B = O

i=2,o0r
i+6 otherwise.
Then we get
i i=0,1,3,4,5,n-5n—-4,n-3,n—1, or
vi(G)—v (G)+i=1 | .
—i otherwise.

This implies {v,. (G)-v ,(G)+i:ie Zn} =7,, so by Theorem 2.3 v(G) is a
symmetric starter of an ODC of K, by G=(C,, " S, ;) UnKk,.
Note that the i-th graph isomorphic to G = (C,, U” S,_,,) U nK, has the edges:

Ui+ i)ye i =0. 00 4{(i+ ), (i+2) )2 =1.5}0
UG+ ), (46),}:7=0,2,4,8,12,13,14, ..., n-1} U

UG+ ), (1+8) )1 =3, 5p0{{(i+ ), (1+n-2) }: j=2.3]

as shown in Figure 6. m

Lemma 3.4. For each integer n>13 there is a symmetric starter of an ODC of
K,, by G=(C,U" S, ,)unk,.

Proof. Let us first deal with two special cases.
For n =14, the vector v(G)=(0, 2,11, 0,9,10,1,0,1,10,9, 0,11, 2)

is a symmetric starter of an ODC of K, by G=(C,U" S,)Ul4K, as shown in
Figure 7.

8, 9, 10,11, 2,13,

o o0 o
130 45,6, 7, 89,1011, 12,13,
Figure 7: A symmetric starter of an ODC of K, ,, by G =(C,,U" S,)Ul4K,.

For n =16, the vector v(G)=(0,10,11,0,0,6,9,8,0,8,9,6,0,0,11,10)



is a symmetric starter of an ODC of K, by G=(C,U" S,)Ul6K, as shown in
Figure 8.

1
0y @ 20 30 4 50 8 Ty 8 % 10,11, 12,13, 14,15,

0 =0
o o 00 () e 06 0 0

4 [ ] °
2,3, 4, 5, 6, 7, 8, 9,10, 11 121131 14, 15,

0,1

[

Figure 8: A symmetric starter of an ODC of K¢ ¢ by G =(C, U S, )U16K,.
From now on, assume that n #14,16. Consider the vector

v(G)=4,n-1,2,9,0,1,n-2,5,n—-4,n—-5n-6,...,14,13,12,5,10,1,0,9, 2, n—1)
that is
4 i=0,or
n—1 i=l,n-1,or
2 i=2,n—2,o0r
9 i=3,n-3,or
0
1
5

n(©)= i=4,n—4, or
i=5n-5,or
i=7,n-17,or
n—i+4 otherwise.
Hence
4 =0, or
n-—1 i=1ln-1,or
2 i=2,n-2,0r
v (G) = 9 i=3,n-3,or
0 i=4,n—4, or
1 i=5n-5,or
5 i=7,n-7,or
i+4 otherwise.
Then we get

i i=0,1,2,3,4,5,7,n-1,n-2,n-3,n—4,n—-5,n-7, or
—i  otherwise.

vl.(G)—v_l.(G)+i={

This implies {v,.(G)—v_,.(G)+i:ieZn} =Z%Z,, so by Theorem 2.3 it is a
symmetric starter of an ODC of K, by G=(C, U S, )unk,. Note that the i-th

graph isomorphic to G =(C,, " S, ,)unkK,, n>13,and n 14,16 has the edges:



UG+ )i} j=2n=1} U

{{(HJ)O, (i+4),}: j:0,2,4,10,12,13,15,17,18,...,n—2}u

U+ 1) (1+6),}: =19 O f{(i+ 1), .(i+12) } 1/ =5.9} U
G+ 7)o (i+13) 1 =00} {5+ /), (i+n=2) }: j=5,n-1}.

For illustration, Figure 9 shows the symmetric starter of an ODC of K,,, by
G=(C,U" S;)Ul7K, and W(G)=(4,16,2,9,0,1,15,5,13,12,5,10,1,0,9, 2, 16).

l+]

Proof of Theorem 1.1. For m =4 the statement was already proved in [1]. For
6<m<12, m<n, Lemmas 3.1 to 3.4 provide symmetric starters of an ODC of K,

by G=(C, 'S

n—-m

)unK, withrespectto Z .

Figure 9: A symmetric starter of an ODC of K,,,, by G =(C,, U" S5)U17K,.

4.0DCof K, , by C, US, , U(n-DK,

In this section, we will construct symmetric starters of an ODC of K, 6 by

G=C,uS, , u(m-1DK, (the disjoint union of a cycle and a star and n-1 1solated
vertices) where m=4,8 and m <n. The following two lemmas take care of cases
m =4 and m =8 separately.

O 1,2, 3
o0 0 o

(=)

0,1, 2,3 4 56 7 89 10

1

Figure 10: A symmetric starter of an ODC of K|, by G =C, U S, U10K,.
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0010303 4, 5, 60208090

L
0111 21 31 41 51 61
Figure 11: A symmetric starter of an ODC of K ,,, by G=C, U S, UIK,.

Lemma 4.1. For each integer n>5, there exists a symmetric starter of an ODC of
K, , by G=C,uS§, ,un-DK,.

Proof. Assume first that n is odd, say n =2h+1. Define v(G) as follows:
h+2 i=h-1,h,or

v(G)=1h i=h+1,h+2, or
h+1 otherwise.
Hence
h+2 i=h+1,h+2, or
v (G)=1<h i=h—1, h,or
h+1 otherwise.
Therefore
h+1 i=h-1,or

h+2 i=h,or
v(G)—v (G)+i=1h-1 i=h+1, or
h i=h+2,or
i otherwise.

This implies {v,(G)—v_(G)+i:ie€Z,}=Z,. Thus by Theorem 2.3
v(G) is a symmetric starter of an ODC of K, , by G=C, U S, ,u(n—-1DK,.
Note that the i-th graph isomorphic to G=C,US, , U(n—-1)K, has the following
edges: {G+n), i}, i, G+h+2) ), {G+h+2)y, 0}, {iy, ((+h),) and
{(+h+1),, (i+ )} where j=3,4,5 ..., h-2,h—1h h+l,...,n-2. Figure 10
shows a symmetric starter of an ODC of K|, ,, by G=C, U S, UI0K,.

Assume now that n is even, say n = 2h . Define the vector
v(G)=01,h,n-1,n-2,n=-3,...,h+4, h+3,0, h+1,0,h—-1,h-2,...,4,3, h)eZ’
as follows:

h i=1,n-1,or
v,(G)=40 i=h-1,h+1, or
2h—i+1 otherwise.
Hence

11



h i=1, n-1,or
v .(G)=10 i=h-1,h+1, or
i+1 otherwise.
Therefore

_ {i i=Lh—-1h+1,2h—-1, or
V(@) —v (G)+i=1 . :
—i otherwise.
which implies {V,- (G)-v ,(G)+i:ie Zn} =7, . By Theorem 2.3, v(G) is a symmetric
starter of an ODC of K, , by G=C,US,_, U(n-1)K,.
Note that the i-th graph isomorphic to G=C,US, ,u(n—-1K, has the
following edges:
{io,(i+h—1)1},{(i+h—1)l, (i+h)0}, {(i+h)0, (i+h+1)1}, {(i+h+1)l, io} and
{G+ /), (+1),} where j=1,3,4,5,....,m=2,m—1, m+1,m+2,...,n—1. Figure 11

shows a symmetric starter of an ODC of K, by G=C, US, UK.

Lemma 4.2. For each integer n>9, there exists a symmetric starter of an ODC of
K, by G=C,US, ;U(n-DK,.

Proof. Define the vector v(G) as follows:

0 i=2,4,or

2 i=1,3 or
v.(G)=48 i=n-3,n—4,or,

4 i=n—-1,n-2,or

1

otherwise.

Hence

i=n—-2,n—4,or
i=n—1,n-3, or
i=3,4, or

i=1,2,or

V—i(G) =

_ BN o0 N O

otherwise.

Therefore
—i i=1,2,3,4,n-1,n-2,n-3,n—4, or
vi(G)—v (G)+i=1.
i

otherwise.

12
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0,1,2,3,4,56,7,8,9, @04, (n3) n2), (n-l),
Figure 12: A symmetric starter of an ODC of K, , by G=C, U S, U(n—1K,.

which implies {v,. (G)-v ,(G)+i:ie Zn} =7,. By Theorem 2.3 v(G) is a symmetric
starter of an ODC of K, , by G=C,US, ;U (n-1K,.

As shown in Figure 12, note that the i-th graph isomorphic to
G=CGuUS, ;u(n-1K, has the following edges:

G+ Do (+2),}: =0, 4 Ol{(i+ )y, (1+3),}:j =2, 4} L
G+ o (+5),}: =2, 8y U{{(i+ ). (i +4),}:j=0,8} L
{G+D)y, i+ )),}:1,6,7.8, ..., n—4}.

Proof of Theorem 1.2. For m=4,8 and m<n, Lemmas 4.1 to 4.2 provide
symmetric starters of an ODC of K,, by G=C, US,_ U(n—-1)K, with respect to
Z,.

n

In addition to the above results, the following result can be deduced.

Proposition 4.3. For each integer n>17, there exists a symmetric starter of an ODC
of K,, by G=C,LUS VS, ,U(n-2)K,.

b3

o oo
19,6, 7, 8,9, (0-2); (n-1),
Figure 13: A symmetric starter of an ODC of K, , by G=C, U S, US, _,U(n-2)K,.

Proof. For each integer n > 7, the vector v(G) defined below is a symmetric starter of
anODCof K, , by G=C,US US,_,U(n-2)K,.

i=0,or
i=1l,n-2,or
i=2,3, or

i=n-3,n-1,or

Vi(G) =

wW N O K~ =

otherwise.

13



Hence

i=0,or
i=n-1,2,or
v . (G)= i=n-3,n—-2,0r

i=1,3, or

w N O b~ =

otherwise.

Therefore

—I i=1,2,3,n-1,n—2,n-3, or
vi(G)—v (G)+i=1.

i otherwise,
which implies {vl.(G) v, (G)+i:ie Zn} =7, . By Theorem 2.3 the vector v(G) is a
symmetric starter of an ODC of K, by G=C,US, US, _, U(n-2)K,. As shown in
Figure 13, note that the i-th graph isomorphic to G=C,uS,US ,u((m-2)K, has
the following edges:

{G+ s (+2),} 17 =0, 4 O{{(i+ 1), G +5),}: /=4, 6} U

{G+ Do (+3),}:7=0,6} O{(i+1),, (i +1),} U

{G+3)y, i+ ), }:j=7.8,9,....n—1}.
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