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Abstract

We prove a local version of Fefferman-Stein inequality for the local
sharp maximal function, and a local version of John-Nirenberg inequal-
ity for locally BMO functions, in the framework of locally homogeneous
spaces, in the sense of Bramanti-Zhu [3].

1 Introduction

Real analysis and the theory of singular integrals have been developed first
in the Euclidean setting and then in more general contexts, in view of their
applications to harmonic analysis, partial differential equations, and complex
analysis. Around 1970 the theory of spaces of homogeneous type, that is quasi-
metric doubling measure spaces, started to be systematically developed in the
monograph by Coifman-Weiss [10] and was successfully applied to several fields.
Much more recently, some problems arising from the quest of a-priori estimates
for PDEs suggested that real analysis would be a more flexible and useful tool
if its concepts and results were stated also in a local version. The meaning
of this localization is, roughly speaking, the following: we want an abstract
theory which, when applied to the concrete setting of a bounded domain Q C
R™ endowed with a local quasidistance p and a locally doubling measure du
(typically, the Lebesgue measure), brings to integrals over metric balls B, (z)
properly contained in €, and never requires to compute integrals over sets of
the kind B, (z) N §2, as happens when we apply the standard theory of spaces
of homogeneous type to a bounded domain 2. These versions, however, are
not easily obtained a posteriori from the well established theory; instead, they
require a careful analysis which often poses nontrivial new problems.

For instance, global LP estimates for certain operators of Ornstein-Uhlenbeck
type were proved in [2] using results from a theory of nondoubling spaces, de-
veloped in [1], which in particular applies to certain locally doubling spaces.
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Bramanti-Zhu in [3] developed instead a theory of singular and fractional in-
tegrals in locally doubling spaces; these results were applied in [4] to the proof of
LP and Schauder estimates for nonvariational operators structured on Hérmander’s
vector fields.

The aim of this paper is to continue the theory of locally doubling spaces, as
started in [3], with two main results: a local version of Fefferman-Stein’s theorem
regarding the sharp maximal function, and a local version of John-Nirenberg
inequality about BMO functions. The first of these results, in its Euclidean
version, is a key ingredient of a novel approach to the proof of LP estimates
for nonvariational elliptic and parabolic operators with possibly discontinuous
coefficients, first devised by Krylov in [16]; the present extension can open the
way to the application of these techniques to more general differential operators,
as shown in [5].

Comparison with the existent literature and main results. The “sharp
maximal function” was introduced in the Euclidean context by Fefferman-Stein
in [13], where the related L? inequality was proved. In some spaces of general-
ized homogeneous type, this operator has been introduced and studied by Lai
in [17]. Local sharp maximal functions have been studied by several authors
(with different definitions). Here we follow the approach of Iwaniec [14] who
proves, in the Euclidean context, a version of local sharp maximal inequality.
His proof relies on a clever adaptation of Calderén-Zygmund decomposition,
and the striking fact is that this construction can be adapted quite naturally
to the abstract context of locally homogeneous spaces, exploiting the proper-
ties of the “dyadic cubes” abstractly constructed in this framework in [3]. Our
first main result is the sharp maximal inequality stated in Theorem 3.4. This
statement involves dyadic cubes and the dyadic local sharp maximal function
(see Definition 3.3); since, however, these “cubes” are abstract objects which in
the concrete application of the theory are not easily visualized, it is convenient
to derive from Theorem 3.4 some consequences formulated in the language of
metric balls and the local sharp maximal function (defined by means of balls, in-
stead of dyadic cubes, see Definition 3.5). These results, more easily applicable,
are Corollaries 3.7, 3.8, 3.9.

The space BM O of functions with bounded mean oscillation was introduced
in [15], where the famous “John-Nirenberg inequality” is proved. Versions of
this space and this inequality in spaces of homogeneous type have been given
by several authors, starting with Buckley [6] (see also Caruso-Fanciullo [7] and
Dafni-Yue [11]). To adapt this result to our context, we follow the approach
contained in Mateu, Mattila, Nicolau, Orobitg [18, Appendix], see also Castillo,
Ramos Ferndndez, Trousselot [8]. Our main result is Theorem 4.2, with its useful
consequence, Theorem 4.5, stating that we can equivalently compute the mean
oscillation of a function or its LP version for any p € (1, 00), always computing
averages over small balls.

Plan of the paper. Section 2 contains some basic facts about locally doubling
spaces; in Section 3 the local sharp maximal function is studied and several LP



inequalities are proved about it; in section 4 the local John-Nirenberg inequality
is proved.

2 Preliminaries about locally homogeneous spaces

We start recalling the abstract context of locally homogeneous spaces, as intro-
duced in [3].

(H1) Let €2 be a set, endowed with a function p:  x Q — [0, 00) such that
for any x,y €

(a) p(z,y) =0z =y;

(b) p(z,y) = p(y, ).

For any x € Q,r > 0, let us define the ball

B(z,r)={yeQ:p(x,y) <r}.

These balls can be used to define a topology in €2, saying that A C € is open if
for any x € A there exists r > 0 such that B (z,r) C A. Also, we will say that
E C Q is bounded if F is contained in some ball.

Let us assume that:

(H2) (a) the balls are open with respect to this topology;

(H2) (b) for any € Q and r > 0 the closure of B (x,r) is contained in
{yeQ:p(a,y) <r}.

It can be proved (see [3, Prop. 2.4]) that the validity of conditions (H2) (a)
and (b) is equivalent to the following:

(H2") p(x,y) is a continuous function of z for any fixed y € Q.

(H3) Let p be a positive regular Borel measure in €.

(H4) Assume there exists an increasing sequence {Q,,}, -, of bounded mea-
surable subsets of €2, such that:

Ua. =2 (2.1)

and such for, any n =1,2,3,...:
(i) the closure of ,, in € is compact;
(ii) there exists €, > 0 such that

{r € Q:p(z,y) < 2e, for some y € Q,} C Qpp1; (2.2)

We also assume that:
(H5) there exists B, > 1 such that for any z,y,z € Q,

p(z,y) < B (p(x,2) +p(2,9)); (2.3)
(H6) there exists C;, > 1 such that for any € Q,,,0 < r < &,, we have
0 < p(B(z,2r) < Chu(B(x,r)) < oo. (2.4)

(Note that for x € Q,, and r < &, we also have B (x,2r) C Q,41).



Definition 2.1 We will say that (Q,{Q,},—,,p,p) is a locally homogeneous
space if assumptions (H1) to (H6) hold.

Dependence on the constants. The numbers ¢, B,,, C,, will be called “the
constants of €2,,”. It is not restrictive to assume that B,, C,, are nondecreasing
sequences, and €, is a nonincreasing sequence. Throughout the paper our esti-
mates, for a fixed €2, will often depend not only on the constants of §2,,, but
also (possibly) on the constants of Q,,11,Qp12, Qnt3. We will briefly say that
“a constant depends on n” to mean this type of dependence.

In the language of [10], p is a quasidistance in each set €2,,; we can also say
that it is a local quasidistance in ). We stress that the two conditions appearing
in (H2) are logically independent each from the other, and they do not follow
from (2.3), even when p is a quasidistance in 2, that is when B, = B > 1 for
all n. If, however, p is a distance in Q, that is B, = 1 for all n, then (H2) is
automatically fulfilled. The continuity of p also implies that (2.3) still holds for

7,1,z € Q,. Also, note that p (Q,) < oo for every n, since §,, is compact.

The basic concepts about Vitali covering lemma, the local maximal function
and its LP bound can be easily adapted to this context:

Lemma 2.2 (Vitali covering Lemma) Let E be a measurable subset of Qy,

and let {B (zx,7x)}rep be a family of balls with centers xx € Qp and radii

0<ry <ry, =2,/ (QBn_H + 3B721+1), such that E C U B (zx,75). Then one
AEA

can select a countable subcollection {B (x,\j,r,\j)}(;o of mutually disjoint balls

=1
so that -
EC | JB (xa,, Kury,) (2.5)
j=1
with K, = (QBnH + SBTZLH) and, for some constant ¢ depending on €,

oo

D (B (rms)) = eu(E). (2.6)

j=1
We can then give the following

Definition 2.3 Fir Q,,Q,1 and, for any f € L' (Q,,41) define the local max-
imal function

1
Ma, 0,0 f ()= sup 7,/ () dp () for = € D
o B(T,T)BIIJ’(B (E,’I’)) B(z,r)
r<rp

where r, = 2,/ (2Bn+1 +3B,21+1) 1s the same number appearing in Vitali
Lemma. (Actually, the following theorem still holds if this number r, is re-
placed by any smaller number).



Then (see [3, Thm. 8.3]):

Theorem 2.4 Let f be a measurable function defined on Q1. The following
hold:

(a) If f € LP (Qpq1) for some p € [1,00], then Mg, a, .. f is finite almost
everywhere in Q. ;

(b) if f € L* (Qny1), then for every t > 0,

p({r €@ (Moo, )@ > < T [ Ifw)ldu):

Qny1

(c)if f € LP(Qnq1), 1 <p< oo, then Mg, a,..f € LP(Q,) and
HMQ7HQH+1fHLP(Qn) S Cn,p ||fHLp(Qn+1) -

By standard techniques, from the above theorem one can also prove the
following:

Theorem 2.5 (Lebesgue differentiation theorem) For every f € L} . (Qp11)
and a.e. x € ), there exists

. 1 —
rgr&lL(B(aw“))/B(x,r)f(y)dﬂ(y)_f( ).

In particular, for every f € L}, . (Qn41) and a.e. z € Qy,

[f (@) < Ma, 0, f (z).

A deep construction which is carried out in [3, Thm. 8.3], adapting to
our local context an analogous construction developed in doubling spaces by
Christ [9] is that of dyadic cubes. Their relevant properties are collected in the
following:

Theorem 2.6 (Dyadic cubes) (See [3, Thm. 3.1]). Let (0, {Q,}>—,,p, 1)
be a locally homogeneous space. For any n =1,2,3, ... there exists a collection

A, ={QFck=1,23.,a€l}

(where Ij; is a set of indices) of open sets called “dyadic cubes subordinated
to Q,” , positive constants ag,cq,c1,¢2,0 € (0,1) and a set E C Q,, of zero
measure, such that for any k =1,2,3... we have:

(a) Vo € Iy, each QF contains a ball B (2, agd") ;

(b) U Q C Qs

a€ly

(c)Va € I, 1 <1 < k, there exists Qlﬁ 2 QF;

(d) Vo € I, diam (Qﬁ) < 10 and@ CcB (z'oi,clék) C Qpao;

(e)ézkﬁVaelk,ﬁEIg,Qg cQ* OTQ%QQ’; = ()



() 2w\ |J @k c B
a€ly )
(9)Va € I, x € QX \ E, j > 1 there exists Q>

(h)

p(B(2,2r) N QL) < cop (B(z,r)NQY) (2.7)
for any x € QX \ E,r > 0. More precisely, for these x and r we have:
& cop (B (z,7))  forr < 6k
(B (z,r)nQk) > { con (QF) forr > & (2.8)

The sets Q¥ can be thought as dyadic cubes of side length §%. Note that
k is a positive integer, so we are only considering small dyadic cubes. The
cubes {Qﬁ} are subordinated to a particular €),,, meaning that they essentially
cover ), (that is, their union covers €, up to a set of zero measure) and are
contained in €2,,11. Note that the cubes Q and all the constants depend on n,
so we should write, more precisely

{Q,(f)’k}ae[(n) 5 0(n)3 @0, (n)» €0,(n)> C1,(n)s €2,(n)>
k

but we will usually avoid this heavy notation.

In the proof of the above theorem, ¢ is chosen small enough, so it is not
restrictive to assume ¢10 < 2¢,41, which implies that the ball B (zﬁ,clék)
appearing in point (d) is C Qp42. (We remark this fact because in [3] the
inclusion B (2%, ¢10%) C Qy42 is not stated).

Point (h) contains a crucial information: the triple (Qg,p, d,u) is a space
of homogeneous type in the sense of Coifman-Weiss, that is the measure p of
p-balls restricted to QF is doubling. Note that in our context this property could
fail to be true, instead, for the measure p of p-balls restricted to a fized p-ball.

We will also need the following:

Lemma 2.7 (Covering Lemma) For every n and every positive integer k
large enough, the set 2, can be essentially covered by a finite union of dyadic
cubes Q¥ (subordinated to Q0,1 1) with the following properties:

(Z) ngt CcB (z,’;,clék) C Qn+1

(ii) B (2%, c10%) C FF (essentially), F¥ C B (2%,c6F) C Q41 where the
set F* is a finite union of dyadic cubes an , hence F¥ is a space of homogeneous
type, that is satisfies (h) of the previous theorem.

Proof. Since the whole 2,1 can be essentially covered by the union of the
dyadic cubes Q¥ subordinated to Q,,41, Q,, is essentially covered by a subfamily
of these. By (d) in the previous theorem, for each Q¥ of these cubes, there exists
a ball B (z,’;,cldk) such that Q* ¢ B (z,’;,clék) C Q2. However, since QF,
and then B (zloi, 015]“), contains a point of ,,, for k large enough B (zg, 01(5’“) C
Qpn41, that is (i) holds.

Let F* the union of all the dyadic cubes QZ intersecting B (z(’;, c1 (5’“). Since
B (2, c10%) C Q41 which is essentially covered by the union of all the dyadic



cubes Qg, then B (2%, ¢16%) is essentially covered by FY¥. Since, by (d) in the
previous theorem, diam (QE) < ¢16%, and each Qg contained in F* intersects

B (z(’;, 61(5’“), diam F* is comparable to 6%, so F¥ C B (z(’;,c’ék), which is again
contained in €,41, for k large enough, since the ball contains a point of €2,,.
Finally, any finite union of dyadic cubes satisfies the doubling condition, by
(2.7) and [3, Corollary 3.9]. m

3 The local sharp maximal function

As we have explained in the Introduction, the proof of the sharp maximal in-
equality will be achieved following the approach in [14], which exploits a suitable
version of Calderén-Zygmund decomposition. We start proving in the context
of locally homogeneous spaces the following decomposition lemma.

For any measurable set E and function f € L! (E), let

fE=;3|/Ef~

Lemma 3.1 For fized Q,,Qn1 we consider the family A, of dyadic cubes

built in Theorem 2.6. Let Qil be a fized dyadic cube (“of first generation”)

and let f € L' ( ! ) For any A > a = |f|Q1 there exists a countable family
ay

a1
Cy= {ij}j:l o of pairwise disjoint dyadic subcubes of QF,, such that:
(i) A< \f|QM <cp) forj=1,2,..;
(i) if A > p > a then each cube Q) ; is a subcube of one from the family C,,;

(ii) | f (z)] < X for a.e. x € QL. \U@Qx;;
j

(i) 32;1@x] < Hx €QL : Mf(x) > %}
(0) |{z € Ql, - MJ (2) > A} < e 5, 1Qn

where ¢, e are constants > 1 only depending on n and we let for sim-

plicity

)

Mf = MQH+1,Qn+2 (fXQéq)

(i.e., the local mazimal function is computed after extending f to zero outside
1

o)

Remark 3.2 As will be apparent from the proof, this lemma still holds if instead
of a fixed dyadic cube Qél of the first generation we fix a cube Q’;‘LD of some fized
generation kg > 1. Throughout this section we will stick to the convention of
considering Q}Xl a cube of first generation, just to simplify notation, however we
must keep in mind that the results still hold under the more general assumption
on Q’;(;m. Or, saying this with other words, we can think that the cube Qél
appearing in Theorem 3.4 and Corollaries 3.7 and 3.8 has diameter as small as
we want.



Proof. By point (c¢) in Thm. 2.6 for every dyadic cube Q C Q}ll there exists
an increasing chain of dyadic cubes

Q=QL CcQt! c..cq.,. (3.1)

For a fixed A > a = |f|Q1 , in order to define the family C, we say that Q € C,
al
if, with the notation (3.1),

A <|flg and [|f

Qi SAfors=12,. k-1

Note that any two cubes in Cy are disjoint, otherwise by point (e) in Thm. 2.6
one should be contained in the other, so they would be two different steps in
the same chain (3.1), which contradicts our rule of choice. Let us show that Cy
satisfies properties (i)-(iv).

(i). For @ = QF € Cy, by construction, A < | flg and ‘lefile < A hence

k—1
flo < e |f|<‘ L ok < enh
< < k-1 X Cp
Q= k| a1, |Qk, [ 7 erm

since by points (a) and (d) in Thm. 2.6,

B (ZZ7a05k) C Q’;k C Qg;}l CcB (zk_l clék_l) ,

Qp—1)

hence by the locally doubling condition

k—1
‘Qak—l <
S Cn
|k, |
for some ¢,, only depending on n (in particular, independent of k). Hence (i) is

proved.
(ii). For Q@ = Q% € Cx, A > 11 > a we have

|f|Q§k>/\ZN

hence in the chain (3.1) there is an [ such that [f|5 > p,[f|g-1 < p. This
ap ap_1

means that in the chain (3.1) there is a cube Q' = fxl €C,,and Q' D Q.
(iii). Let x € chxl \U®Q»,; and let @ be any dyadic cube such that z € Q C
J
%, - Consider again the chain (3.1) starting with Q. By our choice of x, none of
the cubes Qfxl in this chain belongs to Cy, and this means that |f|Ql < A. Then
ay

by point (g) in Thm. 2.6, for a.e. z € Q}, \ UQx,; there exists a decreasing

J
sequence of dyadic cubes {Q!, } such that |flg: < A and nQl, = {=}. By
, L ,

Lebesgue’s differentiation theorem, (iii) follows.



(iv). Let
fr(@) = sup [f]g-

TEQEA,

In the previous point we have proved that for a.e. = € Qél \U@Q»,; and dyadic
J

cube @ such that z € Q C Qj,,, we have | f|, < \. Hence

aq?

f*(z) < Xor ae. z € QL \UQA’J».

Conversely, if z € [JQx,; then [f|o, = > A hence f*(z) > A. These two facts
j 27

mean that, up to a set of zero measure,

Uer;={zc@l, : f (2)> )}
J
hence, since the {Q, ;}; are pairwise disjoint,

Z|Q)\,j
J

However, again by points (a) and (d) in Thm. 2.6 and the locally doubling
condition,

:’{$€Q<1x1 :f*(a:)>/\}|.

f* (x) < CnMerL+1,QvL+2 (fXQ}ll) (.’L‘) = chf (37) ’

hence (iv) follows.
(v). Let Qx,; € Cx. For some k = 2,3, ..., we will have Q) ; = ’;k and by
points (a) and (d) in Thm. 2.6,

B (zg,aoék) C Q’;k CB (zfyk,clék)

for some zE. For a K > 1 to be chosen later, let KQx ; = B (2% , Kc¢16%). For

ap?

any = ¢ |JKQ»,; and any ball B = B, (T) such that z € B, (Z) and r < ry we

J
have, extending f to zero outside Q}ll if B¢ Q!

«q?

fi=f e[
\/B B\UQ)\’]’ ; BﬂQ)\’]’
J
by point (iii)
sl Y [
3:BNQx ;707 @
by point (i)

SAIBl4+ed Y Qg (3.2)
J:BNQx ;70



Next, we need the following
Claim. There exists K, H > 1 (only depending on n) such that if z ¢ [J KQx,
and B, (z) N Qx; # 0 then Qx; C By (z). '
Proof of the Claim. Recall that
B (zz,aoék) CQy; CB (zgk,clék)
KQxj =B (2, Ke16%).

o
Since B, (Z) N Qx,; # 0, in particular B, (Z) N B (2%, ag6*) # 0 hence
p (T, 2%) < Bogr (r + aod®).
Since = € B, (T),
p(z,28) < Bpyo (r+p(7,25)) < Buga (r + Buyr (1 + agd®))
and since z ¢ KQ, j,

B2 (7" + Bny1 (7“ + aoﬁk)) > K¢ 6F

2Bn41Bni2a0
c1

which, picking K = , gives

1+ B,
(1+ +1)r.

ok <
Bpii1ag

Then Qx; C B (z’ék,clék) C By, (T) for a suitable H depending on n, namely
for z € Qx 5,
p(2,%) < Buy1 (01(5’“ +p (E, zi)) < Bn41 (c15k + Bnt1 (T + aoék))
< 5 (Bn+101 + BZHaO) + B721+1’I“
< (1 + Bn+1)

B T (Bn_Hcl + B,?H_lao) + Bi_Hr =Hr,
n+100

which proves the Claim.
Let us come back to the proof of (v). By (3.2) and the Claim we have (since
the dyadic cubes in the sum are disjoint)

| 151 < AIB @) + ) B, @)

()
and, by the locally doubling condition, for < r,, small enough,
Iflg < C;L)\

for every B2 x € Q}Xl \UKQ/\J’ that is
j



for any such z, so that

{zeQl, Mf(z)>c ) C|JKQx,
J

and

J

[{z €@l : Mf(2) >} <D IKQx | <> 101
i

(]
We can now prove the following local analog of Fefferman-Stein inequality.
Let us first define a version of dyadic sharp mazimal function:

Definition 3.3 For f € L' (QL,), z € QL let

1
@)= swp —/|f—fQ|.
TIQEA, |Q‘ Q

QCQy,

Note that this definition involves only the values of f in Q(ljl1 (there is no
need of extending f outside that cube).

Theorem 3.4 (Local Fefferman-Stein inequality) Let f € L' (QL,) and

g

assume ff eLr ( (111) for some p € [1,4+00). Then M f € LP (Q}Xl) and

1/p 1/p
i ) Ly 1
(l@alr Q;I(Mf)> < enr (l@all oL UA)) +<|Qél|/czal|f|>
(3.3

3)

for some constant c, p only depending on n,p, where, as above,

Mf= MQH+1,QW,+2 (fXQ}”) :

Proof. Let a = |f |Q1 . We start proving the following estimate: for every
@l
A > 2c,a and every A > 0,

A 2
Z|QM|<erQ;1:ff<x>>A}\+A Q. (4
J QEC/2¢
Fix A > 2¢pa. By point (i) in Lemma 3.1, for any Qx5 € Ca,
A< |f|Qu < e

also, for any @ € Cy /2.,

A

A
<ep ==
|f|Q—C”2cn 2

11



so that, for such @ ; and @,

1
[Qx.j

A A
_ > _ _ A _ 4
/QM |f = fol = |f|QM |f‘Q > A 5= 73

@uil <5 [ 17 sl (35)

By point (ii) in Lemma 3.1, since A > A/2¢,, any @ ; € C, is contained in some
Q € Cy/2c,; also, the cubes Q € Cy/a,, like the cubes Q) ; € Cy are pairwise
disjoint, hence we can write

ZIQM: S 1@l (3.6)

QECH/2¢,, @x,;ECA
Q)\,jCQ

For any @ € Cy /2., , by (3.5) and since the @ ; are disjoint
2 2
Sl X [ Ur-fal=s [ 1f-fal.
Qx,jECA Qx,;ECA Qx,j Q
Qx,;CQ Qx,;CQ

Let now fix a number A > 0 and distinguish two cases:
1 A

2 A 2
E 1<ZZ01Ql==1Q|.
Qx,;ECA
Qx;CQ

b. IfﬁfQ\f—fm > 2, then for every z € Q)

A
K@) >4,
that is \
QC{JIEQ}M :ff(x)>A}

and

A
> ulslen{reat @ >3}
Qx,; ECx
Qx,;CQ

In any case we can write

A
> 1olslen{seat 2w >4+ Fal
Qx,;ECx

Qx;CQ
Adding up these inequalities for Q € Cy/a,, recalling (3.6) and the fact that
the cubes @ are pairwise disjoint, we get (3.4).

12



By (3.4) and points (v), (iv) in Lemma 3.1, we have
Hz e @y, : Mf(z) > A}

< erQil:ff(w)>;\1H+Z Z Q]

Qeck/2c"

<af ([{rean st 3|+ Z{rean wrw> 5o )
(3.7)

for any A > 0, A > 2¢,a.
We now want to compute integrals using the identity (for any F' € LP (Qiy 1) , 1<

p < 00)
/,

+oo
\F(y)|”dy:/0 ptPt {x € QL ¢ |F ()] > t}] dt.

&
Letting

p(t) =Nz eQu,  IMf(2)] > t}]
and integrating (3.7) for A € (2¢,a,N) and any fixed N > 2¢, ngl after
multiplying by pAP~! we have

N
/ pAP T (I N) dA
2

cna

N
<ar( [ owe
2cpa

Changing variable in each of the three integrals in (3.8) we get:

!N
/ ptP =L (t) dt
2

U
cncpa

1 # A 2 N p—1 A
(3.8)

< (P <Ap /+O<> ptP~! Hx QL : fX(x) > tH dt+ (3.9)
0

N
2 enep,
1 (QCnc’n)p/O2 pt? "t (t) dt) .

Using also the elementary inequality

2¢cnclla 2cnclla
/ Pt (t) dté/ P Qo | dt = |Qq, | (2encria)”,
0 0

13



together with (3.9), since ;2 < N < c//N we get

/N
/ pt? = (t) dt
0
“+ o0
< ()P e (AP/O ptp1 Hx eQL, : fE(z) > t}‘ dt
9 ) /N
—&-Z(anc;l)p/ ptP () dt | 4+ |Q4, | (2enclia)” .
0

Letting finally A = 4 (2¢,c},c!h)” ¢/’ we conclude

ncn n

/N
/ ptP L (t) dt
0
+oo
< Cnyp (/ prt{w e QL s L @) > t}|a+ QL |11, )
0 1

which implies that M f € LP (Qél) and

Mgy y < o (12 g, + 10811512, )

that is (3.3). m

We now want to reformulate the above theorem in terms of balls, instead
of dyadic cubes, to make it more easily applicable to concrete situations. This
reformulation can be done in several ways. First of all, we introduce the local
sharp maximal functions defined by balls instead of cubes.

Definition 3.5 For f € L} (Qu41), © € Qp, let

1
f& o (x)= sup ——— f= fa@n)-
Qn Qi Brse 1B (@7 B(f,,.>| @l
TEQ,,r<en

Let us compare this function with its dyadic version ff:

1
aq?

Lemma 3.6 With the above notation, for any x € Q

X (2) < enfd ., @)

for some constant c,, only depending on n. Here the function f can be assumed
either in L}, (Qq2) or in L' (QL,) and extended to zero outside Q.

Proof. For any dyadic cube Q = Q% C QL C Q41 we have (see points (a),
(d) in Theorem 2.6)

B (zF,a06%) c Q C B (2, ,c16%) C Qo

14



Let us briefly write By, Bs in place of B (zﬁ, aoék) , ( ak,clék) Then by the
locally doubling condition
|Bs| < |Bz|

<cn
QI ~ 1Bl

and we can write

1 1
|Q|/Q|f—fQIS|Q/BQ|f—fQI
1
§0n|32|/32|fo|

(1 f — foal +1fo — f32|>

|Ba2| /g,
Also,
1
|fQ_fBz|_’K?|/ f fBz |Q|/ |f fBz|
1
SCH@ 5, |f — fB.]
hence

1 1
@/Q|f—fQ|§Cn(1+Cn)32|/B2|f—f32

and the assertion follows. m

Exploiting the previous Lemma and Theorem 2.5 we can now rewrite the
statement of Theorem 3.4 as follows:

Corollary 3.7 Let f € L! (Q:}l) and assume fé’iﬂ’ﬂnﬁ
p € [1,+00). Then f € LP (Q}Xl) and

1
(\Qa P |,,>
1 2\ 1
Scn,p (W o (f§n+1,ﬂn+2>> + (’62(11‘ o f|>

for some constant cp p only depending on n,p. Here M is defined as in Theo-
rem 3.4 and, again, the function f can be assumed either in L}, . (Qy42) or in
L' (QL,) and extended to zero outside Q.

e Lr (Qél) for some

1/p

The following is also useful:

Corollary 3.8 Let By C Q}Xl C Bs with By, Bs concentric balls of compara-
ble radii (like in the proof of Lemma 8.6) and assume that f € L' (Bs) with

15



f;;&nﬂ’ng € LP (QL,) for some p € [1,400) and fp, =0 (where the function f

can be assumed either in Li,, (Qy42) or in L' (B2) and extended to zero outside
Bs). Then f € LP (QL,) and we have

1 1/p » 1/p
P #
<’Q ‘ o |f> <c (’Q ‘ Ql (fﬂn+179n+2) )
ay
1/p 1/p
1 » / 1 # b
< -
(|Bl| ‘fl ) — cn7p (|BQ| B <an+1;Qn+2) )

for some constants ¢y, p, ), p only depending onn,p. Also, removing the assump-

tion fp, =0 we can write

1 1/p 1 # p 1/p
/
<|B | |f fle ) < Cn.p (|BQ| B, <f9n+1,9n+2> ) :

Proof. We can write

|/ |f| |Q |/ |f fBz'—Cn|B ‘/ |f fBz|—c7lan+1a Q2 (J?)

for every x € Bs. Averaging this inequality on Qil we get

A fo M=oy [, e n<‘Q Ly () )1/,,

so that, by recalling Corollary 3.7

1 1/p 1 » 1/p
W) e o [ ()]
(\%1 Q1 Q4| Jou, \ Tt

which also implies the second inequality, by the locally doubling condition and
the comparability of the radii of By, Bo. m

Although, in the previous Corollary, the second inequality has the pleasant
feature of involving balls instead of dyadic cubes (however, note the two different
balls appearing at the left hand side of the last inequality), remember that we
cannot choose these balls as we like, since they are related to dyadic cubes.

In concrete applications of this theory, we could use this result to bound
£l Lo (,)- To this aim, recall that the domain €;, can be covered (up to a zero
measure set) by a finite union of dyadic cubes of the kind Qal, but £2,, is not
covered by the union of the corresponding smaller balls B;. We then need to
improve the previous corollary, replacing the dyadic cube @ on the left hand
side with a larger ball:

Corollary 3.9 For any n and every k large enough, the set 2, can be covered
by a finite union of balls Br (x;) of radii comparable to §* such that for any

16



such ball Br and every f supported in Br such that f € L' (Bg), fBR f=0,

and f§n+ e L (Qn41) for some p € [1,00), one has

2,2n43 loc

#
||f||LP(BR) S Cn,p Hf£2n+279n+3 LP(BVR)

with v > 1 absolute constant.

Proof. Applying Lemma 2.7, let us (essentially) cover €, with a finite union
of dyadic cubes

QF C B(zF,c16") c FE c B (zE,d6%)
(where the inclusion B (zﬁ,clék) C FF is only essential). We claim that the
balls B (zft, c1 5’“) are the required covering of €2,,. To see this, let f be supported
in B (z’(j,clék) and with vanishing integral. Then the same is true for f with

respect to the larger ball B (zfm 6'5’“). We can then apply Corollary 3.8 to each
dyadic cube Qg which constitutes F¥, writing:

1/p
1 » 1 ” P
— <enp | — f
- n+42,%4n
‘Qk /Qk|f| n,p Qk /Qk<§l 2,0 +3)

(note that the local sharp function is fﬁn“ﬂn% because we are using dyadic
balls related to Q,1), that is

P # P
/Qk ‘f| < c;?l,z) /Qk (an+27Qn+3) :
B B

Adding these inequalities for all the cubes Q’g in F* we get

1/p 1/p
(/ f|”> < (/ |f”>
B(zE ,c16%) FE
» 1/p » 1/p
# #
< <
e[ )] e ([ ()

which is our assertion, with R = ¢;6*,v =¢/c;. =

1/p

4 Local BMO and John-Nirenberg inequality

We start defining the space of functions with locally bounded mean oscillation
in a locally homogeneous space:

Definition 4.1 Let f € L'(Q,11). We say that f belongs to BMO(S2,,,Q,41)
if

1
= su —_—
f1n meszn,rpgzen w(B(z,r)

/ ‘f(y) - fB(w,T)‘d/JJ(y) < 00.
B(z,r)

17



The main result in this section is the following.

Theorem 4.2 (Local John-Nirenberg inequality) There exist positive con-
stants by, R, such that Vf € BMO(Qy,, Qnt1) and for any ball B(a, R), with
a €y, and R < R, the following inequality holds true

1 ({z € B(a,R) : ’f( ) — [B(a, R)’ >A}) < 2e T (B(a, R)) VA>0. (4.1)

Remark 4.3 As will appear from the proof, the constant R, is strictly smaller
than the number 2e,, appearing in the definition of BMO(Qy,, Qp41). Explicitly,

we will see that
2en,

Bny1 (3B2,, +3Buy1i +1)

R, = (4.2)

Proof. We can assume [f], = 1, since (4.1) does not change dividing both f
and A for a constant.
Let
K, =2Bn41+3B2

be the constant appearing in Vitali covering Lemma 2.2,

3

R, = 2.
Qn

Let a € Q,, R < R, and let S = B(a,R) (since R < €,, S C Q,41). The
proof consists in an iterative construction.

Step 1. We will prove that there exists a family of balls {S;}72, C S and
constants ¢, \g > 1 depending on n such that:

i)
{veS:|f(z)— fs| >} C [ J S C5;
j=1

ii)

oo

Zu

w(S);

l\D\»—A

iii)
|fS - fS_7‘| S C)\O

To prove this we start defining the maximal operator associated to .S letting,
for any x € S,

Mg f(x) :sup{u(lB)/Bf(y) — fs|du(y) : B ball,x € B,B C anS}

where a, S = B(a, @y R) C Qp41 since a, R < 2¢,,.

18



We claim that there exists A = A(n) > 0 such that for all ¢ > 0

p(fo €S Msj(x) > 1)) < 2u(s). (4.3)

To show this, let t > 0 and let
c={zeS: Msf(x) >t}

For every x € U; there exists a ball B, such that x € B, C a,,S and

p(B) < ¢ [ 11w = sl

Now, by Vitali Lemma 2.7 there exists a countable subcollection of disjoint balls

{B(z;,7;)} such that
U; C U B(x;, Kpry) .
i=1
21 B(xi,7i) C apS C Qpy1, for some

Then, since by definition of S and Mg f,
constant A = A (n) which can vary from line to line we have

) i B(x;, K1) <Az,u (z4,73))
=1

GB (i, Kpr;

i=1

A A
S ar-ssdan= |

B(xi,r:) U‘i’ilB(x,;,m)
If—thu+/S

1(Ut) Su(
|f — fsldp

‘fanS _de/J’}

- i=1
sé/ sl { [

<5 {M(an W + 1(@nS)|fs = fansl}
< 2 (@S fln
< ?M(S)

where we exploited the assumption [f],, = 1. Hence (4.3) is proved
Let now \g > A, we consider the following open set

U={$€SIMSf(33)>/\0}.

We have, by (4.3),
p(UNS) =plU) < —p(S) < u(s),

from which
SNUC#(.
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Then for any x € S we set
1 C
r(z) = 2—np(x7 Ue) vzel.

If z,y € S we have p(z,y) < 2B,+1R. Then Vz € U (taking a point y € U¢N S
in the following inequality)

R
< < 2B, 1R< =
’l"(.’l?) = 2Knp(x,y) = 2Bn+1 (2 +3Bn+1) +14t = 5
If y € Bz, K,r(x)) for some z € U, we have
Py, @) < Knr(@) = 57=p(@,U°) < p(,U°)
n
then y € U, from which
B(z,K,r(z)) CU. (4.5)
On the other hand
Uc |JB(r) (4.6)

xzeU

and from the Vitali Lemma there exists a countable sequence of disjoint balls
{B(z;,7;)} (rj = r(x;)) such that

L)
U C U B (xj,Knrj)

j=1

which by the inclusion (4.5) means that

U=J B, Kur;). (4.7)
j=1
Moreover B(z;,3K,r;) NU® # 0 Vj € N and B(z;,3K,r;) € a,S since
Ay = Bn+1 (312(n =+ 1)
If y € B(z;,3K,r;) NU®, then M, f(y) < Ao and

o
e f — fsldu < Xo. (4.8)
w(B(x;, 3Knr;)) B(x;,3K,7;) 0

‘We now set
Sj = B(zj, Knrj)

and we have, by (4.8)

1
e = du —
|fs — fs,] |M(Sj)/sjfu fs
C

< -
= (Bl 3Ky,rj)) /B<zj,31<nrj)

1
< u(&)[s [ fsldp  (4.9)

|f = fsldu < cho
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which is point iii).
By the differentiation theorem we have that for a.e. = € S\ U;S; (that by
(4.7) implies that = € U° so that Mg f(x) < Ao)

|f(x) = fs] < Ao.

This means that

{res:[fl@)—fsI>Nrc|Js;cs

j=1

which is point i).
Moreover, by the doubling property (H7) and (4.4),

o oo o)
> uS)) < e uBay,ry)) =en | | Blag,ry) | <
j=1 j=1 j=1
A 1
< eulU) < e () = 1 (S).
Ao 2
having finally chosen Ay = 2¢A, so that also point ii) is proved and step 1 is
completed.
Step 2 consists in doing the same construction on each ball S; constructed
in Step 1, which allows to conclude that, for every j; = 1,2, ... there exists a
sequence of balls {S;,;,}>_, C S;, such that (for the same constants ¢, A\g of

jo=1
Step 1)
i)
{ze S, [f@)—fs,| >N} | Sija € Siis
jo=1
ii)

i 1
> i(Sh) < PLAGIIE

Jj2=1
iii)
’fsj - fsjl]é‘ S C)\O'

Point ii) of Step 2 and Step 1 imply

> 1 & 1
D w(Sis) <5 ) u(S) < gu(S)
J1,J2=1 ji=1

Also, point i) of Step 2 and point iii) of Step 1, imply that for a.e. = € S;, \
Ul Sj1j27

Jj2=

[f(z) = fs| < |f(x) = fs,, |+ |Fs;, — fs] < Ao+ cho < 2¢Ao
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which means that

{z €8t |f() = fs| > 2eho} € | Sijo C Sy (4.10)

Jj2=1

However, point i) of Step 1 implies

{ze€S:|f(x) = fs| > 2} C{z e S:|f(z) = fs| > X} C | S

ji=1
hence (4.10) rewrites as
{zeS:|f() = fs|>2ch}C |J Sii
J1,d2=1
and, letting Ay = c\o,
1
p{r €S |f(@) — fs| > 20}) < 1 (S). (4.11)

Relation (4.11) summarizes the joint consequences of Steps 1 and 2.
Proceeding this way the iterative construction, at Step N we will have that:

pl{r € S 15() ~ fsl > NA)) < 5n(S). (412)
Now, let A > 0. If A > Ay, let NV be the positive integer such that
NA <A< (N + 1)y,
then

p{zeS:|f(x) = fs|>A}) <p({zeS:[f(z) - fs| > N}

Finally, if 0 < A < Ay,

({z e 81 1f()— fsl > Ap) < u(s) < 2¢~ (5N u(s)

log 2
A

and the assertion follows (recall we are assuming [f], = 1), with b,, = N

Definition 4.4 Let p € (1,400). We say that f belongs to BMOP(Q,, Qpt1)
if f € LP(Qyy1) and

1/p
— 1 — p
L, <H(B(Ia7’)) 10~ F d’“‘”) -

where R, is the constant appearing in (4.2), strictly smaller than 2e,,.
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Now we compare the spaces BMO(§y,, Qi y1) and BMOP(Qy, Qpg1)-
Theorem 4.5 For any p € (1,00) and n we have
BMOP(Qy,, Qni1) = BMO(Qy, Qpg1).
Moreover, there exists a positive constant ¢, , such that for any f € BMO(Qy,, Qpt1),

[flpn < cnplfln- (4.13)
In particular, BMO(Qy,, Qyy1) C LP (Qy,) for every p € (1,00).

Remark 4.6 Comparing this result with those about the local Fefferman-Stein
function proved in the previous section (for instance, Corollary 3.9), we see that
the present theorem is a “local” result in a different sense. Here, in the upper
bound (4.13), there is not an enlargement of the domain, passing from the left
to the right hand side; instead, the local seminorms [flp. are computed taking
the supremum over balls of radii r < R,,, which is a stricter condition than the
bound r < 2e,, defining the seminorm [f],.

Proof. Let f € BMOP(Q,,Qn+1). By Holder’s inequality we can write, for
every x € Q,, 7 < R,,

|
W(B(x, 1)) /B(m [f (W) = B ldp(y)

. 1/p
< (W /B(m,r) ‘f(y) - fB(w,r)pd,u(y)> < [f]pm < o0.

On the other hand, if R,, < r < 2¢,, we have

1 1
W(B(z.r) /B(”) 1f W) = fB@mlduly) < 2B /B(m) |f(y)|dp(y)
1
S zm /Qm |f(y)ldu(y)
< ¢n ||f||LIJ(Qn+1)
because

i >
:Izlen(g" w(B(z, Ry)) > ¢n, > 0,

as can be easily proved as a consequence of the local doubling condition. There-
fore [f]n < oo and f € BMO(Qy,, Qpt1).

Conversely, to prove (4.13), let B be a ball centered in z € §,, with radius
r < R,. Then by Theorem 4.2 we have

+oo
/ @) — folPdu(y) = / PN Uu({z € B |f(2) — fo] > A}) dA
B 0

400
< 2/0 pAp_16_bn>\/[f]’n/l,(B)dA

“+o0
:M(B)[f]gzp/ tP=temtntqy,
0
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from which

(uégtéJf@)fhfduﬁﬂ)wpfé<%{é+wtp16“%#)UPUL1Cmdfh

which gives (4.13) and the inclusion BMO(§2,, Qny1) € BMOP(Qy, Qpg1).
Finally, to show that f € LP (€Q,,) we can cover {2, with a finite collection of
balls B (z, R,,) with = € Q,,, writing

1/p

Lé%LU@WWMym<Q$%Lf@—hFW@> .
1

< [flpn + @ ||f||L1(Qn+1) <00

which implies the finiteness of [|f([1,q,)- ®
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