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Abstract

The quantum stochastic Schrödinger equation or Hudson-Parthasareathy (HP) equa-
tion is a powerful tool to construct unitary dilations of quantum dynamical semigroups
and to develop the theory of measurements in continuous time via the construction of
output fields. An important feature of such an equation is that it allows to treat not only
absorption and emission of quanta, but also scattering processes, which however had very
few applications in physical modelling. Moreover, recent developments have shown that
also some non-Markovian dynamics can be generated by suitable choices of the state of
the quantum noises involved in the HP-equation. This paper is devoted to an application
involving these two features, non-Markovianity and scattering process. We consider a
micro-mirror mounted on a vibrating structure and reflecting a laser beam, a process giv-
ing rise to a radiation-pressure force on the mirror. We show that this process needs the
scattering part of the HP-equation to be described. On the other side, non-Markovianity is
introduced by the dissipation due to the interaction with some thermal environment which
we represent by a phonon field, with a nearly arbitrary excitation spectrum, and by the
introduction of phase noise in the laser beam. Finally, we study the full power spectrum
of the reflected light and we show how the laser beam can be used as a temperature probe.

Keywords: Quantum optomechanics, quantum stochastic differential equations, radiation
pressure interaction, quantum Langevin equations, heterodyne detection.

1 Introduction
Quantum optomechanical systems represent an active field of research, very important both
from the theoretical and experimental point of views, with applications in quantum optics
and quantum information [1–6]. A great interest is due to the possibility of seeing quantum
effects in a macroscopic mechanical resonator, say a mirror mounted on a vibrating structure
and coupled to optical elements by radiation pressure. Typically, the theoretical description of
such a kind of systems is based on the quantum Langevin equations [7,8], a flexible approach
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atica (INDAM-GNAMPA)
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allowing also for the introduction of non Markovian effects. Recently, some experimental
evidence of non Markovian effects in an optomechanical system has been reported [9].

To get mathematically consistent quantum Langevin equations one has to use the quantum
stochastic calculus and the quantum stochastic Schrödinger equation, or Hudson-Parthasarathy
equation (HP-equation) [10, 11]. In this mathematical context the quantum Langevin equa-
tions appear under the name of Evans-Hudson flows or quantum flows [11–13]. In [14] a
description of a dissipative mechanical oscillator has been obtained in terms of quantum
stochastic differential equations; this description is fully consistent and valid at any temperat-
ure and it respects some symmetry requirements and physical constraints such as a weak form
of equipartition at equilibrium and the translation invariance of the dissipative part of the dy-
namics. Non Markovian effects have been introduced by a suitable choice of the state of the
quantum noises appearing in the HP-equation. In Section 2 the quantum stochastic model of
a dissipative mechanical oscillator is presented. An equation of Hudson-Parthasarathy type
gives the unitary dynamics of the oscillator interacting with a Bose field (here representing
the phonon field). The evolution equations for the system operators in the Heisenberg picture
are the quantum Langevin equations and a suitable choice of the state of the field (based on a
field analog of the P -representation in the case of discrete modes) allows for the introduction
of thermal, non Markovian effects.

Usual quantum Langevin equations allow to describe absorption and emission of energy
quanta by the main system, not scattering processes. As a matter of fact it seems that the
existing literature takes into account the mirror/light radiation pressure interaction only if
mediated by cavity modes; indeed the subject is often called cavity optmechanics [4,6]. This
is due to the fact that some interesting physical phenomena as laser cooling appear when
a cavity mode is involved [3–6, 14], but also to the fact that a way to describe at a quantum
level the direct scattering of laser light by a vibrating mirror is lacking. In this respect, another
advantage of the HP-equation is that it allows also for the description of scattering processes
[15, 16]. The content of Section 3 will be to introduce in the HP-equation, describing the
mechanical oscillator, the radiation pressure interaction due to a laser directly illuminating the
mirror. Finally, in Section 4 we show how to describe the heterodyne detection of the reflected
light and we study the properties of the resulting power spectrum; this last step involves also
the theory of measurements in continuous time [17–22]. In particular we show that, for a
weak probe laser, the model produces explicit expressions for the spectrum due to elastic
scattering of the photons and for the side-bands due to Stokes and anti-Stokes scattering.

We end this section by introducing the HP-equation. We give a short, heuristic present-
ation; a mathematically rigourous formulation of quantum stochastic calculus, HP-equations
and related notions can be found in [11,12,19,21,23]. Firstly, we introduce the formal fields
bk(t), b†k(t), t ∈ R, k = 1 . . . d, satisfying the canonical commutation rules (CCRs)[

bi(s), b
†
k(t)

]
= δikδ(t− s), [bi(s), bk(t)] = 0. (1)

In this paper we consider only the representation of the CCRs (1) on the Fock space, the
one characterized by the existence of the vacuum state. For quantum stochastic calculus
involving non-Fock representations see, for instance, [24]. Let us introduce the Hilbert space
L2(R)⊗Cd = L2(R;Cd) (the one-particle space) and its symmetrized powersL2(R;Cd)⊗sn
(the n-particle space). We denote by Γ ≡ Γ

(
L2(R;Cd)

)
the symmetric Fock space over

L2(R;Cd), i.e. Γ = C ⊕
∑∞
n=1 L

2(R;Cd)⊗sn, and by e(f), f ∈ L2(R;Cd), the coherent
vectors, whose components in the 0, 1, . . . , n, . . . particle spaces are

e(f) := e−
1
2 ‖f‖

2
(

1, f, (2!)−1/2f ⊗ f, . . . , (n!)−1/2f⊗n, . . .
)
. (2)
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Note that e(0) represents the vacuum state and that

〈e(g)|e(f)〉 = exp

{
−1

2
‖f‖2 − 1

2
‖g‖2 + 〈g|f〉

}
.

Let {zk, k ≥ 1} be the canonical basis in Cd and for any f ∈ L2(R;Cd) let us set fk(t) :=
〈zk|f(t)〉Cd . Then we have bk(t) e(f) = fk(t) e(f). By formally writing

Bk(t) =

∫ t

0

bk(s)ds, B†k(t) =

∫ t

0

b†k(s)ds, (3)

we get the annihilation and creation processes, families of mutually adjoint operators, whose
actions on the coherent vectors are given by

Bk(t) e(f) =

∫ t

0

fk(s) ds e(f) , 〈e(g)|B†k(t)e(f)〉 =

∫ t

0

gk(s) ds 〈e(g)|e(f)〉.

The overline denotes the complex conjugation. It is a property of the Fock spaces the fact
that the action on the coherent vectors uniquely determines a densely defined linear operator.
In terms of the integrated processes the CCRs (1) become

[Bk(t), B†l (s)] = δkl min{t, s}, [B†k(t), B†l (s)] = [Bk(t), Bl(s)] = 0. (4)

We introduce also the gauge processes

Λkl(t) =

∫ t

0

b†k(s)bl(s)ds, 〈e(g)|Λkl(t)e(f)〉 =

∫ t

0

gk(s) fl(s)ds 〈e(g)|e(f)〉. (5)

The operator Λkk(t) turns out to be a number operator and it counts the quanta present in the
field k in the time interval (0, t). Quantum stochastic calculus is an Itô type calculus with
respect to the integrators dt, dBk(t), dB†k(t), dΛkl(t) satisfying the Itô product rules

dBk(t)dB†l (t) = δkldt, dBi(t)dΛkl(t) = δikdBl(t),

dΛkl(t)dB
†
i (t) = δlidB

†
k(t), dΛkl(t)dΛij(t) = δlidΛkj(t);

(6)

all the other possible products vanish. We shall need also the generalized Weyl operators
W(g;V ), where g ∈ L2(R;Cd) and V is a unitary operator on L2(R;Cd); these are unitary
operators defined by

W(g;V ) e(f) = exp {i Im 〈V f |g〉} e(V f + g), ∀f ∈ L2(R;Cd). (7)

From the definition one obtains the composition law

W(h;V )W(g;U) = exp {−i Im 〈h|V g〉}W(h+ V g;V U). (8)

In the case V = 1, it is possible to show that

W(g;1) = exp

{ d∑
k=1

(∫ +∞

−∞
gk(t)dB†k(t)− h.c.

)}
,

where h.c. means hermitian conjugate, and from (7) one sees thatW(g;1) is the field analog
of what is called a displacement operator in quantum optics [22].
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Let us introduce now a quantum system with separable Hilbert space H; let H , Rk, Skl
be system operators with H self-adjoint and the operator matrix (Skl) defining a unitary
operator S on H ⊗ Cd. Then, we consider the system/field evolution equation given by the
HP-equation

dU(t) =

{∑
k

Rk dB†k(t) +
∑
kl

(Skl − δkl) dΛkl(t)

−
∑
kl

R†kSkl dBl(t)−
(

1

2

∑
k

R†kRk + iH

)
dt

}
U(t), (9)

with the initial condition U(0) = 1. When H and Rk are bounded operators there is a
unique solution, which is unitary and strongly continuous in t [11]. When these operators
are unbounded some restrictions are needed in order to control the domains; then, existence,
uniqueness, unitarity can be proved [12, 23]. The solution U(t) gives the evolution in the
interaction picture with respect to the free evolution of the field, which is modelled by the so
called left time shift Θ(t) in the Fock space; indeed, Û(t) = Θ(t)U(t), t ≥ 0, and Û(t) =
U(−t)†Θ(−t)†, t < 0, defines a strongly continuous unitary group, whose Hamiltonian has
been characterized in [25].

If we now consider a generic system operator X , its evolution in the Heisenberg descrip-
tion is given by X(t) = U(t)†XU(t). By differentiating this product according to the rules
of quantum stochastic calculus, summarized by (6), and taking into account that U(t) is a
unitary operator, we get the quantum Langevin equations

dX(t) =

(
i[H(t), X(t)]− 1

2

∑
k

(
Rk(t)†[Rk(t), X(t)] + [X(t), Rk(t)†]Rk(t)

))
dt

+
∑
kl

Slk(t)†[X(t), Rl(t)]dB
†
k(t)−

∑
kl

[X(t), Rl(t)
†]Slk(t)dBk(t)

+
∑
kl

(∑
j

Sjk(t)†X(t)Sjl(t)− δkl
)

dΛkl(t). (10)

If ρ0 is a generic statistical operator for the system and σ a field state, we can consider the
reduced state of the system ρ(t) = TrΓ

{
U(t)ρ0 ⊗ σU(t)†

}
. When σ is the vacuum state or,

more generally, a coherent vector, then the reduced system state ρ(t) satisfies a Markovian
master equation [11, 19] with a Lindblad type generator [26]. If a more general state is taken
for σ, non-Markov effects enter into play and a simple closed evolution equation for the
reduced dynamics could even not exist [18, 19, 27].

Also the fields in the Heisenberg picture can be introduced [28]; these are the output fields

Bout
k (t) =U(t)†Bk(t)U(t), Bout †

k (t) = U(t)†B†k(t)U(t),

Λout
kl (t) = U(t)†Λkl(t)U(t).

(11)

The outputs fields represent the fields after the interaction with the system, while Bk(t),
B†k(t), Λkl(t) are the fields before the interaction and, so, they are called input fields. By
differentiating the products defining the output fields and using (9) and (6), we get the in-
put/output relations [19]

dBout
k (t) =

∑
l

Skl(t)dBk(t) +Rk(t)dt, (12)
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dΛout
kl (t) =

∑
ij

Ski(t)
†Slj(t)dΛij(t) +

∑
i

Ski(t)
†Rl(t)dB

†
i (t)∑

i

+Rk(t)†Sli(t)dBi(t) +Rk(t)†Rl(t)dt. (13)

By the properties of U(t) we get U(T )†Bk(t)U(T ) = U(t)†Bk(t)U(t), ∀T ≥ t, and similar
equations for the other fields. This implies that the output fields satisfy the same CCRs as
the input fields. Self-adjoint combinations of the output fields commuting for different times
represent field observables which can be measured with continuity in time and this is the key
ingredient for a quantum theory of measurements in continuous time [17, 19, 21].

2 Langevin equations for a mechanical oscillator in a
thermal bath

In this section we present the description of a quantum dissipative mechanical oscillator ob-
tained in [14, Sects. 2, 3]. The Hilbert space of the system is H = L2(R) and q and p denote
the usual position and momentum operator in dimensionless units, satisfying the commuta-
tion relations [q, p] = i. We denote by Ωm > 0 the bare frequency of the mechanical oscil-
lator and by γm > 0 its damping rate; we consider only the underdamped case: Ωm > γm/2.
Then, we introduce the damped frequency ωm and the phase factor τ by

ωm =

√
Ω 2

m −
γ 2

m

4
, τ =

ωm

Ωm
− i

2

γm

Ωm
. (14)

We define now the mode operator

am =

√
Ωm

2ωm
(q + iτp) =

1√
2ωmΩm

(
Ωmq +

γm

2
p+ iωmp

)
, (15)

satisfying the commutation rules [am, a
†
m] = 1. The inverse transformation turns out to be

q =

√
Ωm

2ωm

(
τ am + τa†m

)
, p = i

√
Ωm

2ωm

(
a†m − am

)
. (16)

We need also the self-adjoint operator

Hm =
~Ωm

2

(
p2 + q2

)
+

~γm

4
{q, p} = ~ωm

(
a†mam +

1

2

)
. (17)

We introduce now the HP-equation for a mechanical oscillator in a thermal bath by taking
in (9) a single field B1(t) ≡ Bth(t) and H = Hm, R1 =

√
γm am, S = 1. By (10) the

quantum Langevin equations for am, q, p turn out to be

dam(t) = −
(

iωm +
γm

2

)
am(t)dt−√γm dBth(t), (18)

dq(t) = Ωmp(t)dt+ dCq(t), (19a)

dp(t) = −
(
Ωmq(t) + γmp(t)

)
dt+ dCp(t), (19b)
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in which we have introduced the Hermitian quantum noises

Cq(t) = −
√
γmΩm

2ωm

(
τ Bth(t) + τB†th(t)

)
,

Cp(t) = i

√
γmΩm

2ωm

(
Bth(t)−B†th(t)

)
.

(20)

By (4) the new noises obey the commutation rules

[Cq(t), Cp(s)] = iγm min{t, s}, [Cq(t), Cq(s)] = [Cp(t), Cp(s)] = 0. (21)

Obviously, from (15), (16) we have that the equation (18) for am is equivalent to the system
(19) for q and p. By construction, due to the unitarity of U(t), the commutation relations for
the system operators are preserved; also a direct verification is possible by showing that the
quantum stochastic differential of [q(t), p(t)] vanishes due to (21). Our choice of the field
state will be such that the mean values of the noises Cq(t), Cp(t) are vanishing and this gives
that the evolution equations for the mean values of q and p coming from (19) are exactly the
classical equations for an underdamped oscillator. This fact is a first justification of the choice
(17) for the Hamiltonian and of the not usual connection (16) of position and momentum with
the mode operator.

2.1 The field state
As field state we take the mixture of coherent states

σTth = E[|e(fT )〉〈e(fT )|], fT (s) = 1(0,T )(s)f(s), (22)

where f is a complex stochastic process with locally square integrable trajectories and E de-
notes the expectation with respect to the probability law of the process f . In the argument
of a coherent vector only square integrable functions are allowed, while the trajectories of
the process f are only locally square integrable. So, we have introduced the cutoff T , rep-
resenting a large time, which we will let tend to infinity in the final formulae describing the
quantities of direct physical interest. As explained in [14, Sect. 3.2.1] this is a field analog of
the regular P -representation for the case of discrete modes [7]. In quantum optics, mixtures
of coherent vectors with respect to true probabilities are interpreted as classical states.

To represent the phonon bath [14] we take f to be a complex Gaussian stationary stochastic
process with vanishing mean, E[f(t)] = 0, and correlation functions

E[f(t) f(s)] = 0, E[f(t) f(s)] =: F (t− s). (23)

Thanks to stationarity, the function F (t) is positive definite, so that according to Bochner’s
theorem its Fourier transform

N(ν) =

∫ +∞

−∞
e−iνtF (t) dt (24)

is a positive function, which we assume to be absolutely integrable, thus implying a finite
power spectral density for the process.

By this choice of the state we get that the noises (20) have vanishing means and symmet-
rized quantum correlations given by

∂2

∂t∂s
〈{Cq(t), Cq(s)}〉 =

∂2

∂t∂s
〈{Cp(t), Cp(s)}〉

= γm
Ωm

ωm
[δ(t− s) + 2 ReF (t− s)] , (25)
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∂2

∂t∂s
〈{Cq(t), Cp(s)}〉 = 2γm ImF (t− s)− γ 2

m

2ωm
[δ(t− s) + 2 ReF (t− s)] , (26)

where 〈{Ci(t), Cj(s)}〉 := limT→+∞ TrΓ

(
{Ci(t), Cj(s)}σTth

)
. Let us stress that the noises

appearing in system (19) cannot be arbitrary. They have to guarantee the preservation of the
commutation relations [q(t), p(t)] = i by satisfying suitable commutations relations, equa-
tions (21) in our case. Moreover, their symmetrized correlations must be compatible with
their commutators, as it must be∑

i,j=q,p

∫ T

0

dt

∫ T

0

ds hi(t)hj(s)
∂2

∂t∂s
〈{Ci(t), Cj(s)}+ [Ci(t), Cj(s)]〉 ≥ 0,

∀T > 0, for all choices of the test functions hi(t). Also this property is true in our case be-
cause our noises and their correlations are an exact consequence of a unitary model and of the
choice of a well defined state. This is not true in other proposals, where the positivity prop-
erty above is not satisfied or divergences are introduced by not well defined approximation;
see the discussion in [14, Sect. 3.3].

2.2 The reduced state of the mechanical oscillator
Let ρ0 be the initial state of the oscillator. It is easy to see that the random reduced state
TrΓ{U(t)ρ0⊗|e(fT )〉〈e(fT )|U(t)†} satisfies an usual quantum master equation with random
coefficients. But this is not true for its mean, the reduced state

ρ(t) = TrΓ{U(t)ρ0 ⊗ σTthU(t)†}, 0 ≤ t < T.

By the properties of HP-equation there is no dependence on T as long as T ≥ t. In any case
it is possible to characterize the equilibrium state of the system by solving the linear quantum
Langevin equations (19) and computing the first two moments of q(t) and p(t) for t→ +∞.
The reduced equilibrium state

ρeq = lim
t→+∞

lim
T→+∞

TrΓ

{
U(t)

(
ρ(0)⊗ σTth

)
U(t)†

}
turns out [14] to be a Gaussian state with 〈q〉eq = 〈p〉eq = 0 and

〈q2〉eq = 〈p2〉eq =
Ωm

ωm

(
Neff +

1

2

)
, 〈{q, p}〉eq = − γm

ωm

(
Neff +

1

2

)
, (27)

where

Neff :=
γm

2π

∫
R

N(ν)
γ 2
m

4 + (ωm − ν)
2

dν. (28)

An important property of our model is that the energy equipartition in mean holds:
~Ωm

2 〈q
2〉eq = ~Ωm

2 〈p
2〉eq. Moreover, the mean of the Hamiltonian (17) turns out to be

〈Hm〉eq = ~ωm

(
Neff +

1

2

)
.

3 Radiation pressure interaction
We consider now the case of a mirror mounted on a vibrating structure and directly illumin-
ated by a laser, so that it is subject to a radiation pressure force. One has to add a further inter-
action term into the HP-equation suitable to produce a force proportional to the photon flux
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in equation (19b) for p. If we consider a well collimated laser beam and a perfect mirror, it is
possible to represent the light by a single ray impinging on the mirror and reflected according
to the laws of the geometrical optics. So, we take d = 2 and B1(t) ≡ Bth(t), H = Hm,
R1 =

√
γm am, S11 = 1 as before; moreover, we add a further field B2(t) ≡ Bem(t), repres-

enting the electromagnetic field, and we write Λem(t) = Λ22(t). A force proportional to the
rate of photon arrivals means to have a term vdΛem(t) in (19b). By comparing this expres-
sion with (10) with X = p, one sees that we need S22 ≡ S = eiφeivq and S12 = S21 = 0,
R2 = 0; φ is a phase shift introduced by the mirror. So, the final HP-equation is

dU(t) =

{
− i

~
Hmdt+

√
γm

(
amdB†th(t)− a†mdBth(t)

)
+ (S − 1) dΛem(t)− γm

2
a†mamdt

}
U(t), (29)

S = eiφeivq, v ∈ R, φ ∈ [0, 2π), U(0) = 1.

From (10) one gets the relevant quantum Langevin equations

dam(t) = −
(

iωm +
γm

2

)
am(t)dt−√γm dBth(t) + iτv

√
Ωm

2ωm
dΛem(t), (30)

or, equivalently,

dq(t) = Ωmp(t)dt+ dCq(t), (31a)
dp(t) = − (Ωmq(t) + γmp(t)) dt+ dCp(t) + vdΛem(t); (31b)

The quantum noisesCq(t) andCp(t) are given by (20). The linearity of such equations allows
for an explicit solution

am(t) = e−(iωm+ γm
2 )tam −

√
γm

∫ t

0

e−(iωm+ γm
2 )(t−s)dBth(s)

+ iτv

√
Ωm

2ωm

∫ t

0

e−(iωm+ γm
2 )(t−s)dΛem(s), (32)

leading for the position and momentum Heisenberg operators to

q(t) = e−γmt/2
(
q cosωmt+

γmq + 2Ωmp

2ωm
sinωmt

)
−
√

Ωmγm

2ωm

{
τ

∫ t

0

e−(iωm+ γm
2 )(t−s)dBth(s) + h.c.

}
+

Ωmv

ωm

∫ t

0

e−
γm
2 (t−s) sinωm (t− s) dΛem(s), (33)

p(t) = e−γmt/2
(
p cosωmt−

2Ωmq + γmp

2ωm
sinωmt

)
+

√
Ωmγm

2ωm

{
i

∫ t

0

e−(iωm+ γm
2 )(t−s)dBth(s) + h.c.

}
+ v

∫ t

0

e−
γm
2 (t−s)

(
cosωm (t− s)− γm

2ωm
sinωm (t− s)

)
dΛem(s). (34)
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3.1 Input-output relations
We now consider the Heisenberg picture for the electromagnetic component of the field:

Bout
em (t) = U(t)†Bem(t)U(t), Λout

em (t) = U(t)†Λem(t)U(t). (35)

By (12), (13) we get the input-output relations

dBout
em (t) = S(t)dBem(t) = eivq(t)+iφdBem(t), (36)

dΛout
em (t) = S(t)†S(t)dΛem(t) = dΛem(t). (37)

Note that the number operator for the photons is not changed by the interaction with the
mirror.

By using (33) the scattering operator can be decomposed as the product

S(t) = eivq(t)+iφ = S0(t)Wth(`t;1)Wem(0;V (t)), (38)

where a system operator and two Weyl operators appear:

S0(t) = eiφ exp

{
ive−γmt/2

(
q cosωmt+

γmq + 2Ωmp

2ωm
sinωmt

)}
t→+∞−→ eiφ, (39)

Wth(`t;1) = exp

{∫ +∞

0

`t(s)dB
†
th(s)− h.c.

}
, (40)

Wem(0;V (t)) = exp

{
i
Ωmv

2

ωm

∫ t

0

e−
γm
2 (t−s) sinωm (t− s) dΛem(s)

}
, (41)

with

`t(•) = −ivτ

√
Ωmγm

2ωm
1(0,t)(•)e(iωm− γm2 )(t−•), (42)(

V (t)u
)
(s) = V (s; t)u(s), ∀u ∈ L2(R),

V (s; t) = exp
{

iv2h(t− s)1(0,t)(s)
}
, h(r) =

Ωm

ωm
e−

γm
2 r sinωmr.

(43)

The Weyl operator Wth(`t;1) (40) is a displacement operator with function `t (42) acting
on the thermal component and Wem(0;V (t)) (41) is a Weyl operator acting only on the
electromagnetic component and characterized by the unitary operator V (t) (43).

3.2 The field state
Now the environment is described by a two-component field and its state must describe the
phonon bath and the laser light. As field state we take the mixture of coherent states

σTenv = E[|e(uT )〉〈e(uT )|], uT (s) = 1(0,T )(s)u(s), u(s) =

(
f(s)
g(s)

)
, (44)

where f is the stochastic process described in Section 2.1 and g describes a phase-diffusion
model of a laser [18], namely

g(t) = λe−i(ω0t+
√
LpW (t)), λ ∈ C, ω0 > 0, Lp > 0;

9



W (t) is a standard Wiener process independent from the process f . It is easy to see that

lim
T→+∞

[∣∣∣∣∣ 1√
T

∫ T

0

eiµtg(t)dt

∣∣∣∣∣
2]

=
|λ|2 Lp

L 2
p

4 + (µ− ω0)
2

;

so, the laser light has carrier frequency ω0 and Lorentzian spectrum of width Lp. A possible
generalization would be to take λ → λ(t), with λ(t) a further stochastic process; this would
allow to describe also amplitude fluctuations.

With this choice of the state, for the thermal noises Cq and Cp we have vanishing means
and symmetrized correlations (25), (26), while for the electromagnetic field we get

Tr
{

dBem(t)σTenv

}
= λe

−
(

iω0+
Lp
2

)
t
dt, Tr

{
dΛem(t)σTenv

}
= |λ|2 dt, (45)

Tr
{

dB†em(s)dBem(t)σTenv

}
= |λ|2 e−iω0(t−s)−Lp2 |t−s|dtds, (46)

Tr
{

dΛem(s) dΛem(t)σTenv

}
=
[
δ(t− s) + |λ|2

]
|λ|2 dtds. (47)

3.3 The equilibrium state of the mechanical oscillator
Again, we can introduce the reduced state of the mechanical oscillator

ρ(t) = TrΓ{U(t)ρ0 ⊗ σTenvU(t)†}, 0 ≤ t < T,

and the reduced equilibrium state

ρeq = lim
t→+∞

lim
T→+∞

TrΓ

{
U(t)

(
ρ(0)⊗ σTenv

)
U(t)†

}
.

By working in the Heisenberg picture, from (32)-(34) and the moments of the fields we get
easily

〈p〉eq = 0, 〈q〉eq =
v |λ|2

Ωm
=: q∞ , 〈{q, p}〉eq = − γm

ωm

(
Neff +

1

2

)
, (48)

〈q2〉eq − q2
∞ = 〈p2〉eq =

Ωm

ωm

(
Neff +

1

2

)
+
|λ|2 v2

2γm
, (49)

where Neff is given by (28). By (49) the energy equipartition in mean holds again for the
fluctuation part. Moreover, the mechanical mode occupancy is given by

〈a†mam〉eq −
Ωmq

2
∞

2ωm
= Neff +

Ωmv
2 |λ|2

2ωmγm
;

we have also

〈a 2
m〉eq −

Ωmq
2
∞

2ωm
=
|λ|2 v2

4ωmΩm

(γm

2
+ iωm

)
= iτ

|λ|2 v2

4ωm
.

Finally, it is possible to show that in the limiting case of constant phonon spectrum,
N(ν)→ Neff , and no phase diffusion, Lp ↓ 0, the reduced system state satisfies a Markovian
master equation with Liouville operator

L[ρ] = − i

~
[Hm, ρ] + γm (Neff + 1)

(
amρa

†
m −

1

2

{
a†mam, ρ

})
+ γmNeff

(
a†mρam −

1

2

{
ama

†
m, ρ

})
+ |λ|2

(
eivqρe−ivq − ρ

)
.
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The last term is new and describes the momentum kicks due to the scattering of photons.
The other terms of the Liouville operator have the appearance of an usual generator for the
dynamics of a mode in a thermal bath; however, the important point is that the link of the
mode operator with position and momentum is not the usual one, but it is given by (15),
(16) [14, Sect. 2.2].

4 Heterodyne detection
To get information on the mechanical oscillator we can detect in various ways and analyse the
light reflected by the vibrating mirror. In the balanced heterodyne detection scheme the light
coming from our system is made to beat with a strong laser field (the local oscillator); the
light impinging on the mirror and the local oscillator are produced by different laser sources;
the stimulating laser frequency ω0 and the local oscillator frequency, say µ, are in general
different. Moreover, the phase difference cannot be maintained stable and this erases some
interference terms. It can be shown [19, Sect. 3.5] that the balanced heterodyne detection
scheme corresponds to the measurement in continuous time of the observables

I(µ; t) =

∫ t

0

√
κ e−κ(t−s)/2 eiµs+iα dBem(s) + h.c., (50)

where α is a phase depending on the optical paths and
√
κ e−κt/2, κ > 0, represents the

detector response function. In the Heisenberg description the observables become the “output
current”

Iout(µ; t) = U(t)†I(µ; t)U(t). (51)

By using (36) we obtain the explicit expression

Iout(µ; t) = J(t) + h.c., J(t) =
√
κ ei(α+φ)

∫ t

0

e−
κ
2 (t−s)+iµseivq(s)dBem(s). (52)

By the definition of I(µ; t) and the properties of U(t) (see the discussion at the end of Section
1) we get [I(µ; t), I(µ; s)] = [Iout(µ; t), Iout(µ; s)] = 0, which says that the output current
at time t and the current at time s are compatible observables. Note that to change µ means
to change the frequency of the local oscillator, that is to change the measuring apparatus. In
general Iout(µ; t) and Iout(µ

′; s) do not commute, even for t = s.
By the rules of quantum mechanics, once one has the commuting observables Iout(µ; t),

t ≥ 0, and the system/field state ρ0 ⊗ σTenv, the probability law of the stochastic process
representing the output of the detection apparatus is obtained [17, 19]. By taking the second
moment of the output current the mean output power is obtained [14,19] and at large times it
turns out to be proportional to

P (µ) = lim
T→+∞

1

T

∫ T

0

〈Iout(µ; t)2〉Tdt, 〈•〉T := Tr
{
• ρ0 ⊗ σTenv

}
; (53)

the limit is in the sense of the distributions in µ. As a function of µ, P (µ) is known as power
spectrum.

By using directly (53), (51), (50), (37), without computing the explicit expression of
P (µ), one gets easily the “total output power”

1

2π

∫
R

dµ [P (µ)− 1] = 2 |λ|2 . (54)
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For sake of comparison it is interesting to have also the power spectrum of the input light; by
setting κ := κ + Lp, we get

Pin(µ) = lim
T→+∞

1

T

∫ T

0

〈I(µ; t)2〉Tdt = 1 +
2 |λ|2 κ

κ2

4 + (µ− ω0)
2 ; (55)

the final explicit expression in (55) is easily computed by using (46) and the CCRs. Moreover,
we have immediately

1

2π

∫
R

dµ [Pin(µ)− 1] = 2 |λ|2 . (56)

Let us stress that the equality of the total input and output powers is essentially due to (37).

4.1 Exact results
The explicit expression of the power spectrum can be computed, as we shall show below.
Firstly, (53) reduces to

P (µ) = 1 + 2 lim
T→+∞

1

T

∫ T

0

〈J(t)†J(t)〉Tdt; (57)

then, we obtain

P (µ) = 1 + 4 |λ|2 exp

{
2 |λ|2 Re

∫ +∞

0

du
(

eiv2h(u) − 1
)
−
(
Neff + 1

2

)
Ωm

ωm
v2

}
× Re

∫ +∞

0

dt e(i(µ−ω0)−κ2 )t exp

{
|λ|2

∫ +∞

0

ds
[
eiv2h(t+s) − 1

] [
e−iv2h(s) − 1

]
+

∫
R

dν
Ωmγmv

2
[
(N(ν) + 1) eiνt +N(ν)e−iνt

]
4πωm

(
γ 2
m

4 + (ν − ωm)
2
) }

, (58)

where h(t) is given in (43) and κ = κ +Lp. Let us stress that this is an exact result obtained
from a unitary quantum evolution and the monitoring in continuous time of commuting ob-
servables. Note that in this expression the thermal contributions, the terms containing N(ν),
and the electromagnetic contributions, the terms containing the function h, are completely
interlaced.

4.1.1 Proof of equations (57) and (58)

Let us sketch now the proof of the previous formulae. By (52) we have

〈Iout(µ; t)2〉T = 2 Re 〈J(t)2〉T + 〈J(t)J(t)†〉T + 〈J(t)†J(t)〉T .

By the presence of the limit in (53), these terms contribute to P (µ) only with their large time
behaviour. By using (36), (38)–(43), (46) we get

〈J(t)2〉T ' κλ2e2i(α+φ)

∫ t

0

ds

∫ t

0

dr e−κ(t− s+r2 )+i(µ−ω0)(s+r)−Lp2 |s−r|−2Lp(s∧r)

× V (s; r)〈Wth(`s;1)Wth(`r;1)〉T 〈Wem

(
0;V (s)

)
Wem

(
0;V (r)

)
〉T ,
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〈J(t)†J(t)〉T ' 2κ |λ|2 Re

∫ t

0

ds

∫ s

0

dr e−κ(t− s+r2 )+i(µ−ω0)(s−r)−Lp2 (s−r)

× 〈Wth(`r;1)†Wth(`s;1)〉T 〈Wem

(
0;V (r)

)†Wem

(
0;V (s)

)
〉T , (59)

〈J(t)J(t)†〉T − 1 ' 2κ |λ|2 Re

∫ t

0

ds

∫ s

0

dr V (r; s)e−κ(t− s+r2 )+i(µ−ω0)(s−r)

× e−
Lp
2 (s−r)〈Wth(`s;1)Wth(`r;1)†〉〈Wem

(
0;V (s)

)
Wem

(
0;V (r)

)†〉T .
Then, one can check that limt→+∞ limT→+∞〈J(t)2〉T = 0. Moreover, by using the com-
position law (8) for Weyl operators and (42), (43), we get

Wem

(
0;V (s)

)
Wem

(
0;V (r)

)†
=Wem

(
0;V (r)

)†Wem

(
0;V (s)

)
and, for s, r large and s > r,

V (r; s)Wth(`s;1)Wth(`r;1)†

= V (r; s)Wth(`r;1)†Wth(`s;1) exp {2i Im 〈`s|`r〉} ' Wth(`r;1)†Wth(`s;1).

This gives 〈J(t)J(t)†〉T ' 1 + 〈J(t)†J(t)〉T and, so, (57) is proved.
Let us consider now (59); recall that h(u) and V (s, t) are given in (43) and `t(s) in (42).

Firstly, the electromagnetic contribution gives, for s > r,

〈Wem

(
0;V (r)

)†Wem

(
0;V (s)

)
〉T = exp

{∫ s

0

(
V (u; r)V (u; s)− 1

)
|λ|2 du

}
= a(s) a(r) exp

{
|λ|2

∫ r

0

du
[
eiv2h(s−u) − 1

] [
e−iv2h(r−u) − 1

]}
' |a(∞)|2 exp

{
|λ|2

∫ r

0

du
[
eiv2h(s−u) − 1

] [
e−iv2h(r−u) − 1

]}
,

with

a(s) = exp

{
|λ|2

∫ s

0

du
(

eiv2h(u) − 1
)}

.

Then, again for s > r and both large, the thermal contribution gives

〈Wth(`r;1)†Wth(`s;1)〉T

= E

[
exp

{
2i Im 〈f |`s − `r〉+ 〈`r|`s〉 −

‖`s‖2 + ‖`r‖2

2

}]

= exp

{
−1

2

(∫ s

0

|`s(u)|2 du+

∫ r

0

|`r(u)|2 du

)
+

∫ r

0

`r(u) `s(u)du

− 1

2π

∫
R

dν N(ν)

∣∣∣∣∫ s

0

du eiuν
(
`s(u)− `r(u)

)∣∣∣∣2} ' exp

{
− (2Neff + 1) Ωmv

2

2ωm

+
Ωmv

2

2ωm
e(iωm− γm2 )(s−r) +

∫
R

dν
ΩmγmN(ν)v2 cos ν(s− r)

2πωm

(
γ 2
m

4 + (ωm − ν)
2
) }

= exp

{
− (2Neff + 1) Ωmv

2

2ωm
+

∫
R

dν
Ωmγmv

2
[
(N(ν) + 1) eiν(s−r) +N(ν)e−iν(s−r)]
4πωm

(
γ 2
m

4 + (ωm − ν)
2
) }

.

By inserting these results into (59) and the expression found into (57), we get the final result
(58).
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4.2 Linear response
When the laser light is used as a probe to get information on the dissipative oscillator, the
beam can be taken to be weak, which means |λ|2 small. In this case only the linear response
is important and we can simplify (58) by considering only the “optical susceptibility”

Σ(µ) := lim
|λ|↓0

P (µ)− 1

|λ|2
.

By (58) the weak probe limit gives immediately

Σ(µ) = 4 exp

{
−
(
Neff + 1

2

)
Ωm

ωm
v2

}
Re

∫ +∞

0

dt e(i(µ−ω0)−κ2 )t

× exp

{∫
R

dν
Ωmγmv

2
[
(N(ν) + 1) eiνt +N(ν)e−iνt

]
4πωm

(
γ 2
m

4 + (ν − ωm)
2
) }

. (60)

Now, the power spectrum is
P (µ) ' 1 + |λ|2 Σ(µ) (61)

and we see that in this limit the thermal contribution is completely unaffected by the elec-
tromagnetic one. So, we can use the optical probe as a mean to gain information on the
mechanical occupancy spectrum N(ν).

To compute the time integral in (60) one needs to develop the last exponential in a power
series. The result is much more clear when N(ν) is slowly varying in a neighbourhood of
ωm of width γm. In this case we can made the approximation N(ν) ' N(ωm) in the last line
of (60); by (28) we have also Neff ' N(ωm). By power expansion we get

Σ(µ) ' 4 exp

{
−
(
N(ωm) + 1

2

)
Ωm

ωm
v2

}
Re

∫ +∞

0

dt e(i(µ−ω0)−κ2 )t

× exp

{
Ωmv

2

2ωm

[
(N(ωm) + 1) e(iωm− γm2 )t +N(ωm)e−(iωm+ γm

2 )t
]}

= 2 exp

{
−
(
N(ωm) + 1

2

)
Ωm

ωm
v2

}
×
∞∑
m=0

m∑
j=0

Ωm
m v2m

j!(m− j)!2mωmm

(
N(ωm) + 1

)j
N(ωm)m−j (κ+mγm)

(κ+mγm)2

4 + [µ− ω0 − (m− 2j)ωm]
2
. (62)

So, Σ(µ) appears to be a series of peaks centred on ω0 ± nωm and we write

Σ(µ) ' 2 exp

{
−
(
N(ωm) + 1

2

)
Ωm

ωm
v2

}∑
n∈Z

Πn(µ). (63)

By reorganizing the sums we get the expressions of the various peaks and by integration their
weights.

• The peak centred in ω0:

Π0(µ) =

∞∑
j=0

Ω2j
m v

4j
(
N(ωm) + 1

)j
N(ωm)j (κ+ 2jγm)

(j!)
2

4jω2j
m

[
(κ+2jγm)2

4 + (µ− ω0)
2
] ; (64)
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here the term with j = 0 represents the elastic scattering of photons, while a term
with j > 0 represents the scattering of a photon with exchange with the mechanical
oscillator of j energy quanta ωm. The weight of the peak is

1

2π

∫
R

Π0(µ)dµ =

∞∑
j=0

1

(j!)
2

(
Ω 2

mv
4
(
N(ωm) + 1

)
N(ωm)

4ω 2
m

)j
. (65)

For N(ωm) = 0 the previous formulae reduce to

Π0(µ) =
κ

κ2

4 + (µ− ω0)
2 ,

1

2π

∫
R

Π0(µ)dµ = 1. (66)

• The peaks centred in ω0 − nωm, n = 1, 2, . . ., (Stokes scattering):

Π−n(µ) =

∞∑
j=0

Ω2j+n
m v4j+2n

(
N(ωm) + 1

)j+n
N(ωm)j

(
κ+ (2j + n) γm

)
j!(j + n)!22j+nω2j+n

m

[(
κ+(2j+n)γm

)2
4 + (µ− ω0 + nωm)

2

] ;

(67)
here the term with j = 0 represents the cession of a quantum ωm from the photon to
the mechanical oscillator, while a term with j > 0 represents the same process plus the
exchange of other j quanta. The weight is

1

2π

∫
R

Π−n(µ)dµ =
(
N(ωm)+1

)n ∞∑
j=0

Ω2j+n
m v4j+2n

(
N(ωm) + 1

)j
N(ωm)j

j!(j + n)!22j+nω2j+n
m

. (68)

For N(ωm) = 0 we get

Π−n(µ) =
Ωn

mv
2n
(
κ+ nγm

)
n!2nω nm

[(
κ+nγm

)2
4 + (µ− ω0 + nωm)

2

] , (69)

1

2π

∫
R

Π−n(µ)dµ =
Ωn

mv
2n

n!2nω nm
. (70)

• The peaks centred in ω0 + nωm, n = 1, 2, . . ., (anti-Stokes scattering):

Πn(µ) =

∞∑
j=0

Ω2j+n
m v4j+2n

(
N(ωm) + 1

)j
N(ωm)j+n

(
κ+ (2j + n) γm

)
j!(j + n)!22j+nω2j+n

m

[(
κ+(2j+n)γm

)2
4 + (µ− ω0 − nωm)

2

] , (71)

here the term with j = 0 represents the cession of a quantum ωm from the mechanical
oscillator to the photon, while a term with j > 0 represents the same process plus the
exchange of other j quanta. Note that the weight turns out to be

1

2π

∫
R

Πn(µ)dµ =

(
N(ωm)

N(ωm) + 1

)n
1

2π

∫
R

Π−n(µ)dµ. (72)

For N(ωm) = 0 we get Πn(µ) = 0.
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The asymmetry between Stokes and anti-Stokes scattering is the base for using the the
optical probe as a device for thermometry at low temperatures. Indeed, we have

N(ωm) =

∫
R Π1(µ)dµ∫

R Π−1(µ)dµ−
∫
R Π1(µ)dµ

(73)

and this quantity can be estimated by the area under the curve of the experimental data when
the peaks in ω0 ± ωm are well separated from the elastic peak in ω0, which means that the
widths γm and κ = κ + Lp are sufficiently small. The resolved-sideband thermometry is a
technique already used in somewhat similar situations [4, 6].
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