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Prologue

Functions analytic and contractive in the open unit disk (also known as Schur functions)
have applications to, and connections with, a host of domains, such as classical analysis
(via for instance the theory of orthogonal polynomials), linear system theory, inverse
scattering, signal processing and operator models, to name a few. Schur analysis can be
defined as a collection of problems related to Schur functions (and to related classes of
functions, such as functions analytic in the open unit disk and with a real positive part
there) and their applications to these various fields. A key role in Schur analysis is played
by reproducing kernel Hilbert spaces of functions, of the kind introduced by de Branges
and Rovnyak (see e.g. [105} 106, [156]), associated to these functions.

It is of interest to consider Schur analysis in various other settings. Extensions have
been made for instance to the case of several complex variables (the Schur-Agler classes;
see [6, (7, 82, [83]), the case of upper triangular operators, [42} [159] [161], the case of
compact Riemann surfaces [[74, [75, [90} |91} 267, 268]], and function theory on trees, see
[49,192]], to name a few.

The purpose of this book is to define and study the counterpart of Schur functions
and Schur analysis in the slice hyperholomorphic setting. There are at least two motiva-
tions for such a study, both having in the background the desire to replace the complex
numbers by the quaternions. One motivation comes from the theory of linear systems
and signal processing, see e.g. [209]], [243]]. Another motivation is to define new tools
and problems in hypercomplex analysis inspired from the complex setting (for instance
Nevanlinna-Pick interpolation [20] and the characteristic operator functions [32] to name
two of them).

To set the work in perspective, it is well to mention a few words on classical Schur
analysis. Given a Schur function, say s, the kernel
1 s()s(w)

K(z,w) ey

l—zw
is positive definite in . Equivalently, the multiplication by s is a contraction from the
Hardy space of the unit disk H?(ID) into itself (such functions s are called Schur functions
or Schur multipliers). The reproducing kernel Hilbert spaces associated to the kernels
(1) were studied in details, also in the case of operator-valued functions, by de Branges
and Rovnyak; see [105] and [106, Appendix]. These spaces allow, among other things, to
develop one of the methods to solve interpolation problems in the class of Schur functions;
See [25, [169] and see [26} 186l [81) [176L [250] for a sample of other methods. In each
extension of Schur analysis it is in particular important to identify the correct notion of
Schur function, and define the associated Hardy space (if possible) and the de Branges
Rovnyak spaces.

In the setting of hypercomplex analysis, Schur functions have been considered in at
least three different directions, namely:

1. In the setting of hypercomplex functions, Fueter series play then a key role. See for
instance the papers [67, (69} 70, [71].
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2. In the setting of bicomplex numbers. See [56].

3. In the setting of slice hyperholomorphic functions. See [20} 32} 33| 34} 35, 39] and
[2] in the case of several quaternionic variables.

The present book is an introduction to Schur analysis in this latter setting. Such a
study was recently initiated in a number of papers, of which we mention [20, |32} 33|34,
35, 139]. The purpose of this work is to present in a systematic way the results presented
in these papers, together with some necessary preliminaries, as well as a number of new
results. See the paragraph entitled note later in the section.

The book is divided into three parts, namely Classical Schur analysis, Quaternionic
analysis, and Quaternionic Schur analysis, and we now briefly outline their contents:

Classical Schur analysis: This part is for the convenience of readers from the
quaternionic analysis community. There are a number of works on Schur analysis and
its applications, of which we mention (in a non exhaustive way) in particular the books of
Constantinescu [[153]], of Bakonyi and Constantinescu [79], and of Dym [169]. We also
mention [11, [10], and, in the indefinite case, the survey [44]. We focus in particular on
the notion of matrix-valued rational functions and their realizations, and on reproducing
kernel Pontryagin spaces. We review the Schur algorithm and some of its applications. A
Schur function can be seen as the reflection coefficient function of a so-called discrete first
order system. We also briefly discuss the theory of these systems, and define in particu-
lar the scattering function and the asymptotic equivalence matrix function. Matrix-valued
rational functions which take unitary values (with respect to a possibly indefinite metric;
these functions are also called J-unitary rational functions) on the imaginary axis or the
circle play an important role, and we survey their main properties.

Quaternionic analysis: We begin this part by providing some background material
on quaternions, quaternionic polynomials and matrices with quaternionic entries. This
material can be considered as classical and can be found for example in [231] 248 276].
Because of the noncommutativity new features appear with respect to the complex case.
In some cases, it is useful to translate the quaternionic formalism into the complex one by
using a map which transform a quaternion into a 2 x 2 complex matrix or, analogously, a
quaternionic matrix into a complex matrix of double size. Then we consider quaternionic
functional analysis, with emphasis on Krein spaces. Several classical results in functional
analysis extended to the quaternionic setting have appeared just in recent times, see e.g.
[32, 37]. Although most of the classical proofs can be repeated or easily adapted to the
quaternionic case, it is however useful to have the results collected here. Then we intro-
duce the class of slice hyperholomorpic functions, both in the scalar (see [[144,|188]) and
operator-valued cases and we discuss the Hardy space of the unit ball and of the half-
space, and the corresponding Blaschke products, see [32, 34} [35] Most of the material in
this part is new, including the study of the Wiener algebra [29].

We also discuss the basic facts on the quaternionic functional calculus based on the S-
spectrum, see [130} [132] [144]], which is the basis to introduce the notion of realization
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in this framework. We then discuss slice hyperholomorphic kernels and we extend the
notion of Hardy space to the operator-valued case.

Quaternionic Schur analysis: We discuss some highlights of quaternionic Schur
analysis, both for operator-valued and quaternionic-valued functions. We first define ope-
rator-valued generalized Schur functions and operator-valued generalized Herglotz func-
tions, and characterize these functions in terms of realizations. The Hilbert space case
is of special importance, and we also discuss the counterpart of Beurling’s theorem in
the present setting. The above classes consist of functions slice hyperholomorphic in the
open unit ball of the quaternions. The analogs of these classes for the right half-space
are also introduced and characterized in terms of realizations. We then turn to the case
of matrix-valued functions and study rational functions, and their minimal realizations.
Special emphasis is given on the counterpart of J-unitary rational functions. The theory
of first order discrete systems provides examples of such functions. We also consider the
analogs of some of the classical interpolation problems in the present setting, both in the
scalar and operator-valued cases.

Note: We began our study of Schur analysis in the slice hyperholomorphic setting,
in part with various coauthors some four years ago, and the material we presented in this
book is largely new. In particular, the material in Chapter 9 and 11 appears for the first
time, and one can find also new results in Chapters 7, 8 and 10. More precisely, in Chapter
9 we develop the theory of slice hyperholomophic rational functions and in Chapter 11
we consider a general one-sided interpolation problem in the operator-valued setting. In
Chapter 7, we develop the operator-valued version of the Hardy space of the unit ball. In
Chapter 8 we present in particular a Beurling-Lax theorem, and study Bohr’s theorem in
the present setting. Chapter 10 contains some new material on interpolation (the scalar
Carathéodory-Fejér problem) and new results on first order discrete systems. However,
the theory is still under development and as we solve problems, new challenges in quater-
nionic Schur analysis and its various applications arise. It provides the ground to develop
new directions of research. We hope that the reader will take some of these challenges.

Acknowledgments: It is a pleasure to thank Khaled Abu-Ghanem, Vladimir Bolot-
nikov, Jonathan Gantner, David Kimsey, Izchak Lewkowicz, Guy Salomon, Daniele C.
Struppa and Dan Volok for fruitful and nice collaborations. In particular we largely use
parts of the papers [1, 29| 32]. Special thanks are due to Vladimir, who allowed us to
freely use material from a common unpublished manuscript [19]]. We are also grateful to
Jonathan for his very careful reading of, and comments on, the manuscript.
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Part I

Classical Schur analysis






The first part of this book is essentially intended to the readers from hypercomplex anal-
ysis, and in general, for people not necessarily familiar with the main aspects of Schur
analysis. It provides motivation for the third part of the book, where counterparts of the
notions and results of Part I are considered in the slice hyperholomorphic setting.

In the first chapter we discuss some classical interpolation (or extension) problems (na-
mely the Nehari and the Carathéodory-Toeplitz problems) which play an important role in
modern operator theory, see for instance [204}205]. It should be noted that these problems
and their solutions had a large influence in modern signal processing and optimal control
theory (see for instance [[155, (177, [218]]).

To that purpose we also need to recall some aspects of the theory of indefinite inner prod-
uct spaces, and in particular Krein and Pontryagin spaces. Moreover we review the main
properties of the Wiener algebra and the theory of realization of matrix-valued rational
functions.

We also introduce the various classes of (possibly operator-valued) meromorphic func-
tions which appear in Schur analysis. We remark that these definitions (for instance J-
contractive functions, see [245]) originated from operator theory and Schur analysis, and
lead to new problems in classical function theory. As the reader will see in the sequel,
such interactions and links occur also in the slice hyperholomorphic setting.

Finally we review the Schur algorithm and in particular its connections to the theory
of first order discrete systems. These connections allow to make links with important
notions such as the scattering matrix and the theory of layered medium (see for instance
(1531 [154]).






Chapter 1

Preliminaries

In this chapter we present some definitions and results which play an important role in
Schur analysis. In particular we discuss indefinite inner product spaces, reproducing ker-
nel spaces and two extension problems.

1.1 Some history

Albeit its title, this section has no historical pretense but we only wish to mention some
key steps in the development of Schur analysis. In 1917-1918, and motivated by the
trigonometric moment problem, Schur gave a new characterization of functions analytic
and contractive in the open unit disk D, see [257, 258]]. In the sequel, we will denote
the family of these functions by 8 and call them Schur functions. Rather than defining a
function s € 8 by its Taylor coefficients at the origin, Schur introduced a (possibly finite)

family po, p1, ... of numbers in the open unit disk D and a family sg, sy, ... of elements in
8 by the recursions so(z) = s(z) and
Pn = Sn (0)7
—s5,(0
(@) =s(0) , for, z#£0 11
_ ) z2(1=5,(2)5,(0)) (1.1)
Sn-‘rl(z) = 5 (0)
e for z=0.

1= s, (0)*”

The function 7z s 2E&=n(0)

1—s5,(2)sn(0)
lemma insures that s, € § when p, € D, while the maximum modulus principle forces

Sp+1 to be a unitary constant when |s,11(0)| = 1. The recursion (I.I)), called the Schur
algorithm, then stops at the index n. As proved by Schur, the recursion ends after a finite
number of steps if and only if the function s is a finite Blaschke product, that is, if s is of
the form

belongs to § and vanishes at the origin. Hence, Schwarz’

n

5@) = c[[—= (1.2)

'}
=0 1 —2a
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where ¢ belongs to the unit circle T and ay,...,a, € D, while the sequence does not end
if |5,(0)| < 1, for any n € N.
The function s is uniquely obtained from the sequence py, p1, ... where, in case of a finite

sequence, the last number is on T. More precisely (and when s; #Z 0), rewriting for n =0
equation (1)) as
s(z) = po+zs1(z)

2= 1+ zPps1(2) =Pot

A2
(=l .

Poz+ ——

51 (Z)

one obtains the partial fraction expansion (see Wall’s book [271} Theorem 77.1, p. 285])

1—|po )z
5(2) = po-+ —— =10l (1.4)
pozt+——F————5—
1— z
o+ 0= 12iP)
P12+ —
The numbers po, pi, ... are called the Schur parameters of s and they can be expressed in

terms of the Taylor coefficients. When they are computed from the Taylor coefficients of

1—
the associated function ¢(z) = T SEZ; they are called Verblunsky parameters. They are
s(z
then connected with the orthogonal polynomials associated with the positive measure

appearing in the Herglotz integral representation of ¢@:

21 it
(p(z):ia+/0 Ziti_id”(t)’ (where a € R), (1.5)

and to signal processing. See Kailath’s survey paper [221]].

More generally, the main characters of the topic are (possibly operator-valued) functions
meromorphic in the disk or in a half-plane, and taking contractive values or having a
positive real part there (possibly with respect to an indefinite metric), or with associated
kernels having a finite number of negative squares (see Definition for the latter).

The study of such functions occurred along the years in a number of instances, of which
we mention:

1. The trigonometric moment problem.

2. Classical function theory.

3. The characteristic operator function of a close to self-adjoint operator.

4. The theory of linear systems and digital signal processing.

5. The theory of direct and inverse problems associated to first order discrete systems.

Schur functions have been extended to various settings, from several complex variables
to Riemann surfaces, upper triangular operators and more and, as already mentioned, the
purpose of this book is to define and study the counterpart of Schur functions in the slice
hyperholomorphic setting.
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Remark 1.1.1. Although an important part of the book deals with scalar or matrix-valued
functions, some of the definitions and results are given in the setting of operator-valued
functions.

1.2 Krein spaces, Pontryagin spaces and negative squares

Spaces endowed with an indefinite metric play an important role in the sequel, and we
here review some definitions and results. When considering Schur analysis in the quater-
nionic setting these results need to be appropriately extended, see Chapter[5

Consider a vector space ¥ over the complex numbers, endowed with an Hermitian form
[-,-]. Given two linear subspaces ¥] and ¥; such that ¥ N¥; = {0}, we denote their direct
sum by?] & #. Two elements v,w € ¥ are called orthogonal with respect to this form
if [v,w] = 0. Two linear subspaces ¥] and ¥; are orthogonal if every element of the first
is orthogonal to every element of the second. We use the notation ¥ [+]%; to denote the
orthogonal sum. If moreover ¥ N % = {0}, the sum (which is then also direct) is denoted
by
@],

Definition 1.2.1. The space ¥ endowed with the Hermitian form [-,-] is called a Krein
space if there exist two subspaces 74, #_ such that ¥ can be written as an orthogonal
and direct sum

v =9, (@], (1.6)

where (¥4,[-,+]) and (¥_,—[-,+]) are both Hilbert spaces. The space ¥ is called a Pon-
tryagin space if ¥ is finite dimensional. The dimension of the vector space 7_ is called
the index of the Pontryagin space.

The decomposition (I.6), called fundamental decomposition, will not be unique, unless
one of its component equals the subspace {0}. The so-called signature operator or funda-
mental symmetry is the operator Jy : ¥ — ¥ such that

Jy(v)=Jy(vy+v_)=vy—v_, Ve € V4.
The Krein space ¥ becomes a Hilbert space when endowed with the inner product:
vw) = [vy,wi] —[v_,w_], (1.7

where v=v; +v_ and w = w, +w_ belong to ¥ and vy,w, € #,. The inner product
(I7) depends on the given decomposition, but all the resulting norms are equivalent, and
this defines the topology of the Krein space (see [98,, p. 102]; the proof of this fact is given
in the quaternionic setting in Chapter [5} see Theorem|[5.8.5). The notion of continuity and
of convergence are with respect to this topology. Given two Krein spaces ¥, # we de-
note by B(¥, %) the set of continuous linear operators from ¥ to % and when # = ¥
we will use the symbol B(¥'). By I, we denote the identity operator on ¥’
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Remark 1.2.2. In the finite dimensional case, let ¥ = C™ and let J € C™*"™ be a signature
matrix. Then ¥ endowed with the Hermitian form

[u,v] =v*Ju, u,veC™,

is a Pontryagin space and a fundamental symmetry is given by the map u — Ju.

The notion of adjoint of an operator can be done with respect to the Hilbert space inner
product or with respect to the Krein space inner product. More precisely, let (¥, (-,-)» ),
(#,(-,-)y) be Hilbert spaces. Given A € B(¥,#') its adjoint is the unique operator
A* € B(#,7) such that

(Af,.g)w = (f,A"g)r, fevgew.

Definition 1.2.3. Let (¥, [-,]») and (#/,[-, -]y ) be two Krein spaces. GivenA € B(¥, #)
its adjoint is the unique operator Al € B(#/, %) such that

Af. gy =f,AMgly, feV . gew.

The Krein spaces ¥ and # are Hilbert spaces when endowed with the Hermitian forms

(f.faly =lhJrfly and (g1.&)y =[81.0wglr fi.LEV, g.8€W.
(1.8)
The Hilbert space adjoint A* (with respect to the inner products (I.8)) and the Krein space
adjoint A are related by the formula

A* =7, AM T, (1.9)

where Jy and Jy are associated to some fundamendal decompositions of ¥ and #. To
prove (I.9) note that

Af.&ly = (UyAf,g8)
= (f,A"Jyg) (1.10)
=[f,JyA Ty gly.

Definition 1.2.4. An operator A € B(¥',#') is said to be:
(1) isometric if AMA =1,/;

(2) coisometric if AAF = I,;

(3) unitary if it is isometric and coisometric;

(4) a contraction if [Af,Af]y] < [f.flyv. fE Y.

Definition 1.2.5. A subspace .Z of a Krein space ¥, [-,-] is said to be nonpositive if
[f,f] <0 forall f € £. It is said uniformly negative if there exists § > 0 such that
[f,f] < =8| f||?, for all f € &, where | f|| denotes the norm associated to one of the
fundamental decompositions. It is said maximal nonpositive (resp. maximal uniformly
negative) if it is nonpositive (resp. uniformly negative) and not properly contained in a
subspace of ¥ having the same property.

Analogous definitions, with reversed inequalities can be given in the case of subspaces
(maximal) nonnegative, (maximal) uniformly positive.
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We will mention in Chapter [5|the main results from the theory of indefinite inner product
spaces needed, in the quaternionic setting, in Schur analysis. Here we content ourselves
to mention five important results which are used in Schur analysis. We refer to the book
[216] by Iohvidov, Krein and Langer for proofs of the first three ones, to [259], [262] for
the fourth one, and to [[72] for the fifth.

Theorem 1.2.6. The adjoint of a contraction between Pontryagin spaces of same index
is a contraction.

Theorem 1.2.7. A contraction between Pontryagin spaces of same index has a maximal
strictly negative invariant subspace.

Theorem 1.2.8. A densely defined contractive relation between Pontryagin spaces of
same index extends to the graph of an everywhere defined contraction.

Before stating the last two results alluded to above, we need two definitions. The first
definition introduces the notions of negative squares and kernels. It is given in the general
case in which the coefficient space is a Krein space. Note that, in the sequel, we will often
use the symbol %" to denote a Krein space (which will often play the role of a coefficient
space) and &2 to denote a Pontryagin space:

Definition 1.2.9. Let Q be some set and let %" be a Krein space. The B(.%")-valued
function K (z,w) defined on Q x Q is said to have k negative squares if it is Hermitian

K(z,w)=Kw,2), VoweQ

and if for every choice of N € N, ¢y,...,cy € # and wy,...,wy € Q the N X N Hermitian
matrix with (u,v)-entry equal to

[K(WM;WV)CWCM]JK

has at most Kk strictly negative eigenvalues, and exactly x such eigenvalues for some
choice of N,cy,...,cy,wi,...,Wy.

The function is called positive definite if k¥ = 0, that is if all the above Hermitian matrices
are nonnegative (remark that this standard terminology is a bit unfortunate. Note also that
one uses also the term kernel rather that function).

We will refer to the function K as kernel. An important related notion is the one of repro-
ducing kernel Pontryagin space.

Definition 1.2.10. Let Q be some set and let %" be a Krein space, and let &7 be a Pontrya-
gin space of % -valued functions defined on Q. Then &7 is called a reproducing kernel
Pontryagin space if there exists a B(.#")-valued function K(z,w) with the following two
properties: Forevery c€ #,we Qand F € &,
(1) The function z — K(z,w)c belongs to Z.
(2) It holds that

[F,K(-,w)c]e =[F(w),c] . (1.11)
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The function K(z,w) is called the reproducing kernel of the space. It is Hermitian. We
say that K has finite rank if the associated reproducing kernel Pontryagin space is finite
dimensional. By Riesz’ representation theorem it is uniquely defined. The following the-
orem relates the two above definitions, and originates with the work of Aronszajn [76[77]]
in the case of positive definite kernels and Schwartz [259] and Sorjonen [262] in the case
of negative squares. See also [47, Theorem 1.1.3, p. 7] for a proof.

Theorem 1.2.11. Let Q C C be some set and let % be a Krein space. There is a one-
to-one correspondence between reproducing kernel Pontryagin spaces of ¢ -valued func-

tions defined on Q and B(%")-valued functions having a finite number of negative squares
in Q.

Remark 1.2.12. The function K(z,w) has K negative squares in € if and only if it can be
written as a difference K (z,w) = K, (z,w) — K_(z,w), where both K, (z,w) and K_(z,w)
are positive definite in 2 and moreover K_ has rank x.

The above theorem fails for reproducing kernel Krein spaces. Schwartz proved that there
is an onto (but not one-to-one) correspondence between reproducing kernel Krein spaces
and Hermitian functions which are differences of positive definite functions on Q. See
[259] and [9] for counterexamples.

Definition 1.2.13. Let A be a self-adjoint operator in a Pontryagin space &?. We say that
A has K negative squares, and write k = v_(A) if the function K(f,g) = [Af,g] » has k¥
negative squares.

Theorem 1.2.14. Let A be a bounded, self-adjoint operator from the Pontryagin space &
into itself, which has a finite number of negative squares. Then, there exists a Pontryagin
space Py with ind», = v_(A), and a bounded right linear operator T from & into &,
such that

A=THT.

1.3 The Wiener algebra

The Wiener algebra of the unit circle was introduced in the thirties of the previous century
by Wiener in [275] and plays an important role in harmonic analysis. It lies between the
algebra of rational functions analytic on the unit circle T and L*(T). Later on, it has
been realized that the fact that its elements are continuous on the unit circle and the
algebra structure makes a number of problems such as the Nehari extension problem, see
Section[I.4] or the Carathéodory-Fejér interpolation problem, see for Theorem[I.5.2) best
understood in its setting.

Definition 1.3.1. The Wiener algebra of the unit circle #"™" (we will write # when
r = 1) consists of the functions of the form

f(ei’) _ Z fueim

UueZ
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where f, € C"™" and

Y full <o, (1.12)

ucZ

where || - || denotes the operator norm.

There is also a version of the Wiener algebra for the real line. Since we will not consider
it here, we will just write Wiener algebra rather than the more precise Wiener algebra of
the circle.

Remark 1.3.2. Ttis useful to note that the product is jointly continuous in the two variables
in the Wiener algebras. It is also useful to note that the function ¢t — (f(e"))* belongs to
#'"" when f belongs to #"™".

The space #"*" with pointwise multiplication and norm (I.12)) is a Banach algebra of
functions continuous on the unit circle. Rational functions without poles on the unit circle
belong to 7. This can be seen using the partial fraction expansion of the given function.
We note that any rational function without poles on T is in the space L*(T).

We denote by #/ ™" (resp. #*") the subalgebras of functions f for which f, = 0 for
u < 0 (resp. f, = 0 for u > 0). Elements of #/*" are analytic in the open unit disk, and
continuous in the closed unit disk, while elements of %" are analytic in the exterior of
the closed unit disk, and continuous in the complement of the open unit disk.

The celebrated Wiener-Lévy theorem, see [273]], [235, Théoreme V, p. 10], characterizes
invertible elements of 7 . In the case of matrix-valued functions it takes the form:

Theorem 1.3.3. A function f € W™ is invertible in this algebra if and only if it is
pointwise invertible:

det f(e") #0, VreR.

Similarly, f € #*" (resp. in #*") is invertible in #]*" (resp. in #*") if and only
if det f(z) # O for all z in the closed unit disk (resp. in the complement of the open unit
disk).

An important notion is that of Wiener-Hopf factorization:

Definition 1.3.4. The function f € #"*" admits a left (resp. right) Wiener-Hopf factor-
ization if it can be written as

f=rf- (esp. f=f_f+)
where f and its inverse belong to %" and f_ and its inverse belong to #*".

This notion plays an important role in a number of topics, of which we mention (in the
setting of the continuous Wiener algebra) singular integral equations and convolution
integral equations. See for instance [207]. In the present work we will see an example of
such factorization for the scattering matrix function; see Theorem[3.3.7]
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1.4 The Nehari extension problem

The Nehari extension problem originates with Nehari’s paper [239] and is as follows:

Problem 1.4.1. Given complex numbers ..., f_», f_1, fo, find a necessary and sufficient
condition for numbers f1, fa,... to exist such that the a priori formal series f(e") =
Yz fn€™ is such that

sup | Y fue™| < oo

t€(0.27] nez

Of particular interest is the case where the above supremum is strictly less than 1; another
case of interest is when the function f takes almost everywhere unitary values on the unit
circle. Nehari proved that the problem is solvable if and only if the infinite Hankel matrix

fo S
f-1 f=2
=] :

defines a bounded operator from /¢; into itself. Nehari did not describe the set of all so-
lutions of these various versions of the problem. This was addressed later, for example
in the works of Adamyan, Arov and Krein (see [3} 4} 15]), Dym and Gohberg 170} [171]],
Arov and Dym [78]] and others. A description of the set of all strictly contractive solutions
in the setting of the Wiener algebra, using the band method, can be found in [205, Chapter
XXXV4, p. 956].

Nehari’s problem has applications in H*-control theory; see for instance [162]], [176, p.
247], [178].

The problem is better understood if one considers a family of Nehari extension problems,
rather than an isolated one. More precisely, and in the setting of the Wiener algebra, we
set:

Problem 1.4.2. Given n € Ny, and given r X r matrices f,,u = —n,—n—1,... such that
Y full <o
u=-n
find a necessary and sufficient condition for r X r matrices f,,u=—n+1,—n+2,...to

exist, such that

oo

Y, Il <

u=—n+1

and
W(eit)(W(eit))* <I, t€][0,2n]

where W (e'") = ¥ c7 fne™.
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To solve this problem one needs first to introduce the block Hankel operator

ffn f,”,I
ffnfl f7n72
L,=| - : . n=0,1,... (1.13)

To present the solution of Problem we first need some preliminary definitions (see
[205])): Let
I,
0
e=|o| e,

consider the solutions a,, b, cy,d, € €5 of the equations

lpr =T\ (a, —(¢) and leger =T\ (e —(° (1.14)
71—‘;‘; IZEXV bn 0 71—‘:,; Iégxr dn e)’

and set
an(z) = an0+aan_1 +---
— 71 e
Bu(z) = buo +bmz " + (L15)
Yn(z) =cCpot+Cn1z+---
6)1(1) =dnpo+dnz+---

It is known that o;F € #_, B, € #_ and 8 € #, and vy, € #.,.

Theorem 1.4.3. A necessary and sufficient condition for the Nehari extension problem
to be solvable is that ||| < 1. When this condition holds, the set of all solutions is
described as follows. A function f is a solution of the Nehari extension problem if and
only if it can be written as

£(2) = (@) a, Pe(z) + Ba(2)drg ) (m(2)an Pe(z) + 8u(2)dg *)

where e varies in the functions of W' taking strictly contractive values on the unit

circle.
-1/2
a 0
H,(z n0 B
n( ) ( 0 dn01/2>

H,(z) = <a”(z) MZ)) (1.16)

The functions

with
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have a specific boundary property, called Jy-unitarity (with Jy as in (T.22))). Since we con-
sider these facts only in the rational case we postpone the discussion to Chapter [2| For
more information we refer to [204]203]). Furthermore, the functions H,(z) form a discrete
linear system. See Section [3.3]for the definition and discussion of this aspect.

We conclude this section with connecting a special case of the Nehari extension prob-
lem with the Carathéodory-Fejér problem interpolation for Schur functions (see Problem
B.2.1). More precisely, assume that in Problem [[.4.Tjwe have f_y_ = f_y_2=---=0.
Then f(z) = Yoy fn2" satisfies sup,cp|f(z)| < 1 if and only if the function zV f(z) is
a Schur function, and thus the problem is then equivalent to finding all Schur functions
whose Taylor series at the origin begins with Zy:o fo—nZ"-

1.5 The Carathéodory-Toeplitz extension problem

The Carathéodory-Toeplitz extension problem can be set as follows:

Problem 1.5.1. Given r X r matrices t_p,1_(,_1),...,10,11,...,1n Such that t; = tij, Jj=
0,1,...,n:
(1) Find a necessary and sufficient condition for matrices tyy1,. .., to exist such that all

Toeplitz matrices Ty = (ti-j); o, Satisfy

T,>0, m=n+1,n+2,....
(2) Describe the set of all solutions when this condition holds.

In the scalar case, one way to solve this problem is by one-step extensions. Given 7,, > 0
find all ¢,,11 € C such that

Im+1
Im
T
Tm+1 = " > O
I
Im+1 ﬁ H Io

Using Schur complements it is easy to check that the #,,,; varies in the open disk with

center a,, T, Jlbm and radius \/ (to— b;‘nTm:l] bm)(to — amﬂnillaj;,), where

t’n
am=(n - tw) and by, =
151

It follows from this analysis that, in the scalar case, a necessary and sufficient condition
for Problem [[.5.1] to have a solution is that 7, > 0. This condition is still necessary and
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sufficient in the matrix-valued case. Assuming now this condition, we present a solution
to Problem [[.3.]]in terms of a linear fractional transformation. We set

T, = (0 )ijetn

where the blocks 7/1-(;’> € C™". We set (see [[168] p. 80])
n
=Y 0
=0
n
=L
ZW 7’/0 )

= Zm(Z)Yéﬁf)v
(=0

where py(z) = 2t +2Y 5 270t

In order to describe the solutions of the problem it is necessary to first associate to a
(potential solution) the function

D(z)=10+2) 1-.7".
u=1
The conditions 7,,, > 0 for m = n,n+1,... force the matrices #,, to be uniformly bounded
in norm, and thus ®(z) converges in . Furthermore, we have the formula

P(z) + "
W Z ZnW 1tn —ms Z,WED. (]]7)

n,m=0

The function @ will be analytic and with a positive real part in the open unit disk if and
only if the sequence 1y, . ..,f,, 11, - - 1S a solution to the given extension problem. Hence
the given sequence is a solution to the Carathéodory-Toeplitz extension problem if and
only if the corresponding function @ is such that

CID(Z) :t0+2t_1z+"'+2t—n2n+2t,(n+1)zn+l—|—---

fixed

This is the Carathéodory-Fejér interpolation problem for matrix-valued Carathéodory
functions (see also Problem [3.2.1). The next theorem describes the set of all solutions
in the Wiener algebra, and is taken from Dym’s paper [168]].

Theorem 1.5.2. The linear fractional transformation

®(z) = (An(2) — 2G5 (2)G(2)) (An(z) + 2Ca(2)G(2))
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describes the set of all solutions of the Carathéodory-Fejér problem which belong to the
Wiener class #'""when G varies in the class of elements of #\*" which are moreover
strictly contractive on the unit circle.

1.6 Various classes of functions and realization theorems

In this section we introduce various families of meromorphic functions and associated
reproducing kernel Pontryagin spaces which play an important role in Schur analysis and
in the present book. The parallel section in the slice hyperholomorphic setting is Section
[B:I] The reader should be aware that some other important families are not or barely
considered here, both in the classical and in the quaternionic setting. For instance we will
not study here Hilbert spaces of entire functions of the type introduced by de Branges,
partially in collaboration with Rovnyak (see [156} (172} [173]]).

Definition 1.6.1. Let &| and &, be two Pontryagin spaces of same index. The B(#;, £%;)-
valued function S meromorphic in an open subset €2 of the unit disk is called a generalized
Schur function if the kernel
13”2 _S(Z)E(W)M (1.18)
1 —2zw
has a finite number x of negative squares in €.
The class containing such functions is denoted by S (%, %) or simply 8, () when

P=Pr=2.

One can use the Hilbert space structures of the coefficient spaces associated to some pre-
assigned fundamental decomposition, with associated signature operators J; and J,. Then,

takes the form
Jo—S(2)J1S(w)*
1—zw '
Such functions S appear as characteristic operator functions of operators, and also as
coefficient matrices allowing to describe the solutions of some underlying problem in
terms of a linear fractional transformation.

(1.19)

Definition 1.6.2. Let & be a Pontryagin space. The B(#?)-valued function & mero-
morphic in an open subset Q of the open unit disk is called a generalized Carathéodory
function if the kernel o
CI>(Z)+CI>£W) (1.20)
I —zw
has a finite number, say k, of negative squares in Q.
The class containing such functions is denoted by Cy (|, %,) or simply C, () when

P=Pr=2.

Such functions @ appear in particular in operator models for pairs of unitary operators.
In Definitions [I.6.T] and [T.6.2] one could consider Krein spaces as coefficient spaces, but
the main realization theorems hold only in the case where the coefficient spaces are Pon-
tryagin spaces of same index.
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Definition 1.6.3. Let &2 be a Pontryagin space. The pair of B(#?)-valued functions
(E+,E_) analytic in some open subset of the extended complex plane symmetric with
respect to the unit circle is called a de Branges pair if the kernel

E4(2)Es (W) —E_(2)E_(w)IY
1—zw

has a finite number of negative squares in €.

An important tool in the arguments in Schur analysis in the operator-valued case is a
factorization result for positive kernels of the form

A(2)A(wW) — B(z)B(w)"!
1—zw

where A and B are analytic and operator-valued. This factorization is originally due to
Leech, see [232]. For the case of bounded operator-valued analytic functions we refer to
[249, Theorem 2, p. 134] and [250, p. 107] (these last works are based on the commutant
lifting theorem).

These various kernels, and the associated reproducing kernel Pontryagin spaces, can also
be considered in the open right half-plane C,, when the denominator 1 — zw is replaced by
2m(z+w) (the 27 factor is to make easier the use of Cauchy’s formula in C,). The kernel
corresponding to (I.20) plays then an important role in models for pairs of self-adjoint
operators.

In every case the associated reproducing kernel Pontryagin space is a state space for a
realization of the given function. We give two examples in Theorems[I.6.4]and [1.6.6]

These various kernels, and others, are part of a general family of kernels. To describe this
family, we first consider a pair (a,b) of functions analytic in some connected open set Q
and such that the sets

Q, ={z€Q:[b(zx)| <la(z)|} and Q_ ={z€Q:|b(z)] > |a(z)[}
are both non-empty. Then
Qo ={z € Q;: |b(z)] =|a(z)[}

is also non-empty (this is a simple, but nice, exercise in complex variable, see for instance
[12, Exercise 4.1.12, p. 148]). Let

Pw(2) = a(z)a(w) —b(z)b(w).

r . . . .
The kernel —— is positive definite in Q. . For instance, the case where

PW(Z)

a(z) = 1—\;; and b(z) = ]%
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corresponds to the case of the open right half-plane, Q, = C,.

Let now J € B(Z)) be a signature operator, and X be a B(%?;, %)-valued function

analytic in an open subset U of Q.. The kernels described above are all of the form

X(z2)JX (w)*
Pw(2)

A general Schur algorithm for such kernels (in the matrix-valued case) has been devel-

oped in a series of papers which includes [54, I55]]. The related one point interpolation
problem was studied in [45] when K is complex-valued (as opposed to matrix-valued).

K(z,w) = (1.21)

The functions defined above and the associated reproducing kernel Pontryagin spaces
play an important role in operator theory and related topics. These applications originate
with the works of de Branges and Rovnyak, see [105} [106]]. We mention in particular the
following applications:

1. Operator models

2. Prediction theory of Gaussian stochastic processes.
3. Inverse scattering problem.

4. Interpolation problems for Schur functions.

In the present work we consider the counterparts, in the setting of slice hyperholomorphic
functions, of some of these kernels individually. The general theory of reproducing kernel
Pontryagin spaces with reproducing kernel uses interpolation of operator-valued
Schur functions and a factorization theorem for analytic functions due to Leech (see [233]
220] for the latter).

The case of finite dimensional spaces is of particular importance. Early (and sometimes
implicit) instances of the corresponding functions (1.19) with J; and J, equal to

h:@ ﬂ) (1.22)

appear in Schur’s papers [257,,1258]] and in the paper [116].

We now conclude with the realization theorems mentioned above. Let F be an operator-
valued function analytic in a neighborhood of the origin. A realization of F centered at
the origin is an expression of the form

F(z) =D+zC(I—zA)"'B,

where D = F(0) and where A,B and C are operators between appropriate spaces. The
space where the operator A acts is called the state space of the realization. Functions
associated to kernels defined in Section [[.6] admit realizations in terms of the associated
reproducing kernel spaces.
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Theorem 1.6.4. Let S € 8 (P, D), where P\ and &, are Pontryagin spaces with
same index x, and let P (S) be the associated reproducing kernel Pontryagin space with
reproducing kernel (1.18). Then

S(z)= D+ZC(I<@(S) - ZA)ilB,

where the operator matrix

(g‘ g) L PS) e P — PS)D P (1.23)
is defined by
f(z) = f(0)
Af(Z) — z y R 7é 07
f'(0), z=0,
Ber() = 5@ ;S(O)Cl’ (1.24)
Cf = f(0),
Dcy = 8(0)cy,

where ci € &\. Furthermore, the realization is coisometric and observable, meaning that
[+] o
A B\ (A B\ (lIpg O .
(C D) (c D) = ( 0 1) ™ nookerCA = {0}. (1.25)

A proof of Theorem [I.6.4] can be found in [47]. We do not repeat it here since we give a
proof of the quaternionic counterpart of it in the sequel. It is useful to recall the formula

Ks(z,w) = C(I —zA) " (1 —wAlhy ! )
for the reproducing kernel of Z(S).

Definition 1.6.5. The operator A in (1.24) is called the backward-shift operator, and is
usually denoted by Ry:

f(z) = £(0)
Rof(z) = . 70 (1.26)
f/(O), z=0,

for an operator-valued function analytic in a neighborhood of the origin.

Often, as in the next theorem, we do not write out the value at the origin, and simply set

functions.

. We now recall the realization result for generalized Carathéodory
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Theorem 1.6.6. Let ® € C (L), where & is a Pontryagin space, and let & (®) be the
associated reproducing kernel Pontryagin space with reproducing kernel (1.18]). Then

P(z) = D-‘rZC([g)(q;) —ZA)7137

where
Af(2) = f(Z);f(O)7
Cf=£(0),
Be(z) = P(z) ;4’(0) .
Dc = %(CID(O) —®(0)")c

Furthermore A is coisometric and the pair (C,A) is observable,

AAM =1 and () kerCA" ={0}. (1.27)
n=0

Remark 1.6.7. In the above theorems the realization is the celebrated backward-shift re-
alization. This realization appears also in the next section in Theorem [2.1.1]and in other
places in the book. Realizations for the analogous functions defined in the right half-plane
are more involved. We will not recall them for the complex-valued case, but present them
in later sections in the setting of slice hyperholomorphic functions.
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Rational functions

Since this book is intended to (at least) two different audiences we recall in the present
chapter the main features of realization theory for matrix-valued rational functions (that is,
of matrices whose entries are quotient of polynomials). Note that realization of elements
in certain classes of operator-valued analytic functions have been considered in Section

[Lal

2.1 Rational functions and minimal realizations

The theory of realization of rational, and more generally analytic and possibly operator-
valued functions, plays an important role in classical operator theory and in related fields.
The starting point is the following result, a proof of which is outlined after Definition

212

Theorem 2.1.1. Let r be a C"*™-valued rational function analytic at the origin. Then r
can be written in the form

r(z) =D+zC(Iy—zA)"'B Q2.1
where D = r(0) and (A,B,C) € CN*N x CN*m x C™N for some N € N.

Definition 2.1.2. Expression (2.1)) is called a realization of r centered at the origin. The
realization is called minimal if N is minimal.

‘We have:

Proposition 2.1.3. A realization is minimal if and only if the following two conditions
hold:

1. The pair (C,A) is observable, meaning that

N—-1
() kerCA" = {0} (2.2)
u=0
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and
2. The pair (A,B) is controllable, meaning that

N—1
|J ranA“B=C". (2.3)
u=0

Note that condition (2.2)) is a special case of the second condition in (T.23])) when A is a
N x N matrix, as is seen by using Cayley-Hamilton theorem.

A minimal realization is unique up to a similarity matrix, that is up to a transformation of

the form
A BY (S 0\(A B s7to
C D 0 5L,)\C D)\ 0 I
where § € CV*V is invertible. We will not give a proof of these last facts, but will focus

on Theorem 2.1 1]instead.

There are various ways to prove Theorem One is given in [12, Exercise 7.5.3, p.
329] (see in particular the hints given after the exercise). We here outline a proof which
exhibits an important realization, called the backward-shift realization. This realization
has also the advantage (in the rational case) to be minimal.

Outline of the proof of Theorem[2.1. 1| The backward-shift realization. We note that the
linear span .# (r) of the functions

2 (Rgre)(z), ce€C™ and u=1,2,...,

where Rg is defined by (I.26), is Ro-invariant by construction, and is finite dimensional
since r is rational. To verify this last point, assume without loss of generality that r is
scalar-valued, and consider the partial fraction expansion of r. It is a sum of a polynomial
. 1 . Lo
and of functions of the form ———— where a € C and 7 € N. The finite dimensionality

(z+a)

claim follows from the formulas

1 ot 1
Ry| —— | = I d RZ=7/1
0 <(Z+Cl)t> Z (z—|—a)l*”a” an OZI z

u=1

In particular the function Ryrc belongs to .# (r) for ¢ € C™. It is then easy to check that
(2:1) is in force with A, B,C and D as in Theorem [1.6.4} O

As a consequence we have:

Theorem 2.1.4. Let r be a C"™™-valued rational function analytic at infinity. Then r can
be written in the form
r(z) =D+C(zly—A)"'B (2.4)

where D = r() and (A,B,C) € CN*N x CN*m x C"™N for some N € N.
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It is of interest to pass from a realization (2.1) to a realization (2.4)). Starting from (2.1)
and assuming A invertible this is done as follows:

rz) = D+zC(Iv—zA)"'B
= D+zCA YA ' —zy)"'B
= D+CA AT —zy) ey —AT +A DB
= D-CA'B—cA '(zy—Aa"1H)'A7'B. (2.5)
By renaming the various matrices we have (2.4).
We now recall two important formulas related to inverse and product of realizations, see
for instance [94]. We provide the proof since the argument is the same when the matrices

have quaternionic entries and z is restricted to be real. See Theorems [9.1.4and[9.1.6] We
will use these formulas in such a context in various places in the book, see for instance

the proof of Theorem

Proposition 2.1.5. Let
r(z) =D+4zC(I —zA)"'B,

where A, B,C and D are matrices with entries in C and of appropriate sizes, be a realiza-
tion of the rational function r, and assume that D is invertible. Then,

riz) ' =D =7 'C(1—z4%)"'BD!, (2.6)

with
A*=A—-BD'C. 2.7)

Proof. Write
r(z) =D(I+zD~'C(I—zA)"'B).

The formula is then a consequence of the well known formula
(I—ab) ' =1+a(l—ba)"'b (2.8)
(where a, b are matrices of appropriate sizes) with
a=—zD7'C and b= (I—-zA)"'B.
Then

(I+zD7'C(I—zA)"'B)"' =
=1-zD'C(I+(I-zA)'B:D7'C) (1 -24)'B
=1—zD7'C(I—zA*)"'B.
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Remark 2.1.6. Formulas (2.6) and (2.5) can be written as involution maps on matrices as

A B = A—BD™C BD!

C D -D-Ic D!
and

A B o Al A-'B

C D —CA™! D—CA 'B)"

Remark 2.1.7. The transformations r ~ r~! and A — A* have a flavor of perturbation
theory. This is indeed the case when r has a positive real part in a half-plane or in the disk,
see [105}107] and [59, 160, 214].

Proposition 2.1.8. Let
rj(z) = Dj+2Ci(Iy; —2A)"'Bj,  j=1.2,

be two functions admitting realizations of the form (2.1). Let ry, ry be C"*" and C"*"-
valued, respectively. Then the C"™*"-valued function rir, can be written in the form (2.1)),
with D = D1D, and

Ay B, B1D,
A:(O Az), B:(Bz), C=(C D\(Gy). (2.9)

When considering matrix-valued functions, addition is a particular case of multiplication:
given rq and r, two C"*"-valued functions we have

r(z)

n@tn@=(nE L) ( In )

Thus, as a corollary of Proposition [2.1.8] we obtain the realization formula for the sum
r1 + 2 (see for instance [[12} (7.5.5) p. 330]):

ri(z) +r(z) =
= (D1 +Dy)+z(Cy G) <1N1+N2 _Z(fz)l ;D)‘ @;) (2.10)

2.2 Minimal factorization

Let r; and r, be two C"*"-valued rational functions analytic at the origin. The factoriza-
tion r = ryry of the r into a product of two other C"*"-valued rational functions r; and rp
if called minimal if

degr =degr; +degrs.

Minimal factorizations were characterized in [93|[94]. To present next Theorem[2.2.2] we
first recall the notion of supporting projection.
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Definition 2.2.1. Let r be a C"*"-valued rational function analytic at the origin and as-
sume 7(0) invertible. Let r(z) = D + zC(Iy — zA)~'B be a minimal realization of r. Let
M and ¥ be a pair of subspaces of CV such that

AM C . H# and AN C N,

and assume

CN=+, NN ={0}.
The projection 7 from C on .# parallel to .4 is called a supporting projection.

Theorem 2.2.2. Let r be a C""-valued rational function analytic at the origin and as-
sume r(0) invertible. Let r(z) = D +zC(Iy — zA) ™' B be a minimal realization of r. Then,
r = ryry is a minimal factorization if and only if there exists a supporting projection T
and invertible matrices Dy and D, such that

ri(z) = Di+Cz(ly—zA)" (Iy—m)BD;", 2.11)
r(z) = Da+zD;'Cr(ly—zA)"'B. (2.12)

We note that a rational matrix function may lack non-trivial minimal (square) factoriza-

tions, as the classical example
r(z) = (O 1> . (2.13)

Indeed a minimal realization of the function r is given by

0 b (0 )6 Y
AXA<8 (1)).

The matrix A has only one non-trivial invariant subspace, and so there exists no non trivial
supporting projection.

and so

As we will explain in the sequel, a large part of the theory of realization of rational func-
tions extend to the setting of slice hyperholomorphic functions. In this short section we
point out in particular a point, the notion of degree, which do not, seemingly, extend to
the quaternionic setting. Not surprisingly this difference pertains to the notion of singu-
larities. In the complex case, given a rational function with pole at the point zo € C one
considers the Laurent expansion at zg

where s is analytic at zg.
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Definition 2.2.3. The local degree at z is the rank of the upper triangular block Toeplitz
matrix
riq r7q+1 e e "’71

O cee riq

and similarly for the point oo, see [94} p. 77].
The McMillan degree of r is then equal, by definition, to the sum of the local degrees over
the Riemann sphere.

It is worthwhile to note that the McMillan degree is the dimension of any minimal real-
ization.

In a minimal realization centered at infinity, that is of the form (2.4)), the spectrum of the
main operator A coincides with the poles of the given rational function.

We also note, and we elaborate on this point later, that the notion of J-unitarity cannot be
extended in a straightforward way, since point-evaluation is not multiplicative in the slice
hyperholomorphic setting.

2.3 Rational functions J-unitary on the imaginary line
Let J € C"" be a signature matrix
J=J"=J"

and set
J—0(2)J0(w)*

K@(Z,W) 74w

)

where @ is analytic in some subset Q(®) of the plane. We let &2(0®) denote the linear
span of the functions

7+ Ko(z,w)c

when w runs through Q(®) and ¢ runs through C".

The following result is taken from [57, Theorem 2.1, p. 179]. The case of the real line is
considered in [43] §5]. We give a proof of this result in the quaternionic setting in Section
O
Theorem 2.3.1. Let ® be a C"*"-valued function analytic at infinity, with minimal real-
ization

O(z) =D+C(z[ —A)'B.
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Then the following are equivalent:
(1) The function @ is J-unitary on the imaginary line, meaning that

O()JO()* =J, VzeQ(O®)NIR. (2.14)

(2) The space &(0) is finite dimensional.
(3) D is J-unitary (that is D*JD = J) and there exists a (uniquely defined invertible)
Hermitian matrix H such that

A*H +HA = —C*JC,

2.15
B=—H'C"JD. 219

This theorem can be proved in two different ways. One can use the finite dimensional
reproducing kernel Pontryagin space with reproducing kernel Kg(z,w) (see [52]) as state
space for the backward shift realization. One can also rewrite (2.14])) as

0kz) ' =J0(-2)"J

and use the fact that the corresponding two minimal realizations are similar. See [57].
Furthermore, one can prove the formulas

@(Z = (In_C(ZI_A)71H71C*J)Dv (2'16)
w = C(d—-A)'"H Y (wI-A)~*C". (2.17)

Definition 2.3.2. The rational function ® will be called J-inner when H > 0.

Remark 2.3.3. An important problem for J-unitary rational functions is the characteriza-
tion of minimal factorizations, where both factors are themselves J-unitary. In the positive
case (that is, when the function is J-inner), elementary factors have been characterized by
Potapov. See [245]. In the general case, minimal factorizations have been characterized
in [57].

When J = [,,,, a special factorization exists and ® turns out to be a finite Blaschke product.
The following is a very particular case of a result of Krein and Langer, see [227].

Theorem 2.3.4. A rational function ® is unitary on the real line if and only if it can be
written as ©® = B1B; U\vhere B1 and B, are (finite) Blaschke products.

Remark 2.3.5. We note that rational J-inner functions play a key role in interpolation the-
ory for functions analytic and contractive in the open right half-plane (Schur functions of
the right half-plane). More generally, rational J-unitary functions play a role in interpo-
lation theory for generalized Schur functions (of the right half-plane). They also appear
in the theory of canonical differential systems with rational spectral data, see for instance
(64, 1206].
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In the previous analysis the special case

J:(z 10) and @(z):<16‘ ‘I’I(nZ))

where ®(z) is a C"*"-valued rational function leads to the following results (see [57,
Theorem 4.1, p. 210]).

Theorem 2.3.6. Let @ be a C"*"-rational function analytic at infinity, and let ®(z) =
D+ C(zly — A)~' B be a minimal realization of ®. Then the following are equivalent:
(1) ® takes anti self-adjoint values on the imaginary line.

(2) The matrix D is anti self-adjoint and there exists an invertible Hermitian matrix H
such that

A*H-+HA =0,
C=B'H.
We note the formula
(o>} d(w)*
%:C(ZIN—A)*IH*I(WIN—A)**Cﬂ z,we p(A), (2.18)

where p(A) is the resolvent set of A. The matrix H in the theorem is uniquely defined
from the given realization, and is called the associated Hermitian matrix to the given
realization.

2.4 Rational functions J-unitary on the circle

Let J € C"*" be a signature matrix and let ® be a rational C"*"-valued function, with
domain of definition Q(®). Let

Kofew) = 1 =00

and let #2(0) denote the linear span of the functions
7+ Ko(z,w)c

when w runs through Q(®) and ¢ runs through C". The space Z2(0) can of course be
infinite dimensional, as the example n = 1, J = 1 and ® = 0 illustrates trivially. The next
theorem characterizes the case where Z2(0) is finite dimensional (see [52][57]). Note that
we consider the case of functions analytic at the origin, while Theorem @] considered,
for the imaginary line case, functions analytic at infinity.
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Theorem 2.4.1. Let ® be a C""-valued function analytic at the origin and at infinity,
with minimal realization
O(z) =D+zC(I—zA) " 'B.

Then the following are equivalent:
(1) The function ® is J-unitary on the unit circle, meaning that

O(2)J0(z)" =J, VzeQ(®)NT. (2.19)

(2) The space P (0) is finite dimensional.
(3) There exists a (uniquely defined invertible) Hermitian matrix H such that

A B\"(H 0\(A B\ (H 0
C D 0 J)\C D) \0 J)°
This theorem can be proved as follows. One can rewrite (2.19) as
_ 1\"
@(Z) :J® - J

Z

and compare minimal realizations. Note that in this approach one needs to assume ®
analytic at infinity as well, or equivalently, ® invertible at the origin. One can also use
the finite dimensional reproducing kernel Pontryagin space with reproducing kernel Kg
as a state space for the backward shift realization. Finally, one can specialize the results
of [47] for @ for which the associated space &2 (®) is finite dimensional, of dimension m.
A formula for @ is given by

0(z) =1, — (1 — 2wg)C(I, — zA) ' H ™Y (I, — woA) ~*C*J. (2.20)
where wy € T is such that (I,, — woA) is invertible. We also note the formula

J—0(2)JO(w)*

Imf —1H—1 Imf A—* *:
Clln =) H ™ (ly—w) €' = =2

, 2.21)
where z and w are such that the matrices (I, —zA) and (I,, —wA) are invertible,
Blaschke products and rational J-inner functions are defined in a way similar to Defini-
tion[2.3.2] We note that Theorem [2.3.4 was proved first in the setting of the disk.

The counterpart of Theorem [2.3.6]is:

Theorem 2.4.2. Let ® be a C"™"-rational function analytic at the origin, and let $(z) =
D +zC(Iy — zA) ™' B be a minimal realization of ®. Then the following are equivalent:
(1) ® takes anti self-adjoint values on the unit circle.

(2) The matrix D is anti self-adjoint and there exists an invertible Hermitian matrix H
such that

A"HA =H,
C=B'H.
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As in Theorem [2.3.6] the matrix H in the theorem is uniquely defined from the given
realization, and is called the associated Hermitian matrix to the given realization. We
have the formulas

1
®(2) =D+ 5C(ly —zA) NIy +zA)H'C*

» (2.22)
=D+ ECH’]C* +2C(Iy—zA)'H™'C,
and ® Blw)*
M =C(ly —zA)""H ' (Iy —wA)*C*, (2.23)
—Iw

for z and w in the domain of analyticity of ®.

Remarks[2.3.3]and[2.3.5]hold also for the circle case. With Jy as in (T.22)), rational Jy-inner
function play a key role in interpolation theory for functions analytic and contractive in the
open unit disk (Schur functions). More generally, rational Jy-unitary function play a role
in interpolation theory for generalized Schur functions; see for instance [[116, [158] [14]].
They also appear in the theory of first order discrete systems with rational spectral data.
This corresponds to the case where the f, in Problem are of the form

Jn = ca"b,
where a,b and ¢ are matrices of suitable sizes. The asymptotic equivalence function is
I(’)’ —OI,,> (for p = g =1 this is (.22)), while
the scattering function takes unitary values on the unit circle. See Section for the
definition of these functions. At this stage we contend ourselves by extracting an explicit

example of rational J-unitary function from this theory. To that purpose, let H, be defined
by (T.16). Then the entries of H, are given by the formulas

Jo-unitary on the unit circle, with Jy = (

o (2) I, +ca"z(zl —a) ' (I - AQ,) ' Aa*"c¥, (2.24)
Bu(z) = caz(zd —a) ' (1-AQ,) b, (2.25)
%z = b*(I—za")"'(1-Q,A) 'a*c", (2.26)
8,(z) = L+b*"(I—za") '(1—Q,A)"'Q,b, (2.27)
where Q, and A are the solutions of the Stein equations
A—aAa® = bb*,
Q,—a*Qa = a"c*cad".
Let
tn = Iy+cd"(I—AQ,) 'Aa*c*,
uy = I, +b"(I—Q,A)"'Q,b.

Then, the matrices ¢, and u,, are strictly positive.
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—1/2
th 0
Hn(Z) ( 0 u_1/2 >

is Jo—unitary on the unit circle, with minimal realization

~1)2
th 0
Hn(Z)< 0 L2 ) =
—-1/2 —1/2
In 0 1 th 0
=D, _ +Cu(zl—A)" "By, - R .
( 0wl ) ( ) ( 0 Wl )

(5 ) -

ne () (et akhe, ) (0 0)
(% 2 )
= ("

I, +cd"( AQ) "Aa*"c*  ca"(1—AQ,) b )
I, '

Theorem 2.4.3. The function

where

A

||
oo o=8

The Hermitian matrix associated to this realization is given by
-Q -1
X, = " -
—I —aAa

A proof in the rational case was given in [S8] (this last paper is devoted to the scalar case,
but the proof given there is still valid in the matrix case). We repeat this proof in Section
for the case of matrices with quaternionic entries. See Theorem
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Chapter 3

Schur analysis

As discussed in Chapter 1, functions analytic and contractive in the open unit disk, the
Schur functions, are part of classical mathematics, as is illustrated by the works of Schur
[257, 1258]], Takagi [265}1266] and Bloch [97], to name a few. They play an important role
in numerous areas of mathematics, and can be characterized in a number of ways. By the
name Schur analysis one means a collection of problems pertaining to Schur functions in
function theory, operator theory and related fields. In this chapter we gather the main as-
pects in this setting useful to the reader in preparation for the quaternionic generalization
presented in this book.

3.1 The Schur algorithm

Via an iterative procedure now called the Schur algorithm, Schur associated in 1917 to a
function s € § a (possibly finite) sequence of numbers in the open unit disk (with addi-
tionally a number of modulus one if the sequence is finite), which uniquely characterizes
s. An important, but not so well known, consequence of the Schur algorithm is a proof of
the power expansion for an analytic function without using integration. See [[152} 273]).

Recall (see for instance 210, pp. 67-68]) that a function f analytic and bounded in the
open unit disk admits a multiplicative representation f(z) = i(z)o(z) into an inner function
i(z) and an outer function o(z), the inner function being itself a product of a constant ¢ of
modulus 1, a Blaschke product b(z) and of a singular inner function j(z): thus,

f(z) =cb(z)j(z)o(z), zeD
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with

bo) =[] 222

’
VLEJ Zn 1 - ZnZ

. 1 e+
Jj(z) =exp (—2” /[0,27:1 i _Zdu(t)> :

_ 1 etz it
0(z) = exp (271_/[072”] . In|f(e )dt) :

In these expressions, p € Ny, J C N and the points z, € D\ {0}. Furthermore, dy is a
finite singular positive measure. When the function at hand is a Schur function, the outer

part is also a Schur function.

The above representation is fundamental in function theory and in operator theory, and ad-
mits generalizations to the matrix-valued and operator-valued cases. See [245] 202, 203]].
On the other hand, it does not seem to be the best tool to solve classical interpolation
problems such as the Carathéodory-Fejér interpolation problem. See Definition [3.2.1] for

the latter.

The recursion

pn:sﬂ(0)7
_5n(2) =1 (0) for, z#0
= { RO
[ sa()2” 7T

is called Schur algorithm. It can be rewritten in a projective way as

a(2) (1 —snr1(2)=(1  —sa(2)) (pln pln) <(Z) (1)> , n=0,1,...

where k,(z) is analytic and invertible in the open unit disk.

Let now

1 1 p z 0
en<z):< )( ) n=01,...,
/1= |pa? \Pn 1 0 1
and let
0,(z) = 60p(z) - 6u(2).

With K,,(z) = ko(z) - - - ka(z), the recursion (3.I)) can be rewritten as

K1 —s1(@) = (1 —s(2)) Ou(2),

3.1)

, 32

(3.3)

34
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for n =0,1,.... This last form is conducive to important generalizations, in particular to
a projective form of the Schur algorithm. See [159} 163}, [234]].

Relating properties of s € & and of its sequence of coefficients pg, p1,. .. leads to deep and

interesting problems. Let
_ (An(2) n(2)
On(2) = (Cn(Z) Du(2))"

S() = An(2)sn+1(2) + Ba(2)
T D51 (2) +Da2)’

Furthermore, when one replaces in the linear fractional transformation (3.3) the function
Sp+1 by an arbitrary Schur function, one obtains a description of all Schur functions whose
first n 4 1 Taylor coefficients coincide with the first n 4 1 Taylor coefficients of s, that is
the description of all the solutions to a corresponding Carathéodory-Fejér interpolation
problem.

‘We note that

(3.5)

Recall (see (1.22)) that Jy = <(1) _01> The matrix-valued polynomial function (3.3) is
Jo-inner, meaning that

<Jo, z€D,

=Jp, z€T.

0,(2)700(z)* {

More generally, the solutions of most of the classical interpolation problems in the Schur
class can be described in terms of a linear fractional transformation associated to a J-inner
function or to a J-unitary function.

We note that (3.3) is an example for J = Jy of a minimal factorization of a J-unitary
rational functions into elementary J-unitary factors.

3.2 Interpolation problems

In this section we briefly define three interpolation problems, in the scalar case. Their
quaternionic counterparts are considered in Chapter [I0] They are special instances of
much more general problems, an example of which is given, in the quaternionic setting,
in Chapter[T1] We begin with the Carathéodory-Fejér interpolation problem.

Problem 3.2.1. The Carathéodory-Fejér interpolation problem: Given ay,...,ay € C,
find a necessary and sufficient condition for a Schur function s to exist such that

s(z) =ap+aiz+- - +ay? +ay 1+
fixed

and describe the set of all solutions when this condition is in force.
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Next we have:

Problem 3.2.2. The Nevanlinna-Pick interpolation problem: Given N pairs
(z1,w1),(z2,w2),...,(zn, WN)
in D x D, find a necessary and sufficient condition for a Schur function s to exist such that
s(zi)=w;, i=1,...,N
and describe the set of all solutions when this condition is in force.

If one of the interpolation values, say w;, lies on the unit circle, the maximum modulus
principle implies that there is at most one solution, which is s(z) = w;.

In the previous two problems the interpolation nodes are inside . The case where they
are chosen on the unit circle is much more complicated. The main reason is that Schur
functions have nontangential boundary values almost everywhere. But even if one re-
stricts to rational solutions, difficulties remain. This is best explained by mentioning
Carathéodory’s theorem (see for instance [113| pp. 203-205]), [255 p. 48]). We write
the result for a radial limit, but the result holds in fact for a non tangential limit.

Theorem 3.2.3. Let s be a Schur function and let ™ be a point on the unit circle such

that ”
1= |s(re
fiminf L0 (3.6)
r—1 —r
re(0,1)

Then, the limits

. 1— i\
c= lim s(re) and tim 13U 3.7

r— r—1 1—r
re(0,1) re(0,1)
exist, and the second one is positive.

This result plays an important role in the classical boundary interpolation problem for

Schur functions. See for instance [46, 188 199, [256]. We note also that, conversely, condi-

tions (3.7) imply (3.6), as follows from the identity
1—|s(re™)|?  1—s(re™)e

it 1 —cs(re')
=72 " -naan TR a0y

Problem 3.2.4. The boundary Nevanlinna-Pick interpolation problem: Given N pairs

(3.8)

(Zlawl)7 (Z27W2)7 ey (ZNaWN)
in T2, and given N positive numbers K, ..., Ky, find necessary and sufficient conditions
for a Schur function s to exist such that
lim s(rz;)=w;, i=1,...,N,
r—1
re(0,1)

= Is(rz)P N
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and describe the set of all solutions when these conditions are in force.

We refer to [225]for a solution of this problem, and to [99] for a solution in the setting of
generalized Schur functions.

3.3 First order discrete systems

Given a sequence {p, } of points in the open unit disk, one associates to it expressions of

the form
1 7pn Z 0
Xn = _ X}’l 5 = ,1,... .
+1(2) (—pn | )(o 1) (z), n=0 3.9)

0
zn+1(z)zn(z)<pln p]"> ((Z) 1), n=0,1,... (3.10)

or of the form

where the p, are in the open unit disk. Note that

Zn+1 (Z) (Z

—1 —1

0) Xp1(1/2) = (1= [pal*) Zn(2) (Zo

. ‘f) X,(1/2)

= (ﬁ(l = lpul*)Z0(2) <Z O) Xo(1/2)-

u=0 0 1

These expressions are called first order discrete systems. They are motivated by the pro-
jective form (3.2) of the Schur algorithm. They appear also in the theory of layered
medium. See [112} [I11]]. The first recursion plays an important role in the solution of
the Nehari extension problem, while the second one appears in the Carathéodory-Toeplitz
extension problem.

Associated to first order discrete systems are a number of functions meromorphic in the
open unit disk, called the characteristic spectral functions of the system. Associated in-
verse and direct problems consist in finding the coefficients p, from these functions and
conversely. Direct and inverse problems have a long history, and they were studied in
the rational case in a series of papers which includes [58, |61} [62] |63]]. Not surprisingly
the Schur function R(z) with Schur coefficients pj,ps, ... is one of these functions. It is
then called the reflection coefficient function. The inverse problem associated to R is then
solved via the Schur algorithm.

Besides this function, there are also four other functions, namely:
1. The asymptotic equivalence matrix function V (z).

2. The scattering function S(z).
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3. The spectral function W (z).
4. The Weyl function N(z).

Discrete first order systems have also been considered in the matrix-valued case, and this
is the setting we will need in the quaternionic setting. In the matrix-valued case, one
considers expressions of the form

Lo o\ (2, O
A 1m n m _
Xn+1(2) = <ﬁn Im> ( 0 [m>Xn(z), n=0,1,2,... (3.1D)
or of the related form
I, —a,\ (2w O
Zn1(2) =Zn(2) (%ﬂ I:") (ZO'" Im) , n=0,1,2,... (3.12)

where the a;, and f3,, (with n =0, 1,...) are strict contractions in C"*™, subject to the
following condition: there exists a sequence of block diagonal matrices A, € C>"*2",
n=0,1,2,..., such that

(g" ‘;‘")JAnGm ‘Ix") —JA, 1, n=102, ... (3.13)

(I, O
WhereJ—<O —Im)'

Definition 3.3.1. The sequence (o, B,) is called A—admissible for the given sequence of
block diagonal matrices.

To define the characteristic spectral functions we first need:

Theorem 3.3.2. Let (o, 3,) be a A—admissible sequence for some sequence of block
diagonal matrices A = (A,) and assume that lim,_,. A, exists and is equal to b, and
that, moreover:

=

Z el + 11Ball) < (3.14)

Then the first order discrete system (3.9) has a unique solution X,,(z) such that
Jﬂ( 0 Im)X"(Z)_ (0 ) FI=1

The proof of this theorem and of the following results in the section can be found in [63]
to which we send the reader for proofs. In the quaternionic setting, we give a proof of
Theorem [3.3.2} see Theorem [10.6.2] there. The other results are considered in Section
[[0.7lin the rational case.

Definition 3.3.3. The function Y (z) = Xy(z) ! is called the asymptotic equivalence ma-
trix function associated to the discrete system.



3.3. First order discrete systems 39

Theorem 3.3.4. The asymptotic equivalence matrix function belongs to # ™" and has
the following properties:
(a) Y11 and Y15 belong to W™, and Y1, is invertible in #™*™. Furthermore,

Y11 (00) = Im and Y12(°°) = 0.
b) Ya1 and Y, belong to W™, and Y, is invertible in W."*". Furthermore,
g —+ +

Y51 (0) =0 and Y22(0) =1,.

We define now the scattering function. An important role is played by the C*"*"—valued
solution A, (z) to (3.9) such that

(In —In)Ao(z)=0 and lim (0  I,)Au(z) =1Ln, |z[=1.

n—yoo

Theorem 3.3.5. The system (3.9) has a unique C*"*"—valued solution A,(z) with the
following properties:

(a) (In —In)Ao(z) =0, and
(b) (0 Im)An(Z) = In+o(n), |Z‘ =L
It then holds that

(In  0)Au(z) =2"S(z) +o(n)
where S(z) = (Y11(2) + Y12(2)) (Ya1(2) + Y22(2)) L.
Definition 3.3.6. The function

S(z) = (Y11(2) + Y12(2)) (Y1 (2) + Va2 (2)) "

is called the scattering matrix function associated to the given first order discrete system.

Theorem 3.3.7. The scattering matrix function has the following properties: it is in the
Wiener algebra, takes unitary values on the unit circle, and admits a Wiener—Hopf fac-
torization:

S(z) = S—(2)S+(2),

where S_(z) = (Y11(z) + Y12(z)) and its inverse are in ™™ and S.(z) = (Ya1(z) +
Y22(z))~! and its inverse are in i,

To introduce the reflection coefficient function we first define for

My M 2mx2 x
M= e C™meMm and X e C™™
(le Mzz)

the linear fractional transformation Ty (X):

Tu(X) = (M X + M) (Mar X + M)~ (3.15)
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Recall that Ty, p, (x) = Thy (Thr, (X)) when all expressions make sense. We also recall that
Ty (X) is contractive when M is Jo—contractive and X is contractive.

Consider now the system

12 —12 (Ln O\ (2dy O B
e =wa@a (g ) () s ce

and Wy (z) = L.

Definition 3.3.8. Let (¢, 3,) be a A—admissible sequence for some associated sequence
of diagonal matrices A = (A,). Let ¥, be defined by (3.16)). Then the reflection coefficient
matrix function associated to the first order discrete system (3.9) is:

R(z) = lim Ty, ;)(0).
Theorem 3.3.9. Let Y (z) = (Y2;(2))r,j—1,2 be the asymptotic equivalence matrix function.
Then,

R(z) = %Yzl(i)*(Yzz(i))‘* = %(Yn(l/z))_lle(l/z), 2] =1. (3.17)

Furthermore, the reflection coefficient function is analytic and contractive in the open
unit disk and takes strictly contractive values on the unit circle.
We now define the Weyl function under the hypothesis that the series
5 6 ais)
= 1]
converges for 1 — € < |z| <1 (for some € > 0). In the following theorem, M,, denotes the
solution of the discrete system (3.9) subject to the initial condition My(z) = k.

Theorem 3.3.10. Under hypothesis (3.18)) the Weyl function is the unique function N(z)
defined in 1 — € < |z| < 1+ € and such that the sequence

M, (2) (5: I’;m> (’N Ig)) (3.19)

has its entries in {5 for at least one z in the open unit disk. Furthermore, N(z) is given by
the formula

N(z) = i(ly — zR(2)) (In + 2R (z)) L. (3.20)
We conclude this section by mentioning:

Theorem 3.3.11. The following formula holds for the asymptotic equivalence matrix
function:

1 (S (2)(Ln—iN(1/z)) S_(z)(Im+iN(1/z))
Y@ =3 <S+<z>‘<1m ~iNG)) s+<z>‘<1m+izv<z>*>) '

In Sections[I0.6|and[I0.7|we consider the counterpart of these systems in the quaternionic
setting, and in particular in the rational case.
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3.4 The Schur algorithm and reproducing kernel spaces

We first give some background to provide motivation for the results presented in this
section. Recall that we denote by Ry the backward-shift operator:

Rof() = 72O,
Z
where f is analytic in a neighborhood of the origin. Beurling’s theorem gives a charac-
terization of closed subspaces of H>(ID) invariant under the operator M, of multiplication
by z. These are exactly spaces of the form jH?(ID), where j is an inner function. Since
M =Ry in H? (D) Beurling’s theorem can be seen as the characterization of Ry-invariant
subspaces of the Hardy space H?(ID) as being the spaces H?(ID) © jH?(ID). Equivalently,
these are the reproducing kernel Hilbert spaces with reproducing kernel

Kj(Z,W)Zl_leZii(w).

When replacing j inner by s analytic and contractive in the open unit disk, the kernel

K(z,w) = Lz)i(w) (3.21)
1 —zw

is still positive definite in the open unit disk, but it is more difficult to characterize the
reproducing kernel Hilbert spaces 5 (s) with reproducing kernel K;(z, w). Allowing for s
not necessarily scalar valued, de Branges gave a characterization of 7 (s) spaces in [104}
Theorem 11, p. 171]. This result was extended in [47, Theorem 3.1.2, p. 85] to the case

of Pontryagin spaces.

The Schur algorithm leads to a representation of a Schur function s in the form (3.15)

o ae+b gef.
Cce+d

T@(e)7

a b
Where®—<c d

function. In fact, and as proved in [[14] in the wider context of generalized Schur functions,
the Schur algorithm provides all representations of s of the form (3.13)) which are Jo-inner
polynomials. The problem of finding all representations of s of the previous form is called
the inverse spectral problem.

is a C2*2-valued polynomial which is Jo-inner and e is another Schur

More generally, one can ask for all these representations of s, where ® is Jy-inner but not
necessarily of polynomial form. This is the inverse scattering problem, and can be solved
using the theory of de Branges-Rovnyak spaces. Before mentioning the key result toward
this approach we recall that, given a Jy-inner function ® analytic in Q(®) C D, the kernel

_ Jo— @(Z)Jo@(w)*

K@(Z7 W) 1 —




42 Chapter 3. Schur analysis

is positive definite in Q(®). We denote by J#(0) the associated reproducing kernel
Hilbert space.

The key in the approach to inverse scattering using de Branges-Rovnyak spaces is the
following result, which appears (in the setting of operator-valued functions) in [105].

Theorem 3.4.1. Let s be a Schur function. Then the Jy-inner function ® is such that
s = To(e) for some Schur function e if and only if the map

(f)=(1 —s)f (3.22)
is a contraction from F€(0) into F(s).

The idea behind the proof of this result (and of its counterpart in the quaternionic setting;
see for instance (11.19)) is the decomposition

% 1
Ks(Z,W) = (1 75(2)) JO - ("Dl(i).i()W@(W) o N
—s(w)
* 1
Ml = (e

of the positive definite kernel K; into a sum of two kernels.

In [50, 51] the inverse scattering problem was solved by going from s to the function

_l—s
0= 145

In the case of functions analytic in the open unit disk, the idea is to use the integral rep-
resentation (I.5) of ¢. The solutions of the inverse scattering problem are then expressed
in terms of the backward shift invariant subspaces of analytic functions inside L (d).

A similar analysis holds for functions analytic and contractive in a half-plane, say the up-
per half-plane C, . Then the inverse spectral problem consists in finding entire functions
0, J-inner in C; . See the works of de Branges [[156], Krein [226]], and Dym and McKean
[173].
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In this part of the book we provide the necessary preliminaries on quaternions, and we
review some basic facts on matrices and polynomials in this framework. This material is
largely classical and we refer the reader to [231} 248l 276 for more information. We also
present a chapter on quaternionic functional analysis. The majority of the results in the
chapter is new and it is largely taken from [37]], while Hilbert and Pontryagin spaces have
also been treated in [68] [193]]. We then introduce the notion of slice hyperholomorphic
function and in Chapter 6 we provide some results for this function theory which useful
in this work. In particular, we study the Hardy spaces on the unit ball and half space as
well as the Blaschke products, see also the original sources [20, 32| 34].

We note that some other important function spaces of slice hyperholomorphic functions
have been studied in the recent years namely the Bloch, Besov, Dirichlet space, see [1135]],
the Fock space, see [40], and the Bergman spaces which are treated in [115} [123} [124}
1251 1261 [127]. Since they are not considered in this work, we refer the reader to the
original sources.

The notion of operator-valued slice hyperholomorphic function studied in Chapter 7 is
more recent and it is also related to the so-called S-functional calculus. This calculus is
based on the Cauchy formula for slice hyperholomorphic functions and it is the natural
generalization of the Riesz-Dunford functional calculus for quaternionic operators, see
[133,1135,1136, 137, [138]]. We note that the continuous version of this functional calculus
is studied in [193].

A suitable modification of the S-functional calculus also applies to n-tuples of linear
operators, see [28} 118} 121} (122} [130} [132] 134} [142]].

We remark for the interested reader that the theory of slice hyperholomorphic functions
is nowadays quite well developed, see the papers [95} 196, (119} [120, (157} 185} 186, 187,
1881118911192, (190, 191} 2631 264]], while some approximation results are proved in [181}
182| [183]]. There is also a Clifford algebra valued analogue of these functions, called slice
monogenic, and we refer the reader to [[120, 128, 1129} (1311 {134} 141} 149,143/ 150, 145
146, 1147, 148l [151]. Finally, the generalization to functions with values in an alternative
real algebra is treated in 195,196, (197,198 199, 200]].
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Chapter 4

Finite dimensional preliminaries

In this chapter we discuss the finite dimensional aspects of quaternionic analysis which
are needed in the sequel. In the first section we survey the main properties of quaternions.
Then we consider quaternionic polynomials and we discuss their zeros. In the third sec-
tion we discuss quaternionic matrices and basic definitions such as adjoint, transpose and
inverse. We introduce the map ¥ which to any quaternionic square matrix associates a
complex matrix of double size. In particular this map is also defined for quaternions. We
discuss the eigenvalue problem and show that it is associated with the notion of left, right
spectrum and with the so-called S-spectrum. Finally, we present the Jordan decomposi-
tion of a matrix. In the fourth and last section we consider some matrix equations which
appear in the sequel.

4.1 Some preliminaries on quaternions

The set of quaternions, denoted by H in honor of Hamilton who introduced this set of
numbers, contains elements of the form

p = Xo +Xx1i +x2j + x3k,

where the three imaginary units i, j, k satisfy i? = j> =k*> = —1,ij = — ji=k, ki = —ik =
J, jk = —kj =i. The sum and the product of two quaternions p = xo + x1i + x2j + x3k,
q = Yo +y1i+y2j+ ysk are defined by

p+q=(xo+yo)+ (x1 +y1)i+ (x2 +y2)j+ (x3+y3)k
pq = (xoyo —x1y1 — X2y2 — X3y3) + (Xoy1 +X1y0 +X2y3 — X32)i+
+ (xoy2 — x1y3 +X2y0 +x3y1)j + (X0y3 +X1y2 — X2)1 +X3)0)k.

With respect to these operations H turns out to be a skew field. The element

p=x0—x1i—x2] —x3k
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is called the conjugate of p and the expression

Vb =Vpp =[G+ 3] 3 +3
is called the modulus of the quaternion p and is denoted by |p|. Given p = xp + xi +

X2J + x3k, its real (or scalar) part xo will be denoted also by Re(p) while xji +x2j + x3k
is the imaginary part of p, denoted also by Im(p).

Proposition 4.1.1. Let p,q € H. The following properties are immediate:

(1) pq=qp;
(2) |pal =Ipllal:
(3) lp+al <|pl+lql and |p—q| = ||p| —|ql|;
@) ifp£0,pt =L
Ip
(5) if pa#0, (pg) ' =q 'p~".

Let
S = {p = x1i+x2j +x3k such that x} +x3 +x3 = 1};

then S is a 2-dimensional sphere in H identified with R*. Any element I € S satisfies

I? = —1 and thus will be called imaginary unit.
Remark 4.1.2. To p = xo +x1i+ x2j + x3k with Im(p) # 0 one associates the imaginary
unit I, defined by I,, = &%Egg‘. Moreover, p = |p|(cos ¢ +1,sin @) where
R I
cos @ — e(p) Sing = [tm(p)|
Pl Pl

In the sequel, we will make use of the following definition.

Definition 4.1.3. Let p € H. The set of elements

[p] = { gpg~" when g runs through H \ {0} }
is called the sphere associated to p.

Observe that [p] contains just p if and only if p € R.
We have:

Lemma 4.1.4. Two points belong to the same sphere if and only if they have same real
part and same absolute value.

Proof. If p' € [p] then p’ = gpg~". By taking the absolute value of both sides and using
point (2) in Proposition [4.1.1] we immediately have |p| = |p|. Moreover

1

) 1 ] N
Re(p) =5/ +7) = W(qpquq) =3a(p+p)g = Re(p).
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Conversely, if p’ has same real part and modulus as p then
p' =Re(p') +1Iy[Im(p")| = Re(p) + 1y [Im(p)|.

Then the proof is completed by direct computations to show that the equation p'qg = gp
has always a nonzero solution q. U

Let us write
p=xo+xii+xj+xk=2z1+zj€H,

with
71 =xo+ix; and zp = xp +ix3 € C,

where we identify C with the subset of H given by the elements of the form x+iy, x,y € R.
Let x : H — C*>*2 be the map, see [219],

x(p) = ( o Zz) : @1

-2

The map y allows to translate problems from the quaternionic to the complex matricial
setting. Then H can be identified with a subset of the ring C>*? which is in fact a skew
field.

Proposition 4.1.5. The map x : H — C>*? is an injective homomorphism of rings, i.e.
xp+a)=xp)+x(q),  x(pq)=2x(P)x(q)-

Lemma 4.1.6. Let p € H\R. If x is a solution of

Xxp = px, 4.2)
then it is purely imaginary.
Proof. The conjugate of {@.2) is
Xp=pX. (4.3)
Adding (4.2) and (@.3) we obtain
Re(x)p = pRe(x).
Since p is not real we get that Re(x) = 0. O

Lemma 4.1.7. Let p and q be quaternions of modulus 1. Then, the equation
ph—hg=0, “4.4)

where h € H, has the only solution h = 0 if and only if Re(p) # Re(q), that is, if and only
if [pINlq) = 0.
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Proof. If has a solution /2 # 0, then p = hgh™" and so p and g are in the same sphere.
So a necessary condition for to have only & = 0 as solution is that [p] N [g] = 0. We
now show that this condition is also sufficient. Let p = z; + z2j and ¢ = wy + wy j, where
21,22, w1, w2 € C. Since Re(p) # Re(q) we have

Re(z1) £iy/1—(Re(z1))? #Re(wy) £iy/1— (Re(wy))2. 4.5)
Using the map y and the fact that it is a ring homomorphism, equation (.4) becomes

x(p)x(h)—x(h)x(q) =0. (4.6)

The eigenvalues of y(p) are the solutions of
A% —2(Re(z1))A+1=0,

that is, A = Re(z1) +iy/1 — (Re(z1))?, and similarly the eigenvalues of x(gq) are of the
form Re(wy) +i4/1 — (Re(wy))?2. By a well known result on matrix equations (see e.g.,
Corollary 4.4.7 in [211])), equation has only the solution (k) = 0 if and only if
A — u # 0 for all possible choices of eigenvalues of y(p) and x(g), and this condition
holds in view of (@.5). So the only solution of {.6) is A = 0. O

Remark 4.1.8. Lemma[4.1.7]still holds when p and ¢ have the same modulus.

4.2 Polynomials with quaternionic coefficients

In this section we study polynomials with quaternionic coefficients. Because of the non-
commutativity of quaternions, one can consider polynomials with coefficients on one side
(either left or right) or on both sides or even polynomials which are sum of monomials
of the form agpa;p--- pa, where a, are the coefficients and p is the indeterminate. To
our purposes, it will be of interest to consider one sided polynomials. These are very well
known in the literature, see for example [231]], and are examples of slice hyperholomor-
phic functions. Thus we will consider polynomials with coefficients on the right and the
set of such polynomials in the variable p shall be denoted by H[p]. One peculiarity with
quaternions, is that second degree polynomials may have an infinite number of roots. This
is readily seen with p? + 1 whose roots are all the elements in the sphere S. But this a quite
general situation as we shall see below.

Let us recall that two polynomials f(p) = p"an+ ...+ pai +ao, g(p) = p"bu+ ...+
pb1 + bg with quaternionic coefficients (more in general with coefficients in a division
ring, see [231]]) can be added in the standard way and multiplied using a suitable product,
denoted by *, by taking the convolutions of the coefficients:

m+n

(fxg)(p) =Y Ples, =), abr.

s=0 l+r=s
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This product is associative, distributive with respect to the sum and noncommutative.
Note that the x-product can also be written as:

(fxg)(p) = i P f(p)br
r=0

The evaluation f(po) of a polynomial f(p) =Y, play at a point py is defined to be the
quaternion f(po) = ¥7_o phas. The evaluation e, : H[p] — H is not a ring homomor-
phism, in fact (fxg)(po) # f(po)g(po). Instead, we have the following result:

Proposition 4.2.1. Let f(p) = Y7_,p'as, g(p) = X" o p"bw € H[p| and let f(po) # O.
Then

(f*8)(po) = £(po)g(f(po) ' pof(po))-

Thus if (f *g)(po) = 0 and f(po) # 0 then g(f(po) ™" pof(po)) = 0.
Proof. From the above formula, if f(pg) # 0 we have

(F*8)(p0) = ¥ P (po)bs = 3 F(p0) F(p0) " P (o) o
r=0 r=0

m

= f(po) ¥ (£(po) " posf(p0)) br = f(po)g(f(po)~" Pof(po))-

r=0

In particular, the above result applies in the case of quadratic polynomials. Consider

pP—pla+B)+aB=(p—a)x(p—p),

and assume that 3 # @. Then the left factor p — o gives the root o while the second root
is not 8 but instead (B — @) ' B(B — @). If B = @ the situation is quite different and it is
illustrated below (with s instead of ).

Definition 4.2.2. The polynomial Q;(p) = p> —2Re(s)p +|s|? is the so-called minimal
(or companion) polynomial associated with the sphere [s].

Lemma 4.2.3. The polynomial Qs(p) vanishes exactly at the points on the sphere [s].

Proof. Lets=a-+1b so that Re(s) = a and |s|> = a® 4 b>. An easy calculation shows that
a+Jb for any J € S is a zero of Qs(p) = 0. The fact that there are no zeros of Q(p) =0
outside the sphere [s] can be shown using Lemma Indeed, assume there is a zero
p & [s], then

|s|> = 2Re(s)p+p* = 5(5— p) = (5— p)p =0, 4.7

from which we deduce that |s| = |p|. Using Remark [4.1.8| we have that has only the
solution p = s since p and s are assumed on different spheres. But this contradicts our
assumption. O
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The polynomial ring H[p] is Euclidean, both on the left and on the right, i.e. it allows right
and left division (in general with remainder). In fact, for every two polynomials f(p) and
d(p), with d(p) nonzero, there exist g(p), r(p) € H|[p] such that

f(p) =d(p)*q(p)+r(p), with degr(p) <degd(p) or r(p)=0

and similarly for the right division.
Moreover, we have:

Proposition 4.2.4. We have Q,(p) = Qg (p) if and only if [s] = [s]. If Qs divides a poly-
nomial f(p) then f(p) = 0 for every p € [s]. Otherwise, at most one element in [s] is a

zero of f.
Theorem 4.2.5. (1) A quaternion o is a zero of a (nonzero) polynomial f € H|p| if and
only if the polynomial p — a is a left divisor of f(p), i.e. f(p) = (p— ) xg(p).
(2) If f(p)=(p—ou)*...x(p—oy) € H[p|, where a,..., 04, € H, &tj;1 # @) then oy
is a zero of f and every other zero of f is in the equivalence class of oy, i =2,...,n.

(3) If f has two distinct zeros in an equivalence class (@], then all the elements in [¢(]
are zeros of f.

Remark 4.2.6. Assume that f(p) € H]p] factors as
f(p) = (p—al)*-u*(p—oc,,), OCj+1 7& 66]', ]: 1,...,n— 1,

and assume that a; € [oy] for all j =2,...,n. Then the only root of f(p) is p = 0, see
[242, Lemma 2.2.11], [244, p. 519] the decomposition in linear factors is unique, and o
is the only root of f.

Assume that [o;] is a spherical zero. Then, for any a; € [¢;] we have

p*+2Re(a)p+aj|* = (p—a;)x (p—a;) = (p—a;)  (p—a;)

thus showing that both a; and a; are zeroes of multiplicity 1. So we can say that the
(points of the) sphere [¢;] have multiplicity 1. Thus the multiplicity of a spherical zero
[@;] equals the exponent of p* +2Re(a;)p+ |¢t;|* in a factorization of f(p).

The discussion in the previous remark justifies the following:

Definition 4.2.7. Let

f(p)=(p—ou)x--x(p—o)*xg(p), aj1#a;, j=1,....,n—1, g(p)#O0for pc[ay].

We say that o) € H\ R is a zero of f of multiplicity 1 if aj & [ou] for j=2,...,n.

We say that oy € H\ R is a zero of f of multiplicity n > 2 if aj € [o] forall j=2,...,n.
We say that o) € R is a zero of f of multiplicity n > 1 of fif f(p) = (p— o1)"g(p) with
g(ay) # 0. Assume now that f(p) contains the factor (p? +2Re(o;)p+ |;|?) so that [a;]
is a zero of f(p). We say that the multiplicity of the spherical zero [¢;] is mj if m; is the
maximum of the integers m such that (p? +2Re(a;)p + |a;j|?)™ divides f(p).
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4.3 Matrices with quaternionic entries

Matrices with quaternionic entries have been the subject of numerous studies; see for
instance [276]. They arise in slice hyperholomorphic Schur analysis in at least three key
places.

(a) Hermitian matrices occur in the definition of positive definite kernels and of ker-
nels having a finite number of negative squares (see Definition[5.10.T).

(b) General matrices appear in realization theory of slice hyperholomorphic rational
functions.

(¢) Matrix equations appear in the theory of structured rational matrices. See equations

@.16) and (4.17) for instance.

The present section is built having in view these cases. We begin with some definitions on
elements in H"™*". Let A = (a;;) € H™*" and ¢ € H. The addition of matrices is defined
componentwise and the product is the standard product of matrices. Then H”*" becomes
a right (or left) linear space over Hl by defining

Aq = (ajjq) or gA=(qaij).
The following properties are immediate:
(1) A(Bq) = (AB)gq, for every A,B € H"*" and ¢ € H;
(2) A(pq) = (Ap)q, for every A € H"*" and p,q € H;
(3) (Aq)B=A(gB), for every A,B € H"" and ¢ € H.

Definition 4.3.1. Let A = (a;;) € H™". The conjugate of A is the matrix A = (a;;) €
H™*". The transpose of A is the matrix A” = (a;;) € H"*™ and the adjoint is A* = (A)" =
(az) € ™.

A matrix A = (a;;) € H"" is invertible if there is a matrix in H"*", denoted by A~! such
that AA~! = A=A = I, where I denotes the identity matrix (that will also be denoted by
I, when it is important to show the size of the matrix); it is said normal if AA* = A*A,
Hermitian if A* = A and unitary if AA* = I.

The proof of the following theorem is immediate:

Theorem 4.3.2. Let A € H"*", B,C € H"" and D € H"*'. Then
(1) (AD)* = D*A*,
(2) if B,C are both invertible then (BC)~' =C~'B~1;
(3) if B is invertible then (B*)~' = (B~1)*.

However some classical properties possessed by complex matrices do not hold in the
quaternionic setting. In fact we have:

Remark 4.3.3. Let A € H"*", D € H". Then, in general (and assuming A square and
invertible for the third and fourth claims)
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(1) (AD) # AD;

(2) (AD)" #DTAT;
3) (A £@ATD);
@) (AT) T £@AHT

In fact consider

Then
— -1 =2i
(AD)_<0 —1)
while
. -1 0
(3 2)
Moreover
-1 0 -1 0
T _ T AT _
wr= (5 %) o= (Y
Finally

wt=( %) W= 2

which show (3) and (4).

We can extend the map ) in @ to matrices and define another map, still denoted by
%, such that y : H™" — C>**?"_ Given a matrix A € H"*", we can write it in the form
A=A;+A,jwhere A,A; € (CZ"X2”. Then we set

A A
x(4) = (_;2 Af) : (4.8)

The matrix Y (A) is called complex adjoint matrix. The properties of the map J are illus-
trated below. Their proofs follow from direct computations.

Proposition 4.3.4. Let A,B € H"*", then
(1) x(A+B)=x(A)+x(B);
(2) x(AB) = x(A)x(B);
(3) x(In) = by;
(4) x(A*) =x(A)";
(5) if A is invertible, x(A™') = x(A)~'.
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A matrix A can be considered a linear operator acting on the right linear space H"*!
of columns with n quaternionic components. We will denote this space by H". Given
A € H"™" there are two possibilities to define eigenvalues:

Definition 4.3.5. Let A € H"*" and let A € H. The quaternion A is a left eigenvalue of A
if Av = Av for some v # 0, while it is a right eigenvalue of A if Av = vA for some v # 0.

The set of right (resp. left) eigenvalues of A is called right (resp. left) spectrum and is
denoted by 6,(A) (resp. 6;(A)).

Right eigenvalues are the most used in the literature. If A is a right eigenvalue, all the
elements in the sphere [A] are right eigenvalues, in fact if Av = vA then for any ¢ # 0

A(vg) = (Av)g =vAq =vq(q ' Aq)

so if A is a right eigenvalue, all the elements in the sphere [A] are right eigenvalues.
The right eigenvalues are then either real or spheres. Real points can be considered as
spheres reduced to one point. Thus we have the following result:

Theorem 4.3.6. Any matrix A € H"*" has n spheres of right eigenvalues, if each of them
is counted with its multiplicity.

Remark 4.3.7. The left and right spectrum are not related. To give an example, let us

consider the matrix
1 0
(0 0).

Then 0;(A) = {1,k} while c,(A) = {1} US.
When A has real entries, the left and the right spectrum coincide.

Theorem 4.3.8. Let A € H"". The following are equivalent:
(1) A is invertible;
(2) Ax =0 has a unique solution x = 0;
(3) x(A) is invertible;
(4) 0O is neither a right nor a left eigenvalue of A.

Proof. It is immediate that condition (1) implies (2). To show that (2) and (3) are equiva-
lent, let us write A = A; + A, j. Let x = x1 +x7j be such that Ax = O then

Ax = (A] —|—A2j)(X1 +XQj) = (A]x1 —Az)fz) + (A]X2 —I—Az)fl)j =0

that is
Aix; —Axyxr, =0 Aixp +Arx; = 0.

These two conditions are equivalent to

(—A/iz 2?) (_X;IQ) =2x(4) (_X;J =0.
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Thus Ax = 0 has only the trivial solution if and only if ¥ (A)y = 0, where y = < x)lz ) , has
—X2

only the trivial solution if and only if x(A) is invertible.
Assume that (3) holds and let
-1_( B B
2(4) = <—Bz B,

By setting B = B| + B, it is easy to check that BA = I and so (1) holds.

To show that condition (3) implies (4), assume that A = 0 is a left or a right eigenvalue.
Then Ax = 0 for a nonzero vector x and so by the equivalence between (2) and (3), x(A)
would not be invertible. Conversely, if (4) holds then Ax = 0 has only trivial solutions and
thus (3) is in force. O

Brenner has shown in his paper [108] that for any matrix A € H"*" there exists a unitary
matrix U such that U*AU is upper triangular. Moreover if T is a triangular matrix, its
diagonal elements are right eigenvalues of A. Moreover, every quaternion similar to a
diagonal element of T is a right eigenvalue of 7. In each sphere of eigenvalues [1], where
A = Ao +1IA; we can chose a so-called standard eigenvalue which is the element in [A]
of the form A = Ag 4 iA; with A; > O (this is always possible by changing i with —i if
necessary). The above discussion can be made more precise in the following result:

Theorem 4.3.9. Let A € H"™" and let Ajg +iAi1, ..., Ano + iAy1 be its n standard eigen-
values. Then there exists a unitary matrix U such that U*AU is upper triangular and its
diagonal entries are the standard eigenvalues of A.

The next result corresponds to the spectral theorem for Hermitian matrices. It plays an
important role and it allows, in particular, to define functions and kernels with a finite
number of negative squares (see Definition [5.10.1)).

Theorem 4.3.10. The matrix A € H"" with standard eigenvalues Ao+ iA11, ..., Ay +
iAn1 is normal if and only if there exists a unitary matrix such that

U AU :diag(llo-l—i/l”,...,lno-i-il,,l).

The matrix A is Hermitian if and only if all the eigenvalues are real, namely A;; = 0 for
alli=1,...,n

The following is an application of the definition of the map ) and of the previous result.
Proposition 4.3.11. Let A € H"*". Then:
(1) A is Hermitian if and only if % (A) is Hermitian;

(2) the Hermitian matrix A has signature (V,v_,Vy) if and only if X (A) has signature
(2V+ ) 2v_ ) 2‘/0);

(3) the Hermitian matrix A is positive if and only if % (A) is positive.
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Proof. To prove (1), assume that A is Hermitian. By Proposition we deduce x(A) =
X(A*) = x(A)* and so x(A) is Hermitian. Conversely, let x (A) be Hermitian. Proposition

[4.3.4]yields x(A)* = x(A*) and so A = A*. To show (2) and (3) we use Theorem
and the properties of the map . We then have

x(A) = x(U)*diag(Ad1, A2, ..., A, AL, Aoy, A) X (U)
from which the statements follow. O

The following result is used in the proof of Lemma [8.2.1] pertaining to the Potapov-
Ginzburg transform. It related to the Hadamard (that is, entrywise) product of positive
functions. In the case of two matrices with complex entries it appears in [48, Lemma 2.1,
p- 20]. Note that in the statement Q can be singular. The result in [48, Lemma 2.1, p. 20]
is proved for the case of complex numbers, but extends to the quaternionic case, as is seen
by using the map y defined in (.1) and Lemma[4.3.T1] For completeness we present the
proof of the proposition.

Proposition 4.3.12. . Let x1,...,xy be N different positive strictly numbers, and let Q €
HN*N be a positive matrix such that Q;; > 0 fori=1,...,N. Then the matrix P with (j, k)
Ojk

entry equal to is strictly positive.

Xj+xg
Proof. We follow the argument in the proof of [48, Lemma 2.1, p. 20]. By a Cayley

transform we replace the denominators x; +x; by 1 —y;y, where yq,...,yny € (—1,1).
We can then write

p=Y D'QD",
u=0

where D € RV*V is the diagonal matrice with entries x1,...,xy. Thus P is positive since
each of the matrices D“QD" is positive. Let & € H" be such that PE = 0. The positivity
of the various matrices implies that

OD'E=0, u=0,1,...

and hence Op(D)& = 0 for any polynomial with real entries. The choice

Hil\;:él ('x - xa)
pl) = ——
fzv=1 () —xa)
a#j
leads to p(D) = diag(0,0,...,1,0,...0), where the 1 is at the j-th place. The condition
QOp(D)& =0 implies that Q;;&; =0 and so &; = 0,and so & = 0. O
Proposition 4.3.13. Let
_(mu b nxn
M= < b D> ceH
be an Hermitian positive matrix. Then, M is invertible if and only if
b*b
mip >0 and D-— > 0.

mi
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b*b
mi

In the above statement, recall that m;; is real since M is Hermitian. The matrix D —

is called the Schur complement of m; in M.

Proof. Assume first M invertible. Since M > 0 we have
(mll myg >0
Mgy Mg
for k =2,...,n. Therefore for every p € H

myy +mygp + pmg1 + |P\2mkk >0, VpeH.

Assume now mj; = 0. Then the above inequality forces m; = 0 and in particular M will
have its first line (and column) equal to 0 and therefore M will not be invertible. We thus
assume my1 > 0. The formula (recall that m is a positive number)

1 0 mi 0 i
(5= ) (o o) (o
mi -l mi 0 Infl

allows to conclude. That same formula allows to go backwards and prove the converse
direction. 0

Besides the left and right spectrum it is useful to introduce another notion of spectrum:
Definition 4.3.14. Given a matrix A € H"*" the S-spectrum of A, is defined as

os(A) = {p € H | A> —2(Re p)A + |p|*l, is not invertible }. (4.9)
By its definition it is clear that if A € o5(A) then all the elements in [A] belong to og(A).
In fact, a stronger result holds:
Proposition 4.3.15. Let A € H"" then 6,(A) = o5(A).

Proof. 1f p € R, A2 —2(Re p)A +|p|*l, = (A— pl,)? and 6,(A) "R = 65(A)NR.If p ¢ R
and p € og(A) then p = a+1Jb, for J € S. So A —2aA + (a* + b*)I, is not invertible
and there exists v # 0 such that (A2 — 2aA + (a® 4+ b*)I)v = 0. If Av = v(a +Jb) then
a+1Jb € 6,(A) and we have the statement; otherwise Av — v(a+1Jb) is nonzero. Rewriting
(A2 —2aA + (a* +b*)1,)v =0 as

A(Av—v(a+1Ib)) = (Av—v(a+1Ib))(a—1Ib)

we deduce that a — Jb, and so the whole sphere [a + Jb], belongs to o,(A). Conversely,
assume that a+Jb € 6,(A), and so Av = v(a+Jb), for some v # 0. Then a+ Jb and the
whole 2-sphere [a + Jb] belong to o5(A). Indeed

A% —2aAv + (@ +b*)v = v(a+Ib)? —2av(a+Ib) + (> +b* )y =0

and so (A? —2aA + (a* +b*)I) is not invertible. Thus a+Jb € o5(A). O
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Remark 4.3.16. Note however that the eigenvalue equation Av = vA is not associated to
a right linear operator, in fact the multiplication on the right by a quaternion is obviously
not linear. The operator A> —2(Re p)A + | p|?1, is right linear on H", thus it is the linear
operator associated with o, (A)

Given a polynomial f(p) =Y _, p"a, (or f(p) =Y. _oa.p") then we can define f(A) =
Y,—oA"an (or f(A) =X _oanA").

If the coefficients g, are real then f(p) =Y _, P an = Yn_yanp". From now on, we will
assume a, € R. Moreover, for any A, P € H"™*™, P invertible, we have

f(P'AP) =P ' f(A)P.

Since the real vector space H™*™ is finite dimensional the powers A" of A cannot be
linearly independent and so there exists a polynomial f with real coefficients such that
f(A) = 0. We denote by m4 (p) the monic polynomial with real coefficients such that

ma(A) =0, (4.10)

and m4 has minimal degree. It can be shown, using the same arguments as in the classical
complex case, that my is unique. The polynomial m4 will be called minimal polynomial
of A.

We can then factorize the minimal polynomial m4 (p) as

p)=[1(p—a) " [1(r*+ (Reb;)p+[b;[*)% (4.11)

u
Jj=1 J=1

where aj,bj,c; €R, r;s; € N and the polynomials P+ bjp+ cj do not have real roots.
Thus the roots of my4 (p) are the real numbers a; with multiplicity 7; and the spheres [b;]
with multiplicity s;. Let us denote by f;(p) any of the polynomials (p —a;) or (p* +
(Rebj)p+1bj|*), j=1,...,v+pandletn; =r;if fj(p) = p—ajorn; =s; if fi(p) =
P>+ (Reb;)p+ |b;|%

The root subspaces are defined as:

Rj(A)={vemE™ : f;(p)iv=0}, j=1,...,v+pu.

Remark 4.3.17. It is immediate to verify that AR;(A) C R;(A), i.e. the root subspaces
R;j(A) are A-invariant.

We now mention the following result whose proof can be found in [248]]:

Proposition 4.3.18. Let A € H"". Then the sets R;(A) are right subspaces of H" and
H" is the direct sum of Rj(A), j=1,...,v+ .

If V is an A-invariant subspace of H" then

¥ =& HR;(4)n ).

In order to state the Jordan decomposition of a matrix we need some more definitions.
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Definition 4.3.19. Let A,B € H"*". We say that A is similar to B if there exists an invert-
ible matrix P € H"*" such that B = P~ 'AP.

Since the relation of similarity is symmetric we will simply say that A and B are similar.

Definition 4.3.20. A Jordan block is a s X s matrix of the form

A1 0 ... 0
0 A 1 0
JM=|: + = 0
Do A1
0 0 0 A

where A € H.
The following result is stated without proof. We refer the reader to [274]] and [248]].

Theorem 4.3.21. Any A € H"" is similar to a Jordan matrix &), J, (Am) where Js, (An)
denotes the upper triangular s,, X s,, Jordan block and A, is a standard eigenvalue of A.
A Jordan matrix is unique up to the permutation of the Jordan blocks and up to replacing
Am by any element in [A,,] and it is called Jordan form of A.

4.4 Matrix equations
The following lemma will be used in the study of first order discrete linear systems with
quaternionic entries. See Section[10.6]

Lemma 4.4.1. Let p,q € H and assume that

1 p\/di © 1 p\° (a5 ©
b6 W6 D=0 %)

where dy,dy,d3 and dy are strictly positive. Then gp and pq are real and belong o [0,1).

Proof. Equation (4.12) is equivalent to

di —|pPdy = d, (4.13)
gdi = dp, (4.14)
lgPdi—dy = —dj. (4.15)

If p =0 (resp. ¢ = 0) then @.14) leads to g = 0 (resp. p = 0). We now assume p # 0.
Then,
d2 = qd1ﬁ7] )
and plugging this equality in (4.13) gives
di — ppqdip ' = ds.

Thus d; (1 — gp) = d3 and the conclusion for gp follows since d; > 0 and d3 > 0. The
conclusion for pgq is obtained by interchanging the roles of p and g. (|
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We will encounter equations of the form

P—A*PA=C"JC (4.16)
(called Stein equations) and

A*P+PA=C"JC, 4.17)

(called Lyapunov equation), where the various symbols denote quaternionic matrices.
Before proving results on matrix equations we first present a lemma in the special case of
Jordan blocks. For more information on matrix equations we refer the reader to [248]].

Lemma 4.4.2. Let A, p be such that [A] # [p]. Then the equation
LOX=XJ(p),  XeE

has only the solution X = 0.
Proof. Let X = [x;;], x;j € H. By writing explicitly the scalar equations corresponding to

the matrix equation J,(A)X = XJs(p) we obtain

A«xrl =Xr1p
Ax2 = xp +x02p

Axypg = Xrs—1 +XpsP-

We know that Ax,; = x,;p admits just the solution x,; = 0 since A and p belong to
different spheres. By substituting in the second equation and by iterating the procedure,
we obtain the statement. O

Remark 4.4.3. Tt is immediate that if [A] € 0,(A) then [A] € 0,(A*). In fact by taking the
inner product in H™*! given by (x,y) := y*x, and assuming that Ax = x4, A*x = xp we
have

(A*x,x) = (x,Ax) = (x,xA) = A||x||%,

and
(A*x,x) = (xp,x) = plx]%,

from which we deduce A = p. If A € R this equality translates into A = p. If A is not real
then the whole sphere [4] consists of eigenvalues and so is [p]. In all the cases, [A] = [p].

Theorem 4.4.4. Let A,B € H"*". Then the equation
AX -XB=C
has a unique solution for every C € H"" if and only if

o.(A)No,(B) =0.
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Proof. The given equation can be translated into a linear system in 4n> real unknowns
which admits a unique solution if and only if the equation AX —XB =0 has X =0 as
its unique solution. We can always assume that A, B are in Jordan form, if not it is suf-
ficient the consider the maps A — P~!AP, B — Q'BQ, X — P~'XQ. So we assume
A= @?ZIJU(),]-), B= @?lesj (pj). Write X = [X; ;] where X; ; € H"/**¢. Then we obtain
the equations
Jri(Ai)Xi j+Xi jJs; (pj) = 0

which, since for all j, ¢ [A;] # [p/], has only the trivial solution by Lemma To show
the converse, let us assume that there is A € og(A) N o5(B). Then there exist suitable
x,y € H™! such that Ax = xA, B*y = yA from which we deduce y*B = Ay*. By setting
X = xy* we have

AX —XB=Axy* —xy*B=xAy* —xAy* =0
so X = xy”* is a nontrivial solution of the given equation, which is a contradiction. ]
The following corollary is a special case of the previous result:

Corollary 4.4.5. Let A € H"*". Then the equation
A'X+XA=C
has a unique solution for every C € H"" if and only if
o (A*)No.(—A) =0.

Remark 4.4.6. If A is a real eigenvalue of A* then —A is eigenvalue of —A and if A is
a non real eigenvalue of A* then —A is an eigenvalue of —A. It is then clear that A*, —A
have disjoint spectrum if their real eigenvalues are different and their nonreal eigenvalues
are not purely imaginary.

Theorem 4.4.7. Let A € H"*". Then the equation
X—-A'XA=C
has a solution for every C € H"" if and only if
Ap #1 (4.18)
forall & € 6,(A), p € 6,(A*).

Proof. The statement holds true if it is valid in the case C = 0, so we consider A* XA —X =
0 and we show that it has only the trivial solution if and only if holds.

Suppose that (4.18) is in force. As in the proof of Theorem {.4.4] we can assume that
A=J,(A),A* = Js(p) and so we consider J;(p)XJ,(A) =X.If A # 0 then J,(A) is in-
vertible, the equation becomes J;(p)X = X (J,(1))~'. Since the eigenvalues of (J,(1))~!
correspond to [A 1], by Theoremthis equation has only the trivial solution. We con-
clude similarly if p # 0. So let us suppose that p = A = 0. We have, by using iteratively
the equation J5(p)XJ,(A) = X:

X =Ji(p)XJ:(A) = (s(p)*X (S, (A))* = - = (Js(p) X (S (1)) = 0
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for k > min{s, r}.

We now show the converse and so we assume that the equation A*XA — X = 0 has only
the solution X = 0. Suppose, by absurd that there exist A € 0,(A), p € 0,(A*) such that
Ap = 1. We assume that A and A* are in Jordan form A = @]]‘-lerj(lj), Af = @?:l.lsj (pj)
where it is not reductive to take A; = A, p; = p. We write X = [X; ;| where X; ; € H'7**.
Then we obtain the equation

Jr (A)X11J5, (p1) = X111 =0

which can be written as

Ty () X1 = X1 (J5, (1) ™!
and this last equation has nontrivial solutions, which is a contradiction. |
In particular, denoting by B the unit ball of H and by dB its boundary, we have:

Proposition 4.4.8. Let p,q € B be such that [p]N[q] = 0, and let h € H. Then the unique
solution of the equation x — pxq = h is given by

x=(h—phg) (1-2Re(p)g+7°)"". (4.19)

Proof. The solution is unique in view of Theorem[4.4.4] It remains then to check directly
that (#.19) answers the question. More precisely, and since g and (1 —2Re(p)g+ |p|*3?)
commute and |p| = 1, we can write

x— pxg = (h—phg) (1 —2Re(p)g+ |p|*g*>) "

— (phg—|p|*hg*) (1—2Re(p)g+q°) "
(h—2Re(p)hg+ |p|*hg*) (1 — 2Re(p)g+7*) "
h.

O
The notion of observability and controllability still make sense in the quaternionic setting.
Definition 4.4.9. The pair (A, B) € H"*" x H"*™" is called controllable if
Ug,_granA“B = H™.
Definition 4.4.10. The pair (C,A) € H™™ x H™*™ is called observable if
No_okerCA* = {0}.

Note that in the above union and intersection one can replace o by the degree of the min-
imal polynomial my4 (see (4.10)). Another way to see that is to remark that the functions

n— dim (U;,_granA"B) and n— dim(N);,_jkerCA")

have values in {0,...,m} and are respectively increasing and decreasing.

It is interesting to note that the quaternionic setting enlights the fact that the use of the
Cayley-Hamilton theorem (which does not hold in this framework) is not needed.
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Proposition 4.4.11. Ler (C,A) € H"" x H™™ be an observable pair of matrices such
that og(A) C B. Then,

p=Y A™cricA" (4.20)
u=0

is the unique solution of {@.16).
Proof. Assume that X is a solution of (#.16)). Then for every N,

N
X = ZA*MC*JCAM +A*(N+1>XAN+1.
u=0

The condition 65(A) C B implies that the series (4.20) converges absolutely, and it follows
that X = P. |



Chapter 5

Quaternionic functional analysis

To develop Schur analysis in the slice hyperholomophic setting, a number of facts and
results from quaternionic functional analysis for which no references were available are
needed. These are developed in the present chapter, largely taken from [37]]. Most of the
results can be proved with the same arguments as in the classical proofs since they do not
rely on specific properties of complex numbers that do not hold for quaternions. In some
cases we repeat here the arguments to show that indeed they carry out.

5.1 Quaternionic locally convex vector spaces

We will work in quaternionic right linear spaces ¥” on H in which are defined the op-
erations of sum and scalar multiplication on the right. This is a particular case of linear
space over a (skew) field which is well known in the literature. The following results are
for example in [100, Théoreme 1 and Proposition 4, Ch. 2, §7]:

Theorem 5.1.1. (1) Every right quaternionic vector space has a basis.
(2) Every (right) linear subspace of a quaternionic vector space has a direct complement.

From now on, if not otherwise stated, when we will write quaternionic linear spaces we
will mean quaternionic right linear spaces (i.e. we will omit to write right”).

Definition 5.1.2. Let ¥/, # be quaternionic linear spaces and let T : ¥ — # be such
that

T(wo+vB)=Tw)a+TV)B,  VYuve?, Va,pcH.

Then T is called a (right) linear map. The set of linear maps from ¥ to % is denoted by
L(7, %) or by L(¥) when # = ¥ . Note that L(¥, ) has no linear structure, unless
W is two sided.

When # = H, T is called functional.
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Definition 5.1.3. Let ¥ be a quaternionic linear space. A semi-norm is defined as a map
p: ¥ — Rsuch that

pvi+v2) <p(vi)+p(2), Wi, e, (CRY
and
plve) =|c|p(v), VYve ¥ andc e H. (5.2)
It is immediate that (5.2) implies that p(0) = 0 and (5.1)) implies

0=p(v—v) <2p(v),

so that a semi-norm has values in R,
In the sequel, we will make use of the quaternionic version of the Hahn-Banach theorem
and of Corollary below:

Theorem 5.1.4 (Hahn-Banach). Let ¥ be a subspace of a right quaternionic linear space
V. Suppose that p is a seminorm on ¥ and let ¢ be a linear functional on ¥ such that

(o) <p(v),  WveXh. (5.3)
Then ¢ extends to a linear functional ® on ¥V satisfying the estimate forallve .

Let p be a semi-norm and set
Uy (p,o) ={ve? | plv—vy) < a}.

A family {py}yer of semi-norms on #" indexed by some set I" defines a topology on 7#,
in which a subset U C 7 is said to be open if and only if for every vg € U there are
Vi, Yo € and € > 0 such that v € Uy, (py,,€), j = 1,...,n, implies v € U.

Following standard arguments, one can easily use (5.1)) and (5.2)) to verify that when ¥
is endowed with the topology induced by a family of semi-norms, it is a locally convex
space. Also the converse is true in fact we have, see [37]:

Proposition 5.1.5. A ropological quaternionic vector space is locally convex if and only
if the topology is defined by a family of semi-norms.

Definition 5.1.6. A locally convex quaternionic linear space ¥ is a Fréchet space if it
is complete with respect to a (translation invariant) metric. If the metric is induced by a
norm then we say that ¥ is a Banach space.

Corollary 5.1.7. Let ¥ be a quaternionic Banach space and letv € V. If (¢,v) = 0 for
every linear continuous functional ¢ in V"', then v = 0.

We now state the quaternionic counterpart of some classical results. We begin with a
result which implies the principle of uniform boundedness.

Theorem 5.1.8. For each a € A, where A is a set, let S, be a continuous map of a quater-
nionic Fréchet space V into a quaternionic Fréchet space W', which satisfies the follow-
ing properties
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(1) [Sa(u+w)| <|Sa(u)| + |Sa(w)|, Vu,w € ¥,
(2) |Sa(wa)| = |S.(w)al, Vwe ¥, Va > 0.

If, for each u € ¥, the set {Sqv}qca is bounded, then lim,_,oS,v = 0 uniformly in a € A.

Definition 5.1.9. Let ¥, # be normed spaces. A linear operator T is said to be bounded
(or continuous) if
I7]|:= sup |[Tv] < .
[[vil=1
The set of linear, bounded operators from ¥ to % is denoted by B(¥',#") or by B(¥)
when % =7.

In the special case of linear maps, Theorem [5.1.8|becomes the following result:

Theorem 5.1.10 (Principle of uniform boundedness). For each a € A, where A is a set,
let T, be continuous linear map of a quaternionic Fréchet space ¥ into a quaternionic
Fréchet space W. If, for each v € ¥, the set {T;v}4ca is bounded, then lim,_,o T,y =0
uniformly in a € A.

The same result can be also formulated in the setting of quaternionic Banach spaces.

Theorem 5.1.11. Let ¥ and # be two quaternionic Banach spaces and let {T,},ca be

bounded linear maps from ¥ to #'. Suppose that sup ||T,v|| < oo for any v € ¥'. Then
acA

sup || Ty < eo.
acA

Another classical result which generalizes to the quaternionic setting is the open mapping
theorem:

Theorem 5.1.12 (Open mapping theorem). Let ¥ and # be two quaternionic Fréchet
spaces, and let T be a linear continuous quaternionic map from ¥ onto # . Then the
image of every open set is open.

Theorem 5.1.13 (Banach continuous inverse theorem). Let ¥ and W be two quater-
nionic Fréchet spaces and let T : V' — W be a linear continuous quaternionic map
which is one-to-one and onto. Then T has a linear continuous inverse.

Definition 5.1.14. Let ¥ and # be two quaternionic Fréchet spaces. Suppose that T is a
quaternionic operator whose domain 2(T) is a linear manifold contained in ¥ and whose
range belongs to 7. The graph of T consists of all point (v, Tv), with v € Z(T), in the
product space ¥ x #'.

Definition 5.1.15. We say that T is a closed operator if its graph is closed in ¥ x #'.

In an equivalent way, we say that T is closed if v, € Z(T), v, — v, Tv, — y imply that
veP(T)and Ty =y.
The proof of the following theorem can be found in [101} Corollaire 5, p. I.19] and also
in [37, Theorem 3.9].
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Theorem 5.1.16 (Closed graph theorem). Let ¥ and W be two quaternionic Fréchet
spaces. Let T : ¥ — W be a linear closed quaternionic operator. Then T is continuous.

In the sequel we will use a consequence of the Ascoli-Arzela theorem that we state in this
lemma, which can be proved as in Corollary 9 p. 267 in [166].

Lemma 5.1.17 (Corollary of Ascoli-Arzeld theorem). Let ) be a compact subset of a
topological group 4 and let " be a bounded subset of the space of continuous functions
C(%). Then ¢ is conditionally compact if and only if for every € > 0 there is a neigh-
borhood % of the identity in & such that |f(t) — f(s)| < € for every f € ¥ and every
pair s,t €9 witht € U s.

Definition 5.1.18. We say that a quaternionic topological space .7 has the fixed point
property if for every continuous mapping T : 7 — . there exists u € .7 such that u =
T (u).

To show our result we need the following Lemmas:

Lemma 5.1.19. Let € be the subset of (*(H) defined by
¢={{&} e P(H) : [&]<1/n, VneN}.

Then € has the fixed point property.

Lemma 5.1.20. Let J# be a compact convex subset of a locally convex linear quater-
nionic space ¥V and let T : & — & be continuous. If &~ contains at least two points,
then there exists a proper closed convex subset ¢, C J such that T (1) C 2.

Theorem 5.1.21 (Schauder-Tychonoff). A compact convex subset of a locally convex
quaternionic linear space has the fixed point property.

5.2 Quaternionic inner product spaces

In this section we consider quaternionic inner product spaces, their decomposition and
ortho-complemented subspaces. The main source for this part is our paper [37].

Definition 5.2.1. Let ¥ be a quaternionic vector space. The map
[,] : ¥x¥ — H
is called an inner product if it is a (right) sesquilinear form:
[vicr,vacr] =& [vi,valer, Yvi,vp € ¥, and ¢y, cp € H,

and Hermitian:

vw]=wyv], Yywe?.
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When the space ¥ is two-sided, we require moreover that

[f,cgl=[cf,gl, c€eH, fge¥. (5.4)

We will call the pair (¥,]-,-]) (or the space ¥ for short when the form is understood
from the context) a (right) quaternionic indefinite inner product space. The form is called
positive (or non-negative) if [v,v] > 0 forallv € ¥

Definition 5.2.2. A linear subspace .# C ¥ is called positive if [m,m] >0 forallm € .# .

It is called strictly positive if the inequality is strict for all m # 0. Similarly, .# is called
negative if [m,m| < 0 for all m € .# and strictly negative if the inequality is strict for all
m#0.

Two vectors v,w € ¥ are orthogonal if [v,w] = 0. An element v € ¥ such that [v,v] =0 is
said to be neutral and the set of neutral elements of ¥ forms the so-called neutral part of
V.For £ C V we set

LH={vev : hw =0 vwe 2}

The definition of .2+ makes sense even when . is simply a subset of ¥, not necessarily
a subspace, and the set .Z [, called the orthogonal companion of .Z, is always a subspace
of V.

Definition 5.2.3. Let .2 C ¥ be a linear subspace of ¥. The subspace .#° = ¥ N Z]
is called isotropic part of .Z.

We have:
1
2 () e gl 5.5)

When ¥ N ¥ £ {0} we say that ¥ is degenerate.
The quaternionic inner product space ¥ is decomposable if it can be written as a direct
and orthogonal sum

Y =V @)l N (5.6)

where 7, is a strictly positive subspace, ¥_ is a strictly negative subspace, and .4 is a
neutral subspace.

Proposition 5.2.4. Assume that (5.0) holds. Then A = ¥ NV (namely N is the
isotropic part of V).

The representation (3.6) is called a fundamental decomposition. A quaternionic inner
product space need not be decomposable (see for instance [98, Example 11.3, p. 23]
for an example in the complex setting, which still holds in the quaternionic case), and
the decomposition will not be unique, unless one of the spaces ¥4 is trivial. A precise
characterization of the decompositions is given in the following results.
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Lemma 5.2.5. Let ¥ denote a quaternionic inner product space, and let V0 be its
isotropic part. Let ¥, be a direct complement of ¥°. Then ¥, is nondegenerate and the
direct sum decomposition

v =9'eln (5.7
holds.

Proof. Letv € %N be such that

vvi]=0, Vv €.
By definition of the isotropic part, we have

[v,vo] =0, Vvoe ¥°.

Since 7] is a direct complement of %0 in ¥, we have v € ¥, and so v = 0 since ¥ N
¥1 = {0}. Then equality (3.7) follows. O

Proposition 5.2.6.

(1) Let ¥ = ¥1|®] ¥4 denote an orthogonal direct decomposition of the indefinite inner
product quaternionic vector space V', where V1 is positive and V5 is maximal strictly
negative. Then, ¥] is maximal positive.

(2) The space orthogonal to a maximal positive subspace is negative.

(3) The space orthogonal to a maximal strictly positive subspace is negative.

Proof.

(1) Let #1 D ¥1 be a positive subspace of ¥ containing ¥ and let v € #7 \ ¥1. Since
¥V = ¥1[®] Y2, we can write v = v| + v, where v; € ¥] and v, € ¥;. Then, we have that
vy = Vv —v] € #] since #] is a subspace. On the other hand, v, # 0 (otherwise v € ¥])
and so [va,v;] < 0. This contradicts the assumption that %] is positive.

(2) Let . be a maximal positive subspace of ¥, and let v € 2], We have three cases:
(a) If v ¢ .% and [v,v] = 0, there is nothing to prove.

(b) If v Z and [v,v] > 0, then the space spanned by v and .Z is positive, contradicting
the maximality of .Z. So [v,v] <O0.

(c) Ifve Z. Then,ve ZN.LM and so [v,v] = 0, which is what we wanted to prove.

(3) Let now % be a maximal positive definite subspace of ¥, and letv € £ [l a nonzero
element. If [v,v] < 0 there is nothing to prove. If [v,v] > 0, the space spanned by v and .¥
is strictly positive, contradicting the maximality of .Z. ]

To state and prove next result, we recall that if ¥ is a right quaternionic vector space and
¥1 C V¥ is a (right) linear subspace of ¥, the quotient space ¥'/#] endowed with

v+7)g=vqg+ "

is also a right quaternionic vector space. The symbol v+ #] denotes the equivalence class
of v € ¥1 in the quotient space ¥ /¥].
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Definition 5.2.7. The linear subspace .Z of ¥ is ortho-complemented if ¥ is spanned
by the sum of . and £

Theorem 5.2.8. Let ¥ denote a quaternionic inner product space. Then the subspace £
is ortho-complemented if and only if the following two conditions hold:

(1) The isotropic part of £ is included in the isotropic part of V.

(2) The image under the inclusion map

1: 2/ L= v0
1(0+2%) =0+ %

of the quotient space £ | " is ortho-complemented in V' | ¥/°.

Proof. Assume that % is ortho-complemented: by definition ¥ = .Z[+].Z!*]. The for-

mula et
v+ 70wt 70, = [y w] (5.8)

defines a nondegenerate indefinite inner product on %'/ #°. It is immediate to verify that
the inner product preserves orthogonality, and thus

V0= (L)Y +(LH 7).

Since .#, 70 are subspaces of the quaternionic vector space ¥, and #° C ¥, the map 1
from .Z /% into ¥/ ¥ is well defined. Let us show that t is one-to-one, so that

(&%) =12/ L),

and this will conclude the proof of the direct assertion. To this end, observe that every v
in ¥ can be written as
v=~_L+m, (€L, me L,

If ¢y € £° then
[fo,v] = [fo,g] + [Eo,m} =0
and thus #° ¢ ¥°. Since
yOny c £, (5.9)

one deduces that the map 1 is well defined and one-to-one and so (2) holds.
Conversely we assume now that (1) and (2) hold. We prove that .# is ortho-complemented.
The condition (1) insures that the map 1 is well defined and the inclusion holds by

definition of %. Thus 1 is one-to-one. The property (2) shows that for every v € ¥ there
exist £ € £ and m € £ such that

v+ Y0 =04+ 90 m4+ 0.

Thus we have v = £+ m + vy and this concludes the proof since ¥°N.¢ c #° c 4.
([l
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Next result holds for a nondegenerate inner product space.

Proposition 5.2.9. Let ¥ be a quaternionic nondegenerate inner product space. Then:
(1) Every ortho-complemented subspace is nondegenerate.
(2) Let £ C ¥ be ortho-complemented. Then & = £H-.

Proof. Property (1) follows directly from Theorem (1) since
2ngM ey ={o}.

To show (2), we observe that
&£ c g (5.10)

We assume that % is ortho-complemented. Let v € .& [J-J-], and let
v=vi+wm, vieY, and w c 7.
Then, in view of (5.10), v» = v —v; € 24, and so v, € 2N 2. We have
L =y

In fact if .% is ortho-complemented, also .Z!* is also ortho-complemented by formula
(5:3). This implies that v, = 0 since ¥ is nondegenerate. We conclude that equality holds

in (5.10). O
Proposition 5.2.10. Let ¥ be a quaternionic inner product space, and let £ be a positive

definite subspace of V. There exists a fundamental decomposition of ¥ with ¥, = £ if
and only if £ is maximal positive definite and ortho-complemented.

Proof. Let us assume that there exists a fundamental decomposition of ¥ with 7, = %,
namely ¥ = Z[®]7_[®]7°, where ¥_ is negative definite and ¥ is the isotropic part
of #'. Then % is ortho-complemented. To show that .# is maximal, assume that .# O ¥
be a positive definite subspace containing .Z and let v € .#, with decomposition

v=vi+v_+n vie?, v.eZ, ne¥
By linearity, v—v; =v_+n € .#.But
[V—v+,v—v+}=[v,,vf]—i—[n,n]<(),

unless v_ = 0. But then [v—v,v—v,] = 0 implies v = v (and so n = 0) since .# is
positive definite. Thus v = v, and .Z = .#. Thus, . is maximal positive definite.
Conversely, if .Z is ortho-complemented, then ¥ = Z[+].Z (L] and, since .Z is positive
definite, the latter sum is direct, that is, ¥ = Z[®].Z (L,

Since . is maximal positive definite, we have that & L] is negative. Indeed, neither
2 \-Z nor .¥ N2 contain positive vectors v since in the first case the space spanned
by v and .Z would be positive, contradicting the maximality of .Z and in the second case
we would have [v,v] = 0 contradicting the positivity of v. Using Lemma we can
write .2 as a direct orthogonal sum of a negative definite space and of an isotropic
space ./ Finally, the isotropic part .4 of -Z!* is the isotropic part of ¥'. O
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5.3 Quaternionic Hilbert spaces. Main properties

Quaternionic Hilbert spaces have been treated in the literature in several papers, see e.g.
[68, 193] 213|246, 270]. Our study here starts from the definition of right quaternionic
pre-Hilbert space, then moves to the notion of Hilbert space and we show how it is possi-
ble to make a right Hilbert space a two-sided Hilbert space, once that a Hilbert basis has
been selected.

Definition 5.3.1. A quaternionic linear space S is said to be a quaternionic pre-Hilbert
space if it is a quaternionic linear space endowed with an H-valued form [-,-] which is
sesquilinear, Hermitian and positive.

Remark 5.3.2. In this book we will denote usually inner product in Hilbert spaces by the
symbol (-, -) rather than [-,-]. Thus two elements belonging to a quaternionic pre-Hilbert
space . will be called orthogonal if (f,g) = 0. Given a subset .# of s we define .4+
as

ME={ve A : (vm)=0,Ymec A}
Let us define

VIl = v/ (vv).

Observe that (vg,vg) = |g|*||v||*>. Then | - || is a norm for which the Cauchy-Schwarz
inequality holds:
[t} < Ml V]I (5.11)

Definition 5.3.3. A quaternionic pre-Hilbert space is said to be a quaternionic Hilbert
space if

V= v/ (vv)
defines a norm for which J# is complete.

We note that every quaternionic pre-Hilbert space has a completion, as follows from [101},
10, p. L.6].
If S is a quaternionic Hilbert space and .# C 77 is a closed subspace then

= MM

The Riesz representation theorem for continuous functionals holds, see [102, p.24]:

Theorem 5.3.4. Let 57 be a quaternionic Hilbert space with quaternionic inner product
(-,-). Let @ be a continuous right linear functional. Then there is a uniquely defined
element uy € € such that

o(v) = (vup), Yve .

Using the Riesz representation theorem one can introduce the notion of adjoint of a linear
operator.



74 Chapter 5. Quaternionic functional analysis

Definition 5.3.5. Let (J4A,(-,")1), (#4,(-,-)2) be two quaternionic Hilbert spaces and
A: J1 — 5% be a bounded (right) linear operator. Then there exists a uniquely defined
bounded (right) linear operator

AY 6 — o4
such that for any u € 5] and v € 4
(u,A*v)1 = (Au,v),
The operator A* is called the adjoint of A.
We define the norm of a linear bounded operator as

[[Aul2

]l = :
ue A ,u#0 HMHI

The following result is proved as in case of complex Hilbert spaces, and is used in partic-
ular in proving the quaternionic version of Bohr’s inequality. See Theorem for the
latter.

Proposition 5.3.6. Let 54 and 5 be two right quaternionic Hilbert spaces and let
A € B(H,58). Then,

Al =A% and [|AA*|| = [|A]>. (5.12)

We now discuss an example. Given a quaternionic Hilbert space .7, we associate with
u € 77 the operator M,, of multiplication by u on the left defined by

M,q=uq, qgecl. (5.13)

u We have

M;(v) = (vu), vet.

u

Indeed, for g € H,

(M, (v),q) = (v,uq) = q(v,u).

In particular we have
MM, = (v, u). (5.14)

We now introduce the notion of Hilbert basis in the quaternionic setting, see [193} 269,
270]). We first state the following result whose proof follows as in the complex case, see
[252]:

Proposition 5.3.7. Let 5 be a quaternionic Hilbert space and let N be a subset of 7€
such that for all u,u’ € N, {u,u') =0 if u # u’ and {u,u) = 1. The following conditions
are equivalent:
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a) For every w,v € J, the series Y,y (w,u){u,v) converges absolutely and:

(w,v) = Z (wyu)(u,v).

ueN

b) Foreveryv € S, it holds:
vI> =Y [ v) .

ueN

c) Nt ={o}.

d) The linear subspace of € consisting of all finite right linear combinations of ele-
ments of N with quaternionic coefficients is dense in .

Proposition 5.3.8. Every quaternionic Hilbert space 7€ admits a subset N, called Hilbert
basis, such that for u,u’ € N, (u,u’) =0 if u # u’ and {(u,u) = 1, and N satisfies one of the
equivalent conditions in Proposition[5.3.7) Two such sets have the same cardinality.

If N is a Hilbert basis of 7, then every v € J€ can be uniquely decomposed as:

v= Z u(u, vy,

ueN

where the series Y ey u{u,v) converges absolutely in .

The theory we have developed for quaternionic linear operators works in a two-sided
quaternionic linear space, namely, in a linear space which is endowed not only with a no-
tion of multiplication by a scalar on the right but also on the left. If we are assigned a right
linear Hilbert space 7 it is possible to endow it with a notion of scalar multiplication on
the left, though in a non-canonical way which depends on the choice of a Hilbert basis.
Let us fix a Hilbert basis N of .7#. We define the left scalar multiplication of .7 induced
by N as the map H x J# — J# given by (q,v) — gv where

qv = Zuq(u,v> geH, ve . (5.15)
ueN

The following result, see [193]], follows with easy computations.

Proposition 5.3.9. The left product defined in satisfies the following properties.
(1) gqlw+v) =gw+qv and q(vp) = (qv)p, for every viw € F and q,p € H.
(2) llavll = lal Iv
(3) q(q'v) = (qq')v, for every v € 5 and q,q' € H.

, for everyv € 5 and q € H.

(4) (gw,v) = (w,qv), for every w,v € I and q € H.
(5) rv=vr, foreveryv € J€ andr € R.
(6) qu =ugq, for every u € N and q € H.
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As a consequence, for every q € H, the map L, : 2 — H, sending v into qv, belongs to
B(S7). The map £y : H — B(J¢), defined by setting

In(q) =Ly,
is a norm—preserving real algebra homomorphism, with the additional properties:
Lv=vr, reR,ves, (5.16)
and
(Ly)"=Lg, qeH. (5.17)

Let 57 denote a right quaternionic Hilbert space. The bounded operator A from J# into
itself is called positive (we will also say positive semi-definite) if

(Ah,h) >0, Vhe .

The following two theorems deal with squareroots of positive operators. The first one can
be proved via the quaternionic spectral theorem; see [37]], or using power series expan-
sions of the function /1 — z for |z| < 1; see [65] Lemma 2.2, p. 670]. We give only the
proof of the second theorem, and refer to these papers for more information on the first
theorem.

Theorem 5.3.10. A bounded positive operator in a right quaternionic Hilbert space has
a positive squareroot.

Theorem 5.3.11. Let A be a positive operator on a a right quaternionic Hilbert space.
Then, there exists a right quaternionic Hilbert space 7¢4 and a bounded linear T operator
Sfrom S into ;4 such that ket T* = {0} and

A=T"T. (5.18)

Proof. The proof follows the case of complex Hilbert and Banach spaces; see [[73, Theo-
rem 2.2 p. 703] for the latter. For u,v € S the inner product

(Au,v) p = (u,Av) 4p

depends only on Au and Av. We endow the range of A endowed with the inner product
<.’ > AL
(Au,Av)a = (Au,v) 4. (5.19)

This makes the operator range ranA a right quaternionic pre-Hilbert space. Let 774 denote
its completion to a right quaternionic Hilbert space. The map T from ¢ into 7%, defined
by Tu = Au is bounded since

| Tull = (Au,u) 5 < [|A]|-|Jul

2



5.4. Partial majorants 77

We compute its adjoint, first on elements of the form Au. Let h € 5. We have
<T* (Au)7h>/(” = <Au7Th>A
= (Au,Ah)4
= <Au,h>%.
Thus T*(Au) = Au, and by continuity we have T*g = g for all g € J%,. Finally we note

that
T*Th=T*(Ah) =Ah, he X

and so (5.18) is in force. To conclude we note that 7* is injective by construction. O

We conclude with a theorem on tensor products of quaternionic Hilbert spaces. To deepen
the topic, see for instance [212] [213] 246]. Our discussion is based on [65] §3]. Let ¢4
and 7 be quaternionic Hilbert spaces on the right and on the left, respectively. Their
algebraic tensor product has only a group structure in general. However, under suitable
assumptions, it is possible to define an inner product in order to obtain a Hilbert space,
see [65) Theorem 3.1].

Theorem 5.3.12. Let 5 be a separable two sided quaternionic Hilbert space whose
inner product satisfies (0.4), and let 4 be a separable right quaternionic Hilbert space.
Then, the tensor product 9 @y € endowed with the inner product

(1@ h1,820 @) gy v = ((81,82)9h1, ) »

is a right quaternionic Hilbert space.

5.4 Partial majorants

A standard reference for special topologies, called partial majorants, studied in this sec-
tion is [98), Chapter III] in the complex case. For the quaternionic case we refer the reader
to [37] which is the main source for this section. We begin by proving a simple fact
(which, in general, is not guaranteed in a vector space over any field):

Lemma 5.4.1. Let ¥ be a quaternionic inner product space and let w € V. The maps
v pe(v)=|ww]|, ve¥ (5.20)

are semi-norms.

Proof. Property (5.1) is evident. Property (5.2) comes from the fact that the absolute value
is multiplicative in H:

pw(ve) = |[ve,wl| = |[v,wle| = [[v,w]] - [e] = |e[pw (V).

Next definition is classical:
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Definition 5.4.2. The weak topology on ¥ is the smallest topology such that all the
semi-norms ([5.20) are continuous.

Definition 5.4.3. (1) A topology on the quaternionic indefinite inner product space ¥ is
called a partial majorant if it is locally convex and if all the maps

v = [ww], wev, (5.21)

are continuous.
(2) A partial majorant is called admissible if every continuous linear functional from ¥
to H is of the form v — [v, wy] for some wy € 7.

Next result relates the weak topology with partial majorants.

Theorem 5.4.4. The weak topology of an inner product space is a partial majorant. A
locally convex topology is a partial majorant if and only if it is stronger than the weak

topology.

Proof. To prove that the weak topology of an inner product space is a partial majorant,
we have to show that in the weak topology the maps are continuous. For any € > 0,
and for any vo,w € ¥ the inequality |[v,w] — [vo,w]| < € is equivalent to p,,(v —vp) < €
and the set {v € 7" : p,(v—vp) < €} is a neighborhood U, (pw,€) of vo. Thus the weak
topology is a partial majorant.

Let us now consider another locally convex topology stronger than the weak topology.
As we already know, the inequality |[v,w] — [vo,w]| < € holds for v € Uy, (pw,€) which
is also an open set in the stronger topology. So any locally convex topology stronger
than the weak topology is a partial majorant. Finally, we consider a partial majorant. Let
Vo, W1, ...,wy, € ¥, let € > 0. Then, by definition, there are neighborhoods U, of wy, £ =
1,...,n such that for any v € Uy the inequality |[v, w/] — [vo,w(]| < €,1.e. py,(v—vp) < €
holds. Thus any w which belongs to the neighborhood of vo defined by Mj_, U, belongs
to Uy, (pw,, €) and the statement follows. O

From this result we obtain:

Corollary 5.4.5. Every partial majorant of a nondegenerate inner product space V is
Hausdorff.

Proof. Any open set in the weak topology is also open in the partial majorant topology.
The weak topology is Hausdorff if it separates points, i.e. if and only if for every w € ¥ the
condition p,,(v) = |[v,w]| = 0 implies v = 0. But this is the case since ¥ is nondegenerate.

O

Proposition 5.4.6. If a topology is a partial majorant of the quaternionic inner product
space ¥ then the orthogonal companion of every subspace is closed.

Proof. Let £ be a subspace of ¥ and let 2" be its orthogonal companion. We show
that the complement (Z)¢ of 2] is an open set. Let vo be in (Z!1))¢; then there is
w € .Z such that [vg, w] # 0. By continuity, there exists a neighborhood U of vy such that
[v,v0] # 0 for all v € U, thus (.ZH)¢ is open. O
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Corollary 5.4.7. If a topology is a partial majorant of a nondegenerate inner product
space V' then every ortho-complemented subspace of V' is closed.

Proof. Let % be a subspace of ¥ and let 2! be its orthogonal comanlon Then £ -]
is closed by Proposition and since L = ¥ by Proposmon 5.2.9] the statement
follows.

Corollary 5.4.8. Let T be a partial majorant of the quaternionic inner product V" and
assume that ¥ is nondegenerate. Then the components of any fundamental decomposition
are closed with respect to T.

Proof. This is a consequence of the previous corollary, since the two components are
ortho-complemented. (|

Theorem 5.4.9. Let V' be a nondegenerate quaternionic inner product space and let T
and Ty be two Fréchet partial majorants of V. Then, T| = T».

Proof. Let T be the topology 7| U 7p. Then, following the proof of Theorem 3.3. p. 63
in [98]], we show that 7 is a Fréchet topology stronger than 7; and 7,. Let us consider
the two topological vector spaces ¥ endowed with T and ¥ endowed with 7; and the
identity map acting between them. By the closed graph theorem, see Theorem|5.1.16] we
have that the identity map takes closed sets to closed sets and so 7j is stronger than 7. A
similar argument holds by considering 7, and thus 7 = 7] = 17,. ]

We now consider the case in which a partial majorant 7 is defined by a norm || - || on a
nondegenerate inner product space ¥, and we define

I sup [mw]],  ve. (5.22)
[wli<1
Then it can be verified that || - ||” is a norm called polar of the norm || - ||. As in the proof

of Lemma the crucial fact is that the modulus is multiplicative in H. The topology
7 induced by || - ||’ is called the polar of the topology 7.
The definition (5.22) implies

w w
Hv? m]l < sup va m” < sup |[V,WH = ||V||/, (5.23)

we [wll<1

from which we deduce the inequality |[v,w]| < ||v]|’||w]||. Thus the polar of a partial majo-

s def.

rant is a partial majorant since (5.21)) holds and thus one can define 7 = (7’)’ and so on,

iteratively.
Proposition 5.4.10. Let V" be a nondegenerate inner product space.

1) If Ty and T are normed partial majorants of V' and T, is weaker than T, then T is
P 7l 2
weaker than ”L'{.

(2) If Tis a normed partial majorant of V', then its polar T’ is a normed partial majorant
on V. Furthermore, 7" < 7, and 7" = 7.
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Proof. Let 11, T, be induced by the norms || - ||; and || - ||, respectively and let us assume
that 7; < 75. Then there exists A > 0 such that A |w||, < ||w]||; for all w € ¥ and so, if we
take ||wl||; < 1 we have

sup [[v,w]| < sup [[vAw]|=2 sup [[vw]],
Iwlli <1 wllp<1 Iwlla<1

so that 75 < T{.

Moreover we have supyj, i< |[x,y]| < [|x|| and so 7" < 7. Let us now use this inequality
by replacing 7 by 7’ and we get v < 7’. By using point (1) appliedto 7y =t" and , =7
we obtain the reverse inequality and so 7"/ = 7’. O

Among the partial majorants there are the admissible topologies (see Definition [5.4.3).
The next result shows that an admissible topology which is also metrizable is uniquely
defined. In order to prove this fact, we recall that given a quaternionic vector space ¥/, its
so-called conjugate #* is defined to be the quaternionic vector space in which the additive

group coincides with ¥ and whose multiplication by a scalar is given by (c,v) — v¢. An

inner product (-,-) in ¥* can be assigned by (v,w) def. [w,v] = [v,w].

Theorem 5.4.11. Let 11, T be admissible topologies on a quaternionic inner product
space V. If T is given by a countable family of semi-norms, then T\ is stronger than 7.
Moreover, no more than one admissible topology of V' is metrizable.

Proof. Assume that 7; and T are given by the families of semi-norms {p;}, i € N, and
{gy}, v € T, respectively. Suppose that 7; is not stronger than 7. Then there exists an
open set in T that does not contain any open set in 7;. In particular, it does not contain

1
{ve? | pilv)<—, i=1,...,n} forsome neN.
n

1
Thus, there exists a sequence {v,} C 7 such that p;(v,) < — but maxg—i__uqy, (va) =
n

qy;(vn) > € for some € > 0. By choosing w,, = nv, we have

=1,...,

_max pi(wy) <1, qy;(wn) > ne, neN. (5.24)
e .

Let us consider the subspace of ¥ given by £ = {v € ¥ | gy,(v) = 0} and the quotient

2 ¥ /.. We can endow .2 with the norm ||9]| &t qy;(v), for v =v+Z € 2. Let

¢ % — H be a linear function which is also continuous:
eI <lolol, veZ.

def. o . . . .
Then the formula @(v) = @(¥), v € ¥, v € ¥, defines a linear and continuous function on
¥ since

leMI < IDIHIP1 = llpllgy; (v)-
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Thus ¢ is continuous in the topology 7 and since 7 is admissible, @(v) = [v,w] for some
suitable wg € #'. We conclude that ¢ is also continuous in the topology 7. So for some
r € Nand 6 > 0 we have

lo ()|<l max p;(v), veY.

i=1,...,r

This last inequality together with (5.24) give |@(w,)| < 1/8 for n > r. So the sequence
{®(W,)} is bounded for any ¢ fixed in the conjugate space .Z* of the normed space ..
However, we can look at ¢(W,) as the value of the functlonal wn acting on the elements
of the Banach space .#*. Since we required that |§()| <
tional W, is continuous. By the quaternionic version of the Hahn- Banach theorem, we
deduce that |[W,|| = gy; (W,). From (5.24), more precisely from gy, (w,) > n€, we obtain
a contradiction with the principle of uniform boundedness, see Theorem [5.1.10] (|

5.5 Majorant topologies and inner product spaces

The material in this section can be found, in the complex case, in [98, Chapter IV]. The
source for this section is our paper [37].

Definition 5.5.1. A locally convex topology on (¥, [-,-]) is called a majorant if the inner
product is jointly continuous in this topology. It is called a complete majorant if it is
metrizable and complete. It is called a normed majorant if it is defined by a single semi-
norm or norm, and a Banach majorant if it is moreover complete with respect to this norm.
Itis called a Hilbert majorant if it is a complete normed majorant, and the underlying norm
is defined by an inner product.

Remark 5.5.2. The norm defining a Banach majorant (and hence the inner product defin-
ing a Hilbert majorant) is not unique. But Theorem implies that any two such
norms are equivalent.

Proposition 5.5.3.

(1) Given a majorant, there exists a weaker majorant defined by a single semi-norm.

(2) A normed partial majorant T on the nondegenerate inner product space ¥ is a majo-
rant if and only if it is stronger than its polar: T < 7.

Proof. (1) From the definition of a majorant, there exist semi-norms p,...,py and € >0
such that
[[u,v]] <1, Vu,veU,

where
U={ve?;pj(v)<e, j=1,...N}.

It follows that the inner product is jointly continuous with respect to the semi-norm
max;—1,.NPj-
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(2) Bearing in mind thr definition of polar 7/, see (5.22), we have that 7/ < 7 if and only if
the identity map from (¥, 7) into (¥, 7’) is continuous. This happens if and only if there
exists k > 0 such that

vl <k|v]l, Wwev. (5.25)

This in turn holds if and only if
[vu]| <k||v|, Yvue¥ with |u]<I. (5.26)

The result follows since any such u # 0 is such that ||| < 1 if and only if it can be written
as ﬁ,fersomew#OE”f/. O

Proposition 5.5.4. Let ¥ be a nondegenerate inner product space, admitting a normed
majorant. Then there exists a weaker normed majorant which is self-polar.

Proof. We closely follow and sketch the proof of [98, p. 85]. The key is that the polar
norm (defined in (5.22)) is still a norm in the quaternionic case. By possibly renormaliz-
ing, we can assume that

V][ < ulllVIl,  u,v e, (5.27)
where || - || denotes a norm defining the majorant. Define a sequence of norms (|| - ||,1)nen
by |[-[ly =1|- | and

1
1 2 2y )’
leellner = { 5 Clully + Clull)) ) n=1,2,, (5.28)
where we recall that || - ||" denotes the polar norm of || - ||; see (5.22). By induction, one

shows that each || - ||, satisfies (5.27) and that the sequence (|| - ||,)nen is decreasing, and
thus defining a semi-norm || - ||e = limy—0 || - ||n. One readily shows that || - [|e > \% -

!/
1°
and hence || - || is @ norm, and a majorant since it also satisfies (5.27) by passing to the
limit the corresponding inequality for || - ||,

We now show that the topology defined by || - ||~ is self-polar. We first note that the
sequence of polars (|| - ||/,)nen is increasing, and bounded by the polar || - ||.. Set || - || =
limy—e || - ||/, Applying inequality (5:23) to || - ||, and taking limits leads to

([ v]] < llel[Vllee,  wsv e

Thus || - ||, < |- lle, and we get that || - ||., = || - ||.. Letting n — oo in (5.28), we get
- llee =11+ Il O

Proposition 5.5.5. Let (¥,[-,-]) be a quaternionic nondegenerate inner product space.
Then a partial majorant is a minimal majorant if and only if it is normed and self-polar.

Proof. Assume first that the given partial majorant 7 is a minimal majorant. By item (1) of
Proposition[5.5.3|there is a weaker majorant 7, defined by a single semi-norm. Moreover
by Corollary[5.4.5|any partial majorant (and in particular any majorant) is Hausdorff, and
so the 7, is Hausdorff and the above semi-norm is in fact a norm. By Proposition
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there exists a self-polar majorant 7., which is weaker that 7;. The minimality of 7 implies
that 7. = 7.

Conversely, assume that the given partial majorant 7 is normed and self-polar. Then 7 is a
majorant in view of item (2) of Proposition Assume that 7, < 7 is another majorant.
Then, by part (2) in Lemmal5.5.3] 7, > 7/, and by item (1) of Proposition[5.4.10]we have
7/ > 7'. This ends the proof since 7 is self-polar. O

Theorem 5.5.6. Let V' be a quaternionic nondegenerate inner product space, and let T
be an admissible topology which is moreover a majorant. Then 7T is minimal, it defines a
Banach topology and is the unique admissible majorant on V. Finally, T is stronger than
any other admissible topology on V.

In next proposition we introduce an operator, called Gram operator, which will play an
important role in the sequel. Recall that Hilbert majorants have been defined in Definition

551

Proposition 5.5.7. Let (¥ ,[,-]) be a quaternionic inner product space, admitting a
Hilbert majorant, with associated inner product {-,-), and corresponding norm || -||. There
exists a linear continuous operator G, self-adjoint with respect to the inner product (-,-),
and such that

vw]=(»,Gw), vweY.

Proof. The existence of G follows from Riesz’ representation theorem for continuous
functionals, which still holds in quaternionic Hilbert spaces (see [[102, p. 36], [212} The-
orem IL.1, p. 440]); the fact that G is Hermitian follows from the fact that the form |-, -]
is Hermitian. In the complex case, an everywhere defined Hermitian operator in a Hilbert
space is automatically bounded; rather than proving the counterpart of this fact in the
quaternionic setting we note, as in [98, p. 88], that there exists a constant k such that

[, w]| < kllul| - ||v]], Vu,ve?. (5.29)
The boundedness of G follows from (5.29) and [v,Gv] = ||Gv||>. O

The operator G in the preceding result is called Gram operator. The semi-norm
vi— |GV (5.30)

defines a topology called the Mackey topology. As we remarked after Definition [5.5.1]
the inner product defining a given Hilbert majorant is not unique, and so to every inner
product will correspond a different Gram operator.

Proposition 5.5.8. The Mackey topology is admissible and is independent of the choice
of the inner product defining the Hilbert majorant.

Proof. The uniqueness will follow from Theorem[5.4.1T|once we know that the topology,
say Tg, associated to the semi-norm (5.30) is admissible. From the inequality

[, v]] = (Gu,v) < ||Gul| -[|V]
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we see that 7 is a partial majorant. To show that it is admissible, consider a linear func-
tional f continuous with respect to 7. There exists k > 0 such that

[f (@] <kIGull, Vue?.

Thus the linear relation
(kGu, f(u)), ue?

is the graph of a contraction, say T,
1
T(Gu) = %f(u), YueVv,
in the pre-Hilbert space (ran G) x H, the latter being endowed with the inner product

<(Gu,p)a (GV7Q)>’1/><H = <GM7GV> +qp= [GM,V] +gp.

The operator T admits a contractive extension to all of ¥* x H, and by Riesz representation
theorem, there exists fy € ¥ such that

T(u)=(u,fo), Yue?v.

Thus
f(u) = kT (Gu) = k(Gu, fo) = [u,kfol,
which ends the proof. |

Let .Z be a subspace of a quaternionic inner product space (¥, [-,-]). Assume that ¥
admits an Hilbert majorant with associated inner product (-,-) and associated norm || - ||.
We denote by Py the orthogonal projection onto .& in the Hilbert space (¥, (-,-)), and
we set

Gy =PyG|,,. (5.31)
Proposition 5.5.9. Let V' be a quaternionic inner product space, admitting an Hilbert
majorant, let £ be a closed subspace of ¥ and let G ¢ be defined by (5.31). Then:
(1) An element v € ¥ admits a projection onto £ if and only if

Pyv €ran G o. (5.32)
(2) & is ortho-complemented in (¥ ,[-,"]) if and only if
ran PG =ran G ¢.
Proof. (1) The vector v € V has a (not necessarily unique) projection, say w on . if and

only if
[v—wu =0, VYuecll,
that is, if and only if
(Gv—w),u) =0, VYuecZ.
This last condition is equivalent to P¢Gv = G ¢w, which is equivalent to (5.32).

(2) The second claim is equivalent to the fact that every element admits a projection on
Z, and therefore follows from (1). O
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The following result on the decomposability of a inner product space is based on the
spectral theorem for Hermitian operators.

Theorem 5.5.10. Let (¥, [-,-]) be a quaternionic inner product space, admitting a Hilbert
majorant. Then ¥V is decomposable, and there exists a fundamental decomposition such
that all three components and any sum of two of them are complete with respect to the
Hilbert majorant.

Proof. As in the proof of the corresponding result in the complex case (see [98] p. 89] we
apply the spectral theorem (see 37, Theorem 8.1]) to the Gram operator G associated to

the form [-,-], and write G as:
~+oo
G= AdE(Q),

—oo

where the spectral measure is continuous and its support is finite since G is bounded. We
then set

V. =EO7)¥, ¥=(E0)—E07))¥, and ¥, =(—E0)Y.

We have
V=7 [®]%[0]

Each of the components and each sum of pairs of components of this decomposition
is an orthogonal companion, and therefore closed for the Hilbert majorant in view of

Proposition [5.4.6] a

Let ¥ be a quaternionic inner product space which is decomposable and nondegenerate,
and let
V=Y. [®]v, (5.33)

where ¥, is a strictly positive subspace and #_ is a strictly negative subspace. The map
J(v)=vy—v_

is called the associated fundamental symmetry. Note that J(Jv) = v, thus J is invertible
and J = J~!. It is readily seen that

vw] =[IvJw], wweY. (5.34)
If, as in the proof of the previous result, we set
Pi(v) = V4, (5.35)

we have J =P, —P_.

Theorem 5.5.11. Let ¥V be a decomposable and nondegenerate quaternionic inner prod-
uct space, and let (5.6) be a fundamental decomposition of ¥, and let

(v,w)s def. [Jvw], wwev¥.
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Then,
(vyw)y =, Jw] = [vy,wi] —[v_,w_], (5.36)
vw] = (v, Jw)s = (Jv,w), (5.37)

and (V,{-,-);) is a pre-Hilbert space. Furthermore, with ||v||3 = [v,Jv], it holds
(]2 < VIl vowe 7 (5.38)

Proof. The first claim follows from the fact that both ¥, and #_ are positive definite. In
a quaternionic pre-Hilbert space, the Cauchy-Schwarz inequality holds and this implies

(5:38) since

vl = (v dw)s 2 < VI 1wl
Equations (5.36) and (5.34) imply that ||w||; = ||Jw||;, and this ends the proof. O
Remark 5.5.12. Let ¥ be a quaternionic, nondegenerate, inner product vector space ad-
mitting a fundamental decomposition of the form ¥ = ¥, [®]¥_ and let J be the associ-

ated fundamental symmetry. Then ¥ is J-orthogonal to ¥_, i.e. (v;,w_}); = 0 for every
vy € ¥4 and w_ € ¥_, as one can see from formula (5.36).

The topology defined by the norm || - || is called the decomposition majorant belonging
to the given fundamental decompostion.

In the next result the majorant is a Banach majorant rather than a Hilbert majorant and
the space in nondegenerate.

Proposition 5.5.13. Let (¥,[,"]) be a quaternionic nondegenerate inner product space,
admitting a Banach majorant T and a decomposition majorant T,. Then, 11 < T.

Proof. Let ¥ = ¥, [®]¥_ be a fundamental decomposition of . By Corollary the
space ¥/ is closed in the topology 7. Let P, denote the map

P+V =V (539)

where v = v +v_ is the decomposition of v € ¥ along the given fundamental decom-
position of #. We claim that the graph of Py is closed, when 7 is endowed with the
topology 7. Indeed, if (v,),en is a sequence converging (in the topology 7) to v € ¥ and
such that the sequence ((v,)+ )nen converges to z € ¥4 also in the topology 7. Since the
inner product is continuous with respect to T we have for w € ¥,

[Z—V+,W] = ’}i_rilo[(vn)+,w} - [V+,W}

:’}g{}o[vmw} - [V+,W] = [V7W] - [V+7W] = [V_V+7W] =0

and so z = v,. By the closed graph theorem (see Theorem[5.1.16) P; is continuous. The
same holds for the operator P_v = v_ and so the operator

Jv=vy—v_ (5.40)
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is continuous from (¥, 7) onto (¥, 7). Recall now that [Jv,v] is the square of the J-norm
defining 7;. We have
v, v < KJIvl[ - [Ivl],

where || - || denotes a norm defining 7. The consinutity of J implies
v, o] < KV - vl < vl

It follows that the inclusion map is continuous from (¥, 1) into (¥, 7;), and so 7; <
T. O

Proposition 5.5.14. Every decomposition majorant is a minimal majorant.

Proof. A decomposition majorant is also a partial majorant and is normed, with associ-
ated J-norm ||u||; = [Ju,u], where J is associated to the decomposition J(v) =v; —v_.
Thus, using Proposition to prove the minimality it is enough to show that ||u||; is
self-polar. This fact follows from

lully = sup |[Juv]| = sup [[u, ]| = [[ull,.

[[vil;<1 Ivils<1

We can now address the problem of the uniqueness of a minimal majorant.

Proposition 5.5.15. Let (V,]-,]) be a quaternionic inner product space, admitting a
decomposition

¥ =Y, [8])7, (5.41)
where V. is positive definite and V_ is negative definite. Assume that (V.,[-,-]) (resp.
(v_,—[,"])) is complete. Then, so is (V_,—[,-]) (resp. (V4,[,-])), and (¥ ,[-,*]) has a

unique minimal majorant.

Proof. The topology 7 defines a fundamental decomposition, and an associated minimal
majorant || - || ;. See Proposition|5.5.14} Let T be another minimal majorant. By Proposition
it is normed and self-polar and so there is a norm || - || and k; > 0 such that

[Vl < ki osup [[ve,y]].
yEV4
lvll<t

Using the uniform boundedness we find k> > 0 such that
(3]l < kalve,vy], Wy such that |ly] < 1.

Hence, with C = kjk;,
||V+|| S C[V+,V+], VV+ S 7/+. (542)

Let now v € ¥ with decomposition v = v, +v_, where v1 € ¥4. Since 7 is a normed
majorant, there exists C; such that

vl < Clsavs] = Clvs] < CC |- ]



88 Chapter 5. Quaternionic functional analysis

Hence
2 2
Vll7 = vyl S G-Il = Col| 2wy —vi|- K]]v]
for an appropriate K > 0. The identity map is therefore continuous from (¥, 7) onto

(7, l7)- Since 7 is defined by a single norm, it follows that the identity map is also
continuous from (¥, || - ||;) onto (¥, 7) and this ends the proof. O

Definition 5.5.16. The space ¥ (resp. #_) is called intrinsically complete when (¥4, [-,])
(resp. (Y-, —[,+])) is complete.

Proposition 5.5.17. Let (¥,][-,]) be a quaternionic inner product space, admitting a
decomposition of the form (5.33), and with associated fundamental symmetry J. Then:

(1) Let £ denote a positive subspace of V. Then, the operator Py | o and its inverse
are Ty CONtiNUOUS.

(2) Given another decomposition of the form (5.33)), the positive (resp. negative) com-
ponents are simultaneously intrinsically complete.

Proof. To prove the result we follow [98] pp. 93-94]. Let .Z be a positive subspace of ¥
and let v € .Z. By recalling (5.36)), (5.39), where v = v +v_ is the decomposition of v
with respect to the fundamental decomposition ¥ = ¥, [®]¥_, we have:

VI = |1Pevll7 + ([ P-v][3-
Since ¥4 and #_ are J-orthogonal, see Remark[5.5.12] we then have
ov] = [[Pov]|F = [I1P-v]
and so, since . is positive,
IV[17 = 2[1Pv]|F = [v,v] < 21| Povl7.

It is immediate that ||P,v||3 < ||v||3 and so we conclude that both Py and its inverse are 7;
continuous as stated in point (1).

To show point (2), we assume that there is another fundamental decomposition ¥ =
¥ [@]¥". If we suppose that ¥/ is intrinsically complete, then Proposition im-
plies that 7] is complete with respect to the decomposition majorant corresponding to the
decomposition ¥ = ¥, [®]¥_. Part (1) of the statement implies that also P/ is com-
plete in this topology and so it is intrinsically complete. If PT¥ = ¥, there is nothing to
prove. Otherwise there exists a non-zero ¥ € ¥ orthogonal to P* ¥/ so ¥ is orthogonal to
¥/ Then the subspace % spanned by ¥ and ¥/ is positive. Indeed, for a generic nonzero
element u = v+ (¥ € ¥/) we have

[u,u] = p+7, 5+7] =[5, 9+ ¥/, ¥] > 0.

This implies that % is a proper extension of ¥/ which is absurd by Proposition [5.2.10
This completes the proof. O
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5.6 Quaternionic Hilbert spaces. Weak topology

As it is well known, the unit ball in a normed space which is infinite dimensional cannot
be compact in the norm topology. However, in a Hilbert space (and more in general in a
Banach space) it is possible to consider a topology weaker than the norm topology such
that the unit ball becomes compact. This result is classically known as Banach-Alaoglu
theorem (or Banach-Alaoglu-Bourbaki theorem), see [[L66]]. This theorem holds also in
the quaternionic case. Indeed the classical proof, as we will see below, does not make use
of any specific property of the complex numbers that is not possessed by the quaternions.
We begin by recalling some definitions. Let .5 be a right quaternionic Hilbert space. We
endow 77" with the so-called weak topology, in which a fundamental system of neighbor-
hood of an element uy € 7 is given by the sets

Uey...vp (o) ={u e : [(u—ug,vi)| <e,i=1,....k},

where € > 0, vy,...,v € .
We have the following result:

Theorem 5.6.1 (Banach-Alaoglu). Let S be a quaternionic Hilbert space. The closed
unit ball of I is weakly compact.

Proof. Let B = B_» denote the closed unit ball centered at 0, i.e. the set of u € S such
that |ju|| < 1.Forany u € 57 let D, = {g € H : |g| <||u||} and D =], » Du. Consider
the map ) : B — D such that to each v € B it associates the element n(v) = (u,v) € D,
when u varies in B. The map 7 is a homeomorphism of B endowed with the weak topology
into D with the product topology. In fact, T(v;) = 7(vz) implies (u,v;) = (u,v;) for all
u € I i.e.vi = v;. The continuity follows from the fact that vy — v in the weak topology
if and only if (u,vy) — (u,v) for all u € 5 and so n(vx) — N(v). Since D is a product
of compact sets, by Tychonoff’s theorem it is compact in the product topology and so to
prove our result, it will be enough to show that 1(B) is closed, and therefore compact,
in D. To this end, we note that by the Riesz theorem and by the Schwarz inequality, the
range of 7 consists of the elements in D that are linear functionals & on .7 of norm less
than or equal 1. Consider now the sets

E(q1,q2,u1,uz) =
={EeD : E(umqi+urq) =& (ur)q1 +&(u2)q2, ur,up € 7 ,q1,q2 € Hy.

The range of 7 in D is the intersection of all the sets of the form E(q,q2,u;,uz). Since
the functions & — & (u1)q1 + & (u2)q2, u1,up € H are continuous on D with the product
topology, the sets E(q1,q2,u1,up) are closed and so is their intersection. The statement
follows. O

In the sequel we will also need to show that the unit ball of the quaternionic Hilbert space
B(s4,.54) (and in particular the space of of right linear operators from S to itself) is
compact with respect to the weak topology. To this purpose we will now assume that .74
is a right linear space over H while .73 is a two sided vector space, so that B(.1,.74) is
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a left linear space over H.
Let us recall, see [166]), that the weak topology on B(.5#7, .54 ) is defined by the family of
seminorms {p, ,} given by

Pun(T) = [{Tu,v) 5

and a fundamental system of neighborhood of 0 is of the form
U&ul«u-«ukﬁvlauu"k (O) = {T : |<Tu17v1>| <E,..., ‘<Tuk7vk>| < 8},

where u; € J4,v; € 74,i=1,...,kand € > 0.
It is immediate that a net {7} converges weakly to T if and only if (Tqu,v) s —
(Tu,v) yp forallu € 74, v € 5.

Theorem 5.6.2. The closed unit ball of B(J#,.76) is compact in the weak topology.

Proof. From Theorem we know that the closed unit ball B = B 4, of 74 is weakly
compact. By Tychonoff’s theorem also the product [],cg B is compact with respect to the
product topology. Let T be an element in the unit ball of B(7],.54) with ||T|| = 1. Let
us define the map
A: B(A,)— [ B
ucB

by setting A(T) = {Tu},ep. This map is injective from the closed unit ball B = By )
of B(J#,74) and it is an homeomorphism onto its image in [],cp B with respect to the
weak topology. We now show that the image of A is closed and therefore compact.

Let {T,} be a net in B such that A(Ty) — ¥ € [[,cpB. It is immediate to verify that ¥
is right linear. The element W is of the form {¥,},cp; for the sake of clarity, we will
write W(u) instead of W¥,,. Let us define a right linear operator 7 by setting 7 (0) = 0 and
T (u) =¥ (u||u||~")||u|| for u # 0. Then A(T) =¥ and so ¥ belongs to the image of A
which is therefore closed. U

Theorem 5.6.3. In a separable quaternionic Hilbert space, the weak topology of the
closed unit ball is metrizable.

Proof. We follow the proof of 208 p. 14]. Since the closed unit ball B of 7 is weakly
compact by Theorem it is enough to prove that there exists a countable basis for
the weak topology of B. Let us consider a subset {u, },cy dense in B and the set of basic
neighborhoods in B given by

|
Ul/q’ul_’._._’uk(ug):{uEB D (u—ug,uj)| <§, j=1,...,k},

where g, £,k € N. We now prove that if i is any element in B and if Ug ..., (i) is any of

the fundamental neighborhoods of & which are in B, then there exist ¢, ¢,k € N such that

e Ul/q,ul,...,uk (Ltp) C Us,vl,....vh(lj)'

The proof of this fact follows using standard arguments. In fact we have a chain of in-
equalities that leads to

(= at,vip | < | — g, )|+ [loag = @t [luj | + flue = @l [[vi — wj]
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By choosing ¢ such that 1/¢g < €/3, choose an index j = J; such that ||v; —uy,|| < 1/2q
and k such that J; < k for i = 1,...,r for some r € N, and p such that ||u, — || < 1/(gm)
where m denotes the maximum of ||u;|| when i = 1,...k. Then we have:

|(u—up,uj)| <1/q<¢€/3,

1
— i | < —m<e/3
Jue = s} < <&/
and |
l|lu—dl|||vi —hj|| < 22 <e/3
.......... vy (). O

We now turn to a convergence theorem.

Proposition 5.6.4. Let (A,),cn be an increasing family of positive bounded operators in
the quaternionic Hilbert space ¢, and assume that

lim (A, f, f) <eo, VfEA.

Then (Ap)nen converges strongly to a bounded self-adjoint operator.

Proof. We follow [8), p. 98-99], and first we remark that the quaternionic polarization
identity

HAnf,8) = (An(f +8),f +8) — (An(f — &), f — &) +i{An(f + &), f + gi)
—i(An(f —gi), f — gi) +i(An(f — gJ), f — giYk—i{An(f + jg), [+ gi)k
+(Au(f+gk), [+ gh)k — (A (f — gk), f — gk)k

implies that
lim (A, f,g)
n—soo

exists for all f,g € . Theorem [5.1.10]applied to the maps

g (&Aunf)

gives that sup,,c ||Anf|| < e°. That same theorem now applied to the maps

f=Anf

implies that M = sup, oy [|An]| < oo.
Furthermore, by Theorem|5.3.10|for || f|| = 1, we have

IVBFf|* = (Bf.f) < ||B|
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so that ||v/B||> < ||B||. Thus for a positive operator B we can write
IBfI? < IVBI?-IVBfI* < |IBIl- (Bf. £).

Applying this inequality to B = A,, — A, with m > n, we have

||Amf_Aan < || Vv Am _An||2 : <Amf_Anfaf>
< INVAnlP - (Anf —Auf . f)
<M{Anf—Anf.f)

which allows to conclude the proof. ]

5.7 Quaternionic Pontryagin spaces

A first study of quaternionic Pontryagin spaces appears in [68]], but a general theory of
operators in Pontryagin spaces (especially the structure of contractions) remains to be
done. We need the quaternionic versions of a number of results in the setting of Pontryagin
spaces. We mention in particular the fact that the adjoint of a contraction is a contraction
(see Theorem[5.7.8), an invariant subspace theorem for contractions in Pontryagin spaces
(see Theorem and a theorem on contractive relations in Pontryagin spaces. See

Theorem
We begin with the following definition:

Definition 5.7.1. The indefinite inner product quaternionic space (Z,]-,-]) is called a
Pontryagin space if it can be written as

P=P, P, (5.43)

where:
(1) Both (Z4,[,]) and (£_,—|-,"]) are quaternionic Hilbert spaces.
(2) The sum (5.43) is direct and orthogonal, meaning that &, N &_ = {0} and

[fi,f-1=0, VfieP andf € P .

(3) Z_ is finite dimensional.

The decomposition of a Pontryagin space &2 is obviously not unique when one of
the components is not trivial. Both the spaces &7, and 47_ are Hilbert spaces and they
can both be, in particular, of finite dimension.

Each element in & can be decomposed, in a non unique way, as f = fi + f_ where
(f,f-) € Py x P_. This decomposition is called a fundamental decomposition.

We note that &2 endowed with the inner product

<fag>:[f+7g+]_[f—ag—] (5.44)

is a quaternionic Hilbert space and we set || f|| = v/ {f, f)-



5.7. Quaternionic Pontryagin spaces 93

Remark 5.7.2. When the third condition is removed in Definition[5.7.1]the space is called
a Krein space.

Remark 5.7.3. Remark [T.2.2]still holds here for a J with real entries. This latter require-
ment allows condition (5.4) to hold in spite of the noncommutatvity of the quaternions.

Proposition 5.7.4. The form (-, -) is continuous with respect to the topology defined by

(-44). More precisely:
(£, <IIF1Pllel>-

Proof. The Cauchy-Schwarz inequality (5.1T) implies
012 < [Fe Sl 8]
and the triangle inequality gives
1,801 < (gl + 1=, 8-1)°
< (VI Vs + VT TV Ts s )

Using again the Cauchy-Schwarz inequality one obtains

(.80 < (s i = U= f-D((84-8+] — [8-28-)
= /1 llsll?

and the result follows. O

Proposition 5.7.5. Let & = & ® P_ be a fundamental decomposition of . Then

‘@Jr = ‘@[—L]a
7=

Proof. The inclusion &_ C W[j] is obvious. Assume that there exists & € @El \ Z_
and let h = hy + h_ with hy € 1. Then, since h € @E'] we have [h, f1.] = 0 for all
f+ € P4, moreover [h_, fi] =0so we deduce [h, f] =0 and thus ;. = 0. We conclude

thathe . NY_ and so h=0and &_ C QZJ[FL]. The other equality can be proved
similarly. ]

Proposition 5.7.6. Let &7 be a quaternionic Pontryagin space and let & = P, & P _
be a fundamental decomposition. Then P, (resp. P_) is a maximal strictly positive
subspace (resp. maximal strictly negative).

Proof. Let .Z be a strictly positive subspace of &2 such that 2, C Z.Lethe L\ &£,
and & = hy + h_ be the decomposition of & where h. € &7.. Then, reasoning as in the
proof of Proposition[5.7.5| h- =0thus h=h, € ... ]

Corollary 5.7.7. The dimension of &2_ is the same for all the decompositions.
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Proof. This follows from the fact that all the subspaces &7_ are maximal strictly negative
and since they have finite dimension, they all have the same dimension. (|

Theorem 5.7.8. Let &2 and &7, be two quaternionic Pontryagin spaces of the same
index, and let T be a contraction from P\ to &?,. Then T is a contraction from Py to
.

Proof. Write (see [47) (1.3.14), p. 26])

Iy, 0 I, 0 I, Tl _
T I1p,)\ 0 Ipn-TTH)\ 0 Iy,

_(Ip, TWN (1 =THT 0\ (15 0
0 Iy, 0 I, T Ip,)’

(5.45)

Thus (and with v_ defined as in Definition[I.2.T3)), we have:
V_(Ip, —TTM) 4 v_(P)) = v_(Ip, — THIT) + v_ (). (5.46)
We have I, — T >0, and so v_ (I, — THT) = 0. O

Theorem 5.7.9. A contraction in a quaternionic Pontryagin space has a unique maximal
invariant negative subspace, and it is one-to-one on it.

Proof. The proof will follow the lines of the analogous proof given in [165]]. We recall the
main lines for the sake of completeness. Let A be a contraction in the Pontryagin space
. Let us recall a well known fact in the theory of linear fractional transformations (see
for instance [169] for more details). Let & = &, @ Z_ be a fundamental decomposition

of & and let
Al A
A =
(A21 Azz)
be the block decomposition of A along &, @ £_. Since A is a contraction we have
Ay As —AnAy < -1,
and it follows that A;zl and AgzlAg 1 are strict contractions. Thus the map
L(X) = (AnX +Apn)(An X +Azn)"!

is well defined, and sends the closed unit ball B; of B(%? 2, ) into itself. To show that A
has a maximal negative invariant subspace we have to show that the map L is continuous
in the weak operator topology from B into itself. Since B; is compact in this topology
(and of course convex) the Schauder-Tychonoff theorem (see Theorem [5.1.21)) implies
that L has a unique fixed point, say X. To conclude one notes (see Theorem [165] 1.3.10])
that the space spanned by the elements

f+Xf, feo_ (5.47)

is then negative. It is maximal negative because X cannot have a kernel (any f such that
X f =0 will lead to a strictly positive element of (5.47)). O
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The following result is the quaternionic version of a theorem of Shmulyan, which is the
key to the approach to the study of generalized Schur functions in [47].

Theorem 5.7.10. Let &) and &) be two quaternionic Pontryagin spaces of the same
index, and let R C P\ X &P be a densely defined contractive relation. Then, R extends to
the graph of a contraction from | into ;.

Proof. We follow the lines of the proof of [47, p. 29-30] and we divide the proof into
steps.
STEP 1: The domain of the relation contains a maximum negative subspace.

Indeed, every dense linear subspace of a right quaternionic Pontryagin space of index
k > 0 contains a k dimensional strictly negative subspace. See [68, Theorem 12.8 p.
470]. Let 7_ be such a subspace of the domain of R.

STEP 2: The relation R restricted to #_ has a zero kernel, moreover the image of ¥_ is a
strictly negative subspace of &, of dimension K.

Let (vi,v2) € R with v; € ¥_. The fact that R is a contraction gives
[v2,v2]2 < [vi,vi]1 <0.

The second inequality is strict when vy # 0, thus the image of #_ is a strictly negative
subspace of #2,. Next, let (v,w) and (V,w) be in R, with v,v € ¥_ and w € Z,. Then, we
have (v —v,0) € R. Since R is contractive we have

[0,0) < [v—=Vv,v—V];.

This forces v = v'since #_ is strictly negative, and proves the second step.
STEP 3: The relation R is the graph of a densely defined contraction.

Let #_ be as in the first two steps, and take vy,...,v, a basis of #_. Then, there are
uniquely defined vectors wy, ..., w, € &, such that (v;,w;) € Rfori=1,...,x. Set #_
to be the linear span of wy,...,w,. By Step 2 and since the spaces &?| and &%, have the
same negative index we deduce

dim 7. =dim #_ =ind_ %, = ind_ %,
so there exist fundamental decompositions
91241/7+7/+ and @2:W7+W+7

where (¥.,[-,-]1) and (#4,], ]2) are right quaternionic Hilbert spaces. Now we show
that if (0,w) € R then w = 0. Let us write w = w_ +wy where w_ € #_ and wy € #/..
Letw_ =} w;q;, q; € H, and setv_ = Y7 v;q;. Then, (v_,w_) € R and

0,w) = (v, w_) + (—v_,wy).
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It follows that (—v_,w,) € R. Since R is contractive, we have
[W+7W+]2 < [V—7V—]17

and so [wi,wy]2 <0. Thus wy = 0. It follows that (0,w_) € R and so w_ = 0 because,
by Step 2, R is one-to-one on ¥_.

STEP 4: The relation R extends to the graph of an everywhere defined contraction.

This fact is well known in the complex case, see [47, Theorem 1.4.1 p. 27]. We follow the
arguments there. We consider the orthogonal projection from &2, onto #_. Let T be the
densely defined contraction having the relation R as a graph. There exist H-valued right
linear functionals cy,...,ck, defined on the domain of R, and such that

Tv =

K
Wwnen(v) +wi,

n=1
where wy € #, satisfies [f,,w;]o =0forn=1,2,..., k. Assume that c| is not bounded
on its domain, let v4 be such that ¢;(v+) = 1, and let v, be vectors in ¥4 such that
c1(vy) = 1forn > 1, and lim,_se[v4 — vy, v+ —vy]1 = 0. Then v, belongs to the closure

of kerc; and so, we have that the closure of kerc; = 7. Thus kerc; contains a strictly
negative subspace of dimension k, which we denote by .#_. For v € .#_, we have

K
Tv= Z wnen(v),
n=2

since v € kercy. This contradicts STEP 2 and the proof of the theorem is complete. [

The following result is very useful to study convergence of sequences in Pontryagin
spaces. We state it without proof and we refer the reader to [68, Proposition 12.9, p.
471]. This result implies, in particular, that in a reproducing kernel Pontryagin space con-
vergence is equivalent to convergence of the self-inner product together with pointwise
convergence.

Proposition 5.7.11. Let (,[-,-]) denote a quaternionic right Pontryagin space. The
sequence f, of elements in & tends to f € & if and only if the following two conditions
hold:

5 f,. fu] = [f. ).

and

lim [f,,g] = [f,g] for g in a dense subspace of L.
n—yoo
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5.8 Quaternionic Krein spaces

In this section we will study quaternionic Krein spaces following our paper [37] which,
in turns, follows Bognar’s book [98, Chapter V]. As in the classical case, they are char-
acterized by the fact that they are inner product spaces nondegenerate, decomposable and
complete. We will show that the scalar product associated to the decomposition gives a
norm, and so a topology, which does not depend on the chosen decomposition. We will
also study ortho-complemented subspaces of a Krein space and we will prove that they
are closed subspaces which are Krein spaces themselves.

Definition 5.8.1. The indefinite inner product quaternionic space (¢, [-,]) is called a
Krein space if it can be written as

A= S (5.48)

where:
(1) Both (#4,[-,-]) and (#_,—[-,-]) are quaternionic Hilbert spaces.
(2) The sum (5.48) is direct and orthogonal, meaning that .#, N.#_ = {0} and

[fonf-]=0, Vfi€#and f €A

The decomposition of a Krein space is obviously not unique when one of the components
is not trivial. Both the spaces .#.. and J#_ are Hilbert spaces and they can be, in particu-
lar, of finite dimension.

Krein spaces are characterized in the next result:

Proposition 5.8.2. A Krein space is nondegenerate and decomposable, and .y are in-
trinsically complete. Every other decomposition of J  is of the form (5.48).

Proof. A Krein space is obviously decomposable by its definition and nondegenerate by
Proposition

By Theorem (2), given and any other fundamental decomposition J#~ =
K@) if A, is intrinsically complete so is %/ (and similarly for .%). O

Proposition 5.8.3. A nondegenerate, decomposable, quaternionic inner product space
JH is a Krein space if and only if for every associated fundamental symmetry J,

endowed with the inner product (v,w), et [v,Jw] is a Hilbert space.

Proof. Let % be a nondegenerate, decomposable, quaternionic inner product space, i.e.
H = ] [@) . If & is a Krein space then the associated fundamental symmetry
J = Pt — P~ makes it into a pre-Hilbert space, see Theorem The fact that JZ
is complete follows from the fact that both J# are complete. To prove the converse, let

us assume that given a fundamental symmetry J the inner product (v, w); et [v,Jw] makes
2 aHilbert space. The intrinsic norm in J#, is obtained by restricting the J-inner product
to J#,. Any Cauchy sequence in % converges to an element in J#" and it is immediate
that this element belongs to 7. . (]
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Next result gives a necessary a sufficient condition in order that a quaternionic inner
product space is a Krein space.

Theorem 5.8.4. Let ¥ be a quaternionic vector space with inner product [-,-]. Then &
is a Krein space if and only if :

(1) [-,-] has a Hilbert majorant T with associated inner product (-,-) and norm ||v|| =
V()

(2) the Gram operator such that [v,w] = (v, Gw) is completely invertible.

Proof. We follow repeat the main arguments in the proof of Theorem V, 1.3 in [9§]].
Assume that % is a Krein space and denote by J the fundamental symmetry associated
to the chosen decomposition . Define a norm using the J-inner product (-,-); and
let 7; be the corresponding topology which is a decomposition majorant by Proposition

and a Hilbert majorant. Since
v, w] = [n,J2w] = (v,Jw);,

the Gram operator of [-,-] with respect to (-,-); is equal to J, and and is J is completely
invertible. We now prove part (2) of the statement. By Theorem there is only one
Hilbert majorant, thus if there are two positive inner products (-,-)1, {-,-)2 whose associ-
ated norms define the Hilbert majorant, then the two norms must be equivalent. Reasoning
as in [98]], the two Gram operators G;, j = 1,2 of [-,-] with respect to (-,-);, j = 1,2 are
both completely invertible if and only if one of them is so. Since we have previously
shown that (2) holds for G| = J then (2) holds for any other Gram operator.

Let us show the converse and assume that (1) and (2) hold. Then by Theorem[5.5.10].%
is decomposable and nondegenerate thus, by Proposition[5.2.4] it admits a decomposition
of the form (5.48). By Proposition[5.8.3] %" is a Krein space if for every chosen decom-
position the J-inner product makes .# a Hilbert space or, equivalently, if 7; coincides
with J. First of all we observe that since G is completely invertible, by the closed graph
theorem we have that the Mackey topology coincides with 7. By Theorem [5.5.8| we de-
duce that 7 is an admissible majorant and by Theorem[5.5.6] 7 is also a minimal majorant
and so 7 < 77. However we know from Proposition@]that 77 < 7 and the conclusion
follows. ]

Theorem 5.8.5. In a Krein space all the J-norms are equivalent.

Proof. From Proposition[5.5.15]it follows that all the decomposition majorants are equiv-
alent, or in other words, that all the J-norms are equivalent. O

The J-norms are called natural norms on %, and define a Hilbert majorant called the
strong topology of ¢ .

As an immediate consequence of Theorem 5.8.4] we have:

Corollary 5.8.6. The strong topology of & equals the Mackey topology.
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In the sequel we will always consider a Krein space .# endowed with the strong topology
TM(%).

Proposition 5.8.7. The strong topology Ty (") of the Krein space J¢ is an admissible
majorant.

Proof. We know from Proposition that the Mackey topology is admissible and the
fact that it is an admissible majorant is ensured by (5.38). |

Assume now that .Z is a subpace of a Krein space #". In general, it is not true that .
is decomposable. However, if . is closed, then Proposition[5.8.3|together with Theorem
show that . is decomposable and its components and the sum of any two of them
are closed.

Next result describes under which conditions a closed subspace of a Krein space is a
Krein space.

Theorem 5.8.8. Let 2 be a quaternionic Krein space. A subspace £ of J¢ is ortho-
complemented if and only if it is closed and it is a Krein space itself.

Proof. We assume that .Z is ortho-complemented. Then Corollary shows that .Z
is closed. By Theorem 2 has a Hilbert majorant and thus we can use the con-
dition given in Proposition [5.5.9] (2). Let us denote by G & the Gram operator defined
by [v,w] = (v,Ggw),, for v,w € £, where J denotes the fundamental symmetry of ¢
associated with the chosen decomposition. By Theorem [5.8.4] the Gram operator G is
completely invertible and thus, by Proposition[5.5.9](2) .Z is ortho-complemented if and
only if ran(G ¢) = .& but, since G ¢ is J-symmetric, this is equivalent to G ¢ completely
invertible and so, again by Theorem [5.8.4]to the fact that . is a Krein space.

The converse directly follows from the previous argument using Proposition[5.5.9)(2) and
Theorem [3.8.4 O

Given a definite subspace .Z of a Krein space ., it is clear that the intrinsic topology
T (£) is weaker than the topology induced by the strong topology Ty (.#") induces on
Z. Thus we give the following definition:

Definition 5.8.9. A subspace .Z of a Krein space Z" is said to be uniformly positive (resp.
negative) if .£ is positive definite (resp. negative definite) and T;,, (&) = () |.Z.
Note that the second condition amounts to require that ¢ is uniformly positive if [v,v] >
c|[v||3 for v € & (resp. £ is uniformly negative if [v,v] < —c||v||3 for v € ) where c is
a positive constant.

We have the following result:

Theorem 5.8.10. Let J#" be a Krein space.

(1) A closed definite subspace £ of J¢ is intrinsically complete if and only if it is
uniformly definite.

(2) A semi-definite subspace £ of J is ortho-complemented if and only if it is closed
and uniformly definite (either positive or negative).
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Proof. Point (1) follows from the fact that Proposition and the closed graph theo-
rem imply that a closed and definite subspace .Z is intrinsically complete if and only if
Tint (L) =ty (H)|Z i.e. if and only if .Z is uniformly definite.

By Proposition and Theorem a subspace .Z is ortho-complemented if and
only if it is closed, definite and intrinsically complete, i.e. if and only if .# is uniformly
definite (either positive or negative). Point (2) follows. (|

As a consequence of the previous two theorems we have the following result:

Theorem 5.8.11. Let % denote a quaternionic Krein space, and let . be a closed uni-
Sformly positive subspace of . Then, . is a Hilbert space and is ortho-complemented
in J : one can write

H =M DM,
and #™ is a Krein subspace of ¥ .

Proof. The space is a Hilbert space by (1) of the previous theorem. That it is ortho-
complemented follows then from Theorem O

Remark 5.8.12. We note that formula (T.9)
A* = J/y/AMJW

relating the Krein space adjoint and the Hilbert space adjoint of a linear bounded operators
between two Krein spaces ¥ and % still holds in the quaternionic setting. The proof is
the same.

5.9 Positive definite functions and reproducing kernel qua-
ternionic Hilbert spaces

In preparation to Section where quaternionic reproducing kernel Pontryagin spaces
are considered, we here present the main aspects of quaternionic reproducing kernel
Hilbert spaces. First a definition:

Definition 5.9.1. Let Q be some set and let %" be a two-sided quaternionic Krein space.
The B(#)-valued function K (p,q) defined on Q x Q is called positive definite if is Her-
mitian

K(p,q) =K(q,p)", Vp,qeQ
and if for every choice of N € N, cy,...,cy € £ and wy,...,wy € Q the N x N Hermitian
matrix with (u,v)-entry equal to

[K(WM,WV)CV,C,,J(){

is positive (as in Definition|1.2.9] note this standard terminology is a bit unfortunate. Note
also that one uses also the term kernel rather that function).
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Definition 5.9.2. Let J# be a right-sided quaternionic Krein space. A kernel K(p,q)
defined on Q x Q with values in B(J#") is said to be a reproducing kernel for a Hilbert
space .7 if for any p € Q and any f € % the following properties hold:

(1) The function p — K(p,q)f belongs to 7,
() (8():K(-.q)f)r = 18(q), flx forevery g € Qand every g € .
If such a function K (-, ) exists, S is called a reproducing kernel Hilbert space.

As in the classical case, there is a one-to-one correspondence between B(.%")-valued
function K(p.q) positive definite on Q and reproducing kernel Hilbert spaces of J¢ -
valued functions defined on Q. The finite dimensional case is of special interest, and
is considered in the following theorem:

Theorem 5.9.3. Let Q be some set and let &~ be a two-sided quaternionic Krein space.
Let K(p,q) be a B(X')-valued function positive definite on Q, and let 77 (K) be the asso-
ciated reproducing kernel quaternionic Hilbert space. Then 7€ (K) is of finite dimension
if and only if there exist a finite dimensional right-sided quaternionic Hilbert space 4 and
a B(A ,9)-valued function G(p) such that

K(p,q) = G(q)"G(p)- (5.49)
Proof. One can take ¥ = #(K). Then the equality
[K(p,q)c.d]x = (K(-,q)c,K (-, p)d) (k)
shows that the application G(p) € B(.#", 5 (K)) defined by
G(p)c=K(-,p)c, ce X,

satisfies (5.49). O
When % is finite dimensional of dimension N, then (5.49) can be rewritten as
F(p)P~'F(q)* (5.50)

where now F is a matrix-valued function with columns fj, ..., fy being a basis of 5 (K)
and P is the Gram matrix, that is the N x N Hermitian matrix with (j,k) entry

ij = <fk7fj>%0<K)

When the basis is orthonormal becomes:

=

K(p.q) =) fi(p)fi(a)"- (5.51)

1

~
I

We will also need the following result, well known in the complex case. We refer to
[[777, 259]] for more information and to [[174] for connections with operator ranges.
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Theorem 5.9.4. Let Q be some set and let £~ be a two-sided quaternionic Krein space.
Let K1 (p,q) and K>(p,q) be two B(J£")-valued functions positive definite in a set & and
assume that the corresponding reproducing kernel Hilbert spaces have a zero intersec-
tion. Then the sum

H (K +Ky) = (K)) + 7 (Kz)
is orthogonal.

Proof. Let K = K| + K;. The linear relation in .77 (K) x (7 (K;) x 7 (K)) spanned by
the pairs
(K('aq)cv(Kl('7q)CvK2('7‘I)C))7 CE%anquQ,

is densely defined and isometric. It therefore extends to the graph of an everywhere de-
fined isometry. From

<T*(f1,f2)7K(-,q) >

((f1,£2), T(K(: vQ)C»%(K])x%”(KZ)
= (f1,Ki(-,9)¢) o (k) + (2. K2 (-, 9)€) ()
[fi(q )+f2(c1),c] w, CEX andgeQ,

we see that ker 7% = {0} since 57 (K;) N (K>) = {0}. Thus T is unitary and the result
follows easily. O

Proposition 5.9.5. With 2 as above, let K(p,q) be a B(£")-valued function positive in
a set Q. Then, the linear span of the functions

p—K(p,qh, ge€Qandhe X
is dense in 7 (K).

Proof. As in the classical complex case, this is a direct consequence of the reproducing
kernel property. ]

5.10 Negative squares and reproducing kernel quaternio-
nic Pontryagin spaces

A right linear bounded operator A from the right Pontryagin space & into itself is called
self-adjoint if
[Afag}yz[f7Ag}“’ vfage'@

The structure of Hermitian quaternionic matrices (see Theorem {.3.10) allows to extend
Definition (that is the number v_(A)) to the case of quaternionic spaces. We denote
by v_(A) the (possibly infinite) number of negative squares of the function K(f,g) =
[Af,g] 2. A version of the following theorem was proved in the complex case in [72]
Theorem 3.4, p. 456]. In that definition, the coefficient space %" is a Krein space. Note
that in this book, .#” will mainly be a Hilbert space or a Pontryagin space. In the statement,
! denotes the Krein space adjoint. The definition makes sense in view of the spectral
theorem for Hermitian quaternionic matrices (see Theorem for the latter).
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Definition 5.10.1. Let Q be some set and let 2" be a right-sided quaternionic Krein
space. The B(.#")-valued function K(p,q) defined on Q x Q is said to be a kernel. We
say that K(p,q) has k-negative squares if it is Hermitian

K(p,q) =K(q.p)", VYp,qeQ

and if for every choice of N € N, ¢y,...,cy € # and qy,...,gny € Q the N x N Hermitian
matrix with (u,v)-entry equal to

[K(QMa(’Iv)CVaCu]Ji’

has at most x strictly negative eigenvalues, and exactly x such eigenvalues for some
choice of N,cy,...,cy and q1, . ..,qn. Eigenvalues are counted with their multiplicities.

Definition 5.10.2. Let % be a right-sided quaternionic Krein space. A kernel K(p,q)
defined on Q x Q with values in B(_#") is said to be a reproducing kernel for a Pontryagin
space & of J# -valued functions defined on Q if for any ¢ € Q and any ¢ € £ the
following properties hold:

(1) The function p — K(p,q)c belongs to &,

(2) [g(-),K(-,q)c]o = [g(q),c].¢ for every g € Q, every ¢ € # and every g € &.
If such a function K (-, ) exists, & is called a reproducing kernel Pontryagin space.
As a consequence of point (2) in the above definition we have:

Lemma 5.10.3. Let J¢ be a two sided quaternionic Krein space, and let & (K) be a
reproducing kernel Pontryagin space of J -valued functions defined on the set Q, and
with reproducing kernel K(p,q). For po € Q, let Gp,g = g(po). Then

(G%c) (p) =K(p,po)c, pEQandce X . (5.52)

Theorem [I.2.T1]still holds in the quaternionic setting, namely:

Theorem 5.10.4. Let Q be some set and let  be a two-sided quaternionic Krein space.
There is a one-to-one correspondence between quaternionic reproducing kernel Pontrya-
gin spaces of ¥ -valued functions on Q and B( ¢ )-valued functions which have a finite
number of negative squares on Q.

Proof. LetK : Q x Q — B(¢) be a function with k negative squares. Let us denote by
Z(K) the linear span of the functions of the form p — K(p,q)a where g € Qanda € 7.
The inner product

[K(7q)aaK(7p)b]90‘<’K) = [K(p7Q)a7b]ﬁ/7 a7b € 1%/3
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o

is well defined and for any f € #(K) the following reproducing property holds

(e} o]

for all f € #(K). By Corollary [5.7.7, any maximal strictly negative subspace of &?(K)
has dimension x. Let .#_ be such a subspace. Since it is finite dimensional it is a repro-
ducing kernel space. By Theorem[5.9.3|there is a finite dimensional right Hilbert space ¢
and a function F from Q into B(.#",%) such that:

Ky (p,q) = F(q)F(p)-

Let us write

o

PK)= N + ¥,
where JV,M is a quaternionic pre-Hilbert space. Then JV,M has reproducing kernel

K w(p.a) =K(p,q)—F(q)'F(p). (5.53)

Since K 1] (p,q) is a positive definite kernel, the space .4~ ]

has a unique completion

as a reproducing kernel Hilbert space with kernel (5.33). Let us denote by .44 this com-
pletion. Let Z(K) = 44 + .#_ with the inner product

oSl = felon U= e, f=F+ 1=

It is not difficult to verify that &?(K) is a quaternionic reproducing kernel Pontryagin
space with kernel K(p, g). We have to prove its uniqueness. If there exists another quater-

o

nionic reproducing kernel Pontryagin space with kernel K (p,q), say &', then Z(K),
N, Jl/_mare isometrically included in £?’. Thus JV_M is dense in &' © A and its
closure is isometrically included in &?’. So & (K) is isometrically included in &’ and
equality follows with standard arguments, see [68l [77]]. |

Theorem 5.10.5. With 22 and Q as above, a B(.%")-valued function K (p,q) defined on
Q has at most K negative squares if and only if it can be written as K(p,q) = K+ (p,q) —
K_(p,q) where both K and K_ are positive definite, and where moreover K_ is of finite
rank K. It has exactly K negative squares if moreover (K. )N P (K_) = {0}.

Proof. Let K(p,q) be the reproducing kernel of the reproducing kernel Pontryagin space
P (K), where Z(K) = P, & F_ is a fundamental decomposition. Let K+ (p,q) be such
that for every ¢ € Q, and every a € ¥ the function p — K(p,q)a decomposes as

K(p,q)a=K:(p,q)a—K_(p,q)a.

The functions K, K_ are positive in Q and they are the reproducing kernels of & and
P _ respectively and since dim &2_ = k, the function K_ has finite rank x by Theorem
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To show the converse, let us assume that K(p,q) = K+ (p,q) — K_(p,q) where K_
has finite rank. Then K_ has a finite number of negative squares. Thus there exists a
Pontryagin space &?(K) and the rest follows from considering the above decomposition
of K and any fundamental decomposition of Z(K). O

We conclude with a factorization theorem which uses the notion of finite number of neg-
ative squares.

Theorem 5.10.6. Let A be a bounded right linear self-adjoint operator from the quater-
nionic Pontryagin space & into itself, which has a finite number of negative squares.
Then, there exists a quaternionic Pontryagin space &) withind &) = v_(A), and a boun-
ded right linear operator T from 2 into 2, such that ker(T")) = {0} and

A=THT.

Proof. The proof follows that of [[72, Theorem 3.4, p. 456], slightly adapted to the present
setting. Since A is Hermitian, the formula

[Af,Agla=[Af,8lo

defines a Hermitian form on the range of A. Since v_(A) = k, there exists N € N and
fi,...,fn € & such that the Hermitian matrix M with (¢, j) entry [Af;, fi] » has exactly
Kk strictly negative eigenvalues. Let vy,...,v, be the corresponding eigenvectors, with
strictly negative eigenvalues A1, ..., A¢. Theoremimplies, in particular, that v; and
vy are orthogonal when A; # 4. Moreover, we can assume that vectors corresponding to
a given eigenvalue are orthogonal. Then,

V:MV[:A«ISIS, t,s = 17...,N. (554)

In view of the linearity property [fa, gb]s = b[f,g]aa and setting

Vi1
V2
V= . ) 1= la 7N7
ViN
we see that (5.54)) can be rewritten as
N
[FvaFt]A:Aft(slsa with Fy= ZAfkvska [,SZl,...,N.
k=1
The space .# spanned by Fi,. .., Fy is strictly negative, and it has an ortho-complement

in (ran A, [-,-]a), say A 1, which is a right quaternionic pre-Hilbert space. The space
ran A endowed with the quadratic form

(m~+h,m~+hys = —[m,mls+[h,hla, me.H#,he. #*,
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is a pre-Hilbert space, and we denote by &7 its completion. We note that &7, is defined
only up to an isomorphism of Hilbert spaces. We denote by 1 the injection from ran A into
2, such that

(f:.£)a= (), 1(f)) 2, -

We consider the decomposition &) = 1(.# ) ®1(.#)*, and endow | with the indefinite
inner product
[l(m) +h7 l(m> +h]9’| = [mam]A + <hah>9’1 .

See [216| Theorem 2.5, p. 20] for the similar argument in the complex case. Let us define
Tf=1Af), fe2.

We now prove that 7 is a bounded right linear operator from & into t(ran A) C &;.
Indeed, let (f,),cn denote a sequence of elements in & converging (in the topology of
P)to f € P. Since ranA is dense in &}, using Proposition[5.7.T1]it is therefore enough
to prove that:

M [Tf, T fu] 7, = [T £, TS,

and

lim [7f,, Tl = [Tf, T8z, Vg€

By definition of the inner product, the first equality amounts to
lm[Afy, fal 7 = [Af. ]2,

which is true since A is continuous, and similarly for the second claim. Therefore T has
an adjoint operator, which is also continuous. The equalities (with f,g € &?)

[, T T gl = [T f,T¢] ,
=[Tf,1(Ag)] ,
[L(Af),1(Ag)]#,
[Af,Agla

[f,Agl

show that THT = A. O



Chapter 6

Slice hyperholomorphic
functions

In the first section of this chapter we give a brief survey of the theory of slice hyperholo-
morphic functions, and we provide just the basic results needed in the sequel. The theory
is much more developed and we refer the reader to the Introduction to Part IT of the present
work for the references. Then, the Sections from 6.2 to 6.5 focus on the functions slice
hyperholomorphic in the unit ball. We define in particular the Hardy space of the ball,
Schur functions and Blaschke factors. We also study linear fractional transformations and
introduce the Wiener algebra of the ball. The last two sections, namely 6.6 and 6.7 are
devoted to the case of functions slice hyperholomorphic in the half-space of quaternions
with real positive part. We discuss in particular the Hardy space and Blaschke factors.

6.1 The scalar case

The class of slice hyperholomorphic functions with quaternionic values was originally
introduced in [189]. It is one of the possible sets of functions generalizing to the quater-
nionic setting the class of holomorphic functions in the complex plane. The main property
possessed by the set of slice hyperholomorphic functions is that it contains polynomials
and converging power series of the quaternionic variable, provided that the coefficients
are written on the same side (either left or right). We present in this section an overview
of these functions and we refer the reader to [144] or [188]] for the missing proofs and
more details.

Definition 6.1.1. Let Q C H be an open set and let f: Q — H be a real differentiable
function. Let I € S and let f be the restriction of f to the complex plane C; := R 4+ IR
passing through 1 and I; denote by x + Iy an element in C;.

1. We say that f is a (left) slice hyperholomorphic function (or slice regular) if, for
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every I €S, we have:

1/ J
5 (8)6 +Iay> ﬁ(x+1y) =0.

2. We say that f is right slice regular function (or right slice hyperholomorphic) if, for
every I € S, we have

1

0 0
> (axf[(x+1y) + é)yﬁ(erIy)I> =0.

The class of left slice hyperholomorphic functions on Q is denoted by Z(Q) or by
Z(Q,Q), if it is necessary to specify that the range is Q' C H. Analogously, the class
of right slice hyperholomorphic functions on Q is denoted by Z%(Q) or by Z%(Q, Q).
It is immediate that 2(Q) (resp. Z%(Q)) is a right (resp. left) linear space on H.

If we fix ,J € S, I L J then we can write the restriction fj of a function f to the complex
plane C; 3 z = x+ Iy in terms of its real or complex components

fiz) = fo(2) + i1+ ()T + ()1 = F(z) + G(z)J. 6.1)

If f is slice hyperholomorphic in Q then it is readily seen that the two functions F,G :
QN Cy — Cp are holomorphic. This property is known as splitting lemma. This splitting
is highly non canonical, as it depends on the choices of I and J.

Definition 6.1.2. Let f: Q C H — H and let pg € U be a nonreal point, pg = ug + Ivp.
Let f1 be the restriction of f to the plane C;. Assume that

lim  (p—po)” ' (fi(p) — fi(po)) (6.2)
p—po, PECT

exists. Then we say that f admits left slice derivative in pg. If pg is real, assume that

lim _(p—po)~" (filp) — fi(po)) (6.3)
p—po, PECY

exists, equal to the same value, for all I € S. Then we say that f admits a left slice deriva-
tive in po. If f admits a left slice derivative for every py € Q, then we say that f admits a
left slice derivative in Q or, for short, that f is left slice differentiable in Q.

It is possible to give an analogous definition for right slice differentiable functions: it is
sufficient to multiply (p — po)~! on the right. In this case we will speak of right slice hy-
perhomolomorphic functions. In this paper, we will speak of slice differentiable functions
or slice hyperholomorphic functions when we are considering them on the left, while we
will specify if we consider the analogous notions on the right.

We have the following result:
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Proposition 6.1.3. Let Q C H be an open set and let f: Q C H — H be a real differ-
entiable function. Then f is slice hyperholomorphic on Q if and only if it admits a slice
derivative on Q.

Proof. Let f € Z(Q). Then we write its restriction to the complex plane Cy as fi(p) =
F(p)+ G(p)J where J € S is orthogonal to I, p belongs to Cy and F,G : QNCy — Cj are
holomorphic functions. Let pg be a nonreal quaternion and let pg € QN Cy. Then we have

lim_ (p—po)~' (fi(p) — fi(po)) =

p—po, p€Cy
= lim__(p—po) (F(p)+G(p)I — F(po) ~ G(po)T) 64)
p—po,p€Cy
=F'(po) +G'(po)J

so the limit exists and f admits slice derivative at every nonreal point py € Q. If py is real
then the same reasoning shows that the limit in (6.4)) exists on each complex plane C;.
Since f is slice hyperholomorphic at py we have
1/9 d 0
F' G(p)==|=—-1= | (F+GJ ==
() + G o = 3 (515 ) (F+G)p0) = 5 m)

and so the limit exists on Cj for all I € S equal to % f(po).
Conversely, assume that f admits a slice derivative in Q. By (6.2)) and (6.3)), the function
/1 admits derivative on QN Cj for all I € S. Let us write fi(p) = F(p) + G(p)J, where
F,G:QNC; — Cy, p=x+1y and J is orthogonal to I. We deduce that both F and G

admit complex derivative and thus they are in the kernel of the Cauchy Riemann operator
dx+10, forall I € S as well as fi. Thus f is slice hyperholomorphic. O

Remark 6.1.4. The terminology of Definition is consistent with the notion of slice
derivative d;f of f, see [[144], which is defined by:

1

p) P) .
3 (axﬁ(xﬂy)—layﬁ(xﬂy)) if p=x+1ly, y#0,

a(f)(p) =

af o
a(p) itp=xeR

Analogously to what happens in the complex case, for any slice hyperholomorphic func-
tion we have

() (x+1y) = o(f)(x +1y).

It is immediate that when f € Z(Q), also ds(f) € Z(Q).
Using the splitting lemma and the corresponding result in the complex case, one can also
prove the following theorem (see [[192]]):

Theorem 6.1.5. Let B(0,r) be the ball with center at the origin and radius r > 0. A
Sunction f: B(0,r) — H is slice hyperholomorphic if and only if it has a series expansion
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of the form
L1

n! dx"

fla)=Yq (0)

n>0
converging on B(0,r).
More in general, one can prove the following (see [144])):

Theorem 6.1.6. Let f be a function slice hyperholomorphic in an annular domain of the
formA={p €M | R < |p| <Ry}, 0 <Ry <Ry Then f admits the following unique
Laurent expansion

400
fp)="Y pam (6.5)

m=—oo

where ay = 5 5 f(0) if m > 0 and ay = 5 Jomo.r)nc, q"'dqy, f(q) if m <.

These results can be generalized without efforts to the case of functions slice hyperholo-
morphic on balls with center at a real point.

The previous discussion justifies the following claim that we state without proof, see
[144], [196]:

Proposition 6.1.7. Slice hyperholomorphic functions in an open set Q C H are infinitely
differentiable, moreover real analytic in Q.

An important feature of slice hyperholomorphic functions is that, on a suitable class of
open sets which are described below, they can be reconstructed by knowing their values
on a complex plane C; by the so-called representation formula.

Definition 6.1.8. Let Q be a domain in H. We say that Q is a slice domain (s-domain for
short) if QMR is non empty and if QN C; is a domain in C; for all I € S. We say that Q
is axially symmetric if, for all p € Q, the 2-sphere [p] is contained in Q. See Definition

13l

Theorem 6.1.9 (Identity principle). Let f : Q — H be a slice hyperholomorphic function
on an s-domain Q. Denote by Zy = {p € Q: f(p) = 0} the zero set of f. If there exists
I € S such that CyNZy has an accumulation point, then f = 0 on Q.

Proof. We have, see (6.1)), fi(z) = F(z) + G(z)J and since C; N Zy has an accumulation
point we deduce that both F, and G are identically zero on QN Cj and, in particular f; and
so f vanishes on the intersection of Q with the real axis. We now show that f vanishes at
any other point p € Q. In fact, p € Cj, and fi, vanishes on QN C;, at the points on the
real axis, namely fj, vanishes on a set which has an accumulation point. So fi, vanishes
on QN Cj, and thus it vanishes at p. O

Next two results were originally proved in [[192]]:

Theorem 6.1.10. [Maximum modulus principle] Let f : Q — H be a slice hyperholomor-
phic function where Q is a slice domain. If | f| has a relative maximum at a point pg € €,
then f is constant in Q.
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Proof. If f vanishes at po then |f(p)| has maximum value O and so it vanishes ev-
erywhere. So let us assume f(pg) # 0. By possibly changing the basis of H we can
assume that f(po) is real. Assume that py € Cp and use the splitting lemma to write
filp) = F(p)+ G(p)J. Then for all p € QN C we have

F(p)? =P 2 /@) = FRP+|GE)P = [F ()

So |F| has a relative maximum at py and so one can apply the maximum modulus prin-
ciple for holomorphic functions and thus F is constant, so F = f(pg) from which one
deduces G(z) = 0 for z € QN Cy. By the identity principle f = f(po) in Q. O

The analog of the classical Schwarz lemma holds in this framework:

Lemma 6.1.11. (Schwarz) Let f : B — B, be a slice hyperholomorphic function such that
f(0) =0. Then, for every p € B,

If(p)| < pl (6.6)

and

19f(0)] < 1. 6.7)

Moreover, for p # 0, equality holds in (6.6) and if and only if f(p) = pa for some
a € dB.

Proof. By hypothesis f admits power series expansion of the form f(p) =Y, p"a,
since f(0) = 0. The function

g(p)=p " f(p) =Y Pans

n>0

is slice hyperholomorphic on B since its radius of convergence is the same as the radius
of convergence of f. Let p € B, be such that |p| < r < 1. The maximum principle implies
that

[f (W)

[wl

lg(p)| < sup |[g(w)| = sup <

wl=r wl=r

1
-
Letting » — 1 one obtains that |g(p)| <1 onB and so [p~' f(p)| < 1 from which the first
assertion follows and since d;f(0) = g(0), we immediately have that |d;f(0)| < 1.

We now assume that equality holds in (6.6) for some p € B. Then for such p, we have

()l _ _

and by the maximum principle we obtain that g(p) = a for all p € B, for a suitable a € JB.
Therefore we conclude that p~! f(p) = a, and thus f(p) = pa. Similarly, if |d; f(0)| = I,
we obtain that |g(0)| = 1 and the thesis follows. O

The following formula is a crucial tool when dealing with slice hyperholomorphic func-
tions (see [[120, [131]]):
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Theorem 6.1.12 (Representation formula). Let Q C H be an axially symmetric s-domain.
Let f be a left slice hyperholomorphic function on Q C H. Then the following equality
holds for all p=x+1Jy € Q:

Fp) = Flet ) = 3 [£@)+ £ + 317 - 7). ©8)

where 7 : = x+1y, Z:=x—1y € QNCy. Let f be a right slice hyperholomorphic function
on Q C H. Then the following equality holds for all p = x+Jy € Q-

Ft 1) = 5[0 + @] + 5 [1@ - £ . (©9)

Proof. We prove the result in the case of left slice hyperholomorphic functions as the
other case will follow similarly. If y = 0 is real, the formula trivially holds, so let us
assume y # 0. Let us define the following function y : Q — H

Wl 39) = 3 [+ 1)+ £ 1) 4 31— 1) — 4 )]
When I =J we have

Vilx+1Iy) = yx+1y) = flx+1y) = filx+1y).

We now prove that y is slice hyperholomorphic on €, so that the first part of the assertion
will follow from the identity principle. Let us compute % y(x+1Iy) and a% y(x+1y)
where we will use the fact that f is slice hyperholomorphic on Q:

22 (e 1) = o[£l 1)+ e 1) 4TI e 1) — e +1)

0 0 0 0
= G ) = ) I f = )+ S (o4 1)

0 0 0 0
= —Iafyf(xﬂy) +17yf(x— Iy) — J[afyf(x —Iy)+ afyf(xﬂy)]

_ —J(;’y [+ 1) + £ (6= 1)+ e 3) = Fx-430)] ] = —2J§’yw<x+1y>

ie.
1, 0 d
E(a +J8*y)‘l/(x+J}’)=0- (6.10)
O

Corollary 6.1.13. Let Q C H be an axially symmetric s-domain. Let f be a left slice hy-
perholomorphic function on Q@ CH. Then f(x+1Jy) = a(x,y) +IB (x,y) where a(x,—y) =
o(x,y), B(x,—y) = —B(x,y) and the pair ., 3 satisfies the Cauchy-Riemann system.
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Proof. Tt is sufficient to set

aly) = 5 [Fer )+ fle- 1)

and

Blxy) = 51[ 7l —1) — fx+ 1),

Using the Representation Formula, one shows that f(x+1Iy) + f(x — Iy) = f(x + Ky) +
f(x—Ky) and similarly that f(x —Iy) — f(x+1Iy) = f(x — Ky) — f(x+ Ky) where K is
any other imaginary unit in S. The other properties follow. ]

Remark 6.1.14. The class of functions defined on axially symmetric open set Q C H
which are of the form f(x+1Jy) = ot(x,y) +IB (x,y) where a(x, —y) = a(x,y), B(x,—y) =
—PB(x,y) and the pair a, 3 satisfies the Cauchy-Riemann system, is the class of the so-
called slice regular functions introduced and studied by Ghiloni and Perotti in [196].
On axially symmetric s-domain they coincide with the slice hyperholomorphic functions
introduced in this section. Note that in [196] the authors treat a more general case, namely
the case of functions with values in a real alternative algebra.

The Representation Formula allows to extend any function f : Q C C; — Hi, defined on an
s-domain Q symmetric with respect to the real axis and in the kernel of the corresponding
Cauchy-Riemann operator, to a function f: € C H — H slice hyperholomorphic where Q
is the smallest axially symmetric open set in H containing Q. Using the above notations,
the extension is obtained by means of the extension operator

xt(f)(p) =5 [0+ 7@] + 1@ - 7], 2ze@ne, pea G

When a function f satisfies
d d
axfl + ayfl

it is possible to extend it to a right slice hyperholomorphic function using the formula

ext(f)(p) :== %[f(z) +f(z)] + % [f(z) —f(z)}IJ, 2Z2€QNC, peQ.  (6.12)

Now we briefly discuss the composition of two slice hyperholomorphic functions which,
in general, does not give a slice hyperholomorphic function. Consider, for example, the
functions f(p) = p? and g(p) = p — po. Then (fog)(p) = (p — po)? is not slice hy-
perholomorphic if py € H\ R. However, we can guarantee that the composition f o g is
slice hyperholomorphic when g belongs to a suitable subclass of functions that we define
below.

Definition 6.1.15. Let Q be an axially symmetric open set in H. We say that a slice
hyperholomorphic function f : Q — H is quaternionic intrinsic if f: QN C; — C; for all
I € S. We denote this class of function by .4 (Q).
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Remark 6.1.16. Another characterization of quaternionic intrinsic functions is that, for
every p € Q, where Q is an axially symmetric open set in H, they satisfy f(p) = f(p).
Moreover, all quaternionic power series with real coefficients are examples of quater-
nionic intrinsic functions. In particular, all transcendental functions like exponential, log-
arithm, sine, cosine are of this type.

Moreover we have:

Proposition 6.1.17. Let Q,Q’ be open sets in H and let Q be axially symmetric. Let
geN(Q), FeER(Q) and g(Q) C Q. Then fog € Z(Q).

Proof. Since g € 4 (Q), by Corollary [6.1.13] we have g(x+Iy) = a(x,y) + 1B (x,y)
where o, B are real valued functions. Then the statement follows by direct computa-

tion. O

Given two slice hyperholomorphic functions f, g, they can be multiplied using a binary
operation called the x-product, such that f x g is a slice hyperholomorphic function. Sim-
ilarly, given two right slice hyperholomorphic functions, we can define their x-product.
When it is necessary to distinguish between them we will write x; or %, according to the
fact that we are using the left or the right slice hyperholomorphic product. When there is
no subscript, we will mean that we are considering the left x-product.

Definition 6.1.18. Let f,g € Z(Q) and let fi(z) = F(z) + G(2)J, g1(z) = H(z) + K(2)J
be their restrictions to the complex plane C;. Assume that Q is an axially symmetric
s-domain. We define the function fixgr: QNC; — H as

(fixg1)(2) = [F(2)H(z) — G)K(2)] + [F(2)K(z) + G()H )]V, (6.13)
and
(f*8)(q) = ext(fixg1)(q)-
If f,g are right slice hyperholomorphic, then with the above notations we have fi(z) =
F(z)+JG(z), gi1(z) = H(z) +JL(z) and
(fixrgn)(z) : = (F(2) +1G(2)) » (H(2) +IL(2)) 6.14)
= (F(2)H(z) ~ G(2)L(z)) +(G(z)H (2) + F (I)L(2)), '

and f %, ¢ = ext(fi %, g1)-

We note that (fi*gr)(z) (resp. (fi*g1)(z)) is obviously a holomorphic map and hence
we can consider its unique slice hyperholomorphic extension (resp. right slice hyperholo-
morphic extension) to Q.

Remark 6.1.19. Let f(p) = Yoo P fi» 8(p) = Lo P¥gx be two sice hyperholomorphic
functions in B(0, ). Their x-product coincides with the classical convolution multiplica-
tion
oo . k
(F9)p) =Y P | X frgkr (6.15)
k=0 r=0
used e.g. in [[173]].
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Remark 6.1.20. Let f(p) = Yoo pra; and g(p) = Y5y p*bi. If f has real coefficients
then fxg=gxf=f-g.

Pointwise multiplication and x-multiplication are different, but they can be related as in
the following result, originally proved in [120]:

Proposition 6.1.21. Ler Q C H be an axially symmetric s-domain, f,g: Q — H be slice
hyperholomorphic functions. If f(p) # 0 then

(f*8)(p) = f(p)g(f(p) "' pf(p)), (6.16)

while if f(p) =0 then (f*g)(p) =0.

Proof. LetI € S be any element in S, g = x+ Iy. If f(x+1Iy) = 0 the conclusion follows
so let us assume f(x+Ly) # 0. Then

F+D) x4+ D) fa+1y) =x+yf(x+Iy) T Tf(x+1y)

and f(x+1Iy)~'If(x +1Iy) € S. By applying the representation formula (6.1.12) to the
function g, we have (with obvious notations for the derivatives)

g(f(@) 'af(q)) = g(x+yf(x+Iy) ' Tf(x+1y))
1

= S {s(etIy) +g(x—Ty) = flx+ 1) ' (x4 Iy) g (x + Iy) — Tg(x — Ty).J}
Let us set
w(q): = f(9)e(f(9) " af (@)
= %{f(xﬂy)[g(xﬂy) +g(x—1y)] =1 (x+Iy)[Ig(x +Ly) — Ig(x = Iy)]}.

If we prove that the function y(gq) is regular, then our assertion will follow by the Identity
principle. In fact formula (6.16) holds on a small open ball of Q centered at a real point
where the functions admit a power series expansion, see the proof of Proposition {.2.1]
We have:

a%l/f(xﬂy) = %{fx(xﬂy) [g(x+Ty) +g(x—Ty)] = Tfi(x+Iy)Ig(x +Iy) —Ig(x —Iy)]}

3 UG ) gl ) = )] — 1 e ) g )~ T )]}

and

ijllf(xﬂy) = %{Iﬁ(xﬂy)[g(xﬂy) +g(x—Iy)]+ f(x+1y)[lg(x +1y) — Lg(x —Iy)]}

1
A e D) gy (e - 1y) gy (r = )] - f (e - L) [Lgy (e +-31) — Tgy (x = Iy)] }-
Using the fact that
fl+D)+1f(x+Iy) = ge(x+Iy) +Igy(x +Iy) = ge(x —Iy) — Igy(x —Iy) =0,

we obtain that (% + Ia% )y (x+1Iy) = 0 and the statement now follows from the arbitrarity
of L g
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Remark 6.1.22. In the sequel, we will consider functions k(p, q) left slice hyperholomor-
phic in p and right slice hyperholomorphic in §. When taking the x-product of a function
f(p) slice hyperholomorphic in the variable p with such a function k(p,q), we will write
f(p)*k(p,q) meaning that the x-product is taken with respect to the variable p; similarly,
the *,.-product of k(p,q) with functions right slice hyperholomorphic in the variable § is
always taken with respect to g.

Let Q be an axially symmetric open set. If f is left slice hyperholomorphic in g € Q

then f(g) is right slice hyperholomorphic in g. This fact follows immediately from (d +
19) fi(x+1Iy) = 0, since by conjugation we get fi(x+1y)(dy —1d,) =0forallI € S.

Lemma 6.1.23. Let Q be an axially symmetric s-domain and let f,g : Q — H be two left
slice hyperholomorphic functions. Then

Fx18=8%* ?a
where x;, %, are the left and right x-products with respect to q and g, respectively.

Proof. Let fi(z) = F(z) + G(2)J, g1(z) = H(z) + L(z)J be the restrictions of f and g to the
complex plane Cj, respectively. The functions F, G, H, L are holomorphic functions of
the variable z € QN C; which exist by the splitting lemma and J is an element in the sphere
S orthogonal to I. The x,-product of the two right slice hyperholomorphic functions g and
f in the variable g is defined as the unique right slice hyperholomorphic function whose
restriction to complex plane Cj is given by

(H(z) =T L(2)) % (F(2) =1 G(2)) := (H(2) F(z) = L()G(2)) = J(L(z) F (z) + H(2)G(2))-
Thus, comparing with (6.13)), it is clear that

Sixi g1 =8i*r /i,

and the statement follows by taking the unique right slice hyperholomorphic extension.
O

Definition 6.1.24. Let f € Z(Q) and let fi(z) = F(z) + G(z)J. We define

fix)=F(2)—G(z)]

and we set f“(p) = ext(f°)(p). The function f is called the slice hyperholomorphic
conjugate of f. We then define

@) = (fix f)(2) = (F xfi)(z) = F(2)F (2) + G(2)G(2) (6.17)
and the function f*(p) = ext(f*)(p) is called the symmetrization (or normal form) of f.

It is not difficult to show that if f € Z(Q) then f* € A (Q). -
It is also useful to note that when f(p) = Yo pX fi then f¢(p) = Yo P* fi-
In this case

oo

(Fxf)p)=Y Plen,  ca=Y frfur (6.18)
r=0

n=0
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where the coefficients ¢, are real numbers. In fact
n - n .
Cp = Z frfnfr = anfrfr = Cp-
r=0 r=0

Proposition 6.1.25. Ler Q C H be an axially symmetric s-domain and let f,g € % ().
Then:

(1) (f) =1
(2) (fxg) =g *f"

Proof. Equality (1) follows from trivial computations, so we prove (2). We show that the
two functions (fxg)¢ and g°x f¢ coincide on a complex plane (so the needed equality
follows from the identity principle). Using the notation introduced above, let us write
fi(z) = F(2) + G(z)J and g1(z) = H(z) + L(z)J. We have

(f*&)i(z) = filz) xg1(z) = (F(2)H (2) = G(2)L(2)) + (F(2)L(z) + G(2)H (2)))

so, by definition of (f * )¢, we have

(f*8)i(z) = (H(2)F(2) ~ L(z)G(2)) — (F(2)L(z) + G(z)H(2))J

and

~

(& xf(z) = (H(Z) = L(2))) * (F(2) = G(2))
= (H()F(2) - L(z)G(2)) — (H(Z)G(2) + L()F ()]

the two expressions coincide since the functions F,G,H,L are Ci-valued and thus they
commute. O

The inverse of a function f € Z(Q) with respect to the x-product can be computed as
follows:

Definition 6.1.26. Let Q C H be an axially symmetric s-domain and let f : Q — H be a
slice hyperholomorphic function. We define the function f~* as

)= (£ )~ ().
If f: Q — His a right slice hyperholomorphic function, we define the function f~* as
@)= @) @)
We have the following properties: (analogous properties hold for the x,-product):
M () =r
2) (frg) " =g *f"
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The function 1 — pg, where p,q € H can be considered as a left slice hyperholomorphic
function in the variable p and right slice hyperholomorphic function in the variable q.
Observe that its x-inverse with respect to p is:

(1—pg)~* = (1—2Re(q)p+p*lg*) "' (1 - pg). (6.19)

Proposition 6.1.27. The function defined in (6.19) is slice hyperholomorphic in p and
right slice hyperholomorphic in q.

Proof. The function (1 — pg)~* is slice hyperholomorphic in p by construction. To show
the second assertion, let us set ¢ = x + Ly. We have:

2 (1 2prt P +3)) (- pla 1))

=2 P24 (1 pla- D)=

= (1=2px+p* (¥ +)1) 2 (2p—2p°x)(1— p(x—Ty)) — (1 =2px+ p*(* +y*)) "' p
—(1=2px+p*(*+y°)) 2 (2p") (1 = plx—Iy))I = (1 =2px+ p* (X" +)%)) ' p =
= (1=2px+p* (@ +5*) 7 [p(2—2xp)(1 = p(x—1y)) — (1 = 2px+ p*(* +)*))p
—2yp*(1 = p(x —Ty))T1— (1 = 2px+ p*(x* +y*)) p] =

= (1=2px+p*(x* +5*) *[(2p — 2xp*) (1 — p(x — 1))

—2yp*(1— p(x—Ty))I—2(1 —2px+ p*(x* +y*))p] = 0.
(6.20)

The following result will be useful to justify a notation we will use in the sequel:

Proposition 6.1.28. For any p,q € H such that p,q~" (and similarly, p~',q) do not
belong to the same sphere the following equality holds

(1—pg)(1—2Re(p)g+|pl*q*) " = (1-2Re(q)p+|q*p*) "' (1 - pq),

in other words
(I—pg) ™ =(1—pq)~" (6.21)

where the *,-inverse is computed in the variable q and the x-inverse is computed in the
variable p.

Proof. The proof follows by proving, with direct computations, that

(1—2Re(q)p+q*p*)(1— pg) = (1 - pg)(1 —2Re(p)q + |p|*q>).
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Remark 6.1.29. Another way to prove Proposition |6.1.28]is to observe that the function
(1—=pq)™" = (1 - pg)(1—2Re(p)g +|p[’¢*) "

is right slice hyperholomorphic in g by construction and computations similar to those in
the proof of Proposition show that it is left slice hyperholomorphic in p. For this
reason, by the identity principle, as a slice hyperholomorphic function in p, it coincides
with the function in (6.19), i.e.

(1-=pq) " =1~-pg) ™, (6.22)

(where the x-inverse is computed with respect to p and the x,-inverse is computed with
respect to q).

Remark 6.1.30. Throughout the book, when dealing with functions in two variables p, g
they will be (left) slice hyperholomorphic in p and right slice hyperholomorphic (or anti
slice hyperholomorphic) in g.

Below we will use the notation dy for the Cauchy-Riemann operator on the plane Cj.

Lemma 6.1.31. Let f, g be quaternionic valued, continuously (real) differentiable func-
tions on an open set QN Cy of the complex plane Cy. Then, for every open W C QN Cy
whose boundary consists of a finite number of piecewise smooth, closed curves, we have

/{;ngslf:2/‘V((851)f+g(§lf)>d6a

where s = x+1y € Cy, ds; = —lds and do = dx N\ dy.

Proof. Let ] € S be orthogonal to I and let us consider I,J,1J as a basis of H. Then we
write f(s) = fo(s) + f1(s)J, g(s) = go(s) +Jg1(s) where f(s),gi(s), i = 0,1 are suitable
Ci-valued functions. Stokes’ theorem applied to these complex functions gives

[ sdsis = [ (eo(s)+ I (s)dsi(fofs)+ fi(5))
ow ow
= /awgofodSI+gof1dS1J+ngfodS1+ngf1dSIJ

_ /Wax(gofo)dc—l—&y(gofo)ldc—i—ax(gofl)dGJ+8,(gof1)IdGJ+
+Jax(g1f())d6JrJay(glfo)IdG+Jax(g1f1)dGJ+Jay(g1f1)IdGJ.

Moreover, with direct computations we have

9x(80f0) + 9y (80.f0)1+I0x(g1 /o) + 19y (g1 fo)l
= (9x(80) + 9y(go)) fo +I(x(g1) + Iy (81)1) fo
+20(9x(fo) + 0, (fo)I) +Jg1(x(fo) + 9y (fo)I)
= (091 +1g191) fo

+(20+721)(d1fo) = 2(g91) fo+2¢(I1fo)
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and similarly

x(80/1)T + 9y(gof1)1T + 10, (g1.f1) +19y(g1./1)1T = 2(g1) /i) + 28 (ILf1 )]

Therefore we have
/andsIf = 2/W(851)f0d6+g(51f0)d6+ (g01)fildo + g(d1f1)Ido

~2 [ (30 +8(@uf)do.
w

A consequence of the previous Lemma is the following:

Corollary 6.1.32. Let f and g be a left slice hyperholomorphic and a right slice hy-
perholomorphic function, respectively, on an open set Q C H. For any 1 € S and every
open W C QN Cy whose boundary consists of a finite number of piecewise smooth, closed
curves, we have

/a | 8(s)dsnf(s) =0,

Theorem 6.1.33 (Cauchy integral formula). Let Q C H be an axially symmetric s-domain
whose boundary d(QNCy) is a union of a finite number of rectifiable Jordan arcs. Let
€ Z(Q) and, for any 1 € S, set ds; = —1ds. Then for every p € Q we have:

71
2

£(p) /a v ST (5P, 6.23)

where
Sy (s,p) = —(p* = 2Re(s)p+s*) " (p—5).
Moreover, the value of the integral depends neither on Q nor on the imaginary unit1 € S.

Proof. The integral does not depend on the open set Q, by Corollary [6.1.32] since the
function

S (s,p) = —(p* —2Re(s)p+1s|*) " (p—5) = (s—p)*

(the x-inverse is computed with respect to p) is right slice hyperholomorphic with respect
to the variable s.

Let us show that the integral does not depend on the choice of the imaginary unit I € S.
Let p = x+ 1,y € Q, then the set of the zeroes of the function p? —2Re(s)p + [s|> =0
consists of a real point (of multiplicity two) or a 2-sphere. If the zeroes are not real, on
any complex plane C; we find the two zeroes s1 > = x4 Iy. When the singularity is a real
number, the integral reduces to the classical Cauchy integral formula for holomorphic
maps. Thus we consider the case of nonreal zeroes and we calculate the residues about
the points s1 e s5. Let us start with s; = x+1Iy. We set s = x+yl+€e!®, Re(s) = x+€ecos 8,
so that ds; = —I[ele'?]d0 = €194 0, and

|s]? = x* 4+ 2xecos @ + €2 + y* + 2yesin .
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We now compute the integral which appears at the right hand side of (6.23) along the
circle with center at s; and radius € > 0 on the plane Cy:

27

2nIE :/ —(—2pecos @ 4 2xecos O + &2+ 2yesin0) ! (p — (x — yI + ge19))eel?
0

-dO f(x+yl+ee'?)

2
:/ —(—2pcos@ +2xcos O +&+2ysinB) ' (p— (x—yl+£e719))e®d0 f(x + yI + €€'9).
0
For € — 0 we obtain ﬂlo namely the residue at s;
2
2w = /0 (2pcos @ —2xcos O —2ysin0)7l(yIp+yI)ewd6f(x+yI)

1 2w
= 5/ (ycos 01, — ysin@) ! (yI, +y1)e!®d@ f (x + yI)
0

1 21
:—2—y2/ (ycos 01, +ysin0)(yI, + yI)[cos 6 +Isin0]d6 f(x + yI)
0
12 2 2. 2 2 .
:_z—yz/ [(y1,)" cos B +y~sin O, 4y~ cos O1,1 4y~ sin O1|[cos O + Isin 6]d O f (x + yI)
0
1 (2=
=—3 [—cos 8 +sin 01, + cos B1,1 + sin O1][cos O + Isin 0]d 6 f (x + yI)
0
1 (2w
=—3 [~ cos? 6 — cos O sin 81 + cos 8 sin O1,, + sin® O1,1 + cos” O1,,1
0
— cos Bsin B1,, + cos O sin O1 — sin® B]d 6 f(x + 1)
1 (2=
- (= 1+1,0)a0 (431 =7 (1= 1,0) f(r1).

So we obtain

g0 = % [1 fI,,I} Flx4yD),

and with analogous calculation we have that the residue about s; is

I = %(1 —|—I,,I>f(x—yl).

By the classical residues theorem in the complex plane Cy

1
— S~1(s,p)d =704+ .7,
37 Dy S PM ) = A+ A4

and the statement now follows from the Representation Formula (see Theorem [6.1.12).
|
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Remark 6.1.34. There is an analogous formula for right slice hyperholomorphic functions
f € ZR(Q), in fact using the notations in Theorem |6.1.33|we have

_1
Y

1) =27 e, T45155 ' (). (624

where
Sg' (5,p) = —(p=35)(P* —2Re(s)p+1s*) ! (p —5).
We note that the function s — p is both left and right slice hyperholomorphic in p and
Sz'(s,p) = (s — p) ™ where the %,-inverse is again computed with respect to p.
Direct computations show that:

Proposition 6.1.35. For any s, p such that p> —2Re(s)p + |s|*> # O the following equality
holds

S (5:p) = =S¢ (p,9).
We conclude this section by recalling some basic facts about the zeros of a slice hyper-
holomorphic function.

Proposition 6.1.36. Let Q C H be an axially symmetric s-domain and let f: Q — H be
a slice hyperholomorphic function, not identically zero. Then:

(1) Every zero of f is a a zero of f°.
(2) The zeros of f* are isolated real points and/or isolated spheres.

Proof. Point (1) follows from the fact that f* = fx f and Theorem

Let us prove (2). By Remark [6.1.16] f* is quaternionic intrinsic and not identically zero.
So if f*(xp + Iyp) = 0 then also f*(xop — Lyg) = 0 and by the Representation Formula
¥ (x0+Jyo) = 0 for any other J € S. The real zeros of f* and the spheres of zeros must be
isolated, otherwise f* would have non isolated zeros on the intersection QN Cj for any I €
S and, by the identity principle, f* would be identically zero, which is a contradiction. [

Theorem 6.1.37 (Structure of the Zero Set). Let Q C H be an axially symmetric s-domain
and let f: Q — H be a slice hyperholomorphic function. Suppose that f does not vanish
identically. Then, if the zero set of f is nonempty, it consists of the union of isolated
2-spheres and/or isolated points.

Proof. Let pg = xo+Jyp be a zero of f. By Corollary[6.1.13] we know that f(x+Iy) =
o(x,y) +1B (x,y), thus

f(po) = f(x0+1Jyo) = a(x0,y0) +IB (x0,y0) = 0.

If B (x0,y0) = 0 then also ot (xo,y0) =0so f(xo+1Iyg) = 0 for every choice of an imaginary
unit / € S thus the whole sphere defined by py is solution of the equation f(p) = 0. If
B(x0,y0) # 0 then it is an invertible element in H. In this case, o/(xp,yo) # 0 otherwise
we would get JB(xp,y0) = 0 which is absurd. Since the inverse of (xg,yo) is unique,
it is also unique the element J = —o(xo,v0)B(x0,y0)~'. Then py is the only solution of
f(p) = 0 on the sphere defined by pg. The isolated zeros of f and the spherical zeros are
isolated, otherwise f* would have non isolated zeros. (|
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The following result guarantees that the zeros can be factored out.

Proposition 6.1.38. Let Q be an axially symmetric s-domain and let f : Q — H be a slice
hyperholomorphic function. An element pg € Q is a zero of f if and only if there exists a
slice hyperholomorphic function g : Q — H such that

f(p)=(p—po)*g(p).

Moroever, f vanishes on [py) if and only if there exists a slice hyperholomorphic function
h: Q — H such that

f(p) = (p*—2Re(po)p+|pol*)h(p).

Proof. Let pg be an isolated zero. Then it belongs to a complex plane C; (unique if pg
is not real). Use the splitting lemma to write fi(z) = F(z) + G(z)J. Since fi(po) = 0 also
F(po) =0and G(po) =0 and since F, G are holomorphic functions we can factor (z— po)
out and write F(z) = (z— po)F1(2), G(z) = (z— po)G1(z). Then consider (z— po)(F1(z) +
G1(z)) for z € QN Cy. The result follows by extending this function to the whole Q as
(p— po) *g(p). The extended function coincides with f by the identity principle. The
second part of the statement follows by applying the preceding discussion first to the
factors p — pg and then p — py. (]

The notion of multiplicity of an isolated zero p( or of a spherical zero can be given as we
did in the case of polynomials. So we refer the reader to Definition where f and g
are, in this case, two slice hyperholomorphic functions.

Let us now introduce the notion of singularity of a function, following [264].

Let Q be an axially symmetric s-domain and let py € Q. Let f be a function which, in a
subset of Q containing p, can be written in the form f(p) = ¥,/ _.(p — po)*"a, where
a, € H.

We have:

Definition 6.1.39. A function f has a pole at the point py if there exists m > 0 such that
a_i = 0 for k > m. The minimum of such m is called the order of the pole;

If p is not a pole then we call it an essential singularity for f;

f has aremovable singularity at py if it can be extended in a neighborhood of py as a slice
hyperholomorphic function.

Note the following important fact: a function f has a pole at pg if and only if its restriction
to a complex plane has a pole. Note that there can be poles of order O: let us consider for
example the function (p+1)~* = (p?>+1)~!(p —1I). It has a pole of order 0 at the point
—1 which, however, is not a removable singularity.

Definition 6.1.40. Let Q be an axially symmetric s-domain in H. We say that a function
f: ©— His slice hypermeromorphic in Q if f is slice hyperholomorphic in Q' C Q such
that Q\ Q' has no point limit in Q and every point in Q\ Q' is a pole.

The functions which are slice hypermeromorphic are called semi-regular in [264] and for
these functions we have the following result, proved in [264] Proposition 7.1, Theorem
7.3]:
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Proposition 6.1.41. Let Q be an axially symmetric s-domain in H and let f,g: Q — H
be slice hyperholomorphic. Then the function f~* x g is slice hypermeromorphic in Q.
Conversely, any slice hypermeromorphic function on Q can be locally expressed as f~*xg
for suitable f and g.

Since f* = (f* f¢) ! f¢ itis then clear that the poles of a slice hypermeromorphic func-
tion occur in correspondence to the zeros of the function f* f¢ and so they are isolated
spheres, possibly reduced to real points.

We end this section with a consequence of Runge theorem proved in [[146]. In the state-
ment C; denotes the extended complex plane C;. We note that Runge theorem has been
proved by taking the class of functions f(x+Jy) = ot(x,y) +JB(x,y) where a(x,—y) =
a(x,y), B(x,—y) = —B(x,y) and the pair a, f satisfies the Cauchy-Riemann system on
axially symmetric open sets (not necessarily s-domains). See Remark [6.1.14]

Theorem 6.1.42. Let K be an axially symmetric compact set such that C;\ (KN Cy) is
connected for all I € S. Let f be slice regular in the open set Q with Q D K. Then there
exists a sequence {P,} of polynomials such that P,(q) — f(q) uniformly on K.

It is immediate that if K is an axially symmetric compact set, then H\ K is connected if
and only if C;\ (KN Cy) is connected for all / € S.

6.2 The Hardy space of the unit ball

The quaternionic Hardy space H?(BB) of the unit ball B space (or simply H?> when it
appears as a subscript) is defined by mimicking the analogous definition in the complex
case: it contains square summable (left) slice hyperholomorphic power series, in other
words:

H?(B) = {f(p) =Y P lIflfe = ) 1Al < w}-
k=0 k=0
The space H?(B) can be endowed with the inner product

Z gfe it f(p Z Pfi. gp) =Y Pa (6.25)
k=0

from which it follows that

- 1
1l = (Y 1A)2
k=0
Proposition 6.2.1. The norm of f € H*(B) can also be computed as

I fll7 = 5 / 9240 (6.26)
<r<

where the value of the integral does not depend on the choice of 1 € S.
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Proof. By integrating the (uniformly converging on compact sets) power series express-
ing f, see (6.23)), for a fixed I € S, we obtain

/02775 |f(r€16)|2d9 _ A ( Z rk+]f e (j—k) f]) 4o

J,k=0

= Y AT (/ ) e‘“‘k”df’) fi=2m- L PIAF.
0 n=0

J k=0

The latter formula implies the statement. We observe that the supremum in formula (6.26)
can be replaced by the limit as r — 1. ]

It is immediate to verify the following:
Proposition 6.2.2. H>(B) is a right quaternionic Hilbert space on H.

The space H?(BB) can also be characterized as the reproducing kernel Hilbert space with
reproducing kernel

k2 (P> q) Zp 7" (6.27)

Thus the function kg2 (-,q) belongs to H?(B) for every ¢ € B and for any function f €
H?(B) as in (6.23),

(f k-, Z q"fi= (6.28)

The kernel k2 (p, g) can be computed in closed form:
Proposition 6.2.3. The sum of the series Z+ oP"q" is the function k(p,q) given by
k2 (p,q) = (1-2Re(q)p+|gI*p*) ™' (1 - pg) = (1—- pg)(1—2Re(p)g+p|’q") .
(6.29)

The kernel ky> (p,q) is defined for p & [q~"] for q # 0 or, equivalently, for q & [p~"] for
p # 0. Moreover:

(1) k2 (p,q) is left slice hyperholomorphic in p and right slice hyperholomorphic in g;

(2) kg2 (p,q) = k2 (g, p)-

Proof. The proof of the first equality is an application of the extension operator (6.11)
applied to the function (1 —zg) ™! of the complex variable z which gives

ke (p,q) = (1—2Re(q)p+|q*p*) "' (1 - pg). (6.30)

If we apply to the function of the complex variable w: (1 — pw)~! the right extension
operator (6.12)), we obtain

(1—pg)(1—2Re(p)g+|p|*q*) " (6.31)
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The function (6.31) is right slice hyperholomorphic in the variable g by construction and it
is slice hyperholomorphic in the variable p in its domain of definition, since it is the prod-
uct of a slice hyperholomorphic function and a polynomial with real coefficients. By the
identity principle it coincides with the function in (6.30) which is slice hyperholomorphic
in p by construction. Thus point (1) follows. Point (2) follows from the equalities

k(q,p) = [(1 - pg)(1 —2Re(p)q+|p|*q*) "]

= (1—2Re(p)g+|p*7*) (1 —qp) = k(q,p).

O

The next result shows that the limit of a function f € H?(IB) on the boundary of B exists
almost everywhere.

Proposition 6.2.4. If lim, |f(re'®)| = 1, for all 1 fixed in S, then for all g € Z(B)
continuous in B we have

lim |fxg(re'®)| = |g(e"®)],  ae.
r—1

where 0 € [0,27), and ' € S depends on 0 and f.

Proof. Let b = f(re'®) and write b = Re’® for suitable R,J, . By hypothesis, we can
assume that b # 0 when r — 1, thus b1 exists. We have

b re'%b = e 7% (re!%)e’ = r(cos a — Jsin &) (cos O + Isin ) (cos o + J sin &)

= r(cos @ +Icos” asin @ — JIcos o sin e sin 6 + 1T cos e sin o sin @ — JIJ sin® o sin ©)
= r(cos 8 +cos e '*1sin O 4+ ¢ *1Isin asin )

=r(cos@ +e 11 *sin ) = r(cos @ +1'sin @),

7JocIeJoc

where I’ = ¢ . Finally, we have

lim|f*g(rew)| = lim|f(rele)g(b_lrewb)| = lim |g(r31,6)| = |g(el’0)|'
r—1 r—1 r—1
O

In the following theorem, the function S has a priori no properties besides being defined
on B. The positivity of the kernel Kg(p,q) implies that S is slice hyperholomorphic (see

also Theorems[8.4.2]and [8.4.4).

Theorem 6.2.5. Let S: B — H. The following are equivalent:
(1) S is slice hyperholomorphic on B and |S(p)| < 1 for all p € B.
(2) The operator My of left x—multiplication by S
Mg: f—Sxf (6.32)

Sx flluz < 1 flly2 for all f € H2(B).

is a contraction on H*(B), that is,
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(3) The kernel
Ks(p.q) =Y, p*(1-S(p)S(q))7" (6.33)

is positive on B x B.

(4) S€e Z(B) and I,+1 —L,L} > 0 for all n > 0 where L, is the lower triangular Toeplitz
matrix given by

So 0 0
L, — S} Soo Pl here S(p Zkak (6.34)
O (]
S, ... S1 S

Proof. First of all, we define the operator Mg of multiplication by S by setting, for any

f(p) =X or fic
(Sxf)(p Z PrS(p) (6.35)

(Note that Mg can be defined without assuming assume any hypothesis on S). If Mg maps
H?(B) into itself, then the function § = M1 belongs to H?(B) and thus it is slice hyper-
holomorphic.

Let us show that (2) = (3). To this end, assume that Ms : H>(B) — H?(B) is a contrac-

tion. From (6.33) and (6.27) we obtain
MSkH2 Z ka
which, together with reproducing kernel property (6.28), yields

(Mska(-,q)) (P) = (Mskiz (1), kg2 (- P)) g2

= (ki (-, q), S* kg2 (-, Z P*S(q) (6.36)
Consequently, we have
(1 = MsMg)kyp (-,q), ke (. p))y2 = ), P*(1-5(p)S(q))q".
We deduce that for any function f € H?(B) of the form

=Y kip(.p)os,  reN, pieB, aeH, (6.37)
i=1
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one has
<(I_M3M§)fa f>H2 = <f> f>H2 - <M§fa M§f>H2

r r oo
Y @ik (pip)oi— Y, Y @iptS(pi)S(p))piay
ij=1 i j=1k=0

Z H,-Kg(p,-,pj)aj. (638)
i,j=1

As My is a contraction, the inner product on the left hand side of (6.38)) is nonnegative, so
the quadratic form on the right hand side of is nonnegative and thus K is a positive
kernel.
To show that (3) = (2) we assume that the kernel (6.33) is positive on B x B. Then we
note that the function on the right side of (6.36) belongs to H?(B) for each fixed ¢ € B
and that its norm equals

|S(a)P?

1—|ql*
Thus we can define the operator 7 : H(B) — H?(B) by setting

oo

T: kp(-q) —~ Y. p*S(q9)d"
k=0

with subsequent extension by linearity to functions f of the form (6.37). Since such func-
tions are dense in H?(B), they extend by continuity to all of H*(B). Using this density
and (6.38) with T instead of M, one obtains that T is a contraction on H?(B). We then
compute its adjoint obtaining T*f = S f = Msf. Since T is a contraction on H*(B), its
adjoint My is a contraction as well.

Let us now prove that (3) = (1). If the kernel Ky is positive on B x B, then

> 4 1—1IS(q)?
0<Ks(q,9) =Y. 4(1-[S(q)))d" = |7(l‘
k=0 1—|q]

and therefore, |S(g)| < 1 for every ¢ € B. On the other hand, by (3) = (2), we know
that the operator Ms maps H?(B) into itself and thus S = Ms1 € H*(B) C %Z(B).

To show that (1) = (2) let us assume that S € Z(B,B), i.e., S is slice hyperholomorphic
and such that |S(p)| < 1 for all p € B. By (6.16), we have for every f € H>(B) and every
Ies,

1 21
£l = sup o [ I «S(e!®) o
0<r<l1 0
1 21
= sup —/ |£(re'®)S(f(re'®) " re'® f(re'?)2d0
0<r<127 Jo
< swp 5 / " )0 = 1 (639)
“o<r<12m Jo i
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Let S¢ and f¢ be the slice hyperholomorphic conjugates of S and f, respectively. By the
properties of the conjugate of a function and since || f|g2 = ||f¢ |2, then (6.39) gives

155 Nz = 1% 8) Nz = 1 %Sl < [ £ 1z = 115 12 (6.40)

Thus the operator Mse : f +— ¢ f is a contraction on H*(B). Using (2) = (3) = (1),
we deduce that ¢ € %Z(B,B). By applying to §¢ we conclude that the operator
M(se)c = My is a contraction on H*(B).

The proof of (2) <= (4) mimics that of (2) <= (3), but instead of functions of the
form we consider polynomials with coefficients written on the right. Let us assume
(2). Calculations analogous to those in (6.36) show that for S with the Taylor series as in

©39),

k
M;:p*e Y pISi; forall k>0
j=0

which extends by linearity to

Ms: f(p)=Y P Y P ( Sj_kf]) .
k=0 k=0 j=k

By setting f:= [fo fi ... fu " we obtain an analog of (6.38) in terms of the matrix
L, from (6.34):
2
2 * 2 < 2 < o ok *
IfFe = M5 flIFe = Y 1Al = Y 1Y Sjonfi| = (1 — LuLy) . (6.41)
k=0 k=0 | j=k

If Mg is a contraction on H?(B), the last expression is nonnegative for every f € H"*!
and therefore the matrix I,41 — L,L; is positive semidefinite. Conversely, if this matrix
is positive semidefinite for each n > 1, then shows that Mg acts contractively (in
H?(BB)-metric) on any polynomial. But since the polynomials are dense in H?(BB), the
operators Mg and My are contractions on the whole H?(B). ]

Definition 6.2.6. A function S: B — H satisfying any of the equivalent conditions in the
preceding theorem is called a Schur function or a Schur multiplier.

We now collect some properties of Schur multipliers. Note that property (3) will be proved
in a more general form in Theorem

Theorem 6.2.7. Let Si, Sy and S be Schur multipliers depending on the quaternionic
variable p. Then:

(I) MS1M52 :MSI*SZ;
(2) MSMp = MpMS :MpS;

(3) (Msk(-,q)) (p) = Lizo P*S(9)7".
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Proof. Equality (1) follows from the associativity of the x-product. The second property
is a consequence of Remark and of equality (1). Property (3) follows from the
computations (6.36) in the proof of the previous theorem. O

Corollary 6.2.8. Let S be slice hyperholomorphic in B and bounded there in modulus.
Then Ms is a bounded operator from H?(B) into itself.

S
Proof. 1t suffices to apply the previous theorem to ——— . ]
sup,eg |S(P)|

6.3 Blaschke products (unit ball case)

In classical analysis Blaschke factors and Blaschke products play an important role in the
study of invariant subspaces and interpolation; see for instance [[167,[252]. In this section
we study Blaschke products in the present setting.

Definition 6.3.1. Let a € H, |a| < 1. The function

Ba(p) = (1— pa) ™ *(a— p) = (6.42)

|al
is called a Blaschke factor at a.

Remark 6.3.2. Using Proposition|6.1.21] B,(p) can be rewritten in terms of the pointwise
multiplication as

N . a
Bu(p) = (1=pa) " a=P) i
where p = (1 — pa)~'p(1 — pa).
The following result is immediate, since it follows from the definition:

Proposition 6.3.3. Lera € H,
Sfunction in B.

a| < 1. The Blaschke factor B, is a slice hyperholomorphic

As one expects, B,(p) has only one zero at p = a and analogously to what happens
in the case of the zeros of a function, the product of two Blaschke factors of the form
B,(p) *Bs(p) gives the Blaschke factor with zeros at the sphere [a]. Thus we give the
following definition:

Definition 6.3.4. Let a € H, |a| < 1. The function
Byy(p) = (1 —2Re(a)p+p*la]*) " (|a]* —2Re(a)p+ p?) (6.43)

is called Blaschke factor at the sphere [a].
Theorem 6.3.5. Leta € H,
(1) it takes the unit ball B to itself;

a| < 1. The Blaschke factor B, has the following properties:

(2) it takes the boundary of the unit ball to itself:
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(3) it has a unigue zero for p = a.

Proof. First observe that by setting A(p) = 1 — pa we can write

(1=pa)™ = (A°(p)*A(p))~'A°(p).

Applying formula (6.16) to the products A¢(p) *A(p) and A¢(p) x (a — p), the Blaschke
factor (6.42) may be written as

Bu(p) = (AC(P)*A(P))_%C(P)*(a*P)T = (lc(p)l(ﬁ»‘llc(p)(afﬁ)m
; ; (6.44)
=1@YWa—ﬂﬁﬂ=(PﬁmYWa—@Pﬂ

a a
la

where p = A°(p) ! pA¢(p). Thus B,(p) = (1 —ﬁd)’l(a—ﬁ)ﬁ. Let us show that |p| =
a
|p| < 1 implies |B,(p)|*> < 1. The latter inequality is equivalent to
ja—pl* <1 - pal*
which is also equivalent to
lal® +1p* < 1+lal|p|*. (6.45)

Then (6.45) is equivalent to (|p|*> — 1)(1 —|a|*) < 0 and it holds when |p| < 1. When

|pl =1 we set p = ¢!, so that 5 = ¢® by the proof of Corollary [6.2.4f we have
Bue®)] = |1~ e"%al a0 5 = e 10—l Mo e =1
a

Finally, from (6.44) it follows that B,(p) has only one zero that comes from the factor
a— p. Moreover B,(a) = (1 —aa)~'(a —d)ﬁ where @ = (1 —a*)"'a(1 —a?) = a and
thus B,(a) = 0. O

The next lemma contains a useful calculation:

Lemma 6.3.6. Let a € B. Then, it holds that
B,(a)a =aB,(a). (6.46)
Proof. We have

Ba(p) = @Op"a")*(a—p);]

— Z (pnana _pn+1an)i (6.47)
n=0 |a‘
= 1
— |Cl| + Zp11+lan+](‘a| _ 7)
n=0 |a|

Finally, (6.46) is a direct consequence of the last equality. O
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Theorem 6.3.7. Let B, be a Blaschke factor. The operator
M, : f—=Byxf

is an isometry from H2(B) into itself. An element of H*(B) belongs to the range of M, if
and only if it vanishes at a, the range of M, has codimension one and the space H*(B) ©
M H?(B) is spanned by the function (1 — pa)™*.

Proof. We first consider f(p) = p"h and g(p) = p’k where u,v € Ny and h,k € H, and
show that
(Bax f,Baxg) = Surkh. (6.48)

Using calculation (6.47), and with f and g as above, we have

> . 1
(Ba* f)(p) = p“hla|+ Y p" "+ a@" ! (ja| - m)h
n=0
and
> 1
(Ba*g)(p) = p*kla|+ Y p"t' @ (|a] — W)k' (6.49)
n=0 a

If u = v we have

Y Ja"+%(lal - >2> —Eh=(/.9)

_ 1
<Ba*faBa*g> = kh |a|2+
n=0 |a‘

To compute (f,g) we assume that u < v. Then, in view of (6.49) we have

(p"hlal,Byxg) = 0.

So
o - |
Bur Bux) = (8 74 (lal = 1) hopllh)+
n=0
. n+14-u—n+1 _ i - m+1+v—m+1 _ i
+(Y) prtat | al h, Y, p"H Y at (g k)
n=0 |Cl| m=0 |a‘

- 1
— |a[ka" (|a| - ) ht
ja
+ < i pm+1+vam+l+v7u <|(1| _ 1> h, i pm+1+vam+1 (|a _ |1|) k>
a

m=0 |a‘ m=0

_ 1 _ 1 2 2
—tafia (Jal— L) & (Ja) - =) @t
jal jal I —a|

=0
= <f7g>'
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The case v < u is considered by symmetry of the inner product. Hence, (6.48]) holds for
polynomials. By continuity, and a corollary of the Runge theorem, see Theorem|[6.1.42] it
holds for all f € H?(B).

We now characterize the range of M,,. It is clear that any element in the range vanishes at
a. Conversely, if f € H*(B) is such that f(a) = 0 then f(p) = (p —a) *g(p), where g is
slice hyperholomorphic in B (see Proposition [6.1.38)). The result follows since

f(p) = (p—a)*g(p) = Ba(p) (1 —pa) xg(p)-
The last claim follows from the decomposition

= (1)~ ) (0 20

1—laf? 1—laf?

O

Theorem 6.3.8. Let {a;} CB, j=1,2,... be a sequence of nonzero quaternions and
assume that Y.~ (1 — |a;|) < eo. Then the function

B(p) ==~ (1 - pa;) " x(a;j—p) (6.50)

T
jaj]
where IT* denotes the x-product, converges uniformly on the compact subsets of B and

defines a slice hyperholomorphic function.

Proof. Let aj(p) := By, (p) — 1. Using Remark we have the chain of equalities:

a;(p) =Ba,(p) — 1 = (1 - pa;) (4 —13)%' =
(1 pa;)"! [(ajm@jﬁ'(lﬁa»]

—(1-paj)”" {(ajll) (Hﬁzjlﬂ '

Thus, if |p| < 1 and recalling that || = |p|, we have
()] < 2(1 = [p)) ™' (1~ a;])

and since Y7 (1 — |a|) < oo then ﬁjzl o;(p) = ai(p)  ax(p)--- converges in B and
the statement follows. O

Theorem 5.16 in [34] assigns a Blaschke product having zeroes at a given set of points
a; with multiplicities nj, j > 1 and at spheres [c;] with multiplicities m;, i > 1, where the
multiplicities are meant as exponents of the factors (p —a;) and (p? —Re(a;)p + |a;[?),
respectively. In view of Definition the polynomial (p —a;)*" is not the unique
polynomial having a zero at a; with the given multiplicity »n;, thus the Blaschke product
Hjijl By, is not the unique Blaschke product having zero at a; with multiplicity n;.

We give below a form of Theorem 5.16 in [34] in which we use the notion of multiplicity
in Definition 42,7t
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Theorem 6.3.9. A Blaschke product having zeroes at the set

zZ= {(al,nl),...7([01]7m1),...}

where aj € B, a; have respective multiplicitiesn; > 1, a; #0 for j=1,2,. [ i # [aj] if
i#jceB, the spheres [c;] have respective multiplicities m; > 1, j =1, 2 . [eil # [ej]
ifi # jand
Y (1 —lail) +2m;(1=[ej])) <o (6.51)
i,j=1
is of the form
* KN
[1Bie; (P TTTI (Bay;(p (6:52)
i>1 i>1 j=1

where nj > 1, a1 = ay and o;j are suitable elements in [a;] for j =2,3,....

Proof. The fact that ensure the convergence of the product follows from Theo-
rem The zeroes of the pointwise product [];~ (B, (p))™ correspond to the given
spheres with their multiplicities. Let us consider the product:

*Mnq

H(Bal‘l (p>) = Ban(p)*Balz(p)*'"*B(xl,,l (p)

i=1

From the definition of multiplicity, see Definition 4.2.7]this product admits a zero at the
point o1 = a; and it is a zero of multiplicity 1 if n; = 1; if n; > 2, the other zeroes are
012,...,01,, where 0 ; belong to the sphere [a ;] = [a;]. This fact can be seen directly
using formula (6.16). Thus a; is a zero of multiplicity n;. Let us now consider r > 2 and

My

[1(Ba,;(P)) = Ba,, (p) % -*Ba,,, (P), (6.53)
j=1
and set
*(r—1) xn;
H H Bo‘u
i>1 j=1
Then

B._1(p)*Ba,, (p) =Br—1(p)Ba,, (Br—1(p) "' pB,—1(p))

has a zero at a, if and only if Bg,, (By—1 (a;) " 'a,B,_1(a,)) =0, i.e. if and only if o,y =
B,_1(a,)"'a,B,_1(a,). If n, = 1 then a, is a zero of multiplicity 1 while if n, > 2, all
the other zeroes of the product belongs to the sphere [a,] thus the zero a, has
multiplicity n,. This completes the proof. |

To prove the following important result which will be used in Chapter [I0] we need to
define the notion of degree of a finite Blaschke product. Recalling that the Blaschke factor
By,)(p) at the sphere [a] can be seen as By, (p) = Ba(p) x Ba(p), the degree of a Blaschke
product is defined to be the number of factors of the form By, g € IH appearing in it.
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Proposition 6.3.10. Let B(p) be a Blaschke product as in (6.52). Then dim(s¢(B)) =
degB.

Proof. Let us rewrite B(p) as

*S K7

r *d
B(p) = [ 1(Be,(p) B, (P)" T ] T1 (Bay, (p)) = [ 1B, (p)
i=1 i=1 j=1 Jj=1
where d = deg B. Let us first observe that in the case in which the factors Bpg, are such that
no three of the quaternions f3; belong to the same sphere, then the statement follows from

the fact that #°(Bg,) is the span of (1 — pB;)~*. Moreover (1 —pfB1)~*,...,(1—pBa)~*

are linearly independent in the Hardy space H?(B), see [19, Remark 3.1]. So we now
assume that d > 3 and at least three among the f8;’s belong the same sphere. We proceed
by induction. Assume that d = 3 and S, 3, B3 belong to the same sphere. Since

= oo

Ks(p.q) =), p"(1-B(p)B(9)" )" = Y p"(1-Bgp,(p)Bs,(9)")7"

n=0 n=0

+Bg, (p *ZP (1—Bg,(p)Bg,(q)")3" *r Bp, (q)"

+Bg, (p)*Bg,(p *Zp (1—Bg,(p)Bg,(q)")d" *rBp,(q)" *rBg, (9)"

we have
%(Bﬁl)-l_Bﬁl*‘%p(Bﬁz)+BB1*BB2*‘%(Bﬁ3)' (6.54)

Now note that 7 (Bpg, ) is spanned by fi(p) = (1 — pB1)~*, while Bg, x 7 (Bg,) is
spanned by f2(p) = Bg, (p) * (1 — pB2)~* and, finally, Bg, * B, x 7 (Bg,) is spanned

by f3(p) = Bg, (p) *Bg, (p) = (1 — pB3)~*. By using the reproducing property of f; we
have (f1, f2) =0 and (f, f3) = 0. Observe that

(f2,13) = (1= pB2) ™", Bg, (p) * (1= pP3) ") = 0

since the left multiplication by Bg, (p) is an isometry in H?(B) and by the reproducing

property of (1 — pf2)~*. So fi, f2, f3 are orthogonal in H?(B) and so they are linearly
independent. We conclude that the sum is direct and has dimension 3. Now assume
that the assertion hold when d = n and there in B(p) are at least three Blaschke factors at
points on the same sphere. We show that the assertion holds for d = n+ 1. We generalize
the above discussion by considering

('%p(Bm)"’Bﬁl *%(Bﬁz)-i----—i—Bﬁl *.”*Bﬁnfl *%(Bﬁn)—i_“.—"_

(6.55)
+Bﬁ| *“'*Bﬁn*%(Bﬁnﬂ)'

Let us denote, as before, by fi(p) = (1 — pB1)~* a generator of H(Bg,) and by f;(p) =
Bp, x---xBp,  *(1 — pB;)™* a generator of Bg *---xBg,_ xH (Bg,), j=1,....n+1.
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By the induction hypothesis, the sum of the first n terms is direct so we show that
[fj, fax1] =0 for j=1,...,n. This follows, as before, from the fact that the multiplica-
tion by a Blaschke factor is an isometry and by the reproducing property. The statement
follows. ]

6.4 The Wiener algebra

An important topic both in harmonic and complex analysis is the Wiener algebra that
we have discussed in the classical case in Chapter 1. Here we extend this notion to the
quaternionic case. As we shall see, the methods to prove the results are different from
those used in the complex case, due to the noncommutativity of the quaternions. Here
we will treat the case of the discrete Wiener algebra, while the continuous case has been
considered in the joint paper with David Kimsey [29] (which is also the source of this
section).

The set which will correspond to the Wiener algebra is introduced in the following defi-
nition.

Definition 6.4.1. Let #f be the set of functions of the form

i)=Y r"fu (6.56)

ucZ

where the f,,, u € Z, are quaternions such that

Z | ful < oo

ue?Z

It is important to note that the elements of #4; are continuous functions on the unit sphere
JdB, and an element f € #4y is the sum of two slice hyperholomorphic functions: the
function Y~ p* fi. which is slice hyperholomorphic in |p| < 1 and continuous in |p| < 1,
and Y, .o p* fu which is slice hyperholomorphic in |p| > 1 and continuous in |p| > 1.
We endow the set #f; with the multiplication given by the convolution of the coefficients
(compare with and Section 4.2)

(f*8)(p) =Y. P"(Y fu-rg) (6.57)

ucZ keZ

Also in this setting we have the formula (6.16)

(f*8)(p) = f(p)g(f(p) ' pf(p))

which holds for f(p) # 0 while for f(p) = 0 we have (fxg)(p) = 0. The proof of this
formula follows the lines of the proof of Proposition [4.2.1]

Proposition 6.4.2. The set #y endowed with the x-multiplication is a real Banach alge-
bra. The x-product is in particular jointly continuous in the two variables.
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Proof. The assertion follows from the chain of inequalities:

YIY furgd <Y Y Muil-larl = (X 1ADCY I8k

ue? keZ uezZ ke uez keZ

Definition 6.4.3. We will call #4; the quaternionic Wiener algebra.

In contrast to the complex case (see Remark|1.3.2)) the quaternionic Wiener algebra is not
closed under conjugation. To palliate this we define for f(p) = ¥ cz p"fu € #41™":

=Y rs (6.58)

ucZ

Proposition 6.4.4. Let f € W™ Then fx f has self-adjoint coefficients. When r = 1
we have fCx f = fx f€.

Proof. Let (f*f)(p) = Yuez P"gu- The claims follow from the formula

Cu = Z Ju—tfus
kez
(see also formula (6.18))) for the case n = 1. O

Let I,J € S be any two orthogonal elements. Any quaternion p can be written as p =
z+wlJ, where z,w complex numbers belonging to the complex plane C; = {x+1Iy: x,y €
R}. In this section, we will sometimes write C instead of Cj, for short. Let f € #g
and consider the restriction of f to the unit circle, by writing f(e") = a(e") + b(e")J.
Applying the map y defined in {@.1) to f(e) we have

iy [ ale")  b(e")
x(f(e ))—(_b(el,) @) (6.59)
The functions
a(e") =Y e"a, and b(e") =Y b, (6.60)
Ul UE”Z

belong to the classical Wiener algebra # = #''*! and so
x(f(e") e w2, (6.61)

The map ¥ is not multiplicative with respect to the x-product, in fact in general

x((f*g) (")) # 2(()(e")x((g)(e")).

For this reason, we now introduce another map depending, as the map ), on the choice
of the two orthogonal imaginary units I,J € S. This map is denoted by wyy or w, for
simplicity, and acts from the values of functions (belonging to a given set of functions) to
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the set of 2 X 2 matrices whose elements are complex-valued functions when restricted to
the complex plane C. The map @ is defined by

(w(f))(z)—(“l% Zg) zeBAC. (6.62)

The map w is multiplicative with respect to the x-product, as we prove in the following
result.

Lemma 6.4.5. Let f,g € #y. Then it is immediate that

(0(fx8))(z) = (o(f)(2)(@(g))(z), z€BNC. (6.63)
Proof. Let f(p) = p"a and g(p) = p™b for n,m € Z and a,b € H. Then,

(f*g)(p) = p"™"ab,

and we have
(@(f)(z) =2"2(a),  (0(g))(z) =2"x(b)
and
(©(f*g))(z) =" (ab).
Thus we have

(o(fx8))(z) =2""x(ab) =" x(a)x(b) = (0(f)) (2)(@(8))(2)-

In general, if f(p) = Y,.cz P"an € #41, then
(@(f)(2) =Y, " xlan) € w22,

nez

and if g(p) = Y,ez p"bu € #ig. then

((@(£))(2)((@(2))(2)) <ZZZ”X(an)> <ZZZ"X(bn)>

- zw( y x(anmbm))

UEZ n+m=u

Z Zul < Z anbm>
UeZ n+m=u
= (o(f*g))(2).

This concludes the proof. i

Remark 6.4.6. As we already observed in [29] the functions a(e"), b(e') belong to #
and so ®(f)(z) belongs to #>*2.
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Theorem 6.4.7. Let f € #11. The following are equivalent:
(1) f isinvertible in #;
(2) Let1be any fixed element in S, then (det(f))(z) # 0 for all z € IBNCr;
(3) The function f does not vanish on dB.

Proof. The fact that (1) = (2) follows from (6.63): in fact, if there exists g € #f such
that fxg =1 then

L= (o(f)(e")((g)(e")
and so @(f)(e") is invertible for every ¢ € [0,27).

Conversely, to show (2) = (1), we know from Remark|[6.4.6|that w(f)(z) € #?*2. By
the classical matricial Wiener-Lévy theorem the condition det@(f)(e") # 0 for all ¢ €
[0,27) implies that @(f) is invertible in #2*2. Let G € #>*? be such that o(f)G = b.
The matrix G can be computed using the formula for the inverse of a 2 x 2 and so G is of

the form
o [ cle")  d(e")
6= (5 )

where c(e™) = a(e™1)/(detw(f))(e") and d(e™!) = —b(e)/(detw(f))(e¥) so that
they belong to % and we can write

c(e)=Y e, and d(") =Y &"d,.

nez nez

The function defined by
gle) = ) e (e +dyd),

nez

belongs to #4y. Since @(f)w(g) = 1 on the unit circle, if f(p) =Y,z p"f, and g(p) =

Y ez P"gn, we have
0ifu+#0,
x (H;uf”g’”) - { 1ifu=0.

Hence (f*g)(e") =1and so fxg = 1 everywhere, since the latter is uniquely determined
by its values on the unit circle.

We now show the equivalence between (2) and (3). With the notation in and some
computations, we have that for some fixedi € S

(deta(f))(z) = a(z)a(@) +b(2)b(2) = Y. (Y au—sar +bu—sbr),

ucZ  keZ

where the functions a and b are defined by (6.60).
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Given f(p) = Y,z P"fu € # we define the function f¢(p) = ¥,z p" fu by mimicking
the definition in the slice hyperholomorphic case (compare with Definition and the
note below it). Obviously, the function f¢(p) belongs to #fy. Consider now the function

(Fxr)p) =Y, P(Y fuici)-
UEL keZ
An immediate computation shows that f x f¢ has real coefficients, thus the zeros of its
restriction (f % f)|c(z) to C has zeros which are real points and/or complex conju-
gate points. Since the representation formula, see Theorem is valid for power
series, it follows that (fx f¢)(p) has zero set consisting of real points and/or spheres.
By formula (6.16), we have that (fx f<)(po) = 0 implies f(po) = 0 or f(po) # 0 and

F(f(po) "' pof(po)) = 0and the element f(po)~" pof(po) belongs to [po]. We now claim
that the zeros of f€ on [po] are in one-to-one correspondence with the zeros of f on [po].

To see this fact, let us write

D) =Y (1) fu = Y (sulx,y) +10(x,9) fu = s(x,y) +1r(x,y)

ucZ ucZ

where the functions s,, t,, are real valued, and

fatD) =) D) fu= Y (sulx,y) +10(x,9) fu = s(x,y) + 1 (x,y).

ue”z uez

If f vanishes at all points of [pg] then s(xo,y0) = #(x0,¥0) = 0 and so also f° vanishes
at all points of [po]. If po is the only zero of f belonging to [po] then (xo,y0) # 0. An
immediate computation shows that f(xo +1y) = 0 where T = —¢(x0, o)1t (xo,y0) ~'. The
converse follows in an analogous way, since (f€)¢ = f. We conclude that if /¢ has a zero
belonging to the sphere [pg] also f must have a zero belonging to the same sphere. Now
we observe that since f, = a,, + b,J and f, = @, — b,J we have

(f*f)Nc@ =Y. P(Y fukf) =Y, (Y (@ui+buid) (@ — b))

UEL keZ ueZ keZ
=Y P{Y (auka+bu—ibi + (by—rar — ay,ibi)J)}
ueZ keZ

and so (det@(f))(z) = (f *f)lc(2).

If (2) holds then f cannot have zeros on dB otherwise, if f(pg) = 0 we have that f  f¢
vanishes on [pg] and in particular on [pg] N C and so det(w(f)) vanishes on dBNC.
Conversely, if f does not vanish on dB neither f¢ vanishes there and so f* ¢ does not
have zeros on dB and thus det(@(f)) does not vanish on dBNC. O

Remark 6.4.8. It is important to point out that condition (2) holds on a fixed plane while
condition (3) refers to the whole boundary of B.

Consider, for example, f(p) = p— j. Then f does not have any zero on the complex plane
C;. However, det(@(f))(e*™) = 0.

Definition 6.4.9. We denote by #4; . (resp. #4; ) the set of elements f(p) =Y,cz P"fu €
W, for which f, = 0 for n < 0 (resp. for n > 0).



6.4. The Wiener algebra 141

Remark 6.4.10. It is immediate that #; . and ¥4 _ are subalgebras of #4.

We now address the question of invertibility of an element in #4; . Note that there are
functions invertible in #4j, but not in #4j ;. As an example, consider f(p) = p: it is
invertible in 4, but not in % .

The characterization of functions invertible in #4; 4 is the following.

Theorem 6.4.11. Let [ € W +. The following are equivalent:
(1) The function f is invertible in W 4 ;
(2) Let1 be any fixed element in S, then (detw(f))(z) # 0 for all z € BNCr;
(3) The function f does not vanish on B.

Proof. The proof follows the one of Theorem so we only provide details for the
implication (2) = (1).

First of all, we note that o(f) € #2*2. By the result for invertiblity of matrix-valued
functions in the Wiener algebra #/2*? (see Chapter 1), the condition det(w(f))(z) # 0 for
z€BNC implies that o (f) is invertible in #*?. Let G € #.*** be such that o(f)G =1,
on BNC. As in the proof of Theorem we get that

_( <la)  d@)
G(z) = (—d(Z) C(Z)) )
where ¢(z) = a(z) det((f))(z) and d(z) = —b(z) det(®(f))(z). Thus, we may write ¢(z) =

Yo oZ"cy and d(z) = Yo 2"d, and if we set g(z) = Yo 2" (cn +duJ), then g € #iy ;.
The rest of the argument follows as in the proof of Theorem[6.4.7] O

Definition 6.4.12. We say that f € #f is strictly positive if
o(f)(") >0, te0,2m).

The previous definition depends on I € S. We now give an intrinsic characterization of
strictly positive elements of # .

Theorem 6.4.13. f € Wy is strictly positive if and only if it can be written as f = fi x f<,
where f is an invertible element of Wi 4.

Proof. By the classical Wiener-Hopf theory, there is an element A € foz, unique up to
a right multiplicative unitary constant, such that A=! € foz and

o(f)(e") =A(e"A(")".

a=(2 o) (6.64)

Let us set

We have
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from which it follows
Ho(f)(e )} = o(f)(e").
The function
B(e") = J1A(e 1) J}

is an invertible element of foz. Thus, for a unitary constant U we can write
A(e") =N A(e 1) JTU. (6.65)

Moreover, A(1) is invertible since A(e!) is invertible in #/>*2. By replacing A(z) by
A(z)A(1)*(A(1)A(1)*)~1/2 we can always choose A(1) > 0, in other words, we can as-
sume that A(1) is a positive definite matrix. This forces U = L. In fact, let A(1) =

(‘C’ 2>.Then
A(1) = AT

and (6.63) leads to U = L. By setting A(z) = Y»_2"A, we have

An = JllTnJTa
and so
A(e") = o(ay)(e")
where a(p) = Lo play and ¥ (a,) = A 0

6.5 The Hardy space of the open half-space

Let C, be the complex open right half plane. The function is positive in C,,

1
2n(z+w)
and its associated reproducing kernel Hilbert space is the Hardy space H2((C,). The coun-
terpart of C, is the open right half-space of the quaternions with real positive part which
will be denoted by H,. In order to define the Hardy space in this framework, we set
IT; 1 = H NC; and define (see the paper [32] with Izchak Lewkowicz)

—+oo
HAIL) = {f € 2(E) ¢ [ APy <o},
where f(Iy) denotes the nontangential value of f at Iy. These values exist almost every-
where, in fact by the splitting lemma, any f € HZ(HH) restricted to a complex plane Cp
can be written as fi(x+1Iy) = F(x+1Iy) + G(x+1y)J where J is any element in S orthogo-
nal to I, and F, G are Cj-valued holomorphic functions. Since the nontangential values of
F and G exist almost everywhere at Iy, also the nontangential value of f exists at Iy a. e.
onIT, y and fi(Iy) = F(Iy) + G(Iy)J almost everywhere.

It is also possible to set

—o0

—+o0
H (L) = {f € Z(H) sup |filx+1y)Pdy < oo}



6.5. The Hardy space of the open half-space 143

The formula
i+ y) =F(x+1Iy)+ Gx+1y)J

gives
A+ = F e+ )P+ G+ Iy) .

Thus we have

oo o0 +oo
sup [ |filx+1Iy)Pdy=sup | |F(x+Iy)[’dy+sup [ |G(x+1Iy)[dy
x>0 — x>0 —oe x>0/ —o0
oo 5 oo 5
= / |F(Iy)|~dy + / |G(Iy)|*dy (6.66)

e 2
~ [ IAw)Pay

We then equip the quaternionic right linear space H2(H+71) with the scalar product

+o0
fogheay = [ si)fily)dy,

where fi(Ly), gi(Iy) denote the nontangential values of f,g at Iy on I, 1. This scalar
product gives the norm

. %
e,y = ([ )Py )

which is finite, by our assumptions.

Proposition 6.5.1. Let f be slice hyperholomorphic in H;. and let f € Hz(Hﬁ]) for some
1 €S. Then for all ] € S the following inequalities hold

1

Wl < W e, < 21 e, -

Proof. The Representation formula implies the inequality

|f(e+Iy)| < [fx+ D) +[f(x—Iy)],

which yields
[FatIp)P <2 f(x+T) P+ [F(x=1)[?). (6.67)

Using also (6.66) and (6.67) we deduce

oo +oo
ey = [ LA)Pdy=sup [ 1fiGe 1) Py
v —oo x> -
~+oo
<sup [ 2(filx+ 1) + filx—Ty)[*)dy

x>0/ —o0

~+oo
=4[ Ifi)Pdy
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and so Hf||12-12(n < 4|\f|| By changing the role of J and I we obtain the reverse

inequality and the statement follows ]
An immediate consequence is:

Corollary 6.5.2. A function f € H*(I1y ) for some 1 € S if and only if f € H*(I1, ;) for
allJ € S.

We now introduce the Hardy space of the half space H :
Definition 6.5.3. We define H?(IH, ) as the space of functions f € % (H, ) such that

~+oo
sup [ | f(Iy)Pdy < . (6.68)
IeS J —oe
We have:

Proposition 6.5.4. The function

k(p,q) = (p+q)(|p|*+2Re(p)g+4") " (6.69)

is slice hyperholomorphic in p and § on the left and on the right, respectively in its
domain of definition, i.e. for p & [—q|. The restriction of ﬁk(p,q) to Cy x Cy coincides
with kri,_(z,w). Moreover we have the equality:

k(p.q) = (lg]* +2Re(q)p+p*) ' (p+q). (6.70)

Proof. By taking z on the same complex plane as ¢, we can obtain k(p, g) as the left slice
hyperholomorphic extension in z of k,(z) = k(z,q). The function we obtain turns out to
be also right slice hyperholomorphic in g. The second equality follows by taking the right
slice hyperholomorphic extension in § and observing that it is left slice hyperholomorphic
in p. |

Proposition 6.5.5. The kernel k(p q) is reproducing, i.e. for any f € H*(H,) and
IeS,

p= [ Sy

Proof. Let g =u+1I,vandlet p =u+1Iv € [g)NCj. Then

/ *k (p,Iy) f(Iy)dy, / *k (P, Iy)f(Iy)dy.

The extension formula applied to ki, (p) = k(p,Iy) proves the statement. O
The following result is a property which will be used in the sequel:

Proposition 6.5.6. The kernel k(p,q) satisfies

pk(p,q) +k(p,q)g=1.
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Proof. From the expression , and since ¢ commutes with (|p|> 4 2Re(p)g+g%>)~",
we have

p(+@) (PP +2Re(p)g+7°) " + (P +a) (I +2Re(p)g+7°) "'
— (Ip +pa+pa+a3)(Ip|*+2Re(p)i+3*) " = 1.
O

We conclude with another representation of the reproducing kernel of the Hardy space
H? (I14 1), and take the opportunity to define the quaternionic fractional Hardy space. For
v > —1 we have for x,y € (0,)

< I'(v+1)
(APt ge
e t'dt = . 6.71
/0 (x+y)v+1 ( )
The function -
Kv(p,q) = / e PtVe U dr (6.72)
0

is the slice hyperholomorphic extension of (6.71) in p and g to H>(I1, 1) x H?(I1; 1). We
note that
x(e P) = e~ X(p)t

and so the integral (6.72)) does converge for p,q € H.. By uniqueness of the slice hyper-
holomorphic extension, and setting v = 0 we have

/0 e Pedr = (|q]* +2Re(q)p + p*) " (p+q).

When v # 0, and following the complex case, the reproducing kernel Hilbert space asso-
ciated to the function Ky (p,q) will be called the fractional Hardy space. This space plays
a key role in harmonic analysis, see [L64], and in the theory of self-similar systems, see
[237].

6.6 Blaschke products (half-space case)

In this section, which is based on the paper [32] with Izchak Lewkowicz, we study the
Blaschke factors in the half space H.. We begin by giving the definition:

Definition 6.6.1. For a € H set

ba(p) = (p+a) **(p—a).

The function b,(p), which is defined outside the sphere [—al], is called Blaschke factor at
a in the half space H. .

Remark 6.6.2. By definition, a Blaschke factor b, is obviously slice hyperholomorphic.
It has a zero at p = a € R and a sphere of poles at [—a]. The sphere reduces to the point
p=—awhenaecR.
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The following result characterizes the convergence of a Blaschke product.

Theorem 6.6.3. Let {a;} C H,, j=1,2,... be a sequence of quaternions such that
Yj>1Re(a;) < oo. Then the function

B(p) := szl(P-i-c'lj)f**(p—aj), (6.73)

converges uniformly on the compact subsets of H.. and it is slice hyperholomorphic.

Proof. We follow the proof of the corresponding result in the complex case, in fact the re-
sult follows from inequalities involving moduli. Reasoning as in Remark|[6.3.2] we rewrite
by(p) in terms of the pointwise multiplication as

(p+a;) *x(p—a;)=(p+a;) " (p—aj) (6.74)

where p = A¢(p) ! pA¢(p) and A¢(p) = p+a; (note that A°(p) # 0 for p & [—a,]) and
so

(p+a;) " x(p—aj) = (p+a;) ' (p—a;) =1 - 2Re(a)(p+a;)"". (6.75)

By taking the modulus of the right hand side of (6.73)), using (6.73), and reasoning as
in the complex case, we conclude that the Blaschke product converges if and only if
Y71 Re(a;) < oo. The function defined by is slice hyperholomorphic since it is the
uniform limit of the sequence of slice hyperholomorphic functions

p— I (p+a) ™ x(p—ay).
0

Recalling that the zeros of a slice hyperholomorphic function are either isolated points
or spheres, as in the case of the unit ball, we have we have also the Blaschke factors
associated to spheres. A product of the form

ba(p)*ba(p) = ((p+a) " x(p—a))x((p+a) "+ (p—a))
can be rewritten as
ba(p) xba(p) = (p* +2Re(a)p +|a*) "' (p* —2Re(a)p +1al?),
and it has the sphere [a] as set of zeros. Thus, it is convenient to introduce the following:
Definition 6.6.4. Fora € H., set
by (p) = (p* +2Re(@)p+|al*) ! (p* — 2Re(a)p + |a[*).

The function b,(p), which is defined for p & [—a] is called Blaschke factor at the sphere
[a] in the half space H, .

Note that the definition is well posed since it does not depend on the choice of the point
a inside the sphere of zeros. Theorem [6.6.3] yields:
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Corollary 6.6.5. Ler {c;} C Hy, j=1,2,... be a sequence of quaternions such that
Y j>1Re(c;) < co. Then the function

B(p) :=TM;=1(p*+2Re(c;)p+|c;|*) ' (p* — 2Re(c;)p+ |c; ), (6.76)

converges uniformly on the compact subsets of H ..

Proof. Itis sufficient to write B(p) = [1;>1 b(¢;) (P) = I1j>1 bc;(p) xbz;(p) and to observe
that 2}~ Re(c;) < o by hypothesis. O

‘We have:

Theorem 6.6.6. A Blaschke product having zeros at the set

Z= {(al,.ul),((12,,&2),...,([C]],Vl),([CZLVz),...}

where aj € H, a;j have respective multiplicities pj > 1, [a;] # [a;] if i # j, ¢; € H, the
spheres [c;| have respective multiplicities v; > 1, j=1,2,..., [¢;] # [c;] ifi # j and

Y (it =lah+2v(1=lal) <o

i,j=1
is given by
* *Hj
[1w(p)" (bay (p))™, 6.77)
i1 = Tk=1
where ayy = ay and ajx € [a;| are suitably chosen elements, k =1,2,3,..., lu;.

Proof. The fact that the Blaschke product (6.77) converges and defines a slice hyperholo-
morphic function is guaranteed by Theorem [6.6.3] and its Corollary [6.6.5] Then observe
that the product

*Hy
H(Bail (p)) = By, (p) *Bulz(p) *eo. *Balp] (p) (6.78)

i=1

admits a zero at the point aj; = a; and it is a zero of multiplicity 1 if n; = 1; if ny > 2, the
other zeros are di», . . .,d1,, where d; j belongs to the sphere [a1;] = [a1]. Thus di2,...,din,
all coincide with a; (otherwise if there was another zero in [a;] different from a;, the
wholw sphere [a;] consists of zeros) which is the only zero of the product and it
has multiplicity tt;. Let now r > 2 and let us consider

*r
[1Ba,,;(p)) =Ba,, (p)*...%Ba,, (p), (6.79)

~.
I
-

and set
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Then we have:

B, 1 (p) *Barl (P) =B (p)Ba,.l (Brfl (p)ilpBrfl (p))

has a zero at a, if and only if B, (B,—1 (a;) " 'a,B,_1(a,)) =0, i.e. if and only if a,] =
B,_1(a;)"'a,B,_1(a,). If n, = 1 then q, is a zero of multiplicity 1 while if t, > 2, all the
other zeros of the product (6.79) belong to the sphere [a,] thus the zero a, has multiplicity
17 O

We now prove that the operator of multiplication by a Blaschke factor is an isometry. To
this end we need the following preliminary result:

Lemma 6.6.7. Let f € H>(H, ). Then A2,y = Nz e )
Proof. By definition we have
2 e 2 e 2 2
e,y = [ 1AMy = [ (F@)P +1GyP)dy

and
12 a2 te = 2
e,y = [ F@)Pay= [ O+ 1605 Py

= [ TUFC-mP + 600 )y

So we deduce that || f ”IZ{Z(IL,I) =|f c”iﬂ(nﬂ) and the statement follows by taking the

supremum for I € S. ]
Theorem 6.6.8. Let b, be a Blaschke factor. The operator
Mba : f — b, *f

is an isometry from H>(H., ) into itself

Proof. Recall that, by (6.74), we can write b, (p) = (p+a) *(p—a) for p=A°(p) "' pA(p).
Let us set p = Iy where I € S. We have

ba(Iy)| = [(ly+a) ' (Iy—a)| = |- (Iy+a) ' (Iy+a)| =1

and, with similar computations, |b5(Ly)| = 1. By the property (2) of the conjugate of
a function (see Definition [6.1.24). we have (f xg)¢ = g°* f¢. So, in order to compute
1ba * flln2(e, > Where f € H*(H.), we compute instead ||(ba*f)CH%IZ(H+). Note that
(f*bS)(x+1y) = 0 where f°(x+1Iy) =0, i.e. on a set of isolated points on I,  while, if
q=f(x+1Iy) #0, (fSxbS)(x+1y) = f(x+1y)b5 (g (x+1y)q), see [144, Proposition
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4.3.22], where ¢! (x+1y)q = x +T'y. Thus we have (f¢xbS)(Iy) = f¢(Iy)bS(I'y) almost
everywhere and

Hba*f‘|12-12(H+) = ||(ba*f)c||ﬁ2(H+)

+oo
=sup [ |(f°xD5)(Iy)|*dy
IeS J —oe
te IN2
= sup |f<(Iy)by (T'y)|“dy
IeS J—oo

+o0
= sup [ 1) PIo () Py
IeS J —e

Feo C 2
= sup |f<(Ty)|~dy
IeS J =

= 17 P, -

2

By the previous lemma, we have || f“[|:;, (H.

)= I/ Héz (HL) and this concludes the proof.
|
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Chapter 7

Operator-valued slice
hyperholomorphic functions

In this chapter we introduce slice hyperholomorphic functions with values in a quater-
nionic Banach space. As in the complex case, there are two equivalent notions, namely
weak and strong slice hyperholomorphicity. In order to properly define a multiplication
between slice hyperholomorphic functions, we give a third characterization in terms of
the Cauchy-Riemann system. Functions with values in a quaternionic Banach space can
also be obtained by using the so-called S-functional calculus. This calculus is associated
with the notions of S-spectrum and S-resolved which are introduced and studied. We also
present some hyperholomorphic extension results and, finally, we study the Hilbert space
valued quaternionic Hardy space of the ball and backward-shift invariant subspaces.

7.1 Definition and main properties

In the sequel, we denote by 2~ a left quaternionic Banach space and by 2™* its dual,
i.e. the set of bounded, left linear maps from 2~ to H. We introduce and study the class
Z(Q, Z") of functions defined on an open set Q C H with values in .2~ which are slice
hyperholomorphic. In order to get a linear structure also on Z(Q,.2") we also assume
that 2" is two sided quaternionic vector space, so that the function space Z(Q, 2") turns
out to be a right vector space over H.

The definition below is based on the notion of slice derivative, see Definition [6.1.2] It
appeared originally in [32].

Definition 7.1.1. Let 2 be a two sided quaternionic Banach space and let 2™ be its
dual. Let Q be an open set in H.

A function f: Q — 2 is said to be weakly slice hyperholomorphic in Q if Af admits
slice derivative in Q for every A € 27*.
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A function f: Q — 2 is said to be strongly slice hyperholomorphic in Q if
lim__(p—po)~' (fi(p) ~ fi(po)) (7.1)

p—po,p€Cy

exists in the topology of Z" in case py € Q is nonreal and py € Cy and if
lim__(p—po)~' (fi(p) ~ fi(po)) (7.2)

p—po,p€Cy
exists in the topology of 2~ for every I € S, equal to the same value, in case py € Q is
real.

The following lemma can be proved with the same arguments used for its analog in the
complex case (see e.g. [247], p. 189).

Lemma 7.1.2. Let 2 be a two sided quaternionic Banach space. Then a sequence {v,}
is Cauchy if and only if {Av,} is Cauchy uniformly for A € Z'*,

Theorem 7.1.3. A function on Q C H is weakly slice hyperholomorphic if and only if it
is strongly slice hyperholomorphic.

Proof. Since any A € Z* is continuous, every strongly slice hyperholomorphic function
is weakly slice hyperholomorphic.

To show the converse, let f be a weakly slice hyperholomorphic function on py € Q.
Assume that pg € Cy. Then, for any A € 2* and any I € S, we can choose J € S such that
J is orthogonal to I, and write

(AN1(p) = (Af)i(x+1y) = Fa(x+1y) + Ga(x+1y)J
where Fj, Gy : C1 — Cr. The limit lim,,, », pec, (P— o)~ (Af)1(p) — (Af)i(po)) exists,

and so the limits

H})ﬁ){gecl (p—po) " (Fa(p) — Fa(po)) p%;g%ecl(p — o) (Ga(p) — Ga(po))

exist. We deduce that the functions Fj and G are holomorphic on QN Cy and so they
admit a Cauchy formula on the plane Cj, computed on a circle ¥, contained in Cy, whose
interior contains pg and is contained in Q. Note that if p is real we can pick any complex
plane C; while if py € H\ R then Cj is uniquely determined. For any increment % in Cy
we compute

A (filpo+h) = fi(po)) = A (fix(po)) =
_ b -1 1 R
- Zﬂ/v[h (P—(Po+h) p_p0> (p_po)z]dm/\(ﬁ(p)),

where dp; = (dx+1dy) /1. Since A(fi(p)) is continuous on ¥ which is compact, we have
that [A(fi(p))| < Ca for all p € y. The maps f(p) : Z7* — H are pointwise bounded at
each A, thus sup ., || fi(p)|| < C by the uniform boundedness theorem. Thus

|AR ' (fi(po+h) — fi(po)) — 95 A(ﬁ(m))!
1 1
_Zﬂ” ”/’( po+h PPO)_(PPO)Z

dpr,
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so h ™' (fi(po +h) — fi(po)) is uniformly Cauchy for ||A|| < 1 and by Lemma it
converges in 2. Thus f admits slice derivative at every pg € Q and so it is strongly slice
hyperholomorphic in Q. g

We can also extend the notion of slice hypermeromorphic function to the case of 2 -
valued functions:

Definition 7.1.4. Let 2 be a two-sided quaternionic Banach space.. We say that a func-
tion f: Q — &2 is (weakly) slice hypermeromorphic if for any A € 2™ the function
Af: Q — His slice hypermeromorphic in Q.

Note that the previous definition means, in particular, that f : Q' — 2 is slice hyperholo-
morphic, and the points belonging to Q\ Q' are the poles of f and Q\ Q' has no point
limit in Q.

We now show that weakly slice hyperholomorphic (and so slice hyperholomorphic func-
tions) functions are those functions whose restrictions to any complex plane Cj are in the
kernel of the Cauchy-Riemann operator oy + Id.

Proposition 7.1.5. Let 2" be a two sided quaternionic Banach space.
A real differentiable function f : Q CH — 2 is weakly slice hyperholomorphic if and
only if (dy +10,) fi(x+1y) =0 for all 1 € S.

Proof. Assume that f is weakly slice hyperholomorphic. Then, for every nonreal pg € €,
po € Cy, where I = Impy/|Impy|, we can compute the limit for the function Afj
by taking p = po+h with h € R and for p = po + 1k with h € R. We obtain, respec-
tively, dy fiA(po) and —1d,A fi(po) which coincide. Consequently, (dx +1dy)Afi = A(dx+
1d,) fi = 0 for any A € 2™ and the statement follows by the Hahn-Banach theorem. If po
is real, then the statement follows by an analogous argument where now I varies in S. Con-
versely, if fj satisfies the Cauchy-Riemann on Q NC; then A((d, +1y) fi(x+1y)) = 0 for
all A€ 2 and all 1 € S. Since A is linear and continuous we can write (dy +19))Afi(x+
Iy) = 0 and thus the function Afi(x+Iy) is in the kernel of d, +1d, for all A € 2 or,
equivalently by Proposition[6.1.3] it admits slice derivative. Thus at every py € QNCy we
have

lim (p—po) ' (Afi(p) = Afi(po)) =  lim c A((p=po) ' (filp) = fi(po)));
p—po,pely P—po,PELl

forall A € Z*. So f is weakly slice hyperholomorphic. |

Since the class of weakly and strongly slice hyperholomorphic functions coincide, from
now on we will refer to them simply as slice hyperholomorphic functions.
The following result follows with trivial computations:

Proposition 7.1.6. Let 2 be a two sided quaternionic Banach space. The set of slice hy-
perholomorphic functions defined on Q C H and with values in 2" is a right quaternionic
vector space denoted by Z#(Q, Z).
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Proposition 7.1.7 (Identity principle). Let 2~ be a two sided quaternionic Banach space,
Q be an s-domain and let f,g : Q CH — 2 be two slice hyperholomorphic functions. If
f=gonaset ZC QNCy having an accumulation point, for some 1 € S, then f = g on
Q.

Proof. The assumption f = g on Z implies Af = Ag on Z for every A € Z™* so the slice
hyperholomorphic function A(f — g) is identically zero not only on Z but also on Q,
by the identity principle for quaternionic valued slice hyperholomorphic functions. The
Hahn-Banach theorem yields f —g = 0 on Q. O

The Cauchy formula is valid for slice hyperholomorphic functions with values in a quater-
nionic Banach space:

Theorem 7.1.8 (Cauchy formulas). Let 2" be a two sided quaternionic Banach space
and let W be an open set in H. Let Q C W be an axially symmetric s-domain, and let
d(QNCy) be the union of a finite number of rectifiable Jordan curves for every 1 € S. Set
dsi=ds/LIf f: W — X is a left slice hyperholomorphic function, then, for p € Q, we

have |
_ —1
10)= 37 e S5 (:P)16), (3)

if f: W — Z is aright slice hyperholomorphic, then, for p € Q, we have

71
2n

F0) =5 [ fedsiSg!(.p), 4
B(QQCI)

and the integrals (7.3, do not depend on the choice of the imaginary unit 1 € S nor
onQCW.

Proof. Since weakly slice hyperholomorphic functions are strongly slice hyperholomor-
phic functions, they are also continuous functions, so the validity of the formulas (7.3),
(7.4) follows as in point (b) p. 80 [253]. O

Slice hyperholomorphic functions on Q with values in 2" can be defined in another way.
Consider the set of functions of the form f(p) = f(x+1Iy) = o(x,y) +1B(x,y) where
a,fB:Q— 2 depend only on x,y, are real differentiable, satisfy the Cauchy-Riemann
equations d,ot — dy = 0, dyat + d, = 0 and, in order to have well posedness of the
function f, we assume o(x,—y) = a(x,y), B(x,—y) = —B(x,y). Observe that if p = x
is a real quaternion, then I is not uniquely defined but the hypothesis that  is odd in
the variable y implies f(x,0) = 0. We will denote the class of function of this form by
0Q,2).

Theorem 7.1.9. Let Q be an axially symmetric s-domain in H, and let 2 be a two sided
quaternionic Banach space. Then Z(Q, 2°) = 0(Q, Z').

Proof. The inclusion O(Q, Z") C Z(Q, Z") is clear: any function f € O(Q, Z") is real
differentiable and such that f; satisfies (dx +1d,)fi = 0 (note that this implication does
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not need any hypothesis on the open set Q). Conversely, assume that f € Z(Q, 2"). Let
us show that

1 1
fx+Iy) = 5(1 =10 f(x+Ty)+ 5(1 +11) f(x—1Ty).
If we consider real quaternions, i.e. y = 0 the formula holds. For nonreal quaternions, set
1

2(1 —10)f(x+Ty)+ %(1 +13) f(x—1Ty).

P(x+1Iy) =
Then, using the fact that f is slice hyperholomorphic, it is immediate that (dy +1dy)¢ (x +
Iy) =0 and so ¢ is slice hyperholomorphic. Since ¢ = f on QN C; then it coincides with
f on Q by the Identity principle. By writing

!
2
and setting a(x,y) = 3(f(x+Jy) + f(x=Jy)), B(x,y) = 3I(f(x—Jy) = flx+1y)) we
have that f(x+Iy) = a(x,y) +IB(x,y). Reasoning as in Corollary [6.1.13| we can prove

that o, B do not depend on I. It is then an easy computation to verify that o, 3 satisfy the
above assumptions. ]

Fx+TIy) = S [(f(e+Ty) + fx=Ty) + TI(f(x = Ty) = f(x+y))]

Using this other description of 2 -valued slice hyperholomorphic functions, we can now
define a notion of product which is inner in the set of slice hyperholomorphic functions
on Q. To this purpose, we need an additional structure on the two sided quaternionic
Banach space 2. Suppose that in 2" is defined a multiplication which is associative,
distributive with respect to the sum in Z". Moreover, suppose that g(x;x2) = (gx;)x, and
(x1x2)g = x1(x2q) for all ¢ € H and for all x;,x; € 2. Then we say that 2" is a two sided
quaternionic Banach algebra. We say that the algebra 2 is with unity if 2" has a unity
with respect to the product.

Definition 7.1.10. Let Q C H be an axially symmetric s-domain and let f,g: Q — 2 be
slice hyperholomorphic functions with values in a two sided quaternionic Banach algebra
Z . Let f(x+1Iy) = o(x,y) +1B(x,y), g(x+1Iy) = y(x,y) + 16 (x,y). Then we define

(f*&)(x+1y) = (ay—B8)(x,y) +1(ad + BY)(x,y)- (1.5)

It can be easily verified that, by its construction, the function f x g is slice hyperholomor-
phic.

Remark 7.1.11. Let us consider the case in which Q is a ball with center at a real point
(let us assume at the origin for simplicity). Then it is immediate to verify, using standard
techniques, that f € Z(Q,2") if and only if it admits power series expansion f(p) =

oo D" fn, fn € & converging in Q.

Remark 7.1.12. If Q is a ball with center at the origin and if f, g admit power series
expansion of the form f(p) =Yoo p" fu. 8(P) = Lo P frs fn,8n € £ for all n, then

e n

(fxg)p) =Y, p”(;)frgnfr).

n=0
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Remark 7.1.13. Note that for Y = (y,,)Y,_; and Z = (z,,,) ,_; we define Y «Z to be the
N x N matrix whose (u,v) entry is given by ¥ | v, %z .

In case we consider right slice hyperholomorphic functions, the class O%(Q,.2") consists
of functions of the form f(x+Iy) = o(x,y) + B (x,y)I where &,  satisfy the assumptions
discussed above. The right slice product, denoted by «,, is defined below.

Definition 7.1.14. Let Q C H be an axially symmetric s-domain and let f,g: Q — 2" be
right slice hyperholomorphic functions with values in a two sided quaternionic Banach
algebra 2. Let f(x+1Iy) = a(x,y) + B(x,y)L, g(x+Iy) = y(x,y) + 6 (x,y)I. We define

(fxr8)(x+1y) := (ay—BS)(x,y) + (@6 + By)(x,y)L. (7.6)
Lemma [6.1.23] can be generalized to this setting and in fact, using (7.5) and (7.6), it is

immediate to verify with direct computations the validity of the following formula:

(f*8) =g »r [ (1.7

7.2 S-spectrum and S-resolvent operator

In Chapter 4 we discussed the left and the right eigenvalue problem for matrices and we
showed that the former is associated to a right linear quaternionic operator, while the latter
is not, since the right multiplication with a quaternion is clearly not a right linear operator.
The right linear operator associated with a right eigenvalue problem for a matrix A is then
A% —2Re(p)A + | p|*1, and the quaternions p for which this matrix is not invertible is the
so-called S-spectrum. This notion can be generalized to any quaternionic, bounded linear
operator as follows.

In the sequel, unless otherwise specified, 7 is either a right quaternionic Banach space or
a right quaternionic Hilbert space. The symbol B(¥') denotes the set of bounded, quater-
nionic, right linear maps 7 : ¥ — ¥. When we will need a linear structure on B(7), we
will assume that ¥ is a two-sided linear space.

Definition 7.2.1. Let T € B(?'). We define the S-spectrum o5(7T') of T as:
os(T)={se€H : T?—2Re(s)T +|s|*I is not invertible in B(¥)}
where I denotes the identity operator. Its complement
ps(T) =H\ o5(T)
is called the S-resolvent set.
More in general, let T be a linear operator from its domain Z(7T) C ¥ to ¥ and let us set
O,(T) :=T? —2Re (5)T +|s]*I.

Then Q\(T) : 2(T?) — V.
The definition of S-spectrum can be made more precise by dividing it into three subsets,
as described below. This definition appeared originally in [193]].
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Definition 7.2.2. Let ¥ be as above and let T : 2(T) — ¥ be a linear operator. The
S-resolvent set of T is the set pg(7') C H of the quaternions s such that the three following
conditions hold:

(1) Ker(Qs(T)) ={0};
(2) Qs(T)~ ! :ran(Q4(T)) — 2(T?) is bounded;
(3) ran(Q,(T)) is dense in ¥'.

The S-spectrum o5(T) of T is defined by setting 65(7) := H\ ps(T). It decomposes into
three disjoint subsets as follows:

(1) the point S-spectrum of T
Gps(T) i= {s € H : Ker(Q,(T)) # {0} };
(2) the continuous S-spectrum of 7"

Ges(T) = {s € H : Ker(Qy(T)) = {0}, ran(Qy(T)) = ¥, 0,(T) "' ¢ 3(7/)};

(3) the residual S-spectrum of T':
0ys(T) 1= {5 € H : Ker(Q(T)) = {0}, ran(Q,(T)) # ¥ } .

As in the classical case, we have the following result:

Theorem 7.2.3 (Compactness of S-spectrum). Let T € B(?"). Then the S-spectrum os(T)
is a compact nonempty set.

Definition 7.2.4. The S-spectral radius of T rs(T) € Rt U{+eo} is defined as:
rs(T) :==sup{|s| e R"|s € o5(T)}.

To compute the spectral radius we first need the following preliminary results.

Lemma 7.2.5. Letn € Nand g, s € H. Let
Pou(q) = g™ —2Re(s") " + |s" .
Then

Pu(q) = Qom-2(q)(q* —2Re(s)q+]|s*) (7.8)
(> —2Re(s) g+ |s|*) Q2n-2(q),

where Q2,—2(q) is a polynomial of degree 2n—2 in q.
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Proof. First of all we observe that
Py, (s) = s¥" —2Re(s")s" + |s"|* = 52" — (5" +57)s" +5"5" = 0.

If, in the coefficients of the polynomial Py,(p), we substitute s by any other element s’
on the same 2-sphere, we observe that the polynomial P,,(g) does not change, and so
P, (s') = 0. We conclude that the whole 2-sphere defined by s is solution to the equa-
tion Py,(g) = 0. The assertion follows from the fact that (¢> —2Re(s) g + |s|?) is a real
coefficient factor of P,,. U

Lemma7.2.6. Letn € Nandq, s € H. Let Aj, j=0,1,...,n— 1 be the solutions of " = s
in the complex plane Cy. Then

n—1
' —2Re(s) " + |5 = [ (* —2Re(A) g+ [A,[2). (7.9)
j=0

Proof. We solve A" = s in the complex plane x + I;y containing s = so + Izs1. This equa-
tion admits exactly n solutions A; = Ajo+1,A;1, j=0,1,...,n—1in Cy,. Let s’ = so+1Isy,
I € S be any element in the 2-sphere [s]. Then the solutions to the equation A" = s’ are
Aj=Ajp+1Aj1, j=0,1,...,n—1,1€S. Let us consider

Pu(q) = ¢*" —2Re(s)q" + |s|*.
Then g = A; is a root of Py,(g) = 0, in fact
Py (Aj) = ljz" —2Re(s) A} + |s|*> = s> —2Re(s)s+|s]* =0.

If we substitute s by s’ € [s], Py, is unchanged and it is immediate that Py, (1) = 0 when I
varies in S. This proves that the roots of P»,(g) = 0 are the 2-spheres [4;], j=0,...,n—1.
The statement follows from Proposition |

Theorem 7.2.7. Let V' be a two sided quaternionic Banach space and let T € B(V).
Then
os(T") = (os(T))"={s"€H: s€ o5(T)}.

Proof. From the definition of S-spectrum we have
os(T")={s€H : T?"—2Re(s)T" +|s|*I is notinvertible inB(¥)}.

From Lemma and Theorem [7.3.7] it follows that 72" — 2Re[s"]T" 4 |s"|*I can be
factorized as

T2" —2Re(s")T" + |s" |21 = Q22 (T)(T* — 2Re(s)T + |s|*1).

Consequently, if 72 — 2Re(s)T + |s|*I is not injective also 7" — 2Re(s")T" + |s" 1 is
not injective. This proves that (o5(T))" C os(T"). To show the converse, we consider
p € o5(T"). Lemma and Theorem give
n—1
T2 —2Re(p)T" +|p|*I = [J(T* — 2Re(A;)T +|A;|*1).
=0
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If 72" —2Re(p)T" + | p|*1 is not invertible then at least one of the operators 7% —2Re(A;)T +
|A|?1 for some j is not invertible. This proves that os(T") C (o5(T))". O

Theorem 7.2.8. Let ¥ be a two sided quaternionic Banach space, let T € B(V), and let
rs(T) be its S-spectral radius. Then

rs(T) = Tim [ 77",

n—oo

Proof. For every s € H such that |s| > rs(T) the series ¥, T"s~ ! =" converges in B(7)
to the S-resolvent operator SZ' (s5,T) (we reason analogously for ¥~ s717"T™). So the
sequence 7"s~!~" is bounded in the norm of B(#') and

limsup || 77"/ < rg(T). (7.10)

n—oo
Theorem implies o5(T") = (o5(T))", so we have
(rs(T))" = rs(T") < I T"]],

from which we get

rs(T) < liminf||T"|'/", (7.11)

From (7.10), we obtain
rs(T) < liminf | 7"/ < lim sup 17"/ < rs(T). (7.12)
The chain of inequalities (7.12) also proves the existence of the limit. (|

According to the terminology already introduced in the case of matrices, see Definition
if Tu = us for some s € Hand u € ¥, u # 0 then u is called right eigenvector of T
with right eigenvalue s. The following proposition has been proved in [144].

Proposition 7.2.9. Let T be a bounded quaternionic linear operator acting on a quater-
nionic, two sided, Banach space V. Then, for |T|| < |s|

Y 175" = — (T —2Re(s)T + |s|*1) (T —3I) (7.13)
n=0

and .
Y s = —(T —3I)(T* — 2Re(s)T + |s|1) !, (7.14)
n=0

where I denotes the identity operator on V.

Definition 7.2.10. Let ¥ be a two sided quaternionic Banach space, T € B(¥') and s €
ps(T). We define the left S-resolvent operator as

S (s, T) := —(T* —2Re (s)T + |s|21) ' (T —51), (7.15)
and the right S-resolvent operator as

Spl(s,T) := —(T —5I)(T* = 2Re (s)T + |s|*1) . (7.16)
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The operators S; ' (s,T) and Sk ' (s, T) satisfy the following relations
S (s, T)s =TS (s, T) =1

sSel(s,T) = Sg (s, T)T =1

called left and right S-resolvent equation, respectively, which can be verified by direct
computations. In the paper [28] the S-resolvent equation has been proved:

Theorem 7.2.11. Let ¥ be a two sided quaternionic Banach space, T € B(¥') and s and
p € ps(T). Then we have

S (s, T)S. (. T) = ((Sg ' (. T) =S (p. T))p—5(Sg ' (5. T) = S (p. T))) (P> — 2500 + 151 .
(7.17)
Moreover, the resolvent equation can also be written as

Sg (s, TSN (p.T) = (s> = 2pos+ [p*) " (s(Sg (5,7) = S, ' (p, T)) — (Sg ' (5, T) — 5! (p,T())lﬁ§~
7.18)

Theorem 7.2.12. (Structure of the S-spectrum) Let T € B(¥') and let p € o5(T). Then
all the elements of the sphere [p] belong to os(T).

Proof. The fact that the operator (T> —2Re (p)T + |p|*I) is not invertible depends only
on the real numbers Re(p), |p|. Therefore all the elements in the sphere [p] belong to the
S-spectrum of 7. ]

Let us now assume that 7" is a quaternionic Hilbert space, that we will denote by 7. The
following properties can be proved exactly as in the complex case.

Proposition 7.2.13. Let T : 9(T) — 5, S: D(S) — S be linear quaternionic opera-
tors with domain dense in 7€. Then:

(1) If T CSthenS* CT*;
(2) TC(T*) and T =(T*)* if T € B(H);
(3) Assume that T € B(). If T is bijective and T~' € B(#) then

(4) Assume that T € B(). Then T is bijective and T~' € B(¢) if and only if T* is
bijective and (T*)~" € B(J¢). Moreover, (T*)~! = (T~1)*.

We now prove some results on the S-spectrum.

Proposition 7.2.14. Let 57 be a quaternionic Hilbert space and let T € B(J¢). Then
Gs(T) = Gs(T*).

Proof. First note that Q;(T)* = Q(T*). By point (4) in Proposition[7.2.13| we get ps(T) =
ps(T*) from which we deduce o5(T) = o5(T*).
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Theorem 7.2.15. Let 57 be a quaternionic Hilbert space. Let T : 9(T) — S be a linear
operator such that P(T) is dense in F. Then

(1) Let T be a normal, bounded operator. Then 6,5(T) = 0,5(T*), 0,5(T) = 0,5(T*) =
0, 0.5(T) = o.5(T).

(2) Let T be a self adjoint operator. Then os(T) C R and o,5(T) = 0.
(3) Let T be a anti-self adjoint operator. Then os(T) C Im(H) and o,5(T) = 0.
(4) Let T be a bounded and unitary operator. Then o5(T) C {p € H : |p|=1}.

(5) Let T be a bounded, anti-self adjoint operator and unitary. Then 6s(T) = 0,s(T) =
S.

7.3 The functional calculus

In this section we introduce the quaternionic functional calculus based on the slice hyper-
holomorphic functions. This calculus is the natural generalization of the Riesz-Dunford
functional calculus for quaternionic operators but it also applies to n-tuples of linear op-
erators, see [28) (118} 121} (122} [130, [132} 134} [142]. The quaternionic version of the
calculus, which we treat in the Chapter, was originally developed in the papers [133}[135]
136, [137,[138]]. There is also a continuous version of the quaternionic functional calculus,
based on the S-spectrum, which has been studied in [[193].

We begin by introducing the class of open sets for which we can define the calculus.

Definition 7.3.1. Let ¥ be a two sided quaternionic Banach space, T € B(¥") and let
Q C H be an axially symmetric s-domain that contains the S-spectrum og(7) and such
that d(Q N Cy) is union of a finite number of continuously differentiable Jordan curves
for every I € S. We say that Q is a T-admissible open set.

Definition 7.3.2. Let ¥ be a two sided quaternionic Banach space, T € B(¥') and let W
be an open set in H.

(i) A function f € ZL(W) is said to be locally left hyperholomorphic on og(7') if there
exists a T-admissible domain Q C H. We will denote by %éS(T) the set of locally

left hyperholomorphic functions on og(T).

(ii) A function f € ZR(W) is said to be locally right hyperholomorphic on og(7) if
there exists a 7T-admissible domain Q C H such that Q C W. We will denote by
‘%gs(T) the set of locally right hyperholomorphic functions on og(7T).

Theorem 7.3.3. Let ¥ be a two sided quaternionic Banach space and T € B(Y'). Let
Q C H be a T-admissible domain and set ds; = —dsl. Then the integrals

1

—1 L
— /a ey S TV 5 S)s S € Rl (7.19)
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and
1

21

do not depend on the choice of the imaginary unit 1 € S nor on Q.

/a ey f(s) dsi Sg'(s,T), f€R 1) (7.20)

Proof. We will prove that does not depend on the choice of the imaginary unitI € S
nor on Q. The proof for works similarly. We begin by observing that the function
S;1(s,9) = (s —q)™* (where left x-inverse is computed with respect to g) is right slice
hyperholomorphic in the variable s so we can replace g with an operator 7 € B(¥) in the
Cauchy formula (7.3). Let us define

Yr={veY |qv=vq, VqeH}.

Two right linear operators T, T’ coincide if and only if they coincide on Y. In fact,
consider v € ¥ then v = v +vi+vpj+v3k with vy € ¥&. If T, T’ coincide on ¥} then

T(v)=TWo+vii+vaj+v3k) =T (vo)+T(v1)i+T(v2)j+T(v3)k
=T'(vo) +T'(v1)i+T'(v2) j+T'(v3)k =T'(v),

and if T and T’ coincide, they coincide in particular on #%. Then, for any linear and
continuous functional ¢ € ¥4, consider the duality (¢,S; (s, T)v), for v € ¥ and define
the function

gov(s) = (9,5, (s, T)v), for ve ¥, pev

It can be verified by direct computations that the function gy , is right slice hyperholo-
morphic on pg(T) in the variable s. Moreover, g¢ ,(s) — 0 as s — o we have that gy , is
slice hyperholomorphic also at infinity.

We also have that for any v € #% and any ¢ € ¥

(¢, % [ /a (QQCI)SZI(S,T)dsl f(s)} V) =

_ 1 .
S 2m /z9(gm<cl)<¢’SL (s, T)v)dsif(s) (7.21)

1
= v(s)d .
2 /amm(cl) gow(s)dsif(s)

Suppose that Q is a T-admissible open set such that d(2NCj) does not cross the S-
spectrum of T for every I € S. The fact that, for fixed I € S, the integral

1
— /a“m) 20.(s)dst £(5) (7.22)

does not depend on Q follows from the Cauchy theorem [6.1.33] By the Hahn-Banach
theorem also the integral does not depend on Q. We now prove that the integral
(7.22) does not depend on I € S. Since gy, is a right slice hyperholomorphic function on

ps(T), we can consider an open set Q' such that Qc ps(T), Q' NR # 0 and [q] C Q'
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whenever g € . We assume that d(Q’' N Cp) consists of a finite number of continuously
differentiable Jordan curves VI € S and that dQ C Q' where Q is an open set as above so,
in particular, Q contains Re (s) whenever s € Q. Choose J € S, J # I and represent g, (s)
by the Cauchy integral formula as

1 -1
v(8) = —5— v ; 2
800() =~ [ e 80(0) iy S5 5.0 (129

where the boundary d(Q' N Cj)~ is oriented clockwise to include the points Re (s) €
d(QNCy) (recalling that the singularities of S; ! (s,7) correspond to the 2-sphere Re (s))
and to exclude the points belonging to the S-spectrum of 7'.

We now substitute the expression of gg ,(s) in into and taking into account
the orientation of d(Q'NCy)~ we have

1
= J(s)d
37 ey S00) 41 105

1 I _
=22 by 15 hygne Bov@ S ] dsi ) .29
1 J
o 1 .
=5 /a (Q/m(cj)gq),v(f) dt][ o /3 - Sy (s,1) dst f (s)}

where we have used the Fubini theorem. Now observe that d(Q' N Cy) consists of a finite
number of Jordan curves inside and outside QN Cjy, but the integral

1
— S7(s,t) d
2n /amm(cl) L (s.1) dst £(s)

equals f(r) for those 1 € d(Q' N Cy) belonging to QN C;. Thus we obtain:

1 1 O
— gos | o [ S s dsi £(5)
2 / / 2
T ]B(Q NCy) T a(QNCy) (725)
= — W (2) dty f(t).
37 v, £00(0) 40
So from and (7.23) we have
1 1
- o(s) dsy £(5) = — / (1) dinf (o). 7.26
37 ey Sr O O =3 [ o dnf). (26

Now observe that d(Q' N Cy) is positively oriented and surrounds the S-spectrum of 7.
By the independence of the integral on the open set, we can substitute d(Q' N Cy) by
d(QNCy) in (7.26) and we obtain

1 1
J(s)d = 7/ V(1) dty (1),
2 /a(mcl) 8ov(s) dst £(5) 2r a(chJ)g¢’ (1) diy f11)
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that is

0, [;ﬂ /a vy 5215 T f(s)} v)

_ L —1 /
= (¢, {271 /a(mcn (6,5, (¢, T)dty f(t)] v), forall ve Y, ¢ € ¥z, LIES.

Again by the Hahn-Banach theorem, the integral (7.19) does not depend on I € S. ]

Definition 7.3.4 (Quaternionic functional calculus). Let ¥ be a two sided quaternionic
Banach space and T € B(?'). Let Q C H be a T-admissible domain and set ds; = —dslL.
We define

_ 1 —1 L
(1) = P ./¢9(QQC1)SL (s,T) dst f(s), for fe Roy(T): (7.27)
and
_ 1 —1 R
FT) =5 /a e f(s) dst Sg'(s.T), for f € %R 7). (7.28)

Remark 7.3.5. Thanks to the functional calculus we can define functions of an operator
T. If we consider the function (1 — pg)~* and we use the functional calculus, we can
define (1 — pT)~*. Note that for p # 0

(1—pT)™* = p~'Sk(p,T),

moreover

(1=pT)™ =3 p"T"  for |p[|T|| < 1.
n>0

For the sake of simplicity, and in view of (6.22), in the sequel we will simply write (1 —
sT)™*.

The following results are used to study some of the properties of the quaternionic func-
tional calculus for bounded linear operators.

Proposition 7.3.6. Let Q C H be an open set.
(1) Let f € N (Q), g € Z#E(Q), then fg € #*(Q).
(2) Let f € N (Q), g € ZR(Q), then gf € Z#R(Q).
(3) Let f,g € N (Q), then fg =gf and fg € N (Q).
Theorem 7.3.7. Let ¥V be a two sided quaternionic Banach space and T € B(¥).
(1) I € Ngyipy and g € FL ., then (fg)(T) = f(T)g(T)
(2) I f € Noyir) and g € B 7, then (81)(T) = g(T)£(T).
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We conclude this section by pointing out that the quaternionic functional calculus allows
to extend to the quaternionic setting the theory of groups and semigroups of linear oper-
ators, see [27, 138} [135} 201]]. The S-spectrum turned out to be the correct object also for
the quaternionic version of the spectral theorem, see the recent papers [30, 31, [194]. We
also note that the Fueter-Sce mapping theorem written in integral form gives rise to an
integral transform that maps slice hyperholomorphic functions into monogenic functions
of axial type. Using this integral transform it is possible to define a monogenic functional
calculus, see [36,1117,1139,(140].

7.4 'Two results on slice hyperholomorphic extension

In this section we prove two extension results which will be crucial in the next Chapters. In
particular, Proposition[7.4.2]applies whenever we deal with operators from a quaternionic
Hilbert space to itself, and the space is right-sided but not necessarily two-sided.

Proposition 7.4.1. Let S be a right quaternionic Hilbert space and let F be a B(¢)-
valued slice hyperholomorphic function in some open set Q which intersects the real line.
Assume that F(x) is boundedly invertible for x € (a,b) C QNR. Then there is a slice
hyperholomorphic inverse to F in an open subset of Q.

Proof. Without loss of generality we assume that 0 € (a,b). Viewing F as a power series
in the real variable x with operator coefficients and since F(0) is boundedly invertible,
(F(x))~! can be expressed as an absolutely convergent power series in x near the origin,
say in |x| < r for some r > 0. For the scalar case, see for instance [114} p. 22-23]. The
proof is the same in the operator quaternionic case when replacing the absolute values by
operator norms. Replacing x by a quaternionic variable p (and putting the powers of p on
the left) we obtain a slice hyperholomorphic inverse of F in |p| < r. O

We now give some applications of this proposition. A first application of the above propo-
sition is related to linear fractional trasformations. Recall first that linear fractional trans-
formations play an important role in Schur analysis, starting by the Schur algorithm itself.
See and (T.4). In the setting of slice hyperholomorphic functions, let 7% and .43 be
two-sided quaternionic Hilbert spaces and let Q be a s-domain. Furthermore let

Alp) B(p)\. (i S
M(p) = : —
0= o) (o8)~ (A
be slice hyperholomorphic. We define the associated linear frational transformation as

Ty(e) = (Axe+B)x(Cxe+ D)™™, (7.29)

where e is an B(J4, 7% )-valued slice hyperholomorphic function such that Cxe + D is
invertible in a real neighborhood of a point of the real line. Using slice hyperholomorphic
extension we obtain the semi-group property

T, (Tt (€)) = Toayemns (€) (7.30)
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wherever both sides are defined, first in a real neighborhood of a point of the real line.

The second application is as follows: Let 7 be a two-sided quaternionic Hilbert space,
and let A be a right linear bounded operator from 7 into itself. Then the expression

- pnAn

makes sense for p in a neighborhood of the origin. When .77 is one-sided, we have the
following useful result:

Proposition 7.4.2. Let A be a bounded linear operator from a right-sided quaternionic
Hilbert 7 space into itself, and let G be a bounded linear operator from ¢ into 2,
where 2 is a two sided quaternionic Hilbert space. The slice hyperholomorphic extension
of G(I —xA)"!, 1/x € ps(A)NR, is

(G—PGA)(I—2Re(p) A+ [p24%)",

and it is defined for 1/p € ps(A).

Proof. First we observe that for |x|||A|| < 1 we have G(I —xA)~! =¥ x"GA". Let us
now take p € H such that|p|||A]| < 1. Then, the slice hyperholomorphic extension of the
series ) .~ ox"GA" is } 7o p"GA" this is immediate since it is a converging power series
in p with coefficients on the right. To show that
P"GA" = (G — pGA)(I — 2Re(p)A + | p|*A%)~! (7.31)
n=0

we prove instead the equality
(Y p"GA")(I ~2Re(p)A + |p|*A%) = (G~ PGA).
n=0

Computing the left hand side, we have

Z pnGAn _2 Z Re(p)pnGAer 4 Z |p|2pnGAn+2
n=0 n=0 n=0

=G+ (p—2Re(p))GA+(p* —2pRe(p) + |p[*) Y p"GA™"?
n=0

— G- jGA,
where we have used the identity p> —2pRe(p) + |p|> = 0 and this shows the assertion
using the identity principle. g

Remark 7.4.3. In analogy with the matrix case we will write, with an abuse of notation in
this case, G (I — pA)~* instead of the expression (G — pGA)(I —2Re(p)A + |p|>A?)~ 1.
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For an illustration of formula (7.31)) see for instance Remark [8.8.2]

Proposition 7.4.4. With the notation in Remark[7.4.3lwe have the following equalities
(D+pCx(I—pA)*B) *=D"'—pD~'Cx(I-p(A—BD'C))*BD™!, (7.32)

and

(D1 + pCy % (I —pA1) "B1)* (D2 + pCa* (I — pA2) "By) =

A, BiG\\ ~(B\D (7.33)
:D1D2+p(C1 D]Cg)*(]—p(ol A22>) (1322).

Proof. When p is real, the x-product is replaced by the operator product (or matrix prod-
uct in the finite dimensional case) and formulas and are then well known
as special instances of the complex setting (and after identifying H with a space of 2 x 2
complex matrices); see Propositions [2.1.5|and [2.1.8] See also e.g. [87]] for more informa-
tion. By taking the slice-hyperholomorphic extension we obtain the required result. [

7.5 Slice hyperholomorphic kernels

In the following results, .#] and % are two-sided quaternionic Krein spaces and K; (p, q)
and K»(p,q) are two kernels B(.%#])-valued and and B(.#;)-valued, respectively. The
two kernels are left slice hyperholomorphic in p and right slice hyperholomophic in g,
for p,q in some axially symmetric s-domain Q and both have the same finite number
of negative squares in Q. We denote by &(K;) and £ (K;) the associated reproducing
kernel Pontryagin spaces.

Theorem 7.5.1. Let S be a slice hyperholomorphic B(J%1, 0¢5)-valued function and as-
sume that the operator
Mg : f—=Sxf (7.34)

is bounded from & (K1) into ¥ (K>). Then,

M5 (Ka(,q2)c2))(q1) = (Ki(qu,-) % S(-)"e2) (q2)-

Proof. To prove the result, it suffices to observe that:

(Mg(K2(+,q2)c2))(q1)s¢1)m = ((S*Ki1(,q1)e1)(g2)s €2) 75 -

As a consequence we have, in case of positive definite kernels, the following result.

Proposition 7.5.2. Let J#| and J¢; be two-sided quaternionic Krein spaces and let S be
a B(, 65)-valued slice hyperholomorphic function defined on an axially symmetric s-
domain Q. Let K (p,q) and K»(p,q) be positive definite kernels in Q which are B(J¢])-
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and B(#5)-valued, respectively, and slice hyperholomorphic in the variable p in Q. Then,
the multiplication operator My is bounded and with norm less or equal to k if and only if
the function

K2(p.q) — —5S(p) %Ki (p,q) % S(q)"™ (7.35)

1
k2
is positive definite on Q.

Proof. We observe that by the operator-valued version of Lemma [6.1.23] (and replacing
conjugation by operator adjoint) we have

(S(q)*Ki1(q,p)! = Ki(p.q) %S (),

and so
M(Ka(,q)d) = K1 (-,q) % S (g)d.

The positivity of 1| follows from the positivity of the operator k%I — MsMs. Con-
versely, if (7.35) is positive, the standard argument shows that ||Ms|| < k. O

When J#] = %, the case S = Iy leads to:

Corollary 7.5.3. In the notation of the following theorem, the space 7€ (K;) is contrac-
tively included in 72 (K,) if and only if K, — K is positive definite in Q.

We note that the result itself holds for general kernels, not necessarily slice hyperholo-
morphic.

Example. Let us consider the case in which K; = K, and equal to the kernel K of the form
- Z P'q" oy, 0 € (0,00), Yn€N.

Then
S(p)*K(p,q) = ZPS V7" ot

and

(S(p)*K(p,q)) Zq"S PO,

from which one obtains
S(q)*(S(p)*K(p,q)) *Zq”S =5(q)*K(q,p)*S(p)*.

We now show that if a kernel K(p,q) is positive and slice hyperholomorphic in p, then
the reproducing kernel Hilbert space associated to it consists of slice hyperholomorphic
functions.
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Theorem 7.5.4. Let . be a two-sided quaternionic Krein space and let K(p,q) be a
B(%")-valued function on an open set Q C H. Let 52 (K) be the associated reproducing
kernel quaternionic Hilbert space. Assume that for all g € Q the function p — K(p,q) is
slice hyperholomorphic. Then the entries of the elements of 7€ (K) are also slice hyper-
holomorphic.

Proof. We consider the case of H-valued function since the general case works in a sim-
ilar way. Let f € #(K), p,q € Q and € € R\ {0} sufficiently small. We have

L (K(p.a-+2)~K(p.0)) = S (K(q T &p) ~ K(g,p))

Consider (#+1Iv,x+1y) € C; x C;. We have that

IK(p,q) _ 9K(q,p)
dx du

In a similar way we have:

é(K(p,qHS) —K(p,q)) = %(K(qﬂe,p) —K(q,p)),

from which we deduce

dy dv
The two families
1 1
{(K(p,quS)—K(p,q))} ; {(K(p7q+18)—1<(p,q))} ,
£ €€R\{0} € €€R\{0}

are uniformly bounded in norm and so they have weakly convergent subsequences which

JIK(p,q) IK(p,q)
P and Iy

converge to , respectively. Moreover we have

L+ = F()) = (FC), (K p+8) = KCop)) i

and
LU p+1€) = 1(p) = (0. (KCp+1e) = K)o

Thus we can write

and
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To show that the function f is slice hyperholomorphic, we take its restriction to any
complex plane Cj and we show that it is in the kernel of the Cauchy-Riemann operator:

d d K (., IK(,
&—i I&—€=<f7 a(XQ)>,7f(K)+I<f(')7 a(yq)>yf<1<)

= I
<f7 ox ay >9f(K)
IK(g,-)  (9K(g,")
— I 74 = 0
<f7 Ju + v >:1"f(K)
since the kernel K (g, p) is slice hyperholomorphic in the first variable g. ]

As a consequence of this result, we have the following theorem which is the operator-
valued version of Theorem [5.10.4] Although the coefficient space is taken to be a Krein
space, the proof goes in the same way and is omitted.

Theorem 7.5.5. Let & be a quaternionic two-sided Krein space, and let K(p,q) be a
B(2")-valued kernel, left slice hyperholomorphic in p and right slice hyperholomophic in
g, for p,q in some axially symmetric s-domain Q and having a finite number of negative
squares in Q. Then there exists a unique reproducing kernel Pontryagin space of J -
valued left slice hyperholomorphic functions, with reproducing kernel K(p,q).

We conclude this section with some propositions pertaining to kernels of the form K (p,q) =
Yo o P anmG", Where a,, = ai,,, € HY*N . Tt is immediate that K(p,q) is a function
slice hyperholomorphic in p and right slice hyperholomorphic in ; moreover the assump-
tion on the coefficients a, ,, implies that K(p, g) is Hermitian.

Proposition 7.5.6. Let (Gpm)nmen, denote a sequence of N x N quaternionic matrices
such that ay , = a:‘mn, and assume that the power series

=

K(p.q)=Y, pPlanmq"

n,m=0

converges in a neighborhood V of the origin. Then the following are equivalent:
(1) The function K(p,q) has K negative squares in V.

. . def. . . .
(2) All the finite matrices Ay = (Gnm)nm=o,...u have at most x strictly negative eigenval-
ues, and exactly K strictly negative eigenvalues for at least one [l € Ny.

Proof. Let r > 0 be such that the ball B(0,r) is contained in V. Let I,J be two units in the
unit sphere of purely imaginary quaternions S. Then we have:

1 —Int 1t Js\ Jms
an’m:74r”+'"7r2 //[0.27:]26 K(re' re*)e ™ dtds.

This expression does not depend on the choice of I and J. Furthermore, we can take I =1J
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and so:
Iy
1 eiJIIN Jt J ] J
= s s s
Au _W//[O,Zn]z K(re yre )(]N e’y - e”IN)dl‘dS.
e‘iJwIN
Write

K(p,q) =K (p,q) —F(p)F(q)",

where F is HV*¥-valued. The function F is built from functions of the form p +— K(p,q)
for a finite number of ¢’s, and so is a continuous function of p, and so is K (p,q). See
[47, pp. 8-9] for the argument in the complex setting, which is valid also in the present
case. Thus

Ap=Au+ —Ap-
where
Iy
1 ey o Js J ]
— s s
Apt = W//[ojzn]l : K (re’ re )(IN ey - eM IN) dtds,
e—Juth
Iy
1 e My 3t Tsy# J J
_ K s s
Aujf = W \/\/[701271:]2 . F(re )F(re ) (IN (4 IN e (4 H IN) dtds.
E_JWIN

These two expressions show that A, has at most k strictly negative eigenvalues.

To prove the converse, assume that all the matrices A, have at most x strictly negative
eigenvalues. Let us now define

u
K,u(pvq): Z pman,mam~

n,m=0

Then, K, has at most K negative squares, as is seen by writing A, as a difference of two
positive matrices, one of rank k. Since, pointwise, we have

K(p,q) = L}iggoKu(p,q),

we deduce that the function K(p,¢) has at most k negative squares.
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To conclude, it remains to be proved that the number of negative squares of K(p,q) and
Ay is the same. Assume that K(p,q) has k negative squares, but that the A;, have at most
k' < K strictly negative eigenvalues. Then, the argument above shows that K (p, q) would
have at most k’ negative squares, which contradicts the hypothesis. The other direction is
proved in a similar way. ]

The following results are consequences of the previous proposition:

Proposition 7.5.7. In the notation of the preceding proposition, the number of negative
squares is independent of the neighborhood V.

Proof. This follows from the fact that the coefficients a, ,, do not depend on the given
neighborhood. U

Proposition 7.5.8. Assume that K(p,q) is H"*N-valued and has x negative squares in
V and let o(p) be a HY*N -valued slice hyperholomorphic function and such that o.(0) is
invertible. Then the kernel

B(p,q) = a(p)xK(p,q) % a(q)* (7.36)

has K negative squares in'V.

Proof. LetK(p,q) =Y, u—0P"anmq" and o(p) = otg+ poty +---. The u x g main block
matrix By, corresponding to the power series equals

By :LA”L*,
where
a 0 0O --- 0
o (07} 0 0
L=|® o o 0 -
aﬂ aIJ71 o (074}

Since we assumed the invertibility of o = ¢(0), the signatures of A, and By, are the same
for every it € Ny. By Proposition it follows that the kernels K and B have the same
number of negative squares. ]

Remark 7.5.9. We remark that the above results still hold in the setting of operator-valued
functions.

7.6 The space H2,(B) and slice backward-shift invariant
subspaces

Theorem |5.3.12] allows us to introduce the vector version of the space H?(B). Given
a separable two sided quaternionic Hilbert space 57 we define the space Hi?,(IBS) =
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H?(B) ® % and identify it with the space of .7-valued power series f with finite H%, (IB)-
norm:

H%(B) = {f(p) = Zopnfn : ||f||%2/f(13) = ;)anuzf < °°}- (7.37)

Definition 7.6.1. The operator M), : H%,(B) — H2,(B) of slice hyperholomorphic mul-
tiplication by p is defined by:

My: Y p = Y " (7.38)
n=0 n=0

Remark 7.6.2. The definition of the H%(B)-norm yields that M), is an isometry and an
inner-product calculation shows that its adjoint is given by

M, Zop”fn - Zop"fn+1. (7.39)

Furthermore,

HM;nf”]Z.IZW(B) = Z an+]||2ﬁ” <o
=0

tends to zero as n — oo whenever Z | £ull% < oo, that is, whenever f belongs to H%,(B).
n=0

Thus, the powers of M, tend to zero strongly which means by definition that M, is a

strongly stable operator.

We note that the right-side of (7.39) still makes sense when we do not necessarily work
in the metric of H%(IB%), provided the function f is slice hyperholomorphic in a neigh-
borhood of the origin. We set then

Rof(p)=Y. p" ' fu (7.40)
n=1

More in general, we give the following definition:

Definition 7.6.3. Let 2" be a right quaternionic Hilbert space and let xp € R. Let f €
Z(Q, Z) and let

=

fp)=Y(p—x0)"fu, X

n=0
We define the operator Ry, by

def.{Z:l(P—xO)nlf"’ P 7 %o, (7.41)

(R S)(P) = (p—x0) "' (f(p) — f(x0)) = f _
1, P =Xp.

When x¢ = 0, Ry is called backward-shift operator.
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Subspaces of H2 (B) which are invariant under M, or under M;; admit representation
similar to those in the classical setting. To present them we need some preliminaries.

Definition 7.6.4. Let 2" and 7 be two right quaternionic Hilbert spaces, and let A €
B(Z") and C € B(2", 7). The pair (C,A) is called contractive if

AA+CC<Iy (7.42)

and it is called isometric if
A*A+C*C=1yp. (7.43)

Furthermore, the pair (C,A) is called output-stable if the observability operator Oc 4 :
2 — H2,(B) defined by

Oca: x—Cx(lg —pA) “x= Z p"CA"x (7.44)
n=0
is bounded from 2" into H%, (B). Finally, the pair (C,A) is called observable if the oper-
ator Oc 4 is injective.

Definition 7.6.5. If the pair (C,A) is output-stable, one can define the observability
Gramian .

Goa =0 ,0cn =Y A"C'CA". (7.45)

n=0

The representation follows from the definition of the H, (B)-inner product. Con-
vergence of this series (in the weak and, therefore, in the strong operator topology; see
Proposition[5.6.4)) is equivalent to the output stability of the pair (C,A). It follows directly
from the series representation (7.43)) that % 4 satisfies the Stein identity

Yea—A"GeaA=C"C. (7.46)

Proposition 7.6.6. Let the pair (C,A) be output-stable and let Oc 4 : % — H%,(B) be
as in (1.44). Then O 4 H’,(B) — 2 is defined by

Ocaf =Y A%C f if f(p)=Y v (7.47)
k=0 k=0

Proof. Making use of the power series representation for O¢ 4 and the definition
of inner product in H2, (B) we get for every x € 2

<ﬁé,Af7 .X'>3}f = <f7 ﬁC,Ax>H2},f(]B) = Z <fka CAkx> " ZA*](C‘*J“](7 X
7 k=0 2 \k=20 P
which proves formula (7.47). It follows from the same computation that the series in the
formula (7.47) for O , f converges in the weak operator topology, and hence in view of
Proposition also in the the strong topology. O
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Proposition 7.6.7. If the pair (C,A) is contractive, then it is output stable and Gc 4 <1y
If (C,A) is isometric and A is strongly stable, then Gc o =1 .

Proof. We have from
Akeropk < gk pk _ grktLghtL
Summing up the latter equalities for k =0,...,n gives
n
Y AtcrcAt <1y —ATHIAT <1y
k=0
Passing to the limit as n — o in the latter inequality and making use of we conclude
that %c 4 < Iy and in particular, (C,A) is output stable. If we start with rather than
with we get
iA*kC*CAk — IL%/ _A*nJrlAnJrl.
k=0
Passing to the limit as n — oo in the latter equality and taking into account that A is
strongly stable (so that the second term on the right tends to zero strongly) we conclude
that e a =1o. O

Proposition 7.6.8. Let (C,A) be an output-stable pair. Then the intertwining relation
M,0Oca = OcaA (7.48)

holds and therefore, the linear manifold ran Oc 4 is M,-invariant.

Proof. Forevery x € 2, we have from (7.39) and (7.44)

M,Oc ax = z:op"CA”Hx = (Z%)p"CA") Ax = Oc pAx
n= n=

which proves (7.43). O

The manifold .#" = ranO¢ 4 need not be closed in the metric of Héf(]B%) However, it
becomes a Hilbert space with respect to the lifted norm ||O¢ ax||_» = ||Qx| 2~ where Q
is the orthogonal projection of 2~ onto the observability subspace 2~ & Ker0c 4. Since
KerOc 4 is A-invariant we may let C’' and A’ to be restrictions of C and A to the ob-
servability subspace and then conclude that ran &c 4 = ran O 4. Since the pair (C',A")
is observable, we may assume from the very beginning that the given output-stable pair
(C,A) is observable.

Proposition 7.6.9. Let (C,A) be an observable output-stable pair. Then the manifold
A =ran Oc 4 with the lifted norm

Ocaxlly = lx]| 2 (7.49)
is the reproducing kernel Hilbert space with reproducing kernel

Kca(p,q) =Cx(I—pA) ™ (Cx(I—qA)™)". (7.50)
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Proof. Forx € Z and y € 7, we have

<C*1 qA)” xy>%o
=(x, (Cx(I=qA)7)"y)
(

=

<(ﬁCAx /f

Ocax, Oca (Cx(I—qA)™")"y) ,
Ocax, Kea(-,q)y) 4

which means that K¢ 4(p,q) of the form (7.30) is indeed the reproducing kernel for .4
|

Theorem 7.6.10. Let (C,A) be a contractive observable pair and let N/ =ranOc 4 be
given the lifted norm (equivalently, let N = 7 (K¢ a) be the reproducing kernel
Hilbert space with reproducing kernel Kc 4 given in (7.50)). Then

(1) N is Ro-invariant.
(2) N is contractively included in H, (B).

(3) The following difference-quotient inequality holds

IR < IIF1% = ILF )3 forall feA. (7.51)

Conversely, if # is a quaternionic Hilbert space contractively included in Hz%o (B) which
is Ro-invariant and for which the difference-quotient inequality (T.51)) holds, then there is
a contractive observable pair (C,A) such that N =ran Oc 4 = H(Kc ). In particular,
M is contractively included in H>, (B).

Proof. Let us assume that the pair (C,A) is contractive and observable. By Proposition
7.6.7] (C,A) is output stable and 4 4 < Iz. Therefore for a generic element f = O¢ ax
in 4" we have

1/ e, ) = 1€caxlife @) = (Feax, x) o < ¥l = l1Gcaxllly = 12 (7:52)

Thus, ||f ||H2 ) < Ifll.y for every f € 4" which means that .4 is contractively in-

cluded in HQ/f (IEB) The M, invariance follows from Proposition Finally, due to the
contractivity (7.42) and the intertwining relation (7:48), and since for f = O ax, we have

f(0) =Cx,

IMLF 12 +11£0) 13 = 1M O axl|Zy + [ICx11%,
= | Gcahx|y +Cxl1%

= Ax]l% +lICxl3e < Ixl% = 1 caxl®y = 1112,

which proves (7.51).
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Conversely, let us assume that .4/ is a subspace of H%(IB%) enjoying properties (1) and
(3) from the first part of the theorem. Then the operator A = Ry| 4 maps .4 into itself.
We thus define C: A — ¢ and A: A — A by

A=Roly and C: f— f(0). (7.53)
Then the pair (C,A) is contractive by (7.51). By (7.39), we have

CA"f = (Rof)(0) = fu forevery f(p)=} p"fa€ N
j=0

and therefore .
f(p)= Y p'CA"f = Ocaf.
j=0
Thus, the observability operator ¢ 4 with (C,A) defined as above equals the identity
map on .#". Therefore, ker O 4 is trivial so that the pair (C,A) is observable. The space
A =ranOc = 5 (Kca) is contractively included into H%, (B) by the first part of the
proof (since the pair (C,A) is contractive and observable). O

Remark 7.6.11. We remark that the theorem in this section are written more precisely
using Schur functions in the next chapter; see in particular Section We also note that
condition (3) in the theorem implies (2). In the sequel we prove a more general result in
the setting of Pontryagin spaces, where only (1) and (3) are in force. See Theorem|8.6.1]
The case of isometrically included Ry-invariant subspaces of H;(B) is of special interest
(and then in particular, Ry = M ;).
Theorem 7.6.12. A subspace AN C Hif (B) is My-invariant and isometrically included
in Hz%p (B) if and only if there exists a Hilbert space 2" and an isometric pair (C,A) €
B(Z', 7€) x B(Z") with A strongly stable such that ¥ =ranOc o = A (Kc 4).
Proof. If the pair (C,A) is isometric and A is strongly stable, then ¥ 4 = I4-, by Remark
Then it follows from calculation (7.52) that || flly2 ) = | f]l.4 forevey f € A" =
Oc.a- The My-invariance of ./ follows by Proposition and completes the proof of
the ”if” part.
Conversely, for an My -invariant closed subspace ./” of Hz}f(]B%) we define the operators
A and C as in (7.53). As in the proof of Theorem we show that the observability
operator O¢ 4 equals the identity map on .#". Since the metric of .4 coincides with that
of H3, (B) and since M}, : H,(B) — H%,(B) is strongly stable, its restriction A (to the
invariant subspace /") is also strongly stable. It remains to demonstrate that the pair
(C,A) is isometric. To this end, observe that for every f € A4/,

A1y = 11152, @) = 1M £z, &) + 1/ O3
= M3 112 + 1 O)11%

= AF 1% +ICA15,
which is equivalent to (7.43). O
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In this third and last part of the book, which consists of four chapters, we discuss various
aspects of Schur analysis in the slice hyperholomorphic setting. In Chapter 8, we dis-
cuss realization of the counterpart of Schur functions and related classes, in the operator-
valued case. We also consider the Beurling-Lax theorem in the present setting, as well as
a number of function theoretic questions (such as slice hyperholomorphic extension). An
important role in Schur analysis is played rational functions, especially with symmetry
properties. These are studied in Chapter 9. We define and study in particular the counter-
part of matrix-valued rational functions taking unitary values on the imaginary line or the
unit circle. Here the imaginary line and the unit circle are replaced by the space of purely
imaginary quaternions and the unit ball of the quaternions, respectively. In Chapter 10
we focus on two topics. First, we consider some interpolation problems for scalar Schur
(slice hyperholomorphic) functions. Next, we outline the theory of first order discrete sys-
tems in the present setting. In the last chapter we study a general one-sided interpolation
problem for vector-valued functions (resp. operator-valued functions) in the setting of the
Hardy space (resp. for Schur multipliers).

A large part of the material here is based on the unpublished manuscript [19]] and on the
papers [, [32].



182



Chapter 8

Reproducing kernel spaces and
realizations

The tools developed in the previous chapters allow us to define and study in the operator-
valued case the various families of functions appearing in classical Schur analysis. In
this section we obtain realization formulas for these functions. These formulas in turn
have important consequences, such as existence of slice hyperholomorphic extensions and
results in function theory such as an extension of Bohr’s inequality. Recall that all two-
sided quaternionic vector spaces are assumed to satisfy condition (5.4). An important tool
in this chapter is Shmulyan’ theorem on densely defined contractive relations between
Pontryagin spaces with the same index, see Theorem[5.7.10} and this forces us to take for
coefficients spaces two-sided quaternionic Pontryagin spaces with the same index, and
not Krein spaces. The rational case, studied in the following chapter, corresponds to the
settnig where both the coefficient spaces and the reproducing kernel Pontryagin spaces
associated to the various functions are finite dimensional.

8.1 The various classes of functions

We now describe the counterparts of the classes mentioned in Section [T.6] These func-
tions, and the associated reproducing kernel Pontryagin spaces, form the building blocks
of Schur analysis. In the sequel we consider some of their applications, but a lot of aspects
remain to be developed.

The quaternionic Pontryagin spaces &1, &%, and & appearing in the definitions are co-
efficient spaces, and are assumed to be two-sided vector spaces. On the other hand, the
associated reproducing kernel Pontryagin spaces appearing in the various realizations will
be right-sided.
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Let us begin by recalling that Y72 , p'g" can be written in closed form as

Y r'd=(0-pg),
t=0

where we are taking the (left) x-inverse of the function 1 — pg with respect to the variable
p- Recall that

(1-pg)~" = (1-2Re(q)p+1ql*p*) "' (1 - pq),
and note that, for g # 0, the right hand side is defined for all p ¢ [¢~].

Since the functions we consider are, respectively, left slice hyperholomorphic in p and
right slice hyperholomorphic in g, when considering the x-multiplication we will always
assume that it is computed with respect to p while the x,-multiplication is computed with
respect to g.

We have:

Definition 8.1.1. Let &7| and &, be two quaternionic two-sided Pontryagin spaces of
same index. The B(2?;, %%, )-valued function S is called a generalized Schur function of
the unit ball if it is slice hyperholomorphic in some axially symmetric open subset Q of
the unit ball and if the kernel

Ks(p.a) = (1~ S(p)S(@)T) = (1 = pa)

has a finite number, say k, of negative squares in Q.

Remark 8.1.2. Note that

Ks(p.a) = (17, —S(0)S(@)) « (1= p) " = ¥ (16~ S(p)S(0)) 7
=0

and that, in particular,

Ks(p,q) — pKs(p,q)G = I, — S(p)S(q)"). 8.1)

The same kernel can be written also noting that the series Y;>, p'¢’ defines a function
right slice hyperholomorphic in ¢ and so one could write the sum of that series also as

(1—pg)~* = (1—pg)(1—2Re(p)g+|p[*7*) "

where the x,-inverse is computed with respect to the variable g. We then have

Ks(p.q) = (1= pa) ™", (1, = S(p)S(g)")..

We will denote the class of such functions by the symbol 8 (2, %%, B). The dependence
on Q is not stressed out in the notation since, as we will see in Section [8.3] (see Theorem

[8:3.6), any such function S has a unique slice hypermeromorphic extension to the open
unit ball B.
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Definition 8.1.3. Let & be a quaternionic two-sided Pontryagin space. The B(Z?)-valued
function & slice hyperholomorphic in some axially symmetric open subset Q of the unit
ball is called a generalized Carathéodory function of the ball if the

Ka(p.q) = (®(p) +@(0)) * (1 - pg) (8.2)
has a finite number, say &, of negative squares in Q.

We note that 5
Ko(p.a)= Y. ' (®(p) +®(9)")7" (8.3)
=0

We will denote the class of such functions by the symbol C,(Z?,B). As for Schur func-
tions, the dependence on € is not stressed out in the notation because of the existence of
a unique slice hypermeromorphic extension to the ball; see Section

The two next families of kernels pertain to the half-space. The above remark on slice
hypermeromorphic extensions also hold in these two cases (see Sections [8.8] and [8.9] re-
spectively). First recall the definition of the kernel (6.29):

k(p,q) = (p+4) " = (p* +2Re(q)p+ ) "' (p+9).
Definition 8.1.4. Let &7 and &, be two quaternionic two-sided Pontryagin spaces of
same index. The B(Z71, &,)-valued function S is called a generalized Schur function of
the half-space if it is slice-hyperholomorphic in some axially symmetric open subset Q
of the open right half-space H; and if the kernel

Ks(p,q) = Io,k(p.q) — S(p) *k(p.q) % S(q)"

has a finite number, say k, of negative squares in 2. We will denote the class of such
functions by the symbol 8, (2, %5, H, ).

Definition 8.1.5. Let & be a quaternionic two-sided Pontryagin space. The B(Z?)-valued
function @ slice hyper-holomorphic in some axially symmetric open subset Q of the open
right half-space H is called a generalized Herglotz function if

Ko (p,q) = ®(p) *k(p,q) +k(p,q) x, ®(q)"
has a finite number, say k, of negative squares in Q.

We will denote the class of such functions by the symbol 3{,.(Z2,H., ). It is useful to note
the equation

PKa(p,q) + Ko (p,q)q = ®(p) +(q)" (8.4)
satisfied by the kernel Ko (p, q).

These form the four main families of functions which we consider here. Two important
class of functions are defined in terms of pairs. We mention them for completeness, but
will not treat them in this book.
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Definition 8.1.6. Let & be a quaternionic two-sided Pontryagin space. The pair (E;,E_)
of B(&?)-valued functions slice hyperholomorphic in some axially symmetric open subset
Q of H is called a generalized de Branges pair of the half-space if the kernel

Ke. g (P,q) = E+(p)*k(p,q)l 2 *r E+(q)" —E—(p) xk(p,q)l»*E_(q)",  (8.5)

has a finite number, say k, of negative squares in Q.

Definition 8.1.7. Let &2 be a quaternionic two-sided Pontryagin space. The pair (E;,E_)
of B(#?)-valued functions slice hyperholomorphic in some axially symmetric open subset
Q of the open ball B is called a generalized de Branges pair if the kernel

=

Ke, & (p,q) =Y, P'(Ex(p)E+(q)* —E—_(p)E_(q)*)q (8.6)
t=0

has a finite number, say k, of negative squares in Q.

We denote by B (<, H,) and B(#,B) the corresponding families of pairs. We note
that the problem of hypermeromorphic extension is more involved for pairs.

8.2 The Potapov-Ginzburg transform

The Potapov-Ginzburg transform allows to reduce the case where coefficient spaces &7
and &, are Pontryagin spaces (of the same index) to the case of Hilbert spaces. We begin
with a lemma. A proof in the classical case can be found in [47, Lemma 4.4.3, p. 164]
but we provide an argument for completeness. First a remark: a matrix A € H™ ™ is not
invertible if and only if there exists ¢ # 0 € H™ such that ¢*A = 0. This fact can be seen
for instance from [230, Theorem 7, p. 202], where it is shown that a matrix over a division
ring has row rank equal to the column rank, or [272| Corollary 1.1.8].

Lemma 8.2.1. Let ¢(p,q) denote either of the kernels (1 — pg) ™ or k2 (p, q), see (6.29).
Let T be a H™™-valued function slice hyperholomorphic in an axially symmetric s-
domain Q which intersect (—1,1) in the first case, and the positive real line in the second
case, and such that the kernel

T(p)*xo(p,q)*T(q)" —¢(p,q)In

has a finite number of negative squares, say K, in Q. Then T is invertible in Q, with the
possible exception of a countable number of spheres.

Proof. We consider the first case. The second case is treated in the same way. We first
show that T is invertible on Q NR, with the possible exception of a countable number
of points. Let xy, ..., x) be zeros of T(p). Then, there exist vectors ¢y, ...,cy € H™ such
that

c;T(xj)=0, j=1,....M.
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Thus

mjx = ;K (xj,xp)cp = ————.
jk = Cj\Xj, Xg )Ck X

To conclude, we use to Proposition 4.3.12|to see that the M x M matrix with (j,k) entry

m i is strictly negative, and so M < k. |

Let &2 and &, be two-sided quaternionic Pontryagin spaces with the same index, with
associated fundamental symmetries J; and J,. Given S € 8,(£, %) we denote by

S Siz
S = 8.7
(SZI Szz) 7
its block decomposition according to the fundamental decompositions defined by J; and

J>. In the statement of the following theorem, we denote by I the identity of the positive
space in the fundamental decomposition of .

Theorem 8.2.2. Let S € 8 (P21, 2,), defined in an axially symmetric s-domain Q as in
Lemma and with decomposition (8.7). Then the function Sy; is x-invertible in €,
with the possible exception of a countable number of spheres. Let

Alp) = <12+ S12(P)> and  X(p) = (511 — S12% S5 *Sa1 S12*S2‘2*) (). 88

0 Sn(p) Sy *Sa1 Sy
Then,
Lx@(p,q) —S(p)*(p,q) % J1S(q)" = 8.9)
=A(p)*(@(p,q) —EZ(p)*x0(p,q) % X(q)") xrAlq)", '
and the kernel
o(p,q) —XZ(p) *0(p,q) > X(q)" (8.10)

has a finite number of negative squares on the domain of definition of ¥ in Q and hence
has a slice hyperholomorphic extension to the whole of the right half-space, with the
possible exception of a finite number of spheres.

The function X is called the Potapov-Ginzburg transform of S; see e.g. [48], (i), p. 25].

Proof of Theorem To show that Sy; is x-invertible, we note that

(0 1) G2e0(p.0) =S+ 0(p.a) 5 15(0)") (7) = 522012 0(p.) 52000 = 0(p- )l

This last kernel has therefore a finite number of negative squares, and Lemma(8.2.T|allows
to conclude that S», is x-invertible, and the definition of the Potapov-Ginzburg transform
makes sense.
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When p and g are real, the x-product is replaced by the pointwise product and the
then follow from [47, p. 156]. The case of p € Q follows by slice hyperholomorphic
extension. The claim on the number of negative squares of (8.10) follows

o(p,q) —Z(p)*9(p,q) % Z(q)" =

=A(p) " x (2% @(p,q) —S(p)* 0(p,q) %+ J1 xS(q)*) xr (A(q)") ™,
8.11)

and from an application of [35 Proposition 5.3]. (|

8.3 Schur and generalized Schur functions of the ball

In this section we study generalized Schur functions of the ball, and in particular char-
acterize them in terms of realization (see Theorem [8.3.6). We first show that there exist
indeed generalized Schur functions (see Theorem @ In the section, as in the whole
book, expressions such as C* (I — pA)™* (where A acts on a right-sided quaternionic
vector space) are understood as in Proposition

Theorem 8.3.1. Let &) and &7 be two-sided quaternionic Pontryagin spaces of the
same index, and let &2 be a right-sided quaternionic Pontryagin space. Assume that the

operator matrix
A B Kz 7
o-(2 B (2)-(2) .

is a Pontryagin-space contraction. Then the function
S(p)=D+pCx(I» — pA)™*B (8.13)

is slice hypermeromorphic in B and belongs to 8,( 21, %»,B), where k¥ < ind (£?).

Definition 8.3.2. The representation (8.13) is called a realization of the function S. A
realization is called contractive, isometric, coisometric or unitary if the corresponding
colligation operator U is contractive, isometric, coisometric or unitary.

Theorem thus asserts that there exist generalized Schur functions with contractive
realizations. The fact that every generalized Schur function has a coisometric realization
will be proved in Theorem [8.3.6] In the Hilbert space setting, unitary realizations are
considered in Theorem B.4.70l

Proof of Theorem|8.3.1}; We divide the proof in a number of steps. We first prove that S is

a generalized Schur function defined in a neighborhood of the origin. We then show that
it is in fact slice hypermeromorphic.

STEP 1: The function S given by (8.13) belongs to some class 8 (%1, %5, B).
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The operator A is bounded and thus the function C x (I — pA) ™™ is an operator-valued
function slice hyperholomorphic in some axially symmetric neighborhood Q of the origin.
We now show that for S of the form (8.13), the associated kernel equals

Ks(p,q) =Cx (I — pA) (Cx (I — qA) )+ Y Au(p) (1 - UUM)AL(g)1, (8.14)
n=0

has at most (ind ?) negative squares

positive kernel since U is contractive
where p,q € Q, and
An(p) = p" (PC* (I —pA) ™ 1,).
Let X (p,q) denote the left side of (8.14). To show that X (p,q) = Ks(p,q) we show that

X(p,q) — pX(p,q)q =12, —S(p)S(q)™. (8.15)

The result will follow since this equation has a unique solution for any given p,q € Q, as
is seen by iterating it. We can define:

[(p) =Cx (I —pA)~™. (8.16)
Since pAu(p) = Au+1(p) and
pL(p)A+C=T(p)xp+C=Cx(Ip—pA) "*(pA+Ip —pA) =T(p),

we have:

since S(p) = pI'(p)B+ D.

STEP 2: The function S defined by (8:13)) in an axially symmetric domain containing the
origin admits a uniquely defined slice hypermeromorphic extension to B.

We first suppose that & and &7, are Hilbert spaces. Then A is a contraction in the Pon-
tryagin space Z2(S). Thus, it admits a maximal strictly negative invariant subspace, say
M (see [165] Theorem 1.3.11] for the complex case and Theorem for the quater-
nionic case). Writing

P(S) = M|+).0H,

the operator matrix representation of A is upper triangular with respect to this decompo-

sition where
(A An
B-(O A,
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The operator Ay, is a contraction from the Hilbert space .# [ into itself, and so the oper-
ator (I ;1) — pA) is invertible for every p € B. The operator Ay; is a contraction from the
finite dimensional anti-Hilbert space .# onto itself, and so has right eigenvalues outside
the open unit ball. So the operator I — pA, is invertible in B, at the possible exception
of a finite number of sphere since, see [276, Corollary 5.2, p. 39], a n X n quaternionic
matrix has exactly n right eigenvalues (counting multiplicity) up to equivalence (in other
words, it has exactly n spheres of eigenvalues). Thus S has only a finite number of sphere
of poles in B.

The case where &) and &7, are Pontryagin spaces (of the same index) follows from the
definition of the Potapov-Ginzburg transform.

|
As a direct corollary of (8.14) we have:
Corollary 8.3.3. In the notation of the previous theorem:
(1) It holds that
Ks(p,q) =Y. p" (1% —S(p)S(q)[*])ﬁ”, (8.17)
n=0
where p,q run through the points in B at which S is hyperholomorphic.
(2) If U is moreover coisometric we have
Cx(lp = pA)*(Cx(lp —gA) ) = X 1" (1, = S()S@) 7. (818)
n=0

Proof. To prove the first claim it suffices to iterate (8.14). The sum converge since /5, —
S(p)S (q)[*] is a bounded operator and p,q € B. The second formula is then clear. O

We note that (8:13) suggests an equivalent definition of the class 8, (%1, %%,B). The
function § slice hyperholomorphic in some axially symmetric open subset Q of B con-
taining the origin is a generalized Schur function if there is a B(4?%)-valued function
K(p,q) with a finite number of negative squares in Q and such that

I, —S(p)S(9)") = K(p,q) — pK(p.9)7, p.q€ Q. (8.19)

This equation can be rewritten as an equality

Iy, +pK(p.q)G=K(p.q) +S(p)S(q)", p,geQ,

which induce an isometry between Pontryagin spaces of same index. This idea is called
the lurking isometry method; see [89].

In Theorem [8.3.6) we associate to a generalized Schur function a coisometric realization.
We adapt the arguments of [47] (see in particular p. 50 there) to the present setting and
follow the paper [32]. The strategy of the proof is as follows. Let S be a Schur multiplier,
defined on the set Q, and let £(S) be the associated reproducing kernel quaternionic
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Pontryagin space of 9%,-valued functions and with reproducing kernel Kg(p,q). As in the
classical case, we want to show that &?(S) is the state space, in the present setting, of a
coisometric realization of S. We define a densely defined linear relation R in (22(S) ®
D) x (P(S) @ ;). We show that this relation is isometric. Using the quaternionic
version of a theorem of Shmulyan (see Theorem [5.7.10), we see that R extends to the
graph of a contraction between Pontryagin spaces of same index. The adjoint of this
contraction gives the realization of S.

Before stating the theorem we give two definitions.

Definition 8.3.4. Let S € 8 (1, &5, B). The reproducing kernel Pontryagin space Z(S)
of &;-valued functions with reproducing kernel K is called the de Branges-Rovnyak
space associated with S.

Definition 8.3.5. The realization is called observable (or, closely outer-connected) if the
pair (C,A) is observable.

The de Branges-Rovnyak space serves as state space in a closely outer-connected coiso-
metric realization, as is explained in the following theorem. There exist also isometric
and unitary realizations in terms of de Branges-Rovnyak spaces, but we will not consider
them here.

Theorem 8.3.6. Let &2 and &P, be two-sided quaternionic Pontryagin space of the
same index, say k, and let Q be an axially symmetric domain containing the origin. The
B(2,, P,)-valued function S slice hyperholomorphic in Q is the restriction to Q of a
uniquely defined generalized Schur function if and only if it there is a right Pontryagin
space & and a coisometric operator matrix

A B
(C D) DY — PSP, (8.20)
such that
S(p) =D+ pCx(l» —pA)"B. (8.21)

The realization is unique up to a unitary similarity operator when the pair (C,A) is ob-
servable.

Conversely, any function of the form 8.21) belongs to a class 8+( P, P, B) for some
k' < K, and x = k' when the realization is closely outer-connected, that is when the pair
(C,A) is observable.

Outline of the proof of Theorem[8.3.6] Consider the linear relation R defined by the right
linear span in (Z(S) ® £,) x (Z(S) @ £) of the elements of the form

K( 9 )7”! (K (pvq)_K (p,O))M—FK (on)ﬁv
{< S ) : ( (S(@)" — S(O) -+ S(0)Ig )} (822)

with p € Q and u,v € &,. Note that the definition of ([§.22) takes into account that 27, is
in particular left-sided.
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We claim that the relation R is densely defined and isometric. It will follow that R can
be extended in a unique way to the graph of an isometric operator from (£ (S) @ £%,)
into (Z(S) ® £1). This operator (or more precisely its adjoint) will give the realization.
We first prove some preliminary lemmas and then give the proof of the theorem along the
above lines.

Lemma 8.3.7. The relation R is isometric and densely defined.

Proof. We first check that the linear relation is isometric. We want to prove that

[Ks(p,q1)qiur, Ks(p,q2)q2uz] 2 (s5) + [q1v1,@2v2] 2, =
= [(Ks(p,q1) — Ks(p,0))ur, (Ks(p,q2) — Ks(p,0))uz] (5)+

+[Ks(p,0)qiv1, (Ks(p,q2) — Ks(p,0))ua] z(s5)+
(Ks(p,q1) — Ks(p,0))u1, Ks(p,0)q2v2] 7(5)+
Ks(p, )611V17KS(P70)@V2}32(S)
(S(gn)! = 5(0))ur, (S(q2) = $(0) ) o, +
(S(q1)™ = 5(0)")u1,8(0) 1 gzva] o, +
S(0)Hgiv, (s (qz)”—S(O)H)MZ]%JF

+
[
[
[
[S(

[S(0)"g7v1,5(0) M 73v2] 5,

N
+
N
N
+

(8.23)

for all choices of uy,uy,vy,v2 € & and q1, q2 in Q. Note that the above expressions make
sense since &, is assumed two-sided. This equality is equivalent to check four equalities
(the last two equalities are really equivalent, and so it is only necessary to check one of
them), namely

[Ks(p,q1)qiur, Ks(p, q2)@2u2] 2 (s)

= [(Ks(p,q1) — Ks(p, ))”la(KS(P 112) Ks(p,0))uz] 2(5)+

+((S(q1)™ = 8(0)yur, (S(q2) ! = S(0) ] 5,
[q1v1,32v2] 2, = [Ks(p,0)q1v1,Ks(p,0)q2va] (s)
0= [Ks(p,0)qiv1, (Ks(p,q2) — Ks(p,0))uz] »(s)+

+[5(0)g1vi, (S(q2)" = S(0))ua] 5,
[(Ks(p.q1) = Ks(p,0))ur, Ks(p,0)q2v2] o
[(S(gn)™ = 8(0))u1,(0) ¥ G3v2] o, .

These equalities in turn are readily verified using the reproducing kernel property. We
check the first one and leave the others to the reader. We thus want to check that

(8.24)

(Ks(q2,91)q1u1,qauz) 2, = [Ks(q2,q1)u1,u2] 2, — [Ks(q2,0)ur, uz) 5, —
— [Ks(0,q1)u1,u2] 2, + [Ks(0,0)u1, uz] 2, +

+[(S(an)t = S(0))ur, (S(92)" = S(0)uz] o,
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Using property (5.4) of the inner product in 27, this is equivalent to prove that

92Ks(q2,91)q1 = Ks(q2,91) — Ks(g2,0) — Ks(0,41)+
+Ks(0,0) + (S(q2) — S(0)) (S(q1) — $(0)1).

This is a direct consequence of (8:1).

To check that R has dense domain, let (f,w) € Z(S) x £, be orthogonal to the domain
of R. Then, using the reproducing kernel property and property (5.4) in &%, we have

laf(q),ul z, +WV]2, =0, VgeQ andu,ve 2.

This forces w =0 and f(p) = 0 for p # 0. Since the kernel is slice hyperholomorphic in
p and g we get that £(0) = 0 too. O

By Shmulyan’s theorem (see Theorem [5.7.10) R extends to the graph of an everywhere
defined isometry. Let us denote by

[+]
A B [ 2() Z(S)
(& 5) (5 — (% (325)
its extension to all of Z(S) & L.

Lemma 8.3.8. The following formulas hold:

(AF)(p) = {Pl(f(p)—f(o)% p#0

fla pP= 07
(B) () = {p1<s<p> ~SO)y, p#0 (8.26)
s1Y, pP= 07
Cf = £(0),
Dv =S(0)v.

Proof. We first compute the operator A. Let g € Q and u € &2,. We have
AV(Ks(-,q)q)u = (Ks(-,q) — Ks(-,0)) .
Hence, for f € Z2(S) it holds that:
[, AP (Ks (@) u) (5) = 1, (Ks (-, q) — Ks (-, 0))u] ps)
= [u, (f(q) = f(0))] 2,

on the one hand, and

1A (Ks(,.9)q)u) (5) = [AF Ks(-,q)qu) 5(s)
= [qu,(Af)(9)] 2,
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on the other hand. Hence
q(Af)(q) = f(q) = f(0).
Similarly we have
B (Ks(-,q)qu) = (S(@)! = S(0))u,
so that we can write for v € £ on the one hand
v, B (Ks(-,q)qu)] P = [(S(q) —S(0))v, u] Py
and on the other hand
[Va B[*] (KS('a q)ﬁu)] P = [va KS('a q)qu] 2(8) = [Q(BV) (q)v u] Py
and hence the formula for B. To compute C we note that
M (qu) = Ks(-,0)qu
for every g and u € 2. So, for f € Z(S) we have:
[pCf7 u] Py = [Cfvﬁu] Py
= [f,Ks(,0)qu] »(s)
= [4/(0),ul 2,

and hence Cf = f(0). Finally, it is clear that D = S(0). O

With these results at hand we turn to the proof of the realization theorem.

Proof of Theorem8.3.6}

STEP 1: A function S € §(%;, %,,B) admits a realization of the required form.

Starting from a function § € 8 (%1, %5, B) we build the operator matrix (8.26)) (note the
pair (C,A) in is closely outer connected). Since 0 € Q the elements of () are slice
hyperholomorphic at the origin, a function f € &?(S) admits a power series expansion

flp)= Z P fu-
n=0
We have the formulas

fu=CA"f, n=0,1,2,...

so that
f(p)=Cx(I—pA)"f, fe€P(S).

Applying these formulas to the function Bu, where u € &, we obtain

(S(p) =S(0))u = pC (I - pA)~"Bu,
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which is the required realization.

The converse statement follows from Theorem [8.3.1] since S is given by a realization of
the form (8:21)), the associated operator matrix being coisometric. For the same reason
the following step also follows from that theorem.

STEP 2: A function S € 8 (%1, %>, B) admits a slice hypermeromorphic extension to B.

STEP 3: The realization (8.21) is unique up to a unitary similarity operator when the pair
(C,A) is assumed observable.

Let

Ay Br) .

<C1 D1) PP — PP,
and

Ay B\ /
(C2 Dz).f@@91—>«@@f@2

be two closely outer-connected coisometric realizations of S, with state spaces right quater-
nionic Pontryagin spaces &2 and &’ respectively. From (8.18) we have

Ui (p) (U1 (@)™ = Ua(p) (U2 (p),
where U} and U, are built as in (8.12) from the present realizations. It follows that
cAlAmHc = canam e, vnme N,
In view of the presumed outer-connectedness, the relation in &2 x &’ defined by
(@Al abhyncluy, wem, men,

is a densely defined isometric relation with dense range. It is thus the graph of a unitary
map U such that:

U ((AE*])’"CE*]M) = (A[z*])mcgf]u, meNy, and ueH.

Setting m = 0 leads to U Cg*] = g*], that is
C =GU. (8.27)
With this equality, writing
war)ayyren = wse! = aluu ey = o)y,

and taking into account that both pairs (Cy,A) and (C;,A) are closely outer-connected,
we obtain A{U* = U*A», that is
UA| =AyU. (8.28)
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Since clearly D; = D, = §(0), it remains only to prove that UB; = B,. This follows from

the equalities (where we use (8.27) and (8.28))
Sy =CilAT'B = QA 'By = CIAT'U'By, n=1,2,...
and from the fact that (Cj,A;) is closely outer connected. O

We note that we have followed the arguments in [47] suitably adapted to the present case.
In particular the proof of the uniqueness is adapted from that of [47, Theorem 2.1.3, p. 46].

As a corollary of Theorem 8.3.6| we have:

Corollary 8.3.9. In the notation and with the hypothesis of Theorem let S be in
SK(@] , :@2,3). Then,

[Rof,Roflo(s) < s flos) — [£(0),£(0)]2,, [f€P(S). (8.29)

Proof. Consider the backward-shift realization (8.26). Since the corresponding matrix U
is a coisometry between Pontryagin spaces of the same index, the adjoint U ) is also a
contraction (see Theorem [5.7.8)) and we have

A'A+C'C <y,
which is (8.29) since A = Ry and C is the point evaluation at the origin. |

The converse statement holds. Inequality (8.29) does characterizes the &7 (S) spaces. See
Section 8.6l

Theorem|[8.3.6]gives a characterization of all Schur multipliers. A simple example is given
by the choice

A B\ _ a 1—lal?

(€ 2)= (vt V")

where a € B. The corresponding Schur multiplier s,(p) is
sa(p) = —a+(1—la]*)p(1—pa) ™ = (p—a)x(1—pa) %,

and is the counterpart, up to right unitary multiplicative factor, of the elementary Blaschke
factor (6.42) introduced in Section The corresponding space &(s,) is one dimen-
sional and spanned by the function (1 — pa)™*.

In the next section we focus on the Hilbert space case, and, as a transition, we conclude
this section with a result from the Hilbert space setting. In the statement and proofs we
stick to the Pontryagin space notations.
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Proposition 8.3.10. Assume that ¥ = 0 and that both &7 and &7, are Hilbert spaces.
The reproducing kernel Kg can be written as

[Ks(p.q)u, ]2, = [(Cx (1= pA) )P, (Cx (1= gA) )] )
- (8.30)
_ [(Z pnCAnA[*]nC*qn> u,v]k@z.
n=0

Proof. Indeed, A is now a contraction in a Hilbert space, and both Ks(p,¢) and

U(p)(U(g)H = (i pnCAnA[*]nC[*]qn>
n=0

satisfy equation (8.19):
X —pXq =1, - 5(p)S(q)".
a
Finally we conclude this section with an easy corollary of equation (8.19). The proof is a

direct consequence of the definition, or using the previous proposition (although here we
are in the Pontryagin space setting) since the spectral radius of A is strictly less than 1.

Corollary 8.3.11. Let S € 8 (P21, P2,B), and let p,...,py € B be points in the neigh-
borhood of which S is slice hyperholomorphic. Let

] I» Iy 15
A=d Ip,,....,pNl2,), C= 2, s A )
iag (pilzy, .-, PNl,) (S(Pl)[] S(po)l - S(pN)H)

and

_ (1, 0
o= ( 0 _13”1> '

Then the block operator matrix with (u,v) entry equal to Ks(py, py), u,v=1,...,N is the
unique solution of the equation

X —AlxaA =y c

8.4 Contractive multipliers, inner multipliers and Beurling-
Lax theorem

In this section we specialize the results of Sectionin the case where both &2| and &2,
are two-sided quaternionic Hilbert spaces (we will denote these spaces now by 7 and
%) and x = 0, that is the space Z2(S) is a Hilbert space, which we now denote by 77(S).
Furthermore we use the notation A* rather than A for the adjoint of an operator between
quaternionic Hilbert spaces.

There are three main differences with the non positive case.
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(1) First, there is the characterization of Schur functions as contractive multipliers (with
respect to the x-product) betwen Hardy spaces.

(2) Next, and in a way analogous to the classical case, positivity implies slice hyper-
holomorphicity. In the case of negative squares, one has to assume the function
hyperholomorphic in some domain to begin with, in order to insure a slice hyper-
meromorphic extension (see Theorem 8.3.6).

(3) Finally we can give a Beurling-Lax theorem. See Theorem [8.4.12]

Definition 8.4.1. Let /7] and .74 be two-sided quaternionic Hilbert spaces. The B(54], 543 )-
valued function § slice-hyperholomorphic in B is called a Schur multiplier if the multi-
plication operator

Ms: fr—>Sxf (8.31)

is a contraction from Hz%ol (B) into Hz}i,;2 (B).

We denote by 8(J4,.74,B) the set of B(.74, 7% )-valued Schur multipliers. The follow-
ing result has been proved in [33] in the case J#] = J% = H. It allows to connect the
classes defined in the previous section to 8(54, 7%, B), and show that

So(JA, 75, B) = S(SA, 5, B). (8.32)

The proof of the general case goes in the same way, and we only recall the main ideas.

Theorem 8.4.2. The B(J4,.54)-valued function S defined in B is a Schur multiplier if
and only if the B( 5, .76)-valued kernel

Ks(p,q) =} p"(Ln—S(p)S(a)")7" (8.33)
n=0
is positive definite on B.

Proof. In one direction one uses the formula

(M5(K(,q)u))(p) = Y. P"S(q)"q"u.

In the other direction, using the positivity of the kernel (8.33) one builds the relation Ry
in Hzif2 (B) x Hzif1 (B) spanned by the pairs

(Z P'qd'u, Z p”(S(q))*q”u) , g€B,andu e 4. (8.34)
n=0 n=0

The domain of Ry is dense, and the positivity of the kernel implies that Ry is a contraction.
Thus Rg extends to the graph of an everywhere defined contraction, whose adjoint is M.
In particular Sv € H> 4 for every v € 71, and so S is slice hyperholomorphic. (]
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In general a Schur multiplier will not take contractive values, as the example (see also
(9.30)), where more details are given)

L1 i [p O 1 [p
vn=7 1) )-50 )
shows. The operator of slice multiplication by U is an isometry from H?(B) x H?(B) into

itself, but U does not take contractive, let alone unitary, values on the unit sphere. Indeed
for p of modulus 1 one has:

Up)U(p)* = (,,% fﬁ) .

For instance the choice p = j leads to

which is not unitary. More generally

. 0 1 l*é)lﬁ
U(p)U(p) _12 =\ pip—i )
2

which is a signed matrix.

On the other hand one has:

Corollary 8.4.3. Let S be a Schur multiplier. Then ||S(x)|| < 1 forx e (—1,1).

Proof. Tt suffices to set p=¢g=x € (—1,1) in (8:33). O

The following theorem strengthens Theorem [8.4.2] and implies in particular that a func-
tion defined in B but for which the kernel Ky is positive, is in fact slice hyperholomorphic.
Recall that such a result does not hold in the case of negative squares, as the example

already shows in the case of complex numbers; see for instance [47, p. 82].

Theorem 8.4.4. Let S be a B(J#,5%)-valued function defined in an open subset Q C B.
Assume that the kernel K is positive in Q. Then, S extends to a Schur multiplier.

Proof. The relation ([§.34), with ¢ € Q and u € 4, is densely defined and contractive in
H% (B) x Hi,,l (B). It extends to the graph of a contraction, say X, whose adjoint is given
by the formula

X (Z P”q”d> =p"S(p)7'd, q€Q, deA.
n=0
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The choice g = 0 gives
X*(d) =S(p)d,

and so S(p)d is the restriction to Q of a function slice hyperholomorphic in B. Denoting
still by S this extension, the fact that X is a contraction implies that S is a Schur multiplier.
O

Remark 8.4.5. We note that Theorem gives in fact a necessary and sufficient condi-
tion for a Schur multiplier to exist with preassigned values in a given set Q.

Using the Potapov-Ginzburg transform we have:

Theorem 8.4.6. Let &7\ and &7, be two quaternionic Pontryagin spaces of the same
index, and let S be a B( 2, 97,)-valued function defined in an open subset Q C B. Assume

that the kernel Ky is positive in Q. Then, S has a uniquely defined slice hypermeromorphic
extension to B.

Remark 8.4.7. The set Q in the previous theorems need not be open, or even need not
have an accumulation point. Then, the asserted extension is unique.

As we have already seen, for every contractive multiplier S € 8(.7,.5%,B), the associ-
ated de Branges-Rovnyak space 7 (S) is contractively included in szfé (B). It is natural
to ask for what contractive multipliers S the space J#(S) is isometrically included in
H’,, (B). The answer is given in Theoremeelow.

Definition 8.4.8. The Schur multiplier S € 8(J4,.54,B) is called inner if the multipli-
cation operator My : Hiz'] (B) — sz (B) defined in (8.31) is a partial isometry and it is
called strongly inner if My is an isometry.

Theorem 8.4.9. Let S be in S(54, 5,B). The following are equivalent:
(1) S isinner.
(2) The de Branges-Rovnyak space 7 (S) is isometrically included in H% (B).
(3) S admits a coisometric realization
S(p) =D+ pCx(Lyy(s)—pA) *B=D+ Y p*'CA*B (8.35)
k=0

with isometric pair (A,C) and strongly stable state space operator A.

Proof. Let S be a contractive multiplier and let 5Z°(S) be the associated de Branges-
Rovnyak space. For any h € Hzﬁ,2 (B), we have

[1(1 — MsMg )|

2oy = ((I—MsM3)h, P, @) (8.36)

(1 — MsM3) = (MM (1= MsM))y, sy (83T)

2
hHHivz (B)

where (8.36) follows from (5.19).
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If S is inner, then the multiplication operator M : HZJ,,1 (B) — Hiﬁa (B) is a partial isometry.
Then the operators MsMg and IHZM (B) ~ MgM5 are orthogonal projections. Then the inner
7

products in the right side in (8.37) are equal and we conclude that the norms of 57°(S)
and HZ% (B) coincide on all elements of the form (I — MsMg)h. Since these elements
are dense in JZ(S) (see Proposition [5.9.5), the latter space is isometrically included in
H2, (B).

&%)

Conversely, if ##(S) is isometrically included in H% (B), then the left hand side norms in
are equal, so that the right side inner products are also equal. Since they are equal
forevery h € Hz}gi (B), we conclude that I — MsM5 is an orthogonal projection so that Mg
is a partial isometry, so that S is inner. We thus showed the equivalence (1) < (2).

To prove the implication (2) = (3), let us assume again that 7#(S) is isometrically in-
cluded in Hz%ﬂ2 (B) and let us consider the backward shift (coisometric) realization of S
with operators A, B, C, D defined as in (8.26). In the current situation, A is strongly stable
and the pair (C,A) is isometric (see the proof of Theorem [7.6.12)).

Finally, let S admit a realization as in part (3). Since the realization is coisometric, Ks(p,q) =
Kc 4(p,q) by formula (8.14). Therefore 7 (S) = 7 (Kca) =ran O¢ 4 and the latter space
is isometrically included in Hszz (B) (by Theorem [7.6.12) since A is strongly stable and
the pair (C,A) is isometric. This proves the implication (3) = (2) and completes the proof
of the theorem. |

Theorem 8.4.10. A Schur multiplier S € S(F4,7,B) is strongly inner if and only if it
admits a unitary realization (8.35) with a strongly stable state space operator A.

Proof. Since S is strongly inner, it is also inner and then by Theorem it admits
a coisometric realization (8.35) with state space 2" and with isometric pair (4,C) and
strongly stable state space operator A. We thus have that the colligation operator (8:12) is
coisometric. Let us show that it is also isometric. The latter is equivalent to the following
three equalities:

A"A+CC=1y, A'B+C'D=0, B'B+D'D=1Iy,. (8.38)
The first equality holds since the pair (C,A) is isometric. Since the operator

I U'U = (IA A—C'C —A BCD)

—B*A—-D*C I-B*B—D*D

is positive semidefinite and the (1,1)-block entry equals zero, the off-diagonal block also
equals zero which gives the second equality in (8.38). Recall that % 4 = 4 by Remark
(since the pair (C,A) is isometric and A is strongly stable). Since the operator M is
an isometry from H’,. (B) to H,, (B), we have in particular,

||Su||ﬁ%(3) = Hu||ii(1 forevery ue€ J4. (8.39)
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Making use of (8:33) and the definition of the inner product in H3,, (B), and taking into
account that 9 4 = I3, we get

ISl ) = 1Dul + ¥ ICA*Buy

k=0

= (D*Du, u) 4 + Y (B*A*C*CA*Bu, u)
k=0

= (D*Du, u) 5, + <B* (Z A*"C*CA") Bu, u>
k=0 P
= ((D*D+B*B)u, u) ;.

Combining the latter equality (holding for every u € 7#]) with (8:39) gives the third equal-
ity in (8:38). Thus, the colligation operator U is isometric and therefore (since it is coiso-
metric from the very beginning) it is unitary. This completes the proof of the “only if”
part.

To prove the “if” part, let us assume that S admits a unitary realization (§35) with a
strongly stable state space operator A. Then ¥c 4 = I4 (by Remark and equality
(8:39) holds due to the third relation in (8.38). Moreover, since M), acts as an isometry on
H’,, (B) we actually have

HM’;SuHiI%(B) = |Myul%; forall ue .4, k>0. (8.40)

Let us show that My Su is orthogonal (in H% (B)) to Mj'Sv for every u,v € 7 and any
nonnegative integers m # n. Assuming without loss of generality that n > m we get, again

making use of (8.33),

= (CA" ™™ 'Bu, Dv) s, + Z (CA™ ™41 Bu, CA/BV)

n m
<Mpsu7MpSV>H%(IB) ~
]7
= (D*CA" " 'Bu,v) s + ( B 'C*CAY | A" " Bu, v
< *CANM 1 , >e/fi < * (ZA*/C CAJ>An m , >
Jj=0 I
= ((D*C+B* G pA) A" "' Bu,v) . =0 (8.41)

where we used the second relation in (8:38) and equality % 4 = 4 for the last step.

N
Let us now take a quaternionic polynomial f(p) = Z p’uj with the coefficients u; € 4.
j=0
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Then we have by (8.:40) and (8:41),

2 _
IS5 £, ) =

- 2
Z M[J;Suj
Jj=0

H%,, (B)
- o 112
= L M35l ) Z s 5 = 11711, oy
= L
Since polynomials are dense in H’, (B), the equality [|S f Hf{z =|If || ) holds

for every f € H’,, (B). Therefore, the operator My : H%. (B) — H % (B) is 1sometnc )
that the Schur multiplier S is inner. O

Corollary 8.4.11. Let .V be a right quaternionic Hilbert space which is isometrically
included in H% (B) and which is M -invariant. Then there exists a two sided quater-

nionic Hilbert space 74 and a strongly inner multiplier S € 8(J4,5%4,B) such that
N = F(S).

Proof. Define the operators A : A — A and C: A — 5% by formulas (7.53). Then A
is strongly stable and the pair (C,A) is isometric (see the proof of Theorem [8.4.9). For
this pair we have 4" =Ran0c 4 = J(Kc ), by Theorem[7.6.12] Extend the isometric

operator (Ié) : N — N & H5 to a unitary operator U of the form (8.12)). By Theorem

5.3.11} there exists an injective operator (g) : N — N O I solving the factorization

(e »=(7 2)-(Ow o

We then define S by formula (8.33). Then S is a strongly inner multiplier by Theorem[8.4.9]
and equality Ks(p,q) = Kc a(p,q) holds since U is unitary. Thus .4 = S (Kc4) = (S)
as we wanted. |

problem

We now turn to the Beurling-Lax theorem.

Theorem 8.4.12. Let .# be a closed M,-invariant subspace of Hzf (B) . Then there exists
2

a right quaternionic Hilbert space F61 and a strongly inner multiplier S € 8(741, 765, B)
such that M = S*H?%ﬂ1 (B).

Proof. The orthogonal complement . is M,-invariant. By Corollary |8.4.11} there is a
right quaternionic Hilbert space .74 and a strongly inner multiplier S € & , 7, ) such
that .2/ = 7(S). Since MsM and I — MsM; are both orthogonal projections in H,, (B),
it follows that the orthogonal complement of .2+ = 7#(S) is .4 = SxH3, (B). O
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8.5 A theorem on convergence of Schur multipliers

Taking a converging subsequence of bounded analytic functions from a given sequence
of such functions is an important tool in Schur analysis. Unfortunately, Montel’s theorem
does not hold in the case of vector-valued function. Still we can obtain such a subsequence
in our setting, using the Banach-Alaoglu theorem and the metrizability of the closed unit
ball of B(74,.7%). See Chapter |5| for the latter results. This is the topic of the present
section. The main result, Theorem [§.5.1] plays an important role in the sequel in the
interpolation problem for operator-valued Schur multipliers.

Theorem 8.5.1. Let 741 and 7 be two-sided quaternionic Hilbert spaces, and let (S,)nen
be a sequence of Schur multipliers in 8(F,.54,B). Then there is S € (4, 73,B) and
a subsequence (ny)ren such that MSnk tends to My in the weak operator topology, that is:

Jim (Ms,, f.8)hwe, ) = Msf.8)we, (5)

for every f € HZ%,I (B) and g € H% (B). In particular, for every p € B and h) € /4,
hy € 76,
lim (S, (p)h1,h2) 5 = (S(P)h1,h2) 75

k—yoo

Proof. The closed unit ball of B(.%#,.543) is weakly compact (see Theorem [5.6.1)) and
metrizable (see Theorem [5.6.3)) and therefore there exists an operator T € B(J4, 743) of
norm less or equal to 1 and such that, via a subsequence (7 )eN

limMS =T

koo 'k

in the weak operator topology. In particular, for g € B and f € Higp1 (B) and hy € 5% we
have:

(TH)a)h2)om =(Tf,1m(1 —Pﬁ)f*hﬁH?,«/fz(B)
= lim (Snex fs (L — P@)f*hzmgﬁ (B)
= m ((Su, * £)(q), h2) 5.
Setting f(p) = h; we have

((Th1)(q),h2) 5, = ,}E};@m (@)h1,h2) . (8.42)

The B(J#,.7% )-valued function S defined by S(g)h; = (Th;)(q) is slice hyperholomor-
phic. We claim that T = Mjy. To check this, we first take f to be a polynomial:

N
flp) = Z P fu-
n=0
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Then, and using the property (5.4) to go from the second to the third line, we have

(T1)(9):h2) = lim {(Sw % f)(q) h2) 75
N
= Z ,}ij‘;@nsnk (@) fush2)
= Z lim (S, (¢)f3"h2) 75

—Z T11(9),9"h2) 5,

where we have used (§.42)), and so, using once more (5.4) we can write

Mz

<( h2 = fn7q h2

;
Z fn7h2
<(S*f)( )sh2) 5

The case of general f is done by approximation. More precisely, let f & Hz%o1 (B), with
power series expansion

p)=Y pP'fu
n=0

and let fy(p) = izV:O p" fn. Since T is continuous, T fy tends to T f in the norm of
szfl (B), and in particular it tends weakly to T f, and (by taking inner product with

g(p) = Ly (1 — pg)~*hy), we have

(T1(q)sh2) = Jim (T fv(q) 1) s

N

= lim Z (q"S(q) fush2) 3

N—)wnzo

=Y (¢"S(q)fn.h2) .  (since the limit exists).
0

So the weak limit of T fy is

Y 4"S(q) f. (8.43)
n=0

Since the sequence (7 fy)yen has a strong limit, (8:43) is the strong limit of 7' fy and so
isequalto Tf,i.e. Tf =S« f. (|
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8.6 The structure theorem

In Section |8.4| we gave a characterization of closed Rp-invariant subspaces of H% (B),
see Corollary [8.4.T1] We also gave a version of the Beurling-Lax theorem; see Theo-
rem [8.4.12| Furthermore, the Z(S) spaces were shown in Corollary to satisfy the
inequality

[Rof:Rof](s) S f: flos) — [£(0), f(0)]z,, [ € P(S).

The theorem below is a converse of this corollary, and is the analog of de Branges’ result
in the slice hyperholomorphic setting, in which the backward-shift operator Ry is now
defined as

Rof(p) = p~ ' (f(p) = (0)) = (f(p) = £(0)) e p~".

In order to prove the result, we will be in need of a fact which is direct consequence of
Lemma [6.1.23} if f, g are two left slice hyperholomorphic functions then (see formula

@7
(fr18) =g *f".

Theorem 8.6.1. Let &5 be a two-sided Pontryagin space, and let M4 be a Pontryagin
space of index K, whose elements are &?-valued functions slice hyperholomorphic in a
spherical neighborhood Q of the origin, and invariant under the operator Ry. Assume
moreover that

[Rof,Rof).w < 1fsfl.w —[£(0),£(0)] 2, (8.44)

Then, there exist a Pontryagin space &\ of the same index as &, and a function S €
8k (P, P, B) such that the elements of M are the restrictions to Q of the elements of
2(8).

Proof. We follow the proof in [47, Theorem 3.1.2, p. 85]. Let &) = .# & &5, and denote
by C the point evaluation at the origin. We divide the proof into a number of steps.

STEP 1: Let p € Q and f € .# . Then,

J(p) =Cx(I—pRo)""f. (8.45)

STEP 2: The reproducing kernel of ./ is given by

K(p.q) = Cx (I~ pRo) ™ (Cx (I - qRo) )"
STEP 3: Let E denote the operator

E:(’Z?); M —s P,
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There exist a quaternionic Pontryagin space &1 withind s, = ind »,, and a bounded right
linear operator T from .# into &) such that

1,—EEW =THT. (8.46)

Applying (5.43)) (see the proof of Theorem[5.7.8) with .# = 2| we obtain
V_(Ip, —EEMY4v_ (#)=v_(Ly—EYE)+v_(2).
Equation (844) can be rewritten as I — EF/E > 0, and in particular v_(I — EFE) = 0.
Thus
v (Iy, —EEY) = v_(2y),
and we obtain the factorization (8.46) by using Theorem [5.10.6]

We set
Th = <lB)) P M P,

(R0 B
v(c D).

S(p) =D+ pCx (I — pRo) *B.

and

Let us define the function

STEP 4: We have that

I, = S(p)S(a)"! = Cox (1= pRo) ™"+ (1= pq) (I = gRo) "), C1.
The computation is as the ones giving formula (8.14). O

8.7 Carathéodory and generalized Carathéodory func-
tions

Formula (T.3)) has extension to the case of generalized Carathéodory functions, see the
works [217, 215] of Iohvidov and Krein. The formula takes into account the spectral
structure of an isometry acting in a Pontryagin space, and is quite involved. On the other
hand, a nicer formula can be given in form of a realization, as is stated in the following
theorem, originally proved in [34].

We use the formula to prove a version of Bohr’s inequality for operator-valued Schur
multipliers.



208 Chapter 8. Reproducing kernel spaces and realizations

Theorem 8.7.1. Let &7 denote a two-sided Pontryagin space, and let Q be an axially
symmetric s-domain. The B(Z?)-valued function ® slice hyperholomorphic in Q is the
restriction to Q of a generalized Carathéodory function if and only if there is a right
Pontryagin space Py, a unitary operator U € B(P) and a map C € B(Py, P) such
that

@(0) — @(0)"

1
q)(p):EC*(I_PU)f**(I—i—pU)*C[*]_y_ .

(8.47)

Under the condition (M;,_jkerCU" = {0} the pair (C,U) is unique up to a unitary map.

Remark 8.7.2. Asbefore, Cx (I — pU)~*(I+ pU) is understood using Proposition[7.4.2}

Proof. As in previous realization results we build a linear relation and use Shmulyan’s
theorem to get the realization. We denote by £ (®) the reproducing kernel right quater-
nionic Pontryagin space of functions slice hyperholomorphic in Q, with reproducing ker-
nel Ko (p,q), and proceed in a number of steps. As usual, we denote the identity operator
by I without specifying the space on which it acts. We also note that the relation R below
appears in the setting of complex numbers in [73, Proof of Theorem 5.2, p. 708].

STEP 1: The linear relation consisting of the pairs (F,G) € £ (®) x £ (®) with

n
Z o(p,pj)pjbj, and G(p)=

-

Ko(p,pj)bj —Ka(p,0 <sz>

where n varies in N, py,...,p, € Q CH and by,...,b, € & is densely defined and iso-
metric.

The reproducing kernel property implies that the domain of R is dense. Furthermore we
note that p;b; is well defined since & is a two sided quaternionic vector space. To check
that R is isometric we need to verify that:

[F,F] 2(a) = [G,G] 2(a)- (8.48)

We have (and here we follow in particular the computations done in [34])

n
Ko (p,pj)Pjbj, Y. Ko (p, po)Pebil 2(@)

agE

[F7FL2’)(<I>) :[

~.
Il
—_

(Ko (pk, pj)Pjbj, Pxbi] »

~.
—

I
=

b [(@(pe) +@(p) )7 by PR k) -

Il
s
D=

o~
I

—_
b

—_
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In a similar way, the inner product [G, G] #(¢) is computed as follows, with b = }j_, by.

n
= Y [Ko(p,pj)bj.br] »
Jjk=1

n
—2Re (Z Ko (pr,0)b bk]9> + [K9(0,0)b,b] »

k=1

_ Y Y (@) + ()5, P il
k:
i @ (pi) + 20D, br) 5 + [(@(0) + P(0) )b, b] .

Equation (8:48) follows readily from these equalities. The domain of R is dense. Thus by
Shmulyan’s theorem (Theorem [5.7.10]above), R is the graph of a densely defined isom-
etry, which extends to an isometry to all of £ (P). We denote by T this extension.

STEP 2: We have T*| = R,.
Indeed, let f € £ (®), h € & and p € Q. We have:

STEP 3: The realization formula holds.
An easy induction shows that f; = CRé f. Hence,

=Y p'CRGf =Cx(I—pRo)*f.
(=0

Applying this formula to the function C*h = Ko (+,0)h where h € &2 we obtain:
(®(p)+D(0))h = Cx(I—pRy) *C*h and ®(0)+D(0)!" =cC*h,
from which (8:47) follows.

STEP 4: Conversely, every function of the form (8.47) is in a class P/ (%, B) for some
k' < k. If the pair (C,U) is observable, then kK = K’

From (8:47) we obtain

D(p) +@(q) = Cx (I — pU) ™ x (1 - pg) %, (I — qU) %) %, 1, (8.49)
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and the reproducing kernel of .2 (®) is equal to
Ka(p.q) = Cx (I—pU) (I —qU) ™)l 5.C,
since, in view of (8.49)), the right side of the above equation satisfies

Ko(p.q) — PKa(p,q)q = B(p) +P(q)".
When the pair (C,U) is observable, £ (®) consists of the functions of the form

flp)=Cx(I-pU)E, Ec2,

with the inner product

[f:8lz@) =18:ne (with g(p)=Cx(—-pU)"n),

and so the kernel K¢ has exactly k negative squares.

The last steps (namely uniqueness up to similarity of the realization when the pair (C,U)
is observable and hypermeromorphic extension to ) are proved in a way similar as in the
proofs given in Section [8.3|for the corresponding facts. |

Corollary 8.7.3. When k = 0 and the coefficient space & is a Hilbert space, the function
® has a slice hyperholomorphic extension to all of B.

Proof. This follows from (8.47) since the operator U is then a contraction in Hilbert
space, and thus has its S-spectrum inside the closed unit ball of H. Thus (I — pU)~*
exists for all p € B. O

‘We now turn to an operator-valued quaternionic version of Bohr’s inequality. In the state-
ment and in the proof, we have set

So+ 8§
Re Sy = M7
2
and similarly for other operators.

Theorem 8.7.4. Let 5 be a two-sided quaternionic Hilbert space, and let S be a B(.5)-
valued Schur multiplier, with expansion

S(p)=Y. p'S;, S;eB(H), j=0,1,...
j=0
Then . .
L Pl < |l =ReSoll,  |pl <3, (8.50)
j=1

and in particular

- i 1
1Sl < 1ISoll + [lx —ReSoll, |pl < 5. (8.51)
Jj=0
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Proof. We proceed in a number of steps.

STEP 1: Assume the function S to be a B(.%)-valued Schur multiplier. Then ® =1—S
is a Herglotz multiplier, meaning that

Rqu> > 0.
Indeed, we have |Ms|| < 1 and so, using (5.3.6), HMS;M§ || <1, and so the self-adjoint
operator Re Mg satisfies
Mg+ M¢
ReMop=1— 515 5

2
Now a direct application of Theorem to [ — S leads to:

STEP 2: There exists a right quaternionic Hilbert space 2 , an operator C € B(2",.7)
and a unitary operator U € B(%Z") such that

1 Si—S
-5y = 5CC*+°T°,

S = —cuiticr, j>o. (8.53)

(8.52)

STEP 3: It holds that
ICI = 2[11y — ReSo.
Indeed, the first equation in (8:52)) gives CC* = 2(I —Re Sp). Using Proposition we
get ||C||* =21 —ReSo||.
STEP 4: It holds that

1S;11]l <2/l —ReSo|, j=0,1,...

This follows from the previous step and the second equation in (8.32) since ||C|| = ||C*||.
STEP 5: holds.

1
Indeed, for [p| < 3

J Jj=0
1

1
l—3

,oHleSjHH < 2[[Iy —ReSo| (Z 3/“)

1
<21y —RCSO||§

= |lIy —ReSo|.
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Remark 8.7.5. In the scalar case, we can always suppose that Sy > 0, and then the norm
becomes absolute value, and we have

|S0|+|1 —S()| =S9+1—ReSy =1,

and we get back to Bohr’s result.

In the matrix-valued case, even when Sy > 0 we may have ||So|| + ||[Iy —ReSp|| > 1 as is
illustrated by the example
So = <0.9 0 )
0 0.1/

Then ||So|| = 0.9 and ||l — Sp|| = 0.9, and ||So|| + || Iy — Re Sp|| = 1.8.

Remark 8.7.6. The same proof works in the complex case. See the work [241] of Paulsen
and Singh. Then, Schur multipliers and contractive operator-valued functions coincide, in
opposition to the quaternionic case.

8.8 Schur and generalized functions of the half-space

We now characterize elements in the classes 8y (%1, %, H, ) (see Definition [8.1.4) in
terms of realization. Here too, we build a densely linear isometric relation (inspired from
the work [21]]) and use Shmulyan’s theorem. We note that we could also obtain a re-

alization by making the change of variable ¢ = (p —xo)(p +x0)~" (which keeps slice
hyperholomorphicity since xy is real; see Proposition . The function S(¢) = S(p)
belongs to 8,(Z;,%%,B), and one can apply the results of Section to it to get a
realization for S and then for S. But the present approach is more characteristic of the
half-space case and in particular the realization has state space the de Branges-Rovnyak
space.

The change of variable ¢ = (p —xo)(p +x0)~! will be of key importance in the next

section, to ”guess” the form of the realizations of Herglotz functions.

Theorem 8.8.1. Let xo be a strictly positive real number. A function S slice hyperholo-
morphic in an axially symmetric s-domain Q containing xg is the restriction to Q of an
element of 8( P, P, H..) if and only if it can be written as

S(p) =H —(p—x0)Gx((p+x0) — (p—x0)A)"F, (8.54)

where A is a linear bounded operator in a right-sided quaternionic Pontryagin space &
of index x, and, with B= —(I + xoA), the operator matrix

& n): ()= (%)

is coisometric. In particular S has a unique slice hypermeromorphic extension to H.
Furthermore, when the pair (G,A) is observable, the realization is unique up to a unitary
isomorphism of Pontryagin right quaternionic spaces.
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Remark 8.8.2. As in the previous realization results, by (8.54)) is meant
S(p)=H—(p—x0) (G—(p—x0)(P+x0) ' GA) x
—x? _ -1 (8.55)
x (MA2—2Re (p xO)A—H) F.
p+

|p+x0/? X0

See Proposition[7.4.2]

Proof of Theorem[8.8.1] We proceed in a number of steps, and follow [32]]. We first prove
in Steps 1-8 that a realization of the asserted type exists with &2 = Z(S). In fact we ob-
tain the backward shift realization with main operator Ry, (see Definition for the
latter).

Following the analysis in [21} pp. 51-52], but taking into account the lack of commuta-
tivity, we define a relation R in (Z2(S) ® 9%,) x (P(S) @ £)) by the linear span of the
vectors

( (Ks(v q)(xo — q)u> (Ks(', q)(xo +q)u — 2x0Ks (-, xo)u +/2x0 K (-, x0) (X0 — q)v) )
(o—qp )’ V2x0(S(9)" = 8 (x0))u+ S(w0) ) (0 — ) ’

where ¢ runs through Q and u,v through &2, and show that the relation is isometric. In
the computation the equalities

1 1
Kn.x0) = 5 and - Ks(o.x0) = 5 (L, =S(0)S(x0) ). 8.56)
and
Ks(x0,42) (0 +2) = 2, — S(x0)S(g2)"", (8.57)

are important, as well as the equality (see Proposition[6.5.6)

q1k(q1,92) +k(q1,92)q2 = 1. (8.58)

STEP 1: The relation R extends to the graph of an isometry.

w
DomR. Then, for all g € Q and u,v € £, and using property (5.4) for the inner product
in &,, we have

We first check that R has a dense domain. Let (f ) € (Z(S) @ &,) be orthogonal to

[(x0 — ) f(q),u] 2, + [(x0 — )W, V] 2, = 0.
It follows that w = O and that

(xo—q)f(g) =0, qeQ,

and so f =0 in Q since f is continuous at the point xg.
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We now show that R is isometric. Given (Fi,G;) and (F»,G,) be two elements in the
relation, corresponding to g € Q, u;,v; € &, and to g3 € Q, uy, vy € &2, respectively,
we have

(B, F1]) = [(x0 — q1)Ks(q1,92) (x0 — @2)u2, u1] 22, + [(x0 — q1) (x0 — G2)v2, V1] 2, -
Furthermore

[G2,G1] = [g2,81] + [h2, 1]

with G| = (ii) where

g1(-) = Ks(-,q1) (xo +q1)ur — 2x0Ks(-,x0)ur + +/2x0Ks(-,x0) (xo — 1)1,
i = /2x0(S(g1) = S(x0) ) +S(0) (0 101
(and similarly for G»). The fact that R is isometric is equivalent to
(2, Fi] = [g2,81] + [l2, . (8.59)

We distinguish terms which involve only u,u,, terms which involve only vy, v, and sim-
ilarly for u,v, and vy, u; in the computations. We now write the above inner terms sepa-
rately:

Terms involving uy,u,. To show that these terms are the same on both sides of (8.59) we
have to check that

[(x0 —q1)Ks(q1,92) (x0 — q2)uz,u1] = [(x0 +q1) (Ks(q1,42) (x0 +G2) —
—2x0Ks(x0,42) (X0 +G2) —
—2x0(%0 +q1)Ks(q1,%0) +4x5Ks (x0,%0)) 2, 1]+
+2x0[(S(q1) — S(x0)) (S(q2)") = S(x0) )z, ).
From (8:36) this is equivalent to prove that
(x0 = q1),k(q1,42) (x0 — T2) — (0 — 41)S(q1)k(q1,42)S(g2) 1 (x0 — 72) =
= (%0 +q1)12,k(q1,42) (X0 +2) — (x0 +41)S(q1)k(q1,42)S(42) " (x0 + 72)—
—2x0(I, — S(q1)S(x0)1) — 2x0 (L, — S(x0)S(g2) )+
+2x0 (1, — S(x0)S(x0) ) +
+2x0(S(q1) — S(x0) (S(q2)" = S(x0) ).

But this amounts to check (8:38).
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Terms involving vy, v,. We use the formula for Kg(xo,x0), see (8.36), to verify that these
terms are the same on both sides of (8:39), that is, to show that

[(x0=@2)v2, (x0 = q)v1] = = [(x0 — 41)S(x0)S(x0) ) (0 = F3)v2, v1 ]+
+ 2x0[(x0 — q1)Ks(x0,%0) (x0 — q2)v2, v1].

Terms involving u,v;. There are no terms involving u and v; on the left side of (8.39).
We need to show that the sums of the terms on the right, that is,

V2x0[(x0 — q1)S(x0) (S(g2)1*) = S(x0) ez, v ]+

+ v/ 2x0[(x0 — 1) (Ks(x0,492) (x0 + G2) — 2x0Ks(x0,X0)) u2,v1] =
= [XMQ,Vl],

with

X = /200050 — 1)S(0)(5(a2)1 = S0)) + /25050 — 1) (I, —S(30)S(a2)7) -

—/2x0(x0 —q1) (1% —S(XO)S(XO)[*]> ;

add up to 0. Using [8:57) we see that X = 0. Finally the terms involving u;,v, form
symmetric expression to the previous one.

The spaces Z(S) ® H, and X (S) @ & are Pontryagin spaces with the same index. By
Theorem [5.7.10] a densely defined contractive relation defined on a pair of Pontryagin
spaces with the same index extends to the graph of an everywhere defined contraction,
and it follows that the relation R extends to the graph of an isometry, which we will denote

by V. Set
W_ (B F\. (2() 2(S)
o (B 8) L (29) (7). as
In the following step we compute the adjoint of V. Recall that the operator Ry, has been

defined in (7.47).

STEP 2: The following formulas hold:

Bf = —(I+2x0Ry,)f, (8.61)
Fu=—/2xoRy, Su, (8.62)
Gf =+/2x0f(x0), (8.63)

H = S(xp). (8.64)

The formula for H is clear. In the verification of (8:61)-(8.63) note that we make use of
property (5.4), which is assumed in force since the coeffiicent space 2, is two-sided. To
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check (8.61)), take f € Z(S). Then, for p € Q and u € &2, we have:
[(xo = p)Bf(p),ul 2, = [Bf(p), (xo — P)u] 2,
where we use (54)
= [Bf,Ks(-,p)(xo — P)u] z(s)
=[f.B ( s(+p)(x0 —P)u)] 2(s)
= [f,Ks(,p)(x0 +P)u— 2x0Ks (-, X0)u] 5(s)
=[f
=|

(P); (P +x0)u] = 2x0[f (x0), 4] 2,
(p+x0)f(p),ul 2, —2x0f (x0), u] 2,
where we use (54)

= [(p+x0)f(P) = 2x0f (x0),u] 2,

Thus,
(x0 = p)(Bf(p)) = (P+x0)f(p) = 2x0f (x0), P EQ,
which can be rewritten as (8.61).

To compute (8.62) we take u,v € &,. We have:

[0 — PY((EV)(p)). ]y = [FV,Ks (- p)(x0 — Pl o)
where (54 has been used

v v/230(S(p) ) = S(x0))u] o,

— [V/250(S(p) — S(x0) .1t 9,

and so
(%0 = p)(Fv(p)) = V/2x0(S(p) — S(x0))v, p .
Finally, we have:
(X0 = p)Gf, V]2, = [Gf,(x0o—P)V|,
W
= [f.G"(xo = P)V)] 2(s)
= [f, v/2x0Ks(-,x0) (X0 — B)V] ()
2x0[(x0 = p) f (x0),V] 2, -
STEP 3: Formula (8:533) holds for p near x:

We check the formula for real p. The result follows then by slice hyperholomorphic exten-
sion. We first remark that the operator Ry, is bounded since B is bounded. Let f € Z(S),
with power series expansion

i)=Y (p—x0)"fu, fo.f1,... € P,

n=0
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around xg. We have

fu= GRLf, n=0,1,...

m

and so, for real p = x near xy we can write:
> 1

fx) = n;)(x—m)"fn Ve

With f = Ry Su= —ﬁm where u € 4| we have

G(I — (x—x0)Ry) ' f-

(Ruy Su)(x) = —%G(l— (x—x0)Rey) ™ Fit = —G(2x0] — 2(x— x0)x0Rs, )~ Fu
and so, since B = —I —2xyR,,,
S0 = S(x0)u+ (x— 30) (Reg ) (1)
= S(xp)u— (x —x0)G(2xpI — Z(x—xo)xoRxO)_lFu
= S(x0)u — (x —x0)G(2x0I + (x —x0) (B+1)) ' Fu
= S(xo0)u— (x —x0)G((x +x0) + (x —x0)B) "' Fu.

STEP 4: Assume that &?| and &, are Hilbert spaces. The function S admits a slice hy-
permeromorphic extension to H , with at most a finite number of spheres of poles.

We first show that the operator
(xo+x)I+ (x—x0)B

is invertible for all real x, with the possible exception of a finite set in R. The operator
VI is a contraction between Pontryagin spaces of same index, and so its adjoint V is a
contraction; see Theorem[5.7.8] So it holds that

B¥B1 GG <1

But
(GYIGF, f) = (Gf,Gf), >0

since &7, is here assumed to be a Hilbert space, and so B is a contraction. It admits a
maximal strictly negative invariant subspace, say .# (see [165, Theorem 1.3.11] for the
complex case and Theorem [5.7.9]for the quaternionic case). Writing

the operator matrix representation of B is upper triangular with respect to this decompo-

sition where
__ (Bi1 By
B-(O by,
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The operator By is a contraction from the Hilbert space .# 1] into itself, and so I —
ig;ﬁ Bs; is invertible for every x > 0. The operator By is a contraction from the finite
dimensional anti-Hilbert space .# onto itself, and so has right eigenvalues outside the

open unit ball. So the operator [ — igjriB 11, is invertible in x > 0, except the points x #

Xo such that % is a real eigenvalue of By of modulus greater or equal to 1. There
is a finite number of such points since a n X n quaternionic matrix has exactly n right
eigenvalues (counting multiplicity) up to equivalence (in other words, it has exactly n
spheres of eigenvalues); see Theorem[4.3.6] Thus

X0 —X Xp—X

Yo — x - 1 - Bia
I— 0 B— X0 +x X0 +x
X +x - )C()—x

0 0 11— B>
X0 +x

is invertible for all x > 0, with the possible exception of a finite number of points. We now
use Proposition to extend S(x) computed in STEP 3 to a slice hypermeromorphic
function in H, via the formula

—%
S(p)u=S(xo)u+ iﬂ PG (I— MB) F
0

+p Xo+p
_ _5 _ 2 _ -1
=S(xo)u+ 2 x‘)*(G—xO IfGB) ('xo p|2B2—2Re (xo p)BH) F.
P +xo X0+ p [xo + p| X0+ p
Reg Xo—p
Lett = —> where g = € B. We have
lq Xo+p
B2, —2tBy1 + 5 B 1Bia+Bi2By —2tBip + 5
2n2 a2 11 a2 a2
B —2(Reg)B+1 = .
14l (Req) 14l ( 0 B~ 2By +

The operators B%l —2tB11 + - and B%z —2tBy + L are invertible for q such that £

lal? lg|? lg|?
is in the resolvent sets of By and By, respectively, in both cases the complement of a

compact nonempty set; see Theorem For the Hilbert space contraction Bj; this
will happen when |g| < 1 . The operator B is acting in a finite dimensional anti-Hilbert
space, and thus has just point S-spectrum which is inside the closed unit ball. The point
S-spectrum coincides with the set of right eigenvalues, and so it consists of a finite num-
ber of (possibly degenerate) spheres. Finally one uses the Potapov-Ginzburg transform to
show that S has a slice hypermeromorphic extension when &7; and &, are Pontryagin
spaces with the same index.

STEP 5: A function S with a realization of the form isin a class 8, (P, P, H,)
for some k' < k. Furthermore k = k' when the realization is observable.

One way to prove this assertion would be going via a direct computation, as in the proof
of Theorem We here present a slightly different approach, where the computations
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are made for real values of the variable, and then slice hyperholomorphic extension is
used. Let p = x and ¢ = y near xy. A direct computation leads to

I, ~S(x)SO)

T = Gl +.3) — (x-+x0)B)” (1 30)  (r-30)8) G

where B = —(I + xpA). Thus, with
K(x,y) = G(I(xo+x) — (x+x0)B) "' (I(y+x0) — (y = x0)B) IG",
we have
Iop, = S()S(y) = 2K (x,y) + K (x.3)y,
and the result follows by observing that is the hyperholomorphic extension of S(x).
STEP 6: An observable realization is unique up to a unitary transformation.

As in the proof of Theorem [8.3.6] we have
G (135“1 — uBl)il ([gg'l — VBl)i[*]G[l*] = GQ([ggfz — Lth)71 (13{2 — sz)i[*]G[z*],

where u,v are in a real neighborhood of the origin, and where the indices 1 and 2 cor-
respond to two observable and coisometric realizations, with state spaces £ and 23,
respectively. Then the domain and range of the relation R spanned by the pairs

((13[1 —vBl)i*GTh,(Ig[z —sz)i*Gék), hke 9,

are dense. By Theorem([5.7.10) R is the graph of a unitary map, which provides the desired
equivalence. ]

Example. The case where dim 27 (S) < oo and moreover &7 and %, are equal and also of
finite dimension corresponds to the class of rational functions unitary with an indefinite
metric on the imaginary plane, and will be considered in greater details in the next chapter.
When &) = &2, = H and £(S) has finite dimension then S is a finite Blaschke product,
as defined in Section When moreover dim Z(S) = 1, S is (up to a right multiplicative
unitary constant) a Blaschke factor based on a a € H, a # a, that is

*

S(p) =ba(p)=(p—a) " *(p—a).

For real p = x we have b,(x) = (x+a) ' (x— a) (see (6.74)). Furthermore, with B = ifg
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we have:
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ba(x) = ba(1) + ba(x) — ba(1)

_l-a B 2Re(a)
1 T Vemae
_ 1—a+( ) 2Re(a)(1+B)
1+a (x(14+B)+ (1—B))(1 +a)
_l—a 2Re(a) 2
S s aom nrap
l-a 2Re(a) 2
= 1+d+(x_1) 57 ((x+1)+(x—1)B) ll—i—ﬁ
1+B 2
1+a (1+4a)?

To conclude we have:

bo(p)=H—(p—1)G*x((p+1)+(p—1)B) "F

is slice hyperholomorphic, extends b, (x), and the matrix

1—a 2v/Rea
(B F) 14+a 14+a
H f—
G 2vV/Rea 1—a
1+a 1+a

is unitary. One can obtain from this formula the realization for a finite Blaschke product
using formula for the product of realizations (for the variable (p —1)(p+1)~! rather than
p). See Proposiiton [7.4.4and Chapter 9, and in particular Theorem[9.1.6]

8.9 Herglotz and generalized Herglotz functions

In this section we prove a realization theorem for generalized Herglotz function. The
form of the realization is first guessed from the realization given in Section[8.7)for gener-
alized Carathéodory function. Then the main result, Theorem [8.9.1] is proved as in the
previous cases using Shmulyan’s theorem. More precisely, starting from (with
q)O € GK('@ 718))

we see that

o(0) = 5CC

1

Po(0) — P (0)"

1 @ (0) — Py (0) 1
(4 4. 200) ~2oll) —coclk = 208) T2l
+ > , and thus 2CC 5 ,
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and write

(0) — Po(0)"
2
¢mwfww+

1 1 1
@o(p) = 5C* (I = pU) "% (I +pU) Mol ECCM + ECCM +

= %c*(z_pU)***(HpU)*c[*] - %cc[*] +

Py(0) — o (0)
2
= ®(0) + pC(I — pU) *«UCPH,

This suggests that, with the change of variable p — ?, which sends H; onto B we
PTXo

have as realization for generalized Herglotz functions expressions of the form

D(p) = P(x0) + (P —x0)Cx ((p+x0)] = (p—x0)U) " UC,
with U being coisometric, or, with B= —U and C = G, namely of the form (§.63) given
in the next theorem. We follow the arguments of [32] for the proof.

Theorem 8.9.1. Let & be a two-sided Pontryagin space. A B(Z?)-valued function ®
slice hyperholomorphic in an axially symmetric s-domain Q containing the point xog > 0
is the restriction of a function in the class (2, H..) if and only if there exists a right
quaternionic Pontryagin space &y of index K and operators

)2~ ()

(I+2x0B) (I +2x0B)! =1,

with B verifying

and such that ® can be written as
®(p) =H — (p—x0)G* ((p+x0)I + (p—x0)B) *BG". (8.65)

Furthermore, ® has a unique slice hypermeromorphic extension to H.. Finally, when
the pair (G,B) is observable, the realization is unique up to a unitary isomorphism of
Pontryagin right quaternionic spaces.

Proof. Given ® € H(#,H, ), we denote by .Z(®P) the associated right reproducing
kernel Pontryagin space of &?-valued functions with reproducing kernel Kg. We proceed
in a number of steps to prove the theorem. The main step is to check that the backward
shift operator Ry, is bounded in .Z(®P). The rest of the proof is similar to the proofs of
the realization theorems appearing in the previous sections. To do that Ry, is bounded we
define:

B =1+2xR,, (8.66)
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is coisometric.
STEP 1: B is a (continuous) coisometry in .Z(P).
Let Zx, be the linear relation on .2 (®) x .Z(P) generated by the linear span of the pairs
Hxy = (Ko (-, p) (P —x0)u, (Ko (-, p) — Koo (-, %0))u), pEQ, uec P, (8.67)
Let h € £ (®) be such that
Ko (,p)(P—x0)u] =0, VpeQ and uec .

Then
(p—x0)h(p)=0, VpeQ

and & =0 in Q (recall that the elements of .Z(®) are slice hyperholomorphic in Q). Thus
the domain of this relation is dense. We now show that

(fug) S %X() - [f?f] = [f—l-ZX()g,f‘f'ZXOg]v (868)

and first prove that
/8] + [, f1+2x0[g, 8] = 0. (8.69)

This is a lengthy calculation, which we take (as most of this section) from [32]. In the
computations use is made of property (5.4) and of

1
K (x0,x0) = o (qD(xo) +CD(X0)M> : (8.70)

An element in %y, can be written as (f, g) with

p) = ZK¢(p,pj)(?j—xo)uj, where uy,...,un € 2,
=1
! (8.71)

m m

g(p) =Y Ko(p.pj)uj—Ko(p.xo)d, where d=Y uj.
1

j= j=1

With f and g as in we have:

[f7g] = Z [KQ(piapj)(?_xO uj7ul (ZKCD XO;P] —XO)MJ'> ad]y7

i,j=1 j=1

[g.f1="Y [Ka(pi,pj)u;, (pi —xo)ui] » — Id, (ZIQp X0, pi)( z—XO)uz)],@.

ij=1 i=1
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Thus, using the assumed property (5.4) of the inner product in &

[ch(l?npj)uj,w]y) +
1

[f, 8]+ g, f] = —2x0 (

T

m

{P1K<1> P17P1)+K¢(P1,P1 P/}”/a“t (Z Ko x07p])pjuj> Jd] o+
j=1

+x0 ( o(x0,pj)u > o —1d, (ZKQD(XOaPi)Piui>]?/+
= i=1
m
+xo0[d Z o (x0,pj)uj |2

Taking into account (8.4) we have

[fag]+[gaf] = _Zxo < Z KCI?‘ Pi;Pj ij“l]]) +

i,j=1

+d, (li@ )],@H(jilcb( ) »—

m
(Zch X0,Pj PM;) d]]‘“ﬂ)( Ko (x0,pj)u ) v~
J=1 J=1
m
Z anpl i }@

m
da ( MKCD X0, Pi quz> 2 +Xo0 d7

72N

We now turn to [g,g]. We have:

8,8] = <i [K¢(Pi,Pj)Mj7ui],fy> - [(i Kd)("Oan)”j) NP

i j=1 j=1

—d, (i K@(Xomi)ldi) |2 + [Ko(x0,x0)d,d] 2.

i=1
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)d

m m
(ZKdeOvpj Pﬂh) P —X0 (Z o (x0,pj)u )d]ﬁd—

Jj=1 J

b

Thus

H Ms

i=

[f. 8]+ [g: f] +2x0[g,8] = [d, icb ) 7+ (

._.

™=

Ko (xo, pi P;m)]@ xold, Ko XO,Pi)ui>L@+

1

[f.8]+ (g, f1+2x0[g, 8] = [d, (i‘b ) 2+ (i > d)o—
<Z D(xo) + pﬂ”) ‘>,d} —

(i —|—(I) )C())) )]@ + 2x0[Ko (x0,%0)d, d] 2

and so we have proved (]@[) Equation (8:68) follows since

[f+2x0g7f+2x0g] = [f7f] +2x0([fvg} + [gaf} +2x0[g7g])

Equation (8.68) expresses that the linear space of functions (f, f + 2xog) with f,g as in
(B71)) define an isometric relation Z in £ (®) x £ (®). By Theorem[5.7.10} % extends
to the graph of a (continuous) isometry, say B*, on . (®). We have for h € .2 (®)

u*(p—x0)((Bh(p)) = [Bh,Ko (-, p)(P —x0)u]
= [h,B" (Ko (-, p)(P — xo)u)]
[ o(,p)(P—Xo)u+2x0(Kao (-, p) — Ko (-, x0) )u]
u* ((p—x0)h(p) +2x0h(p) — 2x0h(x0))
=u" ((p+x0)h(p) —2x0h(x0)) -
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Thus
(p—x0)((Bh(p)) = ((p+x0)h(p) — 2x0h(x0)- (8.72)

Taking real p = x near xo we get
Bh(x) = ((I +2x0Rx,)h)(x).

It follows from slice hyperholomorphic extension that B = I+ 2xoR,,, and so the operator
R,, is a bounded operator in .Z’(P) (in particular Z,, extends to the graph of RY).

STEP 2: The function p — (R,,®n)(p) belongs to £ (®P) forevery n € 2.
Let G denote the point evaluation at the point xo. We show that
R, ®n =BG™. (8.73)

By definition of the point evaluation we have (G*1)(p) = Ko(p,x0)n where ) € . See
Lemma[5.10.3| From (8.72)), and with h = G*7 and taking p = x real we have

(x=x0)((BG")N(x)) = ((p+x0)(G"N)(x) — 2x0(G"N)(x0)

X x0) 1 X o) [
CORR COLMIPME (DR S LY
= (P(x) = P(x0))7,

and hence the result. Since we already know that the operator R, is bounded, it follows
(and the proof is the same as in STEP 6 of Theorem for generalized Schur functions
of the half-space) that realization formula (8.63)) holds.

= (x+xo)

STEP 3: The function ® admits a slice hypermeromorphic extension to H., .

Without loss of generality we assume that xo = 1 (this amounts to replace ® by ®(pxp);
this transformation does not affect the number of negative squares of the kernel K¢ neither
the property of existence of a slice hypermeromorphic extension). Using Theorem[5.7.9]
we know that 7 = I + 2B has a strictly negative maximal invariant subspace, say .4, on
which it is bijective. Consider now the operator matrix representation

(T T2
(v %)
of T along the direct and orthogonal sum .Z(®) = A4 [@].4 -, Thus Ty, is a bijective

contraction from a anti-Hilbert space onto itself, and Tj; is a contraction from a Hilbert
space into itself. Thus for x > 0 in a neighborhood of xo,

0 1+,

I+XLT =l
(1+X)I+(X—1)B:(x+3)< +x+3 11 3112 )
x+3
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Considering hyperholomorphic extension, the operator (I — %ng) is invertible in H
since the map p — % sends H; into B. Furthermore, there are only a finite number of
spheres where (I — %Tll) is not invertible.

To complete the proof of the theorem two facts remain to be proved. First, a function ®
admitting a realization of the form isin a class H (2, H. ). The proof is as in the
case of the functions S and is based on the identity

®(x)+ () = (x+y)G(I(x0+x) — (x0—x)B) "' (I(x0 +y) — (x0—y)B) G,

where x,y are real and in a neighborhood of xg.

Next we need to verify that observable realization of the form (8.63)) is unique up to a
isomorphism of quaternionic Pontryagin spaces. This is done as in the proofs of similar
statements earlier in the chapter. g



Chapter 9

Rational slice hyperholomorphic
functions

Rational functions play an important role in linear system theory, and in the noncom-
mutative case we mention in particular the works [222} 260} 261]]. We also mention [[66]
which is set in the framework of noncommutative probability. There the approach uses a
topological algebra of a very special structure (dual of a countably normed nuclear space,
with a series of inequalities on the norms), and is also quite far from the quaternionic
setting.

In this chapter we present various results pertaining to rational function of a real variable,
with values in H"*™, The various formulas presented in this section have slice hyperholo-
morphic extensions to suitable neighborhoods of the real axis. See Section[7.4]

The last four sections of the chapter are devoted to the study quaternionic rational func-
tions with symmetries (J-unitary in an appropriate sense). Some of the results in these
sections could be obtained from the infinite dimensional results presented in the previous
chapter, but the approach here is different. We use the notion of minimal realization of
a rational function, and the fact that the functions at hand are defined (besides a finite
number of points) across the boundary.

9.1 Definition and first properties

Definition 9.1.1. A function r(x) of the real variable x and with values in H"*" is rational
if r is obtained from a finite number of addition, multiplication and (when invertible at
the origin) division of matrix polynomials.

Remark 9.1.2. The above definition would make sense for any (possibly noncommuta-
tive field) which contains the real numbers as its center. Here, the particularity of the
quaternions makes that the denominator can always be scalar. See equation (9.1]) below.
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We denote by H"*"(x) the skew field of H"*"-valued rational function in the real variable
x. In the following theorem we give a number of equivalent characterizations of rational
functions. We first need a definition. For a convergent H"*"-valued power series

FO) = fot fix+ o+
of the real variable x we set (see also (7.41))

f(x)—=f(0) .
(Rof)(x) = PR
S, ifx=0.

The main result of the section is the characterization of rational functions in terms of
realizations (see Theorem[0.1.8)). We begin with some preliminaries.

Proposition 9.1.3. Let t € Hx]. Then, T defined by i(x) = t(x) € H[x] and t7 € R[x].
Moreover r € H"™ ™ (x) if and only if it can written as

M(x)
m(x)

r(x) = , 9.1)

where M is a H""™-valued polynomial and m € R[x|. In particular, r is rational if and
only if its entries are rational.

Proof. The first claim is clear. Moreover, any function of the form (9.1) is rational from
the definition. We show the converse claim. It is enough to prove that the inverse of a
square (say H"*"-valued) rational function is still rational. For n = 1, this follows from
the first claim since
t(x t(x
gy 1 1)

t()r(x) () (x)

be a H"*"-valued rational function. Without loss of generality, we can assume that the
(1,1) entry a(x) € H(x) is not identically equal to O (otherwise, multiply r on the left or
on the right by a permutation matrix; this does not change the property of  or of !
being rational). We write (see for instance [[169, (0.3), p. 3])
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and so d(x) — c(x)a(x) "' b(x) € H"=D*=1)(x) is invertible for all, but at most a finite
number of, values x € R (to see this, it suffices to use the map ¥ (see (@.8)) and reduce the
question to that of a matrix-valued rational function of a real variable, but with complex
coefficients). We can thus use the induction for n — 1. From (9.2) we get

(@) -6 )

(a(x))™! 0 1 0
g ( 0 (W —c<x>a<x>'b<x>>'> (—c<x>a<x>1 1)
9.3)
and this proves the induction for n. g

We also note that the realization formulas (2.6), (2.9) and (2.10) still hold when the ma-
trices have quaternionic entries, but the variable is real. More explicitly we have the fol-
lowing two theorems, whose proofs are omitted because they are as in the complex case.

Theorem 9.1.4. Let r be a H""-valued rational function with realization r(x) = D+
xC(Iy — xA)_lB, and assume D invertible. Then,

rlx)=D"!'—xD'C(ly—x(A—BD~'C))"'BD! (9.4)

is a realization of r~\.
Remark 9.1.5. The operator

A Aa_Bp'c
plays a key role in the sequel.

Theorem 9.1.6. Ifr;, j = 1,2 are rational functions, respectively H"*™ and H"*-valued,
defined in neighborhood of the origin, and with realizations

ri(x) =Dj+x(I,; —xA;)"'Bj, j=1,2

then a realization of ryry is given by D = DD, and

A1 B, B1D,
A:(O AZ),B:<BZ>7C:(C1 DiG,), 9.5)
and a realization of r1 + r; is given by D = D1 + D and
(A1 O (B _
A_<0 A2>,B—(Bz>7c—(cl G). 9.6)

Remark 9.1.7. With A,B,C,D given by (9.5), and assuming D; and D, invertible, we

have
(AT 0
“\-B.D;'Dy'Cy AS)C
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We can now state the main result of the section:

Theorem 9.1.8. Let r(x) = ro+ rix+--- be a H"™-valued power series of a real vari-
able convergent in a neighborhood of the origin. Then the following are equivalent:

(1) r is rational.

(2) r can be written in the form

r(x) = D+ xC(Iy —xA) !B, 9.7)

where D = r(0) and (C,A,B) € HN x HV*N x HN*™ for some N € N.
(3) The coefficients of the power series defining r can be written as

rn=CA"'B, t=1,2,...

where (C,A,B) € HN x HV*N x HV*™ for some N € N.

e right linear span r) of the columns of the functions Ror,Ryr, ... is finite di-
4) The right li pan M he col. h jons Ror,R3r,... is finite di
mensional.

Proof. First we prove (1) = (2). Assume that r is rational, that is, of the form (9.I),
with
N Ny
M(x)=Y x"M, and m(x)=Y x"m,.
u=0 u=0
Then
M(x) = D+xC(I—xA)"'B,

where D = My, N = Nym, and

On In  On
A= ; :
0, e 0 Iy
Om Om Om Om
O
Om
B=| .|, C=My, My-1 - Mp).
In

Similarly we obtain a realization m(x) = d +xc(I — xa)~'b for m(x). By hypothesis mg #
0. We thus obtain a realization for % using formulas (9.4) and(©.3).

Items (2) and (3) are clearly equivalent, in view of the formula

(I-xA)"' =) xa",
u=0
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which will hold at least in a neighborhood of the origin. To prove the implication (2) =
(4) we note that

(Ror)(x) =C(Ily —xA)"'A™'B, 1=1,2,...

Thus .# (r) is included in the linear span of the columns of the function x — C(Iy —
xA)~!, and is in particular finite dimensional.

Assume now that (4) is in force. Then there exists an integer mo € N such that for every

v € HY, there exist vectors u, . .. ,Uy,—1 such that
mo—l
R°rv="Y R{rup. 9.8)
m=0

Of course, the u; need not be unique. Let E denote the HP*"09-valued slice hyperholo-
morphic function

E=(Ror Rjr ... R;°r).

Then, in view of (9.8), there exists a matrix A € H"07*"04 such that

RoE = EA,
so that
E(x)—E(0) =xE(x)A,
and so
E(x) =E(0)(I—xA)™!
and
I
0
(Ror)(x) = E(x) | |
0
Thus we have
I
0
r(x) —r(0) =xE(0) (If)cA)_1 :
0

It follows that r is of the form (9.7), and so (2) holds.
Finally the implication (2) = (1) follows from Proposition applied to (I —xA)~!.
|

The following direct corollary will be used in Section[T0.6]devoted to first order discrete
linear systems.
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Corollary 9.1.9. Let (c,a,b) € H>N x HV*N x HV*!, and let
s_y=ca'b, (=0,1,.... 9.9)

Then, the function y.,,_,x"ca"b is rational.

Definition 9.1.10. Under the hypothesis and with the notations of Theorem [0.1.8] we
define the linear operators

(é g) L () xH — () x H

by
Af =Rof, fe(r),

Bb = Ryrb, fe#(r),

Cr=r0), fe(r),
D =r(0), feHr).

(9.10)

Equation (9.7) holds with this choice of (A,B,C,D), and so (2) holds, and (9.10) is then
called the backward-shift realization of the function r.

In the setting of complex numbers the backward-shift realization plays a key role. See for
instance [[179}[180].

9.2 Minimal realizations

Realizations are useful in particular when they are, in some sense, unique. As in the
complex case, one can introduce the notion of minimality, and the corresponding result
on uniqueness of a minimal realization up to a similarity matrix. The interpretation of
minimality in terms of local degrees of poles is still missing.

Definition 9.2.1. We say that the triple of matrices (C,A,B) € H™N x HV*N x HN*™ jg
minimal if the following two conditions hold: The pair (C,A) is observable, meaning that

N2 kerCA" = {0} 9.11)
and the pair (A, B) is controllable, meaning that
N oker B*A* = {0} . (9.12)

The number N is called the degree of the minimal realization.

The proof of the following lemma is easy and will be omitted.
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Lemma 9.2.2. Conditions (9.11)) and (9.12) are equivalent to the following two condi-
tions, where f € HY and Q denotes some real neighborhood of the origin;

Clly—xA)'f=0, xeQ — f=0 (9.13)

and
B*(Iy—xA")"'f=0, xeQ < f=0. (9.14)

Theorem 9.2.3. The backward-shift realization is minimal.
Proof. The formula
A'Bb=R{Ryrb=R,"'b, t=0,1,2, becH",

shows that U;? ;ranA’B = . (r). On the other hand, if

flx)= Zf,x’ €. (r),
=0
we have
CA'f=f, t=0,1,...
and so N7 kerCA" = {0}. O

Theorem 9.2.4. Let r be a H"*"-valued function of a real variable defined in a neigh-
borhood of the origin. Then r admits a minimal realization, and two minimal realizations
have the same degree, and are equal up to an invertible similarity matrix.

Proof. The first claim follows from Theorem The proof of the second claim is di-
vided in a number of steps. Let thus r(x) = D; +xC;(Iy; —xA;)"'Bj, j=1,2 be two
minimal realizations of r. Then:

STEP 1: It holds that

r(x) —r(y) - -
ey~ Gl —) Iy A0 B (9.15)
=Co (I, —xA2) "' (I, —yA2) "'Ba, x,y € (—€,€)

for some € > 0.

STEP 2: One can define linear maps U and 'V from H™ into H" via:

d
|

(In, *)’tAZ)_leat, (9.16)

M~
M~

(In, yzA1)_1Blat> =
1

.‘
Il
Il

—_

t
and

(I, —vA3) "' Csa.

1=
1=

(Im —y,AT)ICTal> =

1 t=1
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A priori U and V are linear relations. They are everywhere defined in view of the con-
ditions (9.13)) and (9-14). In fact they are graphs of operators as we now prove. Assume
):thl(I,,l —ytAl)_lBla, = 0; then

gl

Ci (I, —xA;)™! < (In, _ytAl)]Blat> =0,

t=1

and so, by (9:13),

D1~

t=1

Cy (I, —xA;)"! < (In, —yzAz)leaz> =0,

so that Zthl (Ln, — y:A2) "' Baa, = 0, and similarly for U.

STEP 3: The map U* and V* satisfy

U* (b, —yA3)7'G) (I, —yA})~'CT, 9.17)
V (I, —yA2) " 'By) = (I,, —yA1) 'By. (9.18)

Indeed, by definition of the adjoint we have

(U* ((In, —yA3) " 'C3b) , (In, —xA1) " 'Bic) =
= ((Iv, —yA3) " 'C3b,U (I, — xA1) " 'Bic))
= <(I"2 _yA§)71C;b7 (Inz _XA2)7IBZC>

x—y
= ((I,, —yA})~'C}b, (I,, — xA1) "' Bic),

p RRO)

and hence the result. Similarly,

(V¥ ((Iny —yA2) "' Bab) , (I, —xA}) ' Cic) =
= ((In, —yA2) 'Bab,V ((I,, —xA}) "' Cic))
= ((I, = yA2)"'Bab, (I, — xA3) "' C3c)
_ +RE)—RE)
x—y
= (I, —yA1)"'Bib, (I,, — xA}) "' Cfe),

b

and hence the formula for V*.
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STEP 4: 1y = ny L nand V*U =1,
Indeed, by definition of U and V* we get from (9.18))
T T
VU Y (I, — A1) 'Bia, | = Y (I, —yiA) ' Biay, (9.19)
=1 =1
and similarly, from the definition of V and U* we get from (9.17) that

T T
VU* (Z(,,l yiA3) 1C2at> Z — AN Chay. (9.20)

t=1

By the observability of the pair (Cj,A;) and the controllability of the pair (A;,B;) we
have V*U = I, and VU* = I,, and so n; = ny, and the maps U and V* are inverse to
each other.

STEP 5: Two minimal realizations are similar.

The operator U satisfies UB| = B; by construction and similarly V* satisfies C;V* = C;.
From (9.13) we have for u,v € Ny

CA5A,A3By = C1AYA1AY By,
and similarly, by definition of U and V we have
C1A{V*A,UAYB) = C1A{A1A] By,
and hence U~ 'A,U = A,. O
The following two corollaries are proved as in the classical case.

Corollary 9.2.5. Let r be a H"*"-valued function of a real variable defined in a neigh-
borhood of the origin, let

r(x) = D+xC(Iy —xA)"'B

be a minimal realization of r, and assume D invertible. Then (9.4) is a minimal realization
of r™ 1.

Corollary 9.2.6. Let r be a H""-valued function of a real variable defined in a neigh-
borhood of the origin, and let

r(x) =D+xC(Iy —xA)"'B
be a minimal realization of r. Then,
r(x)* = D* +xB* (I —xA*)~'C* (9.21)

is a minimal realization of the function x — r(x)*.
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To conclude this section we connect the real points where r is defined and the intersection
of the spectrum of A with the real line.

Theorem 9.2.7. Let r be a H""-valued function of a real variable defined in a real
neighborhood of the origin, and let

r(x) =D+xC(ly —xA)"'B

be a minimal realization of r. Then, r is defined at the real point x if and only if x =0 or
1/x ¢ os(A)NR.
Proof. Without loss of generality we can assume that A is in Jordan form,

A =diag(Jy, (A1), s, (A2), . Ty, (Am)).

where, for instance J, (A1), denotes the Jordan block of size s; associated to the eigen-
value A. See Theorem [4.3.21] Then, with

By
B,
C= (Cl G ... Cm) and B=
Bﬂ’l
the corresponding block matrix decompositions of C and B. Let xi,...,x, be the real

eigenvalues of A, possibly repeated. We can write:

r(x)=D+ ZV: (i m) +5(x),

u=1 \r=0

where s(x) is the part corresponding to the standard nonreal eigenvalues. Assume that r
is defined at a point x,,. This forces all corresponding matrices C, N, B,, (possibly coming
from different Jordan blocks associated to the given eigenvalue) to be 0, and this contra-
dicts the minimality condition. ]

9.3 Realizations of unitary rational functions

In the complex setting, rational functions which take unitary values (with respect to a
possibly indefinite metric) on the imaginary line or the unit circle play an important role
in the theory of linear systems, in interpolation theory and related topics. We begin by
considering the case of a real variable. The symmetries (9.22) (purely imaginary space)
and (9.23)) (unit ball) are motivated by the quaternionic setting.

In the complex case, the realizations of unitary rational functions were studied in partic-
ular in [184] and in [57]. As in these works, the strategy here is to use the uniqueness, up
to similarity, of the minimal realization. We begin by the purely imaginary space case.
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Theorem 9.3.1. Let J € H" " be a signature matrix and let ® be a rational H"*"-valued
function defined at the origin, and with minimal realization ®(x) = D +xC(I — xA)~'B.
Then, O satisfies

Ox)JO(—x)" =J (9.22)

at the real points where it is defined, if and only if D is J unitary (that is, DJD* = J) and
there exists an Hermitian matrix H such that

HA+A*H = C*JC,

* (9.23)
C=DJB"H.
When these conditions are in force it holds that
O(x) = (I, +xC(Iy —xA)"H~'C*J)D. (9.24)

Proof. Let Q be the open subset of the real line where @ is defined. Setting x = 0 in (9.22))
we obtain that DJD* = J, and the quaternionic matrix D is invertible. Thus we can rewrite

O as
Ox) =JO(—x)""J, x€Q,

and thus
D4 xC(I—xA)"'B=J(D™* +xD*B*(I +x(A—BD~'C)")*C*'D™*)J, xcQ.

The two sides of the above equality are minimal realizations of the same rational H"*"-
valued function of the real variable x. They are thus similar and there exists a uniquely
defined matrix H such that

H 0\(A B\ [(—-(A-BD7'C)* C*D*J\(H 0
0 L,Jj\C D) JD™*B* JD™*J 0 I,/
These equations can be rewritten as

HA = —(A* —C*D*B*)H,

HB=C*D*J,
C=JD *B*H,
D=JD"J,

or, equivalently,
HA+A"H =C*JC,
C=DJB*H,
DJD* =J.

These equations are also satisfied by H* and so H = H* by uniqueness of the similarity
matrix.
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Conversely, if H is a solution of (9.23)), one obtains (9.24)) and a direct computation shows
that
J—0(x)JO(y)*
xX+y
and in particular (9.22) is in force. O

=C(Iy—xA)"'H Iy —yA)*C*, x,yeQ,

Now we turn to the unit ball case.

Theorem 9.3.2. Let J € H" " be a signature matrix and let ® be a rational H"*"-valued

function defined and invertible at the origin, and with minimal realization ®(x) = D +
xC(I —xA)~'B. Then, @ satisfies

O(x)JO(1/x)* =J (9.25)

(at the real points where it is defined) if and only if there exists an invertible Hermitian

matrix H such that
A B\"(H 0\/A B H 0
<C D) <o J> <C D)(O J)' (9.26)

Proof. We rewrite (9.23) as
D* +B*(xIy —A*)"'c* =J(D~' =D~ 'C(xly —A*)"'BD")J.

Since ®(x) is defined and invertible at the origin condition (9.25) forces ®(1/x) to be
defined at the origin too. Since

O(1/x) =D +C(xly —A)"'B,
Theorem [9.2.7]implies that A is invertible. Hence
D* +B*(xIy —A*)"'C* = D* = B*A™*C* +xB*A~* (xIy — A*) " 'C*,
and so
D* —B*AT*C* +xB*A " (xly —A*)"'C* = J(D™' = D7 'C(xly —A*)'BD™")J.

This in turn is an equality between two minimal realizations of a given rational matrix-
valued function. The result then follows by proceeding as in [57, Theorem 3.1, p.197].
|

Remark 9.3.3. We note the formula (see also (8.18))

J—0(x)JO(y)*

TZOWIOO)” _ (1 ) 1 (1= yA)C*.
1 —xy
Remark 9.3.4. We note that in fact the hypothesis of invertibility at the origin can be
removed. To this end, one uses the results of Section [8.3] and note that as it follows from
the formula J— @I .

— X y %

— = _§Rl/y®(x)(®(l/y)) , Y#0,

the space &(®) (or more precisely, the restrictions of its functions to the real line) is
finite dimensional.

1 —xy
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9.4 Rational slice hyperholomorphic functions

We now lift to the slice hyperholomorphic setting the results of the previous three sections.

Definition 9.4.1. The H"*"-valued function r slice hyperholomorphic in an axially sym-
metric s-domain will be called rational if its restriction to the real line is rational in the
sense of Definition

Theorem 9.4.2. Let r be a rational matrix-valued function defined at the origin, and with
minimal realization D + pC % (I — pA)~*B, and let [p1],...,[pn] be the spheres corre-
sponding to the poles of r. Then

GS(A> = {[pfl] EEREE/ [pﬁl]}

Proof. We use as minimal realization the backward-shift realization. The elements of the
state space .# (r) are slice hyperholomorphic in H\ {[pi],...,[pn]}. The space is Ro-
invariant, and so its eigenfunctions are of the form

f*(1—=pa)™™. (9.27)
By the definition of . (r), (9.27) is a finite linear combinations of elements of the form
Ryre. It follows that, for a # 0, we have [a™'] € {[p1],...,[pn]}-
Conversely, { [p;']..... [py']} C 05(A) from the realization formula. O

Corollary 9.4.3. In the setting of the previous theorem assume r slice hyperholomorphic
in the closed ball. Then, rs(A) < 1 and the function t — r(tp) is real analytic for all p on
the unit sphere in a neighborhood of 1.

We now turn to conditions (9.22) and (9.23).

Definition 9.4.4. Let J € H"*" be a signature matrix. A rational H"*"-valued function is
called J-unitary on the purely imaginary quaternions if

O(p)xJxO°(—p) =J. (9.28)
Note that (9.28) is the slice hyperholomorphic extension of (9.22).

Definition 9.4.5. Let J € H"*" be a signature matrix. A rational H"*"-valued function is
called J-unitary on the unit ball if

O(p)xJxO°(1/p) = J. (9.29)

Note that (9.29) is the slice hyperholomorphic extension of (9.23).
Let O be a slice hyperholomorphic H"*"-valued rational function, with domain of defini-
tion Q(®) C H. The counterpart of the kernel Kg is now

Ko(p.q) = Y. 1 (/— ®(p)7®(q)" )7,
t=0

but the counterpart of (2.14) is not so clear, as illustrated by the following example (see
[20] and [39]).
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Example. The function

=7l )6 )=l e

does not take unitary values on the unit sphere.
Indeed for p of modulus 1 we have:

0o = (. | ).

2

[y

and
. Nk 1 i
0(HeU) =(_,
is not a contraction (its eigenvalues are 0 and 2), let alone a unitary matrix. On the other
hand, the associated space #2(®) is finite dimensional since

Ko(p.q) = % (_ll i) .

We note that the positivity of the kernel Kg(p,q) does not imply the condition
J—0(p)JB(p)" >0 VpeB; where@ is defined. (9.31)

This is because the entries of the matrix ®(p)JO(p)* need not be real and so will not
commute with the factors p’ and p’. This is illustrated by the above example.

The scalar case, that is J = 1, is of special importance. Then ®(p)JO(p)* = [®(p)|> € R
and the positivity of Kg and (9.31) are equivalent.

The next theorem characterizes slice-hyperholomorphic functions J-unitary (in an appro-
priate sense) on the unit sphere or on the real axis. In [57] a proof was given of this result
(in the complex variable setting) under the hypothesis that ® is invertible at infinity and
at the origin. The operator A is then invertible because the chosen realization is mini-
mal. Another proof was given in [52] without these hypothesis, using reproducing kernel
Hilbert spaces. This approach is still applicable in our setting and is the one we take in
the proof of the theorem. The standard computations follow [13, Exercise 7.7.16 ].

Theorem 9.4.6. Let (C,A) € HN x HV*N be an observable pair of matrices, and as-
sume that 1 € pg(A). Let J € H"" be a signature matrix, and let P denote an invertible
Hermitian matrix. Let ./ denote the linear space spanned by the columns of the matrix
Sfunction F(p) = C* (Iy — pA)~*, and endow .4 with the inner product

[F()&.F(-)nlp=n"PE.
Then there exists a rational function ® such that # = & (0) if and only if P is solution

of the Stein equation [@.16).
The function © is then given by the formula (up to a right multiplicative J-unitary con-
stant)

O(p) =1, — (1—p)xC*(Iy — pA) *P Iy —A*)~'C*J. (9.32)
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Proof. We consider real p and ¢g. The result follows by slice hyperholomorphic extension.
With F(p) = C(Iy — pA)~* and x,y € R such that (Iy —xA) and(Iy — yA) are invertible
we can write
J=0(x)JO(y)" = (1-x)F(x)P~'F(1)" + (1 =y)F(1)P~'F(y)" -
—(1=x)(1 =y)F ()P~ F(1)"JF(1)P™'F (y)*
=F(x)P '(Iy—A)*x
x{ (1—x)(Iy —yA)*"P(Iy —A)+
+(1=y)(Iy —A)"P(Iy —xA)—
—(1=x)(1=y)C*JC } x
x (Iy—A)"'P1F(y)*.

In view of the observability of the pair (C,A), the reproducing kernel formula

J—0(x)JO(y)"
(1—xy)

will hold if and only if we have

=F(x)P~'F(y)’

(1 —xy)(Iy —A)*P(Iy — A) = (1 —x)(Iy — yA)*P(Iy — A)+
+ (1 =y)(In —A)"P(Iy —xA)—
—(1—=x)(1-y)C*JC,

or equivalently

(1 =xy)(Iy —A)*P(Iy —A) = (1 =x)(Iy —yA)"P(Iy — A)+
)

+(1=y)(Iy —A)*P(ly —xA)—
+(1—x)(1—y)(P+A*PA)+
+(1—x)(1—-y)(C'JC—P—A"PA).

But it holds that:
(I—xy)(In —A)"P(Iy —A) = (1 —x)(Iy —yA)"P(Iy — A)+
+(1=y)(Iy —A)"P(Iy —xA)—
+(1—x)(1—y)(P+A*PA).
Thus we get the formula
J—0O(x)JO(y)"
(I—xy)

IO w1y — ) sty —a) P O

=F(x)P~'F(y)'+
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where we have set A = C*JC — P — A*PA. Thus formula (2.21)) is in force if and only if
Fx)P Y Iy —A) Ay —A)"'P7'F(y) = 0.

Since the pair (C,A) is observable, this will be the case if and only if A = 0, that is, if and
only if the assumed Stein equation holds.
]

Corollary 9.4.7. Let (C,A) be an observable pair of matrices and assume that there
exists an invertible Hermitian solution to the equation

P—A"PA=C"JC. (9.33)
Assume moreover that 1 € pg(A). Then, the function
O(p)=I1+(1—p)xCx(I—pA)*P(I—A)""C"J (9.34)
is rational and satisfies (9.25)).
For future use we need (see the proof of Theorem [I0.1.8):

Proposition 9.4.8. Assume P > 0. Then D~ is invertible at the point p = 0.
Proof. We have

s

p"(J—=0(p)Je(p)*)p" > 0.

u=0

For p = 0 we have
J > 0(0)J6(0)
from which we get
1+C(0)C(0)" = D(0)D(0)
and hence the result. |

An important example of such function, in the setting of discrete systems, is given in

Theorem

For a signature matrix J € H"*" we first define H?(J,B) to be the space (H?(B))" en-
dowed with the possibly indefinite inner product

[f»g] = <f7-,g>(H2(]B))n.
Setting

o

ki(p.q) =Y. p"Jq",
u=0

we note that
[fakJ(HQ)g]:é*f(q)v qulaéeHn'
‘When J has real entries, we futhermore have

k;(p,q) = (1—pg)~"J.
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Proposition 9.4.9. Let ® be a rational function J-unitary on the unit sphere, and let
(C,A) be an observable pair such that (the finite dimensional Pontryagin space) & (0) is
spanned by the columns of the matrix-function Cx (I — pA)~*. Then & (0) is isometrically
included in H?(J,B) if and only if 65(A) C B.

Proof. Assume that 2(0) is included isometrically in H?(J,B). In particular, it is in-
cluded (as a set) inside (H?(B))", where n is the size of J (J € R"™"). Since near the
origin an element of 42(®) can be written as

oo

F(p)§ =Y p"CA"E, with F(p)=Cx(I—pA)™,
u=0

for some & € H" it follows that

=

Y EFATCCA"E <o, VEcH". (9.35)
u=0

Let now A € os(A) and let & # 0 be such that AE = EA. We have A*E = EA" (with
u € N) and so C& € N7_ kerCA". Since the pair (C,A) is observable we have C& # 0.
Hence (9.35) can be rewritten as

Y APICE|? < oo
u=0
and so A € B. Hence £2(®) C H?(J,B). But now the series
pP=Y A™cricaA"
u=0
converges absolutely, and we have

[F(p)§, F(p)Nlz@) =1"PS

=Y n*ATCTICA"E
u=0

=[F(p)S,F(P)nln2(ym)-
The converse is clear and uses, for instance, (4.4.11). O

Theorem 9.4.10. Let ® be a rational function J-unitary on the unit sphere, and let
(C,A) be an observable pair such that (the finite dimensional Pontryagin space) & (@)
is spanned by the columns of the matrix-function Cx (I — pA)~*. Then the operator Mg
of x multiplication by ® is an isometry from H>(J,B) into itself if and only if 65(A) C B.
When this condition is in force we have

P (@) =ran (J — MeJMy) = H>(J,B) © MgH?(J,B).
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Proof. Assume first that og(A) C B. By the previous theorem #2(0) is isometrically
included in H?(J,B). Moreovoer @ (given by (9.34)) is bounded in norm in B, and so
the operator Mg is bounded from (H?(B))" into itself (see Corollary . Thus, by
Theorem [7.5.2]

=

(Mo (Ex(1—-7)7)) (p) = }_ ©(a)'7"E,

u=0

and
Ko(p,q)& = ((J —MeIME) (Ex(1—-9)7")) (p)

and so #(@) C ran (J — MeJM}y) C H*(J,B). We set
T =J— MeJ M.
We have

n*K(p,q)& = (Ke(-q)§,Ke(-,P)N) 7(e)
=[C(Ex(1-g ), (Un*x(1-D) ey

(by Cauchy’s formula)

=[CEx(1-9) "), CUN*x(1=P) ) wys

since (@) is isometrically included in H?(J,B), and so we have I'> =T and every
element in H?(J,B) can be written as an orthogonal sum

f=Tr+U-I)f.
It follows that H?(J,B) = 22(©) & MgH?(J,B). O
As a consequence we have the following result:

Theorem 9.4.11. Let b € S be such that the kernel K}, is positive definite and assume that
the associated reproducing kernel Hilbert space is finite dimensional. Then, b is a finite
Blaschke product.

Proof. Let n be the dimension of J#(b) and let (C,A) € H"" x H™" be a controllable
pair such that the entries of Cx (I, — pA)~* form a basis of .7 (b). Then o5(A) C B since
£ (b) C H?(B) (a priori contractively). By the previous theorem we have

#(b) = H*(B) © M,H*(B).

Letnow f(p) = (1 — pa)~* be an eigenvector of Ry with eigenvalue a € B. Using Theorem
we have that the span of f in H>(B) is a s#(b,) space, where b, is the Blaschke
factor at a. Because of the isometric inclusion the function b, * xb is still a Schur function,
and the associated reproducing kernel Hilbert space has dimension n — 1. We get the result
by iterating. O
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9.5 Linear fractional transformation

Linear fractional transformations and interpolation problems originated with the analysis
of the previous century and even earlier; we have in mind here the Schur algorithm and
the associated solutions of the Carathéodory-Fejér interpolation problem (see Theorem
[10.4.1) and the results of Stieltjes on moment problems (see []). The connection between
the underlying reproducing kernel spaces seems to have been noticed at a much later stage
in the work of de Branges and Rovnyak; see [105 Theorem 13, p.305], [156, §31, Theo-
rem 31]. The following result is the quaternionic version of the result of de Branges and
Rovnyak, when the linear fractional transformation coefficients are moreover assumed

rational. For the next result it is useful to recall that Jy = (é _01> .

Theorem 9.5.1. Let © be a rational Jy-inner function, defined at p = 1 and such that
O(1) = I, and let s be a Schur function. Then, there is a Schur function e such that

s(p) = (a(p)xe(p) +b(p))* (c(p)xe(p) +d(p))~* (9.36)

if and only if the map M (1

7s) is a contraction from F€(0) into F(s).

Proof. Using the first item in Proposition we obtain

(s, ) 0= Er () -otm0t0r+ (1))

and so

=2}

and therefore the kernel

,i)pt ((1 ~5(p)) *0(p)I0(q)" (sl(q)» 7 =Y/ (Ap)AQ) - B(r)B@)7

is positive definite in B, with

A(p) =(a—sxc)(p) and B(p)=(b—sxd)(p).

The point p = 1 is not an interpolation node, and so ® is well defined at p = 1. From

(10.42)) we have
o(l)=5n (9.37)
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and so (a~'c)(1) =0. Since s is bounded by 1 in modulus in By it follows that (@ — s*c) #
0. Thus e = —(a — s*¢) " * (b —s*d) is defined in B, with the possible exception of
spheres of poles. Since

iop’ (Ap)ACq) - B()B()) 7 A(p)*{iopfa e(p)e(q))q'} ~A(g),

we have from Proposition [7.5.8] that the kernel

oo

K.(p.q) = Zép’(l —e(p)e(q))q,

where
e=—(a—sxc) " x(b—sxd), (9.38)

is positive definite in its domain of definition. By Theorem the function e extends
to a Schur function. From we get sx (cke+d) = a*e+b. To conclude we remark
that implies that

d'e)(1)=0.

Thus, in a way similar to the proof that (a —s*c) # 0, we have cxe+d # 0 and we get
that s is of the form (9.36).
Conversely, assume that s is of the form (9.36). Then the formula

Ki(p,q)= (1 —s(p))*Ko(p.q) % (_Sl(q)) + 030

+(a—sxc)(p)*Ke(p,q) *r (a—s*c)(q)

implies that M (1 s

) is a contraction from .7 (®) into S (s). O

9.6 Backward-shift operators

In this section we study finite dimensional backward operators for backward shifts cen-
tered at the origin or at p = 1. We will not give the proof of the first lemma.

Lemma 9.6.1. A finite dimensional subspace (say of dimension N) 4 of H"-valued
functions slice hyperholomorphic in a neighborhood of the origin is Ry-invariant if and
only if it can be written as

M ={F(p)§; & en}

where F(p) = Cx (Iy — pA)~*, where (C,A) € HN x HY*N is an observable pair of
matrices.

We begin with some preliminary results and definitions.
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Definition 9.6.2. Let f be a slice hyperholomorphic function in a neighborhood Q of
p=1,andlet f(p) =Y>o(p—1)"f; be its power series expansion at p = 1. We define

=

Rif(p)=Y (p—1)'fi (9.40)

t=1

Denoting by ext the slice hyperholomorphic extension we have

R f(p) = ext(Ri flp=x)- (9.41)
The following proposition is the counterpart of Lemma[9.6.1) when Ry is replaced by R;.

Proposition 9.6.3. Let A be a finite dimensional space, of dimension d, of H"-valued
functions, slice hyperholomorphic in a neighborhood of the point p = 1 and R;-invariant.
Then AN is spanned by the columns of G (I; — pT) ™™, where the matrices (G,T) €
H"™*? 5 HY* such that & € H,

Gx(ly—pT)*E=0 = E=0.

Proof. Let F(p) be built from the columns of a basis of .4” and note that there exists
B € H¥*4 quch that R|F = FB. Restricting to p = x, where x is real, we have

and so
F(x)(I;+B—xB) =F(1). (9.42)

We claim that I + B is invertible. Let & € H? be such that BE = —&. Then, (9.42)) implies
that

xF(x)§ =F(1)§, xe(-L1).
Thus F(1)€ = 0 (by setting x = 0) and so F(x)& =0 and so & = 0. Hence

F(x)=F()I;+B) '(Il;—xB(I;+B)"")7!,

and the result follows. O

Lemma 9.6.4. Let f(p) = F(p)& where F(p) = Cx (Iy — pA) ™ and & € HV. Then
Rif(p) = F(p)A(ly—A)~'¢. (9.43)
Proof. First of all, recall that
F(p) = C (I — pA) ™ = (C — pCA)(I, — RepA+ p’A%) 1,

" F(1)=(C—CA)(Iy —2A+A*) ' =C(ly —A) "
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Let us compute

Rif(p)=(p—=1)""(f(p) = F(1)) = (p—1) " (Cx(Iv— pA)*E —C(Ix —A)'E)
=Cx(p—1)""((Iy—pA) "= (Iy—A) )&
=Cx(p—1)"" 5 (In—pA) "+ ((Iv—A) — (Iy — pA))(Iy —A)~'&
=Cx(p—1)""%(In—pA) " x(p—DA(IN—A)'&
=Cx(Iy— pA) *A(ly —A)~'&
=F(p)A(ly—A)~'¢.

Using the notation of the preceding lemma we also state:

Lemma 9.6.5. Let .# be endowed with the inner product defined by the Stein equation
(9.33),
P—A*PA=C"JC,

and let f,g € M. Then

8]+ [Rif, 8]+ [f Rigl = g(1)"£(1). (9.44)

Proof. Let f(p) = F(p)& and g(p) = F(p)n with &, € HY. We have
f()=C(ly—A)"'¢ and g(1)=C(Ix—A)"'n.
These equations together with (9.43) show that (9.44) is equivalent to
P+P(Ily—A)'A+A*(Iy —A) P = (Iy —A) *C*JC(Iy — A).

Multiplying this equation by Iy —A* on the left and by Iy — A on the right we get the
equivalent equation (10.26). O

Remark 9.6.6. Equation (9.44) corresponds to a special case of a structural identity which
characterizes .77’ (®) spaces in the complex setting. A corresponding identity in the half
space case was first introduced by de Branges, see [103]], and improved by Rovnyak [251]].
Ball introduced the corresponding identity in the setting of the open unit disk and proved
the corresponding structure theorem (see [80]). In addition, see, e.g., [35} p. 17] for further
discussions on this topic.

Proposition 9.6.7. Let a and b be slice-hyperholomorphic functions defined in a neigh-
borhood of the point p = 1 such that the product ax b is well defined. Then,

Ri(a*xb)(p) = (Ria(p))b(1)+ (a*xR1b)(p). (9.45)
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Proof. By the Identity Principle, see [144, Theorem 4.2.4] the equality holds if and only
if it holds for the restrictions to a complex plane Cy, I € §, i.e., using the notation in
Section 2, if and only if

(Ri(axb))i(z) = (Ria(z));b(1) + (axRi1b)1(z), z€Cy. (9.46)
Let J € S be such that J is orthogonal to I and assume that
ai(z) = F(z) + G(z)J, bi(z) =H(z) + L(z)J.

Let us compute the left-hand side of (9.46), using the fact that (R (axb))1(z) = R1((ax
b)) and formula (6.13)):

Ri((ab)i) = R (F(2)H(2) ~ GRLE) + (GHE) + F(2)L(2)))
=(z-1! (F(Z)H(z) —G(z)L(2)+ (G(z)H(Z) + F(z)L(z))]
~F(WH(1)+GL) ~ (GH{T) + F)L(1))))

On the right hand side of (9.46) we have (Ria(z));b(1) = (Ryai(z))b(1) which can be
written as

(Riar(2))b(1) = ((Z* ) Y(F
= (-1 (FH

~F()L(1)I = G(DH(I +G(DLD))

(@I =F(1)=G(1)T)) (H(1) + L(1)J)

2)+G
1) +F(z)L(1)J+G(z)H(1)] - G(z)L(1) — F(1)H(1)

(
(

and moreover,

((z—1)""(H(z) + L(z)I — H(1) — L(1)))
) ( ( 1)J)
= (z—1)""(F(2)H(2) = G(x)L(2) + (G(x)H(Z) + F (2)L(2))
(1) +F(z)L(1)))

3)

from which the equality follows. ]
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Chapter 10

First applications: scalar
interpolation and first order
discrete systems

In the present chapter we discuss the Schur algorithm and some interpolation problems
in the scalar case. We make use in particular of the theory of J-unitary rational functions
presented in Chapter[9] We also discuss first order discrete systems. In the classical case,
interpolation problems in the Schur class can be considered in a number of ways, of which

we mention:

1. A recursive approach using the Schur algorithm (as in Schur’s 1917 paper [257]) or
its variant as in Nevanlinna’s 1919 paper [240] in the scalar case.

2. The commutant lifting approach, in its various versions; see Sarason’s seminal paper
[254], the book [250] of Rosenblum and Rovnyak, and the book [176] of Foias and
Frazho.

3. The state space method; see [86].

4. The fundamental matrix inequality method, due to Katsnelson, Kheifets and Yudit-
skii; see [223]1224]).

5. The method based on extension of operators and Krein’s formula; see the works of
Krein and Langer [229| [228] and also [25]].

6. The reproducing kernel method; see [26 169].

This list is far from being exhaustive, and does not include in particular the papers and
works which motivated Schur’s work such the trigonometric moment problem and Her-
glotz’s work. In most of these methods one constructs from the interpolation data a J-inner
function which defines a linear fractional transformation describing the set of all solutions
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to the given problem.

In the present chapter we mainly use the reproducing kernel method. In the paper [20] as
well as in part of the following section we use the fundamental matrix inequality method,
suitably adapted to the present setting.

10.1 The Schur algorithm

In the setting of complex analysis, Theorem [10.1.1|below is the basis to the Schur algo-
rithm and is an easy consequence of Schwarz’ lemma and of the fact that if z; and z»

21 —22 . . .
——= In particular, if s(z) is a
— 122

are two complex numbers in the open unit disk, so is

(z) —s(0)

Schur function with |s(0)| < 1, then Siio is still a Schur function. In our setting,
—s(z)s
Schwarz’ lemma still holds (see Lemma in Chapter [6), but the pointwise product

is replaced by the star product, and the fact that

(I=s(p)s(0)) " x(s(p) —s(0))
is still a Schur function is not so clear.

Theorem 10.1.1. Let s be a scalar Schur function which is not a unitary constant. Then
the function defined by

P (1=s(p)s(0))*x(s(p) —s(0)), p#0,
o(p)= s'(0) —o (10.1)
1= [s(O)]’ p="

is a Schur function.

Proof. Let Q= (—1,1)\{0}. The kernel

Kty = 120

is positive definite for x,y € Q. Let #(K;) denote the associated reproducing kernel
Hilbert space. The function

x = Ky(x,0) =1 —s(x)s(0)
belongs to 7 (K,) and has norm equal to y/1 — |s(0)|2. Thus the kernel

1=s()s(y) _ (1=5()s(0))(1 —5(0)s(y))

1 —xy 1—1s(0)2

is also positive definite in Q. Let

0= (o )6 )
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Then, it follows that

J—60(x)J60(»)*  \s(0)) \5(0)
1 —xy 1—[s(0)?

Hence we have:

1—s()s(y) (1 =s(x)s(0)(1 —s(0)s(y) _
1—xy 1—|s(0)?
_1=s(s(y) (1 —s(0)) (J— 80(x)76(»)) (1 —s(y)”
1 —xy I —xy
_ (1 —s(x) B(x)76(»)* (1 —s(»))"
1—xy
= (1550127 1 50)50)
Hence the kernel 1—168?5())) is positive definite in Q. But the function o is slice hy-

perholomorphic in B and so by slice hyperholomorphic extension the kernel
Y p'(1-o(p)olq)g"
u=0

is positive definite in B. Hence o is a Schur function. (|

Remark 10.1.2. For an alternative proof, based on Schwarz lemma, see [39].

The Schur algorithm consists of iterating (T0.I)). It associates to s a sequence, finite or
infinite, of Schur functions s(”),n =0,1,2,..., with s =5, and

P (1= (p)s(0)) % (s (p) —s(0)), p#0,
n+1)(p) _ (S(n))/(o) o (10.2)
= )P’ e

it

and of quaternions p, = s (0), n=0,1,... € BUJB, called Schur coefficients. If at
some stage, p, € dB, then the recursion stops. This happens if and only if s is a finite
Blaschke product. This is based on Proposition

The Schur algorithm can be translated on the level of the power series expansions. Indeed,
let (whenever defined)

S(n) (p) = Z p”sn,w
u=0
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Then

(1=10u*)$n11.0 = $n1
(1- |pn|2)sn+l,l = Sn,1PnSn+1,0 = Sn2

(1= 1Pn|?)Sn12 = Sn1 PuSnt1.1 — Sn2PnSnt10 = Sn3

We note that the above formulas are simple because we are evaluating at the origin; out-
side real points, the x-multiplication is not so simply related to the coefficients.

Let us now denote by Ly (ho, ..., hy,) the (n+1) X (n+ 1) lower triangular Toeplitz matrix
based on the quaternions hy, ..., h,.

Proposition 10.1.3. Let s be a Schur function and assume that the function sV) exists for
j=0,...,n4 1. Assume that the Schur algorithm is well defined up to rank n+ 1. Then,

Sn+1,0 Sn,1
(Ij—H_LT(Sn,Oa---vsn,j)m) = , j=0,.... (10.3)
Snt1,j Sn,j+1
We note that (I0.3) is a mere rewriting of the Schur algorithm. Using (10.3) we have the

following result. We give at this stage only a formal explanation of the formula (10.5). A
precise proof is differed to Section

Theorem 10.1.4. Let s be a Schur function with power series expansion s(p) =Yoo p"ay.
There exist continuous functions @, j and W, such that

Sn,j = (p,,,j(ao,...,anﬂ), j:O,l,... (104)
ValPos-pn)s  n=0,1,.... (10.5)

An
Proof. We first prove (10.4) and proceed by induction on n. For n = 0 we have so ; = a;
for j =0,1,..., and so the result trivially holds. Assume now the result true for n, and
let j € No. It follows from (10.3) that s, ; is a continuous function of s,0,...,8,,j+1.

Applying the induction hypothesis for each of the s,0,...,5, j+1 we obtain the result at
rank n+ 1.

]
Remark 10.1.5. Setting j = 0 in (10.4) we have
Pn = @nolao, ... a). (10.6)

As a direct consequence of Theorem [10.1.1| we have:
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Theorem 10.1.6. Let p € B. Then a Schur function s satisfies s(0) = p if and only if it
can be written in the form

s(p) = (p+po(p)) (1 +pp 0 (p) (10.7)
for some Schur function ©.

Proof. Let s be a Schur function such that s(0) = p. The Schur algorithm asserts that the
function o defined by (I0.1)) is also a Schur function. Unwrapping s in function of o we
obtain (T0.7). Conversely, a function of the form (10.7)) is a Schur function. Indeed, as in
the proof of the Schur algorithm we have

L—s(x)s(y) _ (1=s(0)p)(1—ps(y)) 1-o(x)o(y) =

e = P PR 4 (1 () (1 - psO)

—s(x)s(y)
Xy

and so the kernel f = is positive definite on (—1, 1), and hence s is a Schur function.

It trivially satisfies s(0) = p. O
Let 6(p) = 6y + poy + - - -. It follows from that
oo= — L
O T ao?

(with s(p) = Yo P"ay). This suggest that, as in the classical case, one can solve iter-
atively the following interpolation problem, called the Carathéodory-Fejér interpolation
problem, in an iterative way. A (non-iterative) solution to this problem is given in Section

0.4

Problem 10.1.7. Given quaternions ay, ... ,ay, find a necessary and sufficient condition
for a Schur function s to exist whose power series expansion is

N+1
SNH1

s(p)=ao+---+pYay+p
—_———
fixed
and describe the set of all solutions when this condition is in force.
To conclude we have the following two results:

Theorem 10.1.8. Let (p,)ncn, be an infinite sequence of numbers in B. Then there is a
unique Schur function with Schur coefficients the p,.

Proof. As in Section 3.1 we note that the Schur algorithm can be rewritten as

P K () x (1 =51 (p)) = (1 —s(p))*Ou(p), n=0,1,... (10.8)

where K, is a function slice hyperholomorphic in a neighborhood of the origin, and
where

®n(p):60(p)*"'*en(p)a (10.9)
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with

1 L px p 0 1 P Px
= (R ) (i %) ke
Vi—pE e 1)\ 1) T i e 1

Let 5 be another Schur function with the same Schur coefficients. It follows from (I0.8)
for 5 that

(0 s(p)—5(p)) *@u(p) = p" Vi1 (p)

for some function v, slice hyperholomorphic at the origin. We note that ®,, is J-inner
and so its (2,2) entry D, is x-invertible at the origin (see Proposition|9.4.8). Since

S(p)i/\(p):pn+1*vn+l(p)*DrT*(p)7 n=0,1,...
it follows that the power series of s and 5 coincide, and so s = 5. O

Theorem 10.1.9. Let (a,)ncn, be a sequence of elements in H. Then the series
Y pla
u=0

converges in B to a Schur function if and only if the corresponding p, are all in B (or in
case of a finite sequence, the last one is on 0B).

The proof is differed to the end of Section [[0.4] after the solution of the Carathéodory-
Fejér problem.
10.2 A particular case

In this section we give a short proof of the interpolation problem for Schur multipliers
in the scalar case, and under two restrictive assumptions. We first recall some notation.

Recall that
1 0
0=(o 1)
fi

and recall that H?(Jy,B) denotes the space of elements of the form ( [’ ), with f1, /> €
2
H?(B) and endowed with the form
f\ 8l = (fI08) @) 8 € (H(B))™ (10.10)

Note that H?(Jy, B) is a Krein space.

The interpolation data are given in terms of an observable pair of matrices (C,A) €
H2*N x HV*N and the first assumption is that the Stein equation (@.16))

P—A*PA=C"JC
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has a solution which is strictly positive. Consider
O(p) =L — (1—p)xCx(Iy — pA) *P~ ! (Iy — A)~*C*Jy, (10.11)

where we assume also that Iy — A is invertible (see (9.32)). The second assumption is that
the Hilbert space .77’ (®) with reproducing kernel

=

Ke(p,q) = Y P" (Jo—O(p)Jo®(9)")7"
u=0

is isometrically included in H?(Jy, B) (or, equivalently, that the operator Mg of x-multiplication
by @ is an isometry from H?(Jo,B) into itself; see Theorem . These assumption
covers in particular the Carathéodory-Fejér and Nevanlinna-Pick interpolation problems.
They will not be met in the degenerate case (that is, when P is singular) or for boundary
interpolation problems.

We set ) bp)
_ (alp) b(p
@’(p)‘(c(p) d<p>)’
where
a(p) = 1—(1—p)xCi*(Iy—pA) P NIy —A)~*C} (10.12)
b(p) = —(1—=p)*Cix(Iy—pA)*P  (Iy—A)"*C; (10.13)
c(p) = —(1—p)xCox(Iy—pA) P 1 (Iy—A)*C} (10.14)
d(p) = 1+(1—p)*Cox(Iy—pA) *P ' (Iy —A) *C}. (10.15)

Theorem 10.2.1. Assume that the function ® in (10.11) is such that Mg is an isometry
from H2(Jo,B) into itself. Then the linear fractional transformation

s(p) = (a(p)*o(p) +b(p)) x (ac(p)xo(p) +d(p)) "

describes all Schur functions s(p) = Yo p"su such that

=

Y A*(Cisu—C5) =0 (10.16)
u=0

when © varies in the family of all Schur functions.

Proof. By hypothesis we have
H?(Jo, B) = Mo (H?(Jo,B)) ® (H?(Jo, B) © Mo (H?(Jo,B))) . (10.17)

We recall that the right quaternionic vector space H?(Jy,B) © Mg (H?(Jo,B)) is spanned
by the columns of the function Cx (I — pA) ™™, and that

oo

Y P (Jo—0(p)Jo®(q)*)g" > 0. (10.18)
u=0
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Since /7 (®) is isometrically included in H?(Jy, B) it follows from Proposition that
0s(A) C B and so the function ® (and hence its entries a,b,c and d) are slice hyperholo-
morphic in a neighborhood of the closed unit ball.

STEP 1: max , 5 |[d*(p) xc(p)| < L.

By *-multiplying (T0-I8) by (0 1) on the left and *,-multiplying this same expression

by (?) on the right we get

Y r(d(p)d(a) ~1 - c(p)e(@) ) 7" = 0. (10.19)
u=0

Setting p = ¢ and since we are in the scalar case, we obtain
d(p)? = 1+e(p)?, peEB, (10.20)

and in particular d(p) is invertible in the open unit ball and |d~'(p)c(p)| < 1 for such
p’s. The multiplication formula (6.16) implies then

d™*(p)xe(p) = (d(p)d(p)) " (d(p)e(p)
=d(p)~'e(p)

and so |d~*(p) xc(p)| < 1in B.
Still putting p = ¢ in (10.19) and dividing by d(p) (with p € B) we get

L—ld~ (p)P =|d""(p)e(p)* > 0. (10.21)

This inequality extends by continuity to B. By (T0.15) we see that d is slice hyperholo-
morphic in a neighborhood of the closed unit ball B, and so (T0.20) can be extended by
continuity to B as

ld(p)|>1, peB. (10.22)

Hence d~!(p) # 0 on the closed unit ball, and the claim follows from (T02T) and from
the compactness of B.

STEP 2: For every s € § the function (c* 6 +d)™* belongs to H*>(B) (and in fact is
bounded in B).

This follows from step 1 and
cx0+d=dx(d*xcxo+1)
since, by the product formula (6.1.21))

[(d(p) " *c(p)xo(p)| < e
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where € = max g |d~*(p) *c(p)| < 1.
STEP 3: Let ¢ € 8. Then s = Tp(0) satisfies (10.16).
Indeed, 6 (cx o +d)~* € H*(B) and so

O (G*(c*clrer)_*) ,Cx(I—pA) &) =0,

that is

(}).cxa-pmre=o
and hence the result.

STEP 4: Let s satisties (10.44). Then it is of the form s = Tg(0).

s

1
is orthogonal to (H?(Jo,B) ©Me(H?(Jo,B))) and hence, by (T0.17), it is of the form
O <Z) for some u,v € H?(B). Hence

Indeed, (T0.16) means that

s = axut+bxv (10.23)
1 = c*xut+dx*v. (10.24)

Restricting to p € (—1,1) we note the following. If v(x) = 0 for x € (—1,1) then (10.24)
implies that both u(x) # 0 and c(x) # 0. Then, s(x) = a(x)c(x)~!. But axc™* is not a
Schur function since

la(DP = le(D? =1.

So we can divide by v and the kernel associated to u*v~* is positive definite on (—1,1).
By slice hyperholomorphic extension ux v~ is a Schur function. |

By Proposition [9.4.9] Jo-Blaschke products with singularities outside B meet the condi-
tion of the previous theorem.

Remark 10.2.2. The cases

01 0 0
oo 1 0 -
A= and C—(l 3 O>,
ao al DY aN
0 0 0 1
0 0 0 0
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and

A = diag (p1,...,py) € HVV, c:(l 1>EH2XN,
Sl .o SN

correspond to the Carathédory-Fejér and Nevanlinna-Pick interpolation problem, respec-
tively.

10.3 The reproducing kernel method

The method presented in Section is ad hoc. For instance, it will not be applicable to
study boundary interpolation problems, that is, when A has spectrum on the unit sphere.
Similarly, it will not work (in the quaternionic case) in the matrix-valued case. Indeed
(see example for a (say H"*"-valued) Schur function G the fact that

Y P —G(p)G(p))P" >0
u=0
will not imply, in general, that G(p)G(p)* < I, whenn > 1.

On the other hand, and as mentioned in the introduction to this chapter, there are numer-
ous, and complementary, ways to attack the classical interpolation problems. The method
we present here is based on the (quaternionic) theory of de Branges-Rovnyak spaces. It
consists of five main steps, which are outlined in this section in the scalar case, and illus-
trated on two different examples in the sequel.

STEP 1: One builds from the interpolation data a finite dimensional backward-shift in-
variant (possibly degenerate) inner product space .# of rational functions slice hyper-
holomophic in a neighborhood of the origin. Thus (see Lemma M is the right
linear space spanned by the columns of a matrix-function of the form

F(p) =Cx(Iy — pA) ™, (10.25)
where (C,A) € C"™V is an observable pair of matrices. Assuming that the Stein equation
P—A"PA=C"JC (10.26)

has a solution, one endows .# with the (possibly degenerate and possibly indefinite) inner
product
[F(-)a,F(-)b] = b*Pa. (10.27)

One then shows that P > 0 is a necessary condition for the problem to have a solution.
The space .# bears various names; we will call it here the model space.

STEP 2: One shows that for a given solution s € 8 (if any) the map

= (1 =s(p))«f(p)
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is an isometry from . into the reproducing kernel ¢ (s) with reproducing kernel k; as-
sociated to s.

STEP 3: Assuming that P > 0 (that is, .# is a Hilbert space), one shows it is a 77 (©)
space and that any solution (if any) can be expressed in terms of the linear fractional
transformation associated to ©.

STEP 4: One shows that the linear fractional transformation associated to ® indeed de-
scribes all the solutions.

STEP 5: The case where .# is degenerate is much more involved. One can show in this
case, namely the scalar case, that there is then a unique solution, which is a finite Blaschke
product.

We illustrate this approach on two examples in the sequel. As in the setting of complex
numbers, these are special cases of a much more general interpolation problem, called the
bitangential interpolation problem, and of some of its variations. In the present book we
do not consider this general problem, leaving it to future work.

10.4 Carathéodory-Fejér interpolation

In the case of Problem [10.1.7|the space .# mentioned just above is the linear span of the
columns fy, ..., fiy of the matrix polynomial function

F(p) =Cx(Iyy1 —pA)~7,

where

01 0 0

oo 1 0 -

A= and cz(l 0 e O>.
ag ai e an

00 --- 0 1

o0 - 0 O
Equation (I0.26) has then as unique solution

P = CUC+ACICA+ - +AN"DCrycANY
= Iny1—Syi1SN+1, (10.28)

where Sy is the upper triangular Toeplitz matrix with diagonals ag, ay, ..., ay.

We endow .# with the inner product defined by P:

[F(p)a,F(p)blp =b*Pa, a,becHNT!
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When P is invertible, we let
On(p) =h —(1—p)Cx(Iys1 — pA) ™« P NIy —A)"*C*J.

Note that ®y is a matrix polynomial. By Theorem we have:

=

F(p)P'F(q)* =Y. p"(J—On(p)IO(q)")7".
u=0

Theorem 10.4.1. A necessary and sufficient condition for Problem to have a so-
lution is that the matrix P defined by (10.28) is nonnegative. When P > 0 the set of all
solutions is described by the linear fractional transformation

s(p) = To(p)(e(p)) (10.29)

where e varies in 8. When P is singular, the solution is unique and is a finite Blaschke
product (or possibly, a unitary constant).

In the proof below we consider steps 1-4 in the strategy mentioned above. The case of a
singular Gram matrix is quite long and is given separately, after the proof of these steps.

Proof of Theorem|10.4.1|in the nonsingular case. We now prove the theorem following
the strategy mentioned above. We have already built the space .7

Proof of STEP 1: Assume that a solution s exist. Then,

) J
Mi(p')=Y p'aj, j=0,...,N, (10.30)
v=0
and so
<(1_MSM:)puvpv> = 8uv - <M:P“7M:Pv> = Puw (1031)

which shows that P > 0 is a necessary condition for the problem to have a solution.

Proof of STEP 2: From (10.30) we have
I\
j— ¢

(1 —=s(p))*F(p) = (I - M;M;)F.

This ends the proof since 7 (s) = ran/I — M;M; with the range inner product (see
(18.36)).

Thus, it is

Proof of STEP 3: To see this, write

Ki(p.q)= (1 —s(p))x(I—pg) "% (1 —s(q9) +
+ (1 =s(p)) *On(p)x(I— pg) " % On(q) % (1 —s(q))",
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we see that the kernel

(1 =s(p)) xOn(p)*(I—pg) " %, On(q) 5 (1 —s(q))” (10.32)

is positive definite in B. This kernel can be rewritten as

=

u;]pu ((an(p) = s(p)xen(p))(an(q) —s(q) *en(q)) — (10.33)

—(bn(p) —s(p) xdne(p))(bn(q) —s(q) *dn(q))") q".

Write
e(p) = —(an(p) = s(p) xen(p)) " (bn(p) —s(p) xdw(p))- (10.34)
Then, (10.33) can be rewritten as

(an(p)—s(p)xcen(p)) " * (i)p”“ (1 - e(p)e(TI)) 61““> *((an(q) —s(q)xen(p))™) ™.

It follows (see Theorem|7.5.8)) that the kernel K, (p, ¢) is positive definite in Q, and hence
is the restriction to Q of a Schur function, which we still call e.

Proof of STEP 4: Let s be of the form (10.29). Then,

(1 —=s(p)) xOn(p) =p" " 5u(p)

where u is a H!*2-valued function slice hyperholomorphic at the origin. Indeed, let ¢ €
H2. Then,

<M(1 —s)®Nc’Zj>:<®NC’MEI —S)Zj>
= (Onc, fj)

=0

because ®yc € OyH?(B) and .# = H?*(B) © OyH?(B). Then, as in the proof of [14,
Theorem 6.4, p. 136], 77(®y) is spanned by go, ..., gy, where go, ..., gy are defined as
fo,---, fn, from the coefficients of s. So s is a solution. |

Remark 10.4.2. The coefficient matrix-function ®y coincides, up to a multiplicative Jo-
unitary constant on the right, with the function (I0.9). In fact, in the nondegenerate case,
the Carathéodory-Fejér problem can be solved iteratively using the Schur algorithm.

Proof of Theorem[I0.41)in the singular case. 1f |so| = 1, and so s(z) = ap by the maxi-
mum modulus principle (see Theorem [6.1.10), and a; = --- = ay = 0. There P = 0 and
there is a unique solution to the interpolation problem.
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Assume now [so| < 1. Let r € {1,...,N} be such that the main minor matrix P, is not
singular but B, ) is singular. Note that P,) is the Gram matrix of fo,..., fr—1. By Theo-
rem [0.4.6|there exists a Jo-unitary polynomial ®,_; such that the span of fy,...,f_1isa
H(0©,_1) space. We now define a space .4, by

M= H(O,_1)® O, %N,

Note that the only possible singularity of elements of .4; is at the origin.
The strategy of the sequel of the proof is as follows:

(1) We prove that .4/ is R;-invariant, where the operator R; has been defined in (9.40).

(2) We prove that the elements of .4, are in fact polynomials.

(3) We show that .4} is neutral.

(4) We show that the interpolation problem has a unique solution.
)
n

(5) We show that the unique solution is a finite Blaschke product (or, possibly a unitary
constant).

We follow the arguments in [S3]].

STEP 1: The elements of A} are slice hyperholomorphic in a neighborhood of p = 1 and
Ri A C .

The first part is immediate since the elements of .4, have singularities possibly only at
the origin. We now follow the argument in Step 1 in the proof of Theorem 3.1 in [53] (see
p. 153). Let n € A4;. From ([9.45) we have

(Rl(@)r,] *n))(p) = (R]@rfl)(p)n(l) + (®r71 *Rln)(p). (1035)

To prove that Ryn € _#; we show that

[(R1(®r-1x1))(p) = (R1®,-1)(p)n(1),8l.0 =0, Vge A (O, 1) (10.36)
Using we have

[(R1(®,—1%n))(p).8l.sr = (1) Jo(R1(Or_1%n))(1) = [@r_1xn,8]. s =[O, 1%n,R18].s
= g(1)"Jo(R1(©,—1%n))(1)

since
[©,_1*n,8l#y =0 and [®,_;*n,Rigls=0,

where the second equality follows from R g € .# . Moreover, for real p = x
(R] @r71 )(x) = —K@Fl (x, 1)J0®r,1 (1)*,
and so, by slice hyperholomorphic extension,

(R1®,_1(p) = —Ke, ,(p,1)J0O,—1(1)".
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Thus

[R1©-1)(p)n(1).8].0 = ~[Ko,_, (p.1)J0®,-1(1)n(1). ]«
= —(n(1)"@, 1 (1)"g(1)")
= —g(1)"@,-1(1)Jon(1),

and so (10.36) is in force. This ends the proof of the second step.

Endow now .4, with the Hermitian form
[m1,m2] 4, = [@r_1xn1,0, 1 xn2] 4.
STEP 2: The elements of .4, are polynomials.

We first note that

(Ri+I)p~' =0,
and that, for N > 1,
(Ri+1)p™N =—p ™V 4 ry(p) (10.37)
where ry(p) is a linear span of the powers p~!,..., p~(N=2) Tterating (T0.37) we see that

(Rl +I)N_1p_N — (71)N—1p—1.

Let f € .4;. Since it has at most a pole at the origin, we can write its Laurent expansion
at the origin as

f(p)=p ™ Noy+-4p b tag+---+pMay € A7, with by #0.

Then
(Ri +D)V ' f(p) = p~'by(—1)" " + polynomial in p.

Iterating R; enough times in the above will remove the polynomial part and we see that
A} contains an element of the form p~'by with by # 0. Thus the function

O 1(p)*p by =p'O,_1(p)by € A .
Since this function is a polynomial we have ®,_;(0)by = 0, and so the function
(©,-1(p) —©,_1(0)) xp~ by € Op_1 % A;.

On the other hand it belongs to .7’ (®,_;) and we obtain a contradiction unless ®,_(p) x
p~ by = 0. This last condition forces by = 0 (since ®, (1) = I).

STEP 3: _4; is a neutral subspace.
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The space .4, is made of polynomials and is R;-invariant. Thus a basis of .4} is of the

form
g(z) = <z§)

g1 =p (Zg) + (5:)

We claim that ||go||_s;, = 0. By definition of the inner product in .4/ we have

llgoll%. = |pol* — Iqol*-

If ||goll.4 > 0, then Theorem implies that the linear space of the function gy is a
S (0) space for some Jy-inner function 6. This will contradict the minimality of r. We
thus have

|po| = |qo| # 0. (10.38)

By definition of the inner product of .47, and since [g1,g0] = 0 by Cauchy-Schwartz
inequality, we can write

0= [g0,81].
=[0,120,0, 181].x
- [@,,1g0,®rflgl]H2(Jo,lE)
= P1Po —q1490-

In view of (10.38) this gives |pi| = |¢1| and so we get [g1,g1].4;, = 0. An easy induction
will then show that .4} is neutral and that C*JyC = 0.

STEP 4: The interpolation problem has a unique solution.

We first show that there is at most one solution. From the step 1 in the proof of Theorem
10.4.1} we have that any solution is such that the operator M (1 —s) is an isometry from

A into S (s). Since 4 is neutral we have in particular,
(1 —s(p))*©,_1(p)*n(p) =0, Vne .

By the structure of C, this is equivalent to

q0

(1 —s(p))*®,_1(p) <p0> =0,

and this defines s in a unique way.
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We now show that a solution always exists. Replacing ay, .. .,ay by tag,tay,...,tay, with
t € (0,1) we see that the corresponding matrix P(z), solution of the equation

P—A*PA=C(t)*JoC(t)

C(t) = ((1) ?) c

is invertible for almost all ¢ € (0,1). We then build a family of Schur functions solving
the interpolation problem for the new data, and take a converging subsequence, using the
normal family theorem. The resulting function is a solution.

with

STEP 5: The solution is a finite Blaschke product (or a unitary constant).

By the previous analysis the unique solution is of the form s(p) = Tg, ,(,)(e) for some
unitary constant e. This function is rational. The associated ¢ (s) space is finite dimen-
sional and so s is a finite Blaschke product by Theorem[9.4.T1] O

We can now give a proof of Theorem|10.1.9

Proof of Theorem[[0.1.9} One direction is clear. If s is a Schur function, the Schur al-
gorithm implies the claim. Conversely, assume first that the sequence of Schur coeffi-
cients is infinite, and build ag,a,... via (I0.3), and build ®, from the corresponding
Carathéodory-Fejér interpolation problem. Let s, = T, (0). We know that s, is a Schur
function and that its first n+ 1 Taylor coefficients are ay, . . . ,a,. The result follows by tak-
ing the limit as n — oco. The case where there is only a finite number of Schur coefficients
is clear. g

When one specializes the analysis of the previous section to N = 0, the space .# is a one
dimensional space and it is spanned by the constant function

fo(p) = (alo) ;

[fo, fo] = 1 —|aol*.

M is the reproducing kernel Hilbert space with reproducing kernel

with norm

(Jo—©0(p)Jo®0(q)") (1= pg) ™, (10.39)

eu(p) == (1-P) =1 (3) (;)J

with
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Since @y is defined up to a right Jy-unitary matrix we can replace @q by

1 p> 1
BO(p)=0 — —_—
el 1) 0 ()0 0) = g (5 0)
=— (= —(1— (1 0))=—7—7c| = ,
1—|p|2((P 1)~ {p) 0 I—lpP\rp 1

which is the coefficient function appearing in the Schur algorithm.

One can solve in a similar way the Nevanlinna-Pick interpolation problem:

Problem 10.4.3. Given N pairs of points (p,,s,) in Hy x Hy, find a necessary and suffi-
cient condition for a Schur function s to exist such that

S(pu):Sua uzlv"'aN

and describe the set of all solutions when this condition is in force.

See [20], where the fundamental inequality method is used.

10.5 Boundary interpolation

Already in the setting of a complex variable, boundary interpolation for Schur functions
(that is, when the interpolation nodes are on the boundary of the unit ball) is much more
involved than the case of inner points. The first difficulty is the statement of the problem,
since boundary values exist only almost everywhere (and in the sense of nontangential
limits) for a general Schur function. Another important difference is that the model space
is not anymore included in the Hardy space. More precisely, recall first that we denote
the boundary of the open unit ball by dB. We will denote the interpolation nodes by

p1,---,PN, and the interpolation values by s1,...,sy. We set
A = diag(pr,...,py) e HVY, C= (Sl sl) H2*V, (10.40)
T - SN

In the present setting, the matrix A in (10.23)) is diagonal with unitary entries. The Stein

equation (10.26))
P—A*PA=C"JyC,

where the unknown is P € HV*V is therefore not uniquely defined by the pair (C,A)

(and may even fail to have a solution for certain choices of C). A necessary and sufficient
condition for (I0.26) to be solvable is that the diagonal entries of C*JoC vanish, that is,
the interpolation values are also on the unit sphere. The off diagonal entries of (10.26) are
uniquely determined by the equation

Py — puliyDy = 1 — 5,5y (10.41)
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We denote by P the N x N Hermitian matrix with entries P,, given by (10.41) for u # v
and with diagonal entries P,, to be specified, u,v = 1,...,N. When P is invertible we

define (as in Theorem[9.4.7} see (9:34))

—xp— - b(p)

O(p) = I — (1— p)«Co (Iy — pA) P\ (Iy — ) CJy = [ “P) . (1042
(1) == (1= pwConlh = pa) P =)= (4P D)) (1042
Note that Iy — A is invertible since the interpolation nodes p, are all different from 1, and
O is well defined in B. Finally we denote by .# the span of the columns of the function

F(p)=Cx(Iy—pA)~™" =) p'CA", (10.43)
=0

=

and endow .# with the Hermitian form
[F(p)e,F(p)d].g =d*Pc, c,dcH.

When P > 0 it follows from Theorem [0.4.6] that .# endowed with this inner product is
the space 7 (®) with © as in (10.42).

Following the general idea that the linear fractional transformation based on ® will de-
scribe the set of solutions of an underlying interpolation problem (which will depend on
the values P,;,), and following Problem@ it seems natural to set the following prob-
lem, see [1]]. Note that in this section we follow that paper. Note the condition that not only
the interpolation points are distinct, but also the spheres they determine. This hypothesis
is needed because the S-spectrum of a matrix, or in general of an operator (see Defini-
tion [7.2.1)), consists of spheres (which may reduce to real points). Recall also that the
S-spectrum of a matrix T coincides with the set of right eigenvalues of T'; see Proposition

4.3.15l

Problem 10.5.1. (see [1]) Given p1,...,pn € 0B\ {1} such that [p,|N[p,] =0 for u#v,
S1y...,Sn € OB, and k,...,Ky € [0,), find a necessary and sufficient condition for a
slice hyperholomorphic Schur function s to exist such that the conditions

lim s(rp,) = s, (10.44)
r—1
re(0,1)
1 —5(rpy)su
lim LSUPS (10.45)
r—1 1—r
re(0,1)

hold for u=1,...N, and describe the set of all Schur functions satisfying (10.44)-(10.43)
when this condition is in force.

As in the discussion following Theorem [3.2.3| we note that (10.44)-(10.43)) imply that
1—|s(rpu)|?

fim BRI N (10.46)

r—1 1—r2 -
re(0,1)
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since

1—|s(rp.)|? 1 —s(rpu)sa . L—sus(rpy)
=2 (=n+r PSSy

On the other hand, Carathéodory’s theorem does not seem to have a direct counterpart

here, and (10.46) is not equivalent to (10.44)-(10.45). Thus, because of the lack of com-

mutativity, we will not present a solution of the above interpolation problem, but of some
modification of it.

(10.47)

To make this point more precise, we now state a result, which can be seen as a counterpart
of Carathéodory’s theorem (see Theorem in the setting of slice hyperholomorphic
functions. We note that the condition will hold in particular for rational functions
s, as is proved using a realization of s; see Chapter[9]and in particular Theorem[9.4.2]and

Corollary 0.4.3] there.

Theorem 10.5.2. Let s be a slice hyperholomorphic Schur function, and assume that at
some point p, of modulus 1 we have

sup L=lstrpdl ., (10.48)

re(0,1) 1—r

Assume moreover that the function r — s(rp,) has a development in series with respect
to the real variable r at r = 1:

s(rpy) = su+ (r—1)a, +0(r—1)2. (10.49)

Then

=

lim 3 7' (1 = s(rap)5a) P’ = (@S = PuausaPu) (1 = Pu’) " 2 0.
re(0,1)1=0

Proof. From (10.48), we have

1— 2
sup L715rPu)l (10.50)
re(0,1) L—r
But
1—|s(rp 2
<KS('7rpu)7KS('7rpu)>.}f(S) = M’

and the family of functions K;(-,rpy) is uniformly bounded in norm in J#(s); it has a
weakly convergent subsequence. Since in a quaternionic reproducing kernel Hilbert space
weak convergence implies pointwise convergence, the weak limit is equal to the function
gu defined by

o

gu(p) =Y, p'(1=s(p)s)p’. (10.51)
t=0
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Using we have
gu(rpu) = y ’Ipfl rpu)su)put
=0
= (1 =s(rpu)sa) — rPa(1 — s(rp.)sa)Pa) (1—2Re (rpy) +2p)
= (1= s(rpa)sa) — rPa(1 = s(rp)5)Pa) (1= 1) (1= rp?)
= (@uSu— PutuSaPa)(1 = P%) ' +0(r — 1), (10.52)

where we have used (10.49) to get to the last line. From
0 <{gu,8u).w H(s) = hm <gu7Ks('arnpu)>ji/’(s) = ’}E?ogtt(rnptt)a

where (r,)nen is a sequence of numbers in (0, 1) with limit equal to 1 we obtain

lim Z PP (1 = s(rapu)Sa)Pa’ = 0,

n—roo

and thus
lim Z (1= s(rpu)5a)pa’ > 0. (10.53)
rE(O 1)
The result follows from (10.53)) and (T0.52). O
1+ pa .
Taking for example s(p) = — (with |a| < 1) we see that

(auSu — PutuSaPa) (1 — Pu?) ™" # auSu

unless p,a,s, = a,5,p,. This condition will hold in particular when ap, = p,a.
We prove the following theorem (see [1]],which we follow here). Note that when ¢, > 0
note that (8:23)) becomes

by < Ky,

that is, condition (T0.43). Thus, in opposition to the case of inner interpolation nodes,
the statement is different from the complex setting in view of the noncommutativity. In
that latter setting, with the same ®, one gets a complete description of the solutions of

Problem[10.5.11

Theorem 10.5.3.
(1) There always exists a Schur function so that (10.44)) holds.
(2) Fix x1,..., kv > 0 and assume P > 0. Any solution of Problem|(10.5.1|is of the form

©:36), that is,
s(p) = (a(p)xe(p)+b(p))*(c(p)xe(p) +d(p)) ™™
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where a,b,c,d are as in and e is a slice hyperholomorphic Schur function.
(3) Conversely, any function of the form (9.36) satisfies (10.44). If the limits

. _
0= fim L 2SUPJSC (10.54)
r—1 1—r
re(0,1)

exist and are real, then s satisfies (10.43).
(4) If e is a unitary constant, then the limits (10.54) exist (but are not necessarily real)
and satisfy

‘éu — ﬁguﬁp

— <(Rel,)x,, u=1,...,N. (10.55)
|17pu |

To prove this theorem we follow the strategy outlined in Section [T0.3] The computations
are different, and more complicated, than the case of inner points. In particular, use is
made of the very useful formula (7.31). We now give the proofs of the steps listed in
Section [10.3]

Proof of STEP 1: We use an approximation argument, and view the boundary interpolation
problem as a limit of interpolation problems with inner interpolation nodes (of the kind
considered in [20]). Corollary applied to the points rpy,...,rpy with r € (0,1)
shows that the N x N matrix P(r) with (u,v) entry equal to

Py (r) = Ks(rpu,rpy), u,v=1,...N,
is positive and it is the unique solution of the matrix equation
P(r) = PA*P(r)A = C(r)*JoC(r),

where
1 1
C(r) = ;
s(rp1) -+ s(rpn)
and A is as in (T0.40). Since we are in the scalar case, we have for any solution (if such a
solution exists) of the interpolation problem, with associated reproducing kernel Hilbert
space J(s).

L= Is(rpu)?

—2 u=1,...N,
—r

Puu(r) = Ks(rpuarpu) =

(in the matrix-valued case we would need to use (7-31) to compute K;(rpy,rp,)) and so

: 1= s(rpa)?

1 K =1 ..

rgr% S(rpu’ rpu) rgr{ 1—r2 - ’
re(0,1) re(0,1)
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and
lim C(r)=C,

r—1
re(0,1)

since s is a solution of Problem [T0.5.11
By Lemma 4.2.3, 1 —2Re(p, )Py + Py> # O since 1 —2Re(p,)x + x* is the minimal (or

companion) polynomial associated with the sphere [p,] and vanishes exactly at points on

the sphere [p,], and p, & [p,]. It follows that lim ,_,; P,,(r) exists and is in fact equal to
re(0,1)
P,, for u # v by uniqueness of the solution of the equation

X —puxpy, =0. (10.56)
Hence P > 0 since P(r) > 0 for all r € (0, 1).

Proof of STEP 2: The formula

gulp)=(1 —s(p))*fulp), VpeB,

where s is a solution (if any) of Problem [10.5.1 and where f, is the u-th column of the
matrix F, shows that the range of the  multiplication operator M (1 _S) is inside 57 (s).

That this map is a contraction follows from (10.51)) since for u # v

(8v:8u) () = 1M (8v:8urn) (s)
= nli_f{lmgv("npu)
= lim Y r,p,(1=s(rap)5) Py
=0

n—soo

= lim ((1—=s(rapu)5y) = raPu(l = s(rapu)sv)pv) (1 — 2rnRe(pu)ﬁ+rlevz)*]

n—yo0

= ((1—545) — Pu(1l — 5,5%)Pv) (1 — 2Re(pu) Py + Pv2) ',

where we have used formula (7.31) and the fact that [p,] N [p,] = 0 (recall that we assume
here u # v; see @.7)). It follows from Proposition [4.4.§| (see formula @.19)) that

Puy = (1= 5u5y) — Pu(1 — 5.55)Py) (1 — 2Re(pu) Py + Pv>) - (10.57)

Let now ¢ € HV. Then,

M=

gu(p)cu

(i yre) 1=

<
Il
—_
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and we have

e = Zcu 8v:8u)#(s)) Cv

MV—

II(M(I _S)FCI

= Z |Cu| ngHf + Z Cu gvagu> ())Cv

u=1 u,y=1
u;ﬁv
N
= Z |th| HgMH/ + Z Cubuwvey
u=1 u,y=1
u#v
N
Z |Cu| Ky + Z Cubuwvey
u=1 u,y=1
uaév
=c*"Pc
2
~ ¥l

where we have used (10.57) and (10.46). Thus the x-multiplication by (1 —s(p)) is a
contraction from .# into 7 (s).

Proof of STEP 3: Let @ be defined by (I0.42). From Theorem [9.4.6| we have

F(p)P™'F(q)* = Ke(p,q), (10.58)
with .
Ko(p.q) =Y. p' (Jo—O(p)Jo®(q)")7 . (10.59)
t=0

Proof of STEP 4: We know that
gulp) = (1 =s(p)) *fulp) = Y P'(1=s(p)s)Pu € H(s) (10.60)
=0

and
2
18ull e 5) < %

Hence,

18u(rpu) > = [{gu (). Ks (-, rpu)) e (s) |
< (Ilgulles)) - Ks(rpusrpa)
1—Is(rpu)? (10.61)

SKM. 1—]"2

< 21(,4.
“1-r
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In view of Proposition[7.4.2] (see (7.31))), we can write

gulrpa) = Y 7 p(1 = s(rp)5i) B

t=0
2——2

= (1= s(rpu)su) — rPu(1 = s(rpu)sa) Pu) (1 — 2rRe(pu) pu+ r*Pu’) ! (1062)
= ((1 = s(rpu)sa) — rPa(1 — s(rpu)5a)Pu) (1 — 1) (1 — r5e2)) 1,

and so we have

(1= s(rp)50) = a1 = SO _ 3

|1 —rpa?|

Set now
Xu =1- Gu@:

where o, is a limit, possibly via a subsequence, of s(rp,) as r — 1. The above inequality
implies that X, = p, X, p,. By Lemma|.1.6} X, = ati + B j + yk, where o, 3,7 € R. From
0,5, = 1 — X, we have

lousa> = 1+ a?+ B> +7%.

Since o, € B; we have |0,5;] <1 and so @ = 8 = y=0. Thus, X, =0 and 0,5, = 1.

Hence o, = s, and the limit lim ,_,; s(rp,) exists and is equal to s,, and hence (10.44)
re(0,1)
is satisfied.

To prove that (10.43) is met we proceed as follows. From (T0.61) we have in particular

1— |s(rpu)|2

|2
1—r2 ’

|gu(rpu)|” < K-

and using (10.62) we obtain:

X() =X (Pl _ 1= s(rpa)
(I=r)21—rp 22 =" 1=r*

(10.63)

where we have set X (r) = 1 — s(rp,)s,. Assume now that (10.34) is in force and let

|- —
im LS0PS (10.64)
r—1 1—r
re(0,1)
Then (10.63) together with (T0.47) imply that

la < luka,
from which we get that ¢, > 0 and

lim MS -
r—1 1—r
re(0,1)
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Proof of STEP 5: We first note that the limits (10.44) hold in view of the previous step.
Since |e| = 1, equality (9.39) implies that the multiplication operator M (1 _S) is unitary

and so the space 7 (s) is finite dimensional. From Theorem we see that s can be
written in the form
s(p) = H+pG(I—pT)"F, (10.65)

(6 &)
(6 0 (5 D A -(% )

for a uniquely determined positive matrix P € H"*”, where v = dim 5 (s). The formula

(8:18) reads here:

=)

Y p(1—s(p)s(q))g" =G (I—pT) *P ' (I-T"g) ™ % G", (10.66)
u=0

where the block matrix

is such that

and implies that s is unitary on the unit sphere. Equation (10.65)) implies that for every p

on the unit sphere the function r — s(rp) is real analytic for r in a neighborhood of the

origin, and so lim ,_,; s(rp) exists and is unitary. For p = p, it follows that the limits
0,1

re(0,
(10.45])) exist. Then (10.47)) leads to

L |s(rpa)?

1 ——————=R

rgr{ 1 71’2 efu
re(0,1)

and the conclusion follows then from (10.63).

We now consider the degenerate case. We denote by r the rank of P and assume that the
main 7 X r minor of P is invertible. This can be done by rearranging the interpolation
points. The arguments in the proof are different from their counterparts in the proof of
Theorem In the case of that theorem, the matrix A has one eigenvalue of multi-
plicity N, while here we have N simple eigenvalues. Of course, both results are particular
cases of a much more involved result (yet to be stated and proven), concerning the case
of general A (with spectrum in the closed unit ball). Even in the complex setting, the case
of general A is quite involved. The main point is to write, if possible, the space .# as a
direct and orthogonal sum

M= (0)DON, (10.67)
where .4 is neutral. The orthogonality is defined by the metric induced by the chosen
solution P of the underlying Stein equation (10.26).

Theorem 10.5.4. Assume that P is singular. Then Problem|[0.5.1| has at most one solu-
tion, and the latter is then a finite Blaschke product. It has a unique solution satisfying

(10.55) foru=1,...,r.
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Proof. We proceed in a number of steps. Recall that » = rank P. If r = 0, the Stein equation
(T0:26)) implies that C*JoC =0, and so 1 —s,5, =0foru#ve {1,...,N}. Thuss; =--- =
sy and the function s = s; is a solution since

1—s(rpu)s,
1—r

0,

and so the second condition in (T0.43) is satisfied for any choice of k,, u =1,...,N.

Assume that s is another solution of Problem|10.5.1} The map M (1 7s) of x-multiplication

by (1 —s(p)) is a contraction from .# into . (s) (see the second step in the proof of

Theorem [10.3.3). Thus
(] _S(p>)*fu(p)507 u=1,...,N,

that is g, = 0, where f, is the u-th column of the matrix (10.43) and g, has been defined
in (T0-60). From (731)) we have (for |p| < 1)

gu(p) = ((1=s(p)su) = P(1 = s(p)5u)Pu) (1 — 2Re(p)Pu + pI*P5) ",

since
1—2Re(p)pu+|plpis #0
for |p| < 1. Hence
(1=s(p)su) =p(1 —s(p)su)Pu, Vp € IB.

Taking absolute values of both sides of this equality we get (1 —s5,,) =0, and so s(p) = s,.
Thus, there is only one solution when r = 0. In the rest of the proof we assume r > 0. By
reindexing the interpolating nodes we assume that the principal minor of order r of the
matrix P is invertible. Thus the corresponding space is a 57’ (0,) space, and we can write

M= H(O,) DO, x A,

since ©, is x-invertible. As in the proof of Theorem [I0.4.T] we see that the elements of
;. are slice hyperholomorphic in a neighborhood of p = 1 and

R\ C M. (10.68)

It follows from Proposition that .4/ is spanned by the columns of a function F 4, (p) =
G*(Iy_,— pT)~*, where matrices (G, T) € H2*(N=7) 5 HIN=")%(N=7) such that & € HV ",

We endow now .4, with the Hermitian fom

[n1,m2] 4, =[O xn1,0,%n3] 4.



278 Chapter 10. First applications: scalar interpolation and first order discrete systems

The sequel of the proof is divided into a number of steps.
STEP 1: The space .4; is neutral and G*JoG = 0.

We follow [53] Step 2 of proof of Theorem 3.1, p. 154] and use (10.36). The space 4,
is neutral by construction since r = rank P. We first show that the inner product in .4;
satisfies (9.44). We follow the arguments in [33| p. 154] and using (9.44) in .# we have
forny,ny € M

[Rini,n] g =[O, +%Rin1,0,xn3] 4

= [R1 (@r*nl),(ar*nz]/// — [(R1®r)(n1(l)),®,*n2]//

(where we used (10.33))
= [Rl (®r*n1 )a ®r*n2].///7

since (R10©,)(n1(1)) € #(0,), and so [(R10,)(n1(1)),0,*nz] 4 =0.
Similarly,

[7117R1n2]m = [@r*n1,®,*R1n2]J/1

= [0, xn1,(R10,)(n2(1))].r — [Orx 11, (R1©;)(n2(1))].r
= [0, xn1,(R10;)(n2(1))].z-

Thus, with m; = @, xn; and my; = @, xny,

[n1,m2] 4 + [Riny,mo] g, + [, Rina] g, = [mi,ma] 0 + [Rimy,ma] gz + [my, Rima]
:mz(l)*.loml(l)
:}’lz(l)./()}’ll(l)
since m, (1) = (@, xn,)(1) = O,(1)n,(1) forv=1,2 and ©,(1)*Jy®,(1) = J.
From Lemma[9.6.5 we get
Py — T*R/l/,T = G*JyG,
and so G*JyG = 0.

STEP 2: Problem[I0.5.1] has at most one solution.

Let

_ (a(p) br(p)
©(p )_<cr(p) dr(p))'

Any solution to the interpolation problem satisfies in particular the nondegenerate prob-
lem built from the first 7 interpolation conditions. From the study of the nondegenerate
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case, we know that any solution is of the form

s(p) = (a;(p)xe(p) +b,(p)) x (cr(p) xe(p) +dr(p)) ™, (10.69)

for some Schur function e (we show below that e is a uniquely determined unitary cos-
ntant). Furthermore as in Step 1, for every n € .4, we have

(1 —5)*O@xn=0.

Thus
(a—sc)x(1 —e)*xn=0,

and so
(1 —e)xn=0.

Since G*JyG = 0 we conclude in the way as in step 1. Indeed, let
hy ... hy—,
G= .
<k1 e ky—y
At least one of the A, or k, is different from 0 and G*JyG = 0 implies that
huhy = koky, Yu,v=1,....N—r,
and so e is a unitary constant.

We now show that the solution, when it exists, is a finite Blaschke product.

STEP 3: Let s be given by (10.69). Then the associated space 7 (s) is finite dimensional.

This follows from

K(p,q) = (1 —s(p))*Ko,(p,q)* (s(lq)> +
1

(1 —s(p)) <O, (PO, ()" 5 (@)

is equal to O since |e] =1

where Kg, is defined as in (10.59) (with ©, in place of ©). See the proof of step 3 in
Theorem[10.5.3]

STEP 4: The space . (s) is isometrically included in the Hardy space H?(B).
We know that the space % (s) is contractively included in H?(B). We now recall that (see

Corollary[8.3.9)

IR 1% () < 11305 = LFO)F,  Vf € H(s). (10.70)
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Here, the space .77 (s) is finite dimensional and Ry invariant. Thus R has a right eigen-
vector f of the form

f(p)=dx(1-pa)™*, (10.71)
where d € H and eigenvalue a € H.

Any eigenvector of Ry is of the form (10.71)), and a € B since 7#(s) is inside the Hardy
space. Thus, see Proposition 4.3.15] the S-spectrum of A is inside B, and the claim now
follows from Theorem [9.4.10)

STEP 5: It holds that s(a) = 0.

From the one dimensional scalar version of Theorem follows that the span of f
endowed with the norm

/(0
1 —laf?

equals 77 (b,), where b, is a Blaschke factor, see (6.42). From we get that 77 (b,)
is contractively included in % (s) and from Corollary the kernel

IF1? =

(10.72)

=)

Ky(p.q) — K, (p,q) = ;)p’ (ba(p)ba(q) —s(p)s(q))q' (10.73)

is positive definite in B. But b,(a) = 0. Thus, setting p =g =ain leads to s(a) =0.
STEP 6: We can write s = b, x 61, where o7 is a Schur function.
Since a Schur function is bounded in modulus and thus belongs to the space H?(B) (see

[20]), the representation s = b, x 07 with 07 € HZ(IBB), follows from [34, Proof of Theorem
6.2, p. 109]. To see that o7 is a Schur multiplier we note that

Ks(p,q) — Kb, (P.q) = ba(p) * Ko, (P,q) *r ba(q) (10.74)

implies that b, (p) * Ks, (p,q) *r ba(q) is positive definite in B and hence Kq, (p,¢q) is as
well by [35] Proposition 5.3].

STEP 7: It holds that dim (¢ (o)) = dim (J#(s)) — 1.

The decomposition (10.74) gives the decomposition

Ks(p,q) = Kp,(P,q) +ba(p) *Ks, (P,q) *r ba(q).

The corresponding reproducing kernel spaces do not intersect. Indeed, all elements in
the reproducing kernel Hilbert space with reproducing kernel b,(p) * Ko, (P, q) *r ba(q)
vanish at the point a while non zero elements in J#(b,) do not vanish anywhere. So the
decomposition is orthogonal in .5#(s) by Theorem The claim on the dimensions
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follows.

After a finite number of iterations, this procedure leads to a constant oy, for some positive
integer ¢. This constant has to be unitary since the corresponding space ¢ (o) reduces

to {0}.
STEP 8: Problem has a unique solution satisfying (10.53).

To see this it suffices to use item (4) of Theorem [10.5.3| with ®, instead of ® and e =
Oy O

One can plug a unitary constant e also in the linear fractional transformation (9.36) and
the same arguments lead to:

Corollary 10.5.5. If Problem [10.5.1| has a solution, it is a Blaschke product of degree
rank P.

Remark 10.5.6. The arguments in Steps 5-7 take only into account the fact that the space
4 (0) is finite dimensional and that e is a unitary constant. In particular, they also apply
in the setting of [20], and in that paper too, the solution of the interpolation problem is a
Blaschke product of degree rank P when the Pick matrix is degenerate.

We conclude by observing that given a Blaschke factor the operator of multiplication by
b, is an isometry from H?(B) into itself (see Propositionor Theorem, and so is
the operator of multiplication by a finite Blaschke product B. The degree of the Blaschke
product equals the dimension of the space H?(B) © BH?(B). Thus the previous argument
shows in fact that 7 (s) is isometrically included inside H?(B) and that ;#(s) = H?(B) ©
M H?(B).

10.6 First order discrete linear systems

The first order discrete systems (3.9), (3.10), (3.11)), (3.12) discussed in Section [3.3]still

make sense in the quaternionic setting. Let us recall that these systems arise in a natural
way in Schur analysis in the study of the Toeplitz and Nehari extension problems. These
problems also make sense in our present setting, and we discuss the corresponding first
order discrete systems. We note that all the computations made on the level of the power
series are still valid in the present setting (they amount to take a real variable x rather than
a quaternionic variable). Since the (discrete) Wiener algebra has been defined (see [[29]
and Section one can also define the corresponding characteristic spectral functions
(such as the scattering function), first for real x, and then (at least in the case of rational
functions) for a quaternionic variable by slice hyperholomorphic extension. The signifi-
cance of these functions in quaternionic system theory has still to be explicited.

We consider the scalar quaternionic case. Interestingly enough, in the rational case, it
is easier to consider systems of the form (3.11)), (3.12)), that is (and with the x product
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defined in (6.57))

1 pa\" 0
Bn+1(p):<vn pl) *(g l)*Bn(p), n=0,1,... (10.75)

which correspond to the matrix-valued case in the complex setting. We follow the analysis
presented in [63]], and which has been briefly reviewed in Section [3.3]

Definition 10.6.1. Let (o, 3,) € H? (n=1,2,...) and let A, € H>*? (n=0,1,2,...) be
a sequence of strictly positive diagonal matrices. The sequence (a,, ;) (n =1,2,...) is
said to be A—admissible if

I, o I, o)\
Joh, (2P —JoAy 1, n=12,... 10.76
(ﬁn Ip) 0 n(ﬁn I,,) 0An—1 ( )

where Jy = ((1) _01)

Let us consider the sequence (0, By )n=1.2,... The sequence A = (A,)=o0,1,... is said to be
an associated sequence to (04, B )n=12.,.... It follows from Lemma[4.4.1| that the product

B €0,1), n=12,....

The key result in the theory is the following theorem, which allows to deduce all proper-
ties of the underlying discrete system. See Theorem for the complex valued setting.

Theorem 10.6.2. Let (o, B,) be a A—admissible sequence for some sequence of block
diagonals matrices A = (A,) and assume that:

oo

Y (0] +[Ba]) < oo (10.77)

n=0

Then the canonical first order discrete system (10.73)) has a unique solution X,(p) with
entries in the Wiener algebra and such that

. (p™ O (10 _
r}g’[;(o 1>*Xn(p)—<0 Nk lp|=1. (10.78)

Proof. Set o
0 0 B
Z(p)zZz(g 1> and Fn:(an %)

An induction argument shows that for every positive integer 7 it holds that

7" % (b+Z "F,Z") %% (L +Z 'FZ) =

(5, D) DG ) -G

(10.79)
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Hence, the solution X,(p) to the canonical discrete system (10.75)) with initial condition
Xo(p) can be rewritten in two different ways as

X, (p)=Z"(b+Z "F,Z") %% (L +Z '"FZ)xXo(p)

and
A2 )= (6 (P Q) weoner (P O)) w2 uxo(p),
0 1 0 1
where .
121 o -1/2
Cp =AY (m 1") AR =12,
In view of (10.77) the infinite product
¥\
*00
[y +2 ' FZ") = lim (by+Z "F,Z") %% (b +Z ' R Z) (10.80)
n—soo

(=1

converges both pointwise for [p| = 1 and in the norm of % 2*2. For every n the matrix
function

0.(p) =A% (b +Z"FZ") %% (b +Z 'F Z)

o —n p 0 ... p 0
=Z C"*(O 1)* *Cl*(o 1)

satisfies (note that Q, is a finite product, and so both Q,(x) and Q,(1/x) make sense)
On(x)J0Qn(1/x)" =Jo, x€(=1,1)\(0).

It follows that
On(p)*40Q;,(1/p) = Jo. (10.81)
Let Y(p) be its limit and let Aw = lim,,—, A,,. We claim that

Y (p)JoxY<(1/p) = AL Uy. (10.82)

In view of the continuity of the * product we obtain (10.82)) by letting n — oo in (T0.8T).
To conclude the proof of the theorem it suffices to take Xo(p) = Y (p)*, that is to chose
X,(p) to be equal to:

Xn(p)_
n A -1 (10.83)
:(’6 (1)) ((12+Z*"Fnz")*-.-*(12p+Z*'FIZ))(*;;1(12+Z*4ngf)) :
O

The scattering function of the discrete system is defined in a similar way as in the complex
case.
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Theorem 10.6.3. The system has a unique H?*?>~valued solution A, (p) with the
following properties:

(a) (1 —1)Ao(p) =0, and

() (0 1)A,(p)=1+o(n), |p|=1

It then holds that

where

S(p) = N1(p) + Yi2(p)) * (Y21 (p) + Y22 (p)) ™ (10.84)
Note that (I0.84) is a spectral factorization and that the function S is unitary in the sense
that
S(p)*S(p) = 1.
Following the arguments of [63], it is possible to prove counterparts of Theorems [3.3.4]

3.3.31[3.3.7|and [3.3.T1]in the quaternionic setting. Here we chose a different avenue, and
focus in the following section on the rational case.

10.7 Discrete systems: the rational case

We focus on the scalar rational case, that is, in the setting of Section we consider
sequences of numbers of the form (9.9)

s_gzca[b, {=0,1,...

where (c,a,b) € H>N x HV*N x HV*!, We assume that the spectral radius p(a) < 1 and
define

A=|c2| and B=(b ab a’b --).

Then A € B(HY, 4,(No,H")) and B € B(¢»(No,H"),H"). We define operators I, as in

(T:13). Note that

A*A=Q, and BB" =A,
where A and Q,, are solutions of the Stein equations

A —aAd” bb*, (10.85)
Qo—a*'Qoa = c*c. (10.86)

Furthermore we have Iy = AB, and so I';I'p = B*QoB. Thus [|To||> = [|QoA||. Under
the assumption that ||| < 1 we define sequences a5 ¢ and d™ as in (T.14).
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Following (1.15)) we set
o(p) = aw+p lan+-- (10.87)
Bu(p) = bao+p 'bu+-- (10.88)
W(p) = cuotpea+--- (10.89)
0u(p) = duo+pdu+---. (10.90)

We now compute these functions in the rational case (see ([2.24)-([2.27)). The proof in the
quaternionic case is the same as in the complex case for real p, and one uses then slice
hyperholomorphic extension. We repeat below the arguments from [58]].

Proposition 10.7.1. Assume ||QoA|| < 1. Then the following formulas hold:

o(p) = 1+ pea*(ply —a)*(I—AQ,) ' Aa™c",
B.(p) = pcd"*(ply—a)*(I—AQ,) 'b,

W(p) = b'x(Iy—pa*) *(I—Q,A) 'a™c*,
8i(p) = 1+4b*x(I—pa*)™*(I—Q,A)"'Q,b.

Proof. Let n € Ny, and let A, = Ad". Note that Q,, = A}A,, is the unique solution of the
equation
Qo —a*Qoa =a™c*ca".

We have
I, -, = I, =UV

with U = A, and V = BB*A;,. Thus Iy, —I',I; is invertible if and only if the matrix
Iy—VU =Iy—BB*AjA, = Iy — AQ,
is invertible. The formula

(I, ~TuT;)™" = (I~ ABBAY)"!

= I, +Au(Iy —AQ,) ' A4} (10.91)
ca’
= I+ | @@ |y -A,) A, (10.92)
gives
1
0 o

(Iy — AQ,) "' Ad™ ¢*
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and hence the formula for a;,(x) for real x. Similarly

n

ca
1
LI, —Ti0) te= | @™ | (Iy—AQ,)'b
and so
LIy, ~Ti0) " = AB(Iy+B*(Iv — Q,4)'Q,B)

= A (IN +A(IN - -Q'HA)il-Q'n) B

= A(Iy—AQ,)"'B (10.93)
ca’

= | @ lu—a0,)'B,

from which follows the formula for 3, (x). To compute %,(x) and 8,(x) we note that

(I, ~T;T) "' = (I, —B*A;A,B)™!
= I, +B'(Iy—Q,A)'Q,B

and
Li(l, —T,0) " = BA; (I, +An(Iy — AQ,) 'A) A}
= B*(Iy+Q.(Iv—AQ,) 'A)A!
B*(Iy — Q,A) A
So,
1 b*
(I, -TiT) e = [ O |+ 2" | (y—Q.a)'Q.b
b*
i, -T,0) e = | 0@ | (ay—Q.a) e

and the formulas for 7, (x) and &,(x) follow.

The required formula of a quaternionic variable p are then obtained by slice hyperholo-
morphic extension. U
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Set (compare with (I.16)))

_{ a(p) Bulp)
Hn(p)—< wip) &) > (10.94)

In view of Proposition|10.7.1|and since we have p(a) < 1 we have
lim H,(p) =L, VpeB. (10.95)
n—soo

The formulas show in fact that the limit is I, for every p where H,(p) is defined.
The following theorem is the rational counterpart of Theorem[10.6.2]

Theorem 10.7.2. Let H,(p) be defined by (10.94). The matrix function

%= (g )= 1))

is the unique solution to the canonical first order discrete system (10.73) with

Pn = —Can(I—AQ,,+1)71b,

| (10.96)
v, = —=b*(I — QuaAa®) " a™c*,
subject to the asymptotic condition
. p™ 0 (1 0 -
nlggo( 5 1) *X,(p) = (0 ). -t (1097)

The function

(1 0\ .. 0N (1 0
o =(o o)y 9)emsam (5 S,
is the unique solution to the canonical first order discrete system subject to the
initial condition My(p) = b.
To prove Theorem [10.7.2] we first need the following result:

Theorem 10.7.3. The coefficient matrix functions H,(p) satisfy the recurrence

10 B 1 p 1o
(o 3 )nw=mw(y 7 )(o5) a0

where p, and v, are defined by (10.96).

Proof. We begin with a preliminary computation:

a(ly —AQu41) ' Aa* =
= a(ly— Aa*Qna)"Aa*
= a(ly+Ad*Qua+Ad*Quara*Qua+ - )Ad*
= aAd* (Iy + QuaAa* + Quara* Qalha™ +---)
= aAa*(Iy — Quaha*) ™", (10.99)
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Therefore

(a(ly — AQui1) 'Aa" — (Iy — AQ,) 'A) a™"c* =
= (Iy—AQ,) N ((Iv — AQ,)aAd* — A(ly — Quara®)) (Iy — Quada™) 'a*c*
= (Iv—AQ,) YaAa* — A)(Iy — QuaAa*)'a*"c*
= —(Iy—AQ,) " 'bb* (Iy — Quara*) 'a*"c*. (10.100)

To prove (10.98) we set p = x real. We need to prove the recursions

Oyp1 (%) 0y (x) + P (x), (10.101)
Brr1(x) = x(pn0(x)+ Bu(x)), (10.102)
Xhr1(x) = Y(x)+Pndu(x), (10.103)
8n+1 (x) = 6,,()6) +pn7n(x)- (10.104)

To prove (T0.101)) we write:

1 1(x) — () =
= ca"x(ply —a)™! (a(Iy — AQy 41 ) lat — (Iy — AQn)_l) Aa™"c*
= —ca"x(xly —a) "' (Iy — AQ,) "' bb* (Iy — QuaAa*) " a™c* Aa™c*
= —B.(x)b* (Iy — QuaAa*) 'a*"c*.

So we obtain with v, as in (T10.96):
Oyt (%) = 0ty () + B (x) Vi (10.105)

By slice hyperholomorphic extension we obtain

Ot 1(P) = G (p) + Bu(p)Va- (10.106)
To prove (10.102) we proceed similarly. Let x # 0 € R. Then:
X
Pril) g, )=

=ca"  (xly — a)71 (Iy — AQ,,H)”b —ca"x(xIy — a)71 (In— AQ,,)*lb
= ca"(a—xly +xly)(xly —a) ' (Iy — AQ, 1) " 'b—
—ca"x(xly —a) "' (Iy — AQ,) " 'b
= pu+ca'x(xly —a) " (Iy — AQ, 1) " 'h—
—ca"x(xly —a) "' (Iy — AQ,) 'b
= pu+ca"x(xly — a)fl ((IN — AQ,,+1)7l —(Iy— AQ,,)”) b

(10.107)

But
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((In=AQp1) ' = (v —AQus1) )b = (Iv—AQ,)  (AQus1 — AQ,) (Iy — A1) b
= —(Iy—AQ,) YAa"c*ca (Iy — AQ 1) 'b
f(IN—AQn)_lAa*"C*pn.

Hence, (10.107) may be rewritten as (1I0.102). We now prove (10.104). We have:

5n+1(x) - 8n(x) = b*(IN *xa*)_l ((IN *QnA)_IQn - (IN - Qn+lA)_1Qn+1) b
= b*(IN _xa*)il(IN - QnA)il(Qn - QnJrl)(IN - Qn+1A)7l-Qn+1b
= —b"(ly fxa*)_l (In— QnA)_la*”c*ca"(IN — QnHA)_lQng
Y (X)Pn-

To prove (T0.103) we first note that
(Iy — Qui1A)'a* = a*(Iy — QuaAa*) 7!, (10.108)
as is easily verified by cross—multiplying. Thus, using (T0.108), we have

X1 () = W(x) = b (Iy—xa*) " [(Iv — Qui1A) " 'xa* — (Iy — Q,A) '] a*'c*

b*(Iy —xa*) ™" [xa* (Iy — Quara®) ™' — (Iy — Q,A) '] a™c*

= b*(Iy—xa*) " [(xa" — Iy +Iv)(Iy — Quada®) ™ — (Iy — Q,A) '] x
et

= V,+b"(Iy —xa*)_l [(IN - QnaAa*)_l —(Iy— QnA)_l] a’c*

= Vu+b Iy —xa*) " Iy — Q.A) Iy — QA — Iy + Q,aAa’] x
X (Iy — QuaAa*)ta™c*

= Vy—b Iy —xa*) " (Iy — Q,A) "1 Qbb* (Iy — Quara®) ~La™c*

= V(1 +b*(Iy —xa*) " (Iy — Q,A) "' Q,b)
Vi ().

O

Proof of Theorem[10.7.2} Setting p =1 € R\ {0} in (T0.98) and taking adjoints, we ob-

" i (500 = (5 1) (o, Br)

Multiply both sides of this equality by the matrix (1 2) on the left and by the matrix

0
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0

(3 2) (Hyr (12 ((1) 1‘}) (0 1 ?)=
=(§) fj) ((‘) 1‘}) (jn "1")*<Hn<1/x>>*(x": ?)
66 Jmar s )

By slice hyperholomorphic extension, and by definition of HS (see Definition we
see that the functions

xn+l 0
( 1> on the right. We obtain

BXn(p)<(l) 2>*(H,§(1/p))*<ponl 1(/)p>

satisfy (I0.73). The second claim is then clear. The first claim follows from (10.95). O

Quaternionic counterparts of some of the theorems appearing in Section [3.3(that is, The-

orems [3.3.4] [3.3.3] 3.3.7]and 3.3.11)) in the rational case can be obtained using the above
theorem.

We now consider a minimal realization for H,, in the quaternionic setting. See Theorem
[2:43)for the complex setting. We begin with a lemma:

Lemma 10.7.4. The numbers

I 14 ca"(I—AQ,) ' Aa™c*,
U, = 14+b°(I—Q,A)7'Q,b.

are strictly positive.

Proof. This comes from the fact that the matrices (Iy — AQ,)"'Aand (I — Q,A)"'Q, are
non negative. |

Theorem 10.7.5. A minimal realization of the matrix function H,(p) is given by H,(p) =
D, +Cy(pI —A)"*B,, where

a O ca® 0
A(O a*>7 Cn< 0 b*)a
B — a O ) (I—AQ,,)’IA (I—AQ,,)’1 ) a’c* 0
" 0 a* —(I—QnA)_1 —(I—Q,,A)_lﬂn 0 b )’

D — ( 1,,+ca"(1—%g,l)*1Aa*"c* ca"(I—IAQ,l)*lb )
p
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and the function

is Jo—unitary on dB.

Proof. We use Theorem[0.3.2] and show that there is an Hermitian invertible matrix such

that
A B\'(H 0 A B H 0
(C D><O —Jo><C D)(O —Jo>' (10.109)

Note that (I0.109) can be rewritten as

H—A*HA = —C'JyC, (10.110)
C*JyD = A*HB, (10.111)
Jo—D"JoD = —B*HB. (10.112)

We have
~1/2 ~1/2
In 0 I 0
H _ :D . _ +
n(P)( 0 un1/2> n < 0 un1/2>
. tn 172 0
+Cn*(pI—A) Bn' _1/2 .
0 Uy
We check (T0.110)—(T0.112)) are satisfied for this realization, with associated Hermitian
matrix given by
(0, I
Xn = ( -1  —aAa* ) '

More precisely, we have,

* _ _Qn -1
Xn—AXnA = < —I —aAa* > B
_ a® 0 —Q, —I a 0
0 a! -1  —aAa* 0 a*
_ —Q,+a*Q,a —I+1
- —I+1 —aAa* +a taAa*a*

_ —a™c*ca” 0
N 0 bb*

= —CJoCn,
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that is, (10.110) holds. We now check (10.111):
a 0 —Q,
0 a! — —aAa a*
y (I—AQn)*lA (I-AQ,) ac* 0
—(I-Q,A)! —(I-Q A) 'Q, 0 b
B —a*'Qua  —1 (I-AQ) A  (I-AQ,)"!
- = .Y —(I-QA) " —(I-9,A)7'Q,
y a*"c* 0
b
W2 *I‘l *
- (%50

where we have set

A*X,B,,

W = (I—a*"Quar)(I—Q,A) ' = (I-Qu 1 A)(I—Q,A)"!
W, = (Q-a'Qa)(I—-Q,A)~" = a"c*cd"(I-AQ,) 'b.
On the other hand,
« _ a’c* 0 I, O
CiioDy = ( : b)(o M )
I, +ca"(I—AQ,) 'Aa*"c*  ca(I—AQ,)"'b
0 I,
a"c* (I, +ca"(I — AQ,) ~'Aa*c*)  a™c*ca™(I—AQ,)~'b
0 —b
AQ) IA)a*c*  a*c*ea'(I—AQ,)"'b
—b
a™ 0
0 b
= A*X

and hence

-1/2 -1/2
* Iy 0 * Iy 0
C,JoD, - =A"X,B; - .
nJ0n ( 0 u;1/2 > n=n ( 0 M;1/2 >

It remains to check (10.112)): we have thus to check that

—1/2 —-1/2
th 0 " th 0
Jo— D’ JyD, _ =
0 ( 0 M;1/2 ) n’0 1( 0 unl/z )
(w0 Npyp (w0
0 u;1/2 nAnDPn 0 u;1/2 .
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In view of (T0.111),
D:JoD, — B:X,B, = (D} — B:A~*C})JoD,,
and we first compute D,, — C,A"'B,; we have:
C,A7'B, =
B ( ca’ 0 )( (Iy—AQ,)~'A (I-AQ,)"! >( a’c* 0 >
“\L 0 b —(Iy—2,A) 7" —(Iy—Q,A)71Q, 0 b )’
and thus

1 0
— -1 —
Dy —CuA, By ( b*(IN—QnA)’Ia*"c* 1+b*(IN*QnA)7Ian )
We have
DnCnA_an( 1 0 >
diy  Un

where we have denoted by d the (1,2) entry of D,. Thus, since #, is the (1,1) entry of
D,, we obtain

(Dn_CnAian)*JODn = < t(r)l 0 ) )

—uy

from which we conclude that (T0.112)) holds.

We conclude with:

Lemma 10.7.6. The sequence (04, ) is A—admissible.

Proof. Indeed, let
~1/2
17 0
Un= <n0 u—1/2> :
n

From the recursion (T0.98) with z =1 we have
— 11 pa
Hn+l(1)Un+1 *Hn(l)UnUn Vv 1 Un+1~
n

Writing that both sides are Jp—unitary matrices we obtain

1 N I
Upt1 ( pn) U, %o (vp l;") Upny1 = Jo,
n n P

v, 1
1 Pn 2 1 Pn : _ 772
(Vn 1 ) UVH-IJ (Vn 1 - Un‘]?

and hence the result. We note that lim,_,.. A, = I, but Ag # I.

and hence
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Chapter 11

Interpolation: operator-valued
case

In classical Schur analysis, operator-valued functions appear naturally in a number of
different settings, of which we mention:

1. The characteristic operator function, when the imaginary part of the operator is not
of finite rank (but possibly trace class, or of Hilbert-Schmidt class). See for instance
[109] 110l 238].

2. The time-varying case, when the complex numbers are replaced by diagonal opera-
tors. See [42,1160, 161, 162]].

3. Interpolation in the Hardy space of the polydisk. One can reduce the problem to an

operator-valued problem in one variable. The values are then assumed to be Hilbert-
Schmidt operators. See [23| 24]].

In this chapter we consider left-interpolation problems in the Hardy space H%(B) and in
the set of Schur multipliers 8(.541, .54, B), where S, 4] and .4 are two sided quater-
nionic Hilbert spaces. We note that much remains to be done in interpolation of slice
hyperholomorphic functions. We mention in particular:

1. Two sided interpolation problems.
2. Interpolation problems in generalized Schur classes.

3. The case of several quaternionic variables.
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11.1 Formulation of the interpolation problems

When considering a (say H"*"-valued) function slice hyperholomorphic in a neighbor-
hood of the origin with power series expansion

i)=Y r'fu,
u=0

the (left) tangential values of f at a point pg in the direction ¢ € H" is not defined by

" f(po) (11.1)
but by
Y pic* fu- (11.2)
u=0

The motivation for such a definition comes from (at least) three related remarks:

(1) First, the space of functions corresponding to the homogeneous problem ¢* f(pg) =0
is not M,-invariant. The space of functions satistying )., pic* fu = 0 is M,-invariant.
(2) The second remark pertains to the point evaluation in Hardy spaces of H™-valued
function. Then, for f € (H?(B))™, ¢ € H" and py € B we have

(f(p)sex (1= pPo) ) ar)m = Y Poc” fus
u=0
that is, formula (11.2).
(3) There are nice formulas for the reproducing kernel of the space fy* (1 — ppg)* in the
norm of the Hardy space. No such formulas hold for the space spanned by (1 — ppg) ™ fo.

More generally the definition of a (left) point evaluation in the vector-valued case is given
as follows:

Definition 11.1.1. Let 2" and .7 be two-sided quaternionic Hilbert spaces. Given an
output-stable pair (C,A) with C € B(2,5) and A € B(Z") one can define a left-tan-
gential functional calculus f — (C* f)"L(A*) on H,(B) by

(C A= Y A*C fi = Ofuf if f(p) =Y P fi e oy (B), (11.3)
=0 k=0

and where O 4 denotes the observability operator (see (7.44)).

The fact that the left-evaluation map amounts to the adjoint of the observability opera-
tor O¢ 4 was justified in Proposition m Since S(p)u belongs to Hiﬁ”z (B) for any S €
8(44,74,B) and u € F7, the evaluation (T1.3) also extends to the class 8(.741, .94, B)
by setting

(C ) = Y a*crs, it S(p) =Y Sk (11.4)
k=0 k=0
With the left-tangential evaluation in hand we may now formulate the following left-
tangential operator-argument interpolation problems.
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Problem 11.1.2. IP(H?%,(B)): Given the output-stable pair (C,A) € B(2",.7) x B(Z")
and the vector X € 2, find all f € H%,, (B) such that

(C*HMNA*) =X. (11.5)

Problem 11.1.3. IP(8(s4,.7%,B)): Given the output-stable pair (C,A) € B(Z", 753) x
B(.Z") and the operator N € B(.741, Z"), find all S € $(54,.7#5,B) such that

(C*S)"E(A*) = N. (11.6)

Several remarks are in order. We first notice that for certain special choices of data, in-
terpolation conditions (T1.3)) and (I1.6) amount to well-known conditions of Nevanlinna-
Pick type.

Example. Let n € N and let 4 = 5% = H and 2 = H", so that C, N and A take the
form

b _
b; P1 0
C=(c1 2 ... cn), N=| 1, A= , (11.7)
b, 0 Pn
with ¢1,...,¢cp,b1,...,b, € Hand py,...,p, € B. Then
. p’f 0 ¢} Sk
esa=y [ - :
N0 ) \as
and condition (IT.6) amounts to 7 left-tangential conditions
Y pheisi=b; for j=1,..n (11.8)
k=0
More generally, for arbitrary spaces 54 and J4, and 2" = 2", set
Pl 0
C=(Ly, Ly ... Iy), N=(Bi By ... By), A= ’
0 p-nljfj

(11.9)
where By,...,B, € B(J%4,.741) and py, ..., p, € B. Conditions (T1.8) become the operator-
valued Nevanlinna-Pick interpolation conditions

S(pj)=Y pisy=B; for j=1,..n
k=0
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Remark 11.1.4. The requirement that the unknown interpolant S should belong to the
Schur class 8(7#,5%4,B) (that is, the multiplication operator Mg is a contraction from
H2)2.i (B) to HZ% (B)) makes the problem IP(8(.54, 5%,B)) norm-constrained.

Remark 11.1.5. The space Hz%”2 (B) can be interpreted as the de Branges-Rovnyak space
associated to the zero function S =0 € 8§(7#, 74, B). On could also consider the tangen-
tial interpolation problem in de Branges-Rovnyak spaces; see [84} [85] for the complex
variable case. This will be considered in the sequel to the present book.

11.2  The problem IP(H2,(B)): the non-degenerate case

A general two-sided interpolation problem for matrix-valued function in the classical
Hardy space was studied in [[16}, §5] by one of the authors and V. Bolotnikov. The compu-
tations done there for the left-sided problem (see [[16} §3 ]), while the right-sided problem
(see [I16, §4]) depend only on the coefficients of power series, and are formally still valid
here for left (resp. right) slice hyperholomorphic functions. Because of the noncommu-
tavity of the variable with the coefficients, we here focus on the left-sided interpolation.
With appropriate interpretations it is indeed possible to consider two-sided problems.
These will be presented elsewhere. Furthermore, to make these formal computations pre-
cise, extra conditions need to be added to insure continuous invertibility of operators
(which, in the above mentioned work, are just matrices). Here we assume that the given
pair (C,A) is not only output-stable (which is needed in order to define the left-tangential
evaluation (TT.3)) but also exactly observable. The latter means that the observability
Gramian ¥ 4 is strictly positive definite. See also [17, §2 and §3] for similar considera-
tions for interpolation in the family of upper triangular Hilbert-Schmidt operators, which
form a “time varying” version of the classical Hardy space.

Under the above hypothesis, one particular solution to the problem IP(H2,(B)) can be
written explicitly as (compare with [16} (3.1), p. 42])

oo

Juin(p) = Cx (I — pA) 44X = Y p'CA'G X, (11.10)
k=0

Indeed, by (T1.3)), (11.10) and (7.43)), we have

(C* frmin) " (A") = Y A*C CANG \X = G ab 1 X = X.
k=0

On the other hand, all solutions to the problem IP(H%, (B)) can be written as f = fy+g
where fj is a particular solution (the minimal norm solution, given in (TT.10)) and where
g is the general solution of the homogeneous problem

(C*)(A") = O¢ 48 =0. (11.11)

The latter condition means that g belongs to the orthogonal (in the metric of Hif(IB))
complement of ran0c 4, i.e., the solution set for the homogeneous problem (I1.T1) is



11.2. The problem IP(H%,(B)): the non-degenerate case 299

M), -invariant. It turns out that this solution set is a closed subspace of H?(IB%) and then
the Beurling-Lax theorem (see Theorem [8:4.12)) will lead us to Theorem [IT.2.1} First a
remark: In view of Theorem [5.3.11] there exists an injective solution

(g):%ﬂl%%@%ﬁz

to the factorization problem

—1
<g> (57 D7) = (ggA 12) - (/é) Goa(ar C), (11.12)
702

A B\ (%, O ©C\ _ (Y. O
C D)\ 0 ILy)\B D) \ 0 Ly)
We can thus define a function S as in (§.13):

Theorem 11.2.1. Let (C,A) e B(Z,.74) x B(Z") be an exactly observable output-stable
pair, Then:

that is

1. All solutions f to the problem IP(H{Z%p2 (B)) are parametrised by the formula

f(p) = fumin(p) +S(p) xh(p) (11.13)

where fiin is defined in (I1.10), S is defined by (8:13), and where h is a free pa-
rameter from Hz;f (B). Different parameters produce different solutions via formula
T2

2. The representation (IT13) is orthogonal in H,, (B); moreover, we have

2 _ 12 2 _ —1 2
171, ) = Whinly )+ 1SR, ) = (HeAX. X s Wl (1114

Proof. Since Y 4 is strictly positive definite, we can define the operators

~ 1 _

_1 ~ 1
C=C¥.; and A=9},AY, (11.15)

)

and it follows from the Stein identity (7.46) that the pair (C,A) is isometric. Furthermore,
we conclude from (747) that

_1
ii=Yci0ca (11.16)

from which we see that condition (TT.I0) is equivalent to &% -g = 0. By (TT.TI),

1 1 1 1
o — @2 % 2 _w 2 -7 _
%C,A - gC,A 0, CA ﬁC,Agc,A = gC,A gCAgC,A =1y
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and hence, for any X € 2, we have
n n
2 _ 1 Vxk fox Ak BT Axk A% A\ Ak
11" = lim <kZOA C*CA*X, X> = lim <kZOA (I3 —A*A)A*X, X>

— lim <(12 —X*"“X"“) X, X>

n—y

= [IX]* = lim [JA"* x|,
n—y

Therefore, ||A"X|| tends to zero for every X € 2 as n — oo meaning that the opera-
tor A (and hence, also A) is strongly stable. By Theorem [7.6.12, ran & ; is a closed
M -invariant subspace of H% (B). Therefore its orthogonal complement (ran ﬁag)l is
a closed M-invariant subspace of H’ : (B). By Theorem [8.4.12} there exists a strongly
inner multiplier S € IP(8(.71, .75, B)) such that (ran 0 )+ =S *H(zg2 (B). The construc-
tion of S suggested in Corollary [8.4.11|applies to operators C and A and being translated
to the original C and A leads to the function described in the formulation of the theorem.
. .o, . . * _ . . 2
Since condition (TT.10) is equivalent to ﬁfcv!gg =0, it follows that all solutions g € H, (B)
to the homogeneous interpolation problem (TT.10) are described by the formula g = Sxh
where the parameter & runs through the space Hifl (B). Since Fpy is a particular solu-
tion of the problem, the formula (IT.13) indeed describes the solution set of the prob-
lem IP(Hvz%p2 (B)). Since S is strongly inner, different parameters 4 lead via this formula
to different solutions f. It is readily seen from formula (TT.10) that fy,;, belongs to
ran Oc 4 = S (S) and therefore, is orthogonal to S H2, (B). Therefore, the represen-

tation (TT.13) is orthogonal and the first equality in follows. The second equality
follows from the isometric property of the operator My and the equality

winle z) = ¥ ICA G X |2 = (94X, X)
4 = 7

which follows from the power series representation in (T1.10). O

Remark 11.2.2. If the S-spectrum of A does not contain the point 1, one can choose .7
be equal to 7% and a fairly explicit formula for S in Theorem [11.2.1] motivated by the
reproducing kernel formula (2:20), is the following (compare with [16, (2.19), p. 38]):

S(p) =I—(1—p)Cx(I—pA) G (I-A")"'C". (11.17)

Remark 11.2.3. Tt follows from (TT.T4) that finin is the solution of the problem IP(H%,; (B))
with the minimally possible norm. The latter formula also allows us to describe all solu-
tions of the following norm-constrained problem IP),(HZ%C2 (B)): All functions f € HZ% (B)

satisfying interpolation condition (T1.3)) and the norm constraint || f ||12{2 < vy are given

. (B)

£Z)

by the formula (TT.13) where 4 is a function in H2, (B) such that || £, <y-
a1 He;,f2 (B)
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11.3 Left-tangential interpolation in (771,74, B).

The left-tangential interpolation in 8(#71, .54, B) is solved in the following five sections,
and we here summarize the stategy used. Let

P=%ca—%yscB(2). (11.18)

The condition X > 0 is necessary for the problem to have a solution. In this section we
prove that a necessary and sufficient condition for S € 8(#1, 54,B) to have a solution is
that the kernel

P By > —+
, where B(p) =C—S(p)N)x(l9 —pA)™ ™,
(s0) 11 () = C= SN 1~ pA)
is positive definite in B. When P is bounded invertible, one can go further. Defining a
block operator-valued function @ via the formula (T1.39), we show that S is a solution to
the interpolation problem if and only if the kernel

o

Y P (s —S(p)O(P)IO)* (Ls —S(9)) 7" (11.19)
k=0

is positive definite in B. Such a condition already appears in Sections and [10.4] To
translate this condition in terms of a linear fractional transformation is relatively easy
in the scalar case, but requires extra care in the operator-valued setting. We first need,
in Section [TT.5]to solve the case where there is a finite number of interpolation points
(this is still an infinite dimensional problem because the values are in a (possibly) infinite
dimensional Hilbert space. Building on that section we prove a factorization theorem in
Section which allows to obtain the description of the set of solutions in terms of a
linear fractional transformation in Section [I1.71

In this section we present necessary and sufficient conditions for S € §(.74,.7%,B) tobe a
solution of Problem IP(8(.7, .74, B)). The main result of the section is the following the-
orem, which characterizes all solutions S to the interpolation problem IP(8(.74,% ,B))
in terms of positive definite kernels and in terms of the reproducing kernel Hilbert space
€ (S). We assume that the necessary conditions for the problem to have a solution are
satisfied, that is, the pairs (C,A) and (N,A) are output stable and the operator P given by
(TT.18) is positive semidefinite.

Theorem 11.3.1. Let S be an B(54,5%)-valued function slice hyperholomorphic in B,
and let

B(p) = (C—S(p)N)x (12— pA)™". (11.20)

Then, the following conditions are equivalent:
(1) The function S € 8(54, .74, B) satisfies (11.6).
(2) For every X € 2, the function BX : p — B(p)X belongs to ' (S) and

IBX [%(s) = (PX,X) 2. (11.21)
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(3) The kernel
<BP B(a)” ) (11.22)

is positive definite in B.
(4) The operator

(P Mp . z Fa
P_(MB IMSM;) : <H.2%§(B)> — <H%(B>> (11.23)

is positive semi-definite.

The method used can be seen as a combination of the Fundamental Matrix Inequality
method (FMI), see [223]224], together with the reproducing kernel Hilbert space method.
We refer to Chapter 10 and [20] for the scalar versions of some of these computations.

For a sample of papers where the Fundamental Matrix Inequality method is applied to
interpolation we mention [15} [18]].

We begin with a preliminary result:
Proposition 11.3.2. Assume that Problem 1P(8(J4,.74,B)) has a solution. Then:
(@) The pair (N,A) is output stable.
(b) The operator
P=%A—%ya (11.24)
is positive semi-definite.
Proof.
(a) Let S(p) = Yoo P"Su (With S,, € B(J4,.743) for n € Np) and let fy,...,fu € 74. In
view of (7.4°7) we have

M
(OcAS)(fn) = A/lllinmgbA C*Sifn

in the topology of 2. In view of the interpolation condition (I1.6) we can write:

M M
Y AN f =Y AT(OFAS) (f)
n=0 n=0
M T
= lim Y A™ [ Y A¥C*S
T=e 120 =0
R
= lim Y A*C* S.f,
R—ﬂx’;;) t+;=r s
= ﬁé,AMSf7

with f(p) = Zﬁ/lzo P" fim- The operator O , Mg is continuous and therefore the application
which to f associates ZQ’I:OA*”N* fn extends continuously to H2/71 (B) to a map which is
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by definition Oy 4. Thus if S is a solution it holds that
ﬁé’AMS = ﬁj\‘m. (11.25)

In view of (b) (which is proved below) we note that this condition implies the interpola-
tion condition. Indeed, let u € A and X € 2. Then,

(On A, X) 27 = (1, ON AX )1, (8.7
== <M,NX>;fl

(since (O aX)(p) = Ly P"NA"X)
= (N"u,X) 9.
Thus restricting (T1.23) leads to
ﬁéAMS’jfi = ﬁz@,A’% =N7,
which is the interpolation condition.

(b) Let S be a solution of the interpolation problem. By the discussion above, (T1.25)
holds and thus:

Gea—9Gna=O¢, (IH%%”Z (B) —MSM§) Oca>0

since My is a contraction. O

Proof of Theorem[I1.3.1] We begin by showing that (1) = (2). By hypothesis, I —
MsMg > 0, thus we have

(2, () —MsMs)OcaX, OcaX) = || OcaX 1> = M5 OcaX|I?

= [OcaX|* —|OvaX]? (11.26)
= ((Yen— G a)X,X)

From the definition of B(p), see (11.20), we have

B(p)X = ﬁC,AX 7S(p)ﬁN1AX = ﬁC,AX 7S(p)M§ﬁC’AX = (17M5M§)ﬁc7,4x. (1127)

Therefore B(p)x € #(S), and we deduce from (11.26) and (11.27):

IB(p)xl20(s) = |1 — MsM5) Oc x| 2 s
= ((I = MsM5s) Oc ax, Oc aX)u,(B,2) = (PX,X) 2.
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We now show that (2) = (3). Equality (IT.21) implies that the kernel

(Px,x) 2 Ks(p,q) — B(p)x(B(q)x)" (11.28)
is positive. We now have two cases: If Px # 0 then the positivity of (11.28) implies
(Px,x)or (B (Q)x)*>
>0. 11.29
(B )2 (-2

On the other hand, if Px =0 then (11.28)) implies that B(p)x is identically 0 and so (11.29)
follows. Since (11.29) holds for every x € 2", the kernel (11.22) is positive in B.

We now prove that (3) = (4). Let
n
11.30
Z ( 1_17“1 YJ') ( )

where x; € 27, y; € %, aj € B. We will show that
<Pfaf>5g'@H§f(B)ZO- (11.31)

Since the set of vectors of the form (11.30)) is dense in 2~ @HZ (IB%), assertion (4) follows
from (TT.3T). To verify the validity of (T1.31) we observe that

e=£ (G b)) (0 )

=3 ((at wemm) () () =0

by the positivity of the kernel in (TT.22).
Finally, we show that (4) = (1). Since I — MsM{¢ > 0, it follows that S € 8( 71,75, B).
The condition P > 0 can be written in an equivalent form as the positivity of the matrix

I Oya M H2,. (B) HZ, (B)
Oin Yen O, || 2 || 2 ), (11.32)
Ms  Oca 1 H,, (B) H, (B)

in fact the Schur complement of the (1, 1) entry of this matrix is

Gea Ocy Ona (P Mp —
(ﬁm I wy ) (Ova M) =y, 1—msmz) =
and thus the positivity of (IT.32) is equivalent to the positivity of (IT.2Z). On the other

hand, the positivity of (IT.32)) is also equivalent to the positivity of the Schur complement
of the (3,3) entry, that is

I Ona Mg I —M3Mg Ona—MiOc
(ﬁmA %,A) (ﬁC,A ( S C’A) Ona—O¢ aMs 0

therefore we conclude that M{Oc 4 = Oy 4. O
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11.4 Interpolation in $(77{,74,B). The non degenerate
case

We now assume that the operator P is boundedly invertible, and wish to give a description
of all solutions in terms of a linear fractional transformation. This is the content of the
this section together with the next three ones. The coefficient operator matrix of this linear
fractional transformation is given by the function ® defined in (T1.39).

Theorem 11.4.1. A function S € 8(.741,.7,B) is a solution to the interpolation problem
if and only if the kernel

Y P (s —S(p)O(P)IO@) (Ls —S(9))" 7" (11.33)
k=0
is positive definite in B.

Before we prove this theorem we need some preliminary results. We set

_(»s O
J(O —%)

and let % = 2" & 76 ® 74 be endowed with metric

J= (10’ 9).

Lemma 11.4.2. The space

A
Jy:=ran | C
N
is a uniformly positive subspace of % .
Proof. It follows from the Stein equation
P—A"PA=(C* N*)J ¢ (11.34)
N

that (Px,x) - = [Tx,Tx] », where we have set
A

T=|C

N

Since P is strictly positive definite, there exists € > 0 such that

(Px,x) o > €|x||%, Vxe Z.
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Then, with
llx|| 7= [Tx,JTx] ¢,

we have
IITx, TxHi = (Ax,Ax) 9 + (Cx,Cx) y5 + (NX,Nx) s
< (1A ICIP + N1 ¢
_ AP+ lICl? + [IN]P2
t
< AP+ IiCIP+ N2
t4

2
v

ellxll}

[Tx,Tx| .

O

Therefore, see Theorem the Krein-space orthogonal complement %M of % is
also a Krein space with the inner product inherited from .~ with inertia equal to the
complement of the inertia of P with respect to the inertia of Jon ¥ , that is, with inertia
equal to that of J.

B
Lemma 11.4.3. There is an isometry | Dy | from (56 ® 54,J) to K so that
D,
B
%M =ran | D
D>

Proof. %L is a Krein space and so has a fundamental decomposition
A=V + V.

The Hilbert spaces 7% and (¥4, -, ] # ) are isomorphic, and similarly for 4] and (¥_,—[, ]¢).
It suffices to take a unitary map Uy from 473 to ¥4 and unitary map U_ from 5% to 7_
(the latter being endowed with —[-,] ). Then the map

H(y+v)=Usy+U_v

answers the question. ]

For such an isometry, we have
B*PB4+ DD, —DiDy=J and B'PT +DE—DiN=0
which together with (T1.34) can be written in the matrix form as

¥ N * T B P 0 0
<£* g* g*> (([)) 2) E D |=(0 Ip 0 . (11.35)
1 2 N D, 0 0 —Iy
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Furthermore, the Krein-space adjoint of the same isometry equals

*

B

P 0
o) = o7 037 9).
D,

Therefore, the orthogonal (Krein-space) projection & g of Z onto %M is given by
0

*

B\ (B B o poo
P = |Di|[Di| =|Di)J(B" DI Di)(, ;) (11.36)
0 D, D> D,

On the other hand the Krein-space orthogonal projection of J# onto . % is given by

*

T T T P 0
Pa=|E E|l =|E P’I(T* E* NY) (0 J). (11.37)
N/ \N N

Substituting (I1.36) and (I1.37) into equality &4, + & 1 = I and multiplying the
0
—1

resulting equality by (P 2) on the right we get

0
T B

Pt 0\ (T* E* N* P10
E D < )( ) >_( ) (11.38)
N D) \O J)\B Di D 0 J

We conclude that given 7, E,N such that (E,T) and (N, T) are output stable and P is a
strictly positive definite operator satisfying (11.34)), one can always find operators B, D
and D, such that relations (11.35)) and (11.38) hold.

‘We now introduce the operator-valued function ® which will give a linear fractional rep-
resentation of the set of all solutions of the interpolation problem in the nondegenerate
case.

Proposition 11.4.4. With the above notations, let

0(p) = (g;) +p (f,) *(I— pA)™B. (11.39)

(1) Then the following identities hold:

=

Y140 0(p000)")7 = () «1=pA) P - (B V), 1140)
=0
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where p,q € B.

(2) Forx € (—1,1) we have
J—0x)JO(x)" = (1—-x%) <f]> (I —xA)'P (I —xA*) " (EX N¥)(11.41)
J—0(x)*JO(x) = (1—x*)B*(I—xA*)"'P(I—xA)"'B. (11.42)

(3) The functions @2_21 and @2_21 0, extend to operator-valued Schur multipliers.

Proof.
(1) and (2): Note that (TT.40) holds due to (TT.38), and (TT.41) is the specialization of
(TT:40) for p = g = x € (—1,1). Furthermore, (TT.42) holds due to (TT.33).

(3) Take also p = g =x € (—1,1) in equality (I1.40). Decomposing @ as

O 095 I 74
0= : 11.43
(®21 ®22) <%> - <3ﬁ) ( )

we see from the (2,2)-entries in the equalities (TT.41)) and (TT.42) that

L + 021 (x)021 (x)" < Opn(x)@22(x)"
Ls +012(x)"O12(x) < O22(x)" O (x),

from which we conclude that ®2;(x) is boundedly invertible and ||®;(x) '@, (x)| < 1

for each x € (—1, 1). Using Proposition we obtain a slice hyperholomorphic inverse
of @y in |p| < r. By (IT.40) we have that

oo

Y (I = (©22(p)) " ((022(9)) )" = ((©22(p)) " ©21(p))((©22(9)®21(9)) *)")7"
n=0

is positive definite in |p| < r, and so, by Corollary both ®2’21 and @521 ®,; extend to
operator-valued Schur multipliers. ]

Remark 11.4.5. We note that in the complex-valued case we also have (rather than (T1.42)))

i W (T —©(w)*JO(z)) X = B* (I —wA*) "' P(1 —zA) "' B. (11.44)
j=0

Proof of Theorem[IT.4.1] Since P is boundedly invertible, the positivity of the kernel
(TT:22) is equivalent to the positivity of the kernel

Ks(p,q) —B(p)«P~' % B(q)".
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In turn, this kernel can be rewritten in the equivalent form

=

Ks(p,q) —B(p)*P~ ' %B(q)* = Y p"(Ly, — S(p)S(q)")7"—
k=0

C —% — k—\ — %,
—(Ly, —S(p))* <N> * (Lyp(kg) — PA) % P~ o (L i) —AQ) ™4

ve ()

- _ C % pe
=(n —S(p))* ( Y g - (N) *(Lp(ks) — PA) %P~ 1x,
k=0
e\ —kp * * I%’i
*r (Lpkg) —A*q) " %, (C* N ))*r <S(q)*> :

and, using (T1.40) this last expression can be rewritten as

Ks(p,q)—B(p)*P~' 5 B(q)" = (Ly, —S(p))* (i Pru—-- ®(p)J®(q)*))q"> *
k=0
Ly
*’ (—S(g)*) '

Ks(p.q) = B(p) P~ % B(q)" = Y p* (s —S(p)) xO(p)JO(q)" % (_%21)*) 7,

Thus we have

which ends the proof. O
The kernel (T1.33)) can be rewritten as

where

U(p)=011(p) —S(p)*®21(p) and V(p)=—012(p)+S(p)*Oxn(p).

To conclude the description of all solutions of the interpolation 8(.741,.75,B) we need to
prove the existence of a Schur function E € $(74,.5%,B) such that

U(p)*E(p)=V(p). (11.45)

This is easily done when one considers the interpolation with a finite number of inter-
polating points. See Section [I1.5] This special result in turn allows to prove a version of
Leech’s theorem in the present setting, and this will give the factorization (11.43).
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11.5 Interpolation: The case of a finite number of inter-
polating conditions

We now study the interpolation problem IP(8(.51,.54,B)) when only a finite number of
interpolating points and directions are given. Note that we cannot use Corollary [8.4.4](see
also Remark [8.4.3)) when the coefficient spaces are infinite dimensional since the value
of a function at a point corresponds then to an infinite number of tangential interpolation
conditions.

We consider the case where
A =diag (Mp;,Mpz,-+ Mp), C= (M, Mg, -+ M), (11.46)

and
N:(Mnl M, - M,,m), (11.47)

with (pg, ck,ni) € B x 6 x J4, k= 1,...,m. We simplify the notation and set M, =1
for the various vectors. Using (5.14) we note that

C*C—N*N =
(cr,e1) = (n,my)  (e2,c1) — (m2,m1) (emsc1) — (1)
(c1,62) = (n1,m2)  (c2,¢2) — (n2,m2) (cm,c2) — (Mmyn2)
(ckyce) — (ny,ng)
<C1 acm> - <n1 anm> <627cm> - <n27nm> <Cm7cm> - <nm7nm>

The Gram operator is now a m x m matrix and its (¢, k) entry is

gptﬁ«ck’cw — (m,ne)) i’

The interpolation condition

=

ZA*IC*St :N*

=0
becomes .
ZA*[C*Szé — N*E,
t=0
i.e.

ZPQ<SI§,C£>:<§,H(>, K:l,...,m, v§€'%”i
t=0

Theorem 11.5.1. Assume the c; # 0 (but not necessarily linearly independent). Then, a
necessary and sufficient condition for the interpolation problem corresponding to (11.46)-
to be solvable is that the Gram matrix is nonnegative.
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Proof. We proceed in a number of steps.

STEP 1: The matrix G with (¢,k) entry

oo

Z pté <Cka C[>ﬁt
=0

is invertible.

Indeed, let
fllp)=ax(l=ppr) =Y Papd, k=1,...m.
t=0
Then the functions f; € Hz%”2 (B). Moreover, let o, ..., o, € H be such that

™=

fk(p)ak = 0, Vp e B.

k=1

Then, by the reproducing kernel property

(g E

@ (h(px),c)oms =0, VheH, (B).

k=1

But, from the interpolation problem in the Hardy space, see Section [[1.2] there exist
functions in Hz}gi (B) that

<h(p1),cl>%7éo, and <h(pk),ck>%02=0, k:2,...,m.

Thus a1 = 0, and similarly for the other indices. So the functions fi,..., f;, are linearly
independent, and G > 0 since

Grp= Zpi(ck,cﬁﬁt = <fk»f£>H2%é(IB)-
t=0 :
STEP 2: The matrix G(g) with (¢,k) entry
Y vl ((cxsco) — € (nine)) Pi
=0

is invertible for all value of € € (0,1).

We cannot use the notion of determinant but will use Schur complements (and in partic-
ular Proposition[4.3.13) to prove the claim. Write

_(gn(e) b(e)
G“)‘(ng(le)* D(s))



312 Chapter 11. Interpolation: operator-valued case

with
(c1,e1) — €X(n1,ny)
1—|p1?

gi(e) =

From Proposition[d.3.13| we get

€ €[0,1], otherwise

{s €[0,1)if (c1,c1) = (mx,ne)

and the (1, 1) entry of the Hermitian matrix

D(g)g11(g) —b(e)"b(e)
is strictly positive.

We now reiterate the argument. But

(D(e)g11(€) —b(€)"b(e))y,

is a polynomial with real coefficients, and is a decreasing function of € and strictly pos-
itive at the origin (these last two claims come from the definition of G(€) and from Step
1). Thus once more we get that at most the value € = 1 leads to a non -invertible matrix.

When G(€) > 0 we can apply the analysis in Section and in particular Lemma|11.4.2)
holds. So we can build the corresponding function defined by (T1.39), which we denote
by ®F.

STEP 3: Let € € [0,1] be such that G(g) > 0. Then the block entry ©F, (x) is invertible
and ||®%, (x)(®%,) "' (x)|| < 1 in a real neighborhood of x = 1.

Indeed, since A is a finite matrix, of norm strictly less than 1 we can set x = 1 in (TT.41)

and (T1.42)) and obtain:
J—0%(1)J(®%(1))*=0 and J—(©%(1))"JO*(1)=0.
Thus

Of, (1)(0f,(1))" = I+07,(1)(07,(1)), (11.48)
(©1;(1)"0f(1) = 1+(85(1))"65(1). (11.49)

We get in particular that ©%, (1) is boundedly invertible. Furthermore, (I1.49) implies that

1= (©f) 7" (1)7((8°1))(1)) + (5, (1)(&f )~ (1))"(5, (1)(&f ) "' (1)),  (11.50)

and in particular ||©%, (1)(®%,)7!(1)| < 1. By continuity (since ® is a rational function
of x), ®¢, (x) is boundedly invertible and ||®%, (x)(®%,)~!(x)|| < I in a real neighborhood
of x=1.
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STEP 4: Let S be any Schur multiplier. Then, (©%, (x) — S(x)®5%, (x)) is invertible in an
open set of the form (u, 1).

For real x € (—1,1) we have that ||S(x)|| < 1 and the claim follows from the previous step

since

11 () = S(x)85, (x) = (1 = S(x)©%; (x)(©F,) ™" (x)) O (x)
in an open set of the form (, 1). We note that both (®%, (x) — S(x)®%, (x)) and its inverse
are restriction of slice hyperholomorphic functions in a real open interval.

STEP 5: Let € € [0,1] be such that G(€) > 0. Then, the linear fractional transformation
Toe (E) (11.51)

describes the set of all solutions of the interpolation problem
Zp%(S,é,c@ =e&,ny), £=1,....m, VEeH,
1=0

when E varies in the class 8(4,76,B).

From Theorem |11.4.1| we know that § is a solution of the interpolation problem if and
only if the kernel (TT.33)

o

Y P (U (p)UE(q) = VE(P)VE(9)) T (11.52)
k=0

is positive in B, where

Uf(p) = Of,(p) —S(p)x©®5,(p) and V*(p)= -0 (p)+S(p)xO%(p).

In view of Step 4, U®(x) is invertible in a set of the form (u, 1). Thus for x,y € (u,1) we

can rewrite (T1.52)) as
—E*(0)E*(y)"

L,
UF() = 1 —xy

wE))”,

with E€ = (U®)~!'V€, It follows that the kernel

Ly —E* () E*(y)*
1—xy

is positive definite in (u, 1), and hence has an extension to a Schur multiplier, see Theorem
Still denoting by E¢ this extension we have

(07, —S*x @5 )xE® = —0f, + Sx05,.

Thus, we have
Sx (05, xE 4+ 05,) = 0], xE® + 07,.
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We now show that we can divide (with respect to the star product) by (@) xE + @2,), and
thus obtain the linear fractional transformation (IT.51)) of S in terms of E€. Letx € (—1,1).
By the proof of Proposition|11.4.4|we know that @, (x) is boundedly invertible and that

O (x) 0%, (x) " + 0%, (x) 703 (x) (05, (x) 03 (x))" < Ly
It follows that || @5, (x) ~'®%, (x)| < 1 and therefore
1©5,(x) 103, (ES ()] <1, xe(~1,1).
By Proposition[11.4.4] the B(.7] )-valued function
L +(03;) " 07,

is invertible (with respect to the star product) in a neighborhood of the origin. So S is
given by the linear fractional transformation in some open set, and in all of B by slice
hyperholomorphic extension.

We conclude the proof of the theorem taking subsequences using Theorem[8.5.1] O

11.6 Leech’s theorem

The following result is the quaternionic version of a factorization theorem originally due
to Leech, and which has found numerous applications in operator theory. See [233] for the
original paper (an unpublished manuscript, written in 1971-1972) and see [220]], [250],
[41], [22] for background on, and applications of, the theorem in the complex variable
setting.

In the statement, the hypothesis on 7] is crucial.

Theorem 11.6.1. Let J4,.56 and 54 be two sided quaternionic Hilbert spaces. We as-
sume that the space F4 is separable and has a Hilbert space basis made of vectors which

commute with the quaternions. Let A and B be slice hyperholomorphic in B and respec-
tively B(76,.7641)- and B(76, 74)-valued and assume that the B(JA )-valued kernel

=

Kag(p,q) =Y, p"(A(p)A(q)* — B(p)B(q)")q" (11.53)
n=0

is positive definite in B. Then there exists S € 8(3,.56,B) such that B= A *S.

Proof. The strategy is as follows: Use the positivity condition to solve a count-
able family of finite dimensional interpolation problems and use Theorem 8.5.1]to find a
solution S such that B = A xS. We consider py, ps,... a dense subset of B, and denote by
uy,uy, ... a Hilbert space basis of 7] which commutes with the quaternions. We proceed
in a number of steps.
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STEP 1: Let N,L € N. There is Sy 1. € 8(743,.76,B) such that

(A*SML)([?J')MZZB([?J‘)MZ, j:1,2,...]\77 gil,...,L.

Indeed, using property (5.4) to go from the second to the third line, and using the fact that
the vectors uy commutes with the quaternions we have:

Kas(pj p)ime) = Y (7 (Alp)AGP)” — B(p))B(pe)") Pty ) 1

commute

I
=

|
[ agki

(P (A(pj)A(pi) " tm — B(p)B(p) thm) P’ s 100) 5

i
=)

|
 agki

(A(pHA (i) um —B(pj)B(pi) um) Pi's Py e )
——

commute

i
=)

(A(pi) umpr ,A(pj)*uepP;') s — (B(pi) “umpPr' \B(p;) ueP;' ) o

Il
s

.‘
Il
=}

A(A(pr) um, A(pj) ue) e, — (B(pr) *tm, B(pj) ue) o, } PR

I
M
R

N
I
=}

P {{ckm o) o — (Mkmsnj) e } PR

1
M
=

i
o

where we have set ¢j, = A(p;)*us and nj o = B(p;)*uy. Since Ky p is a positive definite
kernel we get that the Gram matrix is non-negative. By the result in Section [T1.3]on the
finite dimensional case, there exists Sy 1 € 8(.743,.7%,B) such that

=

Zp.t/‘«SN,L)té;Cj,DL%‘ﬁ:<é,n/’,ﬂ>,%”37 j:1>"'aM7 £:17L7 andv§€%~
t=0

Still using the fact that #, commutes with the quaternions the left side of this last equation
can be rewritten as
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ij (Sv.L)iA(pj)* ZP] (Sn.L); <ip}{Av> u) 7
= ipt]<éa (SN7L) (iAipf’) I/tg>(%03

t=0

t=0
commute

oo

— Y A (S (ZAU s
=Y P& (Sno)f (

ZA*MIPJ >>’ Ea]

=0

- i@, ( Y (SN,L)fA’J> Piue)on

s t+v=s
= (&, ((A*xSn.L)(p)) ue)

and the interpolation condition becomes
(€, ((AxSn.L)(P) ue)y = (8, (B(p))) we) s, j=1,...,N, (=1,...L.
Since & is arbitrary we get
(AxSn¢)(pj)ue=B(pj)ug, j=1,....,N, £=1,...L,
and so, using once more that the u; commute with the quaternions, we get
(A*Sye)(pj)=B(pj), j=1,...,N, £=1,...L.

To conclude we first fix N and let L go to infinity. By Theorem [8.5.1] there exists Sy €
8(44,76,B) such that

(A*Sy)(pj)=B(p;), j=1,....N.

Another application of Theorem implies the existence of S € 8§(.74,.74%,B) such
that

(AxS)(pj) =B(pj), Jj=1,...,
and this last equality extends to all of B by continuity. (]

11.7 Interpolation in S8(77,.7%,B). Nondegenerate case:
Sufficiency

‘We conclude this chapter with the description of all solutions to the interpolation problem
IP(S(.74,.74,B)) in the nondegenerate case. The case where the operator (I1.24)) is not
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boundedly invertible will be considered in a sequel to the present book. Examples of
degenerate cases in the finite dimensional case have been presented earlier in the book;
see Sections [[0.4] and [10.3]

Theorem 11.7.1. Assume that the operator P given by (I1.24) is boundedly invertible,
and let © be defined by (11.39). Assume furthermore that the space 7% is separable and
has a Hilbert space basis made of vectors which commute with the quaternions. Then the
set of all solutions to the interpolation IP(8(J4,54,B)) is given by the linear fractional
transformation

S= (O *E+0p) (@ xE +0p)* (11.54)

when E runs through 8(.741,.76,B).

Proof. From Theorem |11.4.1|the function S € §(J#],5%,B) is a solution of the interpo-
lation problem IP(8(.74, 7%, B)) if and only if the kernel

is positive definite in B, where
U(p) = 011(p) =S(p) x@21(p) and V(p) =—B12(p)+S(p)* On(p).
Leech’s theorem implies that there exists E € 8(J4,.74) such that V = U x E, that is
(@11 —S*0Oy))*xE =—0jp+Sx0By,

or, equivalently,
S (02 xE+02n) =01 xE+0Oys.

As in the proof of Step 5 of Theorem[TT.5.1 one shows that one can divide (with respect
to the star product) by (@21 xE + ®@5,) in some open subset of B, and thus obtain the
linear fractional transformation (I1.54) of S in terms of E, first in the given open subset
of the origin, and then in all of B by slice hyperholomorphic continuation. See Corollary
B2 4 for the latter. O
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Epilogue

Classical Schur analysis and its various applications (for example to operator theory or to
the theory of linear systems) lead to new problems in function theory. For instance, the
characteristic operator function lead to the study of the multiplicative structure of matrix-
valued functions meromorphic in the open unit disk, and contractive there with respect to
some indefinite metric. See the fundamental work of Potapov [243]].

Classical Schur analysis contains whole sectors not touched here, and expands to new
directions, still to be developed in the setting of slice hyperholomorphic functions. Among
the first we mention:

()

(b)

()

(d)
(e)

The study of the characteristic operator functions (the ’s” in functions is not a mis-
print; various classes of operators will have different corresponding characteristic
operator functions) and operator models. We also mention the study of these func-
tions from the pure function theory point of view. Indeed, in the classical case, the
connections between the function theory approach and the operator theory side lead
to new results in both theories.

Still in function theory, the counterparts of integral representation formulas for func-
tions analytic and with a real positive part in a disk or an half-plane remains to be
done, and is related to moment problems.

Interpolation problems for slice hyperholomorphic functions in the half-space. In
the classical setting, and as we already have remarked, quite a number of different
(but of course related) methods have been developed. The study of these methods in
the quaternionic setting (for instance the band method) should be conducive to new
problems and methods in quaternionic analysis.

The degenerate cases in the interpolation problems.

Interpolation problems for generalized Schur functions.

Among the second we mention:

()
(@

Applications to the theory of linear systems.

The case of several noncommuting variables.
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(h) Operator models for commuting and noncommuting operators. In the complex case,
and for two commuting operators, this problem is related to function theory on
compact Riemann surfaces. See [236].

In classical Schur analysis these questions are considered for operator-valued functions.
Thus the study of operator-valued slice hyperholomorphic functions developed in Chapter
7 will provide the ground to pursue these lines of research.
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First order discrete systems, |§_7|
fixed point property, [68]
Fréchet space, [66]
fundamental decomposition, [7] [69] 02
fundamental symmetry, [7] [83]

generalized Carathéodory function

ball case, [I83]

generalized de Branges pair
ball case, [T36]
half-plane case, [I86]

generalized Herglotz function
half-space case, [I83]

generalized Schur function
ball case, [184]
half-space case, [183]

Gram matrix, [T0T]

Gram operator, [83]

Hankel operator, [13]
Hardy space

quaternionic, [124]
Herglotz function

generalized, half-space case, [I83]
Herglotz integral representation, [6]
Hilbert

basis,

space, [73]
hypermeromorphic

slice function, [T33]

Identity principle, [TT0] [T54]
imaginary unit, 48]
index of a Pontryagin space, [7]
inner product

quaternionic, [68|

space, [69]

inner Schur multiplier, 200]
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interpolation problem
Carathéodory-Fejér, [13]
Carathéodory-Fejér interpolation prob-

lem (quaternionic case ), @

Nehari, [12]

intrinsic quaternionic function, [TT3]

intrisic completeness, 88|

inverse scattering problem, [41]

isometric
operator, [§]

pair, [[74]

Jordan
block,
form,

Krein space, [7, 03] P7]

Laurent expansion, [[T0]
Leech’s theorem, 314} 317]
left

slice hyperholomorphic, [108]
linear fractional transformation, B_gl
linear map, [63]
local degree at a point, [26]
locally convex space, [66]
lurking isometry method, [T90]
Lyapunov equation, [61]

Mackey topology, 83|
majorant

decomposition, 86|
matrix

adjoint, [53]

conjugate, [53]

Hermitian, 53]

invertible, 53]

normal, 53]

transpose, [53]
unitary, 53]
maximum modulus principle, [[10]
McMillan degree, [26]
minimal polynomial, [59]
minimal polynomial associated to a sphere,
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minimal realization, 2]
model space, 260]
multiplication formula, [TT3)
multiplicity of a zero, [52]

negative, [69]
Nehari
interpolation problem,[12]
neutral
element, [69]
part, [69]
nonnegative
subspace, [§]
nonpositive
subspace, [§]

observability Gramian, [T74]
observability operator, [I74] 296]

observable

pair,
observable pair, [21] 232]

quaternionic case, [63]
observable realization, [T97]
open mapping theorem, [67]
operator

backward-shift, [T9]

Gram, [83]

self-adjoint (in quaternionic Pontrya-

gin space), [102]

signature, [7]

strongly stable, [I73]
ortho-complemented subspace,
orthogonal companion, [69]
outer-connected realization, [191]
output-stable

pair,[T74]

pair
controllable, 232]
observable, 232]
partial majorant, [7§]
admissible,
polarof a norm,

pole, [123|

INDEX

Pontryagin space, [7][92]
positive, [69]
positive definite function

complex case, 9]
Potapov-Ginzburg transform, [T87]
principle of uniform boundedness, [67]

quaternion, [47]

associated sphere, 48]
quaternionic

inner product, [68]
quaternionic Hardy space, [124]

rational function, 227]
matrix-valued, 27]
realization, [21]

realization, [T§]
backward-shift realization, 232]
coisometric, [T8§]
contractive, [T8§]
isometric, [[88]
minimal, [21]
observable, [19]]
unitary, [T88]

reflection coefficient function, [37]

reproducing kernel
Hilbert space, [10]]
Pontryagin space, [[03|

right
slice hyperholomorphic, [108]

right slice hyperholomorphic
inverse,

root subspaces, [59]

Rosenblum,M., 231]

Runge theorem, [124]

s-domain, [T10]
S-resolvent set, [156]
S-spectral
radius theorem, [139]
S-spectrum, [58] [156]
Schur algorithm, 3]
quaternionic setting, 253]
Schur coefficients



INDEX

quaternionic setting, [253]
Schur function, [129]
Schur functions, 3]
Schur multiplier, [T29]
inner, 200]
strongly inner, 200]
Schur parameters, [6]
Schwarz lemma, [TT1]
semi-norm, [66]
Shmulyan’s theorem, 93] [209]
signature operator, [7]
slice
derivative, [[08] [T09]
differentiable, [T0§]
hypermeromorphic function, [I53]
slice hyperholomorphic, [108]
conjugate, [T 16|
inverse,
strongly, [1532]
weakly, [I5]

space

Banach, [66]

Fréchet, [66]

Hilbert, [73]

Krein, 03]

topology, [7]
Krein (complex),[7]
Pontryagin, [02]
index,

Pontryagin (complex), 7]

pre-Hilbert, [73|
spectrum

left, 53]

right, 53]
sphere

associated minimal polynomial, [51]
sphere associated to a quaternion, 48]
splitting lemma, [TO8]
state space, [I§]
Stein equation, [6T]
strictly negative, [69)]
strictly positive, [69]
strongly inner Schur multiplier, 200]
strongly slice hyperholomorphic, [152]
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strongly stable operator,
subspace

nonnegative, [§|
nonpositive, [§]
uniformly negative, [§]
uniformly positive, §]

supporting projection, [24]

T-admissible
open set, [T6]]
theorem
adjoint of a contraction (quaternionic
Pontryagin space), [94]
Banach continuous inverse, [67]
Banach-Alaoglu, [89]
closed graph, [68]
compactness of the S-spectrum, [157]
Hahn-Banach, [66]
Leech (quaternionic setting), [314]
B17
open mapping,
Runge, [124]
S-spectral radius, [I59]
Schauder-Tychonoff, [68]
Shmulyan, [93] 209]
Wiener-Lévy, [T1]
topology
Mackey, [83]
weak,
transform
Potapov-Ginzburg, [T87]

uniformly negative
subspace, [§]
uniformly positive
subspace, [§]
unitary
operator, [§]

Verblunsky parameters, [6]

weak topology, [7§]
weakly slice hyperholomorphic, [T51]
Wiener algebra
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complex, [T0]
quaternionic,

zeros
of s-regular functions, [122]

INDEX



Notation Index

1 O
0= o é?
X map, 9]

B, open unit ball of the quaternions, [184]

C,, the open right half-plane, [T8]

[H, algebra of quaternions,

H., open right half-space of the quater-
nions, [142]

S, sphere of unit purely imaginary quater-
nions, 4§

T, the unit circle, [6]

W , Wiener algebra (complex),

A (Q), the set of slice hyperholomor-
phic intrinsic functions on Q,
013

% (L), set of slice hyperholomorphic func-
tions on Q, [10§]

Z(Q,Q), set of slice hyperholomorphic
functions on Q with values in
Q)

Z(Q, X), the set of £ -valued slide hy-
perholomorphic functions, [I33|

ZR(Q), set of slice hyperholomorphic
functions on Q,[T0g]

B (Z,B), generalized de Branges pair,
ball case, [T36]

B (£, H,), generalized de Branges pair,
half-space case, [T86]

C«(Z,B), generalized Carathéodory func-
tions, [T83]

H (P, H, ), generalized Herglotz func-
tions, [T83]

8x(Z1,2%,), Generalized Schur class,
19

345

0(Q, Z), the set of 2 -valued slide hy-
perholomorphic functions,[T54]

OR(Q, 2), the set of right slice hyper-
holomorphic functions with val-
ues in .2, [156]

*-product (for functions), [IT4] [153]

*-product (for polynomials),[50]

f¢, slice hyperholomorphic conjugate of
/.79

f*, symmetrization of f,[T16]

ran, range of A, [76] [106]
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