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COMPLETE GRADIENT SHRINKING RICCI SOLITONS
WITH PINCHED CURVATURE

GIOVANNI CATINO

ABSTRACT. We prove that any n—dimensional complete gradient shrinking Ricci soliton with
pinched Weyl curvature is a finite quotient of R, R x S*~! or S™. In particular, we do not
need to assume the metric to be locally conformally flat.

1. INTRODUCTION

In this paper we classify complete gradient shrinking Ricci solitons satisfying a pointwise
pinching condition. We recall that a complete Riemannian manifold (M™,g) is a gradient
Ricci soliton if there exists a smooth function f on M™ such that

Ric + V2f = \g

for some constant A\. The Ricci soliton is called shrinking if A > 0, steady if A = 0 and
expanding if A < 0. Ricci solitons play a fundamental role in the formation of singularities
of the Ricci flow, and have been studied by many authors (see H.-D. Cao [1, 2] for a nice
overview).

In recent years much attention has been given to the classification of complete gradient
shrinking solitons, in particular in dimensions n = 3 (Ivey [11] for the compact case and
Perelman [15], Ni-Wallach [14] and Cao-Chen-Zhu [3] for the complete case), in dimension
n = 4 (Ni-Wallach [13] and Naber [12]), as well as in the locally conformal flat case when n > 4
(Ni-Wallach [14], Petersen-Wylie [16] and Z.-H. Zhang [19]). In all three cases, the proofs
depend on the crucial fact that the shrinking soliton under the consideration has nonnegative
curvature operator. Notice that this condition is automatically satisfied when n = 3 (B.-L.
Chen [5]) or when the shrinker is locally conformally flat (Z.-H. Zhang [19]). However, when
n > 4 one cannot expect that in general a complete gradient shrinking soliton has nonnegative
curvature operator (or even nonnegative Ricci curvature).

In this paper we will generalize the previous results concerning the classification of complete
gradient shrinking Ricci solitons to the case when the Ricci tensor is nonnegative and a very
general pinching condition on the Weyl tensor is in force. In particular, we will not assume
the soliton metric to be locally conformally flat.

To fix the notation we recall that the Riemann curvature operator of a Riemannian manifold
(M™,g) is defined as in [7] by
Riem(X,Y)Z =VyVxZ - VxVyZ +Vxy|Z.
In a local coordinate system the components of the (3,1)-Riemann curvature tensor are given
by Réjk% = Riem(%, %)%k and we denote by R;j = glprjk its (4,0)—version.
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Throughout the paper the Einstein convention of summing over the repeated indices will be
adopted.

The Ricci tensor Ric is obtained by the contraction R;;, = gleijkl, R = ¢**R;; will denote

the scalar curvature and Ric = Ric — %R g the traceless Ricci tensor. The Weyl tensor W
is then defined by the following decomposition formula (see [7, Chapter 3, Section K]) in
dimension n > 3,

Wik = Riju + m(giwﬂ — gagjr) — 5 (Rirgjt — Ragjr + Rugie — Rjrga) -
Now we can state our result

Theorem 1.1. Any n—dimensional complete gradient shrinking Ricci soliton with nonnegative
Ricci curvature and satisfying

2(n — 1 o 2
W|R < (n_?) <|R1c| - n(i_l)R) (1.1)

is a finite quotient of R™, R x S*~1 or S™.

Remark 1.2. The pinching (1.1) is trivially satisfied in dimension three, since the Weyl tensor
vanishes, whereas if n > 4, it generalizes all the previous results concerning locally conformally
flat gradient shrinkers. Moreover this condition does not imply a priori the nonnegativity of
the curvature operator.

Remark 1.3. As we will see in the proof, the condition on the Ricci curvature can be relaxed
to an estimate of the type |Ric| < ¢ R*®, for some constants ¢ > 0 and « > 0. In particular
we do not need to assume a priori any kind of positivity on the Ricci curvature.

2. PROOF OF THEOREM 1.1

We recall the following formulas (for the proof see Eminenti-La Nave-Mantegazza [6])
which will be useful in the rest of this section

Lemma 2.1. Let (M™,g) be a gradient Ricci soliton, then the following formulas hold
AR = (VR,Vf) +2AR — 2|Ric|? (2.1)

ARir = (VRi, VF) +2ARip — 2 W, iR (2.2)
+ 7(,1_1)2(”_2) (R2gir, — nR Ry + 2(n — 1)RyjR), — (n — 1)[Ric|?gix) -

It is well known that a complete gradient shrinking Ricci soliton has nonnegative scalar
curvature (see B.-L. Chen [5]). On the other hand, due to the geometric properties of gradient
shrinkers, we know that either R > 0 or the metric g is flat (see Pigola-Rimoldi-Setti [17,
Theorem 3]).

Hence, from now on, we can assume the scalar curvature of g to be strictly positive.
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Proposition 2.2. Let (M™,g) be a complete non—flat gradient shrinking Ricci soliton. Then
the following estimate holds

Ric|? Ric|? 2
A(l RQ‘ > > <V< RQ‘ )’Vf_Vk)gR2>+1?-‘;34’RVJ'R”“_R”“V”'R‘2

o o 2 o .. O .
IRic|? <|Ric|— 1 R) ~ RW,R*RI!

+ @ v/n(n—1)

Proof. From Lemma 2.1, one can easily compute
AR? = (VR? V) + 2|VR|? + 4 AR? — 4R|Ric|?
and
A|Ric> = (V|Ric|?, Vf) + 2|VRic|? + 4 X |Ric|? — 4Wijkl§ik§ﬂ
+ T (R3 — (2n— 1)R|Ric® + 2(n — 1)Rinijik> ,

where we have used the fact that WijklekRﬂ = WUMRMRJZ, since all the traces of the Weyl
tensor vanish. Thus, following the Hamilton’s computation in [8, Lemma 10.3], we obtain

Ric|? Ric|? 2
A(’ RQ‘ > = <v( RQ‘ >,Vf—VlogR2>+R4|RVjRik—RiijR|2 (2.3)

4 o 0.
+ 5 <P - RWijklR”“R”>
where
P = by <R4 — (2n — DR2[Ric? + 2(n — R R,RIFRY, + (n — 1)(n — 2)|Ricy4) .

We want to point out that, in dimension three, identity (2.3) was also explored by Ni-
Wallach [13]. We claim that

o] o] 2
P > |Ric|? <|Ricy — mR>
with equality if and only if either Ric = 0 or |Ric| = (1 71)R.

Using the fact that R;p = R — %Rgik, one has the formula

R, R7* R}, = Ry;R*RY, + 3R|Ric]> — 2R3,

By applying the well known estimate for tracefree symmetric two—tensors (see, for instance,
Huisken [10, Lemma 2.4))

o o ,ko, 9 o 3
Rin] Rzk > — n__l)‘RiC‘ ,

n(n

we obtain

R;;R*RY, > — :(;2_1)|Ric|3 + 2R|Ric|* — ZR?, (2.4)
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with equality if and only if either Ric = 0 or |Ric| = ﬁfi. Using inequality (2.4) and
n{n—

the fact that |Ric|?> = |R1c|2 1R2, from the definition of P, we get

P > m <(” —1)(n - 2)[Ric|* — ﬁR]Rlclg n-2R? ]Rlc]2>
[¢] [} 2
= |Ric’ ( [Ric|] - —R| .
Rl (JRic| - 4w )
The proposition now follows from equality (2.3). O

Now, let h = f—log R2. Following the notation in Petersen-Wylie [16], from Proposition 2.2,
we get that, if g is non—flat, then

|Ric|? 4
Ah( R2 = R5

where Ay, = A —Vyp. In order to estimate the term involving the Weyl curvature, instead of
using the Cauchy—Schwarz inequality, we recall this refined inequality which was first proved
by Huisken [10, Lemma 3.4]

2 o ., O .
R) ~ RW,;uR*RI!

|Rl(:|2 (\Rlc\

(nfl)

Lemma 2.3. On any Riemannian manifold, the following estimate holds

|WUMR““RJZI \ / ywy lecyQ

Hence, this inequality and our pinching assumption (1.1) implies

o o 2 o . O .
Ric|? ( [Ric| - ——R ] —RW;R*RI > 0.
n(n—1) J
Thus, we have proved that
|Ric|?
(Y o

where h = f —log R?, with equality if and only if either Ric = 0 or |Ric| = R. We are

1
vn(n—1)

now in the position to apply a Liouville type theorem proved by Petersen—Wylie [16, Theorem
4.2] (see also Naber [12]).

Theorem 2.4. Let (M™,g) be a manifold with finite h—volume: fe_thg < +o00. Ifuisa
smooth function in L2(e*thg) which is bounded below such that Apu > 0, then u is constant.

sal2
To apply this theorem to the function u = ‘ng‘ with A = f —log R?, we have to check that

/e_thg:/RQe_deg<—|—oo
M M

Ric[* Ric|*
[, e v = [ et < v

Since, by assumption, g has nonnegative Ricci curvature, we have that |Ric| < R. Hence,
to estimate the above integrals it is enough to prove that R € L?(e~/ dVy). To this aim, we

and
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recall that H.-D. Cao and D. Zhou [4] have proved that for any fixed origin p € M", there
exist two positive constants c¢; and cy so that, for every ¢ € M"™, we have

@) —a1)® < flg) < 1(r(@) +ar)”,
where r(q) = dist(q, p), and
Vol(B,(p)) < c2p™,
for sufficiently large p. Moreover, from the well known equation satisfied by gradient shrinking
solitons (see Hamilton [9])
R+ |Vf]? — f = const
we can estimate the scalar curvature with f to conclude that

/M R2e™/ dVy, < +o0. (2.5)

As we have observed in Remark 1.3, to get the integrability conditions, it is sufficient to
assume |Ric| < ¢cR*?, for some constants ¢ > 0 and a > 0, since on any gradient shrinking
solitons, the scalar curvature R € LP(e~/dV}), for every 1 < p < o0.

|Ric|?

Thus, Theorem 2.4 implies that x5

is constant, and from the proof of Proposition 2.2,
1

vn(n—1)

assumption (1.1) implies that eitherg is Einstein or has zero Weyl tensor.
In the first case, since g has positive scalar curvature, we have that M" is compact. More-
over, from the pinching condition (1.1), we get that

2 2 2 4
WI* < oo R < somneoes

o
we get that either g is Einstein or satisfies the identity |Ric| = R. Now, the pinching

R2.

Hence, the pinching condition in Huisken [10, Corallary 2.5] is satisfied which implies that
g has positive curvature. Hence, from a theorem of Tachibana [18], we conclude that g has
constant positive sectional curvature and (M™, g) is a finite quotient of S™.

On the other hand, if the Weyl tensor of g vanishes, from the classification of locally
conformally flat gradient shrinking solitons we obtain that if g is non—flat and non—compact,
then it must be a finite quotient of R x S"~1.

This concludes the proof of Theorem 1.1.

Acknowledgments . The author is partially supported by the Italian project FIRB-IDEAS
“Analysis and Beyond”.

REFERENCES

1. H.-D. Cao, Geometry of Ricci solitons, Chinese Ann. Math. Ser. B 27 (2006), no. 2, 121-142.

. , Recent progress on Ricci solitons, Adv. Lect. Math. (ALM) 11 (2010), 1-38.

3. H.-D. Cao, B.-L. Chen, and X.-P. Zhu, Recent developments on Hamilton’s Ricci flow, Surveys in differential
geometry. Vol. XII. Geometric flows, vol. 12, Int. Press, Somerville, MA, 2008, pp. 47-112.

4. H.-D. Cao and D. Zhou, On complete gradient shrinking Ricci solitons, J. Differential Geom. 85 (2010),
no. 2, 175-186.

5. B.-L. Chen, Strong uniqueness of the Ricci flow, J. Differential Geom. 82 (2009), 363-382.

6. M. Eminenti, G. La Nave, and C. Mantegazza, Ricci solitons: the equation point of view, Manuscripta
Math. 127 (2008), no. 3, 345-367.




10.

11.
12.

13.

14.
15.

16.

17.

18.

19.

GIOVANNI CATINO

. S. Gallot, D. Hulin, and J. Lafontaine, Riemannian geometry, Springer—Verlag, 1990.
. R. S. Hamilton, Three—manifolds with positive Ricci curvature, J. Differential Geom. 17 (1982), no. 2,

255-306.

, The formation of singularities in the Ricci flow, Surveys in differential geometry, Vol. II (Cam-
bridge, MA, 1993), Int. Press, Cambridge, MA, 1995, pp. 7-136.

G. Huisken, Ricci deformation of the metric on a Riemannian manifold, J. Differential Geom. 21 (1985),
47-62.

T. Ivey, Ricci solitons on compact three—manifolds, Differential Geom. Appl. 3 (1993), no. 4, 301-307.

A. Naber, Noncompact shrinking four solitons with nonnegative curvature, J. Reine Angew. Math. 645
(2010), 125-153.

L. Ni and N. Wallach, On 4-dimensional gradient shrinking solitons, Int. Math. Res. Notices (2008), no. 4,
13pp.

, On a classification of gradient shrinking solitons, Math. Res. Lett. 15 (2008), no. 5, 941-955.

G. Perelman, The entropy formula for the Ricci flow and its geometric applications, ArXiv Preprint Server
— http://arxiv.org, 2002.

P. Petersen and W. Wylie, On the classification of gradient Ricci solitons, Geometry and Topology 14
(2010), 2277-2300.

S. Pigola, M. Rimoldi, and A. G. Setti, Remarks on non-compact gradient Ricci solitons, Math. Z. (2010),
DOI: 10.1007/s00209-010-0695-4.

S. Tachibana, A theorem of Riemannian manifolds of positive curvature operator, Proc. Japan Acad. 50
(1974), 301-302.

Z.-H. Zhang, Gradient shrinking solitons with vanishing Weyl tensor, Pacific J. Math. 242 (2009), no. 1,
189-200.

(Giovanni Catino) DIPARTIMENTO DI MATEMATICA, POLITECNICO DI MILANO, P1AZZA LEONARDO DA VINCI

32,

20133 MiLANO, ITALY

E-mail address: giovanni.catino@polimi.it



	qdd194-copertina
	dip-201521714652

