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STABLE SOLITARY WAVES WITH PRESCRIBED L[2-MASS
FOR THE CUBIC SCHRODINGER SYSTEM
WITH TRAPPING POTENTIALS

BENEDETTA NORIS, HUGO TAVARES, AND GIANMARIA VERZINI

ABSTRACT. For the cubic Schrédinger system with trapping potentials in RV,
N < 3, or in bounded domains, we investigate the existence and the orbital
stability of standing waves having components with prescribed L2-mass. We
provide a variational characterization of such solutions, which gives informa-
tion on the stability through of a condition of Grillakis-Shatah-Strauss type.
As an application, we show existence of conditionally orbitally stable solitary
waves when: a) the masses are small, for almost every scattering lengths, and
b) in the defocusing, weakly interacting case, for any masses.

1. INTRODUCTION

Let Q@ ¢ RN, N < 3, be either the whole space, or a bounded Lipschitz domain,
and let us consider two trapping potentials V7, V5, satisfying
VieC(), V>0, ‘ 1|im Vi(z) = +o0, (TraPot)
T|—0o0
for i = 1,2 (the latter holding, of course, only for = R¥). In this paper we deal
with solitary wave solutions to the following system of coupled Gross-Pitaevskii
equations:

i@t@l —|— A(I)l — Vl(ﬂf)q)l —|— (/J,1|(I)1|2 —|— B|¢)2|2)(b1 = 0
10, P + ADy — VQ(I)(I)Q + (HJ2|(I)2|2 + ﬂ|@1|2)@2 =0 (1.1)
on 2 x R, with zero Dirichlet b.c. if €2 is bounded,

aiming at extending to systems part of the results that we obtained in a previous
paper concerning the single NLS [26]. Cubic Schrodinger systems like (1.1) appear
as a relevant model in different physical contexts, such as nonlinear optics, fluid me-
chanics and Bose-Einstein condensation (see for instance [10, 31] and the references
provided there). Their solutions show different qualitative behaviors depending on
the sign of the scattering lengths p1, p2, B: when u; is positive (resp. negative),
then the corresponding equation is said to be focusing (resp. defocusing); when
is positive (resp. negative), then the system is said to be cooperative (resp. com-
petitive). Here we will deal with almost any of these choices, apart from a few
degenerate cases. More precisely, we will assume that (u1, 12, 3) € R? satisfies one
of the following conditions:

w1 pe <0 and B e€R;
(1, 2 > 0, not both zero, and B # —./u1pz; (NonDeg)
w1, b2 < 0, not both zero, and B # /uij2
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(although partial results can be obtained also in certain complementary cases, see
some of the remarks along this paper).

We will seek solutions to system (1.1) among functions which belong, at each
fixed time, to the energy space

He = {((I)l,%) 1 ®; € Hy(Q,C), /(|V<I’i|2 + Vi(z)®?) dx < 00, i = 1,2} :
Q

endowed with its natural norm

2

(@1, @2)II3, = z:/Q(IWI%I2 + Vi(2)|i[?) da.
i=1
In such context, the system preserves, at least formally, both the masses
o) = [ oifds =12

Q

and the energy

1
E(P1, P2) = §||(<I>1, Dy)||3, — F(®1, D2),

where, for shorter notation, we let

1
F(®,®;) = Z/(Ml\q’1|4 + 20|01 |?|®o|* + 2| Po|*) dav.
Q

Since we work in dimension N < 3, we have that the nonlinearity is energy
subcritical; furthermore, assumption (TraPot) implies that the embedding

He < LP(Q;C?) is compact

for every p < 2* = 2N/(N — 2) (for every p if N < 2), and hence, in particular,
for p = 2,4. On the other hand, when N = 2 the nonlinearity is L?-critical, while
when N = 3 it is L2-supercritical. Indeed, we recall that the L2-critical exponent is
1+4/N, so that cubic nonlinearities are L?-subcritical only in dimension N = 1. In
general, the behavior of the nonlinearity with respect to the L2-critical exponent has
strong influence on the dynamics, at least in the focusing case (or in the cooperative
one), see for instance the book [9].
Letting ®;(z,t) = e“i'U;(z), where (w1,ws2) € R? and (Uy, Usz) belongs to

H=Hg:= {(ul,ug) cu; € HY(Q;R), /(|Vul\2 + Vi(z)u?) de < oo, i = 1,2} )
Q

we have that solitary waves for (1.1) can be obtained by solving the elliptic system

—AU; + (Vl(l‘) +W1)U1 = MIUE + 6U1U22
7AU2 + (VQ(IE) + CUQ)UQ = MQUS + 5U2U12
(Ul, UQ) c H
In doing this, two different points of view are considered in the literature: on the one

hand, one can consider the chemical potentials w; as given, and search for (Uy, Us)
as critical points of the action functional

Afanon) (U1, U2) = E(U1, U) = 5 Q(U) — 3 Q(U);



on the other hand, one can take also the coefficients w; to be unknown. In this
latter situation, it is natural to consider the masses Q(U;) as given, so that wi,ws
can be understood as Lagrange multipliers when searching for critical points of

E(U,Us) constrained to the manifold M := {(Uy,Us) : Q(U;) = m;},

mq,mg > 0 (for further comments on this alternative, we refer to the discussion in
the introduction of [26], and references therein).

Existence issues for the cubic elliptic system above (and for its autonomous
counterpart) have attracted, in the last decade, a great interest, and a huge amount
of related results is nowadays present in the literature. Most of them are concerned
with the case of fixed chemical potentials; as a few example we quote here the
papers [18, 20, 3, 7, 31, 19, 35, 6, 12, 24, 36, 11, 27, 32, 34], referring to their
bibliography for an extensive list of references on this topic.

On the contrary, in this paper we consider the other point of view: given positive
my,ma,

7AU1 + (Vl(.fﬂ) +W1)U1 = /LlUf + ﬂU1U22
to find (Uy, Uz, w1, w2) € HXR? 5.t. ¢ —AUy + (Va() 4 we)Us = U3 + BULU?

fQ Ut =m, fQ U3 = ma.

(1.2)

Up to our knowledge, only a few papers deal with the fixed masses approach:
essentially [10, 25, 33, 29], all of which address the defocusing, competitive case.
This case is particularly favorable, since the energy functional £ is coercive (a non
coercive case is considered in [16], even though for a quite different Schrodinger
system). On the contrary, if at least one of the scattering lengths is positive, then
£ is no longer coercive, and the behavior of the nonlinearity with respect to the L2-
critical exponent becomes crucial. Indeed, in the subcritical case (i.e. in dimension
N = 1), the constrained functional £| is still coercive, and bounded below. But
if N = 2,3, then also |y ceases to be coercive, and it becomes not bounded
below. This is the main difficulty in searching for critical points of €|, indeed no
“trivial” local minima for £|x¢ can be identified, neither a Nehari-type manifold
seems available.

Once solitary waves are obtained, a natural question regards their stability
properties. The standard notion of stability, in this framework, is that of or-
bital stability, which we recall in Section 3 ahead. Orbital stability for power-type
Schrodinger systems has been investigated in several papers, among which we men-
tion [28, 21, 23, 22]. It is worth remarking that these papers are settled on the
whole RY | without trapping potentials (i.e. without compact embeddings); for this
reason, they are involved only in the L2-subcritical case, in which the validity of a
suitable Gagliardo-Nirenberg inequality can be exploited. We are not aware of any
paper treating stability issues for nonlinear Schrodinger systems with L2-critical or
supercritical nonlinearity, except for some partial application in [15].

Our strategy to obtain solutions to problem (1.2) consists in introducing the
following auxiliary maximization problem in #:

M(a, p1, p2) = sup { F(ur,uz) « [|(ur, ua)|[3, = @, Q(ur) = p1, Quz) = pa},

where the positive parameters «, p1, po are suitably fixed. Since both F' and the
constraints are even, possible maximum points can be chosen to have non negative
components, as we will systematically (and often tacitly) do. As a matter of fact,
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the problem above leads to a new variational characterization of solutions to (1.2).
In turn, such characterization contains information about the orbital stability of
the corresponding solitary waves.

Coming to the detailed description of our results, let us recall that the compact
embedding H < L? provides the existence of the principal eigenvalues Ay, of —A +
V;, which are positive. Our first result reads as follows.

Theorem 1.1. Let Vi,V satisfy (TraPot) and pi,uo, S satisfy (NonDeg). If
p1,p2 > 0 and o > Ayyp1 + Ay, pe then M(a, p1,p2) is achieved. Besides, for
every mazimum point (uy,us) there exists (w1, ws,vy) € R3, with v > 0, such that

(Vyu1, v/ Yug,w1,wa)  solves (1.2) with my = yp1, ma = yp2. (1.3)

In particular, by the maximum principle, u1,us can be chosen to be strictly
positive in the interior of 2. The proof of Theorem 1.1 is fully detailed in Section
2, where some further properties of M are also described, such as the continuity
with respect to (a, p1,p2). In Section 3 we turn to stability issues in connection
with M. We prove the following criterion for stability.

Theorem 1.2. Under the assumptions of Theorem 1.1, let p1, ps be fixed and
suppose that, for some ay < ag, there exists a C! curve

(1,02) > ar (ur(a), ug(a),w(a),ws(a), y(a)) € H x R3,

such that (1.3) holds, and (u1 («), uz(«)) achieves M(«, p1, p2) for every a € (a1, as).
If furthermore
a— () s strictly increasing

then the set of solitary wave solutions to (1.1) associated with M («a, p1,p2) (ac-
cording to Theorem 1.1) is orbitally stable, for every a € (a1, a2), among solutions
which enjoy both local existence, uniformly in the H norm of the initial datum, and
conservation of masses and energy.

In particular, were M («, p1, p2) uniquely achieved, then the corresponding soli-
tary wave is conditionally stable, in the sense just explained.

The strict monotonicity of a parameter, as a condition for stability, is reminiscent
of the abstract theory developed in [14, 15]. In fact, our proof is inspired by
the classical paper by Shatah [30]. Observe that we only stated the conditional
nonlinear orbital stability, where the condition is that the solution of system (1.1)
corresponding to an initial datum (@1, @) exists locally in time, with the time
interval uniform in ||(¢1, ¢2)|l%, and that the masses and the energy are preserved.
In fact, these properties are known to be true for every initial datum in H, at least
when some further restrictions about V;, u;, 8 are assumed, see for instance |9,
Chapters 3 and 4]. However, being the field so vast, even a rough summary of
well-posedness for Schrodinger systems with potential is far beyond the scopes of
this paper. We refer the interested reader to the entry “NLS with potential” in the
Dispersive Wiki project webpage [13] (as well as to the entries “Cubic NLS on R?”,
“Cubic NLS on R37).

Finally, in Section 4 we provide two applications of Theorems 1.1, 1.2, proving,
in some particular cases, existence of orbitally stable solitary wave solutions to (1.1)
having prescribed masses.

Our first application deals with the case of small masses. In Section 4.1 we prove
the following.


http://wiki.math.toronto.edu/DispersiveWiki/index.php/NLS_with_potential
http://wiki.math.toronto.edu/DispersiveWiki/index.php/Cubic_NLS_on_R2
http://wiki.math.toronto.edu/DispersiveWiki/index.php/Cubic_NLS_on_R3

Theorem 1.3. Let assumptions (TraPot), (NonDeg) hold. For every k > 1 there
exists m > 0, such that for every positive my, mo satisfying

1 mo _
- < — <k, my +mg < m,
mi
there exists (Uy,Us,wi,wz) € H x R%, with U; positive in Q, solution to (1.2).
Furthermore, the corresponding solitary wave

(®1(xz,t), Do (x,t)) = (U (z), €2 Us(z))
is conditionally orbitally stable for system (1.1), in the sense of Theorem 1.2.

We remark that, apart from condition (NonDeg), no restriction about p1, ueo
and S is required. In order to prove such theorem, we will exploit a parametric
version of a classical result by Ambrosetti and Prodi [4] about the inversion of
maps with singularities, see Theorem 4.1 below. In particular, we rely on the fact
that, if my/ms is fixed, our problem can be reduced to an inversion of a map near
an ordinary singular point, while this property is lost if one of the masses vanish.
This is the reason for the restriction on mj/mg. On the other hand, when one
mass vanishes, the system reduces to a single equation: since we already treated
successfully this case in [26], it is presumable that the result should hold without
such restriction.

As a last application, in Section 4.2 we deal with the case of defocusing, weakly
interacting systems, meaning that pi,us are negative and 3% < pipe. In such
case, Theorems 1.1 and 1.2 provide, for every choice of the masses mi,ms, the
existence of a unique solitary wave, and its stability, see Theorem 4.9 below. As we
mentioned, in this case £ is coercive and bounded below, so that existence can be
obtained also by the direct method, as already done in [10]. For the same reason,
stability is somewhat expected, even though it can not be obtained directly, due to
the lack of a suitable Gagliardo-Nirenberg inequality in dimension N = 2, 3.

As a final remark, let us mention that in the proofs of Theorems 1.1 and 1.2 we
use the compact embedding H < LP just to pass from weak to strong convergence,
for maximizing sequences associated to M. In the relevant case Q = RN, V; = 1,
such compactness does not hold, but one could try to adapt the same strategy by
using a concentration-compactness type argument. In conclusion, it is our belief
that Theorems 1.1 and 1.2 should hold in a more general situation, however this
falls out of the scopes of the present paper.

Notations and preliminaries. In the following, we will say that a pair (u,us)
is positive (nonnegative) if both u; and uz are. We remark that, whenever Q(uy),
Q(us9) are fixed to be positive, then both trivial and semitrivial pairs are excluded.

As we already noticed, the embedding H — LP is compact, for p Sobolev sub-
critical. In turn, the compact embedding implies the existence of a first eigenvalue.
In the following we denote by ¢y, the unique nonnegative function which achieves

v, —inf{/ (Vo> + Vi(z)p?) da - /¢2d:p = 1}.
Q "

We remark that Ay, > 0 by assumption (TraPot) (in fact, the positivity assump-
tion there may be replaced by the requirement that V; is bounded from below,
by performing a change of gauge ®; ~» ®; explitinf V;]). In such arguments, the
compactness of the embedding is immediate if Q is bounded; in case Q = RY, it
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can be obtained in a rather standard way, for instance mimicking the proof of [17,
Proposition 6.1], which is performed in the particular case V;(x) = |z|?.

Throughout the paper, “i” indicates the imaginary unit, while ¢ and j stand
for indexes between 1 and 2, with j # i. Finally, we denote with C any positive
constant we need not to specify, which may change its value even within the same
expression.

2. A VARIATIONAL PROBLEM

Throughout this section, p1, pa, 5 satisfy assumption (NonDeg) while V1, V5 sat-
isfy assumption (TraPot). For (uy,us) € H, recall that

uf udu3 uj
F(uy,uz) Z/ (Mll e +M22) dzx.
Q 4 2 4
We consider the following maximization problem

M(aaplap2) = sup F(u17u2> (21)
U(a,p1,p2)

where, for p1, p2 > 0 and o > Ay, p1 + Ay, p2, we define

N u)f < e, }

u 9 9 = 9 GH .
(a 1, P2) {(Ul uz) fﬂufdx:pi, i=1,2

As we will see in a moment, under assumption (NonDeg), this definition of M is
equivalent to the one given in the introduction.
Remark 2.1. For oo = Ay, p1 + Ay, p2 we have that

Z/l(a7p1,p2) = {((_1)l\/p71(pV17 (_1)m@@V2) : (l7m) € {07 1}2} )

thus F'is constant in ¢ and M is trivially achieved. Of course, if o < Ay, p1 + Ay, 02
then U is empty.

Lemma 2.2. For every a > Ay, p1 + Ay, p2, the set

y (w1, u2) |13, = o,
Ula, pr, p2) = {(u17u2) € U(a, p1,p2) : [ iy dZ;«é 0iz12
(9] i -

is a submanifold of H of codimension 3.

Proof. 1t is easy to see that U is not empty. Letting
G(uy,uz) = (/ uf dz — py, / uz dx — pa, || (ur,us)3, — a) :
Q Q

it suffices to prove that for every u € Z:l(a,pl,pg) the range of G’(up,uz) is R3.
This can be checked by evaluating G’ (uq, ug)[d1, ¢2] with (¢1, d2) equal to (u1,uz),
(pvy,0) and (0, v, ) respectively, and recalling that a # Ay, p1 + Ay, pa2. O

Lemma 2.3. For every a > Ay, p1 + Avyp2 (2.1) is achieved. Moreover, every
mazimum (u1,us) belongs to U(a, p1,p2), and there exist wi,wa,y € R such that

— Au; + (Vi(@) + wi)ug = y(puld + Bugnl), i=1,2,j#1. (2.2)



Proof. If & = Ay, p1 + Av, p2 then by Remark 2.1 the result immediately follows by
choosing w; = —Ay,, v = 0.

Otherwise, it is not difficult to see that M(a, p1,p2) is achieved by a couple
(u1,u2) € U(a, p1, p2). Indeed, U(a, p1, p2) is not empty and weakly compact in H,
F(u1,us) is weakly continuous and bounded in U(«, p1, p2):

|F(ur,u2)| < O] + 2| +18)a”.

By possibly taking |u;| we can suppose u; > 0.

Suppose in view of a contradiction that the maximizer does not belong to
U(a, p1,p2), ie. ||(u1,u2)||3, < o . Then there exist two Lagrange multipliers
w1,ws such that almost everywhere we have

Mlui’ + ﬁulug =wjiu; and BU%/LLQ + ,U,ng = walls. (2.3)

a) If 82 # pypo: this implies that the u; are piecewise constant; since u; € H}(€2),
u; # 0, we have reached a contradiction.

b) The remaining cases p1, 2 > 0, f = /12 and pg, p2 < 0, B = —\/fi1jiz are
much more delicate, and we will analyze them in detail during the remainder of the
proof. First of all, we claim that w; = wy = 0. To start with, suppose that € is
bounded, Consider the extension of u; to the whole RY by 0, denoting it also by u;.
With this notation, u; € H'(RY), hence by [37, Remark 3.3.5] we have that each
u; is approxzimately continuous, this meaning that for XV 1-a.e. zg € RN there
exists a measurable set A% such that

. [AL, N By())

lim —————— =1,

r=0 B (xo)]
Observe that clearly |AL N A2 N By(xo)|/|Br(z0)] — 1 as well. Thus, as Q is
Lipschitz (and hence HN~1(9€2) > 0) and u; = 0 on 91, there exist xo € Q with
uy (o) = ua(xg) = 0, AL satisfying (2.4), and z, € AL N A2 NQ converging to
xo, such that either uq(z,) # 0 or ug(z,) # 0.

o If uy(zy,), uz(xy,) # 0, then (2.3) implies that

u;| 4i 1s continuous at xg. (2.4)
z0

ﬂlu%(xn) + ﬂu§(xn) = Wi, /L2U§(xn) + Bu%(xn) = w2,
and thus (by making n — co) we have w; = wy = 0.
o Ifuy(z,) # 0and uz(x,) = 0, then from (2.3) we have that u?(x,) = wi /1,
and thus wy = 0, a contradiction. Reasoning in an analogous way, the case
u1(xy) = 0 and uz(x,) # 0 also leads to a contradiction.

Thus we have proved that w; = wy = 0 in the case Q is bounded. If Q = RN we
can reason in a similar way. By (TraPot) we have that every (u1,us) € H satisfies

lim ulde =0, i=1,2. (2.5)
R—o0 RN\Bpg

Hence for every e > 0 there exist z. with 0 < uy(z:)? + uz(2:)? < € and AL _, A2
satisfying (2.4). Proceeding as above, since ¢ is arbitrary, we obtain w; = we = 0.
Therefore we have proved that (2.3) writes as

piu + Bui =0 i,j=1,2, j#1i, (2.6)

a.e. in 2. This, in turn, implies u;p; + Bp; = 0, which provides a contradiction also
in case b).
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In conclusion, we have shown that the maximizer (u;,us) belongs to U,. By
Lemma 2.2 the Lagrange multipliers theorem applies. Since we have shown in
addition that (u1,us2) can not satisfy (2.3), we conclude that it satisfies (2.2). O

Lemma 2.4. Given a > Ay, p1 + Ay p2, let (ur,u2) € U(a, p1, p2) achieve (2.1).
Then in (2.2) we have v > 0.

Proof. We proceed similarly to [26, Prop. 2.4]. For i = 1,2 and ¢ € R close to 1,
let

wi(t) = tu; + si(t)V/piv;,
where s;(t) are such that

Q Q

Since

Os, <t2pi + 2tsi\/ﬁ/ upy; dr + s?pZ)
Q

— 25 [ wipvido £ 0.
) Q

(t,8)=(1,0

the Implicit Function Theorem applies, providing that the maps ¢ — w;(t) are of
class C! in a neighborhood of ¢ = 1. The first relation in (2.7) provides

0= / wwl(1) dz = p; + s;(l)\/pT/ u;py; da.
Q Q

Therefore sj(1) = —\/pi/ [ouipv, dz and wj(1) = u; — (pi/ [, uiv, dz)py,. We
use the last estimates to compute

1d
57 [ (V@) + Vi(@)w(t)?) do =/ (Vu; - Vwi(1) + Vi(z)uwi(1)) do
2 dt Q =1 Q
= / (IVus|® + Vi(z)u?) dx — p;Av;,
Q
and hence
1d 9
S Tl w2 == Owipr +dvipa) > 0. 2.9
t=1

Thus there exists ¢ > 0 such that (w1 (¢), we(t)) € U(a, p1, p2) for t € (1—¢,1]. Since

(w1(1),wa(1)) = (u1,u2) achieves the maximum of F in U(«, p1, p2), we deduce

d

d—F(wl(t),wg(t)) > 0. (2.9)
¢ t=1

On the other hand, using (2.2) and the fact that [, u;wj(1) dz = 0, we have

v Fm . wae)|

= ([ (w1 (t), wa () I13],, -

By comparing the last relation with (2.8) and (2.9) we obtain the statement. O

We are ready to prove our first main result.
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Proof of Theorem 1.1. By Lemma 2.3, for any (u1, us) € arg max M (o, ug, ug) (which
is not empty) there exists (w1, ws,7) € R3, such that (2.2) holds. Moreover, since
by assumption o > Ay, p1 + Ay, p2, Lemma 2.4 implies that v > 0. The only thing
that remains to prove is that (1.3) holds. This is a direct consequence of (2.2) since,
setting U; = \/yu;, we obtain

— AU; + (Vi(@) + wi)Ui = 4% (= Au; + (Vi(z) + wi)u;)

=¥ (i} + Busu?) = U7 + BUUS. O
In the remainder of this section we will prove some properties of M and of system

(2.2) which we will use later on. A remarkable property is that M is a continuous
function.

Lemma 2.5. Let (an, p1,n, P2,n) = (@, P1, P2), With an > Ay, p1.n + Avyp2n. Then
M(anv Pl,n;, PQ,n) — M(dv P1, ﬁQ)
P’l"OOf. a) lim SupM(O[»,“ P1,n, p2,n) S M(d7 ﬁla ﬁ2) Indeed7 let (ul,nu u2,n) S Z/N{(ana Pl,n>y p2,n)

achieve M (o, p1.ny p2.n). Since o, is bounded, we deduce that (w1, us,) con-
verges (up to subsequences) weakly in H to some (uj,u3). By the compact embed-
dingv (’U,’L u;) € U(d, ﬁlv 52) and

M(O‘nvplﬂupln) — F(UT,U;) S M(aaﬁlvﬁQ)'

b) liminf M (an, p1,n, P2,n) > M(&, p1, p2). We assume & > Ay, p1 + Ay, p2, the
complementary case being an easy consequence of Remark 2.1. Let (4,d2) €
Z](d,ﬁhﬁg), with non negative components, achieve M (&, p1,p2). To conclude,
we will construct a sequence (wi n,ws,) € Z/Nl(an,p17n,p27n) in such a way that

(W1 ,n, wa,n) — (U1, Us2), strongly in H. Indeed, this would imply

M (an, p1,ns p2,n) = Fwi g, wa ) — F(Uy,U2) = M(, p1, p2)-
Since & > Ay, p1 + Ay, p2, we can assume without loss of generality that

/(|V@1|2 + Vl(m)ﬂf) dz > Ay, p1. (2.10)
Q

Taking
wi(a,b) = (1 + a)uy + bov,, wa(c) = (1 4 ¢)us

our task is reduced to apply the Inverse Function Theorem to the map

fla,b,e) = (|[(wi(a,b), w2 ()3 [lwi(a, 0)|1 22, [lwa(e) |72 )
near f(0,0,0) = (@, p1, p2). A direct calculation yields

det f7(0,0,0) = 8/ a3 da [/ (Va1 |* + Vi(z)a?) da - / a1y, do
Q Q Q

- / (Vaty - Vou, + Vi (@) iy, ) da - /
Q

w? dl’:|
Q

= 852/ Uy v, dx {/ (|\Var > + Vi(z)a?) do — )\vlpl] ,
Q Q

which is positive by (2.10). O
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Corollary 2.6. Let (u1,us2p) € I;{(an,plm,mm) achieve M (e, p1,ns p2.n)- If
(an7p1,n;p2,n) - (077/_)1;/32) th@'ﬂ, up to subsequences,

(U1, u2,pn) = (41, U2) achieving M (&, p1, p2),

the convergence being strong in H. Indeed, once weak convergence to a maximizer
has been obtained, then Lemma 2.3 implies that ||(41,u2)|3, = & = lim, a,, =
iy, [|(u1,n, u2,0) 13-

As one may suspect, the convergence of the maxima and that of the maximizers
implies the one of the Lagrange multipliers appearing in (2.2). As a matter of fact,
this holds even in more general situations, as we show in the following lemma.

Lemma 2.7. Take a sequence (U1, U2 ns W1n, W2.ns Yn) Such that
Bt (V@) )t = a0+ B )
—Aug 4 (Va(x) + won)uzn = ynlpieus , + Bug pui ,,)
Jouinde=pin,  [qusndr=pyy,

and assume that
Pins P2n GNA ||(u17n,u27n)||${ =y are bounded

both from above, and from below, away from zero. Then the sequences wi n, W2 n,
Yn are bounded.

Proof. Take u; such that u; , — u; weakly in H, strongly in LP(Q2), 1 < p < 2%,
and let [, u? do =: p;.
a) w;n are bounded. Suppose, in view of a contradiction, that |wy,| — co. By

multiplying the equation for u; , by w1, itself and dividing the result by wy ., we
obtain

1

Wi,n

/Q (Varnl? + Vi(@)al ) da + 1o = / (it + Bu? uid,) do

1,n

As a,, is bounded, by taking the limit in n, it holds

= A / (i + fuud) du
Q

where lim,, >~ =: A # 0 (which also implies that v, — +00). Going back to the

first equation, multiplying it by an arbitrary test function ¢, dividing the result by
w1, and passing to the limit, we see that

/ uipdr = A/ (pui + Buyui)¢ de,
Q Q

and hence, since u; > 0 in Q (by the maximum principle) we have the pointwise
identity

1= A(puf + pu3).
As the trace of u; and wug is zero on 0€2, we obtain a contradiction and thus wi

is a bounded sequence. The case wj , unbounded can be ruled out in an analogous
way.
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b) v, is bounded. Assume by contradiction that 7, — +o0o. Multiplying the i—th
equation by any test function ¢, integrating by parts, dividing the result by ~,, and
passing to the limit, at the end we deduce that

pui + fuz =0,  pgui + Bui = 0.
Furthermore, the integration of these two equations yields the identities

pipr+Bp2 =0,  p2p2+ Pp1 =0.
This clearly is a contradiction if (1, pe, ) satisfies (NonDeg). O

To conclude this section, we give some hint of the kind of problems which arise
in case assumption (NonDeg) does not hold.

Remark 2.8. When (NonDeg) does not hold there are specific conditions about py,
p2 which allow to develop the above theory in some cases. On the other hand, in
general, degenerate situations may appear.

For instance, if p1, u2 < 0 and S = /112, then

2
F(uy,ug) = M1|/< :Z2u§> dr < 0;
Vil

if furthermore +/|u1]p1 = v/|p2]p2, then
F(p1y,p21p) =0 for every 1.

Choosing 1 as the eigenfunction achieving

A 2 p1Va(w )+P2V2 _
a—lnf{/§2(|v¢| + oLt ) /1/1 dr = 1}

then M, = 0 is attained by (\/p1v, /p2) for every a > G(p1 + p2), but it be-
longs to U, only for o = @&. Moreover, if V; = Vo = V, then ¢ = pv, and
(VP1ov, \/p2v, —Av, —Av,7) is a solution of (2.2) for every v > 0.

3. A GENERAL STABILITY RESULT

Let us fix (a*,p}, p5) such that Theorem 1.1 holds. In this section we will
show that, if for & near o* the maximum points corresponding to M («, p3, p5) are
along a smooth curve, with the multiplier v increasing with respect to «, then
the corresponding solitary waves are conditionally orbitally stable for an associated
Schrodinger system. As a byproduct, we will obtain the proof of Theorem 1.2.

To be precise, let us consider the following conditions:

M1) M(a*, py, p3) is achieved by a unique positive pair (u], ud).
1, P2 1, Ug
(M2) There exists an interval (o, ) containing a* and a C* curve

(a1, 00) = H x R, a = (ur(a), ug(a), w (), we(a),v(a))
such that (uj(a*),us(a*)) = (uf,ul) and

(1 (), uz(a)) achieves M(a, ot p3),

—Au; + (Vi(@) + wiui = y(wud + Bund)  i=1,2, j#1,

for every a € (o, a2) (recall Lemma 2.3).
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(M3) The map
(a1, a2) = R, a— y(a)
is strictly increasing.
For easier notation, let us write w; = w;(a*), v* = v(a*). Take the NLS system:
{iam AW = Vi) T+ (Wl + B0, 2) 0 = 0,
;(0) = ¢y, i=1,2, (1,92) € He.

Associated to this system, we have the energy

(3.1)

1
Eye (W, Va) = §||(\I/1, Uo)lI3, — v F (1, ¥s)

and the masses Q(¥;) = [, |¥;[*dx, i = 1,2. For (3.1), we assume the following

local well posedness property.

(LWP) We have local existence for (3.1), locally in time and uniformly in ||(¢1, ¥2)||%-
Moreover, the energy and the masses are conserved along trajectories, that
is

Eve(U1(1), Ua(t)) = Eye (Y1,%2) and  Q(T,(t)) = Q) fori=1,2
for every existence time.

Let us recall the notion of orbital stability for the NLS system.

Definition 3.1. A standing wave solution (e'®1uy, e!*2uy) is called orbitally stable
for (3.1) if for each € > 0 there exists § > 0 such that, whenever (¢1,12) € Hc
satisfies ||(v1,%2) — (u1,u2)|ly < 6 and (Vq(t,x), Ua(t,x)) solves (3.1) in some
interval [0,Tp), then

(U1 (t), Ta(t)) can be continued to a solution in 0 < ¢ < oo, (3.2)

and
sup inf [[(T1(2), Ua(t)) — (el uy, e2uy) |y < e. (3.3)
0<t< o0 s1,52€R
The purpose and main result of this section is to prove the following stability
criterion.

Theorem 3.2. Let py, pz, 8 satisfy assumption (NonDeg) and Vi, Va satisfy as-
sumption (TraPot). Under condition (LWP), take (a*, p3, p3) for which (M1)-(M3)
hold. Then

(e™Tut, e™2u3) s orbitally stable for (3.1).

From now on we will work under the assumptions of Theorem 3.2. As we men-
tioned in the introduction, the proof is inspired by [30].
Let us first check the following consequence of the uniqueness property (M1).

Lemma 3.3. Given «, p1, p2 > 0, we have

M(a, p1, p2) = sup {F(w1,w2) + (w1, w2) € He, (lwil,[wa]) € U, p1,p2)}.
(3.4)
Moreover, if (w1, ws) € He achieves M(a*, p3, p3), then
iSl

wy = elul, wo = €'*2uj

for some s1,s9 € R.
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Proof. Denote by M(a,pl,pg) the right hand side of (3.4); clearly, M («, p1, p2) <
M (a, p1, p2). On the other hand, given any (w1, ws) € Hc satisfying

s, w2) [, < o, / i de = ;.
Q

by the diamagnetic inequality! it is clear that (Jwil,|wa|) € U(a, p1,p2) with
F(Jwy|, |wz]) = F(w1,ws). Thus equality (3.4) holds.

Let us now check the second statement of the lemma. Take (wi,ws) € Hc
achieving M (a*, pi, p3). By the considerations of the previous paragraph, we have
that also (Jwi], |wz]) achieves M (a*, pi, p3), and in particular (cf. Lemma 2.3)

/ |V |w||? do = / |Vw;|? da(= o).
Q Q
Thus there exists (u1,u2) € H (real valued) and k; € R such that
w; = u; + ikju; = (1 + kii)ui = rieis"’ui
for some ry, 79 > 0, 51, 52 € R. By (M1), we have that (|wy], |ws|) = (r1|u1], r2|us|) =

(ui, u}), which ends the proof.

Lemma 3.4. Take (¢1,v2) € He and assume that, for some & € (aq, as), we have

£y (1, 42) < 5 =7 M(G, Qt), Quin)). (3.5)
Then
(W1, )3, <@ = [|(T1(t), Ua(t))]3, < @ YVt in the existence interval
(1, o) |3, >a = [[(T1(t), Ua(0)|I3, > @ YVt in the existence interval.

Proof. Suppose, in view of a contradiction, that for some # we have
1(21(F), 2(D)II3, = a.

Then, by assumption (3.5) and the conservation of energy,

[0

3~V F(WL(E), Wa(D) = &, (T (F), V(D))

= £ (1,42) < 5 — 7" M(@ Q) Qv2),

which yields

M (@, Q(r), Qv2)) < F(W1(f), Wa(t)).
On the other hand, by conservation of mass, we have (¥4 (t), U2 (t)) € U(a, Q(¢¥1), Q(¥2)),
which provides a contradiction. [

Lemma 3.5. The function

a * * *
€(Oé) L= 5 - M(avplvPZ)

= &y (ur(a), uz(a))
has a strict local minimum at o = o
ITake w : Q — C such that Jo IVw|? dz < co. Then [, |[V|w||?dx < [, |[Vw|? dx. Moreover,

equality holds if and only if the real and imaginary parts of w are proportional functions. See e.g.
[Lieb-Loss, Analysis, Theorem 7.21].
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Proof. Step 1. Let

d
- (u1(@), ua(@)) =: (11(a), v2(a)).

Differentiating the identities

2
Z/(|Vui|2+‘/i(x)u?)dx:a, /u?daz:pf (1=1,2)
=179 Q

with respect to a, we obtain

2
1

Z / (Vu; - Vo, + Vi(x)uw;) doe = 2 / wvidr =0 (i =1,2). (3.6)

i=179 Q

Test the equation for u;:
—Au; + (Vi) + wi)ug = y(paud + ﬂulu?)

by v;; combining the result with (3.6), we obtain:

1
7/ (plui’vl + paudvy + fuiudvy + ﬂuquvg) dx = 3 (3.7)
Q

[0 U4 U4 u2u2
6(04)2’)/*\/Q<M141+M242+621 2) dl’,

taking the derivative in o we see that, by step 1,

1 )
e(a) =5 — 7*/ (Hlui)vl + poujvs + Buiudvy + 5“%202) dx
Q

Step 2. As

2

1 *
1(-3)

2 gl
As ~y(«) is strictly increasing in a neighborhood of a* (cf. assumption (M3)), the
result follows. O
Proof of Theorem 3.2.
a) Proof of property (3.2). Fix a small € so that a* £ ¢ € (a1, az) and

e(a”) <ela*+e)

(recall Lemma 3.5). Moreover, take n = 7(¢) so that

e(a”) <e(a® +e)—mn,
which we can rewrite as
a*+te
2
Then, for § > 0 sufficiently small and [|(¢1,¥2) — (u}, u3)||3, < 6, we have
+e

€y (Y1.1h2) < T =7 M(a" £, Q) Qn).

where we have used the H—continuity of £, and Q, as well as Lemma 2.5. Moreover,
since we have (for ¢ small)

a* =8 < |1, 92) |3 < @+,
then Lemma 3.4 applied with & = a* + ¢ implies that
o —e < [[(W1(t), W2(1) ]I, < o + ¢

Eye (g, uz) < =" M(a” £¢,p1,05) =1

*
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and in particular (Uq(t), ¥o(t)) is defined for all ¢ > 0 (as the existence interval in
time is uniform with respect to the norm of the initial data, cf. (LWP)).

b) Proof of property (3.3). If (3.3) does not hold, then we can find initial data
(V1n, P2n) = (ui,ud) in Hc, a sequence (ty,)n, and 7 > 0 such that

inf |[(Win(tn), Yan(tn)) — (6181UT> eiszug)”?{ > (3.8)

s1,52€R

(here, of course, (Vyy,W¥s,) is the solution to (3.1) corresponding to the initial
datum (¢1,,%2,)). By a), we can suppose without loss of generality that the
sequences satisfy

gfy* (77[}1n7'¢)2n) < 5 <O¢ + n) -7 M (04 + n,pl,p2> (39)
and
« 1 , 1
ot =< (V10 (tn), Yo (t,)]3, < o + —. (3.10)

Moreover, by the conservation of mass along trajectories,

/lwtnwx:/ Wl? = ot i=1.2.
Q Q

In particular, (U1, (tn), Yon(£n)) is bounded in H, hence up to a subsequence we
have weak convergence in H¢ to (wy,ws), strongly in L2 N L*. The limiting config-
uration then satisfies

| (wy,ws) |3, < a*, / widr=p;i=1,2 (3.11)
Q
so that F'(wy,w2) < M(a*, p3, p3). On the other hand, we have

Oé* o % - W*F(\Ijln(tn% \P2n(tn)) < g“/* (\Ijln(tn)v qj?ﬂ(tn)) = 6’7* (wlnﬂ/&n)

1 1 1
< Z ) A Mt — = oF pf
2 <O¢ ’I’L> 0 (Oé naplapQ)a

where the first inequality is due to (3.10) and the second one to (3.9). Hence

1
M (C"* - n’PTaP;> < F(V1n(tn), Yan(tn))

and (by (M2) and again by strong L* convergence)
M(a*, 5}, p5) < Flws, ws). (3.12)

Thus (w1, wsz) achieves M (a*, p3, p3) and (V1,(tn), Van(tn)) — (w1, ws) strongly
in He. Finally, we obtain a contradiction by combining (3.8) with Lemma 3.3. O

End of the proof of Theorem 1.2. In the assumptions of the theorem, let us fix any
a € (o1,a2), and relabel the triplet (o, p1,p2) as (a*, pt, p3). If M(a*, pi,p5)
is achieved by a unique pair, then the proof follows from Theorem 3.2, once one
notices that (U1, ¥s) solves (3.1), if and only if (®1, P2) = /v*(¥q, T3) solves (1.1).
Without the uniqueness assumption, one may repeat the proof with minor changes,
observing that, by Corollary 2.6, the set of pairs (u1, us) achieving M (a*, pt, p3) is
compact in H. O
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4. APPLICATIONS

4.1. The case of small masses. To prove Theorem 1.3, we will use the following
parametric version of a well known result due to Ambrosetti and Prodi [5]. In the
following, Ker and Range denote respectively the kernel and the range of a linear
operator.

Theorem 4.1. Let X,Y be Banach spaces, U C X an open set, I C R an open
interval, and ® € C*(U x 1,Y).
Take (z*,9*) € U x I such that:

(1) there exists a continuous curve T : I — U, with Z(9*) = x

b(z,9) =0
(x,9) eUx1I

*, and

= x=z(9), 9 €I

(2) there exists ¢* € X, non trivial, such that
Ker(®,(x*,9*)) = span{p*};
(3) there exists a nontrivial U € Y* (independent of ¥) such that
Range(®,(Z(9),7)) = Ker ¥ for every ¥ € I;

(4) (¥, @oa(a™,07)[e", ¢*]) > 0.
Finally, let z € Y be such that (¥, z) = 1. -
Then there exist § > 0, € > 0 such that, for every |¢ —9*| < the equation
O(z,9) = ez, x € Bs(z") (4.1)
has no solutions when —& < & < 0, while for each 0 < € < & it has exactly two
solutions
x=xy(g,0), x=z_(g,0).
Furthermore, the maps x4 : (0,&] x (9* — §,9* + §) — Bs(z*) are of class C* and
continuous up to € = 0F. More precisely,
x4 (e,9) = Z(9) + [¢* + 0+ (e, )] t+(g, ), (4.2)
where the maps ne are C1([0,&] x (9* — §,9* + §)) with n(0,9*) = 0, while the
functionals t+ are C? for e > 0, continuous (and vanishing) up to e = 0%, and

iM > c f07"€ S (075]7

de T e

for a suitable C > 0 (related to the positive number appearing in assumption (4)).

+ty(g,9) > 0,

The proof of such theorem follows very closely the one of the original Ambrosetti-
Prodi result [5, Section 3.2, Lemma 2.5], taking however into account the depen-
dence on the parameter 19, which is not present in the latter. For the reader’s
convenience, here we summarize the proof, enlightening the main differences.

Proof. To start with, we apply a Lyapunov-Schmidt reduction to equation (4.1).
To this aim, let L := &, (a*,9*) € L(X,Y), and let W C X denote a topological
complement of Ker L. Then, for every x € X, we can write

r=x" +tp" + w, for unique t € R, w € W.
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Analogously, since Y = span{z} @ Range L, for every y € Y we can uniquely write

y=: Py + Qy , where Py = (U, y)z
~— ~—
€span{z} €Rangel

(¥ appearing in assumption (3)). Using such decompositions, equation (4.1) writes

PO(z,9) = (T, d(x* +tp* +w,d))z = ez
QP (z,9) = QP(z* + to* + w, ) = 0.

Now, by construction, we can apply the Implicit Function Theorem to the second

equation in order to solve for w near (¢,¢,w) = (0,9*,0) (indeed, in such point,

the partial derivative of the L.h.s. with respect to w is L : W — Range L, which is
invertible). As a consequence, for some positive ¢,

QP (z* +te* +w,9) =0
(t,9 — 9%, w) € [—4,8)* x Bs(0)

(4.3)

= w=wtV), (t,9—9%) € [-6,0)>?

(here B’ denotes the ball in W). For future reference, we notice that, possibly
decreasing 6, the C? function w satisfies

w(0,9) = 2(9) — z* for every ¥ — 9" € [0, d]. (4.4)
Indeed, since Z(9¥*) = a*, this follows from the fact that w is the unique solution
of the above equation near (¢,9,w) = (0,9*,0), together with the fact that
QB(" +0- " + (5(9) — o), 9) = QB(a(¥), ) = 0
by assumption (1). Furthermore, we also have that
w(0,9%) = 0. (4.5)
Indeed, taking the partial derivative of the second equation in (4.3) with respect to
t, we obtain
Qe (" + 1" +w(t, V), D)[p" + we(t, 9)] = 0;
for (¢,9) = (0,9*), this yields
0= Qs (a7, 9")[p" + wy(0,97)] = Lw (0,97),

so that w;(0,9*) € Ker L. Since w(0,9*) € W by definition, (4.5) follows.
Substituting w = w(t, 1) in the first equation in (4.3) we obtain the bifurcation
equation

find (¢t,9—9%) € [~6,0]? s.t. X(t,9) == (U, ®(z* +to* +w(t,9),9)) =&, (4.6)
which is locally equivalent to (4.1). Equation (4.4) implies that, for every ¢ — 9* €
-6, 4],
| | x(0,9) = (¥, &(z(¢¥),9)) = 0.
On the other hand, direct calculations yield
Xt (t,0) = (W, @, (2" + to™ +w(t,9),9)[¢" + wq(t,9)])
Xet(t,0) = (U, @ua (@™ + tip" + w(t, 9), ) [0" +wi(t,9))?
+ O, (2" + te™ + w(t, D), ) [w(t, 9)]).
Using assumption (3) and equations (4.4), (4.5), we infer
xt(0,9) =0
Xet(0,97) = (¥, @yp (2™, 97)[0", ¢7]) > 0
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by assumption (4). Since x is C2?, we can find positive constants Cy, Cy such that

207 < xu(t,9) <20
20 |t] < sign(t)x:(t, ) < 20,5t for every (t,9 —9*) € [-6,)?,
C1t? < x(t,9) < Cot?

for some suitable § < 6. As a first consequence, (4.6) is not solvable for ¢ < 0.
Furthermore, defining

£:= min _x(£4,9) >
[9—9*|<§

we deduce that, for every ¥ —9* € € [~4,6] and € € (0, ], there exist —§ < t_(£,9) <
0 < t4(e,¥) < ¢ such that

{ii(i;%i) s apx g T lTRED Um0

Clearly t+(07,9) = 0, uniformly in . Moreover, since x:(t,9) # 0 for ¢t # 0, the
Implicit Function Theorem implies that the maps t4 are C? for € > 0, with

ati(s 19) +1 > o _ VG 1
Oe xt(t+(e,9),9) 2C’Q|ti g, )] x(te(e,9),9)  2C, e
Setting
zi(e, ) =a" +ti1(e,9)" +w(ts(e, V), 19)
=Z(¥) + t1(e,9) " +w(ti(a 19) (z(¥
ti(e, ),
:m(ﬁ)ﬁ-{sﬂ*ﬁ- wlt(c, tigﬂ ]

one can complete the proof by recalling that the maps

 w(ts(e,9),9) —w(0,9)]/tL(e,9) €#0
77:‘:(5’19) T {wt(O,ﬁ) —_—

are C* up to ¢ = 0, and that n(0,9*) = 0 by equation (4.5). O

Remark 4.2. The following uniform in 9 limit:

. ti(e, ) . t . t
lim + = lim — = lim ————
=0t /e =0+ /Y (E0) 500 g (Ex, 0)E2)2
2
for suitable —t < £_ <0 < <t = ——— =:a(¥),
( 5 €+ ) Xtt(0719) ( )
. w(t:t(€719)719) 711](0 19)
1 =
et te (e, 0) wi(0,9) = (0, 9),
implies that, as ¢ — 07,
2+ (g,9) = 2(9) £ a(¥) [¢* + n(0,9)] Ve + o(/2), uniformly in o,

where

o 2
= \/<w,<1>m<x*,ﬂ*>[w,soﬂ> -0
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Remark 4.3. A point (z*,9*) satisfying assumptions (2), (3) and (4) in Theorem
4.1 (the latter ones for ¥ = ¥*) is said to be ordinary singular for ®. As a matter
of fact, assumption (1) insures not only that (z*,¥*) is ordinary singular for ®, but
also that (Z(19), ¥) exhibits an ordinary singular type geometry, at least for | — 9|
small.

In order to apply the previous abstract result, let X = H x R3 Y = H* x R?
and take the C? map ® : X x R = Y defined by

Auy — (Vi() + wi)ug + y(puiud + Bugu?)
Aug — (Va(z) + wa)ug + 7 (paul + Bufusg)
D (ur, ug, wi,wa,7,9) = Joui dz — (cos?9)/Av; . (4.8)
Jo uddz — (sin® 9) /Ay,
i Jo (Vs + Vi(a)u?) de -1

Remark 4.4. Note that, recalling the definition of I;{(a,p{,pg) from Section 2, we
have that ®(uy,us,wr,ws,v,9) = (0,0,0,0,¢) if and only if
~ 29 sin®9
(Ul,UQ) eu (1 +67 &7 &
)‘V >‘V2

1

) and equation (2.2) holds.

Finally, we define z: R — X as
(W) := (w1 (9), u2(0), 01 (9), 02(V), 7(9))
_ ( cos v sin

, ,—Avi,—Av,,0 ], and
\/ESDVI \/m‘pvz Vi Va ) (49)
cos? ¥ sin219>

Avi A )

(51(9), 7)) = (

In the following, we will systematically adopt the above notation, possibly dropping
the explicit dependence on ¥ when no confusion may arise.

We start with the following lemma, which will ensure that assumption (1) in
Theorem 4.1 holds for Z(:) in I = (0, 7/2) (and suitable U).

Lemma 4.5. Take 9 € Zw/2 and €, — 0%, and suppose that
D (U1, U215 W,ms W2, Yn, ) = (0,0,0,0, ).
Then, up to subsequences, w;, — w;(V¥) (i =1,2), v, — 0, and
U — (D' (9),  uzn — (1)U (9), strongly in H,

for some (I,m) € {0,1}%. i
In particular, for 9 € (0,7/2), and U C H open, containing the above possible
limits only for | = m = 0, we have that

D (ug,us,wr,ws,y,9) = (0,0,0,0,0), (ur,uz) €U
1

(w1, u,wi,wa,y) = &(V).

Proof. As ¢, is a bounded sequence, then (w1, us2 ) is bounded in H and, up to a
subsequence, (U1 n,U2,n) — (u1,u2) weakly in H, with u; being nontrivial functions
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satisfying [, u? do = p;(9), i = 1,2. By definition of \y,, we have

2 2
1< Z/QHVUZ-\Q +Vi(2)ud) de < limnian/Q(Wui,n\z L Via),) da
i=1 =1
<liminf(1+¢,) =1.

Thus the convergence is strong, and uy,us are normalized eigenfunctions. On the
other hand, from Lemma 2.7 we have that w; , — w;, v, — 7 for some constants
w;,~y. These must satisfy (recall that uq,us are nontrivial)

Av, +wi = y(paui + Bus), Av, +wy = y(pauj + ful).

As uy = uz = 0 on 99 if Q is bounded, or u, us satisfy (2.5) in case Q = RV, we
deduce that w; = —Ay, = @;, ¢ = 1,2. In turn, by assumption (NonDeg), vy =0. O

Remark 4.6. The lemma above is false for ¥ € Zn/2. Indeed, for instance,

1
o 7@‘/1707_)“/17‘*12)0 = (07070a050)
Ay

for every ws (and not only for wy = —Ay,).

A direct computation shows that the partial derivative of ® with respect to the
variables = := (u1, ug, wi,ws, ),

Dp(z,0) : H xR — H* x R3,
computed at h = (vy,v2,01,09,9), yields, for : = 1,2 and j # i:
(®n(z,9)[R])s = Av; — (Vi(x) + w;)v; — ogu; + g(paw; + Bugu;)
+ v (3piutv; + Bu?vi + 28uiugv;),

@A%WW%Z2§:LﬁMrVM+%@mwaw.

Lemma 4.7. Given ¥ € (0,7/2), denote
Ly := (I)x(:f(ﬂ),'ﬂ).

Then:
a) Ker Ly has dimension one, being spanned by the vector

" 1= (Y1(9),2(9), 01(9), 02(9), 1),
where

1
wwzf/wﬁ+mmwa
. JQ

Pi

and ¥;(09) is the unique solution of
— Ay + Vi(@)hi — A, = it} + pugi; — oi;  with / Yit; du = 0;
Q
b) Range Ly = Ker ¥, where ¥ : H* x H* x R3 — R is defined by

U(&1, 82, b1, ho k) =k — (A, ha + Ay he);
) U (D0 (2(9),9)[0", *]) > 0.
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Proof. a) Let for the moment ¢;(9) = ;@ (9) + s (9)a3(9), i = 1,2, j # 4. The
equation Ly[vi,ve,01,092,9] = (0,0,0,0,0) is equivalent to (i = 1,2, j # i):
— Av; + Vz(l‘)vz - )\Vivi = —o;u; + g¢;,
Q Q
Testing the i—th equation by u;, one obtains each o; in function of g:
0; = g Gu; dr = gOZ‘(’Lg).
Pi Ja
Therefore one has to solve

_A'(/)i + V;(aj)’gbz — )\vﬂﬁi =g |:Cz — @/ Cﬂjl dl‘:| with / ’(/)/UZ dr = 0,
Pi Ja Q

and this can be uniquely done by choosing v; = g1;(¢), by Fredholm’s Alternative.

b) Take (&1,&2, h1, ha, k) = Ly(v1,v2,01,092,9) € Range Ly. Then from the last
three equations of this identity, and the fact that u; are eigenfunctions, we deduce
that

2
k=2 / (Va; - Vi + Vi(z)av;) de
=1 Q

2 2
=2 )y, / wvide = Av,hi.
i=1 Q

i=1
which shows that Range Ly C Ker ¥. Reciprocally, given (&1, &, hy, ha, k) € H* X
R3 with k = Ay, hy + Ay, ha, let w; (for i = 1,2) be the solution to

—Aw; + Vi(@)wi — Av,wi = ov, (& ovi) — & / wipy; dz =0,
Q
which exists, unique, by Fredholm’s Alternative. Then

_ha

1 1
— v, + w2, —=(&1, 1), —=
2y/p2 " " \/pl< J VP2

h
Ly ﬁlﬁ—lﬂpw + w1, (52,<PV2>,0}
= (617 §2a hla h2a k)
¢) One can check directly that
(I)II (5(19)7 19) [7/)1 (19)7 7/)2 (19)7 01 (19)7 02 (19)7 1}2
is given by
—20111 + 2(3pu Ui + Busr + 2Burtze2)
—209%5 + 232312 + BuTthy + 2601 Tgh)
2 fQ 2 dx
2 fQ Y3 dx
2501 oIVl + Vi(a)w?) de
Its image through ¥ is

2
Vibi|? + Vi(z)h?) do — My, §d>,
2;(/Q<|w|+ (@) s [ vias

which is strictly positive since ; # 0 and fﬂ Yipv, de = 0. O

Now we are in position to apply Theorem 4.1.
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Lemma 4.8. For every 9* € (0,m/2) there exist 6,& such that for every 9 €
(9* — 6,9* + 0) the problem

(I)(ulau27w17w27'7719) = (070707075)7
(u1,ug,w1,w2,7) € X

has exactly two positive solutions x4 = x4 (g,9) for each 0 < & < &, and no solution
for e < 0. Moreover, v— <0 < v4,

(u14(g,9),u24(,19)) achieves M (1 + &, p1(9), p1(9))
(uniquely among positive solutions) and
87—5— (6a 19)
Oe

Proof. In view of Lemmas 4.5 and 4.7, most part of the statement is a direct
consequence of Theorem 4.1. Indeed, under the above notation, by choosing z =
(0,0,0,0,1), we have ¥(z) = 1 and thus the existence of §,& and z+. One can use
again Lemma 4.5 to insure that L are the only two solutions not only locally, but
also among all positive solutions. Now, the last component of equation (4.2) writes

V£(8,9) = [1 417z (e, )]t (e, 9),

where the functions ¢4 satisfy

>C>0 for every (,9) € (0,&] x (9* — 6,9 +4).

ot 0, C
:l:ti(é‘,'l?) >07 ti(0+,’(9)20, i% = %, f0r5€ (075),
while the functions 74+ are C! up to e = 0, with 7+(0,9*) = 0. In particular, by
taking possibly smaller values of §, &, we can assume that

o (e ) e, )] = 5=

This is sufficient to insure that v > 0 and y_ < 0 so that only (u14,u24) achieves
M (Lemmas 2.3, 2.4 and Remark 4.4). Furthermore, this also implies that
67.},. 8t+ 877+ 1 C 1C
i 4 — >0
de B T 23 Ve 3.F
Proof of Theorem 1.3. As usual, recall that pairs (uj,us) achieving M («, p1, p2)

correspond to pairs (U, Us) = \ﬁ(ul, ug) which solve system (1.2) with m; = vp;.
Let k > 1 be fixed. Choosing p; = p;(1}), we have that

L_mz2_ p
—< = <k < _ = arctan < 9 < arctan =9
k= mi ;o \/ BAv, kAvl \ Avl -

Now, since [¢_, 9] C (0,7/2), for every ¥* € [¢_, 9] we can apply Lemma 4.8.
By compactness, we end up with a uniform & > 0 such that, writing a = 1+ ¢ and

zy(a—1,9) = (ui (e, ), uz (e, 9), w1, 9), wa (e, 9), v(av, 9)),

we have that (u1(«a, ), uz(a,d)) achieves M («, p1 (1), p2(¢)), uniquely among pos-
itive pairs, for every a € (1,14 &], ¢ € [9_,9,]. As a consequence, Theorem 1.1
provides the existence of the corresponding solitary waves. Furthermore, 2t is O

and
87+ (Oé, 19)
Oa

=[1+174 for e € (0,¢). O

> 0, for every a € (1,1 +¢&], ¥ € [V_,04].
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Applying Theorem 1.2, for 1 fixed, by uniqueness we obtain that the solitary waves
are stable. Recalling that v(17,9) = 0, the theorem follows by choosing

m:= min [p1(9) + p2(N)] V() > 0. O

9e[_ 9]

4.2. Defocusing system with weak interaction. The purpose of this section is
to prove the following.

Theorem 4.9. Let i1, 2 < 0 and 5% < pypa. Let Vi, Va satisfy (TraPot).
For every p1, p2 > 0 the set

7 >0, a> Ay p1 + Awype,
S = (u1,u9,w1,ws,v,a) € H x R*: | (u1,u2) |3, = a, fQ u? dx = p;,
u; >0, system (2.2) holds

is a smooth curve which can be parameterized by a unique map
a = (ur (@), ug(a),wi (@), we(a), v(a)),

so that (u1(a),us(e)) achieves M(«, p1,p2). Moreover, if (u1,us, w1, ws,7v,-) € S,
then 7y is increasing to +00. As a consequence, the standing wave (e*“ Vut, eltw2 Vu2)
is the only positive solution to (1.2) corresponding to m; = ~yp;. Furthermore, it is
conditionally orbitally stable for (1.1), in the sense of Theorem 1.2.

In the rest of the section, we assume that py,us < 0, 82 < pipe, and Vi, Vs
satisfy (TraPot). In particular, (2.1) rewrites as

U(a,p1,p2) JQ 4 2 4

Since 3% < pip2, we are minimizing a functional which is positive and coercive.
Moreover, a convexity property holds in the following sense:

|mauf — 2buiu3 + |mo|us = G(u?,u3), with G convex.
This is sufficient to ensure the following uniqueness result.

Lemma 4.10. For fized wi,ws € R and -~y > 0 there is at most one positive solution
(u1,u2) € H of system (2.2).

Proof. In the case © bounded, the result is proved in [2, Theorem 4.1]. If Q = RV,
B < 0and Vi(z) = Va(z) = |z|?, the uniqueness is shown in [1]. Let us give a sketch
of such proof. Take two couples of solutions (u1,us) and (vy,vs) and let w; = w;/v;.
Then

=V - (0} Vw;) = u;Av; — v;Au; = ywvp (pvf (wi —1) + Bv?(w? -1)).
We test by (w? — 1)/w; in a ball of radius R to obtain

/ v | Vaw; |2 <1 + 12> dx = 'y/ v (w? —1) (/J/U?(U)? -1+ ﬁvf(wjz — 1))
Bpr w; Br

2 2
—|—/ [(ui—vi> Vu; — (ui—vz) Vvi] -vdo.
8Bg Ug (%

Since p; < 0 and 8% < ju1i0, there exists £ > 0 such that

18] < V| = 5/ ]p2] = k. (4.10)
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so that the previous equality implies

2
1
Z/ {1}1-2|Vw,;|2 <1 + 1112) + vk (w? — 1)2} dx

<Z/dBR Ku—) Vu; — (f—v) vul} -vdo.

In [1, Proposition 2.3|, suitable a priori estimates are obtained, which yield the
existence of a sequence Rj — oo such that

Z/astk Kuz - i) Vu; — (i - vz> Wz} vdo —0 (4.11)

as Ry — oo, which provides u; = v; for i =1, 2.
The same scheme can be applied also in the case of more general potentials
satisfying (TraPot), exploiting the following a priori estimates. d

Lemma 4.11. Let V1, Vs satisfy (TraPot), u1,pue < 0, and § < /pips. There
exist constants C,cqg, Ry > 0, depending only on ui, ps, 8, V1, Vo,w1,ws, such that
every positive solution (uy,us) € H of

—Auy + (Vi(z) +wi)ur = pud + Bugul RN
—Auy + (Va(z) + wo)ug = poul + fugui RV

satisfies
|| oo (rvy < C, ui(z) < Ce~Voollz|=Fo) |x| > Ro, 1=1,2.
Proof. Uniform bounds. Let m = (u2/p1)'/*. Proceeding as in [12, Theorem 2.1],
we see that there exists 6 > 0 such that
m(piud + Buiul) + pous + Buius < —8(muy + ug)?, (4.12)
for every ui,us > 0. Let
M = max (Vi (z) — w1, —Va(z) — wa).

T€ERN
Notice that M > 0 since

[ 0R @) )i + (Va(o) + )] do =

- / =V ]2 = (Vo] + i + poud + 2822 da < 0,
RN
and hence we can define
z = Vo(muy + ug) — VM.

By applying in turn Kato’s inequality, the definition of M and (4.12), we have (here
Xuv is the characteristic function of the set U C RY)

Az > X sy Vomur (Vi(x) +wi) — m(piud + Buiud)

+ug(Va(x) + wa) — (poul + Buius)]

> X{zZO}\/S<mul +ug) [~ M + §(muy + uo)?].

We replace the definition of z in the right hand side above to obtain

AzT > Xpsoy(z + VM)[-M + (z + VM)?] > (z)?,
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which implies z+ = 0 by the non-existence result [8, Lemma 2], and hence the
L*°-bounds.

Decay at infinity. By the previous step and by (TraPot), there exist ¢o, Rg > 0
such that

Vi(@) + wi — Buf > Vi(x) + wi — [Bllluj |7 e @ry > o, x| > Ro,
i=1,2, j #i. Then

—Au; + coui < pgui <0, x| > Ry,
i=1,2. Let
Wi(r) = ||uz‘||Loo(1RN)67‘/a(T7RO), r=|z| > Ry,
then we have W;(Ry) > maxgpp, u; and
—AW; +coW; >0, r> Ry.
By the maximum principle (which applies thanks to (2.5)), we deduce that u;(z) <
W;(|z|) for |x| > Rp. O

We define a map @ : H x R* — H* x R? acting on (u1, ug, wr,ws, 7y, ) € H x R4
as follows

fori=1,2 ®; = Au; — (Vi(x) + wi)ug + yu (psu? + Bu?), jFi
for i = 3,4 o, = /Quz2 dz — p;, (4.13)
D5 = [|(ur,u2) |3 — o
Lemma 4.12. If (uy,us, w1, ws,y, @) € S, then the linear bounded operator
L =Py up o way) (U1, U2, w1, w2, 7, ) t H x R® = H* x R?
is invertible.

Proof. By Fredholm’s Alternative, it will be enough to prove that L is injective. L
acts on (v1,v,01,09,9) as follows:

Li = Av; — (Vi) +w;)v; — 0u; + gui (pius + ﬂu?) +y(3piuiv; + ,Bufvi +2furuzv;),
for i =1,2, L; =2 [, usv; dx for i = 3,4, and

Ly = 2/ (Vuy - Vug + Vi(z)urv1 + Vug - Vug + Va(z)ugve) du.
Q

Suppose that L(vy,vs,01,02,9) = 0. Testing the equation for w; by v;, taking the
sum for ¢ = 1,2 and using L3 = Ly = Ls = 0 we find

2
Z/ wivi (piuf + Bu3) de = 0. (4.14)
=174
J#i
Testing the equation L; = 0 by v; for ¢ = 1, 2, taking the sum and using the previous
equality, we obtain

2
Vi |2 + (Vi(z) + wi)v? — o2 (3pu? + fu?) Y de—4v8 | uiusvive dz = 0.
o A % i J o
i=1

J#i
(4.15)
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On the other hand, testing the equation for u; by vZ/u; leads to (the boundary
term vanishes as in (4.11))

/{ ) + w;) + y(piu? Jrﬂu }v dxf/Vul V(U?) dx

Usq
/Q

Taking the sum for ¢ = 1,2 and exploiting (4.15) we obtain

2
Z/ uiufviz dzr + QB/ U UV Ve dx > 0.
Q Q

=

(4.16)
Vuz Vv,

dx—i—/ \sz\2dx</ |V, |? da.

Us

[P
R

This, together with (4.10), implies —r [, (ufv +u3v3) dz > 0, and hence vy = vy =
0. In turn, the equations L; = Ly = 0 become g(u;u? + 61@) = 0;, 1= 1,2, which
provides g = 01 = 05 = 0. O

Reasoning as in the previous proof, we also have the following related result
regarding non degeneracy.

Lemma 4.13. Given wi,ws € R and v > 0, the positive solution (ui,us) € H of
system (2.2) is non degenerate as a critical point of the action functional

1 w w
Ay o (U1, u2) = §||(u1»uz)|\3¢ —yF(ur,uz) + lel(ul) + 7292(%)' (4.17)
Proof. Take (v1,v2) € H such that

—Av; + (Vi() + wi)vi = y(Bpsui vi + Bujv; + 2Burugvy)  ford,j=1,2, j #1.

By testing the equation of v; by wv; itself, integrating by parts and summing up, we
are lead to (4.15). Following the previous proof, we can then obtain once again that
—k [o(uiv? + u3v3) dz > 0, and hence vy = vy = 0, which proves the claim. O

Lemma 4.14. If (uj,us,wy,we,v,a) € S then v'(a) > 0 for every a > Ay, p1 +
Ay p2-

Proof. Fix « and consider the corresponding (u1, us, w1, ws,7y). Observe that, due
to the assumptions on f, j11, pt2, the functional A, ., ., admits a global minimum
in H. From the uniqueness result of Lemma 4.10, we deduce that actually

Ir/}-i[n Aﬂh‘uhw? = A’Y:lew2 (U]_, UQ)

By combining this with the non degeneracy result of Lemma 4.13, we have that

AL o s (1, u2)[(1, d2), (61, 02)] >0 V(¢1,¢2) # (0,0). (4.18)

Thanks to Lemma 4.12, we can locally differentiate the elements of S with respect

to a. Let d
(), () = (v1(a), v2(a)).

Then for ¢,j = 1,2, j # i, we have

— Av; + (Vi(2) + wi)vi + win; = v(3piu; v; + Boius + 2Busugv;) + 7w (piuf + fu?)
(4.19)
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and identity (3.7) hold. By taking (¢1,¢2) = (v1,v2) in (4.18), and using (4.19),
(3.7), we deduce

2
AL 1o (U1, u2)[(V1,v2), (01, v2)] = Z:/Q(lvvﬂ2 + (Vi(@) 4 w;)v7 — 3ypsuiv}) da
=1

—'7/3/ (Ufu% + dujugvivg + u%vg) dx
Q

/
=7 / (Ml“lfvl + Mzugvz + Buiug(viug + u1v2)) do = % > 0,
Q

which yields v > 0. O

Remark 4.15. In the assumptions of the previous lemma, proceeding very similarly
to [26, Lemma 5.6], it is also possible to prove that wj(a)p1 + wh(a)p2 < 0.

End of the proof of Theorem 4.9. Combining Lemma 4.12 with Lemma 4.8, and
proceeding as in [26, Proposition 5.4] we obtain that S is a smooth curve which can
be parameterized by a unique map in «. Theorem 1.1 and 1.2 apply, providing the
existence (and uniqueness) of the corresponding family of standing waves, which
are stable by Lemma 4.14. Finally, by minimizing the energy

1
Ey(ur,uz) = 5”(“1,“2)”% — vF (uy, uz)
with O(u;) = p;, we obtain existence of elements of S for every v > 0 g
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