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Abstract

We study the Classical Probability analogue of the dilations of a quantum dynamical semi-
group defined in Quantum Probability via quantum stochastic differential equations. Given
a homogeneous Markov chain in continuous time in a finite state space E, we introduce
a second system, an environment, and a deterministic invertible time-homogeneous global
evolution of the system E with this environment such that the original Markov evolution of
E can be realized by a proper choice of the initial random state of the environment. We
also compare this dilations with the dilations of a quantum dynamical semigroup in Quan-
tum Probability: given a classical Markov semigroup, we extend it to a proper quantum
dynamical semigroup for which we can find a Hudson-Parthasarathy dilation which is itself
an extension of our classical dilation.
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1 Introduction

We study the analogue in Classical Probability of the dilations in Quantum Probability of a
quantum dynamical semigroup (QDS) in continuous time. A QDS T} describes the evolution
of a quantum system, possibly open, but “Markovian”, and homogeneous in time. If a QDS is
uniformly continuous, then it is always possible to introduce a Hudson-Parthasarthy quantum
stochastic differential equation and to employ its solution to dilate T} by a quantum stochastic
flow j;. Such a dilation allows to represent the QDS by the conditional expectation of a quantum
Markov process, analogously to the representation of a classical Markov semigroup (CMS) by
a classical Markov process. Anyway, such a dilation in Quantum Probability enjoys a reacher
structure which allows to dilate the semigroup 7; at the same time also by a strongly continuous
unitary group Uy, thus showing that the system evolution T} and the flow j; do not contradict
the axioms of Quantum Mechanics, i.e. that they can arise from a Hamiltonian evolution U; of
an isolated bigger system, consisting of the given system and its environment [1,6,7,11,15-19].
In particular this implies that the Hamiltonian operator generating U; gives an infinitesimal
description of the dilation which is alternative, but equivalent, to that given by the Hudson-
Parthasarathy equation [3,4,8,9]. This feature differentiates the representation of a QDS by
means of a quantum stochastic flow from the representation of a CMS by means of a Markov
process, as usually there is no “Hamiltonian evolution” associated to this latter.
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Dilations analogous to the quantum ones have been recently introduced in Classical Proba-
bility for CMS in discrete time [10]. The first aim of this paper is to introduce them also in the
continuous time context, choosing a self-contained approach in a completely classical framework.
These classical dilations are interesting, not only to better understand the relationship between
the two probabilistic theories, but also from a simply classical point of view, to better understand
the relationship between Markov processes and deterministic invertible homogeneous dynamics.
Indeed, we show that every homogeneous Markov chain in continuous time in a finite state
space can always be realized as a deterministic invertible homogeneous evolution of the system
coupled with a second system. The existence of such representations is theoretically relevant
if Markov chains are applied to phenomena, like physical phenomena for example, for which
an underlaying theory postulates deterministic invertible homogeneous evolutions in absence of
noise and external disturbances. For these phenomena the second system introduced by the
dilation models the surrounding world, the environment, the source of the noise, which is given
now a dynamical explanation. Of course, here the characterizing property is not simply that the
global evolution is deterministic, as in innovation theory [20,21], but that it is also invertible
and homogeneous in time.

More precisely, we consider a system with finite state space E, undergoing a continuous
time evolution given by a homogeneous Markov chain. Then, we introduce an environment
with its state space (I',G), a measurable space, together with a group of measurable maps
ap : ExTD — ExT,t e R, describing a global evolution. Thus, if (i,7) is the state of
the compound system at time 0, then ay(i,7) is its state at time ¢, where hence a; gives a
deterministic invertible homogeneous global evolution. Nevertheless, if the environment state is
never observed and if initially it is randomly distributed with some law Q on (I',G), then the
evolution of the observed system turns out to be stochastic and, if I', G, a; and Q are properly
built, it is given by the original Markov chain. In this case, we say that (I, G, o, Q) is a dilation
of the Markov evolution in F.

Actually, as in the discrete time context, given only the state space E (arbitrary but finite),
we build a universal dilation (I', G, ¢, {Q}), where {Q} is an entire family of distributions which
can produce any Markov chain in E: every Markov chain can be dilated by taking always the
same model (I',G, «;) for the environment and the global evolution, and by choosing every
time the proper distribution Q for the initial state of the environment. Moreover, not only our
construction allows to interpret each Markov chain as the stochastic dynamics resulting from
the coupling with an environment, but at the same time it also represents the chain via an
innovation process, where the innovation now is dynamically provided by the environment.

Our aim is similar to the aim of Lewis and Maassen [14] when they consider classical me-
chanics and, taken a linear Hamiltonian system modelling a particle and its environment, they
describe how Gibbs states of the whole system lead to stationary Gaussian stochastic processes
for the observables pertaining to the particle under consideration. However, we do not look
for good global states, but for good states Q of the environment alone which lead to Markov
evolutions of the system FE, our particle, for every independent choice of its initial state.

The second aim of the paper is to show that such dilations in Classical Probability are
really analogous to the quantum dilations which inspire them. We prove that every CMS in E,
considered on any finite time interval, admits an extension to a QDS for which we can find a
quantum dilation which is itself an extension of the classical dilation (I', G, ay, Q) that we build
for the CMS.

Thus these dilations are explicit constructions of that classical structures which would appear
by studying the abelian algebras left invariant by quantum stochastic flows (§4.27 in [1]).

However, we shall not embed a whole universal dilation (T', G, a, {Q}) in the quantum world,



as quantum dilations do not exhibit the same universality and they strictly depend on the QDS
under consideration, so that it is not enough to change the environment state to get another
QDS.

In the sequel, given a complex function f on a domain FE, we shall denote with the same
symbol f also its extension on a domain E'x T, f(i,v) = f(¢). Similarly, given a map ¢ : E — E,
we shall denote with the same symbol ¢ also its extension, by tensorizing with the identity, on
a domain E x ' to E x T, ¢(i,v) = (¢(3),7).

2 Preliminaries

We consider a system with finite state space E = {1,..., N} and power o-algebra &, fixed for
the whole paper. We denote by P = (P;;); jcr a stochastic matrix in F, so that P;; > 0 and
> Pij = 1 for every i. As usual, we identify the elements of the complex abelian *-algebra
L>(E), the system random variables f : E — C, with the column vectors in C", so that every
P defines an operator in £°°(£), which describes the one-step evolution f +— Pf, f € L(E).
We denote by D a deterministic matrix in F, that is a stochastic matrix with a 1 in each row.
Every D describes with matrix terminology a deterministic evolution (3, where

D = (Dij)i jeE, p:E—E, Dij = d3).5» (1)

so that Df = fof3. The invertible maps in E correspond to the special cases of permutation ma-
trices. Labelled all deterministic matrices and the corresponding maps with indexes ¢ belonging
to L ={1,..., NV}, every stochastic matrix P determines the weights

pe = Pig,(1) " Png,(v)> telL, (2)

which give a probability on the power o-algebra of L and provide the representation

P = pDy, pe>0, > p=1 3)
lel {eL

We denote by R = (R;j)i jer a transition rate matrix in F, so that R;; > 0 for every i # j
and > R;; = 0 for every i. Every R generates a CMS eft ¢t > 0, which consists of stochastic
matrices. It describes the continuous-time homogeneous evolution

freftf,  feL=eE), t>o. (4)

For every CMS eft| there exists a Markov chain (2, F, (F)t>0, (Xt)t>0, (Pk)ker) With transition
probability functions given by e, i.e. a continuous-time stochastic process of random variables
X: : Q — E, adapted to a filtration (F3)¢>0, and a family of probability measures Py, k € E,
such that the starting distribution of the process depends on k, Xg has Dirac distribution J
under Py, but the process always enjoys the Markov property with transition matrices ef:

Pr(Xers = 1F) = Pi(Xeps = 41 Xe) = (™) x,5, Vk,jeE, t,s > 0.

Thus, a system random variable f € £°(€) has now a stochastic evolution given by the *-unital
homomorphism

Jes L2UAE) = L2(F),  frealf)=f(Xy), 120, (5)



and the evolution (4) admits the representation

(™) (k) =Bl (X0)]. VS € L(E). (6)

By means of the uniformization technique, a continuous-time Markov chain can always be
realized as a discrete-time Markov chain moved by an independent Poisson process. Given the
transition rate matrix R, taken a rate A > 0 and a stochastic matrix P such that

R=AP-1), (7)

taken a discrete-time Markov chain X with transition matrix P and an independent Poisson
process N (t) with rate A, then the process X; = X]"‘V(t) is a continuous-time Markov chain with
transition rate matrix R (e.g. [5]). For example, one can take

1
A= —Ryi), P=1+-R. 8
%g{ } +3 (8)

Moreover, by means of representation (3) for P, it is always possible to realize the Markov
chain via an innovation process. Let Fﬂg+ be the canonical space of a marked simple point
process on Ry with mark space L, that is the set of sequences v = (¢, tn)nen Where ¢, € L,
tn € [0,+00], 0 <ty <ty <... < 400, and ¢, < tyq4q for all ¢, < 400 [2]. Denoting by I'r, the
canonical space of a simple point process on R, we have Fﬂ%+ =INx T +- Then one can take

Q=ExINxTr,, w=(i,ln)nen, (tn)nen),
Xow)=Xgw) =i, Yp(w)=tn, Th(lw)=tn, X;=05,(X; 1), neN

Ne(t) =Y Ivu=t,mu<ty, N =D Ne(t),  Xe=Xygp, t>0, 9)
neN lel

F=0(Xo)®0c(Yy; neN)®@o(T,; n€N), Fi=0(Xo,Ne(s); L€ L, 0<s<t),
P, =6 @ p"N @ Qg ,

S

where we denote by I4 the indicator of an event A, by p the probability on L associated to
P, and by Q§+ the probability on o(T,; n € N) such that the random variables T;, are the
arrival times of a Poisson process with rate \. Then the random variables Y,, are i.i.d. with
distribution p, the counting processes Ny(t) are independent Poisson processes with rates pyA,
the counting process N(t) is a Poisson process with rate A, the process X is a discrete-time
Markov chain with transition matrix P and X; is a continuous-time Markov chain with transition
rate matrix R. The random variables Y,, are called marks. For every ¢ > 0, the chain state
X, is a deterministic function of Xy and of Ny(s), £ € L, 0 < s < t, and the random process
(Ne(t)) e, is an innovation process for X;.

3 Dilations and universal dilations

Dilation of a classical Markov semigroup. We call dilation of the CMS e in £>®(€) a
term

(Q, F, (Fe)t>0, (Zt)e>0, (Pk)keE)
where

o every Z; = (X, Y¢) is a random variable on (€2, F) with values in (E x I', £ ® G), being
(T',G) a fixed measurable space,



o the term (Q, F, (F)i>0, (Xt)t>0, (Pk)ker) is a Markov chain with transition rates R,

e the random variable (Xo, Y) has distribution d; ® Q under Py, being Q a fixed distribution
on G,

e there exists one-parameter group (ay)icr of measurable maps oy : E x I' — E x I such
that ag = Id and Z; = oy (Zy) for every t > 0.

Thus, besides the system FE, a second system is introduced, an environment with state space
(I',G). Their states X; and T, are asked to be random variables on a same measurable space
(Q, F) such that the global state Z; = (X¢, Y¢) undergoes a deterministic invertible homogeneous
evolution ;. Therefore all the X; and T; are determined by Zj, so that X; and T; are measurable
with respect to o(Zy) = o(Xo, To) C F and, depending on the probability chosen on F, they
are deterministic if and only if Zj is. Nevertheless, a probability P, typically fixes only the value
of Xo. The space (2, F) is also endowed with a filtration F;. Note that only the X, are asked
to be adapted to F; so that, in particular, T¢ does not have to be Fp-measurable. Therefore
the X; are not trivially Fp-measurable, even if their values are completely determined by the
values of Xy and Yy, and, neglecting the environment, each (Q,F, (F;)i>0, (Xt)i>0,Px) can be
a non trivial stochastic process. What we ask is that (2, F, (Ft)i>0, (Xt)i>0,Px) actually is a
Markov chain starting from k with transition rates R. At the same time however, this Markov
chain is compatible with a deterministic, invertible and homogeneous model for the evolution
of E coupled with an environment I'. In particular, as Xo = k, the whole stochasticity of the
process is due only to the randomness of the unobserved initial state T of the environment.

A dilation gives another interpretation of every evolution (4), compatible with (6):

(e f) (k) = Ex[(X0)] = Bi[£(Z0)] = Bifau(k, Y0))],  Vf € L),

Indeed, the stochastic evolution (5) of a system variable f € £°°(£) is now described by the
x-unital homomorphism

Je  L(E) — L(Fy), f=0i(f) = f(Xy) = f(Zt) = foau(Z), (10)

which is injective as a; is invertible. And now we could also consider global random variables
F: E xT — C and their evolution F +— F(Z;) = F o ay(Zy).

Universal dilation. Let us denote by R the set of transition rate matrices R in E. We call
universal dilation of the CMS’s in £*°(€) a term

(Q, F, (Fi)e>0, (Zt)e>0, (]P’k,R)keE,ReR)

such that every (Q,F, (F:)i>0, (Z1)i>0, (Pr.r)ker) is a dilation of the corresponding semigroup
eft*. We call universal such a dilation because we ask that the same Q, F, F; and Z; allow to
represent all the CMS’s in £°°(£), with the change of the probabilities Py r alone. Therefore,
both the environment state space (I',G) and the global evolution «; depend only on the state
space FE, not on the particular CMS to be dilated.

Poisson dilation and Poisson universal dilation. In order to show that every state space
FE admits a universal dilation, now we consider a particular classes of dilations and of universal
dilations. Let us describe all the special requirements we are interested in for the dilation of a
CMS eftt,



First of all we want the sample space €2 to be just E xI', the state space of the global system.
As we want it to describe all the possible initial global states, we ask the random variable Zg
to be the identity function and Xy and Y to be the coordinate variables: if w = (i,7), then
Zy(w) = w, Xo(w) =i and YTo(w) = . Thus, for all t > 0, Z; = (X, Tt) = a0 Zg = Zp o au,
Xt :X()OOét and Tt :Tooat.

We are interested in an environment with state space I' equal to FI% , the canonical space
of a marked simple point process on R with finite mark space G, that is the set of sequences
¥ = (gn, tn)nez where g, € G, t,, € [—00,+00], —00 < ... <t_1 <trH <0<ty <ty <...< 400,
and t, < tp41 for all |¢,| < co. Denoting by I'r the canonical space of a simple point process
on R, we have I'§ = G% x I'r. Moreover, with clear meaning of symbols, FI% = I‘(G_ 50,0 X I‘fé;.
Thus the environment state «y is a whole trajectory of a marked simple point process. Later, the
introduction of the global evolution «; will allow the following rough interpretation of v and of
its time-parameter. If the environment state at time 0 is v = (gp, tn)nez, then at every instant
t, > 0 it will provide a sudden shock of type g, to the system, thus causing an instantaneous
transition which will be determined by the system state and by g,.

We explicitly introduce the marks Y,(w) = g,, the arrival times T, (w) = t,, the pro-
cesses Ny(t) = >, en{(v,—g, 0<T,<t), counting the arrivals of type g, and the process N(t) =
> _geG Ny(t), counting all the arrivals. Then, endowed G with its power o-algebra, we want all
the functions so far introduced to be measurable and so we ask G to be the natural o-algebra
Gr :=0(Yo) =0(Yn; n € Z)R0(Ty; n € Z) onT§ = GZ xT'g, and F to be £@Gr = (X0, To)
on ). Supposing that at time 0 only X is observed and that later only the information carried
by the processes Ny(t) is acquired, we want the filtration F; = o(Xo, Ny(s); g € G, 0 < s < t).

In order to get consistence between these definitions and the global evolution oy, we ask that

o = {191? O, (1)
Q][)M o) 19t, if ¢ § 0,

where ¥; and 1, are as follows. The family of maps ¥, is the group of the left shifts

Uy : F]}Cg - F]IGga ﬂt((gnatn)nGZ) = (gnytn - t)nEZa teR, (12)

where a renumbering is understood if t; — ¢t < 0. Every 9; is extended on ) by tensorizing with
the identity. The family of maps 1y has to be a right cocycle w.r.t. ¥; giving a global evolution
which, up to 9, simply couples the system with every mark provided by the environment, always
via a same invertible interaction. More precisely, first we ask an invertible map

¢p:ExG— EXxG, (13)

which gives the instantaneous coupling between the system and a single mark. Thus the coupling
between the system and m subsequent marks is given by the invertible map

¢m:Ex(§Gn)—>Ex(§Gn), G, =G,
n=1 n=1 (14)
Pm = G © -+ 0 P1, On=0¢:FExG, — ExXG,.

Then we ask that, given ¢ and ¢,,, for every t > 0 the coupling between the system and the
marks provided in the time-interval (0, ] is given by

Py B X FI%+ — B X FI%+> Q;bt(iy (thn)neN) = (ila (97/’L7t;1)7”LEN)7 (15)



where
(ilﬂ (97,1)1?:1) = Pm (i, (gn)zlzl)7
b <t <tms1 = gh = gn, if n >m, (16)
th = tn, if n € N.

Extended also ¢y on Q, for every invertible ¢ definitions (13)-(16) automatically give a family
of bimeasurable maps satisfying the cocycle property

Yips = V4 01hs 0¥y 0y, Vt,s >0,

and so definition (11) automatically give a group of measurable maps in E X I‘Ecg . Moreover,
denoting by ¢ the projection of ¢,, on E, the state of the system at a positive time ¢ is
X = Xooayg = Xgohy = gpf,(t)(Xo,Yl,...,YN(t)), which is automatically adapted to F;.
Roughly speaking, when the system and the environment evolve from time 0 to time ¢ > 0, first
the map 1, couples the initial state X¢ of the system with the marks Y3,..., Yy, giving the
system state X; = gpﬁ(t) (Xo,Y1,... ,YN(t)), and then the shift ¢; prepares the subsequent marks
for the future couplings with the system. Thus ¥; could be interpreted as a free evolution of the
environment.

At long last, we consider the probabilities P,. Of course, they have to be factorized as
0 @ Q on F = £ ® Gr. We also require the distribution Q to be factorized as ¢®% ® Qﬁ on
Gr =0Yn; n€Z)®0o(T,; n €Z), where q is a probability on G, and Qﬁ is the probability on
o(Ty,; n € Z) such that the random variables T,, are the arrival times of a Poisson process with
some rate A\. Then the marks Y,, are i.i.d. with distribution ¢, the counting processes N,(t) are
independent Poisson processes with rates ggA, and N(t) is a Poisson process with rate X. As we
shall verify in the following Proposition, this guarantees the Markov property for the process X,
with respect to F¢, so that the only point is to check if the resulting rates are the desired ones.

A dilation like this will be called Poisson in the following. Summarizing, a dilation is Poisson
if

(I,g6) = (Fg ,Gr), the canonical space of a marked simple point process on R with finite
mark space G,

e O=ExTI§, w=(,7)= (4, (gn,tn)nez) €Q, i€E, veT§, g.€G, t,€eR,

XO(W) = i? TO = (YnyTn)n€Z7 TO(W) =7, Yn(w) = Gn, Tn(w) = tn, Z(](UJ) =w,

Ng(t) = ZneN I(Ynzg, 0<Tn<t)» N(t) = EgEG Ng(t)v

F=ERQGr=0(Xo)®0(Yn; n€Z)R0c(Ty; n€Z),

L4 E:U(XO)NQ(S); gEGa Ogsgt)v tZOa
Pr =0, ® Q = 6 ® ¢¥% @ Qp,

e oy given by (11), with the shift ¢; given by (12) and with a cocycle v, given by (13)-(16).

Then, for every t > 0 we have
o Zy=ar0Zy=Zygooy = (Xy, 1y),
° Tt = TO O (g,

° Xt = XO oy = XQ O"L/}t = goﬁ(t)(Xo,Yl, ce 7YN(t))‘

7



A Poisson dilation is therefore specified by the term (G, ¢, Q).
With a Poisson dilation the evolution of every global random variable is described by the
group of x-automorphisms

Ji : L2(F) — LZ(F), Ji(F) = F o ay, teR.

Note that a Poisson dilation realizes a Markov chain via an innovation process, with the
innovation dynamically provided by the environment.
Let ¢ denote the projection of ¢ on E.

Proposition 1. Let (Q,F, (Ft)i>0, (Xt)t>0, (Px)ker) be a stochastic process given by a Poisson
dilation (G, ¢, ¢ ®Qf‘§) for an arbitrary choice of G, ¢, q and A. Then the process is a Markov
chain with transition rate matriz

R= )\(P - ]1), Pz’j = Z 4g 5¢E(i,g),j' (17)
geG

Proof. Firstly, we set
X5 =Xo, X;=06"(X:_1,Yn), neN,  Fi=0(X;, Yy 1<n<m), m=0,1,...

Then Xy = X}, and (. F, (F})n>0, (X7)n>0, (Pe)kep) is a discrete-time Markov chain with
transition matrix P. Moreover, for every k € E, the independence of (Y}, )nen and (T}, )nen under
P, implies the independence of the processes X' and N (t).

Secondly, by the latter independence and the Markov property of X7*
feLrx&,t>0and m=0,1,...

~, we show that for

Ex [/ (X5 em) | F1] = (P™5) (X)) (18)

To see this, let A€ o(N(s); 0<s<t), BeF:, neN. Then

X; dP;, = / = )dP
/Aan(N( )—n)f( N(o+m) APk ANBA(N (t)=n) fKrtom) AP

= Py(4,N(t) =n) /f - dIPk:Pk(A,N(t):n)/B(me)(X;;)de

= (P f)(X;) dPy.
ANBA(N (t)=n)
Since {ANBN(N(t) =n); A€ o(N(s); 0<s<t),Be Fi, neN}is closed under finite
intersections and generates F;, Eq.(18) follows by the Dynkin class theorem. Finally, since the
Poisson process N (t) has independent increments and rate A,

Ey [f(Xt—i-s) ft} = [f(XN( t)+N(t+s)—N(t) ‘ft}
= n;i;o Eyx [f(X;[(t)—i-m)‘ft} Py (N(t +5) — ) W;io P ) (Xxw) —As%

_ (e)\(P—]I)Sf) (Xt)

for all ¢,s > 0. Hence (Q,F, (Ft)t>0, (Xt)t>0, (Pk)ker) is a Markov chain in E with transition
rate matrix R = A\(P — 1). O



A universal dilation will be called Poisson if it is given by a family of Poisson dilations
(G,9,Qr), R € R, all of them with the same G and ¢. Thus we fix the model for the environment
and for the global evolution with G and ¢, and then we require the existence of a family of
initial distributions Qg for the environment state, each one giving rise to a different CMS for
the system. A Poisson universal dilation is therefore specified by the term (G, ¢, (Qr)ger). A
Poisson universal dilation is not uniquely determined by the state space E, but it always exists.

Theorem 2. For every finite state space E, there exists a Poisson universal dilation
(G, ¢, (Qr)Rer) of the classical Markov semigroups in L>(E).

Proof. We only have to exhibit a proper mark space G, together with the coupling ¢ and the
probability measures Qg on Gg.

We can take the same space G and coupling ¢ used in [10] for the analogous result in
discrete-time. Given E = {1,..., N} and the set L labelling the all possible maps 3 : E — E,
we set

G=ExL, i,jkeE, (€L,  g=(jl)€qG.

Arbitrarily fixed j = 1, we focus on points (1,¢) in G. Thus, taken two points (i, (1,¢)) #
(i, (1,") in E x G, we get (Be(i), (i,€)) # (Be (i), (i',¢')) and so we can find an invertible map

biExGoExG el = {0 T

We choose an arbitrary ¢ satisfying (19).

Given a transition rate matrix R, we consider the rate A\ and the stochastic matrix P asso-
ciated to R by Eq.(8). Via P and Eq.(2), we obtain a probability p on L, that we use to define
on G = E x L the probability

q=0 p.

Thus P;; = Zpg 08,(i).5 = Z Qg 0g5(i,9),; and, if we define Qr = q®Z®QH’\§, then every stochastic
teL geG

process (2, F, (F)i>0, (Xi)i>0, (Pk.r)ker) is a Markov chain with rates R, independently of the

definition of ¢(7,(j,¢)) for j # 1. Therefore (G, ¢, (Qr)rer) is a Poisson universal dilation of

the classical Markov semigroups in £>(&). O

Similarly to the corresponding construction in discrete-time, even if each ¢ € G has two
components, g = (j,£), the probability constructed in the proof is always concentrated only
on those g of the kind g = (1,¢), but we need the first component j to define an invertible ¢.
Analogously, we are considering the evolution only for positive times so that all the (g,,t,),
n < 0, are never involved in the interaction with the system, but they are needed to define an
invertible shift 4.

We could find also other probabilities on F, different from Py, g, but inducing the same law for
the process X;. Indeed, not only (Y},, T}, )n<o does not effect the evolution of X; = Xyo1, but the
representation (7) usually holds for other A and P different from (8), just as the representation
(3) usually holds also for other probabilities p different from (2), and all these different choices
could be as well employed in the construction.



The cocycle approach to Poisson dilations. Given a CMS e’ with a Poisson dilation
(G, ¢, ®r ® Qﬁ), where G, ¢, A\, ¢ can be defined as in the proof of Theorem 2 or not, we can
rewrite the x-unital injective homomorphism (10) as

Je: £7(E) = LX(F),  frealf)=f(X)=foiy, 20 (20)

If we denote by E,[f o ¢] the system random variable in £°°(€) defined by i — f o ¢(i, g), then
the stochastic evolution (20) satisfies

Jo(f) = F(Xo),  Gilf) =2 G- (Bglf o 8] = F)dANG(t),  VF € L), t20.  (21)

geG

For every f € £2°(€), this is a stochastic differential equation for the F;-adapted process j:(f)
with respect to the noises Ny(t).

More generally, as long as we consider only system random variables neglecting the envi-
ronment, we can define a Markov chain with rates R avoiding ay and ¢; and employing only
the deterministic, invertible, but inhomogeneous global evolution ;, which never involves the
environment components (g,,t,) for n < 0. That means to reduce the sample space €2 from
E x I‘[% to B X F&i, to restrict here F, F; and Pk, and to define the cocycle 1)y, either by (13)-(16)
or by (13) and (21). Anyway, thanks to the cocycle properties of v, it is always possible to
introduce later F(G_ 50,0] and the shift ¥, in order to recover the whole environment state space

(I‘[% ,Gr), the evolution ay and the initial environment distribution ¢®% @ Qﬁ, so that the two
constructions are equivalent and can be considered different descriptions of the same situation.

Choosing the cocycle approach, a Poisson dilation of a CMS e’ gives a Markov chain
(Q,F, (Fe)iz0, (Xt)iz0, (Pk)ker), where

Q=ExTF .,  w=(i,(gntn)nen),
Xow) =X (w) =1, Yow)=gn, Th(w)=t,, X:'=¢PX ,Y,), neN
Ny@t) =" Iy,—g. 1<1): N(t) = Ny(t), Xt = Xy t >0, (22)
neN geG
F=0(Xo)®c(Yn; neN)®@o(Ty; n€N), Fi=0(Xo,Ny(s); g€ G, 0<s<t),
P, =6 ® ¢*" ® Qg ,

and where, again, R is related to ¢, ¢ and A\ by Eq. (17). This chain is specified by the term
(G7 ¢7 q®N ® Q§+) :

Let us underline that the Markov chain (22) is similar to (9), as also this one is represented
via a discrete-time Markov chain and an innovation process. Nevertheless, this chain is endowed
with a reacher structure because the cocycle ; implicitly introduces also the deterministic
invertible homogeneous evolution ;.

4 Dilations of classical Markov semigroups and of quantum dy-
namical semigroups

We want to compare a Poisson dilation with the dilation of a QDS in Quantum Probability.
Given a Hilbert space H, always complex separable in the paper, let us denote its vectors by

h, or |h) using Dirac’s notation, so that (h’|h) denotes the scalar product (linear in h) and |h’)(h|

denotes the operator h” — (h|h"”) 1. Let B(H) be the complex *-algebra of bounded operators
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in H. Let I'[H] denote the symmetric Fock space over H and, for every h € H, let e(h) € I'[H]
denote the corresponding normalized exponential vector. Given a Hilbert space L?(u), with a
probability measure p on some measurable space, and given a measurable complex function f
on the same measurable space, let m; denote the multiplication operator

my :Dom(my) — L*(u).  Dom(my) = {h € L*(u) : fhe ()},  msh=fh,

which is bounded if and only if f € L°(u). Given two Hilbert spaces H and K and a vector
k€K, let E : B(H) ® B(K) — B(H) denote the conditional expectation with respect to |k) (k.
In the sequel, given an operator a in H, we shall identify it with its extension a ® I in H ® K.

Quantum extension of a CMS. We denote by £ a Lindblad operator in B(H), that is an
operator L : B(H) — B(H) admitting the representation

La=ilH.a+ Y (RiaR. - %{R;Rz,a}), o € B(H), (23)

z€Z

where Z is a discrete index set, H and R, belong to B(H), H* = H, Y, R R, strongly converges
in B(H), and where [+, -] and {-, -} denote the commutator and the anticommutator respectively.
Let us recall that representation (23) is not unique, and that every £ generates a uniformly
continuous QDS T, = e, t > 0, which consists of bounded, completely positive, normal and
identity preserving operators T3 : B(H) — B(H). Actually Eq.(23) gives the complete charac-
terization of the generator of a uniformly continuous QDS.

In order to extend a CMS in £>(€) by a QDS in some B(H), we take H = L?(ug), where
pg is the uniform probability on (E, ), and, denoted by {|i) };cg its canonical basis, we embed
L>®(E) = L*>®(ug) in B(H) by the s-isomorphism f +— my = Y ,cp f(@) |i)(i] between L*>(ug)
and the subalgebra of the multiplication operators in L?(H).

Since H is finite dimensional, every QDS in B(H) is uniformly continuous. We say that a
QDS e“! in B(H) extends a CMS e in L>®(up) if

eamf:memf, Vfe L®ug), t >0.

It is enough to check that Lm; = mpy for all f € L°(ug). Such extension always exists, but it
is not unique at all. For example, given the transition rate matrix R, considered a rate A and a
stochastic matrix P associated to R via (7), taken a probability p associated to P via (3), using
notation (1), the CMS e is extended by the QDS e*! generated by

La =AY peli)(Bei)] a|Be(i))(il —a),  a€BH), (24)

LeL
i€EE

which admits representation (23) with H =0, Z =G = E x L, R. = R o) = /D¢ | Be(i)) (il

HP-dilation of a QDS. Given a uniformly continuous QDS e** in B(H), a typical Quantum
Probability construction employs a Hudson-Parthasarathy equation to dilate et at the same
time by a quantum stochastic flow and by a group of *-automorphisms [1,6,7,11,15-19].
Chosen a representation (23) for £, taken the Hilbert space 3 generated by the basis {|2) } .cz,
let dA../(t), dA.(t) and dAL(t) be the corresponding canonical quantum noises in T'[L%(R; 3)].

11



Fix an arbitrary vector v = Y, v,|z) € 3 and an arbitrary unitary operator S = 3.,/ S,/ ®|z) (2’|
in H ® 3. Define the bounded operators in H

Lz = Rz - Zszz/yz’)

Z,

Ho=H+ % S° (RESew — ST R. ) = H. (25)

zz'

Then the quantum stochastic differential equation for adapted processes in H ® T'[L%(R; 3)]

dv; = [Z (Seer = 0 AN (8) = 0 L3Seard A () + 3 LodAL() — (iHo + % 3 L;Lz)dt} Vi,

zz'

Vb:]l?

is a Hudson-Parthasarathy equation. The properties of the coefficients guarantee that it admits
a unique solution V;, which is a strongly continuous unitary cocycle. The HP-dilation of e“? is
identified by the triple (3, v, V;) as follows.

The quantum stochastic flow is

jio: B(H) = B(H) @ B(T[L*(Ry; 3)]),  ji(a) =V aVi, 20, (26)

which satisfies the quantum stochastic differential equation

dji(a) = > 5t ( Y SinaaSene — da)dha(t) + 37 5i( Y Skl L) dAL(r)

ZZ, Z”

) X e , 1.
+ e YL, alSurz)dA (o) + e (il Ho,al + Y (LaLs — S{LLz,a}) )dt.

Denoted by ©; the second quantization of the left shift in L2(R; 3), v(r) + v(r+t), embedded
H@T[L*(Ry;3)] in H ® T'[L%(R; 3)] and extended here every operator by tensorizing with the
identities, consider the strongly continuous unitary group in H ® I'[L?(R; 3)]

oV;, ift>0,
Ut:{ e P (27)

The group of x-automorphisms is
Ji : B(H) ® B(T[L*(R; 3)]) — B(H) ® B(T[L*(R; 3)]), J(A) =UF AU, teR. (28)

Of course Ji(a) = ji(a) for every a € B(H) and t > 0.
Then, for every T' > 0, taken v € L?(R;3) and u € L*(R;3) such that v(t) = u(t) = v for
every 0 <t < T, both (js,e(v)) and (J;, e(u)) dilate e in the time interval [0, 7], that is

e“'a =B [ji(a)] = Bewy [Je(a)]  Va€B(H), 0<t<T. (29)

In particular, if v = 0, then the choices v = 0 and v = 0 give the usual dilations which hold for
every t > 0.

Let us call such a construction a HP-dilation (3,v,V};). This is highly non-unique, as repre-
sentation (23) and the choices of S and v are not.

Thanks to the adaptedness of Vi, when 0 < ¢t < T < oo, we can consider the first equality
of Eq. (29) with V; adapted process in H ® T'[L?((0,T); 3)], with the quantum stochastic flow
gt : B(H) — B(H) ® B(T'[L%((0,7); 3)]) and with the state e(v) € T[L?((0,T); 3)].
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Quantum extension of a Poisson dilation. Given a CMS ef, we can either represent it
in Classical Probability with a Poisson dilation (G, ¢, ¢’ ® Qﬁ), either extend it to a QDS e**
and then represent this latter in Quantum Probability with a HP-dilation (3,v,V;). Now we
want to prove that, if the quantum extension £ and its dilation (3, v, V;) are properly chosen,
then (3,v,V4) is a quantum extension of (G, ¢, ®*’® Qﬁ). This shows that a Poisson dilation is
a classical analogue of a HP-dilation.

The first step to study this relationship is to embed a Poisson dilation (G, b, ¢%" ® Qﬁ)
in the quantum world. We want this embedding at the Hilbert space level, as this is the level
where usual quantum stochastic calculus is defined. Therefore we should introduce first a proper
measure on (I'§,Ggr). Taken pp on E, the proper measure on (I'§, Gg) should give a product
measure on (E X Fﬂcg ,€®G0R) invariant for the deterministic invertible evolutions ay, ¥, ¥;. Thus
the natural choice would be the probability measure ,u%z ® Qﬁ, where pug denotes the uniform
probability on G. Nevertheless, it would be singular with respect to the initial environment
distribution ¢®% ® Qﬁ, so that this latter could not be obtained from a state in L%u%z ® Qﬁ).
Therefore now we fix a finite time horizon 7" > 0 and we focus only for 0 < t < T on the Markov
chain (G, ¢, ¢*N ® Q§+).

Using notations (22), we introduce the o-algebras on Fﬁi

Or, =0(Yn; neN)®o(T,; n€N),
Gr =0 (Ng(s); g€ G, 0<s<t) CGg,.

Then we consider the probability measures Q = M%N & Q§+ on Gg, and P = pup ® Q on
F =E®Gr,. Given T' > 0, we introduce also their restrictions Q7 and P to Gr and Fr. Thus
the processes Ny(t), 0 <t < T, are i.i.d. Poisson processes with rates A\/|G|. Then we consider
the Hilbert space L?(Pr) = L?(ug) ® L?(Qr) and we embed L®(Pr) = L®(ug) ® L¥(Q7) in
B(L*(Pr)) by the *-isomorphism F +— mp between L°°(Pr) and the bounded multiplication
operators in L?(Pr).

The cocycle 1, generates the family of operators

W, : L*(Pr) — L*(Py), U & =Eoh !, 0<t<T.
Proposition 3. Every U, is a well defined unitary operator in L*(Pr).

Proof. Every VU, is well defined and unitary because, thanks to the invertibility of ¢, the maps
Yy and Yy ! preserve the probability measure Pr.

To see this, let A € o(N(s); 0<s<T),B=(Xo=0,Y1=91,---.Ym =9gm), 0 <n <m.
Then

G(AN(N(H) =n) N (N(T) =m) N B) = AN (N(t) =n) N (N(T) = m) N¢y(B) =
Aﬂ(N(t) = n)ﬂ(N(T) = m)m((XmYl, . 7Yn) = Son(ivgla ce 7gn)7Yn+l =9n+1y--- Yy = gm)a

and so, thanks to the invertibility of ¢,

11
B |G]™
= Pr(A,N(t) =n, N(T) = m, B).

Pr (g (AN (N(£) = n) 0 (N(T) =m) N B)) = Q¢, (4, N(t) = n, N(T) = m)

Since these events form a set closed under finite intersections and generate Fy, the equality
Pr (¢ (A)) = Pr(A) follows for all A € Fr. Analogously, Pz (¢, '(A)) = Pr(A) for all A € Fr.
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The unitary family ¥; is a quantum extension of the deterministic invertible evolution v, as
\IIImF\IIt:mpwt, VFGLOO(]P)T), 0<t<T.

In order to study the quantum stochastic calculus properties of the family of operators Wy,
we need to introduce a good isomorphism between L?(Qr) and a Fock space I'[L2((0,7); 3)]. We
take 3 = L?(u¢) with its canonical basis {|g)} e and we choose the isomorphism which diago-
nalizes the number processes A4 (t) and which maps the state e(vo), with vo(t) = >, /A/IG||g)
for all 0 <t < T, to the constant function 1 € L?(Q7). Denoted by ur the Lebesgue measure on
(0,T), let us make the identification L%((0,T);3) = L?(uc ® pr) so that every v : (0,T) — 3,
v(t) = 32, v4(t)]g), corresponds to v: G x (0,T) — C, v(g,t) = V]G vy(t). Thus we introduce
the isomorphism

Ir : T[L*((0,7);:3)] — L*(Qr),
N(T)
1 1 v(Yy, )
I _ - 2 —)\T ny-+n L2 T . i
rle@] = e (= gl + 337) TT =375 ve L @ pn)ne(0.7):3)
The operator I is an isometry which turns out to be unitary thanks to the chaotic representation
property of the Poisson process. Then

I Mgy (t) I = m, p), Vge G, 0<t<T,

and Ir[e(vg)] = 1. Any choice of a state n € T[L%((0,7);3)] with  # e(vg) corresponds to a
change of probability on G, that is the choice of a probability with Radon Nikodym derivative
|I7[n]|? with respect to Qr.

Extended I7 to an isomorphism between H ® T'[L?((0,T);3)] and L?(Pr), we define the
family of unitary operators

Vi =110, Ir - HOT[L*((0,T); 3)] — H®T[L*((0,T);3)], 0<t<T. (30)

Thus the unitary quantum evolution in B(H) ® B(T[L?((0,7);3)]), A~ Vi AV;, 0 <t < T,
admits an invariant abelian subalgebra where it gives just the classical evolution oty in L (Pr).
Indeed, the algebra of the multiplication operators {mp, F € L*®(Pr)} C B(L*(Pr)) is
isomorphic to the algebra {Mp := I;'mpIp, F € L®(Pr)} C B(H) ® B(T[L?((0,T);3)]),
where we have

V;t*MF‘/t:MFowta VFELOO(PT), 0<t<T.
In particular, the flow j; associated to V; via (26) is a quantum extension of the classical homo-
morphism j; associated to v, via (20).
Theorem 4. Let ef* be a classical Markov semigroup in a finite state space E and let (22)
be the Markov chain provided by a Poisson dilation (G,¢,q®N ® Qﬁ+). Let H = L%*(ug), let
3 = L?(ug), and let V; be the family of unitary operators (30) in H ® T[L%((0,T);3)]. Then

(1) Vi is a strongly continuous adapted process satisfying the Hudson-Parthasarathy equation

AVi= 3" (Sgy =g )VidAgg(t),  0<E<T,

9,9'€CG (31)
Vo =1,
where S is the unitary operator Z lp(i,9)) (i, g] in H® 3;
A<y
geG
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(2) the quantum stochastic flow ji(a) = V" aV; satisfies, on the algebra of the multiplication
operators, the quantum stochastic differential equation

dju(mg) = 3 e SN2 ) my |65, ) il — mg)dAgg(t),  VF € L®(up): (32)

geG S
(3) taken v(t) =v for all0 <t <T, withv =73 /Ay l9) €3

dg®N ® Qg |g
_ I 2 — + YT
e = S e

— (ji,e(v)) dilates in 0 <t < T the quantum dynamical semigroup e*t, extending et
which is generated by

La=M Y VigGy SjyaSe —a),  acBH). (33)

9.9',9"€G

Before of the proof, let us write explicitly the relation between ¢ and coefficients in (31), that is

Sowr = 3 1)0i, 167, 9) (.

i,jeE
Proof. (1) The family of unitary operators V; is an adapted process in HQT'[L2((0,T); 3)] because
every V; belongs to B(H ® F[L2((O,t);3)]) ® lppre(,1);3)- Indeed, for every h,h’ € L*(ug),
v,v' € L?((0,T);3), 0<t < T,

(h@e)|V,h @e())
_ 1 2 1 112
= exp(AT = S [loll” = 311v'[17)

NT) NGO NO ey
By [ﬁ(X()) (H %) ({h'<xo> %} owfl) 1 1%
=N(t)+

1 1
= exp(AT = 2ol = SI1v']1”)

NI 5(Y,, T) o/ (Yo, Th)
“Er X

= (h@e(lp)|Vih @ e(@'[04)) (e@ler)|e® i),

where the last V; is the operator in H ® I'[L2((0,t); 3)] defined by Eq. (30) with T = ¢, which a
posteriori is identified with its extension in H ® T'[L?((0,T); 3)] for T > t.
The adapted process V4 is strongly continuous. Since V; is unitary for every ¢, it is enough
to prove weak continuity. To see this, let £ € L2(Pr), & € L®(Pr), 0 <t <T,0<t+s<T,
= |N(t+s) — N(t)|. Then

}ET[E \I’tﬂ-sg,}_ET[_ /} S/Q\ff‘
= 1€+ 1€ 0¥y

AN>1

— ¢ oy !| dPr

oy dPr <20l [ 161dPr >0,
AN>1 s—0
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because 1} (w) = 1, ' (w) for all w € (AN = 0) and Pp(AN > 1) =1 —e sl - 0 as s — 0.
Thus Er[€ ¥, ¢'] is continuous for 0 < t < T if £ € L?(P7) and ¢ € L°°(Pr), and the same is
true for £ € L>®(P7) and ¢’ € L?(P7), as the same argument works for W} & = £ o 4. If both
¢ and ¢ belong to L?(P7), then the continuity of Er[¢ ¥, ¢'] follows by standard arguments
taking a sequence &, € L>®(Pr) such that &, — £ in L?(Pr). Therefore ¥y and V; are strongly
continuous.

In order to show that the unitary strongly continuous adapted process V; satisfies the Hudson-
Parthasarathy equation (31), it is enough to show that

f(t) = {(h ® ()| Vi i ® e(v)))
0+ [ (h e X (Sur = o) VaTip () 0y () ' @ (') ds. - (34)

for all h,h' € L*(ug), v,v" € L*((0, T) 3), 0 <t <T. To prove this, we compute the right
derivative of f(t) in the special case v,v" € C([0,T7];3). Let £ = Ir[h ® e(v)], &' = Ir[h @ e(v')],
0<t<t+s<T, AN =N(t+s)—N(t), AN, = Ny(t + s) — N,(t). Then

t

I;
f(t+s) —f(t)

= ETKEM/JHS —Eowt) fl}

:ZET[<EO¢t+S_EOwt) '

=1 Pr(AN = AN, = 1)

+ET[<gowt+s—§°¢t) ' > }]P’T(ANZQ)

=A+ B.

Setting

[v]loo |V oo

1 1
Cr = exp(AT = Zllol* = Z117) Ao 17 loos G = F=2 2,

the second addendum B is bounded as follows:
1B < Exr (|€ o tues] + €0 v])

<201 Er[Cy T AN > 2] Pr(AN > 2)

= 20 (G2~ AT (1 —e N _ Oy s e_CQAS) =o(s), ass—0".

|| AN > 2] Pr(AN > 2)

In order to deal with the first addendum A, for n > 1 let us explicitly introduce the random
variables ert) =Y, 01y, the n-th marks at time ¢. Denoting by ©$» the projection of the map

©n on Gy, (see Eq. (14)), we have

Gn .
YO — v, oy = 4 71 KoY Xn), i To < 8,
Yna lan>t,

so that Y(t+s) = ( ) if T, <t<t+s,and Y(t+s) = ert) =Y, ift < t+s < T,. Denoting by ¢¢
the projection of the map ¢ on G, we also have YTEHS) = ¢%( X, Y,) if Ty <t < T, <t+s.
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Then, for every g € G,

ET{(EOth{‘S_ZOwt) §'|AN = AN, = 1}

1 1
= exp(AT — S [lo]* = S IIY/|°) Ex

( Nﬁ) 6(}/an)fUl(YTHT’TL))
n=N(t+s)+1 A
_ W((bG(Xt, 9)7 TN(t—i—s)) _ 5(9, TN(H—S)) U/(g, TN(H—S))
N — h(X;) ——F=— | (X)) ——F=—+=
((ab(tg)) 7 &) =—x K0 =3
N(t) _
' 1—([) U(Yét),Tn)vl(YnaTn) AN = AN, —
n=1 A ’
N(T) _ /
1 1 (Yo, Tn) v (Yn, In,
= exp()\T - §H11H2 - 5“7/”2) Er H : ))\ ( )
n=N(t+s)+1

_ 909 (X1, 9): TN(t+s) o (9 TN (tts V(9 T (t4s
| (o O g P T) g T 0] ) L0 )
N(t) v (t) /
(Yn ', Tn) v (Ya, Th)
. 3 AN =AN,; =1]|.
n=1
Thus
NT) '
1 1 'UYnaTn v Y?"an
Azexp(AT—§||v||2—§||v'||2)ET[ [ elledd
n=N(t+s)+1
- U(¢% (X1, 9),t) 5+ Ulg,t) v'(g,1)
i E h(o (X:, v(qzﬁ(—t,g,_hX ’ WX ’
;{ T[((¢(t9)) Y (X4) ﬁ (Xo) I
N(t) _ v (t) '
] H U(Yn ;Tn)v(YnaTn) AN:ANgzll
n=1 A
(% (X, 9), Tnas)) V(0 Tnvas))  T(6%(Xs, g). )0 (g, 1) —
+E;p < (¢ ( t g) N(t)—i\-)) (g N(t-i-)) _U(¢ ( t>g)?7 )U(g7 )>h(¢E(Xt,g))h/(X0)
(t) v () /
] H 'U(Yn 7Tn)U(YnaTn) AN:ANgzll
n=1 A
59,00 (9.0) 99, Tve) V(9 Tvasn) | -
+ET (U(gvt); (gvt) _U(g7 N(t+ ));\) (g N(t+ )))h(Xt)hl(XO)
N(t) _ v (t) /
(Yo, Tn) v (Yo, Th) AS
. AN =AN, =1 — s
1 X ’ Gl ©
= A+ Ay + Az,

where the three addenda A; correspond to the three expectations enclosed in curly brackets.
Thanks to the continuity of v and v’, every function v(g, ) v'(¢’,r)/\ is continuous with respect
to r, so that there exists a constant C3(s) such that

3 / / - t / /t
0(977’);)(9,7“)_2)(9, );\)(g7 ) §03(8)7 vtg’f'ét—’—S, g,g/€G7
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with C3(s) — 0 as s — 0T. Since t < TN(t4s) < T+ s, both Ay and Az are bounded as follows:

[Ai] < CrEp |3/ TNII] Cy(s) Bp [0 0] Ase

= 0 @2 DMT=8) Cu(s) Ase ™ = o(s), as s — 0%,

Finally, let us show that A;/s converges to the right limit. The following conditional expectation
has an F;-measurable argument and hence it satisfies

[ 20 T v (0 7o) AN = AN, = 1]
fonle} A
| (o) M T oy PO g Y0
' ;ﬁ) ﬁ(Yét),Tn)Av’(Yn, T,)
Lk, [(E( o g TR0 g, v(g)) (N i) Wj’f”)
U’E%) W) ]ﬁ) v’(li;,XTn)} ) wt_ll

S

J,g’

Iy - N
—Er [(Zu, ¢ 160X0, )F0) 222~ Fi(xo) (gﬁt)> <n=1 %)
N

1 *
= X < (Z Sg’g U(g/> t) - U(ga t)) h® €(U|(0’t))|’[),(g, t) Vi n' ® e(vl|(0,t))>
g/
1 1
cexp(=At+ ol 12 + 510100 7).
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Then

Ay 1
2= (AT — Sl ~ Gl

NI ,
)ET[ 1 (Yo, T) 0/ (Y, T)

- Er Kﬁ(qu(Xt, 9) v(¢%(X09)t) nx,) 2ot)
g

N(t) v -(t) /
. H U(Yn ’Tn) v (YTUTTL) AN = ANQ =1 i e—)\s
n=1 A |G|

= (h @ e(|i0)] D (Sggr — bgq7) Tg(t) vy () Ve b @ €(V'[(0,0))) (€(0] (15,7 €V [ t1-5,7)))
99’

1 1
. exp(_§”v|(t,t+s) ”2 - EHUI|(t,t+s)H2)

—— (h®e(v |Z 99’ gg g(t)v;f(t)‘/%h’®e(v')>-

s—>0

Therefore, for every h, h' € H and every v,v" € C([0,T], 3), the function f is a continuous function
with continuous right derivative D f(t) = (h ® e(v)| 32, o/ (Sggr — Igg7) Tg(t) vy (8) Vi B @ e(v")).
Then § is continuously differentiable with df/d¢t = D4f. Finally, the density of C([0,77],3) in
L%([0,T),3) gives Eq. (34) on the whole exponential domain.

(2) The Hudson-Parthasarathy equation (31) for the process V; determines the quantum
stochastic differential equation dji(a) =3, ]t(z 1 Sgng@Sgrg — 5gg/a) dAgy (t) for the quan-

tum stochastic flow ji(a) = Vi a V;. If a = my with f € L>(ug), then

> Shugmy Sgrg =Y > |i)b(i,9)|5, 9" ) (i mg 7Y "o g)) (|
g//

ll Z]Z/]/

= Ogg’ Zl (i, g)lmy |6" (i, 9))il,

so that Eq.(32) follows for every multiplication operator in L?(up).
(3) If we take v = 3", \/Agq|g) € 3 and v(t) = v for every 0 <t < T, then

N(T) N
dg®” ® Qalg
I 2 pr— pr— T .
[ I7[e(v)]| n|:|1 |G| gy, 107

Moreover, since V; satisfies a Hudson-Parthasarathy equation with only dA,, terms, the couple
(jt,e(v)) defines a QDS et in B(H) with Lindblad generator £ admitting representation (23)
with coefficients R, and H given by (25) in the case L, = 0 and Hy = 0. Thus

Rg = Z Sgglljgl, H = 0,
which give, together with our choice of v, the Lindblad operator (33). Then

g = N3 ag i) (67 i, 9) mys |67, ) i) = my) =mpg,  Vf € L ().

geG
icE
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Theorem 4 allows to state that the cocycle vy of a Poisson dilation is a classical analogue of
a Hudson-Parthasarathy cocycle, as it admits a quantum extension V; satisfying the Hudson-
Parthasaraty equation (31). In particular the associated quantum stochastic flow j; satisfies, on
the abelian algebra of the multiplication operators in L?(PP7), the quantum stochastic differential
equation (32), which is just a reformulation in operator terminology of the stochastic differential
equation (21) satisfied by the corresponding classical homomorphism j;.

Moreover, Theorem 4 allows to state that the whole Poisson dilation (G, ¢, ¢®N ® Qﬁ@) of
a CMS e is a classical analogue of a HP-dilation (3,7,V;) of a QDS et, as there is also a
quantum environment state e(v) which gives on side the right initial distribution of the classical
environment to dilate e, and on the other side the right QDS to extend ef.

Let us note also that if (G, ¢, ¢®N ® th) is built as in Theorem 2, then

S0,y = e 1Be(4)) (i,

and the Lindblad operator (33) becomes just the Lindblad operator (24).

All of these results are obtained for an arbitrary but finite time horizon T" > 0. They are
consistent with respect to T', but it is not possible to set T' = 400, as there is no isomorphism
I, and v(t) = v for all t > 0 does not belong to L?(Ry;3). Thus, starting from 1; and V;, we
can introduce separately the groups ¢; and «a; and the groups ©; and Uy, but we do not have a
Hilbert space isomorphism to show that the group of x-automorphisms (28) gives the group of
x-automorphisms oa; on an invariant abelian subalgebra of multiplication operators.

In order to avoid the finite time horizon and to find a correspondence between the two
dilations holding for all times, one can look at a Poisson dilation under other isomorphisms
different from I7. For example, one can consider the usual isomorphism

I:T[L*(Ry433)] — L*(Q),

Tle(w)] = exp (——H - ﬂ <s>ds)H(1+“Y"—ﬂ), v € Cl(0, +00):3),
geG n=1

such that

~ ~ )\ )\
I Py, I = Agg(t) + € (AT( )+Ag(t)) + @t, Vge G, 0<t< oo,

and 1| [e(0)] = 1. This choice leads now to a strongly continuous adapted process of unitary
operators V, = 120, T in H® [[L?(Ry;3)] defined for all ¢ > 0. Nevertheless the new Hudson-
Parthasarathy equation is not as simple as (31) and it is anyhow related to (31) by a Weyl
transformation. Moreover, still no state € T[L2(R4;3)] can give [I[n]|> = d¢®" th/d(@

Rt

on Gg,, and again we can recover the right semigroups e™ and e£t only up to a finite time T,

namely by choosing an environment state e(v),

o(t) = {EQEG (\/qﬂ—A— \/%) lg), if0<t<T,
u(

t), ift>T,

with an arbitrary u € L?((T, +00); 3).

In order to eliminate the finite time horizon one can also leave the Hilbert space approach and
study this correspondence on some C*-algebras of bounded operators, but then the connection
with quantum stochastic calculus is less direct. Anyway the basic result remains Theorem 4,
which can be employed to find the preferred isomorphism.
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Let us conclude by remarking that, if Theorem 4 allows to interpret a Poisson dilation as
a classical analogue of a HP-dilation, at the same time Eq. (31) is only a particular case of a
Hudson-Parthasarathy equation, so that it also suggests that other classical analogues could be
found by coupling the system E with processes different from counting processes.
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