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Abstract

We derive a family of Hardy-Rellich type inequalities in H?(Q) N H{(2) involving the scalar
product between Hessian matrices. The constants found are optimal and the existence of a boundary

remainder term is discussed.
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1 Introduction

Let @ ¢ RV(N > 2) be a bounded domain (open and connected) with Lipschitz boundary. By
combining interpolation inequalities (see [1, Corollary 4.16]) with the classical Poincaré inequality, the
Sobolev space H?(2) N H(Q) becomes a Hilbert space when endowed with the scalar product

N
(u,v) = /QDQU -D*vdx = Z /Qﬁizjuafjvdm for all u,v € H*(Q) N Hi(Q), (1)
ij=1

which induces the norm || D?ul|; := ([, D*u - D*udx) V2 _ (fq | D?ul? dx) 12,
If, furthermore, Q2 satisfies a uniform outer ball condition, see [3, Definition 1.2], some of the derivatives
in (1) may be dropped. Then, the bilinear form

(u,v) :== / AuAvdz  for all u,v € H*(Q) N HY(Q) (2)
Q

defines a scalar product on H?(Q) N H} () with corresponding norm ||Aully := ([, |Au|? dz) 2
Easily, || D?ul|3 > 1/N|Aul|3, for every u € H?(Q) N H(Q). The converse inequality follows from [3,
Theorem 2.2].

A well-known generalization of the first order Hardy inequality [15, 16] to the second order is the
so-called Hardy-Rellich inequality [19] which reads

N2(N — 4)? 2
/ |Aul? dz > ()/ 2z for all u € HZ(Q). (3)
0 16 a |=|*
N . . N2(N-4)2 . .
Here @ C R™ (N > 5) is a bounded domain such that 0 € Q and the constant —7z—— is optimal,
in the sense that it is the largest possible. Further generalizations to (3) have appeared in [9] and in
[17]. In [11] the validity of (3) was extended to the space H? N H}(f2), see also [12]. One may wonder
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what happens in (3), if we replace the L?-norm of the laplacian with ||D?ul|3. In HZ(Q), a density

20N A\2
argument and two integrations by parts yield that W is still the “best” constant. In H?NH{ ()
the answer is less obvious and, to our knowledge, the corresponding inequality is not known, not even
when €2 is smooth. This regard motivates the present paper.

Let v be the exterior unit normal at 02, we set

2,12
co = () = inf M (4)
HOHQ\H(Q)  [pq up do
The above definition makes sense as soon as €2 has Lipschitz boundary. Indeed, the normal derivative to
a Lipschitz domain is defined almost everywhere on 99 so that u, € L?(9Q) for any u € H? N H ().
By the compactness of the embedding H2(Q2) C H'(09) (see [18, Chapter 2 - Theorem 6.2]), the
infimum in (4) is attained and ¢o > 0.

For ¢ > —¢p, we aim to determine the largest h(c) > 0 such that

2

u

/ |D?u|? dz + c/ u? do > h(c)/ ——dz  forallu € H* N Hy(1). (5)
Q o0 a ||

In Section 3, for 9 € C2, we prove that there exists Oy = Cn () € (—co, +00) such that:

- h(c) < ]\[2(]1\[76_4)2, for ¢ € (—cp, C) and the equality is achieved in (5).

- h(c) = W, for ¢ € [Cn,+00) and, if ¢ > Cn (u # 0), the inequality is strict in (5).

When  satisfies a suitable geometrical condition (see (25) in the following) and C' = C, we show
that the equality cannot be achieved in (5). At last, we derive lower and upper bounds for Cy and
we discuss its sign, see Theorem 1 and Remark 3.

If Q = B, the unit ball in RV (N > 5), several computations can be done explicitly. In Section 5, we

show that ¢o(B) =1, Cn(B) = N —3 — w and we determine the (radial) functions for

which the equality holds in (5) (when ¢ < Cy). In particular, for all w € H* N H}(B) \ {0}, we show

that
2(N? —4N +38 N?(N —4)° >
/\D2u12da:+ N—3—‘/( +8) / uida>()/“dx (6)
B 2 OB 16 B |z*

and the constants are optimal.
It’s worth noting that Cn(B) is positive when N > 7, negative when N = 5,6, see Figure 1. Hence,
in lower dimensions, the following Hardy-Rellich inequality (with a boundary remainder term) holds
N2(N —4)? 2
/ |D?u|? dz > ()/ L dx +|Cn| / u? do for all w € H* N H}(B) \ {0},
B 16 B |z B

where |C5| = 1/13/2 — 2 and |Cs| = /10 — 3. While, if N > 7, the “best” constant h(0) is no longer
the classical Hardy-Rellich one and we prove

N —1)(N —5)(2N — 2
/ |D?ul? do > ( I 45)( 5)/ ’uﬁdx for all uw € H*N Hy(B). (7)
B B T
Here, (N_l)(NZ5)(2N_5) < NZ(%_ZL)? and the equality in (7) is achieved by a unique positive radial

function, see Theorem 2 in Section 5.

The plan of the paper is the following: in Section 2 we prove existence and positivity of solutions to
a suitable biharmonic linear problem. The boundary conditions considered arise from (5). In Section
3 we state our statement about the family of inequalities (5) while, in Section 4, we put its proof. At
last, in Section 5, we focus on the case {2 = B and we prove (6) and (7). The Appendix contains the
proof of some estimates we need in Section 3.
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Figure 1: The plot of the map (—c¢p, +00) € ¢ — h(c) when Q@ = B, N =5 or N = 8 (right). Hs and
Hjg denote the Hardy-Rellich constants, co(B) = 1.

2 Preliminaries

Let @ € RY(N > 2) be a Lipschitz bounded domain which satisfies a uniform outer ball condition.
We recall the definition of the first Steklov eigenvalue

Aul?d
do = do(Q) = inf Jo|Aul*dz.
H2NHYQ\HZ(Q)  [oq i do

(8)

From the compactness of the embedding H?(Q2) ¢ H'(9Q), the infimum in (8) is attained. Further-
more, due to [6], we know that the corresponding minimizer is unique, positive in 2 and solves the
equation A%y = 0 in €, subject the conditions v = 0 = Au — dyu, on 9.

Next, we assume that 92 € C? and we denote with |©2| and |99 the Lebesgue measures of £ and 95).

There holds
_ 102

— |Q’ Y

see, for instance, [10, Theorem 1.8]. Let K(z) denote the mean curvature of 9Q at =,

do(€2)

K :=minK K = K(z).
K :=min (x) and max (x) 9)

If Q is convex, it was proved in [10, Theorem 1.7] that
do(Q) > NK . (10)

Notice that we adopt the convention that K is positive where the domain is convex.
Finally, from [14, Theorem 3.1.1.1] we recall

/ |Au|? dx = / |D?ul?dz 4+ (N — 1) K(z)u?do for all u € H> N H(Q). (11)
Q Q o0

Identity (11) is the basic ingredient to prove

Proposition 1. Let Q be a bounded domain with C? boundary, let co and do be as in (4) and (8), K
and K as in (9). There holds

do(£2)
N

maX{do(Q) ~(N-DE; } < () < do(®) — (N = DE. (12)

Furthermore, if ) is convex, then



(i) co > K and the equality holds if and only if Q is a ball;

(13) the minimizer ug of (4) is unique (up to a multiplicative constant) and, if ug(zg) > 0 for some
xo € Q, then ug >0, —Aug >0 in Q and (ug), < 0 on Q.
If Q = B, the unit ball in RY, since K (z) = 1, Proposition 1-(7) yields co(B) = 1.
Proof.  The estimates in (12) follow by combining (11) with (4) and (8). For the lower bound
do(Q)/N, we exploit the fact that || D?*u||3 > 1/N|Aul3, for every u € H(Q) N HL ().
Let © be convex, by (10) and (12), ¢g > K. If ¢ = K, by (10) and (12), we deduce that dy = NK
and, by [10, Theorem 1.7], Q must be a ball. On the other hand, if Q is a ball, then K = K and, by

(12), we get ¢ = dy — (N — 1) K. Since, from [10], dy = NK, statement (i) follows at once.
To prove statement (ii), by (11), we write (12) as

" Jo |Au?dz — (N = 1) [, K(z)uldo
co= in :
T mmi@)\E @) Joq uz do

(13)

Let up be a minimizer to cy. As in [6], we define @ip € H% N HZ () as the unique (weak) solution to

—A’L_L() = |AUO| in Q
g =0 on 0f).

By the maximum principle for superharmonic functions,
lugl <@g inQ  and |(ug)y| < |(@o)y| on 0N .

If Aug changes sign, then the above inequalities are strict and, since K is positive, by (13), we infer

_ fQ |Au0|2 dr — (N —1) faQ K(z) (UO)g do > fQ ’A710|2 dr — (N —1) faQ K(z) (ﬂo)g do
faQ (UO)IQ/ do faQ ("aO)z% do ’
a contradiction. This noticed, a further application of the maximum principle yields the positivity

issue. Uniqueness follows by standard arguments. That is, by exploiting the fact that a (positive)
minimizer to (4) solves the linear problem (15), here below, for f =0 and ¢ = —c¢p. O

€o

Remark 1. The problem of dealing with domains having a nonsmooth boundary goes beyond the
purposes of the present paper. We limit ourselves to make a couple of remarks on the topic.

If we drop the regularity assumption on 0S), identity (11) is, in general, no longer true. Hence, the
previous proof cannot be carried out. Assume that Q C RN (N > 2) is a bounded domain with Lipschitz
boundary which satisfies an outer ball condition. Due to [3], we know that there exist a sequence of
smooth domains Q, 7 Q, with 0Qy, € C°°, and a real constant C' such that the mean curvatures
satisfy K (x) > C, for every x € 0Q and m > 1. Next, for u € H>N H(Q) fized, define the sequence
of functions {tm }m>1 such that u, € H> N HE(Q) solves

—Au,, = —Au m Qn,
Uy, = 0 on 0Q,.

When C > 0, from (11), it is readily deduced that

/ ]Dzum|2dx§/|Au|2dx
Qm Q



while, if C' < 0, we get

/ |D2um|2dx§/ |Au|? dz — (N —1)C (Um)2 do < <1—|—(N_1)|C|>/|Au]2d:c,
U Q do(£2) Q

O

where dy is as in (8). Then, by a standard weak convergence argument, see [14, Theorem 3.2.1.2], one
concludes that

/Q [D*uf* da < (1+7(Q)) /Q |[Au*dz for allu € H* N Hy(€), (14)

where y(2) =0, if C >0, and v(Q) = (N — 1)|C|)/do(R2), otherwise.
Obviously, (14) does not replace (11). However, it can be exploited to obtain the first part of Proposition
1 for domains satisfying the above mentioned (weaker) regqularity assumptions.

For every ¢ > —cg and for f € L?(€2), we will consider the linear problem

A%y = f(x) inQ
u=20 on 0N (15)
Uy + cuy, =0 on 9.

This choice of boundary conditions will be convenient in the next Section.
By solutions to (15) we mean weak solutions, that is functions u € H? N H}(£2) such that

/DQU'DQUdl'—i-C/ ul,vl,da:/fvdx for all v € H?> N HL(Q). (16)
Q a0 Q
Indeed, formally, two integrations by parts give
/D2u-D2vdx—/A2uvdx+/ Uy Uy do for all v € H> N H}(Q), (17)
Q Q o0

see [7, formula (36)]. Then, plugging (17) into (16), by standard density arguments, we infer that u
solves (15) pointwise. Since the boundary conditions in (15) have the same principal part of Navier
boundary conditions (v = 0 = Au on Jf2), they must satisfy the so-called complementing conditions
[4]. See also [13, formula (2.22)]. Hence, standard elliptic regularity theory applies. Therefore, if
00 € C* and f € L?(Q), then u € H*(Q) and (17) makes sense.
Solutions to (16) correspond to critical points of the functional

1

I(u) === /|D2u\2daz+c/ u? do —/fudx for u € H> N H(R).
2 \Ja B Q

For ¢ > —cp, I. turns to be coercive. Since it is also strictly convex, there exists a unique critical point
u, which is the global minimum of I.. When 9 € C?, thanks to (11), I. writes

1

I(u) == /|Au!2d:v/ ae(z) u? do /fud:c for u € H>N HY(Q),
2 \Ja o9 Q

where a.(z) := (N — 1)K (x) — ¢, for every z € 0f2. Then, the minimizer u. to I. also satisfies

/ Au, Avdx — / ae(z) (ue)y vy, do = / fodx for all v € H? N H}(Q). (18)
Q o0 Q



From [13, Definition 5.21]|, we know that (18) is the definition of weak solutions to the equation
A%y = f in Q, subject to Steklov boundary conditions (with nonconstant parameter ). Namely,
u=0=Au—a.(x)u, on . Arguing as in the proof of [13, Theorem 5.22], if . > 0 and 0 # f > 0,
we infer that the minimizer u. to I. is positive. Furthermore, —Au, > 0 in Q and (u.), < 0 on 9.
We conclude that AZ?, subject to the boundary conditions in (15), satisfies the positivity preserving
property (p.p.p. in the following) if

—cp<c<(N—-1)K(x) forevery z € 00.

Notice that, if only the positivity of w is concerned, the lower bound for p.p.p. (a. > 0) can be
weakened, see [13, Theorem 5.22].
We collect the conclusions so far drawn in the following

Proposition 2. Let Q C RY(N > 2) be a Lipschitz bounded domain and co be as in (4). For every
c > —cp, we have

(i) for every f € L*(Q), problem (15) admits a unique solution u € H* N H}(Q). Moreover, if
f € H¥Q) and 9Q € CF** for some k > 0, then u € H¥4(Q).

(ii) Assume, furthermore, that Q is convex, 0Q € C? and K is as in (9). Then, for every c €
(—co, (N =1)K], if f >0 (f £0) in Q, the solution u of (15) satisfies u > 0, —Au > 0 in Q
and u, < 0 on 0L.

Remark 2. The convezxity assumption in Proposition 2-(ii) is only needed to assure the non-emptiness
of the interval (—co, (N — 1)K] in which p.p.p. holds. If 2 is not convex, by (12), the same goal can
be achieved by assuming that ) satisfies one of the following inequalities

N(N = 1)|K[ <do(Q) or (N —1)(K+|K]) < do(Q). (19)

Compare with Proposition 3 in the Appendiz.

3 Hardy-Rellich type inequalities with a boundary term

Before stating our results, we recall some facts from [5]. Set Hy := NEN—A® - pop every bounded

16
domain € such that 0 €  and for every h € [0, Hy|, we know that
2
/Q\Auy?da; > h/Q ;ﬁdx +d1(h) /8Q uldo  forall ue H>NHHQ). (20)

The optimal constant dj(h) is achieved, if and only if h < Hp, by a unique positive function u;, €
H? N HY(Q). Furthermore, 0 < dy(h) < d1(0) = dp, with do as in (8). When di(Hy) > 0 (this was
established only for strictly starshaped domains, namely such that rgsi)n(a? -v) > 0), (20) readily gives

the Hardy-Rellich inequality (3) (for u € H? N H}(£2)) plus a boundary remainder term. See also the
Appendix.

Let cg be as in (4). To obtain (5), for ¢ > —¢p, we consider the minimization problem

h(c) := inf fQ |D2u\2 do + Cf‘m (ul,)z do .

H2NHE()\{0} o % dz

(21)

Clearly, h(c) > 0 and h(—cg) = 0. On the other hand, since [ |D?ul*dz = [, |Au|*dz, for all
u € HZ(), (3) yields h(c) < Hy.



Formally, for every ¢ > —c¢ fixed, the Euler equation corresponding to (21) is the eigenvalue problem
Ay=h"" nQ
U= on 0f) (22)
Uy, +cu, =0 on 9.

Indeed, by solutions to (22) we mean functions u € H? N H}(2) such that

/DQUDzvdx—l—c/ u,,v,,do*:h/uvzldm for all v € H2N HY(Q), (23)
Q o0 Q |zl

see Section 2. By elliptic regularity, any solution to (22) belongs to C*°(£2\ {0}), whereas, up to the
boundary, the solution is smooth as the boundary, see again Section 2. We prove

Theorem 1. Let Q C RN (N > 5) be a bounded domain such that 0 € Q and 9 € C2. Let cy be as
in (4) and h(c) be as in (21). If ¢ > —cyg, then h(c) > 0 and

2
/ ’D2u|2 dx+c/ u?dsS > h(c)/ u—4d:1: for allu € H* N HY (D). (24)
Q 0 o |7l
Furthermore, there exists Cy = Cn(Q) € (—co, (N — 1)K — d1(Hy)], where K is as in (9) and di(h)
is as in (20), such that
(1) h(c) is increasing, concave and continuous with respect to ¢ € (—cg, Cn];
(i7) h(c) = Hy for every ¢ > Ch.

Moreover, the infimum in (21) is not achieved if ¢ > Cy, achieved if —co < ¢ < Cn and the minimizer
u. € H2 N H(Q) solves (22) with h = h(c).
Let now € be such that the following inequality is satisfied

(N = 1)(K - K) < di(Hy) for every N =5, (25)

where K is as in (9). Then, h(Cn)(= Hy) is not achieved. Furthermore, for every —cy < ¢ < Cy,
the minimizer u. of h(c) is unique, strictly positive, superharmonic in Q and (uc), < 0 on OS.

Condition (25) excludes domains for which the curvature of the boundary has wide oscillations. This
requirement is trivially satisfied if Q is a ball (K = K). On the other hand, if € is not a ball, (25)
yields di(Hpy) > 0. To our knowledge, this issue has only been proved for strictly starshaped domains,
see [5]. In the Appendix, by slightly modifying the proof of [5, Theorem 1], we provide an explicit
constant Dy = Dy (£2) > 0 such that di(Hy) > m Dy, where m := Iggzn(x -v) > 0. Hence, when ) is

strictly starshaped, in stead of (25), one may check that
(N-1)(K - K)<mDy forevery N>5,

where Dy comes from (42) with h = Hy.
Theorem 1 as the following

Corollary 1. Let Q C RN (N > 5) be a bounded domain such that 0 € 2 and 9 € C2. There exists
an optimal constant C € (—co, (N — 1)K — di(Hy)] such that

N2(N — 4)? 2
/\D%f d:B—I—CN/ u?,dSz()/uéld:c Yue H>NHLQ). (26)
Q o9 16 a |zl

Furthermore, if Q satisfies (25), the inequality in (26) is strict (for u Z 0).



Remark 3. When Q = B, the unit ball in RN (N > 5), Cn can be computed explicitly and we get

2(NZ — 4N +38)
2 )

Cn(B)=N—1—dj(Hy)=N—3— v

see Section 5 for the details. Hence, in this case, the upper bound for Cn (given in Corollary 1) is
sharp. As already remarked in the Introduction, Cn(B) > 0 if and only if N > 7. In the next Section
(see, Lemma 2) we show that, if Q is such that the following inequality is satisfied

(N-1)(K—-K)<dy—di(Hy —36) for every N >5 and for some § >0, (27)
then Cn > (N — 1)K — di(Hn). When Q) is convez, this estimate supports the conjecture
there exists N = N(Q) >5: Cny(Q) >0, for N> N.

This issue could be proved by providing a suitable upper bound for di(Hy). Notice that, in view of
(10), the estimate di(Hn) < do(2) does not suffices to deduce the sign of C.

On the other hand, if (25) holds and K < 0 (Q is not convex), the upper bound for Cn in Corollary
1 yields Cy < 0, for every N > 5.

4 Proof of Theorem 1 and Corollary 1

We use the same notations of the previous section. First we prove

Lemma 1. Let Q C RN (N >5) be a Lipschitz bounded domain which satisfies a uniform outer ball
condition and such that 0 € Q. If h(c) < Hy for some ¢ > —co, then the infimum in (21) is attained.
Moreover, a minimizer weakly solves problem (22) for h = h(c).

Proof. Let {u;,} C H2N HL(Q) be a minimizing sequence for h(c) such that

/ Ui gy 1. (28)

Then,
/ | D?u,, | dx + c/ (um)2do = h(c) +o(1) asm — +oo. (29)
Q o0

For ¢ > —cp, this shows that {u,,} is bounded in H? N H{ (). Exploiting the compactness of the
trace map H?(Q) — H!(052), we conclude that there exists u € H? N H}(£2) such that

Um

Uy, — U in H?N H&(Q), (Um)y — uy  in L2(3Q), W — W in LQ(Q)a (30)

up to a subsequence.
Now, from [10] we know that the space H>NH}(12), endowed with (2), admits the following orthogonal

decomposition
H>NH{(Q) =W @ HZ(Q), (31)

where W is the completion of

V={velC™Q): A% =0, v=0on 00}



with respect to the norm induced by (2). Furthermore, if u € H? N H} () and if u = w + 2 is the
corresponding orthogonal decomposition with w € W and z € Hg (Q), then w and z are weak solutions
to

AZw =0 in € A2z = A%y in Q
w=0 on 0f) and z2=0 on 0f)
(w)y = uy on 0N (2), =0 on 0N} .

By this, the functions u,,, as given at the beginning, may be written as u,, = wy, + z;,, where w,, € W
and z,, € H3(Q). Assume now that (30) holds with u = 0. By the ﬁrst of the above Dirichlet problems,

we deduce that w,, — 0 in H2 N H}(Q) and, in particular, that — z |2 — 0in L?(2). This yields

/|D2um\2dx:/ |D2zm]2dx+0(1):/ |Azy,|? dx + o(1) (32)
Q Q Q

u? 22
— dx = / T dr +
Jyffi = [ fe o+ o0
Then, by (3), (28)-(29)-(30) and the fact that h(c) < Hy, we infer that

and

Hy > h(c) + o(1) :/ D2y |? d + o(1) :/ |Azm[2de + o(1) > Hy +o(1),
Q Q

a contradiction. Hence, u # 0. If we set vy, := Uy, — u, from (30) we obtain

vm =0 in H2OHNQ),  (vm)y — 0 in L2(89), (’% 0 in LX(Q), (33)
T
In view of (33), we may rewrite (29) as
/ |D%u|? dx +/ | D%y, |2 da + c/ u? do = h(c) + o(1). (34)
Q Q oN
Moreover, by (28), (33) and the Brezis-Lieb Lemma [8], we have
u? u? v2 u? 1
1= mdaz—/ dr + [ % dx+ o(1 /dx+/Avm2dx+01
e A Y Y T
/ LR / | D20y |2 dz + o(1)
o |z* Hy Jo o " ’

where the last equality is achieved by exploiting the decomposition (31), as explained above. Since
h(c) > 0, the just proved inequality gives

u2

h(c)gh(c)/ s +— / D20, dz + o(1),.

Q

By combining this with (34), we obtain

/|D2u|2d:1:+c/ u? do
Q o0

gh(c)/g”z;d +<’;§]"3— )/QyD%m\?dHoa)gh(c)/‘Z;d:pﬂ(l)

which shows that u # 0 is a minimizer.



Remark 4. If 90 € C?, to deduce (32), one may exploit (11) instead of the decomposition (31). We
leave here this (longer) proof since it highlights that the regularity assumption on 0S) (in the statement
of Theorem 1) is not due to the eristence issue.

Next, we show

Lemma 2. Let Q C RN (N > 5) be a bounded domain, with 0 € C? and such that 0 € Q. The map
(—cp,+00) 3 ¢+ h(c) is nondecreasing (increasing when achieved), concave, hence, continuous and

h(c) = Hy for every c¢> (N —1)K —dy(Hy).
Moreover, if Q satisfies (27) and Hy — 6 < h < Hy, then
h(c) < h forevery —co<c<(N-—-1)K —di(h).

Proof.  The properties of h(c) follow from its definition, we only need to prove the estimates. By
(11), the infimum in (21) may be rewritten as

h(c) = inf Jo |Aul? dz — faQ () (uy)? do

we H2NHE()\{0} Jo i da

, (35)

where a.(z) = (N — 1)K (x) — ¢, as defined in Section 2. Then, if a.(z) < d;(Hy) for every z € 01,
by (20), h(c) = Hy and the first estimate follows. Similarly, if a.(z) > di(h) for every x € 99, by
(20), we get the second estimate. Notice that assumption (27), suitably combined with (12), ensures
that (N — 1)K — dy(h) > —cp, for every Hy — 0 < h < Hy. O

By Lemma 2, the number
Cn = inf{c > —cp : h(c) = Hy} (36)

is well-defined. Furthermore, we have
(N-1)K —di(Hy) < Cy < (N - 1)K — di(Hy), (37)
where the lower bound has been proved for 2 satisfying (27). Then, we show

Lemma 3. Let Q C RN (N > 5) be a bounded domain such that 0 € Q and 0Q € C%. Let Cy be
as in (36), then the infimum in (21) is not achieved if ¢ > Cp, achieved if —cy < ¢ < Cn and the
minimizer (weakly) solves problem (22) for h = h(c).

Assume, furthermore, that Q0 satisfies (25). Then, for every —co < ¢ < Cy, h(c) is achieved by a
unique positive function u. which satisfies —Au, > 0 in Q and (u.), < 0 on 0Q while, h(Cy) is not
achieved.

Proof. The first part of the statement comes from the definition of Cy combined with the previous
lemmata. To prove the second part, we write (21) as in (35). From (25), combined with (37), we have
that Cy < (N —1)K. Then, a.(x) > 0 for every z € 9Q and for every —cy < ¢ < Cn. Hence, we may
argue as in the proof of Proposition 1-(i7), to deduce the positivity of a minimizer u., together with
the fact that —Awu, > 0 in Q and (u.), < 0 on 9. Since problem (22) is linear, once the positivity of
a minimizer is known, the proof of its uniqueness is standard.

It remains to show that h(c) is not achieved for ¢ = Cl. If a minimizer of h(Cy) exists, it would be
a positive and superharmonic solution, vanishing on 9f2, to the equation in (22) with h = Hy. Then,
the same argument of [2, Theorem 2.2- (i7)] gives a contradiction. O

The proofs of Theorem 1 and Corollary 1 follow by combining the statements of the above lemmata.
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5 Radial setting

When Q = B, the unit ball in RN (N > 5), the mean curvature K = 1. Then, for what remarked in
Section 2, problems (20) and (21) become almost equivalent. Indeed, let uj be the function achieving
the equality in (20), for some 0 < h < Hpy. Then, by (35), u is also the minimizer of h(c) for
¢c=cp=N—1—di(h) and h(c) = h (or, equivalently, u;, achieves the equality in (5)). Furthermore,
the map [0, Hy) > h — ¢}, is increasing, ¢p = —1 and cg,, = C, where Cy is as in (37).
We briefly sketch the computations to determine (explicitly) the minimizer of h(c). As in [5, Section
5], we introduce an auxiliary parameter 0 < o < N — 4 and we set

H(a) = a(a+4)(a+4—2N)(oz+8—2N). (38)

16

The map o — H(«) is increasing, H(0) = 0 and H(N —4) = Hy so that 0 < H(a) < Hy for all
a € [0, N —4]. For a < N — 4, let yy(a) := /N2 — a2 + 2a(N — 4) and

4—N+vyn ()

Uo(x) = |2["2 — |2~ 2 € H*NHy(B).
The function @, is a positive solution to problem (22) with h = H(«) < Hy and ¢ = ¢(«), where

a? —a(N —5) = N?2+3N —4+ (N - 3)yn ()
a+4—N+9y(a) '

cla) :== (39)

The map [0, N — 4] 5 o+ ¢(«) is increasing, ¢(0) = —1 and

V2(N2 — 4N +38)

Cny=c¢N—-4)=N-3- 2

Since the first eigenfunction wuy,( of problem (22) is unique (by Lemma 3), when 2 = B, it must be
a radial function. Furthermore, uy () turns to be the only positive eigenfunction. To see this, let Vh(e)
be another positive eigenfunction, corresponding to some h(c) > h(c). Write (23), first with uj,(.) and
test with vy, then with vy and test with uy(). Subtracting, we get

Uh(c)Vn(c) = / Uh(c)Vh(c)
hie) | MR g0 — ey [ MO g
@ [ " © J, Tt

a contradiction. By this, we conclude that up() = Uq, where ¢ = c(a). Namely, U, is the minimizer
of h(c(a)) = H(w) for every o € [0, N —4). In turn, this shows

Theorem 2. For every 0 < a < N — 4, there holds
2
/ |D?u|? dx —|—c(a)/ u?do > H(a)/ 2 dz for allu € H> N HY(B),
B dB B |z

where H(«) and c(a) are defined in (38) and (39). Furthermore, the best constant H(«) is attained if
and only if 0 < a < N — 4, by multiples of the function

_a 4—N+v/N2—a242a(N—4)
Ua(z) = [2]72 —|z] 2

As a Corollary of Theorem 2, we readily get (6) and (7). We just remark that, to get (7), one has to
determine the unique solution ay to the equation

cla)=0 for a€(0,N—4) and N >7.
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By (39), we have that
cla)=0 < ao'—2(N-5)a® 25N —13)a® +4(N? —7TN +8)+8(N? —3N +2)=0
and the above polynomial can be factorized as follows

(a+1—V2N-1)(a+1+V2N—-1)(a—N+4—+/N?2—4AN +8)(a — N+4+ /N2 —4N +38).

Then, since a € (0, N —4) and N > 7, we obtain the unique solution ay = /2N — 1 — 1. Finally,
H(ay), with H(«) as in (38), is the optimal constant in (7). See also Figure 1 for the trace of the
curve (0, N —4) 5 a — (¢(er), H()) (or, equivalently, the plot of the map (—cp, +00) 3 ¢ — h(c)),
when N =5 and N = 8.

Appendix

Let © ¢ RY(N > 5) be a bounded domain such that 0 € Q and 92 € C?. Denote by |Q] its
N —dimensional Lebesgue measure and by wy = |B|, where B is the unit ball. Finally, set v = jg ~
2.42, where jo is the first positive zero of the Bessel function Jy, and

N(N—4) [(wy\
Ay = A(@) = Y24 (av) T (40)
2 €
Let Hy := ]\[2(11\776_4)2. From [11, Theorem 2|, we know that
2 ZL2 ’LL2
/yAu\ da;zHN/4da;+AN/ ——dz forall u € H* N Hy(9). (41)
Q a |zl a |zl

Next we prove

Proposition 3. Let 0 < h < Hy and di(h) be the optimal constant in (20). If Q is strictly starshaped

with respect to the origin, then

2ANm
> _ SONT 49
d0>d1(h)—MAN+h+4’ (42)

where dy is as in (8), Ay is as in (40), M := I%%X|l‘|2 and m = rg}zn(x V).

Proof. For 0 < h < Hpy, let up, € H? N H}(Q) be the (positive and superharmonic) function

which achieves the equality in (20). Notice that uj solves the equation in (22) subject the conditions
up, = 0= Aup, = dy(h)(up), on 0. By (41), we get
2 2 Ui Ui, U,
dlh/ uhyda:/Auh dx—h/dxz HN—h/dx—i-AN/da:. 43
(1) Jppl oo = Jo Ve o Jolt 47 2 V0 o T oot @

Next, in the spirit of the computations performed in [5, Theorem 1], we deduce

/u'zld:n = /(|:z:]2u )uhdac—l/(lmFu ) A2y, dx
olel?™ T Jo T T R T T g

1 1
= /A(|x|2uh) Auhdw—/ 2|2 Aup, (up), do
h Jo h Joq

1 dy(h
= / Auyp, (2Nuh +4x - Vup, + |x|2Auh) dx — 1(h) / |z|? (up)? do .
h Jo h Joa
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From [17, formula (1.3)], we have

N —2 1
/Auh(:c-VUh)dx = / |Vuh|2dx+/ (z - v)(up); do
0 2 Jo 2 Joa
= —M/uhAuhd:c+1/ (z-v)(up)? do
2 /g 2

0N

and we conclude

2 1 1
/”’gdx_ /(4uhAuh 4 |ac]2|Auh]2)d:p+/ 2z v) — di(h) |2[2) (up)2 do.
o || h Jq h Jaq

Finally, by exploiting the Young’s inequality

/ upAuy, dx
Q

R 2m — Mdy (h)
1—|—>/hdx2/ up)? do
( 7 ) Jo a2 h o)

where m and M are defined in the statement. Plugging this into (43), (42) follows for h < Hy.

The estimate for dy(Hy) comes by letting h — Hp in (42). Indeed, by definition of dy(Hy), we know
that for all £ > 0 there exists u. € H? N H(Q) \ H3() such that

2
U
—hdx,

1/ 2 2
< - |l’| |Auh| dx +
4 Ja q |z)?

we deduce

U2
fQ |Au.|? de — Hy fQ e dx
7|

< di(H .
Ty (r2)2 5 1(Hr) +e
Then, for all h < Hy we have
2 2
fQ\AuEPdQ:fHNfQ‘Zﬁda: fQIZﬁd:U
di(Hn) < di(h) < Hy —h)———
1{Hy) < di(h) < Joq (ue)? do + (Hy )faQ (ue)} do
< dl(HN) + e+ CE(HN — h)
Hence,
li = H
Jm di(h) = di(Hn)
and we conclude. O
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