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Abstract

Mesh-based simulations play a key role when modeling complex physical systems that, in many disciplines
across science and engineering, require the solution of parametrized time-dependent nonlinear partial dif-
ferential equations (PDEs). In this context, full order models (FOMs), such as those relying on the finite
element method, can reach high levels of accuracy, however often yielding intensive simulations to run. For
this reason, surrogate models are developed to replace computationally expensive solvers with more efficient
ones, which can strike favorable trade-offs between accuracy and efficiency. This work explores the poten-
tial usage of graph neural networks (GNNs) for the simulation of time-dependent PDEs in the presence of
geometrical variability. In particular, we propose a systematic strategy to build surrogate models based on
a data-driven time-stepping scheme where a GNN architecture is used to efficiently evolve the system. With
respect to the majority of surrogate models, the proposed approach stands out for its ability of tackling prob-
lems with parameter dependent spatial domains, while simultaneously generalizing to different geometries
and mesh resolutions. We assess the effectiveness of the proposed approach through a series of numerical
experiments, involving both two- and three-dimensional problems, showing that GNNs can provide a valid
alternative to traditional surrogate models in terms of computational efficiency and generalization to new
scenarios. We also assess, from a numerical standpoint, the importance of using GNNs, rather than classical
dense deep neural networks, for the proposed framework.

1. Introduction

Thanks to accurate and reliable numerical simulations, we are now able to simulate, monitor and forecast
very complex physical phenomena such as those arising in computational physics, biology and engineering.
However, when it comes to many-query applications, such as, e.g., optimal control and uncertainty quan-
tification tasks, the elevated computational cost constitutes a major limitation that hinders the effective
potential of numerical simulations.

As already explored by several researchers, one way to overcome this complexity is to rely on surrogate
models: suitable emulators that are capable of replicating the outputs of classical PDE solvers - thereby
referred to as Full Order Models (FOM) - at a reduced computational cost. This practice is also known
as Reduced Order Modeling (ROM). As of today, domain practitioners can count on a very large number
of ROM techniques, each with its own advantages and limitations. Just to mention some of them, these
include: intrusive and non-intrusive projection-based ROMs [30, 37, 21, 22, 15, 16|, which can effectively
tackle diffusive problems, especially in the case of affinely parametrized operators; adaptive methods based
on, e.g., ROM augmentation [7, 20], clustering [19], interpolation [1] or space-time splittings [32], which
are particularly suited for modeling shock waves, Hamiltonian systems, etc.; nonlinear reduction techniques
based on, e.g., spectral submanifolds [6, 27] and library representations [4], which can provide users with
solid theoretical guarantees; Deep-Learning based ROMs (DL-ROMs) relying on deep autoencoders, which, if
provided with enough data, can address both stationary and time-dependent problems, even in the presence
of severe nonlinearities and singular behaviors [12, 10, 13, 5, 8, 9, 38|.

All these approaches are grounded on a common assumption, that is: the underlying FOM must be
identified once and for all, with a fixed spatial discretization and a precise number of degrees of freedom
(dofs) Np. This fact, however, poses a major limitation when having to deal with PDEs defined over
parametrized domains.



Assume for instance that the governing equations depend on a vector of geometrical parameters p, which
can affect the shape and the configuration of the underlying spatial domain © = €),,. Then, at the discrete
level, each p instance will correspond to a suitable high-fidelity mesh MZ entailing N 3 dofs. The issue, here,
is that as soon as we change the value of the geometrical parameters, say from p to p’ # p, the total number
of dofs might change, NV [j, # N I’j; furthermore, in general, even if N ﬁ, =N LL, we will not be able to match
the dofs in the two meshes. For projection-based ROMs, this makes the construction of a unique projection
matrix V. € RM X" impossible; similarly, we cannot rely on naive DL-ROMs as these would require the
construction of an autoencoder network ¥ o ¥ with ¥’ : RV — R™ and ¥’ : R” — R™». Local techniques
based on clustering algorithms can partially resolve this issue by providing a different projector V; for each
parametric instance p; observed in the so-called offfine stage, with i = 1,...,q. However, this approach
would incur in severe limitations during its online usage, as the resulting ROM would not be applicable
whenever a new parametric instance p ¢ {p;}7_; is given. Similar issues are encountered when dealing with
FOMs that use mesh-adaptive strategies, even if the geometry is kept fixed.

The purpose of this work is to overcome these limitations by relying on Graph Neural Networks (GNNs),
thus providing a flexible approach to surrogate modeling that is capable of handling geometric variability
and generalizing to unseen geometries. The idea is inspired by the recent successes of GNNs in scientific
applications [44, 45, 23] and shares some similarities, that we discuss below, with other recent works.

1.1. GNNs in surrogate and reduced order modeling

GNNs are a particular class of neural network architectures that were originally proposed as a way to
handle statistical data defined over graphs [42, 3]. To simplify, given a (directed) graph G = (V, E) with
vertices V' and edges £ C V x V, a GNN is a computational unit that can receive a set of node features at
input, v : V — R!, and return a corresponding set of node features at output v’ : V — RY. The same GNN
unit can process data coming from different graphs. The only restrictions are: i) the size of the input and
output features, [ and ', respectively; ii) the fact that each input-output pair must be defined over the same
graph.

This is possible because, differently from other architectures such as dense deep feed forward networks
(DNNs), GNNs adopt a local perspective: information is processed at the nodal level through a combination
of message-passing steps (communication of nearby nodes) and aggregation routines. This added flexibility
makes GNN capable of handling data defined over different graphs and, eventually, provides them with the
ability to generalize over unseen geometries. In the Deep-Learning literature, this fact is known as relational
inductive bias. In general, the term inductive bias refers to the ability of a learning algorithm to prioritize
one solution (or interpretation) over another, independently of the observed training data, and it can express
(explicitly or implicitly) assumptions about either the data-generating process or the space of solutions|3].
In the case of GNNs, the implicit assumption is that the output of a given neuron is primarily affected by
its neighbouring neurons (thus the term relational), so that local effects are stronger than global ones.

Our idea for the present work is to exploit the capabilities of GNNs in order to learn a nonintrusive data-
driven time-stepping scheme for evolving high dimensional parameter dependent dynamical systems. To this
end, we interpret discrete FOM solutions

T NP
u, = (U1, vuu,N[:] € R™w
as collections of nodal features u,, : V,, —+ R, were
Nh
Vi ={xuitiy
are the vertices of the underlying mesh (sorted coherently with the FOM dofs), so that
Uy (Xpi) = uﬁ).

Then, this graph-mesh equivalence allows us to construct a GNN module that can evolve discrete solutions
defined over different meshes (and different domains).



This work finds its main inspiration in a recent contribution by Pfaff et al.[34], where the authors pro-
pose a GNN architecture for learning mesh-based simulations in a time-dependent framework. Our purpose
is to transpose their ideas to the realm of ROM for parametrized PDEs, and to propose a systematic ap-
proach for handling geometric variability. To this end, we shall adopt a purely mathematical perspective, as
to convey the overall idea in the language that ROM practitioners are mostly familiar with.

Nonetheless, aside from the surrounding framework and the mathematical formalism, our proposal also
features a few practical differences with respect to the work by Pffaf et al., namely: i) the introduction of
global features, which we use to extend the overall approach to nonautonomous systems and, possibly, to
PDEs that depend both on physical and geometrical parameters; ii) the definition of the loss function, which
we complement with an additional term concerning the approximation of the time-derivative; iii) an explicit
superimposition of a Runge-Kutta-like time-stepping scheme.

In this sense, our work is much closer to the one by Pegolotti et al.[33], where the authors explore the use
of GNNs for reduced order modeling of cardiovascular systems. Still, their framework remains quite different
from ours as they only consider a fixed number of possible geometries, thus not allowing for a continuous
parametrization, and they focus on a specific physical system. A more flexible use of GNNs is found in the
recent contribution by Gladstone et al.[14], where a similar paradigms is exploited to surrogate classical PDE
solvers. Their analysis, however, is limited to time-independent PDEs and does not transfer to dynamical
systems.

Finally, for what concerns surrogate and reduced order modeling, we mention that some authors are
also exploring the integration of GNNs together with ROM techniques: see, e.g., the GCA-ROM, a GNN-
variation of the DL-ROM approach recently proposed by Pichi et al.[35] Nonetheless, these techniques are
extremely different with respect to our proposal, as, in order to tackle both stationary and time-dependent
PDEs, they neglect the dynamical nature of the system, that is: they treat time as an additional parameter,
thus ignoring the Markovian structure that characterizes the majority of evolution equations.

1.2. Outline of the paper

The paper is organized as follows. First, in Section 2, we formally introduce the problem of surrogate
modeling for parametrized dynamical systems. Then, in Section 3, we provide the reader with the funda-
mental building blocks required for our construction and present the corresponding GNN architectures. We
then put things into action in Section 4, where we dive into the details of the proposed approach. Finally,
we devote Section 5 to the numerical experiments.

2. Modeling time-dependent PDEs

We consider a PDE system depending on a set of input parameters g € ©, where the parameter space
© C RP is a bounded and closed set; in our analysis, input parameters may represent both physical and
geometrical properties of the system, like, e.g., material properties, boundary conditions, or the shape of the
domain itself. For the time being, however, we focus on the treatment of geometrical parameters, since the
extension to the case where both physical and geometrical parameters is straightforward. Throughout the
paper, we adopt a fully algebraic perspective and assume that the governing equations have already been
discretized in space by means of a suitable high-fidelity approximation — which, here, is allowed to depend
on p — such as, e.g., the finite element method. Regardless of the spatial discretization adopted, the FOM
can be expressed as a nonlinear, high-dimensional parametrized dynamical system. Hence, given pu € O, we
aim at solving the initial value problem:

{ﬁﬂ(t) =f(tuu(t),p),  t€(0,7), (1)

u,(0) = gu,
where u,, : [0,7) — RV: is the parametric solution to (1), while
gy €RYM: and f£(-,-,p): (0,T) x RV — RNu

are the initial condition and a - possibly nonlinear - function encoding the dynamics of the system, respec-

tively. The FOM dimension, N, I’}, is related to the finite dimensional subspaces introduced for the sake of



space discretization — here h > 0 denotes a discretization parameter, such as the maximum diameter of the
elements in the computational mesh MZ; consequently, N[LL can be extremely large if the PDE problem
describes complex physical behaviors and/or high degrees of accuracy are required for its solution. Further-
more, the number of degrees of freedom (dofs) of the problem may depend on the geometrical parameters
contained in p since, by modifying their values, the number of vertices in the computational mesh MZ can
vary. We thus aim at approximating the set

S={uu(t) te0,T), pecOCR}C [ JRY% (2)
nee

of the solutions to (1) when (¢; ) varies in [0,7) x ©, also referred to as solution manifold.

In order to numerically approximate problem (1), even at the FOM level, one must rely on suitable
time-integration schemes, such as the backward differentation formulae [36]. Thus, having fixed a uniform
partition of (0,7') in N, equally spaced subintervals, and by denoting with u™, the solution u at time
t" = nAt, where At := T /Ny, our ultimate aim is to solve:

un+1 711”

173 123 :f thrl un+1 > O
~ A S fET ), 20, 3)
uz =gu.

Equation (3) requires the solution, at each time instance, of a nonlinear system depending on the input
parameter vector p which may entail high computational times, especially when dealing with a multi-query
or real-time context. To achieve computational efficiency, multi-query analysis and real-time problems must
rely on suitable surrogate models which can be built according to different strategies. Motivated by this,
our goal is the efficient approximation of the solution manifold in (2) by decreasing the complexity related
to the solution of the FOM and preserving high level of accuracy.

In this work, we introduce a Deep Learning-based surrogate model that exploits graph neural networks
(GNNs) [17] to efficiently evolve the time-discrete dynamical system in (3). Here, the use of GNNs is
motivated by their unique ability of handling data defined on different graphs/meshes, which can result in
extremely flexible models capable of generalizing to new, unseen, geometries and spatial resolutions (in the
Deep Learning literature, this fact is usually referred to as relational inductive bias[3]). In mathematical
terms, we aim at constructing a GNN architecture ® such that:

uZH ~ ®(uy,,t", ).

From an abstract point of view, the above can be seen as an extension of the MeshGraphNet model as
originally proposed by Pfaff et al.[34]: here, in fact, the time variable is included explicitly, which allows us
to address the more general case of nonautonomous systems.

3. Graph Neural Networks

GNNs were initially conceived as an extension of convolutional neural networks (CNNs) to operate on
graph-structured data and overcome their limitations in this domain. In graph theory, graphs are used to
describe systems made of nodes and their connections (edges). An image can be regarded as a graph with
regular and well-organized connections in the Euclidean space, where each pixel corresponds to a node in the
graph. In this particular case, the aforementioned CNN architectures can exploit the peculiar structure of
the graph to extract meaningful spatial features. However, these models become inapplicable as soon as the
structure of the underlying graph becomes slightly more sophisticated: in practice, this fact has remarkable
consequences as in many real-time applications (e.g., traffic networks, socialnetworks) data are naturally
defined over general, possibly non-Euclidean, graphs.

To promote the use of Deep Learning in those applications, GNNs were developed to extract spatial
features over general graphs, by inspecting neighboring nodes, with arbitrary connection in a non-Euclidean
space [31, 47]. Thus, GNNs can be considered as a generalized version of CNNs over general graphs. Clearly,
this generalization comes with some differences between the two architectures. For instance, while the out-
puts of CNNs are affected by the ordering of the pixels, the same is not true for GNNs, as the action of
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Figure 1: Message propagation and aggregation. The information is broadcasted from different levels of depth of the
graph. For each node, at each message passing step,the information is collected from the neighbors and aggregated.
In this way, adding message-passing steps can be seen as connecting nodes which can also be far from each other.
Figure courtesy of Phillip Lippe (University of Amsterdam, QUVA lab).

the latter is uniquely determined by the connectivity of the graph (in this concern, note, for instance, that
the connectivity of an image remains the same even if we flip it either vertically or horizontally). Moreover,
GNNs adopt a graph-in, graph-out architecture meaning that these model types accept a graph as input,
with information loaded into its nodes and edges, and progressively transform these embeddings, without
changing the connectivity of the input graph: in contrast, CNN layers usually modify the resolution of the
input upon their action.

The fundamental ingredient of a basic GNN layer is the so-called message passing operation, which en-
ables the aggregation of node information while leveraging the depth of the graph. More precisely, a message
passing step consists of two components:

e message computation: each node creates a message to be sent to other nodes later;
e aggregation: each node aggregates the messages from the neighborhood.

This message-passing propagation can be seen as an information retrieval task from different levels of depth
of the graph. A simple visualization of the message propagation is shown in Figure 1. For each node, the
information comes from the neighbors. In this way, adding message-passing steps can be seen as connecting
nodes that can be also far from each other. Graph-based algorithms, such as, e.g, graph convolutional
networks [26], GraphSage [18], graph attention networks [46], graph transformer operator [43] and interaction
networks [2], differ in the way the message is computed and the aggregation is performed. In particular,
depending on the chosen framework, the message-passing step may also involve the edges of the graph, where
a corresponding set of edge features can be loaded: in the next few pages, we shall describe this situation in
full mathematical detail, as it will be of key importance for our construction.

In order to perform a message-passing operation, GNNs leverage on suitable data structures for repre-

senting the topology and connectivity of the graph. In this concern, a classical choice is to exploit the edge
connectivity matrix, that is, a neqges X 2 matrix where each row k contains the indices of the source and
destination nodes of the kth edge; this allows GNNs to stash the overall topology of the graph with a memory
complexity of O(nedqqges). Roughly speaking, this is equivalent to storing a sparse version of the adjacency
matrix of the graph, which, in principle, consists of O(n2_,.,) entries.
Before coming to our own use of GNNs for surrogate modeling, within this Section we take the chance
to present some of the fundamental ingredients required for our construction. In particular, we shall de-
scribe in mathematical terms the concept of message-passing, and we shall introduce a particular GNN
architecture known as the Encoder-Processor-Decoder model.

3.1.  The message-passing block: formal definition

Given | € N, a graph-forward-pass with [ hidden features is a computational unit ' = F (v, e, G) that
takes as input

i) a directed graph structure, G = (V, E);



ii) a collection of vertex features, v : V — R/;
iii) a collection of edge features, e : E — R

and outputs a new collection of vertex features with [-features per node, namely
F(v,e,G):V — R.

We think of F' as an object that transforms the vertex features associated to the nodes in the graph.

In GNN architectures, a message-passing block is a particular type of graph-forward-pass routine that
exploits the local structure of the input graph G, only allowing communication of nearby nodes. Specifically,
a message-passing block F' is comprised of two Multi-Layer Perceptron|[29] (MLP) units,

¥y : R?* 5 R and 4. : R¥ — R,

that completely characterize the action of F. However, in order to properly explain how the forward pass is
carried out, we first need to introduce some notation. Given a graph G = (V, E) and a collection of vertex
features v : V — R!, we write v;, and vou for the maps

vin  E > R Vout : F — R

given by
Vin(V1,02) == 0(v1),  Vout(v1,v2) 1= v(v2),

respectively, where (v1,v2) € F represents an oriented edge going from vy to vy. In other words, passing
from v to vy, is equivalent to transferring the information from the nodes to the edges, with the convention
that a given edge inherits the features from its own source node. Similarly, going from v to veyt is a way for
storing the information about the destination nodes.

In the same spirit, it is also useful to define the dual operation, which transfers information from the
edges to the nodes. More precisely, given e : £ — R!, we shall write € for the map € : V — R! defined as

e(v) = Z e(vy,v),

(v1,0)EE

that is, to go from e to €, we collapse all the features corresponding to edges with the same destination node.
Lastly, we shall denote by & the concatenation operator. Specifically, given any two functions with a
common domain, e.g., f : X — R and g : X — R?, we write f @ g to intend the map from Q to R*+? given
by
f @g(:z:) = [fl(l’), ) fa(:v),gl(x), s vgb(x)L
where x € X is a generic input, while f; and g; are the i¢th and jth components at the output of f and g,
respectively.

We now have all the ingredients to rigorously define the forward-pass of a message-passing block. The
action of a message-passing block F' with [ hidden features and computational units v, 1., is defined as

F(v,6,G) = ¢y 0 (08 Pe 0 (e ® vin & Vow) ) (4)

where, as usual, o denotes functional composition.

In plain words, Eq. (4) states that the vertex features at output, F(v,e,G), are obtained as follows:
first, the information available in the graph vertices is transferred to the edges and concatenated with the
existing features, e ® vy, B Vous; then, an MLP, ., is applied to the extended features to extract meaningful
information; the latter, is then transferred back to the node vertices, yielding . o (€ ® viy @ vVous). These
hidden features — which now live of the graph vertices — are then appended to the original ones and later fed
to a terminal MLP block, here given by 1,,.

In general, we remark that the action of a message-passing step (v,e,G) — F(v,e,G) is nonlinear
because of the two MLPs, v, and ., entering the pipeline.




Remark 1. Note that the operations v — vy, V > Voy and € — €, require an exact knowledge of the graph
structure G. Here, this fact is left implicit to keep the notation lighter.

Remark 2. In the literature, GNNs have been defined in several ways. One major difference lies in that
some authors only talk about «node featuresy, without contemplating the existence of «edge featuresy». Here,
we are adopting one of the most recent formulation of GNNs, as proposed by Battaglia et al.[3] Nonetheless,
we believe that finding connections between different definitions can enhance practical understanding. To this
end, we mention that in the classical formulation by Scarselli et al. (that is, without edge features), a major
role is played by the «aggregation steps, in which information coming from neighbouring nodes is collapsed
onto a single value, e.g. via summation (see Equation 3 in the original work by Scarselli et al. [42]). Here,
the same effect can be obtained via v — Vi S Vour — (N — 1) - v, where n : V. — N is a feature map that
returns the connectivity of each node, whereas - stands for pairwise multiplication.

3.2. The Encoder-Processor-Decoder model

The Encoder-Processor-Decoder model is a powerful GNN-based architecture that can process mesh-
based data [3, 34, 41]. More precisely, the latter accepts as input:

i) a directed graph G = (V, E) associated to some mesh .# embedded in a suitable ambient space R?, so
that V C RY;

ii) an input signal defined over the mesh vertices, namely u : V" — RY;
ili) a global feature vector, £ € R®, describing a given nonspatial property of the system (e.g., time).

Then, the output of such a model is a new signal v’ : V — RY" defined over the given mesh.

As the name suggests, the Encoder-Processor-Decoder model is comprised of three modules, which we
explain in detail below. These are all characterized by a common hidden-dimension, [ € N, which we assume
to be fixed hereon.

3.2.1. Encoder module

The encoder module is used to preprocess the input data and return a collection of hidden features de-
fined, respectively, over the graph vertices &, = &,(u, &, G) and the edge vertices & = £.(G). The two are
obtained as follows.

The node features &,(u,§, ), are computed by combining a fixed nonlearnable transformation together
with an MLP unit ¥ : Rats+1 5 R! that maps onto the hidden-state space. The former has the purpose of
expanding the node features with information coming from the global variables, £, and the graph G. More
precisely, let bg : V' — {0, 1} be a flag for those nodes that lie on the boundary of the mesh, i.e., bg(v) =1
if and only if v is a boundary vertex. Then, the action of &, reads

Ev(u,&,G) =T%o (udEDbg), (5)

so that &,(u,&,G) : V — RL Here, with little abuse of notation, we have identified the vector ¢ with
a constant map defined over V. As we mentioned, the preliminary transformation w — u ® & @ bg is
nonlearnable and has the sole purpose of augmenting the nodal features; conversely, the MLP unit introduces
a learnable block that is optimized during training.

The edge features £.(G) are computed following similar ideas. First, a set of nonlearnable features
eq : E — R is extracted starting from the mesh coordinates. This is achieved by letting

o4y 2l +ag

9 9 ey 2 alXI_XZI

ec(x1,%2) 1=

where (x1,%2) € E. In other words, eg maps each edge to a vector containing the coordinates of its midpoint
together with the edge length. These preliminary features are then fed to an MLP V¢ : R 5 R e,

Ee(u,&,G) := Vg oeg, (6)

which returns the encoded edge features.
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Figure 2: Visual representation of the Encoder-Processor-Decoder model, Section 3.2. Rigid arrows represent algorithmic
computations (learnable and nonlearnable), while dashed arrows act as pointers (no computation implied). In gray, the encoder
module, Egs. (5)-(6); in blue, the message-passing-blocks defining the processor unit, Eq. (7); in green, the decoder module,

Eq. (8).

3.2.2. Processor module

The encoded features, v := &,(u,§,G) and e := £.(G), are then elaborated by a GNN-based unit, called
the processor P. The latter consists of m message-passing-blocks, Fi,..., F,,, each one acting as in (4).
More precisely, the output of the processor module is given by

P(v,e,G):= Fy(hny,e,G), (7)

where

h1:v
hj+1:Fj(hj,e,G) j:].,...,mf].,

so that the final output is obtained by applying the blocks Fi,..., F,, iteratively. We highlight how each
message-passing-step transforms the node features but not the edge features. We also point out that, since
a single message-passing-block allows neighbouring nodes to exchange information, a processor module with
m units allows communication between nodes that are m edges faraway. Thus, by changing the number
of message-passing-steps, one can move from local to nonlocal transforms (with the latter possibly being
more expressive). However, we must also mention that large values of m may give rise to oversmoothing
phenomenal[40], reason for which, in practice, a suitable compromise is required.

8.2.3. Decoder module

In the end, the processor outputs some collection of node features v’ := P(v, e, G), with v’ : V — RL
At this point, a terminal module, called the decoder, is exploited to recover the desired output. Here, we
assume the latter to be consistent with the input signal w, and thus consist of ¢ nodal features. In practice,
this is achieved by relying on a suitable MLP unit ¥p : RY — RY, that transforms the original [ features onto
the ¢ desired ones. In other words, the decoder module operates nodewise, and its action can be written as

D) :=¥pov'. (8)

8.2.4. Qwerall architecture
To summarize, the computational workflow of an Encoder-Processor-Decoder model reads

®(u,§,G) :=D(P(Eu(u,§,G),E(G), G)). 9)

The reader can also find a visual depiction of Eq. (9) in Figure 2. Since the notation might be troublesome,
we remark that the output of the Encoder-Processor-Decoder, ¢ := ®(u, £, G), is nothing but a collection of
g-dimensional node features ¢ : V- — R9.



Remark 3. In the literature of surrogate and reduced order modeling, the words «Encodery and «Decoders
are often associated to the concept of dimensionality reduction, where the two objects operate, respectively, to
achieve data compression and reconstruction. Here, however, the meaning is completely different. The en-
coder module acts as a feature extractor and, in general, may increase the dimension of the input; conversely,
the decoder module is used to map the nodal feature space onto the nodal output space (usually decreasing
the dimension at each node), so to recover the quantities of interest. While the notation might be confusing
to some of the readers, we have decided to stick to the one adopted by the GNN community [34, 41].

4. Application to surrogate modeling of parametrized PDEs

Our goal is to predict an approximate solution @1 at time t"*!, given the state of the system at time ¢”,
for each node i =1,... ,Nﬁ of the computational mesh MZ, that is

Q(uy,,t", p) ~ uZH.

Inspired by the general form of explicit Runge-Kutta methods, we model the time stepping scheme ® by
letting -
O(v,t", p) = v—I—AtCI)(V,t",./\/lZ), (10)

where @ is a GNN architecture based on the Encoder-Processor-Decoder paradigm. Here, with little abuse
of notation, we are identifying the computational mesh MZ with its underlying graph G, = (V,, EL),

and the dof vector uj; € RV: with its corresponding vertex feature map wj, : V, — R. We also remark
that in Eq. (10), the GNN model is made aware of the current time instant: in fact, according to our
notation in Section 3.2, the latter is being interpreted as a global feature & = ¢". Therefore, the proposed
approach aims at modeling the time-stepping scheme using an Encoder-Processor-Decoder architecture, @,
that incorporates both the nodal features at a specific time instance t”, as well as the geometrical features
of the mesh. The architecture aggregates information from neighboring nodes, processes it, and decodes the
system solution at time #"*1. This allows us to evaluate Equation (10) independently of the number of dofs,
while simultaneously accounting for the graph structure of the mesh. In particular, this makes it possible
to train the model using a variety of different geometries and subsequently predict solutions for new meshes
that were not included in the training data.

This flexibility is guaranteed by the relational inductive bias of GNNs, which ultimately comes the
message-passing paradigm: the model first computes the messages between neighboring nodes, and then
performs a suitable aggregation of the information. In contrast, models based on FFNNs and CNNs are
constrained by the number of nodes in the computational mesh, which prevents them from generalizing to
different domains. The same issue is also encountered by other architectures, such as Mesh-Informed Neural
Networks[11] (MINNSs): in fact, even though MINNs can handle very complicated geometries at reduced
training times, their implementation requires fixing the shape of the spatial domain and the resolution of
the space discretization. In this sense, the additional flexibility provided by GNNs is extremely valuable.

4.1. Training and testing algorithms

From an operational point of view, the GNN model ® in (10) is trained on a suitable dataset of FOM
solutions that serves as a ground truth reference. More precisely, after having constructed and initialized
the GNN model, we exploit the FOM solver to generate a collection of training snapshots,

{pi, u?”7 e ugt } Nerain
containing a total of N, different trajectories, each corresponding to a different geometrical configuration
. For the sake of simplicity, we assume that all the trajectories consist of N; snapshots in time: however,
this assumption is not fundamental to our construction and it can easily dropped.

Let 6 be the vector collecting all the parameters of the GNN module. To emphasize the dependency of
the latter on @, let us write ®g in place of ®. We train the GNN architecture by minimizing the loss function
below

Nirain Ne—1 Nirain N¢—1
“"):"(”1 ST - Ate(u Mty > S l%—%(uﬁﬁﬂMﬁ»f)’

i=1 n=0 i=1 n=0
(11)



where ¢ = 1/Nirain Nt is a normalizing factor, whereas w; and wq are suitable hyperparameters to be tuned
manually. The term 1}, instead, refers to a suitable finite-difference approximation of the ground truth
time-derivative (e.g., computed by relying either on the forward or backward formulae). The loss function
in (11) is made of two contributes: the first one, quantifies the error of the time-stepping scheme after a
single iteration; the second one, instead, links the FOM derivative with the output of the GNN model. In
particular, we do not rely on full rollouts or any other form of recursive training: this allows us to fully
exploit the capabilities of GPUs tensor calculus and mitigate memory usage.

Clearly, the downside to this is that, even after a successful training, our GNN model might be subject
to error propagation when advancing in time multiple times. To limit this issue and ensure robust rollouts,
we exploit the following strategies. At each epoch, that is, at each iteration of the optimization routine:

e we do not directly optimize (11), but rather rely on randomly selected mini-batches;

e we gitter the input data with random Gaussian noise, as to limit the sensitivity of ® and to enhance
the stability of the rollouts at prediction;

In practice, the optimization of the GNN model is carried out by relying on back-propagation [39] and
ADAM |[25], with a variable learning rate that we decrease by a factor v > 0 after a specific number of
epochs (see Algorithm 1). In general, the training of the GNN model can be carried out iteratively until
a stopping criterion is met. For instance, one may simply stop the training after a predefined number of
epochs, see, e.g., Algorithm 1. Once the model has been trained and a suitable vector of parameters 8* has
been selected, the GNN is fully operational. That is, given any configuration of the geometric parameters p
and any initial condition u?“ we can exploit the GNN model and (10) online to evolve the system iteratively

and produce a complete rollout {ay, Ne |, where

o

ptl=o(uy,t",u) n>0 (12)
a,

= qu.
Here, to further improve stability, one may also enforce any external constraint, such as Dirichlet boundary
conditions, at each time iteration.

To test the quality of the GNN surrogate, we compare its predictions with those of the FOM for a set
of new parameter instances. In particular, differently from the training stage, we now compare the overall
trajectories and use the GNN to produce full rollouts of the solution. Quantitatively, we compute the
prediction error as the relative MSE (RMSE) error between the network prediction and the ground truth
solution:

1 Ne. 1 N 1o ay, — uf?
RMSE(Q,,...,0,"; u”,...,u#‘)ZEZW, (13)
n=1 4

where the GNN rollout is obtained as in (12).

5. Numerical experiments

In this Section, we assess the capabilities of the proposed approach over three advection-diffusion problems
of increasing complexity:

e a scalar diffusion in a 2D square with a circular obstacle and a time-varying advection term:;
e a 2D Stokes flow in proximity of a bump;
e a 3D Stokes flow around a cylinder.

All the examples are characterized by parameter dependent spatial domains, where a given obstacle is
allowed to move across the domain, with possible changes in terms of shape and dimension. In this way, we
can effectively test the ability of GNNs in handling geometric variability.
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Algorithm 1 Training Algorithm

Input: network ®; timestep At; a list of Nypqn training trajectories U (each of length Ny); a list of edge
connectivity matrices E; a list of edge features matrices W a list of inner nodes I; learning rate v; decay

factor ~; number of training epochs epochs; batch size Nj; noise variance o2.

Output: optimal model parameters 8*.
1: epoch = 0.

2: Randomly initialize °.
3: while epoch < maz__epoch do

4:  Create the list indices = [1, ..., Nirqin] and shuffle it randomly.

5 for sim in indices do

6: Ugim = Ulsim], Uy, € RN XNeXd where NV is the total number of time instances, Ny, = Np, (fsim)
are the mesh dofs and ¢ is the number of node features.

7 Egim = E[szm], Egm € RNeagesx2,

8: W im = Wlsim], W, € RNeasesXNe where N, is the number of edge features.

9: Ly = I[sim], Ly, € RVr with I,,[i] = 1 if node 7 is an inner node, 0 otherwise.

10: b=0.

11: while b < N; do

12: U, = Usim[b: b—|—Nb]

13: Create noise tensor ¥ = ¢Z where Z € RNo*Nixa i5 5 random tensor with N; inner nodes.

14: Initialize U,,pi5¢ = Up.

15: Unoise[:a Iszm} += X

16: Calculate target derivative Ugor = (Up[l 3] — Upoisel: —1])/At.

17: Make a forward pass through the network ®(U,pise, Egim, Wsim)-

18: Calculate network solution Uper = Uppise|: —1] + AtD.

19: Calculate training loss Lp.

20: Back-propagation through the net and parameters update: 8 = ADAM(v, 8°).

21: 6% =0'.

22: b <+ b+ Np.

23: end while

24:  end for

25:  if mod(epoch, 500) = 0 then

26: Reduce learning rate by a factor .
27:  end if

28:  epoch < epoch + 1.

29: end while

Pick the last weights updated 6*.

5.1. Advection-Diffusion problem in a square domain with a circular obstacle

To start, we consider the following advection-diffusion problem:

%mmm-w:o in Q x (0,7

wx,y)=(z - 1%+ (y—1)% on 9 x (0,7 (14)
UO(I7y) = ($ - 1)2 + (y - 1)2 in Qa
where Q = (0,1)?\ C, with

C={(z,y): (x—c)’+(y—cy)* <(0.15)%}.
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Problem MP MLP | Activ | Epochs Batch Ir ¥ o2 w; W
steps layers (max)  size

Adve-diff | 12 2 32 SiLU | 1500 25 1073 01 10 0 1

Stokes 2D | 18 2 32 SiLU | 3000 25 103 0.1 100 05 05

Stokes 3D | 15 2 32 SiLU | 2000 25 107* 01 107° 05 0.5

Table 1: GNN architecture and training hyperparameters for the three case studies. MP = message passing, MLP layers =
(common) depth of all the MLP units in the Encoder-Processor-Decoder pipeline, I = (local) feature space dimension, Ir =
learning rate, v = learning rate decay factor (applied every 500 epochs), 02 = noise variance, w; loss function weights. SiLU
= Sigmoid weighted Linear Unit, x — x/(1 + exp(—z)).

Here, we set T =2, D = 0.1 and b(¢t) = [1 —t,1 —¢]. In particular, due to the time-varying convection field,
b, the resulting dynamical system can be regarded as nonautonomous. In our simulations, we parametrize
the center of the circle as

p=(cg,cy) €0 :={(z,y): 0<x <1, y>05}

which we let vary as we generate the training data. In agreement with Equations (1)-(3), the ground truth
FOM simulations of Problem (14) are obtained by first discretizing in space via P1 Continuous Galerkin
Finite Elements, and then in time using the Backward Euler Method. The time step chosen is At = 0.02,
resulting in 101 time snapshots for each simulation. We also mention that, following our notation in Section
3, we have ¢ = 1, as the solutions to (14) are scalar fields.

5.1.1. Problem data

We collected a dataset composed of 100 simulations, each obtained for a different position of the center
of the obstacle, with a number of mesh nodes varying from 770 to 790. The training set is composed of 80
randomly selected simulations, while the remaining 20 are kept for testing.

For what concerns the design of the GNN architecture and its training, we have reported a synthetic
overview in Table 1. In particular, in this case, we adopt a simplified loss function that only features the
approximation of the time-derivative; in other words, we set w; = 0 and we = 1 in Equation (11).

5.1.2. Numerical results

Results are in Table 2. As we can see, all the predictions RMSEs are of order 1073 to 10~*. Moreover,
our model outperforms significantly the ground truth solver in the simulation time at testing stage. The
dynamic of the problem is well predicted and no propagation errors are spotted. Hence, our model appears
capable of solving problems concerning evolutionary PDEs, in that it can approximate multiple time steps
in a stable way. Still, it is worth looking at some of the simulations obtained during the testing phase, as to
further appreciate the ability of the proposed approach in handling different geometric configurations. For
instance, Figures 3 and 4 show two different GNN rollouts corresponding to two different positions of the
obstacle. Despite these trajectories being different from the ones seen during training, the model manages
to capture all the main features characterizing the solutions, such as the behavior near the obstacle and the
direction of propagation.

We highlight that a GNN-based approach follows a local-to-global paradigm, first processing information
at the node level (encoder), and then aggregating the output at the neighbour level (processor). Clearly,
the lack of smoothness in PDE solutions can pose some challenges, as GNNs are known to struggle with
capturing such properties. In this sense, it is not surprising to see that the prediction in Figure 4 is worse
than the one in Figure 3. In fact, in the former case, the obstacle is closer to the corner of the spatial domain.
Of note, we mention that the trajectory in Figure 4 is actually the worst across the whole test set.

It is also interesting to see that the prediction error exhibits an oscillating trend. In fact, after a first
increase, the accuracy appears to improve (¢t = 0.5 vs t = 1.00), which is most likely caused by the presence
of a diffusion phenomenon; then, however, the approximation deteriorates again due to the presence of the
convection field, which pushes the errors either towards the obstacle (Figure 3) or the bottom boundary
(Figure 4).
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Figure 3: Test case 1, Advection-Diffusion problem. Prediction obtained for g = (0.29,0.5) with the obstacle close to the source.
First row: rollout prediction. Second row: RMSE related to each time step between the prediction and the corresponding ground
truth solution.

T=0.50 2.00 T=1.00 .00 T=2.00 2.00
175 175 175
1.50 150 1.50
125 125 1.25
1.00 1.00 1.00
0.75 0.75 0.75
0.50 0.50 0.50
0.25 0.25 0.25
0.00 0.00 0.00

s T=1.00 le-5
S 1.44 0.00036
1.28 0.00032
6 112 0.00028
5 0.96 0.00024
a 0.80 0.00020
5 l 0.64 0.00016
0.48 0.00012
2 # ( 0.32 0.00008
1 0.16 0.00004
0 0.00 0.00000

Figure 4: Test case 1, Advection-Diffusion problem. Prediction obtained for g = (0.25,0.75) with the obstacle on the top left
corner. First row: rollout prediction. Second row: RMSE related to each time step between the prediction and the corresponding
ground truth solution.
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Figure 5: Test case 1, Advection-Diffusion problem. Left: L? relative error vs Time plot. The dashed lines represent the first
and the third quantiles of the L2 errors among all the test predictions, while the orange line is the median. The shaded area
can be considered a confidence region for the simulation error. Right: Test RMSE vs message passing steps.

RMSE RMSE RMSE troMm tGNN
(mean) (max) (min)
Adve-diff §5.1 1.20e—3 6.10e—3 4.0e—4 159.80s  9.83s
Stokes 2D §5.2 1.64e—2 7.35e—2 1.2e—3 115.65s  7.51s
Stokes 3D §5.3 4.37e—2 6.2de—2 1.9e—2 729.42s  10.4s

Table 2: Comparison between FOM and GNN-surrogate in terms of model accuracy and computational time for the three case

studies.

We can further appreciate this phenomenon in Figure 5 (top row), where we have synthesized the dynamics
of the relative L2-error. More precisely, the picture shows how the quality of the approximation changes
within time: to account for the variability in the test set, both median and quantile curves are reported. The
trend appears to be fairly general, although the behavior quickly differentiates among different simulations
(note how, as t goes from 0 to 0.25, the upper and lower quartiles rapidly split apart).

5.1.3. The message passing steps hyperparameter

Among all the hyperparameters, the one most influencing the goodness of the model is the number of
message-passing steps. This number represents how much in-depth we look at the neighborhood when we
propagate the message. A small number of message-passing steps may result in underfitted areas of the
mesh, while a big one will slow down the training, increasing too much the number of parameters, possibly
yielding overfitting.

Here, we tuned this parameter via trial and error. A plot of the corresponding results can be seen in
Figure 5 (bottom row). The test RMSE reaches a local minimum for m = 8 message-passing steps. This is
the best choice if we want to keep control of the number of total parameters of the network, which are only
61825 in this case. However, since the architecture obtained for m = 12 is still reasonably complex, we stick
to the latter one. We do not proceed further as the improvement rate, in terms of m, no longer justifies

favoring a larger number of message-passing steps.

5.1.4. Generalization to obstacles with different dimensions

Problem 14 can also be extended to domains in which both the position and the dimension of the
obstacle change. To this end, we modify our training dataset slightly by adding new simulations in which
the obstacle has either a smaller and a larger radiusMathematically speaking, this corresponds to considering
an augmented parameter space where g = (¢cg, ¢y, 7) € O = {(z,y) : 0 <z <1, y> 0.5} x {0.1,0.15,0.2}.
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Figure 6: Test case 1, Advection-Diffusion problem. Prediction obtained for g = (0.6,0.52,0.1). First row: rollout prediction.
Second row: RMSE related to each timestep between the prediction and the corresponding ground truth solution.

Again, we test the model on new simulations which have varying obstacle positions and dimensions. In
Figure 6 the prediction for a new test simulation is reported. The model can generalize well on this problem
even if the geometries differ a lot from each other, in terms of sizing. Moreover, there is no need to increase
the number of message-passing steps, meaning that the GNN architecture has the same complexity as before.

An important question that arises is whether our model can predict solutions where the obstacle has
a different shape, and whether we can achieve this without having to retrain the whole network. To in-
vestigate this, we present an example in Figure 7 of a prediction obtained with a square obstacle located
in the top right of the domain: strictly speaking, this configuration cannot be described in terms of our
previous parametrization; nonetheless, we can still apply our GNN surrogate, as the latter only depends
on the geometrical parameters through the underlying mesh (by itself, the parametrization never enters the
equation).

Surprisingly, the errors are of the same order of magnitude as those discussed earlier, and the prediction
of the overall dynamics is remarkably accurate. This result is attributed to the ability of the model to
understand different geometries by means of its inductive structure. GNNs, in particular, can automatically
incorporate the geometrical structure of the domain by utilizing both the edge connectivity matrix and
the edge features. However, some difficulty is observed in handling the nodes surrounding the obstacle,
especially at the corners, but this does not appear to affect the overall accuracy of the prediction. These
findings suggest that our model has the potential to generalize well to other geometries, without the need
for extensive retraining, thus enhancing its practical applicability in real-world scenarios.

5.2. Advection-Diffusion problem in a 2D Stokes flow in prozimity of a bump

We now consider another advection-diffusion problem as (14), where the advection field b is no longer
fixed by hand, but it is rather obtained by solving the following stationary Stokes problem:

(15)

—vAb+Vp =0 in Q
V-b =0 in

where p is the pressure field and the boundary conditions are given by:

ob
b=0onTp, b=b;onl;,, ua——pn:00nFN,
n
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Figure 7: Test case 1, Advection-Diffusion problem. Prediction obtained for p = (0.7,0.7,0.3) with a square obstacle. First
row: rollout prediction. Second row: RMSE related to each timestep between the prediction and the corresponding ground
truth solution.

with

10Uy (0.5
mn<0mf$'y%®, U=03 v=10"% (16)

b;n represents the value of b at the inflow T';,,, while I'p and 'y denote the Dirichlet wall (top and bottom)
sides, and the Neumann right outflow boundaries, respectively.

This time, the domain 2 is a rectangular channel (0,1) x (0,0.5) with a parametrized bump along the
top wall edge. Here I';,, = {x =0}, I'p = {y =0} U{y = 0.5} and 'y = {x = 1}. During our simulations,
we shift the position of the bump in a way that its center c, varies from 0.35 to 0.65. Hence, we consider
w € 0 =[0.35,0.65].

Regarding the advection-diffusion problem, at the inflow I';;,, we impose the Dirichlet boundary condition

4y(0.5 — y)

uln(may) - 0.52 )

which is also the initial condition, while on I'p we impose no-slip boundary conditions and on I'y we
set Ou/On = 0. The final simulation time is T = 0.5 and D = 0.01. Our results will only focus on
the approximation of the solution u of the advection-diffusion problem, despite the latter also depending
implicitely on (15).

5.2.1. Problem data

Our dataset is composed of 125 simulations, each obtained for a different position of the bump. In each
of these cases, the mesh is rebuilt yielding a number of mesh nodes varying from 937 to 1042. The chosen
time step is At = 0.01, resulting in 51 time snapshots for each simulation. The training set is made by
100 simulations, while the test set includes 25 simulations, both chosen randomly among the 125 FOM
simulations.

Differently from our previous test case, we consider a loss function where the two terms in 11 are weighted
equally (cf. Table 1). As before, we refer to Table 1 for further details about GNN and training hyperpa-
rameters.
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Figure 8: Test case 2, Advection-Diffusion problem in a 2D Stokes flow. Prediction obtained for p = 0.58 with the bump on the
right part of the upper edge. First row: rollout prediction. Second row: RMSE related to each timestep between the prediction
and the corresponding ground truth solution

5.2.2. Numerical results

As before, quantitative results are in Table 2. In this more complex problem, the RMSEs are higher
than the ones obtained in the previous example; however, the predictions are still fairly accurate and we still
outperform the ground truth solver in terms of time efficiency.

Indeed, as shown in Figures 8-9, the predicted dynamics is still very accurate and we do not spot any
propagation error. The prediction seems to get worse at some nodes which are either close to the bump or
to the upper edge, in which we have imposed the no-slip conditions. Conversely, the errors in proximity of
the inflow are higher at initial times, but they tend to fade out as the simulation evolves (this is true also
for our worst simulation, Figure 9).

Our qualitative considerations are also supported by the plot in Figure 10, which reports the behavior
in time of the L? relative error between predictions and FOM solutions. Clearly, the first time instants are
the most challenging ones, as that is when the inflow and the bump position determine the dynamics of
the system. Overall, we highlight that the model is able to self-adjust, since errors tend to decrease as the
simulation time evolves, also showing some degree of robustness to the possible presence of noise during the
simulation.

Of note, these considerations hold uniformly over the test set, as clearly indicated by the width of the
quantile bands. This is a desirable property since real-world problems often have some degree of uncertainty
or noise, and a model that can handle different scenarios is more likely to be useful in practice.

5.2.8. Generalization to bumps with different positions and dimensions

This example can be generalized by letting the bump vary its dimension and possibly switch from the
upper to the lower edge. Hence, we consider a new dataset consisting of 185 simulations in which the height
of the bump is allowed to change, h € {0.08,0.12,0.175}, and its center can vary along both the upper
and lower edge in the interval [0.4,0.6], respectively. In other words, the new geometrical parameters are
p = (cg,cy, h) € ©:=1[0.4,0.6] x {0.,0.5} x {0.08,0.12,0.175}.

The results show that the implemented GNN-based model is able to learn correctly the geometry of the

problem even if we the domain varies substantially within the dataset. For instance, in Figure 11 the height
of the bump influences a lot the system dynamics, however the network correctly infers the behavior of the
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Figure 9: Test case 2, Advection-Diffusion problem in a 2D Stokes flow. Worst case scenario: bump close to the inflow
(u = 0.355). First row: rollout prediction. Second row: RMSE related to each timestep between the prediction and the

corresponding ground truth solution
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Figure 10: Test case 2, Advection-Diffusion problem in a 2D Stokes flow. L? relative error vs Time plot: The dashed lines
represent the first and the third quantiles of the L? errors among all the test predictions, while the orange line is the median.

The shaded area can be seen as a confidence region for the simulation error.
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Figure 11: Test case 2, Advection-Diffusion problem in a 2D Stokes flow. Prediction obtained for p = (0.453,0,0.175) with
the bump in the lower edge with center at x = 0.453 and height A = 0.175. First row: rollout prediction. Second row: RMSE
related to each timestep between the prediction and the corresponding ground truth solution.

flow around the obstacle. Here, the bump has height h = 0.175 and is located at the lower edge with center
at x = 0.453, that is u = (0.453,0,0.175). The height of the bump has a significant impact on the accuracy
of model prediction, particularly near the upper edge of the domain. Errors that arise in this region can
propagate throughout the domain, affecting the accuracy of predictions at other locations as well. However,
the self-adjustment mechanism of the model is effective in mitigating these errors as they propagate toward
the outflow, resulting in improved accuracy in this region. Overall, the model ability to account for the
influence of the bump height on the flow dynamics contributes to its strong predictive performance. In
Figure 12 the bump has height A = 0.08 and is located at the upper edge with center at x = 0.467, that
is p = (0.467,0.5,0.08). The accuracy of the model predictions decreases when the size of the bump is
smaller. This is primarily due to the fact that, as the size of the domain increases, so does the number of
nodes, making the inference process more challenging. In this problem, the number of nodes varies from 936
to 1054, which is a wide range for unstructured meshes and geometries that differ significantly from each
other. As a result, error propagation is more significant in this case compared to the other examples. This
is highlighted by the persistence of relatively large errors at 7' = 0.25, despite the overall dynamics being
well-predicted by the model. This suggests that the model can effectively capture the underlying physics of
the system, even in cases where the inference is more challenging due to the higher number of nodes. In
general, the L2-errors exhibit the same behavior as before: see Figure 13 in comparison with Figure 10.

We can further test the robustness of our model by evaluating its ability to predict solutions in channels
with varying shapes of the bump, without requiring any retraining. Figure 14 displays the prediction results
of a simulation with a triangular bump located on the upper edge. In addition to the fact that the errors
are of the same order of magnitude as previously discussed, the overall dynamics is, once again, accurately
predicted. However, the regularity of the solution poses some difficulty for the model. Nonetheless, this does
not appear to significantly impact the accuracy of the prediction.

This example highlights the flexibility of graph neural networks in handling simulations with variable
geometries and limited training data, while still producing reliable results.

5.8. Advection-Diffusion problem in a 3D Stokes flow around a cylinder

To further increase the problem difficulty, we finally consider the same problem discussed in Section 5.2,
now set in a 3D domain obtained by an extrusion on the z-axis of the rectangle R = (0,1) x (0,0.5) with a
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Figure 12: Test case 2, Advection-Diffusion problem in a 2D Stokes flow. Prediction with bump in the lower edge with center
at © = 0.453 and height h = 0.08 (u = (0.467,0.5,0.08)). First row: rollout prediction. Second row: RMSE related to each
timestep between the prediction and the corresponding ground truth solution.
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Figure 13: Test case 2, Advection-Diffusion problem in a 2D Stokes flow. L? relative error vs Time plot.
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Figure 14: Test case 2, Advection-Diffusion problem in a 2D Stokes flow. Prediction with a triangular bump on the upper
edge. First row: rollout prediction. Second row: RMSE related to each timestep between the prediction and the corresponding
ground truth solution.

cylindrical hole
C={(z,y): (x—cs)*+(y— cy)2 < (0.05)%}.

We let the position of the obstacle vary as p = (cz,¢y) € © := [0.2,0.4] x [0.2,0.3]. This time, we exploit
the FOM to generate 150 different simulations, 125 for training and 25 for testing.

5.8.1. Problem data

The mesh nodes of the simulations vary from 1353 to 1542, thus increasing the complexity of the problem
with respect to the other examples we have discussed so far. We implement the approach following the same
ideas adopted for the previous test cases: we refer to Table 1 for further details about the network design
and the training hyperparameters.

In this regard, we have made some minor modifications to account for the increased complexity entailed
by the presence of a three-dimensional geometry. These concern: an increased number of message-passing
steps (to better cover the spatial domain), an increased noise variance (to further improve the stability of
our simulations during rollout), and a reduced number of epochs (to avoid overfitting). By adopting this
training strategy, we aim to strike a balance between model accuracy and computational efficiency while still
being able to capture the complex dynamics of the system.

5.83.2. Numerical Results

The results of the rollout predictions of the test simulations are summarized in Table 2. Clearly, the higher
error obtained in this example is due to the increased complexity of the problem. However, it is noteworthy
that despite the higher error, there is a significant improvement in time complexity. Once trained, our model
can be up to two orders of magnitude faster compared to the FOM solver. This reduction in time complexity
can lead to faster and more efficient simulations, which is particularly important for time-critical applications
or when a large number of simulations are required. Therefore, despite the slightly higher error, our model
can still provide a significant advantage in terms of time and computational resources.

Upon examining the predictions in greater detail, as shown in Figure 15, a comparison can be made
between the prediction of a simulation with the obstacle positioned centrally, and its corresponding ground
truth solution. It is evident that the simulation deteriorates as it progresses toward the outflow. Unlike the
2D case, self-adjustment is not observed in this scenario, as the nodes located to the right of the obstacle are
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Figure 15: Test case 3, Advection-Diffusion problem in a 3D Stokes flow. Prediction obtained for g = (0.29,0.25). 3 time steps
of simulation. First row: Rollout prediction. Second row: ground truth solution.
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Figure 16: Test case 3, Advection-Diffusion problem in a 3D Stokes flow. Prediction obtained for p = (0.23,0.3). 3 time steps
of simulation. First row: Rollout prediction. Second row: ground truth solution.

heavily influenced by its position. This may result in some values being underestimated in the prediction,
particularly in the tail of the flow. Unfortunately, this is a known drawback of GNNs, as deep architectures
tend to oversmooth predictions. Therefore, even if the dynamics are predicted accurately, node values may be
more dispersed. Furthermore, this problem is exacerbated by an increase in the number of message passing
steps, which, in this example, are necessary for an acceptable prediction.

Nevertheless, as illustrated in Figure 16, modifying the position of the obstacle does not significantly
affect the overall accuracy of the solution. Despite the aforementioned issues, the flow pattern is captured
correctly, and no propagation of the errors is observed. Of remarkable importance is the consistently accurate
prediction in the proximity of the obstacle, which is always a critical aspect to be predicted. This observation
underscores the model ability to learn the geometrical properties of the problem while preserving the graph
structure of the mesh. Therefore, these results suggest that the model is sufficiently robust in predicting
flow patterns in various configurations, and can generalize well to other geometries.

Upon observing the L? relative error plot on the test set in Figure 17, we can draw quantitative conclusions
regarding the previously discussed results. The plot indicates that the test error has an appropriate upper
bound and that it increases significantly during the first few time steps, which is consistent with the observed
prediction behavior. After the initial increase, the error gradually decays, showing that the model has learned
the underlying dynamics of the system. However, towards the end of the simulation, we observe a slight
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Figure 17: Test case 3, Advection-Diffusion problem in a 3D Stokes flow. L? relative error vs Time plot: The dashed lines
represent the first and the third quantiles of the L? errors among all the test predictions, while the orange line is the median.

The shaded area can be seen as a confidence region for the simulation error.

increase in the error, which is coherent with what we have previously mentioned about the tendency of these
architectures to dispersion. This behavior may be due to the accumulation of errors during the long-term
prediction. Therefore, we can conclude that while the GNN-based model shows promising results, there is

still room for improvement in terms of accuracy and robustness.

5.4. Comparison with Feed Forward Neural Networks

Feed Forward Neural Networks (FFNNs) are usually employed for building reduced-order models because
they have the capability to capture strong nonlinearity through their fully connected structure [22, 28, 24]. As
we explained in the introduction, however, using FFNNs is not straightforward when dealing with geometric
variability, as these models require fixing both the input and output dimension. We recall, in fact, that
FFNN architectures are nothing but MLP units. More precisely, any FFNN model of depth s > 1 is a map

of the form
(17)

V:=Ls10Ls0---0Lq,
where L; : R™ — R™+! are nonlinear maps (layers) operating as
L; VHpZ(WZV—f—bz),

where p; : R — R is the activation function (acting componentwise), while W; and b; are the trainable
parameters (weights and biases, respectively). Compared to GNNs, these computational units are substan-
tially less flexible, as they can only accept inputs of a specific dimension (here, n;), and will always produce
outputs of a given size (here, ns12). Consequently, it would be impossible to implement a model such as

(10) using naive FFNNs, at least not in the case of parametrized domains.
Still, it is true that we could circumvent this problem by interpolating each PDE solution over a fixed

rectangular grid, with the convention that u,(x) = 0 if x ¢ Q,. Then, it would be possible -in principle-
to replicate the same construction proposed in Section 4, but only using dense architectures such as (17).
Our claim, however, is that without the relational inductive bias of GNNs, these model have no hope of
generalizing over unseen geometries. To prove this, we shall compare the performances obtained by using
either FFNNs or GNNs in (10) on the two examples of Sections 5.1 and 5.2. In particular, to simplify, we
consider for each problem the following datasets:

e for the first Advection-Diffusion problem, we let the obstacle vary only in its position, resulting in 100

random simulations (80 for training and 20 for testing) ;
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Figure 18: Boxplots of the RMSEs of the two predictions

e for the Advection-Diffusion problem in a 2D Stokes flow, we let the bump vary in its position along
the upper and lower edges but not in its height, resulting in 125 random simulations (100 for training
and 25 for testing).

In order to train the FFNNs, we map all the simulations onto a common rectangular grid consisting of
128 x 128 vertices. We then repeat the same construction presented in Section 4, up to replacing the GNN
modules with MLP layers. Since FFNNs tend to overfit if trained for a long time, we train the model for
500 epochs, using the same learning rate and loss weights as the ones described in Sections 5.1 and 5.2.

Results are in Figures 18-20. As testified by the boxplots, the quality of FFNN predictions can change
a lot from case to case; conversely, GNN-surrogates are much more stable and report errors with a smaller
variability. Two examples of FFNN predictions on test set simulations, together with the corresponding
GNN predictions, are shown in Figures 19 and 20. The predictions are done using the same values of geo-
metrical parameters in order to highlight the different performances in the generalization on unseen domains.
Here, the difference between the two approaches becomes evident. While FFNNs may capture the overall
dynamics of the system quite well, they fail at understanding the geometrical properties of the solution,
which ultimately makes them unable to generalize (see, e.g., Figure 20, where the FFNN clearly ignores the
actual location of the bump).

Another key aspect to analyze is the number of model parameters. In fact, due to their fully connected
structure, the complexity of FFNNs can increase dramatically with the problem complexity, implying a
higher tendency to overfitting (thus the need of more training data) and less scalable models.

A possible strategy to overcome both these issues could be to rely on grid-based models, such as Convolu-
tional Neural Networks (CNNs). In fact, these models can reduce the number of parameters by sharing them,
which helps to mitigate the overfitting issue. However, while CNNs might be able to capture the dynamics
of the system, they would still ignore the geometric structure of the problem, which makes them unsuitable
for complex geometries. Similarly, alternative approaches such as Mesh-Informed Neural Networks (MINNs)
[11] do not provide a comprehensive solution, as they can only tackle one geometry at a time.

6. Conclusions

We presented a novel approach to surrogate modeling based on Graph Neural Networks (GNNs) for the
efficient evolution of dynamical systems defined over parameter dependent spatial domains. The approach
differs substantially from classical Reduced Order Modelling techniques, in that it provides a way to handle
parameter dependent PDEs with a variable number of degrees of freedom. The method is based on a
data-driven time-stepping scheme that explicitly accounts for the Markovian structure of the dynamical
system, while also including geometric information via GNN modules. The approach is shown capable of
yielding stable simulations, even for long rollouts, while simultaneously generalizing to unseen geometries,
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Figure 19: Test case 1, Advection - Diffusion problem. Comparison between FFNN and GNN prediction for g = (cg,¢y) =
(0.4,0.5). First row: FFNN prediction. Second row: GNN prediction.
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Figure 20: Test case 2, Advection - Diffusion problem in a 2D Stokes flow. Comparison between FFNN and GNN prediction
for p = (¢z,cy) = (0.6,0). First row: FFNN prediction. Second row: GNN prediction.
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thus providing remarkable benefits when compared to other techniques based on different neural network
architectures.

Although limited to fairly simple problems, our results indicate that GNNs can be a valuable tool for
ROM practitioners, providing researchers with new ways for handling geometric variability. Future research
may involve the exploration of hybrid approaches where GNNs are combined with other well-established Deep
Learning-based reduced order models, such as autoencoders and U-Net-like architectures, in an attempt to
generalize the whole idea to more complicated problems with thounsands or millions of degrees of freedom.

Another interesting question could be whether this approach can benefit from the integration of suit-
able attention mechanisms, or other forms of neural network architectures, that can selectively weight the
contributions of different nodes in the graph. We leave these considerations for future work.
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