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Abstract

The simulation of many complex phenomena in engineering and science requires solving expensive, high-
dimensional systems of partial differential equations (PDEs). To circumvent this, reduced-order models
(ROMs) have been developed to speed up computations. However, when governing equations are unknown
or partially known, or when access to full order solvers is restricted, typically ROMs lack interpretability
and reliability of the predicted solutions. In this work we present a data-driven, non-intrusive framework
for building ROMs where the latent variables and dynamics are identified in an interpretable manner and
uncertainty is quantified. Starting from a limited amount of high-dimensional, noisy data the proposed
framework constructs an efficient ROM by leveraging variational autoencoders for dimensionality reduction
along with a newly introduced, variational version of sparse identification of nonlinear dynamics (SINDy),
which we refer to as Variational Identification of Nonlinear Dynamics (VINDy).

In detail, the method consists of Variational Encoding of Noisy Inputs (VENI) to identify the distribution
of reduced coordinates. Simultaneously, we learn the distribution of the coefficients of a pre-determined set of
candidate functions by VINDy. Once trained offline, the identified model can be queried for new parameter
instances and/or new initial conditions to compute the corresponding full-time solutions. The probabilistic
setup enables uncertainty quantification as the online testing consists of Variational Inference naturally
providing Certainty Intervals (VICI). In this work we showcase the effectiveness of the newly proposed
VINDy method in identifying interpretable and accurate dynamical system for the Rossler system with
different noise intensities and sources. Then the performance of the overall method — named VENI, VINDy,
VICI — is tested on PDE benchmarks including structural mechanics and fluid dynamics.

Keywords: Reduced order modeling, data-driven methods, variational autoencoders, sparse system
identification, nonlinear dynamics, generative Al

1. Introduction

Scientific computing has emerged as a vital tool across a broad spectrum of applications in engineering
and science, facilitating the exploration of complex phenomena that are otherwise intractable. Central to this
exploration is the simulation of systems governed by partial differential equations (PDEs), which accurately
describe a vast range of physical behaviors. However, a notable challenge arises from the fact that governing
equations are not always known or readily available for every phenomenon of interest. Advancements in
measurement technology and affordable sensors have enhanced the capability to collect rich spatio-temporal
data, thereby fueling significant interest in the automatic extraction of descriptive and predictive physical
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models directly from data streams. However, even when governing PDEs are known or accurately iden-
tified, their computational resolution demands substantial resources. This issue is further compounded in
tasks requiring to repetitively solve parametrised PDEs, such as, e.g., in uncertainty quantification (UQ) [I]
and shape optimization [2], making high-fidelity simulations computationally impractical for comprehensive
analyses or real-time applications.

By combining dimensionality reduction with system in a unified data-driven, non-intrusive framework,
we demonstrate a reduced-order model paradigm based on variational inference to perform accurate and
uncertainty-aware estimates of full solution fields over time and parameter variations.

Reduced-order models (ROMs) have been developed as a strategic compromise to reduce the compu-
tational demand without significantly sacrificing accuracy [3, 4, [5]. Relying on the assumption that most
of PDE solution data lie on (or near) a low-dimensional manifold [6], the goal of ROMs is to approximate
the high-dimensional solutions through a lower-dimensional representation. In addition to dramatically
reducing computational costs, compressing data into a low-dimensional space allows for a non-redundant
description of the relevant system [7] and favors the performance of data-driven, system identification tech-
niques [8, @, [T0} 111 T2} 13} [14] [15], as their performance is sensitive to the dimension of the reduced space.
This has paved the way for a joint discovery of reduced coordinates and governing equations from data
streams, by using, e.g., autoencoders as linear embeddings of nonlinear dynamics [I6], or SINDy (Sparse
Identification of Nonlinear Dynamics) autoencoders as proposed in Champion et al. [I7] with further de-
velopment to account for partial measurements [I8] and for parametric, non-autonomous systems [19]. By
explicitly identifying the dynamical model underlying the observed phenomenon, these methods significantly
improved the generalization, extrapolation and predictive capability of non-intrusive ROMs, while preserving
their flexibility, generability and data-driven nature. However, as these methods rely entirely on data, they
inherit the biases present in the dataset. Particularly, their effectiveness may diminish in situations where
high-fidelity data are too scarce or costly to obtain to train a sufficiently accurate model. Additionally, when
data are marred by significant noise or embody model uncertainties, these methods do not incorporate UQ),
compromising the predictive performance and reliability of the estimates.

To address these gaps, we embed the data-driven discovery of latent states and their governing equations
in a variational framework with UQ. We present a method which combines variational autoencoders [20] with
a newly proposed variational version of SINDy to build a ROM from a limited dataset characterized by high
dimensionality and noise. The goal is to exploit the resulting generative ROM to effectively approximate
the PDE solution manifold so that we can exploit the generative process to produce reliable solutions.

In detail, the method consists of Variational Encoding of Noisy Inputs (VENI) to identify the distribu-
tion of reduced states variables. With respect to their deterministic counterparts, variational autoencoders
encourage continuity and smoothness in the learned latent space and promote disentanglement of reduced
coordinates [21] 22], demonstrating success in dynamical systems applications [23] 24], 25]. Simultaneously,
in a joint offline training, we learn the distribution of the coefficients of a predetermined set of candidate
features describing the dynamics by Variational Identification of Nonlinear Dynamics (VINDy). Differently
from other approaches which aim at making system identification robust with respect to noise by using
Bayesian [26), 27, 28] or weak-form [29] [30] approaches, we employ variational inference which allows for a
much more light-weight offline training stage. Variational inference excels as an effective strategy by con-
verting the challenge of UQ into an optimization problem solvable with efficient gradient-based methods.
This approach naturally integrates UQ into the training process by adding suitable regularization terms to
the loss function, thus preserving the optimization efficiency of neural networks without the need for compu-
tationally cumbersome techniques, such as, e.g., Monte Carlo methods. As result of the offline training, we
obtain a generative ROM approximating the solution manifold and the latent dynamics. Given a new set of
parameters and/or initial conditions, the generative process could be applied to compute full-time solutions
and the corresponding prediction uncertainty in an online stage termed as Variational Inference with Cer-
tainty Intervals (VICI). A schematic representation of the overall framework — named VENI, VINDy, VICI -
is illustrated in Fig.

Recent and similar approaches, with slightly different perspective, have been developed to model stochas-
tic dynamics by coupling variational autoencoders with hyper-networks [31], or using stochastic variational
inference with Markov Gaussian processes [32]. Other works are pioneering the automatic discovery of la-
tent state variables [7] and governing equations [33] from video data, however relying on non-probabilistic
encoding approaches.
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Figure 1: Overview of the VENI, VINDy, VICI procedure. High-dimensional, noisy data are mapped through a variational
encoder to low-dimensional, latent random variables (VENI). Simultaneously, in a joint offline-training, the dynamics of the
latent variables are learned by VINDy. Once this offline phase is concluded, noise-free, full-field solutions are computed through
the online generative process together with the predictions uncertainty bounds (VICI).

The main contributions of the present work are:

1. We develop a novel data-driven system identification approach, referred to as VINDy, which is based
on variational inference and incorporates uncertainty quantification.

2. We integrate dimensionality reduction (VENT), system identification (VINDy), and uncertainty quan-
tification into a unified optimization framework that can be efficiently trained using a variational
approach.

3. We demonstrate the potential of our approach through various examples, including a low-dimensional
chaotic dynamical system and high-dimensional PDE benchmarks, highlighting the method’s ability
to identify interpretable dynamics by retrieving the correct governing equations.

This paper is structured as follows. In Section [2] we detail the VENI, VINDy, VICI method in its
components. We present how to perform the offline training and how to use the method to efficiently
generate full-time solution. Then, we present the potential of the newly introduced VINDy method alone on
the Rossler system, thus showcasing the methodology on a didactic, low-dimensional system with different
noise intensities and sources (both model and measurement noise). Next we validate the performance of
the complete framework through a series of high-dimensional PDE benchmarks, including a straight beam
MEMS (Micro Electro-Mechanical System) resonator, which is excited at different forcing amplitudes and
frequencies, and an unsteady PDE in fluid dynamics, consisting in a parametrised reaction-diffusion problem.
Results for these numerical tests are showcased in Section [3] finally drawing some concluding remarks in
Section [l The source code of the proposed method is made available in the public repository https:
//github.com/jkneifl/VENI-VINDy-VICI.
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2. Method

2.1. Problem setup

This work presents a method for data-driven system identification and for the efficient generation of
solutions of nonlinear, parameterized, time-dependent partial differential equations (PDEs). In particular,
we are interested in computing high-fidelity (spatial) approximations of the solutions over a set of N spatial
degrees of freedom, which usually come from suitable space discretizations techniques (such as, for instance,
finite element, finite volume or isogeometric analysis methods) or represent measurement/sensor locations.
The PDE system can then be expressed as a dynamical system of the form

z(0; B) = =y, @)

{sb(t;m —F(t,2(t:8):8), te(0,T),
where € RY is the state of the system, & its derivative with respect to time t and 3 = [B1,. .. ,BP]T € RP
the vector collecting p (possibly) time dependent parameters and/or forcing terms. The function F defines
the dynamics of the physical system, evolving from the initial state xy. As the size N is typically extremely
large, system is denoted as full order model (FOM).

Our goal is to compute uncertainty-aware predictions of the time evolution of solutions to , given a
limited training set of noisy snapshots. We split the objective in two tasks: (i) construct a generative model
that allows us to reproduce noise-free, full, spatial states of the system, and (%) identify the system’s dynamics
F in a probabilistic framework in order to predict the evolution of the states under uncertainty. However,
solving these tasks in the high-dimensional space might be extremely complicated and computationally
demanding. At the same time, the state dimension N classically results from the numerical discretization
scheme or represents measurement degrees of freedom, while often the solution manifold is of significant
lower dimension. Consequently, we propose a reduced-order modeling technique that simultaneously reduces
the problem’s dimensionality and provides a new set of coordinates better suited to represent the dynamics
of the problem, also accounting for uncertainty quantification. More specifically, tasks (i)-(ii) are addressed
respectively by the following steps:

(i) VENI (Variational Encoding of Noisy Inputs). A generative model based on variational autoencoders
(VAEs) is employed to encode the high-dimensional, noisy snapshots data into a more suitable, low-
dimensional, latent representation.

(ii) VINDy (Variational Identification of Nonlinear Dynamics). A probabilistic dynamical model of the
system is learned by a variational version of SINDy (Sparse Identification of Nonlinear Dynamics) [§]
on the time series data expressed in the new set of latent coordinates.

Once these two operations are performed offline, we obtain a reduced-order model (ROM) within a proba-
bilistic framework that integrates both the system dynamics and uncertainty quantification. The model can
then be queried through an online procedure denoted as

(i4i) VICI (Variational Inference with Certainty Intervals). Given new parameter/forcing values 8 and
initial condition &g, the ROM enables the calculation of the temporal evolution of the system’s solution
through variational inference on both the latent variable distribution and the dynamic model. This
naturally provides an estimation of prediction reliability through certainty intervals.

The details about the VENI, VINDy, and VICI steps are explained in the following sections.

2.2. Variational Encoding of Noisy Inputs (VENI)

When relying on data to create models, one cannot assume perfect measurements, but must consider noise
that reflects the complexity of the real world, the imperfection of measurements and the lack of knowledge.
At the same time, including noise can lead to more robust models and equip them with the ability to cope
with unexpected dynamic variations. Consequently, we consider a limited set of noisy snapshot data of a
system X = {m(i)}?:sl € R, which correspond to ns observations distributed according to some unknown



distribution pirue(x) over RV as starting point for our approach. The strategy of generative models is then
to construct a probability distribution p, such that p ~ piue. In order to achieve this goal, we make use
of variational autoencoders (VAEs), introduced in [20] and comprehensively explained in [34]. VAEs allow
variational inference for large datasets and can be used for uncertainty quantification, see [35] [36]. Moreover,
they include terms in their objective function that encourage continuity and smoothness in the learned latent
space. Accordingly, they allow us to control the way we can model our latent distributions through the choice
of suitable priors [33] 20].

The use of autoencoders to create low-dimensional embeddings is justified by the basic assumption of
reduced-order modeling: the solutions of PDEs usually lie on a low-dimensional manifold embedded in the
high-dimensional, full order space. This allows us to introduce a set of low-dimensional, latent variables
z = [21,...,2n] € R", where typically n < N, from which it is possible to reconstruct the high-fidelity
data x. Specifically, we assume that each high-fidelity data «x is generated from the latent variables z through
a decoder mapping ¢q(-; Wy, ), parametrised by a set of weights Wey,. The decoder maps latent variables
z into an output probability distribution over RV:

@a(-; Wy,) : R" = P, such that z — ¢a(z; Wy,) = p(x|z; Wa,). (2)

The output distribution is searched within a chosen family of distributions P on R and it is selected by
optimizing W, . The optimal parameters Wy, are obtained by maximizing the probability of each x in the
training set X under the entire generative process

p@) = | plalzi Wa,n(2)iz, 3)

where prior distributions on latent variables p(z) are prescribed and can be chosen to be, for instance,
Gaussian, Laplacian, etc. As the integral in is not directly computable, variational methods rely on a
sampling strategy which consists in first sampling a large number of z values {z(), ... 2()} from p(z),
and then approximating p(x) ~ % ) p(x|z®). However, as x is high-dimensional, this approach is
computationally inefficient as it would require an extremely large number of samples s before having an
accurate estimate of p(x).

VAEs aim to modify the sampling procedure by identifying, within a family of distributions Q on R™,
a member ¢ which approximates the unknown posterior distribution p(z|x), such that ¢ can be sampled
to generate values of z that are likely to have produced the snapshot x. Therefore the idea is to learn an

encoder ¢, which maps snapshot data « into a probability distribution in Q:
de(-; Wy, ) : RN — Q, such that @ v ¢e(x; Wy,) = q(z|x; Wy,). (4)

The optimal parameters Wy, are obtained by minimizing the Kullback-Leibler (KL) divergence between the
candidate distributions and target posterior distribution over Q

KL (q(z|z; W, ) || p(2]2)) = Eznq [log q(z]z; W, ) — log p(z|)], (5)

which represents a measure of similarity between the two densities.
Applying Bayes’ theorem to p(z|x) in we obtain

KL(q(z|z) || p(z|x)) = Eznq[log q(2|x) — log p(2])] = Exny[log g(z|x) — log p(x|2) — log p(2)] + log p(x)
= —E.4[logp(x|2)] + KL(q(z|z) || p(2)) + logp(z),

which can be rearranged and rewritten, using —, as

log p(z) — KL(q(z[2) || p(z|@)) = Ez~q[log p(|2)] — KL(g(2[2) || p(2)) (6)
= Ezngllog @a(2)] — KL(oe(2) || p(2))- (7)

The left-hand side in @ represents the quantities, introduced in —, that we aim to optimize:
the probability distribution at the observed training data p(x) together with the error term between the



approximated posterior distribution and the real one. This latter term makes the approximated posterior
distribution ¢(z|x) able to produce z from which it is possible to reconstruct the given .

The equality @ allows us to make this goal achievable in practice by providing a right-hand side that is
computationally tractable. The term E4[log p(z|2)] in () (E.~q[log @a(z)] in (7)), respectively) expresses
the reconstruction loss. It ensures that the log-probability of @ given z drawn from the approximated
posterior ¢(z|x) is maximized, 1.e., that the input is reconstructed well by the decoder ¢4 from a sample in
the reduced space. The second term ensures that the approximated posterior ¢(z|x) is pushed closer to the
prior, 1.e. that reduced coordinates identified by the encoder ¢, respect the assumed prior over the latent
variables p(z). In the next section, we discuss how to properly select the class of encoder and decoder (in
particular, the family of distributions @ and P, respectively), such that their weights, Wy, and Wy,, can
be optimized using standard machine learning optimization techniques, such as stochastic gradient ascent.

2.2.1. Choice of encoder and decoder
In this work, the choice of family of output distribution P for decoder is Gaussian, 1.e., given z, we have

¢d<Z;W¢d) :p(w|Z;W¢>d) :N(u¢d(z;W¢d),02IN) ) (8)

where the mean pg, € RY is implemented by multi-layer, feed-forward, neural network, while the covariance
is an isotropic matrix with variance o2 (scalar hyperparameter). Even though any probability distribution
continuous in Wy, can be employed, the advantage of using an isotropic Gaussian distribution is that, the
term E, 4 [log ¢q(2)] in @ is proportional to the squared distance between the neural network reconstruction
T = pe,(z; We,) and the original data x [34]. In this way, the decoder can be trained on the classical
reconstruction loss of standard autoencoders: ||z — ci:Hg

On the other hand, for the output candidate posterior distributions Q of the encoder ¢, we consider the
same family as the prior assumed on the latent variables, but where the parameters of the distribution are
again determined by a neural network. For instance, if we assume as prior that the latent variables are inde-
pendent, standard gaussians, 1.e. p(z) = N (0, I,,), the encoder network returns the mean values pg, € R”
and variances dg, € R’} describing the posterior

Pe(x; W, ) = q(2|x;Wy,) = N (g, (T; Wy, ), diag(dg, (x; W, ))) , 9)

where diag(dg,) € R™*™ indicates the diagonal matrix having 4, on the main diagonal. This choice is
advantageous, as the term KL(¢e(x)|p(2)) in can be then written in closed-form for distributions such

as Gaussian and Laplacian (see [Appendix A.2)).

2.8. Variational Identification of Nonlinear Dynamics (VINDy)

Despite the VAESs’ capabilities in identifying low-dimensional variables from which the high-dimensional
distribution can be generated, they do not account for time or dynamics. Consequently, introducing a VAE
in a reduced-order modeling setting is just the first step in the task of approximating . The second step
must involve a strategy to describe the latent dynamics and evolve them in time. Hence, we aim to identify
a dynamic system of the form

2(t:8) =1t 2(:8);8), te(0,T), (10)
2(0; 8) = 2o,
in the new set of latent coordinates z € R™, where zg ~ ¢(xp) and 2z represent the latent states’ time
derivatives. In particular, we are interested in identifying the unknown function f that encodes the dynamics
of the low-dimensional system. A popular as well as powerful method to do so is Sparse Identification of
Nonlinear Dynamics (SINDy) [§], which assumes that f can be expressed as a sparse combination of a
predefined set of candidate functions.

SINDy. SINDy aims to approximate the latent dynamics f in as the product of a library of r candidate
functions ©(z,3) € R" and corresponding coeflicients E € R"™*" resulting in

z2="1(2,0) = O(z,8)E. (11)



To construct a suitable right-hand side, r potentially useful basis functions, such as polynomial or trigono-
metric functions are considered. For instance, ©(z,3) = [1,21,2%, 22531 ...,sin(z1), B1 cos(zz2),...]. The
choice of the candidate functions is typically guided by a possible prior knowledge of the physical system and
of the parameter /forcing dependency. The unknown coefficients which determines the active terms from ©
in f are collected in the matrix 2 and estimated by sparse regression.

VINDy. We transfer this idea into a probabilistic setting so that uncertainty quantification of the coefficients
= is directly possible. In detail, we introduce a method that we refer to as Variational Identification of
Nonlinear Dynamics (VINDy) that adapts the ideas behind VAEs to system identification. We assume that
2 depend on some random process that is defined by unknown probability distributions of the coefficients E,
with a given prior p(Z) over R"*™. The entries Z;;, are independent scalar variables determining the
contribution of the i-th function candidate to the j—th equation of system , defining the dynamics of
zj. While the goal in VAEs is to maximize the log-probability of p(z), in VINDy we aim to maximize the
probability of the latent time derivatives p(2). Moreover, similar to VAE, where we assumed that the high-
dimensional states x are generated from the latent variables z, here, our target quantity 2 can be interpreted
as being generated fronﬂ = and z following . In particular, we assume

2B,z ~ N (©(2,8)E,51), (12)

where 62 is a scalar hyperparameter, and we approximate the unknown posterior distribution p(E|2) with
q(E|2), searched within a suitable family Q. In particular, we use distribution families Q that are parame-
terizable with a set of trainable weight matrices of dimension 7 x n, that is Wg = {Wg,, Wg;}. The entries

2 éja directly define the distribution parameters of Z;;. For example, they can represent the mean and

=,
=
variance for a Gaussian distribution =;; ~ N(Wg é]a) or the localization parameter and scale factor in

ij

=0

case of a Laplace distribution =;; ~ £( , éﬂa) In contrast to Gaussian priors, Laplacian priors can act

as sparsity-promoting regularization termsuwithin a regression task [26]. Consequently, they are more prone
to provide a parsimonious dynamical model. More detailed information on the choice of distribution families
can be found in
Note that the distribution parameters of the approximated posterior for E do not feature an explicit de-
pendency on the conditioning variable Z. This differs from the posteriors approximated by the encoder and
decoder distributions for which their conditioning variables (x and z, respectively) are explicit inputs of the
neural network defining their statistical moments (see —@) To highlight this difference, in the following,
we indicate the posterior ¢(E|Z; Wg) simply as ¢(E). In the same way as ¢(E), we may approximate the
posterior on the latent variables ¢(z) with a distribution parameterized by trainable weights.

Analogously to the objective @ derived for the VAE, in order to find the coefficient distributions ex-
plaining the observed dynamics, we maximize the log-probability of the latent derivatives 2z, while reducing
the error of approximating the posteriors for E and z, that is

logp(2) — KL(¢(8) || p(E|2)) — KL(q(2) || p(22)) =

— Eeym log(p(2 | & 2))] - KL(g(E) || pE)) - KL(g(z) || p()). 13)

This theoretical objective is translated into practically computable quantities (right-hand side of ) as
explained in In the next session we explain how VENI and VINDy steps can be performed
together in an unified training.

2.4. Offtine Training

As discussed above, our proposed strategy features the generation of a set of reduced variables and the
identification of the dynamics in this latent description, by employing VENI and VINDy respectively. So
far these tasks are addressed individually by optimizing the objective functions and . However,
the possibility of identifying parsimonious, accurate dynamical models strongly depends on the choice of
reduced coordinates [I7, [16], and the ones provided by VENI are not necessarily optimal, as VAEs do not

IWithout loss of generality, we assume 3 as deterministic and consequently drop the dependency for all random variables.



take dynamics into account. Moreover, objectives of VENI and VINDy partially overlap as both aim to
approximate a suitable distribution ¢ for the latent variables. This motivates us to solve VENI and VINDy
simultaneously in an unified offline training, which consists in solving

W%%f,WEE“’NX Eznq(zl2)[108 @a(2)] — 2KL(¢e (@) || p(2)) + Ezvqm) [log(p(2 | E, 2))] + KL(¢(E) || p(E))

Reconstruction Posterior for z Latent dynamics Posterior for =

(14)

The optimization function above represents the mean value of all terms appearing in @ and over the
training dataset X, where the VINDy latent posterior ¢(z) has been replaced by the VAE latent posterior
¢o(x), since we require to approximate a single posterior from which to sample.

The offline training procedure is detailed and illustrated in Fig.[2] Following this strategy, we simultaneously
learn the distribution of the dynamic coefficients E, together with the encoder ¢, and decoder ¢q distri-
butions. Since both encoder and decoder are defined by neural networks with coefficients Wy, and We,,
and the distribution of = is parametrised by trainable weights Wg, it is the straightforward to learn all the
unknown coefficients Wy, , Wy, W= via backpropagation, using standard gradient-based methods as, e.g.,
ADAM [37]. The only arrangement we have to take is the standard reparameterization trick in VAEs [20] [38]
to allow backpropagation of through the networks. Indeed, sampling z directly from the distribution
defined by the encoder is not a differentiable operation, thus has no gradient. In the case the family of
distributions Q for the encoder is chosen as Gaussian, a noise term ¢ ~ N(0, I) acting as additional input,
which is not parameterized by the network, is introduced whereby a sample can be drawn following

z = pg (@) + C + g, (), (15)

where * indicates the element-wise product. This trick holds for any family of distributions closed under
linear transformations, e.g., Laplace, by changing the distribution of ¢ accordingly. From , it follows that
a sample for the latent state derivatives can be obtained by applying chain rule to the full-state derivatives

2= Vgl ()& + (% Vyde, (). (16)

We conclude the section by presenting how to computationally solve the optimization problem .
Thanks to the assumptions and choices on the family of distributions, the general, probabilistic objective
can be translated into the following practical, data-driven optimization problem

1
max —

o o S 2 — 013+ JKL(Ge () | p(z)) + 220~ O, B)E
e q VVE s

2 . (i (2
,~ MKL(@(®) [|2(8)) + sl1&) — 2,
i=1

Posterior for 2 Full dynamics

(17)

Reconstruction Posterior for z R
Latent dynamics

where the expectation is approximated by the sample mean over the training set. We recall that ) and (%)
indicate the full state and time derivatives of the i—th training snapshot; z(9, 2(9) are the latent counter-
parts, sampled via and , respectively; while 2() is a sample drawn from the approximated posterior
q(B). As anticipated in section the reconstruction loss in is proportional to the squared euclidean
distance between the data () and the decoder mean () = pg, (2(V; Wy,), since we assumed isotropic
gaussian distribution for the decoder (see (8))) [34]. For the exact same reason, as the posterior distribution
of 2 has the same characteristics (see (12])), the latent dynamics loss can be rewritten here as proportional to
||z'(i) - @(z(i),ﬂ)E(i) H; Moreover, as suggested in [I7], an additional full-dynamics term is included as reg-
ularization to account for consistency between the real time derivatives of the data, (), and the mean value
of their reconstruction from the approximated latent derivatives, that is () = Vg, (2)0(2%, 3)ED.
Finally, given the assumption that the families of distributions for the posteriors ¢(Z|2(?)) and g(z|z®) (that
is @o(xV)) are the same of those of the priors (in the cases of Gaussian and Laplacian distributions), the
KL divergences in can be expressed in closed-form and computed directly from the statistical moments
of the posteriors (see m By minimizing the divergences, the posteriors are pushed closer to




the selected priors which helps minimizing the optimization goal formulated in @ and .

The weighting coefficients {)\;}?_; € RT are hyperparameters, which account for the proportionality con-
stants and determine the contribution of each term. As a general guideline for selecting these hyperparam-
eters, the dominant terms are those related to the reconstruction and identification of the latent dynamics,
1e.,, A1 and A3. Thus, they should be kept orders of magnitude larger than Ao, A4, and A5, which weight
the remaining regularization terms. In cases where the method converges to latent variables of very small
magnitudes, the latent dynamics loss might appear low due to the small magnitudes rather than correct
identification of the dynamics. To address this, A5 can be increased so that the full dynamics term ensures
the identified dynamics are respected on the original variables, thus mitigating this scaling issue. Regarding
the KL-losses, a prioritized weighting of these terms might be used, as done for 5—VAEs [39], to encourage
more efficient latent encoding and disentanglement of the latent coordinates. In general, the precise hyper-
parameter values need to be adjusted to the specific dataset at hand, as the choice of hyperparameters is
problem-dependent and their regulation could improve the training convergence. In addition, it would also
be possible to use constrained learning [40] so that, for example, dynamics are only learned in an area where
satisfactory reconstruction is achieved.

Ml — 2|13+ \oKL(¢e() || p(2))

Reconstruction Posterior for z

. —_— — — . A2
+ 3|2 — ©(z, B)E[[; - MKL(4(B) || p(E)) + sllz — 2|,

Latent dynamics Posterior for 2 Full dynamics

Figure 2: Schematic representation of the offline training consisting in the VENI and VINDy steps. The encoder maps the
snapshot data @ into the corresponding posterior distributions ¢e(x), from which we sample the latent states z. Latent states
are passed to both the decoder and VINDy setup. The decoder outputs the distribution of the reconstruction of the full order
state given z.While in VINDy we first sample the coefficients = of the dynamical model from the posterior ¢(E) and then,
together with the sample z and parameters 3, they form the posterior distribution of the latent derivatives.



2.5. Variational Inference with Certainty Intervals (VICI)

Thanks to the probabilistic framework, the proposed method seamlessly incorporates uncertainty quan-
tification (UQ), following directly from the model’s approximated posterior distributions. First of all, the
approximated distribution over the dynamic coefficients ¢(Z2) provides insights on which terms are active in
the library, what is their contributions to the dynamics, and the variability and reliance on the estimates.
This enables the incorporation of model uncertainty in the data generative process. On the other hand, the
method effectively addresses and quantifies measurement noise, as noisy training data x are processed by
encoder networks and mapped into probability distributions ¢(z|x) = ¢.(x).

Once the offline phase is complete, the fitted model can be used queried online to generate solutions for
unseen initial conditions &g and input parameters 3. The probabilistic setup, in addition to allow for offline
quantification of model and measurement noise, can be exploited to perform UQ on the predicted solutions.
In particular, we employ a sampling-based approach to construct uncertainty intervals for the time evolution
of the estimated solution.

For a given initial condition ¢ in the full space, we sample, from the approximated posteriors, m latent
initial conditions, 1.e. {zoi) A £ ¢e(x0) and coefficients {E}m i q(E). Then, for each pair (z(()i)7 =®),
we use standard time stepping schemes, such as Runge-Kutta methods, to evolve the system of ordinary
differential equations (ODEs) 2 = ©(z, 3)E(®) from the initial condition z(()i) over a set of discrete time-steps
T ={0,t1,...,T}. Finally the so-computed latent trajectories {z(?)(t) : t € T}, are passed to the decoder
mean which outputs the full state solution trajectories {#()(t) = pg, (29 (t)) : t € T},. Note that we
avoid sampling at each time step ¢ from the corresponding posterior (V) () ~ ¢4(2(?(t)), in order to preserve
in the full space (possible) regularity properties in time of the latent trajectories. Uncertainty bounds for
the approximated solution are then computed from the statistical moments of the set of m trajectories.

The VICI procedure is illustrated in Fig. This testing approach differs from standard generative
procedures of VAE, where usually the encoder is ignored at testing and new solutions are generated directly
from the latent variables sampled from the prior. In our framework we are taking into account time and
dynamics, thus the encoder is fundamental to accurately approximate the latent distribution of the initial
condition.

VICI

Y
@, .
g, | _A~ED —(z=0(z, )20

N~z —|2(0) = 2,

sampling time

integration

inputs

prediction

Figure 3: Schematic representation of the online VICI procedure to generate new solutions for a given initial condition x¢ and
set of parameters (3. We first sample multiple instances of the corresponding latent initial conditions and coefficients of the
dynamical model, each defining an ODE system. Then each dynamical system is integrated in time through standard time-
stepping schemes, resulting in multiple latent trajectories. These latent trajectories are finally processed by the decoder mean
to obtain full state trajectories. Predictions and the corresponding UQ are computed directly from the statistical properties of
the approximated solution trajectories.
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2.5.1. Sparsity promotion by zero-pdf thresholding

A further advantage of modeling the coeflicients of the reduced dynamics as random variables is that
one can select the relevant coefficients and discard the remainings according to their identified probability
density function (pdf). The idea is to only keep those terms whose pdf is below a given threshold, 1.e.
pdf,(0) < 7. In contrast to sequential thresholding [8], this does not necessarily penalise coefficients which
are small in magnitude, as they can have small pdf values at zero, as long as their identified variance is low.
Instead coefficients whose distributions are centered around zero with larger variances, that consequently
do not have a clear and consistent contribution to the dynamics, are canceled. The threshold value 7 is a
hyperparameter that can be tuned to adjust the sparsity of the identified system.

3. Numerical examples

3.1. Numerical example I: Réssler System

In order to assess the potential of our novel VINDy approach alone, we first test the methodology on a
low-dimensional system. Consequently, no autoencoder is present and the VINDy method directly operates
on the original system description. We consider the Rossler system for this validation. It is a set of ordinary
differential equations defined as

Z1 = —2zy — 23,
Zo = 21 + Q1 22, (18)

2.3 = Qg + 23(21 — 043),
where z = [z1, 22, 23]T is the vector of the system states and o = [ag, e, 3] T contains the system parameters.

Dataset. The data used to train our model consists of multiple simulations with parameters a; = 0.2,
ag = 0.2, and a3 = 5.7 as well as normal randomly distributed initial conditions z(to) ~ N ([-5, —5,0]T,0I)
with a standard deviation of ¢ = 2.25. We consider two sources of uncertainty: measurement noise and
model noise. For the former we apply multiplicative noise to the state measurements, 1.e. Zyeise(t) = €2(t)
with ¢ ~ LAN(0,)\. * I) drawn from a log-normal distribution individually for every sample. The time
derivatives are numerically computed from those noisy samples. The model uncertainty is realized as noise
in the model parameters which are drawn from a normal distribution o ~ N ([a1, a2, 3], [03,,02,,02,]T)
centered around the correct values with standard deviations o, = AqQ1, Oay = Aoz, and A0, = as.
The test data consists of a set of simulation that differs in its initial conditions from the training data and

uses the correct parameter values.

Model. For the VINDy layer, we use a polynomial library ®(z) € R of order 2 including bias and interac-
tions with Laplacian priors E;; ~ £(0,1) for the corresponding coefficients. We train the model over 2000
epochs using early stopping. At the end of the training all coefficients Z;; with a probability density function
above a threshold of pdfz,;(0) > 5 are set to zero.

Ezxperiments and Results. We perform six experiments to measure the performance of VINDy: (a) One on
noise-free data, two with model noise ((b) moderate A\, = 0.1, (c) high A\, = 0.2), two with measurement
noise ((d) moderate A, = 0.05, (e) high A. = 0.1), and (f) one where both sources of uncertainty are taken
into account. The impact of the respective noise on the training data can be seen in Fig. For each
training data set, we apply VINDy and sample from the resulting coefficient distributions to perform a
sample-based UQ on the time evolution of the system states. As shown in Fig. [d] the resulting trajectories
for no noise (a) and moderate model noise (b) follow the ground-truth quite well and capture the system
dynamics. As expected, higher model noise leads to broader uncertainty bounds around the predicted mean
trajectories. Nevertheless, even for high model noise (c) the identified system is able to follow the reference.
This also holds true for moderate measurement noise (d) and the approach is only pushed to its limits for
high measurement noise (e) and the combination of both noises (f). In those cases the state trajectories
differ from the ground truth. However, even in these cases, the method extracts essential knowledge from
the data, which becomes apparent upon looking at the identified coefficient distributions.
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Figure 4: Temporal evolution of the Rossler system states including UQ for a test scenario on various noise scenarios. The
corresponding training data for each scenario is shown at the right of the state trajectories.
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Figure 5: Distributions of coefficients identified for the Rossler system based on noise-free and noisy training data. The correct
values are marked with a triangle at the bottom of each axis. All values that occur in the original equations are highlighted
with red axes.

As shown in Fig. 5] our method keeps all the important terms that originally appear in the underlying
equation without relevance what kind of uncertainty is present in the data, i.e. for all noise levels. At the
same time, most of the other irrelevant coefficients are centered around zero. For moderate noise level, the
resulting coefficient distributions center around the reference value with high confidence, whereas higher
noise levels lead to more conservative estimates and wider distributions.

3.2. Numerical example II: Reaction-diffusion problem

We consider a reaction-diffusion system governed by equations

= (1—(u®+v%))u+p(u®+0*)v+di (Ugs + uyy) s

b= (04 o) (1 (0 02)) v (v 1), )

where © = 1.0 and d; = ds = 0.01 are coefficients that respectively regulate the reaction and diffusion
behaviors of the system. The problem is defined over a spatial domain [—L, L]? for L = 10 and a time span
t €0, 7] for T = 40, periodic boundary conditions are prescribed, and the initial condition is defined as

u(z,y,0:8) = vz, y,0; 8) = tanh (Bv/z2 + 2 cos ((z + iy) - BV/a? + 47 ) , (20)

depending on the parameter § € P = [0.7,1.1]. System generates spiral waves, which represent an
attracting limit cycle in the state space [41] and whose radius is modulated by the parameter f.

Our goal is to create a generative model to compute the entire space—time solution for a new instance of
parameter 3.

Dataset. A grid of Ng = 20 values for the parameter 8 equispaced over P is considered. The parameter values
are randomly partitioned in training and testing subsets, Pirain and Piest, such that N/grai“ = | Prain| = 16
and N ECSt = |Piest| = 4. For each choice of 3, numerical solutions for u and v are computed by solving the
PDEs with initial condition by using the Fourier spectral method [42] with time step At = 0.05
on an equispaced spatial grid with spatial step Ah = 0.4. For the training set, solutions are computed
over a limited time window Ti.i;n = 20, while testing data reach final time T = 40. Moreover, training
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data are corrupted by 20% log-normal multiplicative noise to simulate measurement noise. Training and
testing snapshots are stacked respectively in matrices Xipain € RN:INEXN . and Xiest € RV NG XN ,
where N8t = 400 and N' = 800 are the number of samples for training and testing sets respectively,
and N = 2500 is the number of spatial degrees of freedom. We preliminary reduce system dimension to
Npop = 32 by projecting both training and testing data onto the reduced basis obtained using POD on
Xirain- Projected data are denoted as Xirain € RV:NT X Neop g5 Xiost € RN: N5 x Neop

Model. Regarding the VENI structure, the encoder consists out of a feed-forward neural network with 3
hidden dense layer of 32, 16 and 8 units, while the decoder network has a symmetrical structure. Spiral
waves generated by the system can be approximately captured by two oscillating spatial modes [17],
thus we set the number of latent variables n = 2. For VINDy, we employ a set of polynomial functions of the
latent variables z = [z, ZQ}T up to the third degree with interaction and bias. No parametric dependency
is included in the library, as parameter 5 affects solely the initial conditions. Regarding the choice of prior
distributions on the latent variables and on the VINDy coefficients, we consider gaussian and laplacian
distributions, respectively, namely z ~ N (0,I) and Z;; ~ £(0,1) for each entry.

Ezxperiments and Results. The offline training is performed on the dataset {Xtmin,f(tmin}. The resulting
posterior distributions for the model coefficients are depicted in Fig. [f} The primary dynamics of this
phenomenon exhibit the characteristics of a linear oscillator, which our method successfully captures by
identifying the linear coeflicients as significant terms with high confidence. These coefficients are distin-
guished by a posterior mean significantly deviating from zero and a notably narrow variability, confirming
their critical role in the observed dynamics. Moreover, our approach encourages parsimony in the dynamics
by effectively setting to zero mean most nonlinear terms. Fig. [6also presents the phase space representation
in the identified latent coordinates, showcasing the oscillatory pattern and the attracting limit cycle. This
demonstrates not only the effectiveness of our method but also its ability to preserve interpretable insights
into the latent space.

To assess the accuracy and reliability of our method in making predictions, we evaluate its performance
on the test set using the VICI approach. For initial conditions not seen during training and corresponding to
test parameter instances, we predict the approximate solutions up to a final time of 7" = 40. These predictions
are compared with the noise-free, numerical values Xies¢. Fig. [7]illustrates the mean and standard deviation
over m = 100 realizations of the predicted reconstruction of the entire solution field. We note how the
method is able to accurately detect the spatial dynamics, even at extrapolating time instances far from
the training range. To highlight the temporal extrapolation capability of our method and to illustrate how
uncertainty propagates during the reconstruction phase, we also present in Fig. [§] the temporal evolution of
the predicted variables at the different reconstruction levels.

Our method demonstrates great predictive performance, accurately approximating the system’s evolution
in a time window twice longer than the training range.

3.83. Numerical example III: Beam MEMS resonator

We consider a straight beam MEMS resonator, excited at resonance, which could be represented as double
clamped beam. The illustration and the properties of the device are reported in Fig.[9] The governing PDEs
for this solid mechanics problem in large transformations [44] are formulated in terms of the displacement
field u as follows:

pou(s,t) =V -P(e,t) — poB(se,t;8) =0,  (5¢,t) € Qo x (0,T), (21a)
P(5,t) -N(3¢) =0, (s,t) € 0Qn x (0,T), (21b)
u(s,t) =0, (5,1) € 0Qp x(0,T), (21c)

where )y is the domain occupied by the device in the undeformed configuration, described by material
coordinates s, and T = 1755 us.Eq. expresses the conservation of momentum where pg is the initial
density, P is the first Piola-Kirchhoff stress and B are the external body forces. In this application we consider
a periodic body load proportional to the first vibrational eigenfunction, with amplitude and frequency given
by the parameters F' and w, respectively. The input parameter vector hence becomes 3 = |w, F|, defined over
a closed and bounded set of dimension 2. Eq. and define the homogeneous boundary conditions
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Figure 6: Results of the offline training, consisting of the VENI and VINDy steps, for the reaction-diffusion problem. In
the VINDy box, we display the identified posterior distributions of the coefficients for the latent dynamic system. The rows
represent the candidate terms considered for the dynamics, and the columns indicate which latent dynamic equation they belong
to. We note that the mixed linear terms, which are the dominant terms for the observed dynamics, are accurately identified as
significant. Most nonlinear terms contribute a mean of zero, and we observe that the uncertainty of the coefficients increases
with the degree of the polynomial. In the VENI box, we highlight how the method is capable of learning an encoding function
from noisy data, resulting in two latent variables that exhibit the expected oscillatory behavior.
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Figure 7: Comparison of solution fields in the reaction-diffusion example between the approximation by the proposed method
and the numerical reference solution truth. The snapshots refer to one training time instances ¢t = 15 and two extrapolated
time instances ¢t € {25,35} (being Tirain = 20) for two testing parameter 8 = {0.93,0.84}. We report the prdictions of the
mean and standard deviation of the solutions predicted by the VICI procedure.
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Figure 8: Forward uncertainty quantification at the different reduction levels, performed with the VICI procedure. The dashed
line at Tirajn = 20 indicates the end time of training data coverage. The red line indicates the noise-free reference solution, the
dashed blue line the predicted mean, and the shaded region indicates the uncertainty bounds.

on the Neumann and Dirichlet and boundaries denoted as 02y and 0€2p, respectively, and where N denotes
the outward-directed unit normal on the boundary of 2. For more details regarding the application, we refer

to [19].

Dataset. We consider N3 = 56 parameter instances, corresponding to 28 values for the frequency w, selected
in the range [0.526,0.564] rad/us with a finer sampling around the natural frequency wy, and for two values
of the forcing amplitude F' € {0.125,0.250} uN. In total, Ngrain = 28 parameter instances are randomly
selected to construct the training set and the remaining Nge“ = 28 are retained for testing. Numerical
solutions for the displacement are computed for each parameter configuration, by discretizing the system
using the finite element method over a spatial mesh consisting of Ngof = 7821 degrees of freedom and
using finite element method as in [I9] of which only 5964 are nonzero. As we are modeling the beam as
a second-order system, we require to have access or compute the second time derivatives & for training in
addition to the system states & and their time derivatives .

uP=0 24pum

-

Figure 9: Schematic representation of the beam MEMS resonator with the mesh used in the FOM simulations. The beam
has length L = 1000 pm with a rectangular cross-section of dimensions 10 ym x24 pm , made of isotropic polysilicon [43], with
density p = 2330Kg/m?3, Young modulus E = 167 GPa and Poisson coefficient v = 0.22. The first bending eigenfrequency is
wo = 0.5475rad/us. Dirichlet boundaries are highlighted.
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Figure 10: Noise-free and noisy trajectories of the y-displacement, velocity, and acceleration for a node in the middle of the
beam for a example training simulation. For training only the first 1091 us of the noisy data are used; the remaining time for
which the model extrapolates has red background.

Training data are calculated up to Tiyain = 1091 s < T and corrupted by additive noise following a normal
distribution which scale is proportional to the mean level of displacements over all training simulations. This
step is particularly challenging for second-order systems where even low noise increases dramatically on the
acceleration level as it grows with each numerical derivation, as showcased for the beam in Fig. where
the noisy training data is compared to noise-free reference data. For the beam data, the ratio between the
maximum amplitude occurring in the noisy training data and the noise-free reference data on acceleration
level across all simulations is 4.525 + 2.266.

As in the previous example, the data (including displacements, velocities, and accelerations) are pre-
liminary projected onto a POD basis of N = Npop = 3 modes (extracted from the noisy displace-

ment training data). Finally, snapshots of the displacement are collected in Xirain € RV SENETN and

Xiost € RNNG XN matrices, where N = 14001 and N** = 22499 are the corresponding numbers

of time instances. Analogously, velocities are collected in Xy, ,i, and accelerations in Xy;ain-

Model. The encoder is composed of three hidden layers using 32 neurons each. The decoder has symmetrical
structure. Although the dynamics of this system lies on a two dimensional manifold in the phase space, we
manage to reduce the dimensionality to a single latent variable n = 1, as the dependence on the velocity is
the minimal for the master bending mode that we inspect herein. As in , structural mechanics problems
are often governed by second-order governing equations. Therefore we model the reduced dynamics with a
second-order ODE, by augmenting the reduce states with the first derivatives z:

d |z . z
The corresponding accelerations at latent level Z can be derived using chain rule as it is done for the
velocities 2.

Note that, in case we did not want to exploit any prior knowledge on the second-order structure of
the problem, we could have equivalently modelled the problem by considering n = 2 latent variables and
identifying a first-order ODE system as in the previous example. The library © features polynomials up to
the third degree with respect to both z and Z. Moreover, since the beam resonator is forced harmonically
with amplitude and frequency parameterized by F and w, we incorporate the parameter dependency by
including the library term F cos(wt). We set gaussian priors on the reduced states [z,2]T ~ N(0,I) and
laplacian prior on each of the VINDy coefficient distributions =;; ~ £(0,1). Training is performed for 2500
epochs, and the weights of the networks that performed best in terms of total loss on a validation subset of
the training data used for inference. After training we apply PDF zero tresholding, see Section [2.5.1] to only
keep the terms that are important to describe the dynamics. In particular, all terms with a pdfz,, (0) > 1.9
are neglected in the model.

17



1 z z z zZz z z zZz zz z F cos(wt)
101 [ - T T T T[T [ - T T T T~ T =

L1

o
o wp !
|
N

A i - i - | - f — | f
-1 0 1 —0.3 0.3 —2 2 2—0,2 0 0.2 -0.20 0.2 -0.20 02 -—-0.3 03 —-0.20 0.2 -0.20 0.2 -0.20 0.2 -3

- - PDF zero threshold

Figure 11: Beam coefficient distribution. The terms that appear in the normal form of the observed high-dimensional system
are framed in red. The cutoff value that determines which terms are kept is shown as dashed line. Moreover, the correct values
that result from the natural frequency and the damping of the system are marked with a black triangle at the bottom of the
according axis.

3.3.1. Results
The clamped-clamped beam is a classical structure showing Duffing-like hardening behavior [45] [46] that
can be accurately described by the following simple model:

5= —wiz — 26wps — v2° — aF cos(wt), (23)

where the cubic term, with v > 0, accounts for the hardening response and the absence of quadratic terms
should be remarked. As the objective of VINDy is to identify a sparse reduced system, we wish to unveil
the normal form underlying the observed high-dimensional system, directly from data. For the considered
example, we can see from Fig. [11|that the terms indicated as relevant by our proposed method correspond
to the ones present in the normal form plus an additional bias term of small magnitude. Moreover the
actual coefficients wy and £ could be retrieved from the spectral properties of the linearization of system .
These coefficients represent the natural frequency and the damping of the device, respectively, and uniquely
determine the linear terms in the reduced dynamics. In the considered problem, wy = 0.5475rad/us and
€ =0.01 us~t. Our method successfully manages to accurately identify the linear terms —w? and 2wy (see
Fig, from noisy data, without accessing or incorporating knowledge from the full order model.

Finally, we demonstrate the performance of the proposed method to generate the full-time evolution of
the observed system for new parameter configurations following the VICI procedure. In Fig. we illustrate
that the reconstruction of the integrated latent dynamics accurately follows the reference. The trajectory
resulting from the means of the coefficient distribution closely aligns with the actual course and the standard
deviations resulting from the VICI approach cover the discrepancy throughout the trajectories.

To get a better visualization of the performance over the entire beam, we present in Fig. a complete
representation of the deformed beam at different points in time showing a contour plot of displacement
errors. Clearly recognisable, the prediction follows the reference solution satisfactorily over the time period
considered (including extrapolation in time).

4. Discussion and concluding remarks

The paper introduces a novel framework — named VENI, VINDy, VICI - for creating interpretable,

generative reduced-order models that can simulate high-dimensional, nonlinear dynamical systems with em-
bedded uncertainty quantification. The proposed method efficiently provides accurate and reliable estimates
by combining variational autoencoders with a newly introduced variational identification of nonlinear dy-
namics (VINDy) technique. VINDy identifies an interpretable, probabilistic model for the reduced dynamics
by learning the distribution of coefficients of the linear combination of a parsimonious set of functions se-
lected from a library of candidates.
As a result, in a purely data-driven and automated fashion, our overall method simultaneously learns the
probability distribution of low-dimensional representation of the system states together with a probabilistic
dynamical model, describing how the states evolve in time. Moreover, by adeptly accounting for uncertainty
during both training and testing phases, the method operates effectively in high-noise and low-data regimes,
and provides uncertainty-aware predictions for varying parameter configurations and initial conditions of the
system.
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The method’s effectiveness is showcased across various benchmarks, including the low-dimensional Rossler
system to assess handling different sources and intensities of uncertainty, and high-dimensional PDE problems
in fluid dynamics with a parametrised reaction-diffusion problem, and in structural mechanics with the
hardening behavior of a micro electro-mechanical resonator.

A key feature of the method is the usage of variational inference to reformulate UQ as an optimization
problem, solvable with efficient gradient-based techniques. This significantly reduces computational costs
with respect to alternative strategies based on Bayesian or Monte Carlo methods. Moreover, it allows to
seamlessly integrate UQ with the learning tasks into a single, training procedure.

As drawback, as with most deep learning frameworks, the proposed method can be sensitive to the weights
initialization, choice of the priors and hyperparameters, such as, e.g., the weighting coefficients leveraging
the contribution of the different loss terms in . In Sect. we provided a general guidance on how
to set these hyperparameters, but automatic, and more sophisticated hyperparameter-tuning techniques or
constrained learning could complement the current framework.

A further improvement could be achieved by considering more advanced neural network models as building
block of the variational autoencoders. For instance, graph neural networks [47] are more expressive in
reconstructing spatial pattern so they can substitute the feed-forward neural networks. Indeed, while the
method showcases accurate forecast of dynamics and extrapolation with respect to time thanks to the
identified, explicit dynamical model, we do not expect as good generalization capabilities from feed-forward
networks in predicting spatial patterns that are totally unseen over the training.

Finally we observe that, while UQ on the dynamical model could be inferred directly from the identified
posterior distributions of the model coefficients, performing UQ over the predicted time trajectories, instead

test trajectory for F' = 0.078 uN and w = 0.532rad/us

y-displacement in pm

y-displacement in pm

0 200 400 600 800 1,000 1,200 1,400 1,600

time in ps

- - - mean prediction uncertainty bound (+30) —— reference

Figure 12: Physical reconstruction of latent mean trajectories and corresponding uncertainties for a node in the middle of the
beam where the most dynamics occur for two example test simulations. For training only the first Ti;ain = 1091 us are used;
the remaining time for which the model extrapolates has a red background.
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Figure 13: Example simulation of the beam at three time instants. The reference solution is shown at the top, whereas a
physical reconstruction of the integrated latent dynamics is shown below. For the latter, we once colorize it with respect to
the Euclidean distance eqjsp between the nodes of the FE beam in the reference simulation and their predicted positions as
displacement error, and once with the corresponding uncertainty bounds resulting from the VICI framework. The beam is
shrunk to 20% of its length for better visualization and the displacements are scaled by a factor of 100 for the same reason.
Across all test simulations, our approach achieves an average normalised displacement error of 0.064 £ 0.031 using the mean
trajectories. For this performance quantity, the average node displacement error of all nodes and time instances is normalised
by the maximum displacement occurring in the respective simulation.

requires a sampling strategy, 1.e. VICI. Indeed, the reduced states are treated as independent and identically
distributed (iid) variables, making them completely agnostic of time. So UQ over trajectories is computed
by VICI from the statistical moments of different integrated trajectories from different realizations of initial
conditions and coefficients of the dynamical model. Further developments could model latent states as
random processes, thus accounting for time dependence and providing more rigorous UQ for the predicted
trajectories.

The non-intrusive, data-driven nature of the framework requires minimal a priori knowledge of the ob-
served system and could handle model and measurement noise. This paves the way for applications to
real-life datasets, potentially considering various data types, such as those coming from sensors or videos as
in 27, [7]. As further direction of future work, the flexibility and generality of the framework offers promising
prospects for its extension to online learning within the context of digital twins, enabling dynamic model
updates as new data emerge. This could be done by adopting previous posterior estimates as priors and
fine-tuning the model to refine posterior distributions.
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Appendix A. Appendix

Appendiz A.1. VINDy Loss

In this section we derive equation in Section We assume that 2 and z are independent. This
reflects the fact that E are constant coefficients determining the contribution of each candidate feature in
the dynamics, thus they are related to the underlying physical model we aim to discover and not to the
specific (latent) observed data.

In VINDy, we approximate the distribution of p(Z|2) of E|Z with a posterior distribution ¢(Z) param-
eterized by trainable weights. We aim to minimize the KL divergence between the approximated posterior
and the true one:

KL(q(E) [ p(E | 2)) = Ezny(z)llog ¢(B)] — Egyz) [log p(E | 2)]
=Ezq=)[logq(E)] — Ezy=)[logp(E | 2, 2)]

=~q®) 108 4(B)] — Ezvqg) {log (:’(z)fijlj(j; Z)}

~ Bzeyo) [084(E)] - Bxnye) |08 p(E)p((z_zii(; 12.2)

=Ezq=)[logq(E)] — Ezy=) [logp(E)] — Ez~y(=) [log(p(2 | E, 2))] +logp(2 | 2)
|

(
=KL(¢(E) || p(E)) — Ez~q(z) [log(p(2 | E, Z))]+10gp(7i | z).
(A1)

The resulting expression has been obtained by applying KL divergence definition, Bayes’ theorem on the
second term and exploiting the independence between = and z.

Analogously, the KL divergence between p(z|2) and its approximation by means of the posterior ¢(z) can
be written as

KL(q(2) [ p(z | 2)) = Ezvg(z)llog q(2)] = Ezng(z)llogp(z | 2)]
Esmqz)l0gq(2)] = Ervgz)[logp(z)] — Ezmg(zlogp(2 | 2)] 4 log p(2) (A.2)
KL(q(2) || p(2)) — Eznq(z)[logp(2 | 2)] + log p(2).

Summing them up leads to

KL(¢(8) [ p(E | 2))+KL(q(2) | p(z | 2))

(B) | p(B)) — Ezgez) [log(p(2 | B, 2))] +logp(z | ) +
KL(q(2) || p(2)) = Ezngz)[logp(2 | 2)] +log p(2)

(B) [ p(B)) + KL(4q(2) || p(2)) — Ezngem) [log(p(2 | E, 2))] + log p(2).
The last equality follows from the standard assumption of stochastic gradient descent-based methods: at
each optimization step, we take a sample of z and treat log p(2|z) as an approximation of E, (z)[log p(2|z)],

thus assuming log p(2|z) — E. 4z [log p(Z|2)] = 0.
Finally, equation (A.3)) can be rewritten as

logp(2) — KL(¢(E) | p(E[2)) — KL(q(2) || p(2|2
= Bz qg) [log(p(2 | E, 2))] — KL(¢(E) |

that is exactly the VINDy objective function in .

(A.3)

) =
| p(8)) — KL(¢(2) || p(2)),

Appendiz A.2. Prior Distributions

The priors p(E) and p(z) in the context of VENI and VINDy can be used to infuse knowledge about the
distributions of the coefficients of the dynamics and latent states. If no prior knowledge about the distri-
bution’s shape and its parameters is present, Gaussian priors are a common choice in variational inference,
especially in VAEs. Moreover, using latent Gaussian distributions for the latent variables allows model-
ing arbitrarily complex output distributions if the decoder is sufficiently complex [48]. A valid alternative,
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especially when model the dynamics’ coefficients is the use of Laplacian priors. In contrast to Gaussian
priors, Laplacian priors can act as sparsity-promoting regularization terms within a regression task [26].
Consequently, they are more prone to provide a parsimonious dynamical model, which is in general highly
desirable [49]. We furthermore want highlight that adjusting the priors are an elegant way of incorporating
any existing pre-knowledge about occurring function terms. Other possible choices for the priors may include
spike and slab, regularized horseshoe, etc. In this work, we focus on Gaussian and Laplacian priors, since
they have the additional advantage that the KL divergence between two distribution of the same family can
be expressed in a closed-form, as presented in the following.

Gaussian. The Gaussian distribution
NN, V) (A1)

is parameterized by its mean pV and variance V. For two univariate Gaussian distributions the KL
divergence can be calculated using the closed form

5]\/ 5/\/2 + ,UN _ MN 2 1
KLVt 63) | V' 03)) = g (B ) + 08 ) L (A.5)
1 209
Laplace. A Laplace distribution
L(p*,6%) (A.6)

is parameterized by a location p* and a scale parameter §°. For gradient-based optimization the reparam-
eterization trick for a Laplace distribution looks similar as the one for Gaussian ones

z=p"+ (6% ¢~ L(0,1). (A7)

Given two Laplace distributions, the KL divergence can be calculated in closed form as

L_ . C

. L 5oy O exp{ Il — g

KL(C(E.0F) | £ 06) = log (52 ) + = -1
1 2

(A.8)

see [60].

26



92/2024

91/2024

86/2024

88/2024

85/2024

90/2024

83/2024

82/2024

80/2024

MOX Technical Reports, last issues

Dipartimento di Matematica
Politecnico di Milano, ViaBonardi 9 - 20133 Milano (Italy)

Conti, P.; Kneifl, J.;; Manzoni, A.; Frangi, A.; Fehr, J;; Brunton, S.L.; Kutz, JN.
VENI, VINDy, VICI - a variational reduced-order modeling framework with uncertainty
guantification

Ciaramella, G.; Kartmann, M.; Mueller, G.

Solving Semi-Linear Elliptic Optimal Control Problemswith L1-Cost via Regularization and
RAS-Preconditioned Newton Methods

Franco, N.R.; Fraulin, D.; Manzoni, A.; Zunino, P.

On the latent dimension of deep autoencoders for reduced order modeling of PDES parametrized
by random fields

Castiglionea, C.; Arnonec, E.; Bernardi, M.; Farcomeni, A.; Sangalli, L.M.
PDE-regularised spatial quantile regression

Regazzoni, F.; Poggesi, C.; Ferrantini, C.
Elucidating the cellular determinants of the end-systolic pressure-volume relationship of the
heart via computational modelling

Brivio, S.; Franco, NicolaR.; Fresca, S.; Manzoni, A.
Error estimates for POD-DL-ROMSs:. a deep learning framework for reduced order modeling of
nonlinear parametrized PDES enhanced by proper orthogonal decomposition

Tomasetto, M.; Arnone, E.; Sangalli, L.M.
Modeling anisotropy and non-stationarity through physics-informed spatial regression

Conti, P.; Guo, M.; Manzoni, A.; Frangi, A.; Brunton, S. L.; Kutz, J.N.
Multi-fidelity reduced-order surrogate modelling

Rosafalco, L.; Conti, P.; Manzoni, A.; Mariani, S.; Frangi, A.
EKF-SNDy: Empowering the extended Kalman filter with sparse identification of nonlinear
dynamics

Crippa, B.; Scotti, A.; Villa, A
Numerical Solution of linear drift-diffusion and pure drift equations on one-dimensional graphs



	qmox93-copertina
	mox-20241111104656
	1 Introduction
	2 Method
	2.1 Problem setup
	2.2 Variational Encoding of Noisy Inputs (VENI)
	2.2.1 Choice of encoder and decoder

	2.3 Variational Identification of Nonlinear Dynamics (VINDy)
	2.4 Offline Training
	2.5 Variational Inference with Certainty Intervals (VICI)
	2.5.1 Sparsity promotion by zero-pdf thresholding


	3 Numerical examples
	3.1 Numerical example I: Rössler System
	3.2 Numerical example II: Reaction-diffusion problem
	3.3 Numerical example III: Beam MEMS resonator
	3.3.1 Results


	4 Discussion and concluding remarks
	Appendix  A Appendix
	Appendix  A.1 VINDy Loss
	Appendix  A.2 Prior Distributions


	qmox93-terza_di_copertina

