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Abstract

The recent evolution of software and hardware technologies is
leading to a renewed computational interest in Particle-In-Cell (PIC)
methods such as the Material Point Method (MPM). Indeed, pro-
vided some critical aspects are properly handled, PIC methods can
be cast in formulations suitable for the requirements of data locality
and fine-grained parallelism of modern hardware accelerators such
as Graphics Processing Units (GPUs). Such a rapid and continuous
technological development increases also the importance of generic
and portable implementations. While the capabilities of MPM on a
wide range continuum mechanics problem have been already well as-
sessed, the use of the method in compressible fluid dynamics has re-
ceived less attention. In this paper we present a portable, highly par-
allel, GPU based MPM solver for compressible gas dynamics. The
implementation aims to reach a good compromise between porta-
bility and efficiency in order to provide a first assessment of the
potential of this approach in solving strongly compressible gas flow
problems, also taking into account solid obstacles. The numerical
model considered constitutes a first step towards the development
of a monolithic MPM solver for Fluid-Structure Interaction (FSI)
problems at all Mach numbers up to the supersonic regime.



1 Introduction and Motivation

Hardware and software technology evolution has led to a renewed
interest in particle-based numerical techniques for differential prob-
lems, such as the Material Point Method (MPM, [57, [68]), that was
developed stemming from the Particle In Cell method Fluid Im-
plicit Particle Method [29] [7] to treat history-dependent materials,
thanks to their suitability to modern hardware accelerators require-
ments [28] 22]. Indeed, parallel computing is a key capability for
effective advancement of industrial-grade, large-scale computations,
particularly in the fields of high-speed, compressible computational
fluid dynamics and Fluid-Structure Interaction (FSI, [39]) simula-
tions. On the other hand, rapid hardware and software evolution
makes researchers lean towards generic and portable implementa-
tions, which enable developers to swiftly adapt to sudden technol-
ogy innovations.

In view of exponentially increasing High Performance Computing
(HPC) resources and the method’s accurate handling of a wide
range of phenomena, MPM is becoming increasingly relevant for
compressible CFD and FSI simulations. In MPM, continuum me-
dia are discretised by means of Lagrangian particles, the material
points, each one storing every state variable evaluated at its position,
enabling the description of a wide range of materials [26] 55 [32] as
well as large deformations [II, 63, [18] and fracture phenomena [65].
Notwithstanding its Lagrangian character, MPM also uses a back-
ground Eulerian grid, that is often chosen to be a tensor-product
Cartesian grid for sake of efficiency, to compute differential quan-
tities and solve the motion equation, thus mediating the particle-
particle interactions, and taking advantage of both Eulerian and
Lagrangian approaches. These features make MPM an interesting
candidate for the development of a highly parallel, Graphics Pro-
cessing Units (GPUs)-based FSI solver. Indeed, in order to reach a
high degree of efficiency, GPU-based solvers require a large degree of
data locality and fine-level parallelism, and MPM implementations
can naturally achieve these, since:

e every GPU thread can manage up to very few grid cells or
particles;

e the link between cells and particles can be easily built thanks
to the structured character of the grid;

e accuracy in the discretisation of continuum bodies is obtained
by means of the Lagrangian particles, so that the grid does not
have to match the solid boundary.



Thus, there is no need of computationally expensive, unstructured,
moving or deforming meshes and a structured Cartesian grid can be
used instead, simplifying also techniques such as Adaptive Mesh Re-
finement and Domain Decomposition in a parallel context [59] [66].
Since the first introduction of MPM, various enhancements of the
method were proposed, solving some of its drawbacks such as grid-
crossing instabilities [60] and volumetric locking [16], and improving
its accuracy and conservation properties. To address instabilities
which arise when particles cross the grid, variants of the method
were proposed, such as GIMP [4], CPDI [48], iMPM [58] and IGA-
MPM [43], and numerical analysis studies on the use of B-Splines as
basis functions in MPM were conducted [53]. An affine and a poly-
nomial mapping were later added to the B-Splines MPM [33], 23]
resulting in an angular momentum-preserving models. Other stud-
ies explored least squares techniques [67] enabling the recovery of
the affine/polynomial splines MPM [31], the effect of spatial and
temporal discretisation errors, and the application of symplectic in-
tegrators [5]. In light of these developments, MPM represents an
effective method for the simulation of a wide range of materials and
phenomena.

However, even though MPM was actually initially developed for
fluid simulations, there are only a few recent studies addressing com-
pressible fluid dynamics using MPM.

Existing studies on MPM for compressible flows focused on mod-
elling, as the first work addressing compressible fluids and thin mem-
branes [70], on numerical convergence and error analysis [62], and
on expanding the range of applications for the method, as the more
recent paper [56], which also takes into account thermomechanics ef-
fects; finally, in [34] the use of PolyPIC transfers [23] to construct a
second order accurate discretisation of the Navier-Stokes equations
within a PIC-MPM context is proposed. Nonetheless, none of these
studies addresses high speed gas dynamics. In addition, the existing
studies, some of which (e.g. [70]) predate work on numerical linear
algebra on GPUs (e.g. [6, B7]), do not deal with parallelisation on
modern hardware.

In fact, in recent years MPM has gained popularity in the computer
graphics community (e.g. [54]), leading to relevant results on modern
hardware. In particular, Gao et al. [24] designed an MPM imple-
mentation optimised for GPUs, adapting the efficient data structure
for sparse data on CPU of Setaluri et al. ([50]), and Wang et al. [66]
extended the work to a multi-GPU shared memory, MPI-free pro-
gramming model. Finally, Buckland et al. [10] recently considered
the problem of portability of a parallel MPM implementation in the



computational mechanics realm.

However, these works do not treat compressible fluid dynamics prob-
lems, and the choice of the material to simulate has additional con-
sequences on the computational efficiency.

For example, the GPU-optimised SPGrid data structure of [24] is de-
signed for a computational domain with a relevant portion of empty
cells, as it employs MPM to simulate solids, elasto-plastic materials,
and sand. Conversely, gases fill the computational domain, requiring
a different data structure. The efficiency of MPM on modern, paral-
lel hardware in the modelling of compressible gas dynamics has yet
to be proved. Indeed, existing studies addressing Fluid-Structure
Interaction in a compressible, high speed gas dynamics context typ-
ically rely on a segregated approach, coupling different solvers for
different materials. This approach, besides the known pros and cons
with respect to monolithic solvers, also introduces challenges in the
performance portability of the implementation.

A very good example of this approach is given by [I1], where MPM
has been used only for the solids, while the compressible fluid dy-
namic problem has been solved through a second order WENO
scheme, and the code is run on CPUs. Indeed, high-order WENO
and ENO schemes guarantee numerically excellent results in gas dy-
namics but, for these schemes to work properly, the stencil should
be able to grow in any direction into neighbouring mesh elements.
From a computational point of view, this works very well on struc-
tured grids. However, designing proper structured grids for Eulerian
methods in FSI is significantly time consuming. On the other hand,
if unstructured grids are chosen, growing stencils leads to a large
increase of halo transfers in communication among parallel proces-
sors, thus requiring a large consumption of memory bandwidth and
generating a large amount of indirection, degrading the suitability
of the methods for modern parallel hardware.

In this realm, MPM presents very interesting features as complete
FSI solver, indeed:

e it benefits from the choice of employing structured, Cartesian
tensor product grids, since continua discretisation is delegated
to Lagrangian material particles, allowing the modelling of
large deformations without the need of complex and costly
meshes;

e it does not require coupling among solvers, as it is suitable for
structural mechanics problems as well.

Nonetheless, to the best of the authors’ knowledge, no studies exist
that are dedicated to the GPU based, High Performance Comput-
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ing aspects of MPM implementations for strongly compressible fluid
dynamics problems. Our aim is to explore these aspects in depth,
considering also the performance portability features of the algo-
rithm and its implementation.

With this work we aim to address only the fluid portion of a fu-
ture FSI solver, i.e., the portion which is usually left to Eulerian
CFD solvers. We focus on algorithm and data structures suitable
for implementation on various parallel architectures, with a partic-
ular focus on HPC GPUs, and we address the problem of reducing
limitations in treating obstacles that derives from the choice of a
structured Cartesian grid, by means of a signed distance function
approach.

The current study focuses on linear MPM to better study its scala-
bility features, leaving the update to a higher order MPM for future
work. However, we anticipate a discussion on how higher regularity
base functions could fit our approach and how the parallel efficiency
would be influenced by the extension of base function support on
more elements. From the modelling point of view, to give a first
assessment of MPM in simulating efficiently compressible gases on
GPUs, we treat the gas as inviscid fluid, neglecting the effects of
turbulence, and adopt an artificial viscosity based shock-capturing
technique.

In previous work [2], we ported an existing MPM algorithm [70, [69)
13] to CUDA-C [44], adapting it to GPU architecture and obtain-
ing promising speed-ups with respect to a C+4 CPU version. The
CUDA-C programming model was chosen because of its known per-
formance capabilities on NVIDIA A100 GPUs [45, [8]. However, the
programming model had shortcomings in its low-level character and
specificity to the underlying architecture: while it can be made to
work on, e.g., AMD GPUs via HIP with minimal changes, it cannot
be ported to different architectures such as multicore CPUs without
substantial code modifications.

One of NVIDIA’s solutions for performance portability involves its
own C++ compiler nve++ [21], [46], using which, one rewrites al-
gorithm steps relying on C++ Standard Template Library (STL),
specifying a parallel execution policy. To give an example, in this
framework it is possible to parallelise the following for loop:

for (index_t i = 0; i < n; ++i)
{do some operations}

into a call to a for_each with a proper lambda or functor, e.g.:

std: :for_each (std::execution::par,
first_counting_iterator, last_counting_iterator,



[] (index_t i){do some operations});

Although the approach does not prevent the developer from intro-
ducing data-races or deadlocks, code can be written only once, and
then, depending on options specified at compile time, run in parallel
on multi-core CPUs or GPUs.

However, nvc++ high-level features come at a price, as the developer
loses the control on memory handling and, in particular, on the mo-
ment when Host-to-Device and Device-to-Host memory copies are
performed. The code runs on host, any invocation to an algorithm
with a parallel execution policy expresses the developer’s preference
to run that algorithm in parallel. If compiled for GPUs, memory is
copied to the device, computations are performed and then data is
copied back to host. In physics and in engineering dynamics simula-
tions, where each time step depends on the previous one, this means
that the maximum reachable level of parallelisation corresponds to
a single call to a parallel algorithm inside a traditional for loop
for time advancing. Since memory fetches can be significantly more
costly than computations, this is sub-optimal.

The present contribution expands the scope of [2] and overcomes
the performance issues with nve++ by designing a portable MPM
code for transonic and supersonic compressible gas dynamics based
on Thrust [47], a template library for CUDA and HIP based on
the C++ Standard Template Library (STL). In addition to nve++
features, Thrust introduces two types of STL like vectors, one for
the host (typically, the CPU) and one for the device (typically, the
GPU); this allows the user to specify when memory should be copied
via explicit calls. For example, it is possible to perform a single Host
to Device copy when reading the initial data file, and one Device
To Host copy whenever saving partial results on output data files,
strongly reducing execution time related to memory fetches.
Moreover, as additional portability-enhancing features included in
the implementation:

e Thrust syntax is mostly compatible with STL syntax, adding
just a few define preprocessor macros or templates. Thanks
to this, almost the same source code can be compiled for paral-
lel execution on GPUs with NVIDIA CUDA compiler nvce, on
AMD GPUs with the AMD compiler for ROCm/rocThrust,
and on CPUs with g++ and clang++ compilers (when it is
linked with a parallel library such as TBB, Intel’s Threading
Building Blocks).

e Thrust itself allows for modifications to the default device and
host system, so that it can be run both serially and in parallel,



with TBB or OpenMP on CPUs for the host, and also on
the GPU via CUDA-C++ for the device only. The code can
be compiled and executed on a CPU-only machine as well,
provided THRUST_DEVICE_SYSTEM is defined to be

THRUSTJ)EVICE,SYSTEM,{CPP,OMP,TBB} at compilation stage.

Specific development choices are described that enable optimisation
on modern GPU-based HPC architectures and portability to differ-
ent hardware, as well as generality of the approach for the purposes
of its adaptability also towards different software. The accuracy
and performance of the implementation are evaluated on a number
of compressible flow benchmarks and the results are compared with
available approaches in the literature.

The paper is structured as follows. Section [2| contains the analytical
and numerical formulation of the method. Section [3] describes the
chosen algorithm and the current and implementation choices. Sec-
tion [4] illustrates the results obtained on benchmark test cases, ad-
dressing numerical modelling aspects as well as performance porta-
bility, and the final section [5| contains a discussion of the results,
draws the conclusions of the performed work, and prospects future
developments.

2 Model Formulation

In this section we present, in (5)) of subsection the model equa-
tions that are actually solved by our code. In order to clearly point
out the simplifications that we adopted and the physical limitations
they correspond to, we briefly outline the derivation of such model
from the more general form stated in .

As previously mentioned, MPM takes advantages of both the Eu-
lerian and the Lagrangian perspective; specifically, the Lagrangian
particles discretisation approach affords flexibility in modelling var-
ious kind of phenomena and materials, while the Eulerian grid dis-
cretisation is beneficial for scalability as the grid allows the media-
tion of particle-particle interactions.

As the Eulerian approach used for the integration of the moment
conservation equation is based on the weak form of such equation,
the weak formulation is presented at the end of subsection be-
fore proceeding to the description of the numerical algorithm in
subsection



2.1 Model Equations and Weak Formulation

Denoting by & the material derivative operator, the flow of a com-
pressible fluid characterised by its mass density p, velocity v and
internal energy e and contained in a domain € is governed by the
following set of conservation laws [27, (69} [19]:

dp
dt—l—pV v
dv

-V b 1
P V-o+p (1)
d
pd—j:a:é—V~h+ps.

In the equations above, o, pb, €, h and s represent the stress tensor,
the external force density, the strain rate tensor, the heat flux and
the heat source, respectively; suitable constitutive relations for such
quantities must be provided in order for the model to be solvable,
our choices for such relations are described below. For the stress
tensor o we assume the following Ansatz

0ap = —(P+q) dap (2)

where d,4 is the Kronecker delta.
In , p denotes the thermodynamic pressure which we assume to
be related to the state variables via the state equation for a perfect
gas

p=(y—1)pe (3)

where ~y is the ratio between specific heat at constant pressure and
constant volume which, for a bi-atomic perfect gas, is given by

Y= cpfey = % = 1.4. While viscous stresses are neglected in

the expression of (indeed we focus on inviscid fluid flow only in
the present work), a small artificial viscosity is commonly adopted
in numerical simulations to improve stability. In this paper this
is accomplished, as suggested in [68], via the additional pressure
term ¢ in which consists of a combination of von Neumann-
Richtmyer [64] and Landshoff [3§] artificial viscosities and is meant
to damp out spurious oscillations near solution discontinuities. The
artificial viscosity correction is only activated in compression re-
gions, identified as areas where the divergence of v is less than zero,
and its expression reads

. {co (phdiv(v))? = c1 h \/% div(v) d?v(v) <0 @
0 div(v) >0

10



where ¢y, c; are dimensionless constants and h denotes the charac-
teristic length of a grid cell. In section [4] we assess the effect of
the different terms comprising the correction ¢ on the solution of
a problem displaying a shock wave, a contact discontinuity and a
rarefaction wave. Finally, we consider an adiabatic, non reactive
flow regime and, therefore, neglect heat fluxes and sources, as well
as external body forces.

In conclusion, the system of equations we focus on in the present
study can be summarised as

dp
a + pV -v=20
dv
P = ~Vi(p+q) (5a)

de
py=—+gV-v

and
p=(y—1)pe
q=co(phdiv(v))> —cih 7% div(v), div(v) <0 (5b)
q=0, div(v) > 0.

Of course must be supplemented by suitable initial and bound-
ary conditions, which will be detailed separately for each of the
individual flow configurations considered in the following.

This dynamically comprehensive yet relatively simple equation set is
chosen as it enables testing the performance portability of the MPM
implementation on compressible gas dynamics benchmarks [61}, 51]
and comparison with existing approaches [70, 50] (see egs. (2.55)-
(2.61) in [68] for a comparison).

As shown in the next section, the momentum equation is solved on
the grid, while mass conservation, internal energy conservation and
state equations are solved on particles (see step 10 in[l}). The link
between the Lagrangian particles and the Eulerian mesh is given by
mappings which can be derived from the weak formulation of the
motion equation [57, 68|, that is obtained as follows.

Let Q € R? be a domain, and v :  — R? denote the total, material,
derivative of the velocity. Then, momentum conservation reads

pv=-V(p+q) (6)

Take a test function w € V = [H{()]?, multiply (6) by w and

11



integrate over the domain 2

/Qp\'f-wdQ:—/QV(]H—q)-wdQ (7)

Integrating by parts the second term

/Qp\'f-wdQ:/Q(p—l—q)V'wdQ (8)

where boundary integrals are neglected because of the requirement
that w € V = [H}(Q))%

The continuity, the energy conservation and the state equations will
be directly discretised and used to update particle properties in the
algorithm (see section [3| and algorithm (1), while the discretisation
of the weak form of the momentum equation, related to the link
between the Eulerian grid and the Lagrangian particles, is treated
in more depth in the next section.

2.2 Numerical Method

In this subsection we derive the formulae which serve as Particle-
to-Grid mappings from the discretisation of the weak form of the
motion equation . Then, building upon the derived expression,
we define four mapping operations in a general way, such that they
can be applied to different quantities to formulate the algorithm.
This step is indeed fundamental, since by expressing the whole al-
gorithm in terms of four main kernels we are then able to perform
better computational analysis, measures and optimisation.

In the following, we proceed in the afore-mentioned Galerkin way,
as discussed also in [13] and done by [52] 53].

When it is useful to distinguish, grid quantities are written in lower
case Roman characters, while particle quantities are written in ei-
ther upper case Roman or Greek characters. Moreover, ¢ denotes
grid nodes index, while k denotes particles index.

To discretise , we introduce a finite dimensional sub-space of V,
which we call V},, and a basis {(Z)i(x,y)}fiho*l, such that V > V), =
span{@(:v,y)}fvz’b*l. Then, we project equation onto V},, and,
since V}, is finite dimensional, it is possible to express any function
in terms of finite sum, e.g.

Nj,—1

‘.’h(xvy) = Z {’j(bj(xay)' (9)
j=0

12



Moreover, since the semi-discrete has to hold for any wy € Vj,
we can choose as test function any basis function. We thus get the
semi-discrete weak formulationT}
Find vy, € V}, such that Vi =0: N, — 1
Np—1
/Q o[ 3 vi0; | érdn = /Q b+ Ve (10)

j=0

Integrating numerically with a quadrature rule having particles
volumes as weights and particles position as integration points, we
can express it in algebraic form:

Np—1
Vi=0...N,—1 Z m@'j\'/j:fimt (11)
=0

having introduced the mass matrix [m;;] s.t.

Np—1

mig = Y Myi( X, i) (X, Vi) (12)
k=0

and the internal force vector

Np—1 M
fi= > (Pe+Qu)—LVei( Xy, V) (13)
R Pk

where k is the particles index, N, the particles number, M}, is the k—
th particle mass such that its density is px = %f, Vi being its volume
used as quadrature weight, P, and ) are the k—th particle pressure
and artificial pressure, ¢;(Xg,Ys) the V} base function centred on
the 7 —th grid node and evaluated at the k —th particle position and
V¢i(Xk, Yy) the evaluation at (X, Yy) of the gradient of ¢;(z,y).
In order to avoid to solve a linear system, as customary in MPM [13,
52], we lump the mass matrix and define the nodal mass matrix
whose diagonal terms are

mi= Y Mpdi(Xs, Vi) (14)

We thus have obtained an algebraic system in the form

Vi=0...Ny—1 myv; = £ (15)

!By taking both vy, wy, € V3, C [H}(Q)]2, as customary in Galerkin method, we are
implicitly assuming homogeneous Dirichlet boundary conditions. When this is not the
case, it is enough to introduce a lifting operator, see e.g. [17].

13



where [m;] is the matrix of Eulerian grid nodal mass, which corre-
sponds to the mass-lumped version of the original MPM algorithm
mass matrix [57, 13 53], and v; is the unknown vector of nodal
acceleration. More precisely, the expressions just obtained for m;
and £;"¢ are respectively equations (3.1) and (3.3) in [L3], assuming
that our model is taken into account.

The so defined m; and fii“t expressions constitute examples of what
we call P2G and P2GD kernels, i.e. mapping operations from the
Lagrangian particles to the Eulerian grid, where we the D stands for
the derivative operator applied to the basis function, coming from
having moved it from the stress to the test function in the weak
formulation.

As anticipated, to better analyse, measure and optimise the com-
putational performance of the algorithm, it is important to define
such mapping operations in general terms, to be able both to stress
their computational features and to apply the very same kernels to
different quantities as specified in the algorithm of [13].

In order to do so, denote by a = [a;] € R™» the array of values of
some quantity a(z,y) at the grid vertices (z;,y;),i = 0... N — 1,
and let A = [A;] € R be the array of values of some quantity
A(X,Y) at the material points (X, Yy),k=0... N, — 1. It is use-
ful to generalise the kernels to the case where the mapped quantity
is not stored in memory but computed on the fly as a function of
other state variables, as in equation .

To do so, let F : R™ — R and G : R™ — R?; we define Particle-to-
Grid and Grid-to-Particle kernels as follows:

P2G(F,AO . AMY: g ) =
Np—1
3 f(A,@,...A,gm‘l)) $i( X, i), i=0...Np—1 (16)
k=0

G2P(F,a® ... ,amV; X;.v;) =
Np—1
YoF (ag°>, . ..a(m*”) $:(Xp, Vi), k=0...N,—1 (17)
=0

)

P2GD(G, A, .. AMD: g ) =
Np—1
Yg <A,§°), . ,A,ﬁm*”) Vi (X, Vi), i=0...Ny—1 (18)
k=0

14



G2PD(F,a? ... am Y. X, v,) =

> F (a@) ...a§m*1)) V(X Vi), k=0...N, — 1. (19)

With these definitions, the motion equation can be solved on the
Eulerian grid starting from Lagrangian particles quantities, assum-
ing that proper boundary and initial condition are applied. Indeed,
equation can be formulated employing the above defined gen-

eral kernels , as:

Vi=0.. . Ny—1,

where:

I'R—-R,I(z) =2

¢ RS X R > R, ((2,y,2,1) = (xgy)

SRS T IR

0
‘R? x Ry — R? t) =
n 0 777(:C>y>zv) <.’E+y>

In the next section the detailed implementation of the algorithm
is illustrated, together with the expression of computational steps
according to the kernels formalism, that allow to obtain the original
MPM equation as in [13]

For the numerical discretisation of the Eulerian aspects of the method,
we choose a Cartesian tensor product grid of quadrilateral elements.
Among the possible choices, this one lends itself naturally to com-
putationally efficient refinements through a quad-tree approach [49,
13]. Moreover, we opt for Q; FEM basis functions for the functional
spaces of both the solution and the test function, see e.g. [17}E|
This approach corresponds to bi-linear weighting function of stan-
dard MPM, and is known to cause cell-crossing error and spurious
oscillations in the computed quantities. The reason can be eas-
ily understood by the above equations: when ¢ is (bi)-linear, V¢ is
constant, but potentially different in neighbouring cells. Thus, when
crossing cells, particles might experience discontinuous oscillations.
This issue can be numerically tackled with many strategies, among
which adding artificial viscosity [68] or choosing higher order basis
functions. For simplicity of implementation, we choose the first,

2In section [5| we discuss the extension to higher order basis functions.

15



leaving the second for a future work.

With respect to standard MPM [69], [13], the present algorithm adds
a step to take into account the flow around obstacles. Namely,
we subtract the inward component of both linear momentum and
force from the grid nodes whose cell is marked as an obstacle cell in
following equations (stemming from the method for granular mate-
rials [3]).

Vi=0...N,—1:

(mv)y - nf — [(mv)7 - nf

(mv)?' = (mv)¢ - ' Ty
R _Q’fio ] e (22)

where mv is the linear momentum, f the internal force, the subscript
denotes the 7 — th grid node, the superscript o stands for obstacle
and n is the normal unit vector, positive if directed outward from
the obstacle.

Normal unit vectors to a domain profile 0€2 are computed as gradi-
ents of the Signed Distance Function, defined as

o) = {— infycond(x,y) x€Q (23)

infycand(x,y) x¢Q
where d(x,y) is the Euclidean distance. Taking the gradient yieldsﬂ
Vsd(x) =n(x) x € 00 (24)

Finally, we use explicit time integration [13], whose stability is sub-
ject to a CFL criterion

At < aA$mm

Umaz (25)
where « collects constants. The range of admissible time steps is
bounded from above by the ratio between the smallest grid cell di-
mension AZ,;, and the highest speed ¥4z, considering both par-
ticles velocity and speed of sound, given by the square root of the
adiabatic index « multiplied by the ratio of gas pressure and mass
density. The efficiency cost of enforcing small time steps is balanced
by the need of resolving fast dynamics. In addition, explicit-in-time
methods sidestep the need to solve global linear systems at each
time step, thus enjoying better scalability properties than implicit
methods.

3An algorithm for signed distance function computation can be found in [9], and an
example in a machine learning based framework that implicitly represents geometries
from noisy surface points can be found in [12].
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3 Portable MPM Implementation

This section describes how we formulated the MPM algorithm of [13]
within the framework that was presented in section [2| and how we
implemented it to ensure portability on different architectures and
efficiency on GPUs. The development of the code benefited in part
from publicly available Open Source libraries: Thrustﬂ rocThrustﬂ
“JSON for Modern C—H—”ﬁ, and quadgridm

Let I, {,n denote the fields defined in [2| and let 6 be:

0:RxRy— R, 0(z,y) = —
)

In detail, the algorithm implementation is composed of the following
steps:

1. Data generation: the creation of simulations input is per-
formed separately from code execution. For simple geometries
it is handled via ad-hoc C++ scripts; for complex geometries,
requiring a careful computation of the signed distance func-
tion, an OctaveF_;] script is used instead, to take advantage of
Octave built-in functions. In both cases, since objects are con-
sidered at rest, normal unit vectors are computed only once,
and boundary cells are marked with a flag corresponding to
the boundary condition. Finally, the initial data file is saved
in JSON format.

2. MPM class object construction: since the most computation-
ally costly operations are the memory related ones, such as
I/0O and copies between host and device, a class object for the
method is constructed only once, reading grid and particles
data from the input file, data is saved on host memory and
copied to device memory. So doing, is possible to construct
functor objects which will be called on the device during the
time loop, without the need of further copies.

3. The time advancing loop starts; inner steps, except from out-
put operation, are implemented as Thrust or STL for_eaches,
depending on the choice made at compile time.

(i) Grid variables are reset and current grid variables are
overwritten with the ones saved during construction stage,

4https://github.com/NVIDIA /cccl /tree/main /thrust
Shttps://github.com/ROCm /rocThrust
Shttps://github.com/nlohmann /json
Thttps://github.com/carlodefalco/quadgrid
8https://octave.org/
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performing a device to device copy. This step can be per-
formed since all history dependence is maintained by La-
grangian particles. Specifically, the variables that have
been reset to their original input values are vectors hold-
ing grid nodal mass, x and y components of linear momen-
tum, force normal to the obstacle’s unit vector, as well as
markers of whether such node has to be considered on a
domain boundary or inside an obstacle.

(ii) Equations and are applied to map particles mass,
momentum and force to the grid:

Vi=0,...,Np—1

m; = PZG(]I M; z;, y;)

(mvx) = P2G(I,MVy; z;, ;)

( 2G(I,MVy; zi, yi)
(fa:)z P2GD(¢, P, Q, M, p; z;, ;)
( GD(n,P,Q, M, p;z;, y;)

(iii) Boundary conditions are enforced on grid nodes momen-
tum and force. Specifically, at each time step and for
each boundary node marked as of obstacle type, inward
components of momentum and force are subtracted as in

equations and .

(iv) Grid nodes momentum is advanced in time

=0,...N, -1
)i = (mvg)i + At(fr)i
muy); = (moy); + At(f);

(v) Velocity and acceleration generalised G2P is applied,
and next, velocity is updated. Acceleration itself is not
stored, but computed as the result coming from a local
G2P of the relevant nodes ratio between force and mass.
Following standard MPM [13], we store the G2P veloc-
ity in a temporary velocity vector V and don’t use it to
update particles velocity; however, we postpone its usage.

9In the implementation we use the linear momentum, as in eq. (3.5) of [L3], instead
of the equivalent formulation in terms of mass and velocity as in equation or as in
eq. (3.23) of [52].

18



(vi)

(vii)

(viii)

Vk=0,...N,—1
(Vi) = G2P(0, mvy, m; Xy, Yz,)
(V)i = G2P(0, mvy, m; X, Y;)
(Az)r = G2P(0, fx, m; Xy, Y3)
(Ay)r = G2P(0, £y, m; Xy, Yy)

Momentum P2G is performed.

Vi=0,.. . N,—1
(mvx)i = P2G(Hv MVX; T, yz)
(muy); = P2G(I, MVy; x4, y5)

Boundary conditions on the updated grid values are en-
forced.

Particles strain rate tensor (velocity gradient) is computed
as the G2PD of the ratio between grid nodes momen-
tum and mass, and then particles properties are updated.

Wk =0,...N, 1
V(Vo)r = G2PD(6, mvy, m; X, ;)
V(Vy)r = G2PD(0, mvy, m; X;, Yy)
— (P + Q)

E‘;C = Ek + At
Pk

V-V
p/:p—k
FT 14 AV -V,
P = (v = 1)pi.E;

Particles position are updated using V:

Vk=0,...N,—1
(Xp) = Xi + At(Vy)k
(Ye)' = Yi + At(Vy)k

Thus, the time advancing scheme is the same of [13]. How-
ever, particles moving is postponed w.r.t. the standard al-
gorithm [13], so that, in all the above steps, basis functions
and their gradient can be computed on the fly, without
the need to store the value they had at former particles
position.
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(x) Particles-to-grid connectivity map is updated with new
positions - this step is computationally efficient also thanks
to the choice of a Cartesian grid.

(xi) Only if the initial data options ask for N intermediate
outputs, a device to host memory copy and an output
from host to disk are performed at N moments equidistant
in time.

(xii) Optionally, a re-ordering algorithm is applied to keep data
locality, i.e. to keep contiguous particles in the physical
simulation also close in memory. The algorithm is based
on an indexing vector built iterating over the structure
that stores information about which particles are con-
tained in every grid cell, such that the n-th element of
the ordering vector indicates the current sorting particle
index which has to be at n-th position after re-ordering.

(xiii) A control on the CFL condition is enforced, taking
into account particles velocity (momentum over mass and

V) and the speed of sound.
(xiv) Time step is updated, loop ends.

4. A final device-to-host memory copy and output is made.

It is worth noting that, even though the sum in the analytical
expression of the Grid-to-Particle kernels is performed on the grid
index, in the implementation also G2P and G2PD kernels are per-
formed on particles index, and, internally, they rely on the particle-
to-grid map, as shown in the snippet in Fig. |1} Indeed, the imple-
mentation has been found to be more efficient when the Lagrangian
character of the method is taken into account. In particular, in the
parallelisation scheme one thread is requested for each particle.
Algorithm [1] summarises the for loop procedure, with a simplified
notation.

This algorithm is of special interest for acceleration on GPUs since it
can be written in terms of the four kernels —, which present
interesting parallelisation potentialities. Grid-to-Particles opera-
tions are intrinsically Single Instruction Multiple Data (SIMD) par-
allelisable, since data is mapped from grid nodes to particles, and
thus particles are independent from one another during writing
stage. Particles-to-Grid kernels present the same potentialities, how-
ever, if they are implemented strictly following their analytical def-
inition, they present a data race: different particles need access in
both read and write mode to the same grid nodes.

In this work, we chose to patch the Particles-to-Grid and Grid-to-
Particles kernels written in the external quadgrid library to adapt
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them to GPU execution via Thrust rather than writing ad hoc ver-
sions in the code, at the expense of some further optimisation, such
as specific kernel-fusions, that could have been added by exploiting
the peculiarities of our model , to arrive at more general and
portable conclusions. This way, there is only one computational
kernel per operation —. In any case, preliminary tests have
shown that applying a kernel-fusion approach [47] where possible
wouldn’t have affected the execution time order of magnitude.

To better illustrate the concepts introduced in the last paragraph,
we sketch and discuss below the implementation and use of the two
main kernels in the algorithm, namely the Grid-to-Particle (G2P)
operation and the Particle-to-Grid operation . A simpli-
fied sketch of the implementation of the former is given in Fig.
while the latter is described in Fig. [4} the reported code corresponds
roughly to the actual implementation available in the quadgrid li-
brary except for a few details that are left out only to avoid dis-
traction, as they are not interesting for the current discussion. As
already noted, the G2P operation is easily implemented via a loop
over all particles and lends itself quite naturally to SIMD paralleli-
sation as all write operations are independent and may be carried
out concurrently. The actual looping is performed via the for_each
method, which can be used to perform any operation on any number
of variables associated to a particle by using a counting iterator and
a suitably constructed callable object as shown in Fig. [8]and Fig.
The P2G operation is implemented along lines very similar to those
followed for G2P. Specifically, as shown in Fig. 4] the looping is done
over the list of particles just as for G2P, which is made possible by
the index array ptcl_to_grid that lists, for each particle, the grid
cell within which it is located. Efficiently building the latter data
structure heavily depends on the use of structured grid. The main
difference between P2G and G2P consists in the need, in the former,
to work around a data race that is created when threads working
on different particles try to write data related to the same neigh-
bouring cell vertex. The simplest approach, followed in this work, is
to make the write operations atomic by using atomicAdd (as shown
for sake of example in Fig. , which is readily available in CUDA
and HIP but can also be re-implemented in standard C++ based
on the std::atomic_ref class template introduced in the C+-+20
standard. Although our tests show that the use of atomics does
not seem to lead to much of a performance degradation on GPUs,
we discuss in a later section a possible alternative based on data
reordering and mesh colouring that can be used to avoid atomics.
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template<class callable_t>
G2P (idx_t iptcl, callable_t *grid_variable,
ptcl_variable_t *ptcl_variable) {

idx_t icell = ptcl_to_grid[iptcl];
real_t x = ptcl_x[iptcl];
real_t y = ptcl_yliptcl];

for (idx_t inode = 0; inode < 4; ++inode) {
real_t N = shape_function (x, y, inode, icell);
idx_t ginode = local_to_global (icell, inode);

ptcl_variable[iptcl] +=
N * (*grid_variable) (ginode);
}

};

Figure 1: Example template function to demonstrate the approach
used to implement the G2P kernel. This is not the actual code
used but a conceptualised, reduced example to explain the basic
idea. In particular note that in this simplified snippet (and some of
the following) we use, for sake of simplicity of presentation, stan-
dard pointers, while the actual implementation uses some form of
iterator.
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struct x_velocity_t {

grid_data_t *gdata = &grid_data;

real_t operator() (idx_t ginode) {
real_t vx = gdata -> get (ginode, "x_momentum");
real_t m = gdata -> get (ginode, "mass");
return vx / m;

}

} *x_velocity;

x_velocity_g2p =

[x_velocity, ptcl_x_velocity] (idx_t iptcl) {
G2P (iptcl, x_velocity, ptcl_x_velocity);

s

Figure 2: Instantiation of a callable object that implements grid
to particle interpolation of the x—component of the velocity. This
is not the actual code used but a conceptualised, reduced example
to explain the basic idea. In the code above, the purpose of the
callable object pointed to by x_velocity is to compute on—the—fly
a function of the state variables at a grid vertex, so that its value
can be interpolated at the particle locations without requiring
extra storage or data transfers.

counting_iterator<idx_t> first_p(0);
ounting_iterator<idx_t> last_p(num_particles);
for_each (execution_policy,

first_p, last_p, x_velocity);

Figure 3: Example of performing an actual G2P operation by
iterating over all particles by means of the for_each method and
counting iterators.
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template<class callable_t>
P2G (idx_t iptcl, ptcl_variable_t *grid_variable,
callable_t *ptcl_variable,) {

idx_t icell = ptcl_to_grid[iptcl];
real_t x = ptcl_x[iptcl];
real_t y = ptcl_yliptcl];

for (idx_t inode = 0; inode < 4; ++inode) {
real_t N = shape_function (x, y, inode, icell);
idx_t ginode = local_to_global (icell, inode);

atomicAdd (grid_variable + iptcl,
N * (*ptcl_variable) (ginode));
3

};

Figure 4: Example template function to demonstrate the approach
used to implement the G2P kernel. This is not the actual code
used but a conceptualised, reduced example to explain the basic
idea. In particular note that in this simplified snippet (and some of
the following) we use, for sake of simplicity of presentation, stan-
dard pointers, while the actual implementation uses some form of
iterator.
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4 Benchmarks

In this section we show the results of 2D numerical simulations of
gas dynamics obtained with the described implementation of MPM,
with a focus on transonic and supersonic gas flow over solid ob-
stacles. A first general evaluation of accuracy in subsection is
followed by an assessment of the sensitivity of the results to the
choice of numerical parameters in subsection in particular, the
effects of numerical viscosity components on mass density are shown
for a test case with analytical solution in subsection

In subsection [4.3] we then test the efficiency and performance of the
implementation in providing parallel scalability on NVIDIA A100
GPUs. Lastly, in subsection [4.4] we assess the performance porta-
bility of the developed code to different CPUs and GPUs architec-
ture, which is our main claim.

The HPC experiments were carried out on NVIDIA A100 SXM4 40
GB GPUs, Intel Xeon Platinum 8260 and AMD EPYC Rome 7402
CPUs at Leonardo S.p.A.’s in-house HPC facility davinci-1, and on
AMD EPYC 7313, AMD EPYC 7413 CPUs and AMD Radeon In-
stinct MI210 GPUs at MOX Laboratory for Modeling and Scientific
Computing at Politecnico di Milano’s Mathematics Department.
All tests are performed in double precision, i.e. using FP64. De-
pending on the architecture, better performance could be achieved
with lower precision floating points; for example, the NVIDIA A100
GPUs employed here should gain a 2x factor in computational time
when working with FP32. However, although the code supports dif-
ferent choices, we have focused on doubles only, since floats could
lead to numerical difficulties in some test cases, and since other
GPUs, such as the AMD MI 210, are able to handle double and
single precision floats without any theoretical performance degrada-
tion.

4.1 Test cases

In the following numerical tests, we adopt non-dimensional units as
in [51], and we model the fluid as a perfect, bi-atomic gas, with
specific heat ratio:

y=2 =14 (26)
Co

Moreover, except in the Sod Shock Tube, in the far field away from
any obstacle, we set fluid density and pressure as:

® poo = L4
® Do = 1
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where the subscript co denotes unperturbed conditions. Thus, we
obtain a unitary speed of sound:

csjoozﬂfypio:l (27)
Poo

and an unperturbed Mach number equal to the reference speed:
Moo = = = v (28)

For time integration, in our code we enforce the time step to be:

At< i fmin (29)
2 Umaw + cs,maz

This requirement is more conservative than necessary, and, in the
limits of the CFL condition, could be partially relaxed. However, we
choose it to guarantee that particles can’t move across more than
one grid cell per time iteration; so doing, in the framework of our
algorithm, we avoid the risk that particles pass through any bound-
ary, and ensure that their motion will respect boundary conditions.
In all test cases except in the Sod Shock Tube, initial particles po-
sition is sampled by a uniform random distribution in the fluid do-
main. Indeed, a sufficient randomness of particles position, espe-
cially in particles recycling from outlet to inlet, is fundamental to
obtain stable and physically meaningful simulations, in agreement
with results in the literature on Particle-In-Cell methods in plasma
physics [36]. On longer runs (i.e. above tens of physical seconds) a
symplectic time integration scheme might be useful [36] [5].

In the following, we denote with ppc the average number of fluid
particles per fluid cell, with N¢ the total number of cells, and with
Np the total number of particles.

Sod Shock Tube In the Sod Shock Tube, two compressible flu-
ids, initially at rest, are divided by a diaphragm. The first fluid
has p1 = 1 and p; = 1, the second ps = 0.125 and p, = 0.1. At
time ¢ = 0 the diaphragm is removed, and the system evolution is
studied; the following phenomena are expected:

e the two initial zones shrink progressively towards domain bor-
ders;

e a rarefaction wave propagates toward the high density zone;

e in the position where the diaphragm was, which now is moving
towards low densities, a contact discontinuity develops;

e a shock wave propagates towards low density zones.
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At time t = 0.143 we stop the simulation, thus particles do not leave
the domain. In order to reproduce the 1D problem, we introduce a
mesh of 1 x 100 cells; moreover, to be able to compare the MPM
solution with the reference one, we also set initial particle position
as in [70, [69].

In Figure [f| we show the final particles position, together with a
comparison of the computed solution, its linear interpolation on
the grid, and the exact solution computed following the procedure
shown in [61]. Results are in very good agreement with the MPM

literature [70, [19].

Particles final position Density
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Figure 5: Sod Shock Tube: comparison of MPM solution com-
puted on particles, interpolated on the grid, and exact solution
computed as in [61]
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Figure 6: Mach 3 flow past a cylinder: pressure at t = 10s,
Nc =10, ppc =16, Np = 15.6 - 106

Supersonic flow past a cylinder We then consider the case
of supersonic, Mach 3 flow past a cylinder of radius 0.25 and cen-
tre (0.6,1) in a [0,4] x [0, 2] rectangular domain. We enforce wind
tunnel-like boundary conditions, with inflow conditions at the left
vertical boundary, outflow conditions at the right vertical boundary,
and slip conditions at the top and bottom boundaries, as in [27].
Specifically, we set:

{Vinflow = (370)

Viop * 11 = Vipottom " NN = 0

(30)

where n denotes the unit normal vector. A particles-recycling ap-
proach is adopted, whereby particles leaving the domain at the out-
flow boundary are regenerated in a random cell at the inflow bound-
ary with inflow conditions, keeping the total number of particles
constant throughout the simulation. In this test case, as gas parti-
cles travel past the cylinder, a shock wave develops at the front and
two oblique shocks in the rear. The first shock is reflected by walls
and interacts with the back shocks; see Figure [6] and its caption for
numerical details.

The MPM implementation is able to correctly simulate the main

flow features; computed shock-waves angle and flow deflection angle
(Figure [6)) are found to be in agreement with experimental refer-
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ences [20] as well as with results which can be obtained with other
codes, e.g., deal.Il, when the same polynomial order is used for basis
functions. In particular, the cylinder test case is simulated in the
deal.IT documentation [42]@ With our implementation, we are able
to reproduce the main features of the front shock starting from a
very low resolution, with details, especially in the rear, getting bet-
ter as resolution increases; more details are shown in subsection
Overall, the results are in agreement with [42], while the lower level
of detail in comparison with some results in the literature is likely
due to the first order space discretisation used here ([15] 411 27]).

Transonic flow past an aerofoil Next, we test the method
in simulating compressible, transonic flow past an OAT15a aero-
foil at Mach 0.73, to assess the ability of the implementation in
dealing with more complex-shaped obstacles. The signed-distance
function approach, in conjunction with the implemented obstacles
treatment ,, naturally fits the aerofoil profile (Figure @
Since, rather than using an analytic expression, the profile and its
normal unit vectors are generated reading from a file containing a
set of points, the method proves to be sufficiently general and not
bounded to particular geometric shapes.

Within the [0,0.4] x [0,0.27] domain, we enforce inflow conditions
at the left boundary, with

Voo = (0.73,0) (31)

and outflow conditions at other boundaries. To test the physical re-
liability of the approach, we choose a large attach number to empha-
sise dynamical effects and display velocity magnitude and stream-
lines (Figure [g).

These are found to be in line with what is expected from physi-
cal considerations: we can see airflow speeding up as it approaches
the aerofoil, with a higher velocity magnitude in the top area with
respect to the bottom one.

4.2 Sensitivity to numerical parameters

Artificial viscosity Artificial viscosity introduced in section[2]is
composed of two main terms: a quadratic one and a linear one. The
first, introduced by von Neumann-Richtmyer [64], is a viscous term
that, being added to the pressure in the vicinity of shock waves, re-
duces numerical oscillations and enables the capturing of the shock.

1Ohttps://Www.dealii.org/currem;/doxygen/deal.II/st',ep,69.htrnl;éﬂ’»esults
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Figure 8: OAT15a Mach 0.73 flow: velocity streamlines at o =
25° t =1s, No = 247 - 103, ppc = 9, Np = 2.18 - 105.
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Figure 9: Sod Shock Tube - density trend at time ¢ = 0.143,
varying artificial viscosity coefficients.

The second, introduced by Landshoff [38], is a linear term added to
the quadratic one to act specifically in the region behind the shock
front. Further details on the application of this viscosity to MPM
can be found in [6§].

In this paragraph we study the effect of the artificial viscosity, com-
paring the final density obtained enforcing ¢y = 1,¢; = 1 in equa-
tion and shown in Figure [5, with the one obtained by:

e turning off the artificial viscosity;

e applying only the von Neumann-Richtmyer term, enhanced by
a factor 10;

e applying only the Landshoff term, enhanced by a factor 10.

Results are in agreement with theoretical expectations (Figure E[)
and confirm the importance of this approach in the linear MPM
scheme adopted here.

Resolution Having addressed the applicability of the method to
high-speed transonic and supersonic compressible gas dynamics, we
focus on the cylinder test case and test the dependence of the results
on key numerical parameters. Specifically, we vary the number of
grid cells, N¢, and the average number of particles per cell, ppc, and
evaluate the effect on the pressure of the flow.

First, sufficiently high spatial resolution must be used to actually
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show shock waves; indeed, notwithstanding the use of artificial vis-
cosity as shock capturing technique, with No ~ 103 cells we are not
able to see any shock. However, a run using No ~ 10* cells is able
to show flow features which are in agreement with what expected
from the literature, as can be seen in Figure

Besides grid resolution, supersonic compressible fluid dynamics re-
quires further care in setting the average number of particles per
cell. Indeed, ppc affects stability in a twofold fashion.

First, for low ppc values (e.g.,1), widespread oscillations are observed
all along the simulation, due to almost randomly distributed empty
cells. In a recent study, a ppc value of 4 was found to be optimal for
convergence of gas dynamics tests at lower speed [56], and, indeed, a
ppc = 4 solves this issue. However, for supersonic flow past a static
obstacle, we observed that using ppc = 4 might cause the formation
of domain regions of empty or quasi-empty cells, which gets evident
as grid resolution increases, during the initial transient phase from
uniform, undisturbed conditions, as can be seen from Figure [I1]
Such emptying causes later formation of non-physical cavitation-like
effects during the transient that precedes equilibrium, which alter
the dynamics, and, if particularly strong, can cause also spurious
shock waves, that interact with the physical ones. These events can
be prevented by increasing the average particles per cell number: at
Mach 3, spurious shock waves become less relevant with ppc = 9,
and undetectable with ppc = 16.

These effects, and in particular strong disruptions, are of no inter-
est here, since the initial transient phase is non-physical, and derives
only from the choice to start the simulations with undisturbed inflow
conditions and particles position sampled from a uniform random
distribution instead that from a previously computed equilibrium
condition, e.g. the result of an already converged simulation. How-
ever, it could be a relevant aspect if fast changing dynamic situations
have to be simulated, for example with a moving cylinder in a FSI
framework, since they would alter its dynamics. In such cases, a
sufficient number of particles per cell should be used.

By contrast, when interested in main equilibrium conditions, a ppc =
4 value appears to provide sufficient solution quality. Numerical
experiments show that equilibrium is reached notwithstanding spu-
rious instabilities in the initial transient phase, as shown in tem-
poral averaged pressure in Figure [I2l However, as shown in the
same figure, a higher resolution allows the accurate representation
of small areas, such as the ones in the immediate rear of the cylin-
der, where quantities, such as the average Mach number, change in
a non-negligible way.
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Figure 10: Mach 3 flow past a cylinder test case with No = 10%,
ppc = 4, pressure field at ¢ ~ 1s.
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Figure 11: Mach 3 flow past a cylinder test case, various settings:
from the first to the third row, No changes from 10° to 5-10° and
10%; from the first to the third column, ppc changes from 4, to 9
and to 16.
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Figure 12: Mach 3 flow past a cylinder test case, at low resolution
(left column, N = 104, ppc = 4) and high resolution (right col-
umn, Ng = 106 ppc = 16) from top: average pressure, pressure
standard deviation (represented only to provide a clearer image
of the shocks), average Mach number. Values computed as arith-
metic average over 85 snapshots corresponding to physical simu-
lation time from 15 seconds to 100 seconds.
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4.3 Computational performance

We then focus on the computational performance and scalability of
the method, analysing the computational time required by simula-
tions when varying the grid resolution and ppc values. It is worth
noting that the implemented parallel kernels can be particle-based
or grid-based, and, respectively, assign one particle or one grid node
to one GPU thread. Moreover, we implemented both mapping ker-
nels (P2G and G2P) as particle-based kernels, since this proved to
be the most efficient option.

First, a detailed profiling of each step of algorithm [1| reveals that
the G2P and the P2G kernels take up 85% of the parallel part of the
code and more than 60% of the whole computational time. This is
due both to the relative complexity of those two kernels and to the
high number of times they are called per algorithm iteration. We
thus focus the scalability analysis on these kernels.

The first finding is that both kernels scale linearly with the total
number of particles, in agreement with their implementation (Fig-
ures|l13[and , while pure grid kernels, such as boundary conditions
enforcement, scale with the number of nodes. For this reason, we
applied a global particles reordering step in the algorithm and stud-
ied its effects on performance. Indeed, the ordering is done so that
the lowest global indices are assigned to the particles which are in
the first grid cell after moving, followed by those in the second grid
cell, and so on, moving along the grid. Thus, data which will be
accessed at the next time iteration will be ordered, with contiguous
particles having contiguous indexes, keeping data locality across the
simulation, which is of utmost importance on our target architec-
ture. The reordering turns out to have a significant impact on the
G2P kernels, resulting in a further 4x speed-up factor, while pre-
serving the linear scaling (Figure .

By contrast, the reordering appears to have a slightly negative ef-
fect on the P2G kernels, with slowdowns which are more evident at
some particle values (Figure [14]). The reason can be found in the
main implementation difference among the two kernels. P2G intro-
duces a data race, that, on NVIDIA GPUs, is currently dealt with
using CUDA atomicAdd, and its cost becomes more apparent with
re-ordering. Indeed, even though, to the best of the authors’ knowl-
edge, NVIDIA’s A100 scheduler policy is not accessible, numerical
examples appear to suggest that the scheduler behaves more in a
round-robin fashion rather than in a block partitioning way. So, a
particle is assigned to a GPU thread, until there are some free, then
a second particle is assigned, and so on. In this framework, ran-
domisation of the global order of particles is somewhat beneficial,
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since it lowers the probability that particles that are in the same
cells are processed simultaneously. After reordering, particles close
in the domain are also close in memory, enhancing probability of
a memory collision, i.e. of simultaneous access to the same data.
Since in our case such access would be in read-and-write mode, it
activates the atomic operation and degrades performance.
Moreover, since a higher number of ordered particles per cell in-
creases the chance of data races, the average number of particles per
cell becomes an important parameter. As a matter of fact, group-
ing simulations results per ppc value, we can confirm the trend of
worsening performance at larger numbers of ordered particles in a
cell. Indeed, comparing the linear fits in Figure we can see that
in the ppc = 4 case execution is faster than in the global fit, in the
ppc = 16 case it is slower, the ppc = 9 being intermediate between
the two. Moreover, we can see that at higher ppc the computa-
tional time required by the P2G kernels deviates from the linear
trend. The reason can be found in the relation between the average
number of particles per cell and the number of grid nodes per cell.
Indeed, as the ppc value grows and the number of nodes per cell
stays fixed, data locality is lost sooner in the simulation: in each
cell, a higher amount of particles indexes become increasingly dif-
ferent from the grid indexes, leading to an increase in the beneficial
effect of re-ordering on parallel performance.

As for overall computational time, we note that its value largely
depends on the requested resolution. On a NVIDIA A100 GPU,
to simulate one second of gas flow around the cylinder with 4 - 10*
particles requires about one second of computational time on the
device, with 16 - 10° particles it requires about 3 minutes. This is
reasonably fast, especially considering that the latter resolution is
rather excessive for the 2D cylinder test case. For comparison, 3D
snow avalanches were recently simulated via MPM with 10 to 30
million particles, see [25]; further considerations on extension to 3D
are presented in section

From a previous study [2], we expect that even better performance
is achievable. However, with this work we are mostly interested in
investigating the potential of MPM when simulating compressible
fluids on various GPU accelerated architecture, we thus prioritise
portability over efficiency, to be able to compare exactly the same
code on different architecture. Portability has been reached also by
means of a higher-level approach with respect to low-level CUDA-C,
which introduces some level of indirection, with libraries as Thrust
that rely on managed memory.
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Figure 13: Profiling of main computational kernels: G2P kernels
execution time is compared for the cylinder test case, varying N¢
and ppc, considering also re-ordering effects.

In the next paragraph, we exploit the flexibility granted from this
approach to test the code on different hardware architectures, both
on CPUs and GPUs, and provide an evaluation of the achieved
speed-up, with respect to serial and CPU-parallel versions.

4.4 Performance portability

We test the application of the developed implementation on different
hardware architectures and compare the performance, addressing
the portability of the MPM code. Specifically, we execute the cylin-
der test case at several resolutions, on different Intel and AMD CPUs
and NVIDIA and AMD GPUs, with the same setting described in
the previous sections, without enforcing particles re-ordering.

For the first test, we vary the number of cells and particles per cell

and study how this affects the main computational kernels on an
AMD CPU, employing 2224 cores in parallel (Figure .
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execution time is compared for the cylinder test case, varying Ng
and ppc, considering also re-ordering effects.
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Figure 15: Profiling of P2G kernels: effect of average particles per
cell number on version with re-ordering.
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While portability is automatically granted, CPU performance turns
out to be worse than single-GPU performance, even though 2224
CPU cores are employed in parallel, as can be seen comparing total
wall-clock times in Figure this is consistent with expectations
that MPM is better suited to GPU architectures. It is anyway
positive that the computational time stays linear with respect to
the number of particles.

As for the computational kernels:

e P2G kernels scale almost linearly with the number of total par-
ticles, in agreement with the beneficial effect of randomisation
in reducing the actual execution of atomic operations;

o G2P kernels maintain quasi-linear scaling only if the average
particles-per-cell number is kept fixed;

e the execution time required by all the other kernels considered
together is considerably smaller than the time required by P2G
and G2P ones. This confirms the computational relevance of
P2G and G2P also on different hardware.

The main difference with respect to the GPU test lies in the com-
parison between P2G and G2P performance, with the former sig-
nificantly slower than the latter on the CPU. This is most probably
due to our choice of writing an ad-hoc atomicAdd function, based
on std: :atomic_ref, with the same signature of the more perform-
ing CUDA’s atomicAdd, to enhance portability and guarantee par-
allelism. An algorithm to directly avoid the data-race present in
P2G-like kernels, and, thus, to provide a natively portable, parallel
and atomic operation free implementation, is proposed in the next
section.

For the second test, we focus on the heaviest test case (the cylinder
with 16 million particles) and simulate one physical second on dif-
ferent architectures, comparing the total wall-clock time, referred to
the time required by the device, being either a CPU or a GPU; see
Figure It is interesting to note that the chosen implementation
approach allows the porting of the code to AMD GPUs without any
modification.

Then, we focus on the comparison between the two GPU architec-
tures.

We can notice that at low computational load, performance is basi-
cally equivalent, especially if the higher degree of code optimisation
allowed by the NVIDIA compilers is taken into account, even though
the AMD GPU seems to be more sensible to the kernels with atom-
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Figure 18: Comparison of performance on different architectures:
overall computational time to simulate 1 physical second of the
cylinder test case with No = 106, ppc = 16.

icAdd; see Figure

Instead, at heavier loads, despite the comparable specs, the AMD
MI210 starts to display longer wall-clock times than the NVIDIA
A100, see Figure [20] for a comparison of the overall computational
time on the device. This difference might be due to different aspects,
such as having developed the code, and taken performance based de-
sign choices, only on NVIDIA A100 GPUs, and having ported it to
different hardware afterwards. However, in the literature, odd per-
formance issues have been found in high-load scenarios on AMD
MI100 GPUs that are currently being investigated from AMD it-
self [40], so we cannot exclude to be in a similar situation here.

In any case, GPU performance is overall competitive with respect
to CPU. For example, the heaviest test case is 7 to 8 times slower
on MI210 than on A100, but anyway 3 to 4 times faster than par-
allel execution via Intel OneAPI-TBB on Intel Xeon with 2x24 cores.

Lastly, it is interesting to note that, with the implemented approach,
the code is portable also to non-HPC architectures, as common com-
mercial processors, and that the wall-clock time is not excessive as
long as the computational load is low enough, as can be seen in
Figure [21]

Most importantly, these results enable us to confirm the portability
of the approach.
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Figure 19: Comparison of performance on different GPUs: analy-
sis of the total wall-clock computational time for a low resolution
test case No = 104, ppc = 4, corresponding to less then one com-
putational second to simulate 1 physical second.
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5 Discussion and conclusion

This paper has showcased the potential of a massively parallel,
portable implementation of the Material Point Method for com-
pressible flows. Insight has been given on algorithm adaptations
which will provide further benefits, moreover, the simulation of stan-
dard test cases of compressible flow has provided results comparable
with the literature and with established software runs with the same
polynomial order (Q; FEM basis functions on Cartesian tensor prod-
uct grids) and number of degrees of freedom. These results show
that MPM is able to simulate compressible gas dynamics, giving
good results with a prototype which has been developed stemming
from existing implementations [70, [I3], and serve as further step
towards the design of a highly efficient MPM-based transonic and
supersonic FSI solver.

As known from the literature [69, 53] and as also noted in a pre-
vious implementation [2], Q1 MPM suffers from strong numerical
oscillation issues, especially in the vicinity of shocks. The issue is
tackled in this paper by adding numerical viscosity in the form of
additional terms in the pressure field [68]. A more natural and ac-
curate choice could be obtained by using quadratic B-Spline basis
functions [60}, 19], a code feature which is currently under develop-
men

Performance tests on NVIDIA A100 GPUs have confirmed that the
main computational steps of the MPM algorithm are the Particles-
to-Grid and Grid-to-Particles kernels, and that they scale well with
the size of the problem. Moreover, adding a reordering step is ben-
eficial to data locality and, consequently, to the performance, while
data races in the P2G kernels can be tackled CUDA’s atomics at
acceptable cost. Finally, it has been shown that an alternative to
atomics exists, and that it could be explored in the look for a higher
degree of performance portability, especially on CPU architectures.
Ultimately, this approach has shown to be easily portable to differ-
ent hardware architectures, as different vendors GPUs and CPUs.

Several future developments are planned in connection with the im-
plementation and modelling choices made in this paper:

e On the modelling side, more complex test cases could be simu-
lated, eventually leading to a 3D extension and Fluid-Structure
Interaction models. In addition, the effect on parallel perfor-
mance of higher order B-Splines, currently under development,
will need to be carefully investigated.

Whttps://github.com/carlodefalco/quadgrid
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A 3D extension will facilitate a further growth in computa-
tional load, but this will not introduce conceptual main changes
in the code, thanks also to the high level, portable approach,
which does not refer explicitly to specific, small size memo-
ries. Indeed, extension to the 3D case would require only slight
modifications of the main algorithm, which would consist in re-
peating section |3| steps also in the z direction where necessary
and in adding the relative variables to the mpm struct and the
z component to the P2GD and G2PD kernels. In particular,
the computational load of the 2D 16 million particles cylinder
simulation of section [4] is exemplary of the one of 3D realistic
test cases. Considering the extra memory in the z-direction,
our 2D simulation performance is representative of the one of
a 3D simulation with at least 10 million particles; a resolution
which was used for recent, realistic scenarios MPM simulations
in the literature [25]. As a matter of fact, adding one spatial
dimension would not have a large impact on the code, since
the largest share of the computational time is taken by kernels
which we implement as Lagrangian particles-index based ones.
However, as data files become larger, a 3D extension could jus-
tify a more efficient 1/0O, e.g., moving from JSON to HDF5.
Simulations characterised by a higher computational load would
also further benefit from a future multi-GPUs approach, that,
to be optimal, would require the introduction of a load balance
mechanism among the GPUs [35].

The upgrade to a higher order MPM via proper shape func-
tion, as B-Splines, would not require a significant change in the
numerical method, but will introduce some challenges linked
to parallelism.

In particular, expansion of shape function support to neigh-
bouring grid elements will introduce halo overlapping, leading
to an increase in communication costs, as well as to a con-
straint on the maximum level of achievable parallel granular-
ity.

Few works on this topic exist, such as [66], and, since they sim-
ulate continuum mechanics materials instead of compressible
gases, they can benefit from sparse data structures. However,
it is already possible to anticipate that shape function regular-
ity in the current MPM formulation could grow efficiently only
up to a certain maximum, such as quadratic or cubic B-Spline,
and start to have an impact on performance as shape function
support expands.

e For the algorithm implementation, the use of atomic opera-
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tions to handle data races has been chosen for simplicity, also
because it has shown an acceptable impact on computational
time and scalability on NVIDIA A100 GPUs and a simple
portability to other architectures (section . To reach the
full parallelisation capabilities proved by the G2P kernels also
for the P2G ones, P2G algorithm adaptations will be neces-
sary. An interesting and and more portable route would in-
volve avoiding atomics, and writing a grid colouring algorithm
that can be implemented in an architecture-independent way,
relying only on standard libraries functions. Its main steps
are:

1. Build grid-to-particle connectivity
(i) Sort particle IDs by cell index
(ii) Count particles per cell
(iii) Perform a cumulative sum of particle counts

2. Assign a colour to each cell, in such a way that neighbour-
ing cells have different colours; then, for each colour:

(a) Perform a for_each on cells

(b) Call kernels or

This way we would iterate on the vector holding the list of
particles in each cell, and then we would perform only a small
amount of serial operations inside each cell, without any data
race.

On the High Performance Computing side, avenues of devel-
opment include the support of multi-GPU and multi-node ar-
chitectures via MPI, and a grid-particles adaptive refinement
through a quad-tree approach [59, [14]. Moreover, currently
the code employs Structure-of-Arrays for the memory, since,
differently from arrays of arbitrary structures, it provides co-
alescing, which improves memory efficiency [30]. However, re-
cent developments on GPUs computing literature [66, 22] show
that the best performance is achieved by adopting an Array
of SoA (AoSoA). This possibility could be explored when ad-
dressing the MPI-based multi-GPU implementation. Indeed,
the current data structure gives a conceptually straightforward
extension towards multi-GPU implementations, where a fur-
ther level of parallelisation through an MPI-based domain de-
composition will make each GPU hold a SoA as the current
one, globally giving rise to an AoSoA data structure.
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Algorithm 1 Time loop sketch

1: while ¢ <t; do
2: Grid reset
3: Mass, momentum and force P2G

m = P2G(M), mv = P2G(MV), f = P2GD((P + Q)X)

4: Boundary conditions enforcement on mv, f & obstacle treatment
as in 21),
5: Momentum equation solution on the grid

(mv) = mv + Atf
6: G2P mapping
V = G2P(™), A = G2P(1)
7 Velocity update
V =V +At-A

8: Momentum P2G
mv = P2G(MV)

9: Boundary condition enforcement on mv
10: Particles properties update:

VV = G2PD(™Y)
—(P+Q)

E' = E+ At V-V
p
g P
1+AIV-V
P'=(y=1)p'E

11: Particles moving X’ = X + AtV

12: Optional particles re-ordering

13: CFL condition (25)) check & time advance
14: end while
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