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Abstract

We present and analyze a wavelet-Fourier technique for the numerical treatment of
multi-dimensional advection-diffusion-reaction equations with periodic boundary condi-
tions. Combining the Petrov-Galerkin technique with the compressed sensing approach, the
proposed method is able to approximate the largest coefficients of the solution with respect
to a biorthogonal wavelet basis. Namely, we assemble a compressed discretization based
on randomized subsampling of the Fourier test space and we employ sparse recovery tech-
niques. The proposed theoretical analysis is based on the local a-coherence and provides
effective recipes for a practical implementation. The stability and robustness of the pro-
posed scheme is shown by numerical illustrations in the one-, two-, and three-dimensional
case.
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1 Introduction

This paper deals with the theoretical analysis and the numerical implementation of a recently-
introduced paradigm in numerical approximation of Partial Differential Equations (PDEs),
named COmpRessed SolvING (in short, CORSING). The CORSING method has been proposed
and studied in [7, 9, 10] for the solution of linear PDEs set in Hilbert spaces, and combines
the Petrov-Galerkin discretization techniques with compressed sensing [11, 17|. Assuming the
sparsity of the solution with respect to a suitable trial function basis, the idea is to build a
reduced Petrov-Galerkin discretization of the weak formulation of the problem by considering a
randomly subsampled test subspace, and then to recover a sparse approximation to the solution
via sparse recovery techniques, such as ¢'-minimization or the greedy Orthogonal Matching
Pursuit (OMP) algorithm. As discussed in [10], the main advantages of CORSING with respect
to adaptive finite element techniques for PDEs are that no a posterior: error estimators are
needed and that assembly and recovery via OMP are fully parallelizable.

In this paper, we focus on the scenario of multi-dimensional advection-diffusion-reaction
(ADR) equations on a torus, and we employ biorthogonal wavelets as trial functions basis
and a Fourier basis as test functions. In this way, we introduce a hybrid Wavelet-Fourier
technique named CORSING W.F, which is able to approximate the largest wavelet coefficients
of the solution to the PDE by sampling randomly the Fourier test space, using a suitable
probability measure. It is worth noticing that the results showed here can be extended to the
nonperiodic case by considering biorthogonal wavelets on the interval (and on the hypercube)
(see [14, 23, 31]). However, we decided to stick to the periodic case to make the theoretical
exposition free of an excessive quantity of technical details regarding the construction of wavelets
at the boundary. In this respect, the present work should be considered as a first step towards
the setup of CORSING in practical applications.

Although compressed sensing is becoming a standard paradigm for signal processing appli-
cations, understanding its full potential and limitations in scientific computing is still object of
active work. This paper moves a step forward in this direction. In a fast-growing literature, it
is worth mentioning here the applications of compressed sensing to numerical approximation
of high-dimensional functions (see, e.g., [2, 3, 12, 26]) and of parametric PDEs, with special
emphasis on uncertainty quantification (see, e.g., [6, 18, 25, 32|). In these cases, a smooth
function, which can be the quantity of interest of a parametric PDE, is approximated with
respect to a global sparsity basis like orthogonal polynomials by means of random pointwise
observations. The PDE solver is a black box used to evaluate the quantity of interest for dif-
ferent values of the parameters, and compressed sensing is performed outside the black box.
Our focus is different, since the CORSING method takes advantage of the compressed sensing
paradigm inside the black box, i.e., to solve the PDE itself given a particular choice of the
parameters.

The compressed sensing principle has also been recently employed for the efficient numerical
approximation of diffusion equations via Sturm-Liouville spectral collocation in [8]. Finally, we
observe that wavelet-Fourier techniques are widely used in signal processing applications (see,
e.g., [4, 5, 20| for theoretical contributions in this direction). Yet, to the best of our knowledge,
this paper is the first comprehensive study of this type of techniques in the context of numerical
approximation of multidimensional PDEs.



1.1 Main contributions

The main contribution of this paper is threefold. First, we present and study the first hybrid
wavelet-Fourier discretization for ADR equations in arbitrary dimension on the torus based
on Petrov-Galerkin discretization and on compressed sensing, named CORSING WF (see Sec-
tion 3). Moreover, in Section 4 we show the applicability of the theoretical analysis in [10] to
n-dimensional ADR equations with constant coefficients for n > 1 and with nonconstant coef-
ficients for n = 1. Finally, in Section 5 we provide a Matlab® implementation of the CORSING
WJF method for n-dimensional ADR equations, with n =1, 2, 3.

In view of the aforementioned contributions, we will focus on the following three key techni-
cal issues necessary to implement and quantify the performance of the CORSING WJF method
(more details on these three issues are given in Section 3.4):

(i) Find a suitable truncation condition on the Fourier test space in order to guarantee
stability of the resulting Petrov-Galerkin discretization.

(ii) Give lower bounds to the sampling complexity, i.e., the minimum number of randomly
selected Fourier test functions needed to recover the s dominant coefficients of the solution
in the wavelet expansion.

(iii) Provide explicit expressions for the probability distribution on the Fourier test space
needed for the random selection of the basis functions.

In order to address issues (i), (ii), and (iii), we will take advantage of the general framework
given in [10] for the analysis of CORSING, based on the so-called local a-coherence, which can
be interpreted as a measure of the angle between the wavelet trial functions and the Fourier
test functions with respect to the metric induced by the sesquilinear form associated with the
ADR problem (see Definition 3.3). In view of this, our main efforts will be aimed at producing
upper bounds to the local a-coherence in Section 4 for the specific ADR problems addressed.
In particular, we provide local a-coherence upper bounds for the 1D case with nonconstant
coefficients in Theorem 4.2, and for the multi-dimensional case with constant coefficients, when
employing anisotropic and isotropic tensor product wavelets in Theorems 4.7 and 4.12, respec-
tively. As a consequence, we derive explicit and computable answers to (i), (ii), and (iii) and
provide recovery error guarantees for the CORSING W.JF method in Theorem 4.4 (1D case), The-
orem 4.9 (multi-dimensional anisotropic case), and Theorem 4.12 (multi-dimensional isotropic
case). Numerical results in Section 5 confirm the theoretical findings.

2 Problem setting

In this section, we recall some basics on periodic Sobolev spaces and discuss ADR problems in
weak form with periodic boundary conditions.

Notation We denote by N := {1,2,3,...}, Ny := {0} UN, and Z := Ny U (—N). We define
[k] :== {1,...,k} and [k]op := {0} U [k]. The notation X <Y means X < CY, with C > 0 a
constant independent of X and Y'; X ~ Y means that X <Y and X 2 Y hold simultaneously.
By X x Y, we understand that there exists a constant C' > 0 independent of X and Y such
that X = CY. Given a multi-index r, we denote its 2-norm by |r|. For every z € C, |z] is
its modulus, Z is its complex conjugate, and Re(z) and Im(z) denote its real and imaginary



part, respectively. Given a vector € C" and 1 < p < oo, then [lz[|, == (377_, |2;|P) /P,

supp(x) := {j € [n] : ; # 0}, and ||x||op := |supp(=x)|. Inequalities between vectors in R™ have
to be read componentwise; for example, < y means z; < y; for every i. The vectors of the
canonical basis of C" are denoted by ej,...,e, and & -y := 21Y; + - - - + ©,7,, is the standard

inner product of C". Given a matrix A € C™*", A* denotes its conjugate transpose.

2.1 Sobolev spaces

We start by recalling some standard notions about periodic Sobolev spaces. Let n € N and
consider the domain
D=(0,1)" CR".

Given k € Ny, let H*(D) = H*(D;C) be the Sobolev space of order k of complex-valued
functions over D, being understood that H%(D) = L?(D). Moreover, we denote the H*(D)-
inner product by

(1, 0), 1= /DO‘ ) Do0(@) de,

aewb
a+-+an<k
where D% := % is the derivative in the sense of distributions and [k]f := [k]o % - - - X [k]o
R
(n times). For the sake of simplicity, we use the shorthand notation (-, ) := (-, -)o for the L?(D)-
inner product. The H*(D)-norm is defined as || - sz(D) = (-,")x and the H¥(D)-seminorm is
given by
‘UPHIC(D) = Z HDQUH%%D)'
aclk]y
ar+-Fan=~k
The periodic Sobolev space of order k, ngr(D) C H*(D), is then defined as
ngr(D) = CIOS\\~||Hk(D)(C§<e>r(D))’
where
Cpex(D) :={v|p : v € C*(R"), v(x + Le;) = v(x), VL € Z, Vi € [n]}.
Notice that HJ. (D) = L*(D) since C5%.(D) is dense in L?*(D). Now, let u € ngr(D) and
consider its Fourier series expansion
= Z cre?™TT with ¢, :—/ u(x)e 2T dg.
reLn D

Then, the following norm equivalence holds:

lallZnemy ~ D L+ [rP5)|en®,  Vu € Hi (D), Yk €Ny, (1)

rezmn

Moreover, we define H, L(D) := [H]..(D)]*, where the superscript * denotes the dual space.

For the proofs of these results and for more details about periodic Sobolev spaces, we refer the
reader to [1, 29, 30].



2.2 Advection-diffusion-reaction problems

Consider the sesquilinear form a : H!, (D) x H!. (D) — C defined as

per per

alu, v) = /D [n(x)vu(m)-vu(m)+ﬁ(:p)-vu(m)v(m)+p(m)u(a¢)v(m)} da,

where 7, p : D — R are the diffusion and reaction coefficients, respectively, and 3 : D — R" is
the advective field. Then, the weak formulation of the periodic ADR equation reads

find u € ngr(D) :oa(u,v) = (f,v), Yve le,er(D), (2)

where f : D — R is a forcing term. Although we are interested in the case of real-valued
coefficients 7, p, B, and f, the bilinear form af(:,-) is defined over complex-valued Hilbert
spaces to allow us the use of the Fourier basis in Section 3.

We recall that the coercivity constant of a(-,-) is the largest o > 0 such that

la(u, w)| > allullfp), Vue Hi,

(D),
and the continuity constant of a(-,-) is the smallest constant A > 0 such that

la(u, v)] < Allull (o) |0l 1y, Vi, v € Hyer(D).

In the following proposition, we provide conditions on the coefficients 7, 3, p sufficient to ensure
the well-posedness of problem (2). A proof of this result is provided in Appendix A.

Proposition 2.1 (Well-posedness of the periodic ADR problem). Let n,p € L>(D) and B €
[L>(D)]™ be such that B is one-periodic with respect to each variable. Moreover, assume that
there exist two constants Nmin, ¢ > 0 such that

1
7 2 Nmin, —§V-B+pz ¢, a.e inD.

Then, for every f € H;l

o (D), the weak problem (2) admits a unique solution u such that

1
lull zr(py < N Fllz-1m), (3)
with o > min{Nmin, C} the coercivity constant of a(-,-). Moreover, the continuity constant of
a(-,-) satisfies
A< max{ (o), 509 186z, Iol<o |
xcD
Remark 2.2 (Diffusion equation). Notice that Proposition 2.1 does not encompass the purely

diffusive case, i.e. 3 = 0 and p = 0. Indeed, in this case we only have uniqueness of the solution

up to constants. This issue can be fixed by assuming u,v € HJ.(D)/R in the weak formulation

2). n

3 CORSING Wavelet-Fourier

In order to solve problem (2), we describe the CORSING WF (Wavelet-Fourier) method.
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Figure 1: The translated and rescaled scaling functions ¢y (left) and wavelets iy (right) corre-

sponding to the construction of biorthogonal B-spline wavelets of order (d,d) = (2,2) on the real line
(Setting 3.1).

3.1 Trial functions: wavelets

In this section, we present the biorthogonal wavelets on the periodic interval and on the periodic
hypercube that will be employed as trial functions of the Petrov-Galerkin discretization. We
refer to Appendix B and to [14, 23, 31] for technical details about wavelet construction. A
crucial property of the biorthogonal wavelets is that, after suitable normalization, they are a
Riesz basis for ngr(D), thanks to the so-called norm equivalence property (see Theorem 3.2).
Biorthogonal wavelets on the periodic interval. Given {3, L € Ny with {3 < L, we
consider biorthogonal B-spline wavelet basis on the real line

L—1
= &y U U Wy,
{=Ly

where ®; = {1} ez are scaling functions and Wy = {1); ; }rez are wavelet functions (for more
details, see Figure 1, Setting 3.1 and Appendices B.1.1 and B.1.2). Notice that the dependence
of ¥ on the levels £y and L is understood. For L = oo, V¥ is a basis for L?(R). In order to build
a basis for L?(D), we resort to periodization (see Appendix B.1.3). Similarly, we denote by

L-1
per .__ Fber per
et = 9Py | whe
=Ly

where @)% = {0} }1cz/(20z) are periodized scaling functions and W)™ = {4y b ez (arz) are

periodized wavelet functions. In particular, Z/ (2¢Z) denotes the ring of integers modulo 2¢ that
coincides with the set of canonical representatives, i.e.,

7)(2'7) ={0,1,...,2* =1}, VleN.
Assuming the coarsest level £y € Ny to be fixed, we also introduce the following notation:

Yog—1,k = Proks Vk € Z. (4)
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Figure 2: Surface plot of the 2D anisotropic (left) and isotropic (right) tensor product wavelets.

Setting 3.1 (1D biorthogonal B-spline wavelets). We consider 1D biorthogonal B-spline wavelets
of order (d,d) = (2,2), corresponding to primal and dual filters

_ 7l 1 ~ _ 1 31 1
ar_i.1) = [57175]7 ar_2:9) = [ 47272 2’_1_1]
_r11 311 7 _ 1
b[—1:3] - 1755_575)1]5 b[0:2] - [57_ ai]

Moreover, we assume £y > 2.

When wavelets are built as in Setting 3.1, the corresponding WP®" is a basis for H!. (D)

per

when L = co. In fact, for L € N, span(WP") coincides with the space of functions in Héer(D)
that are continuous and piecewise linear on the uniform grid 2=#Z N [0, 1]. Moreover, choosing

¢y > 2 guarantees that!
% k Isupp(¥y 1) = wf,k’supp(w,k)a Ve > EO - 17 Vk € Z/(2£Z) (5)

For the sake of simplicity, the apex P¢* will be omitted in the subsequent developments. In
fact, from now on we will always assume to be in the periodic setting.

In order to generalize this construction to arbitrary dimension n > 1, we consider anisotropic
and isotropic tensor product wavelets (see Figure 2). Here we just recall the basic definitions
and we refer the reader to [14, 23, 31] for a more detailed discussion.

Anisotropic tensor product wavelets. Given a {3 € N and multi-indices £ € N, with
L>/0—1and k € Z", a first straightforward way to obtain a multi-dimensional basis is by
tensorizing the 1D wavelet basis W with itself n times, namely,

,(banl : T/’&,kl K- ® ¢€n,kn,

n particular, the assumption o > 2 ensures that the periodization Yp% of ek (defined according to (61)
in Appendix B.1.3) is the sum of terms with disjoint support. On the contrary, let us assume, for example,
Lo = 1. Then, since supp(¢1,1) C (0, 3/2) the periodization 77 is built by summing two overlapping terms on
[0,1/2] (see (61)). In particular, ¢)7% is constant over [0,1/2], whereas ¢1,1 is not. This shows that condition
(5) is not satisfied for ¢y = 1.




with 9, = 1)} . For every level multi-index £ € N”, the spatial multi-index k takes values in
7./(2%7), where

2)2T) = 7)(202) x -+ x 2)(207) = [[{0.1,....,2571}
7=1

Therefore, fixing L € N with L > ¢y and defining the multi-index set
T = {(L,k):LeN" lh—1<L< L, keZ/(2°2)}, (6)

we have . .
\I,anl — {w;nl}jejani, (7)

where we set j = (£, k).

Isotropic tensor product wavelets. An alternative (and less straightforward) way to de-
fine a multi-dimensional wavelet basis is by isotropic tensorization. In this case, we need the
following auxiliary notation:

9 )Pk ife= 0,
lke +~— .
Yor, ife=1

Then, given ¢ € N with £ > {y, k € Z", and e € {0,1}", we define
Uit = Vores @ @ gk en-
Then, fixing L € N with L > ¢y and defining the multi-index set
TS = {(l,k,e): LeNl<l<Lke (Z/(2Z))", e € {0,1}"}, (8)

we have
U = () e g, )
where we set 7 = (¢, k, e).
The main difference between anisotropic and isotropic tensor product structure is visualized
in Figures 2 and 3 (in the 2D case). In particular, the anisotropic tensorization blends all the

dyadic levels together, whereas the isotropic tensorization only combines basis functions of the
same level.

Riesz basis property. The biorthogonal wavelets employed here satisfy the norm equivalence
property, presented in the following theorem. We refer to Appendix B.2 for the proof.

Theorem 3.2 (Norm equivalence). Let ¥ € {U*™ Wi} pe the tensor product wavelet basis

defined as in (7) or (9) from periodized 1D biorthogonal B-spline wavelets of order (d,d). Then,
the following norm equivalence holds:

PR

JET*

~ ||Dic|l2, V* € {ani,iso}, (10)
H#(D)
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Figure 3: Visualization of the 2D tensorized anisotropic (left) and isotropic (right) wavelets for L =
by + 1.

for every s € [0,d — 1], where ¢ = (¢)g,x and Dy € {Dani, Diso} 15 the diagonal matriz defined
by

2”2“005 . ’Lf* — ani
D)y o = 3 7 N el
( *)J,J {2%3’73’/, if % = is0, 2,7

where 6; ;1 1s Kronecker’s delta function and where T and J° are defined as in (6) and (8),
respectively.

In Setting 3.1, Theorem 3.2 implies that a suitable weighted ¢£2-norm of the wavelet coeffi-
cients is equivalent to the H!(D)-norm. In particular, using the fact that

13| 1y ~ 2Elee v e g, (11)
1050 py ~ 25 V5 € T (12)

we can rescale the basis functions of U2 and ¥ and normalize them with respect to the
H'(D)-norm and obtain two Riesz bases with respect to the H!(D)-norm. More details on the
norm equivalence property are provided in Appendix B.2.

3.2 Test functions: Fourier basis

Consider the one-periodic Fourier basis functions in dimension one and their tensorized version
in the n-dimensional case

& (o) :=exp(2miqr), Vq€Z, &G:=&,® - ®&,, YVqelZ".

It is easy to verify that {&, : ¢ € Z"} is an orthonormal basis for L?(D) and that its elements
are orthogonal with respect to the H'(D)-inner product. Moreover, we have

léallZ2p) =1, l€aliin(py = 1 + (27llqll2)*, Vg € 2™ (13)



Given R € N, let us consider the following finite multi-index set:
Q:={qeZ":—|R/2]+1<q <|R/2], Vi€ [n]}.
Then, we define the Fourier basis as
E = {{q}qco-

In particular, = is a Riesz basis with respect to the H'(D)-norm.

3.3 The CORSING Wavelet-Fourier method
We are now in a position to introduce the CORSING WF (Wavelet-Fourier) method.

Normalization with respect to the H'(D)-norm. Let ¥ = {1;};c7 be a tensor product
of periodized biorthogonal B-spline wavelets (or simply a family of periodized biorthogonal
B-spline wavelets for n = 1) defined as in Section 3.1. In particular, ¥ € {W¥a" ¥is°l and
J € {J™i, 50}, Let E = {{;}qeq be the Fourier basis in Section 3.2. Then, we normalize
both trial and test functions with respect to the H'(D)-norm, namely,

U= {%’}jeja E= {‘SQ}QGQa

such that R R
lillaioy ~ 1, qllmpy =1, Vi€ T, Vge Q.

In view of (11), (12), and (13), this normalization can be realized by defining
“Tani . o—||£]|cc,/,ani Nso . o—{_;iso s 2\ —1
P =2 i T =250, €= (1+ (27(lql[2)") " 2&q-

Petrov-Galerkin discretization. We consider a Petrov-Galerkin discretization of (2) asso-
ciated with the trial basis ¥ and test basis = (see [24] for an introduction to the Petrov-Galerkin
method). The stiffness matrix B € CM*N with M,N € N and M > N, and the load vector
g € CM are defined as

B‘Lj = a(l/b\j:gq)v gq = (f7 gq)a VJ S \77 Vq S Q7

where

N:=|7|=2"t, M:=|Q|=R",

and the resulting Petrov-Galerkin discretization is given by the linear system
Bv =g, (14)

with v € C the vector of the unknowns.

10



The CORSING WF method. The next step is to reduce the dimensionality of the Petrov-
Galerkin discretization (14) by random subsampling. Given a probability distribution p € RM
over Q, we draw m < M multi-indices 71, ..., 7T € Q i.i.d. randomly according to

P{r; =q} =pq, Vg€ Q, Vie[m]

Then, we define the CORSING stiffness matrix A € C™*" and load vector f € C™ as
Aig=a(ly, &), fi= (&), G, ielm).
The CORSING reduced discretization corresponds to the underdetermined linear system
Az =f, (15)

with 2 € CV the vector of the unknowns. Then, we consider the diagonal preconditioner
D € C™ ™ defined as?

Diy = 5i,k/\/ mpr;, i,k € [m]>
where 6; , is Kronecker’s delta function. Given a target sparsity level s € N, with s < N, we
consider the following optimization problem:

min || D(Az — f)|l2, s.t. ||z]lo < s. (16)
zeCN

Although NP-hard, (16) can be approximated by the orthogonal matching pursuit (OMP)
algorithm. Finally, the CORSING solution is given by

U= vy,
JjeT
where @ = (1) jes € CV is an approximate solution to (16) computed via OMP.
Note that the sampling complexity m can be reduced in order to avoid repeated indices

among the 7;’s. In that case, the preconditioner D has to be slightly modified (see [10, Remark
3.9]).

3.4 Towards a recovery error analysis

We are now able to restate issues (i), (ii), and (iii) in Section 1.1 in a rigorous way. Assuming
to fix s, N € N with s < N, the CORSING procedure outlined above depends on the following
three choices:

(i) Choose R = R(s, N), defining the size of Q and, consequently, the test space dimension
M = R" of the Petrov-Galerkin discretization (14).

(ii) Choose the number m = m(s, N, M) of random samples, depending sublinearly on N
and M (in order to have dimensionality reduction from (14) to (15));

(iii) Define the probability distribution p € R™ on the test multi-index space Q.

2The diagonal preconditioner D is chosen in such a way that E[(DA)*DA] = B*B. For further details, see
[10].

11



In order to solve issues (i), (ii), and (iii), we resort to the theoretical analysis carried out in
[10], based on the following

Definition 3.3 (Local a-coherence). The local a-coherence of U with respect to Zisa sequence

p € ¢(N) defined by

pq = sup la(;.69)*, Vg€ Q. (17)
jeJ

Since the CORSING solution @ is s-sparse with respect to ¥ (or, equivalently, to (I\l), the
corresponding best possible accuracy is the best s-term approximation error

as(u)H1(D) = inf{\u — 'LUHHI(D) Cw = Z ¢, lleflo < s}.
JjeJ

We specialize |10, Theorem 3.15| to the CORSING WF setting, providing a recovery error
estimate in expectation. The fact that ¥ and 2 are Riesz bases with respect to the H(D)-
norm (guaranteed by Theorem 3.2) is required to apply this result, and this justifies the use
of biorthogonal wavelets when n > 1. Indeed, tensorizing the hierachical basis of hat functions
as in [7, 9, 10| does not guarantee the Riesz basis assumption in the multi-dimensional case.
It is also possible to state an analogous result in probability instead of expectation (see [10,
Theorems 3.16 and 3.18]).

Theorem 3.4 (CORSING WF recovery in expectation). Let n,s,L € N, with s < N = 2",
K >0 be such that ||u| g1py < K, where u is the unique solution to (2), and assume to have
an upper bound to the local a-coherence pu € €(Z), i.e., there exists a sequence v € L(Z) such
that

pSv. (18)

Choose R € N (or, equivalently, Q) such that the truncation condition®

slvleelli S 1, (19)
holds. Then, for every 0 < e < 1, the CORSING solution u € H].(D) exactly solving (16)
satisfies
K
E|min<1l,— su—u < éJs(u)}p@) + Ke, (20)
HuHHl(D) HL(D) «Q

where a and A are the inf-sup and the continuity constants respectively associated with a(-,-),
provided that

m Z s|lv|gll1(sIn(eN/s) +In(2s/e)), (21)
and that the drawings 1, ...,Tm € Q are i.i.d. according to the probability distribution
v
p= : (22)
lvlell

3Let us clarify a small difference between [10, Theorem 3.15] and Theorem 3.4. In [10, Theorem 3.15], v is
an upper bound to p|o and the truncation condition (19) involves p instead of v. Therefore, the truncation
condition of Theorem 3.4 implies the truncation condition of [10, Theorem 3.15]. However, this does not make
any difference since in practice the truncation condition of [10, Theorem 3.15] is verified using an upper bound
to p, and not p itself.

12



Some considerations are in order:

e Relation (21) corresponds to a quadratic scaling of m with respect to s (up to logarithmic
factors and up to the quantity ||v|gl/1). In practice, a linear dependence of m on s (up
to logarithmic factors) seems to be sufficient (see the [10, Section 5.4]). A different
theoretical analysis carried out in [7, Section 3.2.5] based on the concept of restricted
isometry property seems to confirm this conjecture up to rescaling D A by a suitable factor
depending on A and on the true Riesz constant of ¥, hidden in the norm equivalence
(10) with s = 1. We have preferred to employ this slightly suboptimal result to avoid this
technical rescaling issue.

e A necessary condition for (19) is ||v|[; < co. This will always be the case in the applica-
tions discussed in this paper.

e In order to have an actual compression of the Petrov-Galerkin discretization, ||v|g]|1 has
to depend sublinearly on N and M in (21).

e Notice that knowing an upper bound K to ||lu|[f1(p) is not a restrictive hypothesis in
view of the a priori estimate (3).

e The hypothesis that u solves (16) exactly does not take into account the approximation
error due to the OMP algorithm, which can be included by resorting to the restricted
isometry property analysis.

Starting from Theorem 3.4, we can tackle issues (i), (ii), and (iii) in Section 1.1:
(i) Choose R = R(s, N) large enough to satisfy (19).
(ii) Choose m = m(s, N) according to (21).
(iii) Choose p € RM according to (22).
Our next goal is to find an upper bound v to the local a-coherence p as in (18) such that:
(a) It is possible to find an explicit formula for R = R(s, N) such that (19) is satisfied.

(b) The quantity ||v|g||1 depends sublinearly on M and N.

4 Local a-coherence estimates

This section is the technical core of the article. We extend the results in [10] by deriving
upper bounds to the local a-coherence defined in (17) for ADR equations with nonconstant
coefficients in dimension one (Section 4.1) and with constant coefficients in arbitrary dimension
(Section 4.2).
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4.1 The 1D ADR problem with nonconstant coefficients

We start by showing some auxiliary inequalities involving inner products between biorthogonal
B-spline wavelets and the Fourier basis functions, and their respective derivatives. Note that
in the following statement, the basis functions are normalized with respect to the L?(D)-norm.

Lemma 4.1 (Auxiliary inequalities, n = 1). In Setting 3.1, the following inequalities hold for
every £ > by, k € Z)(2'Z), g € Z\ {0}, (a1, 2) € {0,1}2, and v € [0,2]:

(D gy, D2Ey)| < 201702 2= |rgp—2Hentaz, (23)
1
(D*14y g, DO2E,)| < 290 H02 1Y ||| [ 2 202 1) g 1= 2Herto2, (24)

Moreover, for ¢ =0, we have

(0 k€0)| = |(Wik, ) = 0 (25)
(@0 .k €0)| = |(Wix,€0)| =0 (26)
[(pers€0)l = 272 |(Wek, £0)| = 0. (27)

Proof. 1f ¢ = 0, estimates (25)-(27) can be verified via direct computation, being £y = 1. Now,
we analyze the case ¢ # 0. Considering the case (a1, az) = (1,1), thanks to hypothesis (5), we
can directly compute

k2—¢ (k+1)27*
mkw:fmﬁé G- | %mm)

,1)2—( 2—¢
_ 232/2(267217@1@24 . efZiﬂ'q(kfl)Q*Z . efQiﬂq(kJrl)Z’Z)

_ 23@/26—2i7qu2—‘*(2 . eziwqr’f . e—2i7rq2—f)
= 23@/26_217qu242(1 — cos(27rq2_£)) = 4. 93¢/2o=2imgk2™" 52 (7rq2_£).
The inequality sin?(x) < |z|”, which holds for every € R and v € [0, 2] (see Figure 4), yields
3_
(P € < 4267 g (28)

Moreover, thanks again to hypothesis (5), employing (59) and (28) and the discrete Cauchy-
Schwarz inequality, we obtain

2

/ /! ]'
‘(W,kyfq)’ = \ﬁ

0|2
< W Z ’(90,2+1,j7€é)‘2

LGZ/(Q“'IZ),bjzk#O

Z bj*Qk((PIE+1,j>5¢IZ)

JEL/(2*+1Z)

1
b|2||b]|2 3
S4WE%%¢?Wwazfvwmwwiwmw

This concludes the case (a1,a2) = (1,1). The case (a1, a2) # (1,1) can be addressed using
integration by parts since f& = (27iq)&,.
O

We are now in a position to estimate the local a-coherence of the wavelet basis with respect
to the Fourier basis for 1D ADR equations with nonconstant coefficients.
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Figure 4: Sharpness of the upper bound (28), with £ = 5, k = 4, and different values of v € [0, 2].
Theorem 4.2 (Local a-coherence upper bound, n = 1). In Setting 3.1, forn, s € Hrl,er(D) and
p € L?(D), the local a-coherence in (17) can be bounded from above as

o S 2701811y + 191132

< 9 ”5“%11(9) 9 . oL 1
tq S | 0l o) + 2 + llpllz2(py | min 2 T Vq € Z\ {0}

Proof. First, let us consider the case ¢ = 0. We have |(nvy ... &0)| = [(n1Yy 4, 0)| = 0,

< 1Blm ) 1¥ekll L2 (D)

(B &0)] = \ [ Bla)ityla)a

- ’ /D B (2)ua(z) da

and

(e ks €0)| < llpll L2y Yokl L2(p)-

Therefore,

2
1Bl oy 1Vekll 2oy + ol L2y llVe k! L2 (o)
ekl 1 oy 160 | 211 (D)

(e, &0)* < <

_ <H¢ﬁ,kHL2(D)

2
”kaHHl(D)) (|ﬁ|H1(D) + ||10||L2(D))2 5 2_2€(|5|%11(D) + ||pH%2(D))a

which, by maximization over £ and k, implies the estimate for py.
Now, let ¢ # 0. The idea is to expand the diffusion, advection, and reaction terms with
respect to the Fourier basis

n= an§r7 B = ZBT€T7 p= ZPT£T7

reZ rez rel

with . := (n,&,), Br := (8,&), and p, := (p, &), for every r € Z. The decay of the coefficients
(n)rezs (Br)rez, and (pr)rez is strictly linked with the Sobolev regularity of n, 3, and p,
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respectively, thanks to the norm equivalence (1). The estimate of 14 is divided into four parts.
In the first three parts, we assess the impact of the terms u, 5, and p on the final estimate
separately. Then, we combine these estimates in the fourth part.

Part I: diffusion term 7 (¢ # 0). We start by considering the diffusion term

1 2\ 3 ) ) 2 )2
> (1) et < (Sawmime) STl o

rez reZ reZ

|t s €)1 =

Recalling (1), the first factor is bounded from above by ||77||§{1(D)' Now, exploiting standard

algebraic properties of the Fourier basis, performing integration by parts, and using (24) and
(26), we obtain the following estimate for every ~ € [0, 2]:

(&bt 1> €5 (V01> Eq—r) _
Z 1+r2q ~ |ql* Z 1+q2 < 287200804 (9), (30)
re€Z reZ
where )
Syla) ==Y _ >, Yy eR.
2 Ta

Now, we study the asymptotic behavior of S,(q) for y = 1, and y = 2 (corresponding to
v =1/2, and v = 0, respectively).*
We start by considering S1(gq), when g > 0. We have the splitting

—~1 q—1 +oo
1
Si)= 2. e LT T P e
S1,1(q) S1,2(q) S1,3(q)

We study the three sums separately, to show that each term can be bounded from above by
1/q, up to a constant. Indeed,

+o0

1 1R 1 1
S e —— < Z
171((]) ;(q-FT)(l-FTQ) —qgl_i_rgwq?
1 1 a1 1
S <4 — +/ —  __dr
ST T Genae )
1 N 1 N [2(] arctan(r) — 2log(q — r) + log(1 + 7“2)} r=e¢-1
q 1+(g—1) 2(1+¢?) =0
1 N 1 N 2q arctan(q — 1) + 2log(q) + log(1 + (¢ — 1)?) <1
g 1+(q—1)2 2(1+¢?) ~q
1 1
51,3(Q)§*Z o — o) r+1 S - ZTQSE
r=q+1

“Choosing v = 1/2 and y = 0 leads to the estimates Si(q) < 1/|q| and S2(q) < 1/|q|?, respectively. These,
in turn, imply two upper bounds to pq: the first one independent of N and decaying linearly with respect to g,
the second one linear in N but decaying quadratically with respect to q. These two properties will be crucial to
answer issues (i) and (ii) in Theorem 4.4.
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The first inequality employed to bound S;2(q) relies on a property of the function g(r) :=
1/[(g — r)(1 4 r2)] such that for every ¢ > 2, g admits only one stationary point r* = %(q -
v ¢*> — 3) in the open interval (0,¢q — 1) such that g(r*) < g(¢ — 1) < ¢(0), and g decreases
monotonically in [0,7*] and increases monotonically in [r*,¢ — 1]. In particular, this implies

q—1 L] q—1 [r*] q—1
o)=Y g+ 3 o) <g(0)+ / g(r)dr + g(q — 1) + / g(r) dr
r=0 r=0 r:Lr*J+1 0 LT*J+1

q—1
9(0) +g(g— 1) + /0 o(r) dr.

Also, notice that when ¢ = 1 the term S; 2(q) is equal to 1.
Observing that S, (q) is even with respect to ¢, we conclude that Si(q) < 1/|q|, for every

q# 0.

We carry out a similar analysis for S3(q). For ¢ > 0, we have

-1 1 q—1 1 +00 1
S = .
2<Q) T;oo (q—r)2(1+r2) +T:0 (q—"r’)2(1+7’2) + ~ (r—q) (1+7’2)
S2,1(9) S2,2(q) S2.3(q)

Using arguments similar to those employed for S;(g), we obtain

+

1 1 -1 1
220 = et Ty +/0 TR
<1, (a=1D)(1+¢*+(¢* — g arctan(qg — 1) + ¢*(2log(q) +log(1 + (¢ — 1)*)) _ 1
~ q(1+¢%) ~g

Using again that Sy(g) is even with respect to ¢, we conclude that S2(q) < 1/¢?, for every

q#07°
Recalling relations (29) and (30), we have

(81, €17 S il oy @ min{2%S2(q), 27°S1(0)} < InllEps (p) 2° min{2, [ql}. (31)

Part II: advection term § (¢ # 0). Analogously to the diffusion case, we have

(&) €0)I? (W) s Eqr) 2
(vtaenl < (S0 S ETEEE ~ Wl S

®In view of Lemma 4.1, we conjecture that S,(q) < 1/|q|¥ for every y € [—4,2] (corresponding to v € [0,2]
and y = 2(1 —v)). Nevertheless, proving this rigorously is not straightforward, since the terms corresponding
to S1,2(q) and S2,2(¢q) become very difficult to analyze.
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Estimate the sum in the right-hand side as before, we obtain

181131
(B €)1 S q—ﬂ min{2%, |q|}. (32)

Part III: reaction term p (¢ # 0). We deal with the nonconstant reaction term in an
analogous way. Recalling Lemma 4.1 and the norm equivalence (1) with & = 0, we have

(P g, &) 2 <Z|Pr|2> > Wk Eqr))* S Ipll72 < (B2t < > !q—rl2(7‘2)>+2—€/2),

rez reZ re€Z\{q}

for every v € [0, 2], where we have employed (23)-(24) with (a1, a2) = (0,0) and &,—, for r # ¢
and (27) with &,_, = & for r = ¢. Choosing v = 1/2, we see that

[Pk €)1 S MlollF2p) (2% + 1) S Nlpl72(p) 2%, (33)
since Y. cxn (g1 14 — r|=3 <1, for every q # 0.
Part IV: conclusion (¢ # 0). Combining (31), (32), and (33) finally yields

1812 .
(e €)% S (muip(m t 2+ leliEay | 22 ming2’ o]},

As a consequence, normalizing the trial and test functions with respect to the H'(D)-norm and
using that ||vg k| gpy ~ 2¢ and that 1€qll 1 (py ~ lg| (recall (11) and (13)), we obtain

By S (”7”%{1(@) + T() + ||p\|%2(D) min {(12’ M}

This completes the proof. O

Remark 4.3 (Sharper upper bound for p € H!, (D)). It is not difficult to show that an upper

per

bound for y, as in Theorem 4.2 holds when p € H!, (D), with the following estimate for the

per
local a-coherence when ¢ # 0:
HBH%H(’D) HPHHI (D) 2oL
e S Im + + min{7}. 34
q <” ”H1 q2 q4 q2 ‘(J| ( )
Notice that (34) generalizes [10, Proposition 4.4] (in particular, we refer to [10, equation (145)])
for 1D ADR equations with constant coefficients and nonperiodic boundary conditions. |

Finally, we have the CORSING W.F recovery theorem that provides an answer to the three
items (i), (ii), and (iii) in Section 3.4 for the 1D case.

Theorem 4.4 (CORSING WF recovery). In Setting 3.1 and under the same hypotheses as in
Theorem 3.4, let n =1, 0,8 € H,.(D) and p € L?*(D). Then, provided

per

(i) R~ CsN,
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(ii)) m 2 Cs(sln(eN/(2s)) +In(2s/e))(In N +Ins +InC),

(if) pyocq .
T \win {4} a0,

where
C = [l oy + 1812 ) + 11122

the CORSING WF method recovers the best s-term approximation to u in expectation, in the
sense of estimate (20).

Proof. Employing Theorem 4.2, we choose

C, q=0,
Y= Cmin{qﬂg,%}, q # 0.

As a consequence, we have |[v||; < +o0o. Then, to ensure condition (19), using that v, < CN/g?
for g # 0 we estimate

1 CsN

¢l < CsN — < .

el <CsN Y S
lg|>[R/2]-1

Therefore, to ensure (19) we let R = R(s,N) ~ CsN. Moreover, using that v, < C/|q| for
q # 0, we see that

IvahSC(H > ’1‘>gClnR—ClnMNC’(lnN—i—lns—HnC),
0<lal<(r/2) '

which depends sublinearly on M and N, as desired. O

4.2 The multi-dimensional case

We consider issues (i), (ii), and (iii) in Section 3.4 for the CORSING WF for multi-dimensional
ADR equations with constant coefficients. In Section 4.2.1 we analyze the case of anisotropic
tensor product wavelet, while in Section 4.2.2 we deal with the isotropic case.

4.2.1 Anisotropic tensor product wavelets

We provide local a-coherence upper bounds (Theorem 4.7) and a recovery result (Theorem 4.9)
for the CORSING WF method with anisotropic tensor product wavelets.

We start by proving a technical result analogous to Lemma 4.1. To shorten notations, we
introduce

k
@|¥ =[] |2;|%, Va,yeRF VEeN.
j=1

Moreover, we denote 1 = (1,1,...,1), 2 =(2,2,...,2), and so on.
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Lemma 4.5 (Auxiliary inequalities, anisotropic wavelets). In Setting 3.1, let n > 1, £ € N",
with £ >y — 1, k € Z/(24Z), and q € Z". Moreover, define®

zero(q) = [n] \ supp(q), scal(£):={jen]:¥{; =Lly—1}. (35)
Then, it follows

e if g =0, we have

|(V1/’anla ng)‘ = 07 (36)

(8- VY. o) =0, VBeR" (37)
ani B o-nlo/2  if scal(€) = [n],

’(wl’kjgo)‘ B {0, otherwise; (38)

e if ¢ # 0 and zero(q) C scal(€), then, for every v € [0,2]l9lo, it holds

i _lip— 3_23) P~ 5—
(Vyghl, Veg)| < 272 llalo)forG=3)£g7=2 g3, (39)
. 3_ VP A n
(8- VUil )| S 273 lalolo+ G- G132 8|15 q|l2, V8 € R”, (40)
(W30, &q)| S 272t llallo)lo G g /72, (41)

where T := :c\supp(q) e Rldllo for every & € R™ and the inequalities hide constants that
depend exponentially on n;

e if g # 0 and zero(q) < scal(£), it holds

(Ve V)| = 0, (42)
(8- VY. €9 =0, VBeR" (43)
(V. €a) = 0. (44)

Proof. In the case ¢ = 0, the equalities (36), (37), and (38) are a direct consequence of (25),
(26), and (27). Let us consider g # 0. Then, we organize the proof discussing two cases:
Igllo = n and [lqflo <n.

Case |gllo = n. Due to the tensorized form of the trial and the test basis functions, the
following relations hold:

n

(VoI VEg) = > (W 1, &0) TTWeker €a0)s (45)
j=1 i#j
(B Vg, &) = Y Bi(Wh, 5 6a) [ [Weiin &), VB €RT, (46)
Jj=1 i#]
( zrlk; gq) = H(wfj,kj ’ qu)- (47)
j=1

®Note that, according to (4), scal(£) is the set of indices j such that ty; x; is a scaling function.
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Plugging relations (23) and (24) into (45) we see that, for every v € [0, 2]", we have

(VY% VEg)| S 22(2 ~0) g5 H2 27 gy 572 = 2312 g |72 g 3.
Jj=1 1]

Similarly, plugging (23) and (24) into (46), we obtain

n
- 30 ., 3oV 31plly —~- _
(8- VUi, e)l S 1851202774 gy it [T 2G0% g, em2 < 2214071772 8] 5 g |-
j=1 ii
Finally, plugging (23) and (24) into (47), it follows

n

(U5h &q H 3 ~7)ki | g2 = 23lth—re g2,

The relations above prove (39), (40), and (41).

Case ||q|lo < 7. Let us consider the diffusion term (Vy/§, V&g).

First, assume that zero(q) ¢ scal(£) (notice also that zero(q) is nonempty since ||qflo < n).
In this case, we can pick an index jo € zero(q) \ scal(€), i.e., such that ¢;, = 0 and that £;, > £
(that is such that iy, g, is a wavelet function and not a scaling function). Combining (45)
with relations (25) and (27) yields

(Vg Véq) = (W - €0) [T Weiis€a) + D (W0 1,0 60) e s €0) T (Vi) = 0
‘—;fo—’iaéjo 3o \j’_/zﬁé{j,jo}

This proves (42) ((43) and (44) are shown analogously). As a consequence, the only possibility

for (V@Z)?fl,;, V&q) to be nonzero is to have zero(q) C scal(£). In this case, by splitting the sum

above and employing (25), we obtain

(VR VEDT < > 1@l €N T 1@tk &)l + D0 100 g €N T 1@t a1

jezero(q) T g i j€supp(q) i
Now, splitting the product and using (27) yields
(Ve Ve < D Wl &)l TT 1ewrs)l  TI 1(nk &a)l

j€supp(q) i€zero(q)  _, Y/ i€supp(@)\{j}
— ool S gy el T (ks o)l
j€supp(q) iesupp(q)\{s}

In order to prove (39), it is sufficient to apply an argument analogous to the case |qllo = n,
where the set [n] is replaced with supp(q), ¢ with g and £ with L.
Similar arguments lead to (40), (41). O

Remark 4.6 (Curse of dimensionality). It is worth stressing that estimates (36)—(44) are affected
by the curse of dimensionality, since they hide constants that blow up exponentially with n.
This makes the CORSING W.F approach applicable only for moderate values of n. This is
not a major problem for fluid-dynamics applications, where the physical domain has always
dimension n < 3. |
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Equipped with the auxiliary inequalities of Lemma 4.5, we are now in a position to provide
upper bounds to the local a-coherence in the multi-dimensional case for anisotropic tensor
product wavelets.

Theorem 4.7 (Local a-coherence upper bound, anisotropic wavelets). In Setting 3.1, let n > 1.
Then, for everyn,p € R and B € R™, the following upper bounds hold:

po < |p|P2~ o, (48)
1813 |P|2> _nlaloyto o [ 219102 LY g2 ||q|i3

g < nl? + + 2 q110)%0 min — , <, Vq #0,(49)

a < lqll3 ~ llqll3 Cls lqll%ql*

where the inequalities hide constants depending exponentially on n.

Proof. Let us assume g = 0. Recalling (36) and (37), we have

la(Wk: €)l < Il [(Vegk, Véo)| +1(8 - Vi, So)l +loll(Veh, €o)-

:0 =0

Employing (38) and recalling (11) and (13), we obtain

’p|22 nfo/22€o — 9 (24n) €o|p|2 if Scal(f) _ [n]7

ani ¢
la (@ng,ﬁ )| {0, otherwise,
which, in turn, implies (48).

When q # 0, we consider the cases ||g|lo = n and ||g|jo < n.

Case ||g|lo = n. Employing the auxiliary inequalities (39)—(41) (notice that in this case
zero(q) = () C scal(£)) and recalling relations (11) and (13) on the H!(D)-norm of wam and of
&q, for every v € [0,2]" and q # 0, we have

|a(h: o)l

105l e () 1€qll e ()

(P, &) =

A I8l , o
< 2t g2 gl (1] + (212 + 2 ). s0)
2

For any fixed g € Z™ \ {0}, we make two different choices of v = «(q) that, in turn, generate
two upper bounds to the local a-coherence.

We start by choosing v = 0, in order to let the upper bound decay as fast as possible in q.
Squaring (50) and considering the maximum over j € J, we obtain

2 2
g < (| 24 1815 |p|4)||q||42 e s
lallz ~ llall2/ lgl* w=e<L

Finally, by noticing that

max 2918 =21l < o 9Gr-2)[Elw < o(3n-2)L
Lo<l<L T lo<#<L

I

we obtain the upper bound corresponding to the first argument of the minimum in (49), for
Igllo = 7.
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Now, we find a second upper bound to p4 that is independent of L, but decays more slowly
with respect to gq. Consider an index jo, € [n] such that |¢; | = [|q|l. We define ¥ = (q)
componentwise as

_ {1/2 if § = joo, (51)

L 3/2 otherwise,

and choose v = 4. Considering the set A :={€ e N": ly <L < L, {1 >ly > --->{,} and
defining S,, as the permutation group of the set [n], we have

o 221 =Nl =76 _ o o o3 lo (@) —[lo(8) o~ (8)

Lo<l<L e oSy
— max 251112l a5 2T (8)
e ocESH
— max 23 1€lhi—t9=30-3%0 6 — 1 (52)
e

where we have exploited the identity {£ € N" : {p < £ < L} = [J,¢g, 0(A) and the fact that
|€]]1 and ||£||o are invariant with respect to permutations of the components of £. Combining
(50) with (52) (with v = ), and observing that

F(q)— _ _ 1
gD =g |7 ] ™! = e
B L FIENFT
we obtain
- 1813 , 1o\ _ a3 [, o, 1813, IoP
o % laf gl (12 + 1212 4 ) = f? 4+ 1P P
: a3 " Tais) ~ Talzlam \"" " gz "l

where the right hand side does not depend on €. This relation corresponds to the second
argument of the minimum in (49) when ||g|lo = n. The case ||q||o = n is hence concluded.

Case 0 < |lg/lo < n. The argument is analogous to the case [|gllo = n. We just need to
replace [n] with supp(q), n with [/q|lo, g with g, £ with £, and v with 4. Moreover, notice that
qll2 = llgll2; gllc = [|qlloo; and [|£€]lcc < [|€]lcc (note that the last relation is not an equality
since £ = £|gypp(q))- This concludes the proof. O]

Remark 4.8 (Consistency with the 1D case.). The upper bounds of Theorem 4.2 are compatible
with those in Theorem 4.7. Indeed, when the coefficients are constant, they all belong to
H].(D) and it is immediate to verify that (34) coincides with (49) when n = 1. Moreover, (48)
with n = 1 yields pg < |p|?273%, which is sharper than the upper bound pg < |p|?272% implied
by Theorem 4.2 when the coefficients are constant. This small discrepancy is due to the upper
bound |(ptek,&0)| < llplln2(p)ll¥ekll2(p) employed in the proof of Theorem 4.2, which is not

sharp when p is constant. |

The local a-coherence estimates of Theorem 4.7 answer issues (i), (ii), and (iii) in Section 3.4
and lead to the following

Theorem 4.9 (CORSING WF recovery, anisotropic wavelets). In Setting 3.1 and under the
same assumptions as in Theorem 3.4, letn > 1 andn,p € R and B € R™. Then, provided

(i) R~ CsN3 =,
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(ii) m > C2™0s(sln(eN/(2s)) +In(2s/e))(In N + Ins + In C)",

2~ (2+n)to qg=0,

(iil) pq o (| 9Glallo—2L g2 )
—(n—lallo)fo { g}l }
2 min A ety 470

where N = 2% and C = |n|> + ||8|13 + |p|?, the CORSING WF method with ¥ = ¥ recovers
the best s-term approximation to u in expectation in the sense of estimate (20).

Proof. Let us consider the upper bound v defined according to (48) and (49). The definition of
pq in (iii) directly follows from the definition of 4. Now, we derive condition (i) by estimating
the tail ||©/|ge||1 and using the upper bound corresponding to the first argument of the minimum
n (49). Letting @ := | R/2] and splitting the sum involved in the 1-norm with respect to the
sparsity levels of g, we obtain

n

Iloelli< > wvg=) > Vg

a€2gl>@  5=L g€zl >Q, lalo=s
35—2)L 2
202" q|3

<C Z Z 2~ (=9 FIE

s=1 q€Z™lqlloc>Q, llgllo=s

_ CZ( >2 (n—s)lo+(3s—2)L 3 !;7‘|H4§ _ (53)
r

rEZ:||7]|00>Q, ||7]lo=s

=:T(s)

Now, we analyze T'(s). It is easy to verify that, for every s € [n], it holds

{reZ :rlle>Q, lIrllo=st=) |J {reZ :|nl>Q, sign(r) =t} (54)

k=1 te{-1,1}° —Xxt

where X,f; C 7Z° is the set of multi-indices having the k" component larger than @Q and with
sign pattern t (see Figure 5 for s = 2 and @ = 2). Since the function r + ||7||3/|r|* is invariant
with respect to sign(r) and to permutations of the components of r, we can just consider the
set Xll. Moreover, the number of possible sets X,ﬁ in Z% is 2%s. Therefore, we estimate

resrs 3 M=o © 5 S S LT

rexi r1>Qre>0  rs>0k=1 itk

(IS ) 2 () (S5 I (Z5))

41 e =2 “r>Q r >0 k7 {1k} 0t

s—1 s—2 1
52%(0 + 55 3>§,
Q Q Q
where ¢ == ), oy 1/k* < oo and where the last inequality involves a constant depending
exponentially on s and hence on n (since s < n). Plugging the estimate for T'(s) above into
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Figure 5: The sets X} C Z* in (54) for s = 2 and Q = 2, restricted to [—4,4]?. Different textures
correspond to different sets.

(53) yields

Yoo+ (35—2)L R Y LAWY
HV’QCHI Z ( > (n—s8)lo+(3s—2)L _ —C LR/% <S>2( 0+3L)s
1

2_M0_2L (fo+3L)
< o2 gnteorany _ o2
~ R R

onL(3—2)

Condition (i) is obtained from s|lv|gc|1 < 1. Of course, the above inequality also shows
implicitly that ||v|; < 4o0.

Finally, in order to prove (ii), we estimate ||v|g|l;. Employing the upper bound corre-
sponding to (48) and to the second argument of the minimum in (49), and recalling that
lall3 < llallollgl|%, for every g € Z", we obtain

- 2
Ivlolh < 02 @+ 3 gt 5 o)
s=1

1
aeznlal o=@, lalo=s 1911514

. —(n—s n—s 1
<Y g 3 |A|_cz< >2 (n=s)to T e
s=1

q
9€Z:)|qll<Q, llgllo=s P70 <Q, [I7llo=s

- g( > (n=s)to < > 1) MooZ( )2“0 (log R)* < C(log R)™,

d<q, a0 1

which proves the theorem. O
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4.2.2 Isotropic tensor product wavelets

As in the previous sections, we provide local a-coherence upper bounds (Theorem 4.11) and a
recovery result (Theorem 4.12) for the CORSING W.F method.

We start by proving auxiliary inequalities analogous to those in Lemma 4.5. We skip the
proof, which follows the same arguments as in Lemma 4.5.

Lemma 4.10 (Auxiliary inequalities, isotropic wavelets). In Setting 3.1, let n > 1, £ € N, with
(>0, ke (Z/(2Z)", e € {0,1}", and q € Z". Moreover, define zero(q) as in (35). Then,
the following inequalities hold:

o [fq=0, we have

(ViR e, Véo)| = 0,
(8- ViR e &) =0, VBeR"

iso 27“021 Zf e =0,
|(¢Z,k,ea£0)| - {0’ ife ?é 0;

e if ¢ # 0 and zero(q) C zero(e), then, for every ~ € [0,2]l1lo it holds

(ViR e VEQ)| S 2072 P2l =TI g 72 g 3,

(B ViR e )| S 203 21NV G =2 g||a g2, VB € R,

(FRer Eq)] S 20 2lalo—IFI g 32,

where T := w]supp(q) e Rldllo for every & € R™ and the above inequalities hide constants
depending exponentially on n;

e if ¢ # 0 and zero(q) < zero(e), it holds

(Vs VEg)| =0,
(8- VUiEs, &) =0, VB e€R"
’(wles,?qu” =0.

In the following theorem, we provide upper bounds to the local a-coherence for isotropic
tensor product wavelets. We only outline a sketch of its proof, which is analogous to that of
Theorem 4.7.

Theorem 4.11 (Local a-coherence upper bound, n > 1, isotropic wavelets). In Setting 3.1,
let n > 1. Then, for everyn,p € R and B € R™, the following upper bounds hold:

po < |pP2- @b, (55)
o (i B 12 (L4 POEAM T e bl
1 lal3 ~ llqll3 lq|* T E ’ ’

(56)

where the inequalities hide constants depending exponentially on n.

26



Proof. The upper bound (55) to ug is easy to verify. Let us consider ¢ # 0. Employing the
auxiliary inequalities of Lemma 4.10 and using arguments analogous to those in Theorem 4.7,
we obtain, for every v € [0,2]",

L 2, B3 | 1o \o2(=2+2llqllo—IIFlli—1)¢| 51254 412 c
ja( 3S°,€q)!25{(|n| el a2 (@™ llqllz, if zero(q) & zeroe),

otherwise.

Analogously to Theorem 4.7, we obtain the upper bound corresponding to the first argument
of the minimum in (56) by choosing 4 = 0 in the inequality above. Notice in particular that

max 22—z 2lallo—1¢ < max{1722(—%+2llqllo—1)L} <1+ 22(=z+2ldllo—DL
Lo<tl<L

where, in the second expression, we have used that 22(=2Fllallo=D¢ <1 when —2 + ||q|o — 1 is
negative. The upper bound corresponding to the second argument of the minimum in (56) is
proved by letting v = ¥, as in (51). Note that, in this case, we have | 7|1 = 3|/g[o — 1 and,
consequently,

max 225 2lgllo=IF-D¢ — 1 5x 9-(n=llallo)t < 9—(n—lqllo)o
Lo<t<L Lo<t<L

This concludes the proof. O

Finally, we obtain the CORSING W.F recovery theorem for isotropic tensor product wavelets
solving issues (i), (ii), and (iii) in Section 3.4. The proof is analogous to that of Theorem 4.9
and therefore will be omitted.

Theorem 4.12 (CORSING WF recovery, isotropic wavelets). In Setting 3.1 and under the
same assumptions as in Theorem 3.4, let n > 1 and let n,p € R and B € R™. Then, provided

(i) R~ CsN3 =,
(ii) m > C2™0s(sln(eN/(2s)) +In(2s/e))(In N + Ins + In C)",
2~ (b, q=0,

(iii) Pq X ) (1+22(—%+2|\q||0—1)L)Hqug 2-(n—llallo)o||q|2
m ar T TarzEr oy 970

where C = |n|? + |83+ |p|?, the CORSING WF method with ¥ = W° recovers the best s-term

approximation to u in expectation in the sense of estimate (20).

5 Numerical assessment

In this section, numerically investigate the reliability and robustness of the CORSING WF
approach in different dimensions. In Section 5.1, we consider a 1D ADR equation with constant
and nonconstant coefficients. As predicted by the theory, we show that CORSING W.F is robust
and reliable also in the case of nonconstant coefficients. In Section 5.2, we consider the 2D case
and compare the performance of isotropic and anisotropic wavelets in different case studies.
Moreover, it turns out that the nonuniform subsampling strategy based on the local a-coherence
significantly outperforms uniform random subsampling. Finally, in Section 5.3, we consider a
3D case.
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Figure 6: Absolute value of the entries |B, ;| of the stiffness matrix associated with the Petrov-
Galerkin discretization for n = 1 (left) and n = 1 4 0.5sin(67z) (right).

All the numerical experiments have been performed in MATLAB® with the aid of OMP-
Box for OMP [27, 28]. We have used MATLAB® R2017b version 9.3 64-bit on a MacBook Pro
equipped with a 3 GHz Intel Core i7 processor and with 8 GB DDR3 RAM.

5.1 1D case with nonconstant diffusion

We consider a 1D equation with 5 = 0, p = 1 and let the diffusion coefficient vary. In particular,
we consider n(x1) = 1 and n(x1) = 1 + 0.5sin(67x1).

The Petrov-Galerkin stiffness matrix B. We compute the stiffness matrix B associated
with the Petrov-Galerkin discretization and show the absolute value of the entries in Figure 6.
We set L = 9, resulting in N = 512, and choose R = N. We observe that the oscillations
of the diffusion coefficient only impact the stiffness matrix “horizontally”. In particular, this
does not impact the decay properties of the local a-coherence . The Wavelet-Fourier Petrov-
Galerkin discretization of the ADR equation gives rise to a matrix with a comparable structure
with respect to the matrices in [5, Figure 4]. This qualitatively confirms that the proposed
discretization is suitable for compressed sensing. We also point out that the condition number
of B € C?2%512 ig very small, being 20.4 for the constant diffusion case and 28.2 for the
nonconstant diffusion case, to be compared with 10% and 1.6 - 10°, respectively, when the trial
and test functions are not normalized with respect to the H'(D)-norm.

Best s-term approximation. We consider the synthetic solution

—-0.3)%) 1
M) + —cos(2mzy), 0<uz <L

2

ui(x1) = 1+exp (— 00008

This solution is smooth, with a global support in [0, 1), and exhibits a bump close to the point
x = 0.3. Moreover, it is periodic up to machine precision (see Figure 7 (left)). In Figure 7
(right), we show the wavelet coefficients and highlight in red the largest 50 ones in absolute
value. The resulting relative best 50-term approximation error with respect to the H'(D)-norm
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Figure 7: Plot of u; and of its best 50-term approximation u; (left). Wavelet coefficients of u with
the 50 largest in magnitude highlighted (right).

-

. " : ‘
2 Tt ‘
$ 10t E + {1071 F S—
S ‘ - x + ‘ ; + T +
! | E ‘ T i | E T 1 T
I | * T 1 ‘ I\ %
£ Loy E i i F: i SR E ; T 31
= 1 ‘ E % T 1 Q Q
e e e <t I e o o e ot s 2.5
100 150 200 250 300 350 400 450 500 100 150 200 250 300 350 400 450 500
m m

Figure 8: Relative recovery error as a function of the number of random tests, m, for a constant (left)
and nonconstant (right) diffusion term. In dashed line, the relative best 50-term approximation error
(57).

is
lur =W llgrpy  [Jur — a2
~Y

=1.68-1072, 57
Falmm Falz (57)

where uq is the vector of coeflicients of u; with respect to the biorthogonal wavelet basis v
(normalized with respect to the H!(D)-norm), @, is the best 50-term approximation of w1, and
11 is the function corresponding to the wavelet coefficients in ;.

Sensitivity of the recovery error to the number of test functions. In Figure 8, we
show the box plot of the relative error between u; and the CORSING approximation, 1, with
respect to the H'(D)-norm as a function of the number m of test functions. We fix s = 50
and let m vary from 100 to 500 (N = 512). The data are relative to 100 random runs of the
CORSING procedure. We can appreciate that for both choices of 7 CORSING is able to reach
a good accuracy (comparable to the best 50-term approximation error) for m > 250. The
presence of a nonconstant diffusion term does not impact the performance of the method to a
substantial extent. We only observe more outliers for the nonconstant diffusion.

Sensitivity of the recovery error to the sparsity. In Figure 9, we show the relative
CORSING error with respect to the H!(D)-norm as a function of s and compare it with the
best s-term approximation error. The box plot is relative to 100 runs of CORSING. For each
value of s varying between 5 and 50, we set m = [2slog(N)]. We remark that, for s large
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Figure 9: Relative recovery and best s-term approximation errors as functions of the sparsity s with
constant (left) and nonconstant (right) diffusion term.

enough, the recovery error exhibits the same decay rate as the best s-term approximation error.
No striking difference can be detected varying the diffusion.

5.2 2D case

We consider a 2D ADR problem over D = (0, 1)? with constant coefficients y = p = 1, and
b=[1,1T

On the one hand, we compare the performance of anisotropic and isotropic wavelets on
solutions that exhibit different spatial features. On the other hand, we show that nonuniform
sampling strategy based on local a-coherence outperforms the uniform random subsampling.

Wavelet coefficients and best s-term approximation error. We consider the following
solutions:

B (z1 — 0.3)? (w2 — 0.4)? (r1 —0.6).2 (2 — 0.5)2
uz(z1,22) = exp ( 0.0005 )P 0.0005 ) T2eXP 0.000 )P 0.005 /)

(1 — 0.45)2> 7

us(z1,T2) = exp <— 0008

both periodic up to machine precision. The function us exhibits two local Gaussian-shaped
features, one isotropic around the point (0.3,0.4) and the other anisotropic, around (0.6, 0.5).
The function ug is purely anisotropic, having a Gaussian behavior along the xi-direction and
being constant along the ze-direction. The functions ug and wus are shown in Figure 10 along
with the corresponding anisotropic and isotropic 64 x 64 wavelet coefficients (with respect to
H'(D)-normalized wavelets). Letting s = 100, the relative best s-term approximation error
with respect to the H'(D)-norm of is 10~} (anisotropic wavelets) and 6.6 - 1072 (isotropic
wavelets) for ugz, and 8.2 - 1073 (anisotropic wavelets) and 1.2 - 107! (isotropic wavelets) for
ug. As expected, anisotropic wavelets generate a very sparse representation of ug. For usg, the
compression achieved by anisotropic and isotropic wavelets is comparable, in slight favor of
isotropic wavelets.”

"Taking advantage of the norm equivalence property, the H* (D)-norm is approximated using the £2-norm of
the wavelet coefficients as in (57).
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Figure 10: Contour plots (left) of functions us (top) and wuz (bottom) and corresponding wavelet
coefficients with respect to anisotropic (center) and isotropic (right) tensor product wavelets.

u3

Sensitivity of the recovery error to the number of test functions. We assess the
performance of CORSING in the case of anisotropic and isotropic wavelets and compare uniform
random subsampling (p « 1) with the nonuniform subsampling based on the local a-coherence

upper bound
. lall3 }
Vg=minq1l, ——=— 5
! { g3 [ql*

which is obtained from the upper bounds in Theorems 4.7 and 4.11. In particular, in (49) and
(56), we consider the second argument of the minimum and use that 2-(~llalo)fo < 1 while
we use that 27(2t7% < 1 in (48) and (55). We set £y = 2, L = 6 (corresponding to N =
221 = 4096). As for the test space, we fix R = 2L, corresponding to M = N. Although issue
(i) in Theorems 4.9 and 4.12 suggests choosing R ~ 3N3_%, the choice R = N turns out to be
sufficient to have a well-conditioned Petrov-Galerkin discretization matrix B in practice. We set
s = 100 and let m = 100, 200, 300, 400, 500. For each value of m, we run 100 tests of CORSING
with uniform and nonuniform subsampling. We plot the relative recovery error measured with
respect to the H'(D)-norm as a function of the number of tests m in Figures 11 and 12 for
ug and wug, respectively. In the case of ug, isotropic wavelets slightly outperform anisotropic
wavelets. The benefit of nonuniform subsampling over uniform subsampling is evident both in
terms of the probability of success (smaller boxes) and of accuracy. For ug, anisotropic wavelets
significantly outperform isotropic wavelets, thanks to the better compressibility of the solution.
Moreover, uniform sampling fails to recover the solutions in both cases, whereas nonuniform
sampling exhibits a convergent behavior. This experiment confirms the key role played by the
local a-coherence for a successful implementation of the CORSING W.F method.

31



Anisotropic — Uniform p

Anisotropic — Nonuniform p

Isotropic — Uniform p

Isotropic — Nonuniform p

m

m

m

|2 =
%) T
I e -
2100 0 0 - 100
QT & % 85 10 = L e { 10 $ |
= T El T 1 T } i3 oL T i
= e 1 I T o] I A
£ L5 B4 T == e
= L =+ T E L ‘ El i E| T
T | | |
: - L i
£ L
100 200 300 400 500 100 200 300 400 500 100 200 300 400 500 100 200 300 400 500

m

Figure 11: Box plot of the relative recovery error for the function us with respect to the H!(D)-

norm as a function of the number of tests m with anisotropic and isotropic wavelets and uniform and

nonuniform subsampling.
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Figure 12: Box plot of the relative recovery error for the function uz with respect to the H!(D)-

norm as a function of the number of tests m with anisotropic and isotropic wavelets and uniform and
nonuniform subsampling.

5.3 The 3D case

We validate the CORSING W.F method on a 3D ADR problem on D = (0,1)3 with constant
coefficients = p =1, b= [1,1,1]7. We consider exact solution

Je (- e (-

Function uy exhibits an anisotropic Gaussian-shaped feature centered at the point (0.4, 0.5,0.6).
We compare anisotropic and isotropic wavelets.

(1 — 0.4)*
0.005

(.IQ — 0.5)2
0.0005

(:Eg — 0.6)2

ug(21, T2, 23) = €xp (— 0.005

Wavelet coefficients and best s-term approximation. We fix /oy = 2, L = 4 (correspond-
ing to a trial space of dimension N = 23% = 4096) and s = 200. The wavelet coefficients and
the best s-term approximation are shown in Figure 13. The relative best s-term approximation
error with respect to the H*(D)-norm is 9.3- 102 for the anisotropic wavelets and 2.5-1072 for
the isotropic wavelets. In this case, the isotropic tensorization is able to sparsify the function
to a slightly better extent.

Sensitivity of the recovery error to the number of test functions. We compare
anisotropic and isotropic wavelets and uniform and nonuniform subsampling. We set m
200, 300, 400, 500,600. The box plots corresponding to 100 runs of CORSING are shown in
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Figure 13: Wavelet coefficients of the function wy and best 200-term approximation for anisotropic
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Figure 14: Box plot of the relative recovery error with respect to the H'(D)-norm as a function of the
number of tests m with anisotropic and isotropic wavelets and for uniform and nonuniform subsampling.

Figure 14. The performance of anisotropic and isotropic wavelets is similar. However, uniform
subsampling is not able to recover the solution at all. Comparing this results with those of the
2D case (Figures 11 and 12), we note how using a bad probability measure (i.e., the uniform)
deteriorates the performance of the method more heavily as the dimension of the domain in-
creases. Finally, this experiment confirms that the theoretical analysis carried out in Section 4
turns out to be a useful tool for an effective implementation of the CORSING W.F method.

6 Conclusions

We presented a wavelet-Fourier discretization technique for ADR equations based on the Petrov-
Galerkin method and on the compressed sensing paradigm, called CORSING WF. We carried
out a theoretical analysis of the method, which hinges on the concept of local a-coherence and
provides practical recipes for a successful implementation of the method. Numerical experi-
ments confirm the robustness and reliability of the CORSING W.F approach for n-dimensional
ADR equations with n = 1,2,3. In particular, we showed that the method achieves recovery
error comparable to the best s-term approximation error and that the sampling measure here
proposed and based on the local a-coherence is able to successfully exploit the sparsity of the
exact solution the discretization (in contrast to other randomization strategies such as uniform
random subsampling).

Several open issues still remain to be investigated. First, understanding whether the sam-
pling measure proposed in this paper is or not the “optimal” one (in some sense to be specified).
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On the practical and computational viewpoint there is still a lot of work to be done. Devel-
oping an effective and optimized implementation for CORSING W that takes advantage of
the wavelet transform, the Fourier transform, and of the tensor product structure of the basis
functions is still an open issue that has to be tackled to implement CORSING W.F in dimension
n > 3.
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A Proof of Proposition 2.1

Employing the Cauchy-Schwarz inequality, it follows that

la(u,v)| < maX{lnHLoo(p), sup [|B()ll2, lelLoo(D)} lull gy lvll (o), Yu,v € Hoe (D),
x

which, in turn, implies the continuity of a(-,-).
Let us now estimate the coercivity constant a. Observing that Re(u Vu) = $V(|u/?) and
using Green’s formula, we have

ve( [(8-vumaz) =4 [ p-V(uP)aa=—; [ ptae 5 [ wepupia,

=0

where the boundary term vanishes thanks to the periodicity of 3 and u. As a consequence,

1
Re ( JICRE: pu)udw) -/ (—2v By p) 0P de > CllulZap

Therefore, we have the desired coercivity

|a(u, w)] > Re(a(u, u)) > Nmin || Vull72(p) + Cllullf2(py > min{mmin, CHiulZ o

The thesis is directly implied by the Lax-Milgram lemma (see, for example, |22, Lemma 3.1]).
O

B A wavelet digest

In this appendix, we show how to construct biorthogonal B-spline wavelets on the periodic
interval (Section B.1) and provide more details on the norm equivalence property and the
proof of Theorem 3.2 (Section B.2). We refer the reader to [14, 23, 31] for a more thorough
presentation.

34



B.1 Biorthogonal B-spline wavelets on periodic intervals

The construction of biorthogonal wavelets on the periodic interval is presented in three steps.
First, we illustrate the construction of biorthogonal wavelets on the real line. Then, we provide
details about the special case of biorthogonal B-spline wavelets on the real line. Finally, we
describe the periodization technique.

B.1.1 Biorthogonal wavelets on the real line

Consider a scaling function ¢ € L*(R) refinable with refinement filter a € R? such that

o(z) = Z arp(2x — k), Vr eR. (58)
kezZ

Notice that equation (58) defines ¢ up to a scaling factor. Here, we assume ¢ to be normalized
such that ||¢|lz2r) ~ 1. We also define a mother wavelet ¢ € L?(R) associated with a wavelet
filter b € R? such that

P(x) =) bpe(2w — k), VreR. (59)
kEZ

Then, we define the associated diadically rescaled and translated versions
po(x) =202 — k), pp(z) =2(2w —k), VzeR, VLkeZ.  (60)

The parameter ¢ denotes the dyadic level of the basis function and the index k encodes infor-
mation about the spatial location. Moreover, definition (60) implies

leerllzm = lelzm ~ 1, Yerllz@ = 19l 2@ ~ 1.

We now illustrate the construction of a biorthogonal wavelet basis. Given ¢y € Ng, we
introduce the sets

[OYRES {cpg’k ke Z}, zI;g = {Szf,k 1k e Z}, Yl eZ, L> 1.

The dual scaling function ¢ is chosen such that {®,} >, and {;Isg}gzgo generate two biorthogonal
Multiresolution Analyses (MRAs) (see [21]), i.e., two collections of nested sets S = {S;}i>¢,

and S = {gg}gzgo in L2(R), such that

Sgo - SgOJrl C..-C LQ(R), CIOSH'”L?(R) ( U Sg) = LZ(R>, Sy = CIOSH'”L?(R) (span(q)g)),
>4y

§€0 - gﬁo—i—l C...C LQ(R), ClOSH'”L?(R) < U §g> = LQ(R), gg = CIOSH'HLQ(]R) (span(EI;g)),
>4y

where clos| , ® (X) denotes the closure of a set X in L?(R) and such that the following
biorthogonality condition holds

(Peks Peg)re®y = Ok, gy, VL EZ, L=y, Vi k €L
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The wavelet family is then built by considering the so-called detail spaces Wg,Wg C L*(R).
These satisfy the relations

Ser1=Se@®Wy, Wy L8, Ser1=S®Wy, Wy LSy,
and are spanned by the sets

U= {Yup:k€Z}, Vo= {dy:keZ}, VECZL, L>L,

where ¢ is the dual mother wavelet. Namely, W, = CIOS”'”LQ(R) (span(¥y)), and W, = CIOSII-HL2<R) (span(¥y)).
These bases are said to be biorthogonal if

(e Vo) 2@ = (Peg o) i@ =0, (Yek Yes) = Sny gy k. Jj € L.

Then, fixing the coarsest level £y and the maximum level L € N with L > ¢y, the corresponding

wavelet basis is defined as
L—1

U= &y U U 0,
=Ly

Notice that span(V¥) = Sr. In the above notation, the dependence of ¥ on ¢y and L is hidden
for the sake of simplicity.
B.1.2 B-spline biorthogonal wavelets on the real line

We now detail how to build an explicit example of biorthogonal wavelets on the real line, i.e.,
the biorthogonal B-spline wavelets [13].
The set of cardinal B-splines Ny : R — R is recursively defined as

1
Ny(z) := / Ng1(x —t)dt, Ni(z):=xp)(z), VreR, VdeN,d>2.
0
The centralized B-splines gp : R — R are then defined as

ap(z) == Nd<x + LgJ), Vz € R,

with support in (—L%J, [%]) The function 4o has polynomial exactness of order d (i.e., all

polynomials of degree less than d can be represented as linear combinations of the shifted
functions {4¢o(- — k) : k € Z}) and fulfills the refinement equation (58) with scaling filter a
defined as

ar :21d<k+dtgj>, VE=—|2],...,]2].

Following the construction in [13], we consider the dual scaling function @, also denoted by
4.a% of polynomial exactness d, compactly supported on [— LgJ —d+1, (%1 + d — 1], refinable

with some scaling filter @ (the filters @ and @ corresponding to different values of d and d can
be found in [31, Table 2.6 and 2.7]). Moreover, choosing the wavelet filter b as

be = (=D @y, b = (=1)Fay_4,

yields a biorthogonal wavelet basis ¥ (see [31, Proposition 5.5]).
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B.1.3 Periodization

Finally, we make use of periodization in order to adapt the biorthogonal wavelet construction
on the real line to the case of a periodic interval (see also [14, Section 4.3]|). The idea is to
replace all the expressions of the form gy = 2¢/2g(2°- —k) (where g : R — R is arbitrary) with

(@) =223 g2 e+ j) — k), VzeR (61)
JEZ

The main difference is that at level £ the spatial index is Z/(2¢Z) (the ring of integers modulo 2°).
For the sake of convenience, we also identify Z/(2¢Z) with the set of canonical representatives,
i.e.,

Z)(2°'7) ={0,1,...,2* =1}, WleN.
With this convention, Z/(2Z) C Z. We have

Q) = {pfy (k€ Z/(22)}, W= {y}y k€ Z/(2'D)},
and, analogously to the case of the real line, we define

L-1
per .__ gPber per
12 E R AU R i
=Ly

The same holds for the dual bases :I;(g and \Ilg.

B.2 Norm equivalence

For the purposes of this paper, the most important feature of biorthogonal wavelets is the norm
equivalence property. Theorem 3.2 states that, up to a diagonal rescaling, the anisotropic and
isotropic tensor product wavelets introduced in Section 3.1 form a Riesz basis with respect to
Sobolev norms of suitable orders. The aim of this section is to prove this theorem.

Before proving Theorem 3.2, we need some auxiliary results. The first technical lemma
gives sufficient conditions for Jackson’s inequality (see [31, Proposition 2.20] for the proof).
Notice that Jackson’s and Bernstein’s inequalities are properties of the MRA (see Section 3.1),
and not of the wavelet spaces. In the following, Py will denote the space of polynomials of one
variable of degree less than or equal to d.

Lemma B.1 (Jackson’s inequality). Let Iy := supp(prr) U supp(@er) and assume that the
following conditions hold for every £ > £y and for every k € Z:

{jeZ: Il #0} <1, (62)
|Iﬁ,k| S 2_67 (63)
lpekllrem <1 NPekllzm S 1- (64)

(Note that the upper bounds in (62) and (64) are independent of ). Moreover, suppose that
there exists d € N such that

Pa—1 C span(Pg) = { chgpo,k S E(Z)}. (65)
kezZ
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Then, Jackson’s inequality holds for every s < d and £ > {y, i.e.
inf |lg —vellr2m) 2_SZ|9|H5(R)a Vg € H*(R). (66)
v ESy

The second technical result provides sufficient conditions for Bernstein’s inequality to hold
(the result is proved in [31, Lemma 5.11]).

Lemma B.2 (Bernstein’s inequality). Let ¢ € L*(R™) be a compactly supported refinable
function and define
v:=sup{s e R:p € H*(R")}.

Then, the following inequality
[vell s ey S 2% Nvell z2rny,  Voe € Se, (67)
holds for every 0 < s <.

In the following result, we see that biorthogonal wavelet families corresponding to an MRAs
that verify Jackson’s and Bernstein’s inequalities have the norm equivalence property. This
result is proved in [31, Theorem 5.12].

Lemma B.3 (Jackson + Bernstein + Biorthogonality = Norm equivalence). Let S = {S;}
and S = {gg} be dual MRAs with associated biorthogonal wavelets W, EJ, respectively, such that
Jackson’s inequality (66) and Bernstein’s inequality (67) hold for S with ds, vs and for S with
dg, vg, respectively. Then, the following norm equivalence holds:

> cortben ~ Y 2%,
Lk ®) ok

for every s € [— min{dg, ’yg}, min{ds, vs}].

2

Hs

We are now in a position to prove Theorem 3.2.

Proof of Theorem 3.2. We start by showing that the 1D norm equivalence®

Z co ko
0k

holds for every 0 < s < d — 1, by applying Lemmas B.1, B.2, and B.3.

First, hypotheses (62),(63), and (64) of Lemma B.1 are satisfied by construction. Regard-
ing hypothesis (65), we notice that, thanks to the Curry-Schoenberg Theorem (see, e.g., |16,
Theorem 3.1] or [15, Theorem 44|), linear combination of integer translates of 4o generates the
space Pg—1. Therefore we can apply Lemma B.1 for the primal MRA with ds = d. The same
considerations hold for , 5 (see [31, Proposition 2.13|). In particular, 4,0 1s exact of order d,

thus Lemma B.1 applies to the dual MRA with dg = givz 0.9

2

~ Y 2o, (68)
H*(D) gk

8The norm equivalence (68) holds also for negative values of the exponent s, since the regularity of a.qP

increases with J(see [31, Proposition 2.13]). However, quantifying this statement precisely is not trivial.
“Notice that the coefficients c in expression (65) need be in £(Z), since, e.g., the constant function is given
by the sum >, _, a¢(- — k) and ¢ = 1 € ((Z) \ 1*(Z).

38



Moreover, we have that ; s is compactly supported and belongs to L?(R), hence Bernstein’s
inequality holds for the dual MRA with 75 = 0, thanks to Lemma B.2. Moreover, since

ap € H d_%_E(R), for every € > 0, Bernstein’s inequality holds for the primal MRA with
vs=d—1/2—e>d—1 (for e <1/2).

Now, since Jackson’s and Bernstein’s inequalities hold, we apply Lemma B.3 and employ
periodization to obtain (68). To conclude, the multi-dimensional norm equivalence (10) is
guaranteed thanks to [19, Theorem 3.3] for the anisotropic case and to [14, Remark 5.9] for the
isotropic case.
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