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Abstract

The convergence and optimality theory of adaptive Galerkin methods is almost exclusively
based on the Dorfler marking. This entails a fixed parameter and leads to a contraction constant
bounded below away from zero. For spectral Galerkin methods this is a severe limitation which
affects performance. We present a dynamic marking strategy that allows for a super-linear
relation between consecutive discretization errors, and show exponential convergence with linear
computational complexity whenever the solution belongs to a Gevrey approximation class.

1 Introduction

The modern analysis of adaptive discretizations of partial differential equations aims at establish-
ing rigorous results of convergence and optimality. The former results concern the convergence
of the approximate solutions produced by the successive iterations of the adaptive algorithm
towards the exact solution u, with an estimate of the error decay rate measured in an appro-
priate norm. On the other hand, optimality results compare the cardinality of the active set of
basis functions used to expand the discrete solution to the minimal cardinality needed to ap-
proximate the exact solution with similar accuracy; this endeavor borrows ideas from Nonlinear
Approximation theory. Confining ourselves in the sequel to second-order elliptic boundary value
problems, such kind of analysis has been carried out first for wavelet discretizations [14, 18],
then for h-type finite elements [19, 22, 13, 12, 15], [19] dealing just with convergence, and more
recently for spectral-type methods [6, 7, 10]; we refer to the surveys [5, 11, 20, 24]. In contrast,
the state of the art for hp-type finite elements is still in evolution; see [16, 3] and the more recent
paper [8] which includes optimality estimates.



For all these cases, convergence is proven to be linear, i.e., a certain expression controlling
the error (a norm, or a combination of norm and estimator) contracts with some fixed parameter
p < 1 from one iteration to the next one, e.g., ||u—ug4+1]| < p|lu—ug||. This is typically achieved
if the adaptation strategy is based on some form of Dérfler marking (or bulk chasing) with fixed
parameter ¢ < 1: assuming that ), 4 n? is some additive error estimator at iteration k, one
identifies a minimal subset J' C J such that

d o=y

i€J’ i€J

and utilizes J’ for the construction of the new discretization at iteration k + 1. For wavelet or h-
type fem discretizations, optimality is guaranteed by performing cautious successive adaptations,
i.e., by choosing a moderate value of 6, say 0 < 6 < Opax < 1 [22]. This avoids the need of
cleaning-up the discrete solution from time to time, by subjecting it to a coarsening stage.

On the other hand, the resulting contraction factor p = p(#) turns out to be bounded from
below by a positive constant, say 0 < pmin < p < 1 (related to the ‘condition number’ of the
exact problem), regardless of the choice of . This entails a limitation on the speed of convergence
for infinite-order methods [6, 7], but is not restrictive for fixed-order methods [22, 13].

It has been shown in [6] that such an obstruction can be avoided if a specific property of the
differential operator holds, namely the so-called quasi-sparsity of the inverse of the associated
stiffness matrix. Upon exploiting this information, a more aggressive marking strategy can
be adopted, which judiciously enlarges the set J' coming out of Dorfler’s stage. The resulting
contraction factor p can be now made arbitrarily close to 0 by choosing 6 arbitrarily close to 1.

When a method of spectral type is used, one expects a fast (possibly, exponentially fast)
decay of the discretization error for smooth solutions. In such a situation, a slow convergence of
the iterations of the adaptive algorithm would endanger the overall performance of the method;
from this perspective, it is useful to be able to make the contraction factor as close to 0 as desired.
Yet, linear convergence of the adaptive iterations is not enough to guarantee the optimality of
the method. Let us explain why this occurs, and why a super-linear convergence is preferable,
using the following idealized setting.

As customary in Nonlinear Approximation, we consider the best N-term approzimation error
En(u) of the exact solution u, in a suitable norm, using combinations of at most N functions
taken from a chosen basis. We prescribe a decay law of En(u) as N increases, which classically
for fixed-order approximations is algebraic and reads

sup N°En(u) < oo, (1.1)
N

for some positive s. However, for infinite-order methods such as spectral approximations an
exponential law is relevant that reads

sup ™" En(u) < 0o (1.2)
N

for some 7 > 0 and « € (0, 1], where o < 1 accommodates the inclusion of C*°-functions that

are not analytic. This defines corresponding algebraic and exponential sparsity classes for the

exact solution u. These classes are related to Besov and Gevrey regularity of u respectively.
We now assume the ideal situation that at each iteration of our adaptive algorithm !

llu —ugl| =~ N, ° or [l — wg| :e_"N’?, (1.3)

!Throughout the paper, we write Ax < By to indicate that Ay can be bounded by a multiple of By, independently
of the iteration counter k and other parameters which Ay and By may depend on; Ay ~ By means Ar < Bj and
B < Ay



where N}, is the cardinality of the discrete solution wug, i.e., the dimension of the approximation
space activated at iteration k. We assume in addition that the error decays linearly from one
iteration to the next, i.e., it satisfies precisely

[ = wppr ]| = pllu = ul]- (1.4)

—k/s
3

If u belongs to a sparsity class of algebraic type, then one easily gets Ny <~ p ie.,

cardinalities grow exponentially fast and
ANk = Nk+1 — Nk ~ Nk ~ ||u — uk||_1/3,

i.e., the increment of cardinality between consecutive iterations is proportional to the current
cardinality as well as to the error raised to the power —1/s. The important message stemming
from this ideal setting is that for a practical adaptive algorithm one should be able to derive the

estimates ||[u — upy1]| < p|lu — u| and ANy, < |Ju — ugl|~'/*, because they yield
n—1 n—1 n—1
No= Y AN S lu— w7V < lu—un | 757 o0 < flu— |15,
k=0 k=0 k=0

This geometric-series argument is precisely the strategy used in [22, 13] and gives an estimate
similar to (1.1). The performance of a practical adaptive algorithm is thus quasi-optimal.

If u belongs to a sparsity class of exponential type, instead, the situation changes radically.
In fact, assuming (1.3) and (1.4), one has ™"V = p*, and so

lim k=N, = (|log p|/n)"/",

k—o0
i.e., the cardinality Ny grows polynomially. For a practical adaptive algorithm, proving such
a growth is very hard if not impossible. This obstruction has motivated the insertion of a
coarsening stage in the adaptive algorithm presented in [6]. Coarsening removes the negligible
components of the discrete solution possibly activated by the marking strategy and guarantees
that the final cardinality is nearly optimal [14, 6], but it does not account for the workload to
create uy.

One of the key points of the present contribution is the observation that if the convergence
of the adaptive algorithm is super-linear, then one is back to the simpler case of exponential
growth of cardinalities which is ameanable to a sharper performance analysis. To see this, let
us assume a super-linear relation between consecutive errors:

[l = wp ] = flu = ]| (1.5)
for some ¢ > 1. If additionally uy, satisfies (1.3), then one infers that e "Vi+1 < ¢=79Ne | whence

. ANk 1/« .
kligolo Nk —4 _1’ kli{lgo Nk:

Jlog Ju — e[| _ 1y

the latter being just a consequence of (1.3). This suggests that the geometric-series argument
may be invoked again in the optimality analysis of the adaptive algorithm.

This ideal setting does not apply directly to our practical adaptive algorithm. We will be
able to prove estimates that are consistent with the preceding derivation to some extend, namely

lu = wpa|| < Jlu—wgll?, ANy < Q|log [|u — ug||'/*,

4"~ we then realize that

with constants @ > 0 and @ € (0, a]. Invoking ||u — u,|| < |lu — ug|

n—1

n—1 ) 1/a )
Ny =D AN QY Jlog lu - ui| [ < q?/gi_l\ log ||u — un | |/*.
k=0 k=0



qu/&

Setting 7 := (ql/&71)7a7 we deduce the estimate

—AT@
sup eMVn
n

u—upl <1,

which is similar to (1.2), albeit with different class parameters. The most important parameter
is a. Its possible degradation relative to « is mainly caused by the fact that the residual,
the only computable quantity accessible to our practical algorithm, belongs to a sparsity class
with a main parameter generally smaller than that of the solution w. This perhaps unexpected
property is typical of the exponential class and has been elucidated in [6].

In order for the marking strategy to guarantee super-linear convergence, one needs to adopt
a dynamic choice of Dorfler’s parameter 6, which pushes its value towards 1 as the iterations
proceed. We accomplish this requirement by equating the quantity 1 — 6% to some function of
the dual norm of the residual r, which is monotonically increasing and vanishing at the origin.
This defines our dynamic marking strategy. The order of the root at the origin dictates the
exponent ¢ in the super-linear convergence estimate of our adaptive algorithm.

The paper is organized as follows. In Sect. 2 we introduce the model elliptic problem and
its spectral Galerkin approximation based on either multi-dimensional Fourier or (modified)
Legendre expansions. In particular, we highlight properties of the resulting stiffness matrix that
will be fundamental in the sequel. We present the adaptive algorithm in Sect. 3, first for the
static marking (6 fixed) and later for the dynamic marking (6 tending towards 1); super-linear
convergence is proven. With the optimality analysis in mind, we next recall in Sect. 4 the
definition and crucial properties of a family of sparsity classes of exponential type, related to
Gevrey regularity of the solution, and we investigate how the sparsity class of the Galerkin
residual deteriorates relative to that of the exact solution. Finally, in Sect. 5 we relate the
cardinality of the adaptive discrete solutions, as well as the workload needed to compute them,
to the expected accuracy of the approximation. Our analysis confirms that the proposed dynamic
marking strategy avoids any form of coarsening, while providing exponential convergence with
linear computational complexity, assuming optimal linear solvers.

2 Model Elliptic Problem and Galerkin Methods

Let d > 1 and consider the following elliptic PDE in a d-dimensional rectangular domain §2 with
periodic or homogeneous Dirichlet boundary conditions:

Lu=-V.-wVu)+ou=f in €, (2.1)

where v and o are sufficiently smooth real coefficients satisfying 0 < v, < v(z) < v* < oo and
0<o.<o(z)<o*<ooinQ;let us set

= min(vy, o) and o = max(v*,0") .

Let V be equal to H}(Q) or H;(Q) depending on the boundary conditions and denote by V*
its dual space. We formulate (2.1) variationally as

ueV : a(u,v) = (f,v) YoeV, (2.2)

where a(u,v) = fQ vVu - Vo + fQ out (bar indicating as usual complex conjugate). We denote
by |lv]l = v/a(v,v) the energy norm of any v € V, which satisfies

Vvl < lofl < Vearfloflv - (2.3)



2.1 Riesz Basis

We start with an abstract formulation which encompasses the two examples of interest: trigono-
metric functions and Legendre polynomials. Let ¢ = {¢ : k € K} be a Riesz basis of V. Thus,
we assume the following relation between a function v =3 kK vpdr € V and its coefficients:

oll =~ > lowlPdi = I[oll3 , (2.4)
keX

*

for suitable weights dy, > 0.  Correspondingly, any element f € V* can be expanded along
the dual basis ¢* = {¢;} as f = >, cx fedp, with fio = (f, ¢x), yielding the dual norm

representation

/]

Voo D APt =l (2.5)

keX

For future reference, we introduce the vectors v = (@kdim)kex and f = (fkdlzl/z)kex as well
as the constants 8, < 8* of the norm equivalence in (2.4)

Bllvlly < lvlls = Ivllee < B lvllv Vv eV. (2.6)
This implies
1 1 N
ﬁllfl ve < fllgr = lIfllee < B*Hfllw VfeVvr. (2.7)

The two key examples to keep in mind are trigonometric basis and tensor products of
Babuska-Shen basis. We discuss them briefly below.

Trigonometric basis. Let Q = (0, 27)? and the trigonometric basis be ¢y (z) = W elh-w
for any k € X = Z% and x € Q. Any function v € L?(f2) can be expanded in terms of {¢y}pcza
as follows:

v=) Okdr, Ok = (v, ¢k, ol 72y = D loxl* - (2.8)
k k

The space V := H;(Q) of periodic functions with square integrable weak gradient can now be
easily characterized as the subspace of those v € L?(2) for which

1013 = ol = D [Vel> < oo (where Vj := drdy?, with dg == 1+ [k[?).
k
This induces an isomorphism between H} () and (*(Z%): for each v € H} () let v = (Virex €

(2(Z%) and note that [vllzr@) = Ilvllez. Likewise, the dual space H;Y Q) = (H)(Q) is
characterized as the space of those functionals f for which

/]

Vo= Iy = DI with o=
k

We also have an isomorphism between H, () and ¢2(Z?) upon setting f = (Fi)rex for f €

H;'(Q) and realizing that Hf||H;1(Q) = ||£]]¢=.

Babuska-Shen basis. Let us start with the one-dimensional case d = 1. Set I = (—1,1),
V := H}(I), and let Ly(x), k > 0, stand for the k-th Legendre orthogonal polynomial in I,
which satisfies deg L, = k, Li(1) = 1 and

2
_ —— > . .
/I Lu@) (@) do = o= G s m >0 (2.9)



The natural modal basis in HE(I) is the Babuska-Shen basis (BS basis), whose elements are
defined as

nk(x) _ l2k’; 1 / Lk—l(s) ds = \/%(Lk_g(l‘) — Lk(x)) s k>2. (210)

The basis elements satisfy degnr = k and

Oty = [ @) e =G+ R > 2. (2.11)

i.e., they form an orthonormal basis for the H}(I)-inner product. Equivalently, the (semi-
infinite) stiffness matrix S, of the Babuska-Shen basis with respect to this inner product is the
identity matrix.

We now consider, for simplicity, the two-dimensional case d = 2 since the case d > 2 is
similar. Let Q = (=1,1)%, V = H(Q), and consider the tensorized Babuska-Shen basis, whose
elements are defined as

() = My (1) 18, (22) ki,ka > 2, (2.12)

where we set k = (ky, k2) and o = (21, x2); indices vary in the set X = {k € N? : k; > 2 for i =
1,2}, which is ordered ‘a la Cantor’ by increasing total degree kiot = k1 + ko and, for the same
total degree, by increasing k1. The tensorized BS basis is no longer orthogonal, since

(nlﬂ’r]m)Hl(Q) = (nk1777M1>H1(1) (nk2777M2)L2(I) + (77161’777”1)[/2(1) (nkwn’WLz)Hl(I) ) (213)
0 0 0

whence (nk,nm)Hé(Q) # 0 if and only if k1 = m; and ke — my € {—2,0,2}, or ks = my and
k1 —my € {—2,0,2}. Obviously, we cannot have a Parseval representation of the Hg(£2)-norm
of v =37, cq UrmMe in terms of the coefficients 0. With the aim of getting (2.4), we follow [10]
and we first perform the orthonormalization of the BS basis via a Gram-Schmidt procedure.
This allows us to build a sequence of functions

m<k

such that ggr # 0 and
(@k, (I)m)Hé(Q) = Orm VkmeX.

We will refer to the collection ® := {®), : k € X} as the orthonormal Babuska-Shen basis (OBS
basis), for which the associated stiffness matrix Sp with respect to the Hg(2)-inner product is
the identity matrix. Equivalently, if G = (gux) is the upper triangular matrix which collects
the coefficients generated by the Gram-Schmidt algorithm above, one has

G'S,G=8p=1, (2.15)

that is the validity of (2.6) with d = 1. However, unlike S,,, which is very sparse, the upper
triangular matrix G is full; in view of this, we next apply a thresholding procedure to wipe-out
a significant portion of the non-zero entries sitting in the leftmost columns of G. This leads to a
modified basis whose computational efficiency is quantitatively improved, without significantly
deteriorating the properties of the OBS basis. To be more precise, we use the following notation:
G; indicates the matrix obtained from G by setting to zero a certain finite set of off-diagonal
entries, so that in particular diag(G;) = diag(G); correspondingly, F := G — G is the matrix
measuring the truncation quality, for which diag(F) = 0. Finally, we introduce the matrix

Sy =G{S,G, (2.16)



which we interpret as the stiffness matrix associated to the modified BS basis defined in analogy
to (2.14) as

meM, (k)

where M;(k) = {m < k : Ep,r = 0}. This forms a new basis in Hg(Q) (because k € M, (k) and
grk # 0). We will term it a nearly-orthonormal Babuska-Shen basis (NOBS basis). Note that
only the basis functions ¢ having total degree not exceeding a certain value, say p, may be
affected by the compression, while all the others coincide with the corresponding orthonormal
basis functions @y, defined in (2.14).

If Dy = diag S, then for any value of p there are strategies to build G; (depending on p)such
that the eigenvalues A\ of

S¢x = )\D¢£U (218)

are close to one and bounded from above and away from 0, independently of p [10]. This
guarantees the validity for NOBS basis of (2.4) with dy equal to the diagonal elements of the
matrix Dy and (2.6) for suitable choice of constants S, 3* depending on the eigenvalues of
(2.18) (see [10] for more details).

2.2 Infinite Dimensional Algebraic Problem

Let us identify the solution u = ), ¢y of Problem (2.1) with the vector u = (i )rex of its
coefficients w.r.t. the basis {¢y}rex. Similarly, let us identify the right-hand side f with the
vector £ = ( fg)(ex of its dual coefficients. Finally, let us introduce the bi-infinite, symmetric
and positive-definite stiffness matrix

A = (apr)ekex with ag = a(¢x, b0) - (2.19)
Then, Problem (2.1) can be equivalently written as
Au=f, (2.20)

where, thanks to (2.3) and the norm equivalences (2.6)-(2.7), A defines a bounded invertible
operator in £%(X).

Decay Properties of A and A~!. The decay of the entries of A away from the diagonal
depends on the regularity of the coefficients v and o of L. If v and o are real analytic in a
neighborhood of €, then ag., decays exponentially away from the diagonal [6, 7, 10]: there
exist parameters cr,nr > 0 such that

lak,m| < crexp(—nr|k —m|) Vk,m e X; (2.21)

we then say that A belongs to the exponential class D(7), in particular A is quasi-sparse.
This justifies the symmetric truncation A ; of A with parameter J, defined as (A )¢ = agy if
|0 — k| < J and (A )¢ = 0 otherwise, which satisfies [6, 7, 10]

A~ Ayl <Ca(J+ 1) emmed (2.22)

for some Ca > 0 depending only on cy..

Most notably, the inverse matrix A =1 is also quasi-sparse [6, 7, 10]. Precisely A=t € D (1)
for some 775, € (0,7] and ¢, only dependent on ¢y and 7nr. Thus, there exists an explicit
constant C'a—1 (depending only on ¢z and 77) such that the symmetric truncation (A~1); of
A~ satisfies



JAT — (AN < Car (J+ 1) e ) < Cpve (2.23)
for a suitable exponent 1;, < 7.

Galerkin Method. Given any finite index set A C X, we define the subspace V), =

span{¢y |k € A} of V; we set |A| = card A, so that dimV, = |A]. If v € V admits the expan-

sion v = ), g Up¢r, then we define its projection Pyv upon Vj by setting Pyv := D, o\ Ox @k

Similarly, we define the subspace Vi = span{¢; |k € A} of V*. If f admits an expansion

f =2 kex fkqﬁz, then we define its projection P} f onto Vi upon setting PYf =), fk.gb,j.
Given any finite A C K, the Galerkin approximation of (2.1) is defined as

up € Vo a(uA,vA) = <f, UA> Yop € Vi . (2.24)

Let up be the vector collecting the coefficients of uy indexed in A; let fo be the analogous
restriction for the vector of the coefficients of f. Finally, denote by R the matrix that restricts
a vector indexed in X to the portion indexed in A, so that RY is the corresponding extension
matrix. If

A, =Ry ARY (2.25)
then problem (2.24) can be equivalently written as
AAuA = fA . (2.26)

For any w € Vy, we define the residual r(w) € V* as

’I“(U)) = f - Lw = Z ’ﬁk(w)(ﬁz ) Where fk(w) = <f - Lw7¢k> = <f7 ¢k> - a(wv(bk) .

keX

The definition (2.24) of uy is equivalent to the condition Pr(ua) = 0, i.e., #x(up) = 0 for every
k € A. By the continuity and coercivity of the bilinear form, one has

1 1
llra)lve < flu—uallv < —|lr(ua)llv-, (2.27)

which in view of (2.3) and (2.7) can be rephrased as

)l < =l < Tl (229)

Therefore, if (7x(up))rex are the coefficients of r(up) with respect to the dual basis ¢*, the

quantity
1/2

o= | 3 [Rilun)? with Ry (up) = f(up)dy, />
kZA

[I7(ua)]

is an error estimator from above and from below. However, this quantity is not computable
because it involves infinitely many terms. We discuss feasible versions in [6, 7, 10] but not here.

Equivalent Formulation of the Galerkin Problem. For future reference, we now rewrite
the Galerkin problem (2.24) in an equivalent (infinite-dimensional) manner. Let

Py 2(X) — 2(K)



be the projector operator defined as

vy fAEA,
P =
(Pav)a {o A A

Note that P can be represented as a diagonal bi-infinite matrix whose diagonal elements are
1 for indexes belonging to A, and zero otherwise. We set QA := 1 — P, and introduce the bi-
infinite matrix A := PpAP, + Qp which is equal to A for indexes in A and to the identity
matrix, otherwise. The definitions of the projectors P, and Q, yield the following property:

If A is invertible with A € D.(nr), then the same holds for A,. (2.29)

Furthermore, the constants C'z ~and C\z -, which appear in the inequalities (2.22) and (2.23)

for AA can be bounded uniformly in A, since in turn they can be bounded in terms of 7y, and
cr,, respectively.
Now, let us consider the following extended Galerkin problem: find @ € ¢2 such that

Ari=P,f . (2.30)

Let up be the Galerkin solution to (2.26); then, it is easy to check that & = R uy.

3 Adaptive Spectral Galerkin Method

In this section we present our adaptive spectral Galerkin method, named DYN-GAL, that is
based on a new notion of marking strategy, namely a dynamic marking. In Section 3.1 we recall
the enriched Dorfler marking strategy, introduced in [6], which represents an enhancement of
the classic Dorfler marking strategy. In Section 3.2 we introduce the dynamic marking strategy,
present DYN-GAL and prove its quadratic convergence.

3.1 Static Dorfler Marking

Fix any 0 € (0,1) and set Ag =0, up, =0. For n =0,1,..., assume that A,, and u,, := up, €
Va, and 7y, := r(up) = Lu, — f are already computed and choose Ap 11 := Ay UOA, where the
set A, is built by a two-step procedure that we call EEDORFLER for enriched Dérfler:
dA,, = E-DORFLER (A, 6)
9A,, = DORFLER (r,, )
dA, = ENRICH (A, J)

The first step is the usual Dérfler’s marking with parameter 6:

or 3 (Re(w)P = Y [Ruw), (3.1)

k€A, kex

||P~ Tn‘

¢ = ||P7\

n+1rn| (z)* -

with /~\n+1 =AU gAn. This also reads
o SV 1- 02||Tn||¢* (3'2)

and can be implemented by rearranging the coefficients Ry, (up,) in decreasing order of modulus
and picking the largest ones (greedy approach). However, this is only an idealized algorithm be-
cause the number of coefficients Rk(un) is infinite. This marking is known to yield a contraction
property between u,, and the Galerkin solution u,1 € VIN\W,H of the form

||7’n - P~ Tn|
At

llw = tniall < p(O) v — unll ,



with p(0) = /1 — 602 [6, 7]. When a, < o we see that in contrast to (3.2), p(f) is bounded

below away from 0 by /1 — o=.
The second step of E-DORFLER is meant to remedy this situation and hinges on the a

priori structure of A~! already alluded to in §2.2. The goal is to augment the set 57\,1 to OA,
judiciously. This is contained in the following proposition (see [6]) whose proof is reported here
for completeness.

Proposition 3.1 (enrichment). Let oA, = DORFLER (rn,0), and let J = J(0) > 0 satisfy

- [1— 62
Ca-1e 7 < —, (3.3)
Qe

where Ca-1 and 11, are defined in (2.23). Let 0A,, = ENRICH (57&“, J) be built as follows

ON, =={ke€X: there exists € OA,, such that |k —¢ < J}.

Then for Apy1 = A UOA,,, the Galerkin solution un4q1 € Vi satisfies

n+1
I = wniall < p(O)lu — uan| (3-4)
with

A(0) = QZ:g\/l ) (3.5)

Proof. Let g, := PX rn =P which, according to (3.2), satisfies
n n41

o < V1= 02||ry]

Let w,, € V be the solution of Lw,, = g, which in general will have infinitely many components,
and let us split it as

75 — gnl * -

Wy, = PAn+1U/n + PAfL+1w” =Yy + 2y € VAH_*_1 &) VAfLH .

The minimality property in the energy norm of the Galerkin solution u,41 over the set A, 11

yet to be defined, in conjunction with (2.3) and (2.28), implies
I = unall < llu = (un + yn)ll < flu — un — wn + 20|

B*

V Ox

1
< = = )]+ VATl = Sl = gl + VTl

whence

B .
I — wnia || < N 1= 02rnllg- + Var(|zall -

Since z, = (Pac L’ngxn)rn, we now construct AS; to control ||z, |. If

n+1
kel and €€dh, =  |k—t>J,

then we have ~
”PA2+1L—1P§7\nH < ||‘A_1 - (A_l)JH < C'Afle_nLJ )

where we have used (2.23). We now choose J = J(#) > 0 to satisfy (3.3), and we exploit that
lzn|l < Ca-1e717 |1, || to obtain

B BrVar
—upill <2 V1—=02|r, e <2 V1—=62lu—uy, , 3.6
llu = vwnsall < N [rallex < B, Ja llu — un|| (3.6)

as asserted. O

10



We observe that, as desired, the new error reduction rate

5(0) = 2g*g\/1 — 2 (3.7)

can be made arbitrarily small by choosing 6 suitably close to 1. This observation was already
made in [6, 7], but we improve it in Section 3.2 upon choosing 6 dynamically.

Remark 3.2 (Cardinality of OA,). Since we add a ball of radius J around each point of OA,, we
get a crude estimate

|0A,| < |Ba(0, ) N Z |0A,] ~ w4 OA,|, (3.8)

where wq is the measure of the d-dimensional Euclidean unit ball B(0, 1) centered at the origin.

3.2 Dynamic Dorfler Marking and Adaptive Spectral Algorithm

In this section we improve on the above marking strategy upon making the choice of § dynamic.
At each iteration n let us select the Dorfler parameter 6,, such that

VI=8 = gyl

o

¢ (3.9)
¢>\<

for a proper choice of the positive constant Cy that will be made precise later. This implies

1 ol
J(6,) = —— log Irnllo: | g, (3.10)
nL - llrolles
according to (3.3), where K; := —ﬁ%log( L CAC:) + 6, and ¢, € [0,1).

We thus have the following adaptive spectral Galerkin method with dynamic choice (3.9) of

the marking parameter 6, = (1 — C2||r, 2. /70| i*)l/Z:
DYN-GAL(c)
set ro = f, Ag :=0,n=—-1
do
n<—n+1
OA, == E-DORFLER (A, (1 — C3 |3 /llroll3.)*/?)

An+1 = An U 8An
Up+1 = GAL (An+1)
Tn+1 = RES (un+1)
while [|rn41lg= > € [|ro]

¢*
where GAL computes the Galerkin solution and RES the residual. The following result shows
the quadratic convergence of DYN-GAL.

Theorem 3.3 (quadratic convergence). Let the constant Cy of (3.9) satisfy Co < L./%=8=

4 a* B*
and C1 := % Then the residual r,, of DYN-GAL satisfies
Irnsalle ( 7l ) un> 0 (3.11)
2llrollg= — \2[lrollg- -

and the algorithm terminates in finite steps for any tolerance €. In addition, two consecutive

solutions of DYN-GAL satisfy

lu = wpsall < Cillu = un]* V> 0. (3.12)

11



Proof. Invoke (3.6) and (3.9) to figure out that

¢*
¢x

[rntille- o vVar flu—uniall ., [ B ﬁl\rn\
—_— 77.

B. ||7“0||¢>* ~ Vo B [I7ol
P <||rn| ¢*) 1 <||7“n||¢>*>2
. B \llrollg- 2\ Iro[e~
which implies (3.11). We thus realize that DYN-GAL converges quadratically and terminates

in finite steps for any tolerance €. Finally, combining (2.28) with (3.13), we readily obtain (3.12)
upon using 79 = f. O

(3.13)

Remark 3.4 (super-linear rate). If the dynamic marking parameter 6,, is chosen so that /1 — 62 =

o
Cy (II‘\:;”;* ) for some o > 0, then we arrive at the rate ||u — un11] < Ctllu — u, ||*+.

It seems to us that the quadratic rate (3.12) is the first one in adaptivity theory. The relation
(3.11) reads equivalently

741

2k
¢*<< - ¢*) 0<k<n+1 (3.14)
< T\ 2rollg -

and implies that |7y, ||¢=/||7o]|¢+ is within machine precision in about n = 6 iterations. This fast
decay is consistent with spectral methods. Upon termination, we obtain the relative error

BV
B/

llu = un| < llull e,

because || f]l¢+ < \/07 ull.

The algorithm DYN GAL entails exact computation of the residual r,, which in general
has infinitely many terms. We do not dwell here with inexact or feasible versions of DYN-GAL
and refer to [6, 7, 10] for a full discussion which extends to our present setting.

4 Nonlinear Approximation and Gevrey Sparsity Classes

Given any v € V' we define its best N-term approximation error as

Ex(v)=  inf — Pyolly -
v =, b o= Pavlle

We are interested in classifying functions v according to the decay law of En(v) as N — oo,
i.e., according to the “sparsity” of their expansions in terms of the basis {¢x }rea. Of special
interest to us is the following exponential Gevrey class.

Definition 4.1 (exponential class of functions). For n > 0 and 0 < ¢t < d, we denote by Agt
the subset of V' defined as

A= {U eV : ||v]| gne = sup (EN(v) exp (nwd_t/dNt/d)> < +oo}
G N>0

where wq is the measure of the d-dimensional Euclidean unit ball B4(0,1) centered at the origin.
Definition 4.2 (exponential class of sequences). Let £'(X) be the subset of sequences v €
£2(X) so that

[VIln;t () = sup (n(l_t/d)/QeXp (nw t/d Ud) |v;;\) < 400,
G n>1

o0

where v* = (vX)%2; is the non-increasing rearrangement of v.

12



The relationship between Ag’t and th@{) is stated in the following [6, Proposition 4.2].

Proposition 4.3 (equivalence of exponential classes). Given a functionv € V and the sequence
v = (0v/di)kex of its coefficients, one has v € AL" if and only if v € L5 (X), with

[ollaze S 1Vl cae) S Nollag -

For functions v in A%’ one can estimate the minimal cardinality of a set A such that [[v—Pyvl|s <
¢ as follows: since [|[v — Piv|ly > € for any set A with cardinality |A| = |A| — 1, we deduce

d/t
U lwllage )
[A] < wy ;1og 5 + 1 (4.1)

For the analysis of the optimality of our algorithm it is important to investigate the sparsity
class of the image Lov for the operator L defined in (2.1), when the function v belongs to the
sparsity class Agt. Sparsity classes of exponential type for functionals f € V* can be defined
analogously as above, using now the best N-term approximation error in V*

EN(f) = chénlt;\‘:]v Ilf— PAf||</>* :

The following result is based on [6, Proposition 5.2].

Proposition 4.4 (continuity of L in Agt). Let L be such that the associated stiffness matriz
A satisfies the decay condition (2.21). Given n > 0 and t € (0,d], there exist 7 > 0, t € (0,¢]
and a constant Cr, > 1 such that

IZv] gae < Clloll gge Vv € AL (4.2)

Proof. Let A be the stiffness matrix associated with the operator L. In [6] it is proven that if
A is banded with 2p + 1 non-zero diagonals, then the result holds with 77 = W and t = t;

on the other hand, if A € D.(n;) is dense, but the coefficients 1y, and n satisfy the inequality

n < anE/d, then the result holds with 7 = ((¢)n and ¢ = %_H, where ((t) = (2d1:1t+t) o
d

Finally, if n > anZ/ d, we introduce an arbitrary 1 > 0 satisfying 1 < anZ/ d; then the result

holds with 7 = ((t)7 and ¢ = 15, since |||

Azt < ol aze. 0

Keeping into account that ((¢) < 1 for 1 < d < 10 (see again [6]), this result indicates that
the residual is expected to belong to a less favorable sparsity class than the one of the solution.
Counterexamples in [6] show that (4.2) cannot be improved.

Finally, we discuss the sparsity class of the residual r = r(uy) for any Galerkin solution wuy.

Proposition 4.5 (sparsity class of the residual). Let A € D.(ny) and A= € D.(71), for
constants n, > 0 and 7, € (0,n1] so that (2.22) and (2.23) hold. If u € Ag’t for some n >0

and t € (0,d], then there exist suitable positive constants ij < n and t <t such that r(up) € AZ’{
for any index set A and

lr(ua)ll gae S llull gz -
Proof. Proposition 4.4 yields the existence of 77 > 0 and ¢ € (0, t] such that
1L = 12 e S Nl - (43
In order to bound |[r(ua)| 4a. in terms of || f[| 47,7, let us write
G G

ra=Au—up)=f—Au,,

13



then use up = (KA)’l(PAf) from (2.30) to get
ry =f — A(Ay) " L(PAF).

Now, assuming just for simplicity that the indices in A come first (this can be realized by a
permutation), we have

Ay B < Ax O ~ (Ax)~' O
= and Ay = , whence Ay t=
<BT c) : (oT I) (Ba) ( L

Setting f = (fo fac)?, so that Pof = (fy O)T, we have
A
0

—~ B

B A, B 1fA _ fa
— ( : ( )- (sianr 1)
- 0 - 0 O\ (1) _ ..
T\ g —BTAN) Uy \—BTALN)L 1) \fae)

Now, since A € D.(nz) and (Ax)~! € D.(71), it is easily seen that R € D (7) with 7z, = 7z,
if §, < nr, or fjp < mr arbitrary if 7, = nr.

Finally, we apply Proposition 4.4 to the operator R defined by the matrix R, obtaining the
existence of constants 77 > 0 and ¢ € (0,%] such that

()l gz, S I1F1]az7

whence the result. O

Then,

5 Optimality Properties of DYN-GAL

In this section we derive an exponential rate of convergence for ||u — uy|| in terms of the number
of degrees of freedom A,, activated by DYN-GAL and assess the computational work necessary
to achieve this rate. This is made precise in the following theorem.

Theorem 5.1 (exponential convergence rate). Let u € Agt where the Gevrey class A’g;’t 18

introduced in Definition 4.1. Upon termination of DYN-GAL, the iterate un1 € Vi, ,, and
set of active coefficients A1 satisfy |lu — upi1]| < *8 o€ and
lull e \ 4/
1 « T o
Ay1| < wy | — log — et , (5.1)
U €

with parameters C, > 0, n. < n and t. < t. Moreover, if the number of arithmetic operations
needed to solve a linear system scales linearly with its dimension, then the workload W of
DYN-GAL upon completion satisfies

d/t.

« HuHAgt
1 [FPE

W, < ~log —— Mlle=
= =W %8 et log loge]|

(5.2)

where n* < n, and C* > C, but t, remains the same as in (5.1).
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Proof. We proceed in several steps.

1. Ezpression of J(0)): Our first task is to simplify the expression (3.10) for J(f)), namely
to absorb the term Kj: there is Cy > 1 such that

7%

Oy o
J(0x) < T’ log . (5.3)
nel 7 2lrollg-
In fact, if Cy is given by Co = 1+ m%g(g,m)? then
Cy—1 Cy—1 .
K < 2" log2< 22 ’1 Irello
2[|roll
because |7 |4« < [|rolle+ for all & > 0 according to (3.13). This in turn implies (5.3)
1 * Cy—1 . C. .
700) < = J1og 7kl 2 ‘log Irello- | _ Co )y Imalls- |
e | 2llrollg- L 2flrollg= | 7z [ 2llrolle-

2. Active set Ay: We now examine the output Aj, of EEDORFLER. Employing the mini-
mality of Dorfler marking and (3.2), we deduce

B 1) = I = Pz rillos < /1= 6lrelloe (5.4)
which clearly implies E*— > /1 — 67||r||4~. The latter inequality, together with the Defi-

[OAk[—1
nition 4.2 of |[ry| 4a., yields
G

_—T/d 5% 3
7l > /1= 82 lrelloe exp (7w (1Ak] = 1)7) .

el a2
A

V1=0Z 7kl g

__ 1 Irill e\
|OAL| < wy %log—c +1

V1= 0¢lrelly:

We now recall the membership of the residual r; := r(ug) to the Gevrey class AZ"E for all
k > 0, established in Proposition 4.5: there exists C3 > 0 independent of k£ and u such that

We note that this, along with |57Xk| > 1, ensures > 1 whence

lrll age < Chllull e

Combining this with the dynamic marking (3.9) implies

el e W flleslirallgne Callfllo- el ap
V1= 0relg- Collrkll3- — 73 ’

with C4 = 03/00, whence

4t

— 1. Callfllellull gn.

OAk| < w | = log ——— A& 1.
77 (sl

)d/t, and use that ¢ < ¢t < d, to obtain the simpler expression

ull e\
e . (5.5)

We let C5 satisfy 1 = wd(% log Cs

~ 1 C4C5||f‘
|OAL] < wq %log

¢*

7% |

2
¢*
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On the other hand, in view of (5.3), the enrichment step (3.8) of E-DORFLER yields

d CaCs 1 Flloe lull gme N V°
<1og AColl 1 ||AG> e

7% |

C@ng?l
nEnd/t

£l -

|0AL| < Cowa (01)40AL| <
2||rollg-

2
¢*
We exploit the quadratic convergence (3.11) to write for k <n

d
2
2d(k7n) (log ||f‘

7]

[[7n]

¢*
2[[roll4-

d
< 2d(k:7n)

‘ 78] ¢+
2||roll -

¢ >d . (5.7)

¢*

Using the bound || f]

o < ||f|\Agf = ||T0||Ag,f < Cs|ul Az in the two previous inequalities yields

CaCs|fllo=llull e Crllull ;e 2/ £l 4+ 2Cs]|ul| ;e
log ¢>2 A5 9o AL and | f1l o < AL
[l 15+ 17kl g+ 17 o= [[7nllg-
with C7 = (C3C4Cs)/2. Introducing the constants
I oM t
Cs = max(2C3, C7), ~ = %%wd, ty = ——,
U] gl 1+t
the derived upper bound for |9Ak| can be simplified as follows:
d/t.
Csllull 42
OAg| < 200-m & (1o T2 RS )
([ [ +
Recalling now that |Ag| =0 and for n >0
[Apga] = |0AK|
k=0
we have "
" Csllull e \ "
Wd d(k—n) sITlAg
] < <2 (32 log ——26- ) .
U kzzo 174+

This can be written equivalently as

d/t.
CillulL e
oG (5.8)

1
[Apt1| <wg | — log
s 77l =

A t./d

with n, = (W) . At last, we make use of ||r,, | ¢+ > €| f]|4+ to get the desired estimate
k=1

(5.1) with C, = Cs.

3. Computational work: Let us finally discuss the total computational work W, of DYN-

GAL. We start with some useful notation. We set §,, := ‘\lli;ll‘\l:: for n > 0 and gpy1 = E% for

¢ > 1 with 1 = % We note that there exists an integer L > 0 such that ep 11 < ¢ < ep with
¢ being the tolerance of DYN-GAL. In addition, we observe that for every iteration n > 0 of
DYN-GAL there exists £ > 0 such that 6,, € Iy := (€¢41,¢¢] and that for each interval I, there
exists at most one d,, € Iy because 0,411 < %52 according to (3.11). Finally, to each interval I,
we associate the following computational work W, to find and store w41

W, — Cy|An41]  if there exists n such that 4, € I
‘o otherwise .
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This assumes that the number of arithmetic operations needed to solve the linear system for
U, scales linearly with its dimension and Cy is an absolute constant that may depend on the
specific solver. The total computational work of DYN-GAL is bounded by

M=

w. =S "W,

(=1

We now get a bound for W,. In view of (5.1) we have

c lull yne \ ¥/ . el i /b
1 * T _ 1 * e
Wy < Cypwg | —log ———— = Cyuwq | —log —r
T« €41 T €1
Therefore, upon adding over ¢ and using that d/t. > 1, we obtain
d/t.
3 4/t el e
_ Oy o, Tl e Cpwa |, IO
E = d/t* (Zl ||fH¢* +[_2110g51 < nf/t* IOg E%L+1

| log g]

and L < % + 1 < Cylog|loge|. Inserting

. L—1 L+1
Since ¢ < e =2, we deduce £* < &2

this bound in the preceding expression yields

llull g, d/tx
C T

W, < — _ . 5.9
S et log log e[ 59

with n

n = %/d, C* = Gyl

C#

which is the asserted estimate (5.2). The proof is thus complete. O

Remark 5.2. Note that the bound on the workload, given in (5.2), is at most an absolute multiple
of the bound, given in (5.1), on the number of active coefficients.

Remark 5.3 (super-linear convergence). If \/1 — 62 = Cy (”T"”(”* ) with o > 0, then (5.1) still

lIroll e

holds with the same parameters 7, t..

Remark 5.4 (algebraic class). Let us consider the case when u belongs to the algebraic class
3= {v eV : |Jvllas, == sup En(v) (N + 1)3/(1 < —I-OO},
N>0

which is related to Besov regularity. We can distinguish two cases:
1. A belongs to an exponential class but the residuals belong to an algebraic class;

2. A belongs to an algebraic class D, (nr), i.e. there exists a constant ¢y, > 0 such that its
elements satisty |ag x| < cr(1+ [€—k|)~", and the residual belongs to an algebraic class.

We now study the optimality properties of DYN-GAL for these two cases. Let us first observe
that whenever the residuals belong to the algebraic class A%, the bound (5.5) becomes

O] S flu — || 72475, (5.10)
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This results from the dynamic marking (3.9) together with (5.4) in the algebraic case.
Let us start with Case 1. Using (5.10) and (5.3), which is still valid here as we assume that
A belongs to an exponential class, the bound (5.6) is replaced by

OAR] S flu — w2

. 1d 2 A¢
log ||Tk||¢ ‘ < ||U _ uk||—2d/s2d(k—n) (10g ||f||¢ ) , (5_11)
270l - 7l

where in the last inequality we have employed (5.7). Hence, we have

d 2o\ & i
il = D100 (108 L )5 282 gt
k=0 nll¢ k=0
d n
2 * ]
< <log ||f|¢) Hu_un||—2gz2d(k—n)
Truller 2
d d
2 * _od 2 * _d
< (log I/ "¢) T— 2ss(log”f'¢) ot =t |2
Trulle- T — ]

where in the last inequality we have employed the quadratic convergence of DYN-GAL. The
above result implies that DYN-GAL is optimal for Case 1 (up to a logarithmic factor).
Let us now consider Case 2. Since A belongs to an algebraic class, (5.3) is replaced by

J(0) = |Ju —ug| 715
Thus, the bound (5.6) is replaced by
OAK] S [l — ] 72,

which implies
n

_3d _3
Ansal = D 10AR] S llu—wn] 725 S llu— s |72
k=0

da
s

where in the last inequality we have again employed the quadratic convergence of DYN-GAL.
This result is not optimal for Case 2, due to the factor 2/3 multiplying s in the exponent. We
recall that the algorithm FA-ADFOUR of [6] is similar to DYN-GAL but with static marking
parameter . The theory of FA-ADFOUR requires neither a restriction on 6 nor coarsening
and is proven to be optimal in the algebraic case; see [6, Theorem 7.2].
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