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Abstract

We prove a Necas-Lions inequality with symmetric gradients on two and three dimensional
domains of diameter R that are star-shaped with respect to a ball of radius p; the constants
in the inequality are explicit with respect to R and p. Crucial tools in deriving this inequality
are a first order Babuska-Aziz inequality based on Bogovskii’s construction of a right-inverse
of the divergence and Fourier transform techniques proposed by Durdn. As a byproduct, we
derive arbitrary order estimates in arbitrary dimension for that operator.
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1 Introduction

We derive a Necas-Lions inequality with symmetric gradients on star-shaped, Lipschitz domains
in two and three dimensions; first order Babuska-Aziz and (vector) Necas-Lions inequalities are
crucial tools to show estimates that are explicit with respect to certain geometric quantities of
the domain. As a byproduct, we also derive explicit arbitrary order Babuska-Aziz inequalities in
arbitrary dimension.

Outline of the introduction. After introducing the functional setting and the domains of
interest, we review the literature and the main concepts related to the lowest order Babuska-
Aziz and Necas-Lions inequalities in Sections and In Sections and we discuss
the generalisation of these two results to the first order case. The Necas-Lions inequality with
symmetric gradients, based on all the foregoing results, is shown in Section [1.5] Finally, we
describe the outline of the remainder of the paper.

Functional spaces and notation. In what follows, V, Vx, and V- denote the gradient, curl,
and divergence operators. The operators Vg and Vgg are the symmetric and skew-symmetric
parts of V:

V =Vgs+ Vgs. (1)

We use standard notation [14] for Sobolev spaces on Lipschitz domains §2 with boundary 9. The
outward unit normal vector to 99 is ng. H*(2) denotes the Sobolev space of order s > 0, which
we equip with inner product (-, )s, seminorm ||, o, and norm |[|-[|; o. The case s = 0 corresponds
to H(Q) = L?(£2). The space of functions in L?(2) with zero average over ) is denoted by L3((2).

For s positive, we define H§(Q2) as the closure of C§°(€2) with respect to the H*(2) norm. In
what follows, we shall particularly use the spaces H}(Q) and HZ(£2), which coincide [22] with the
spaces of functions with zero trace, and functions with zero trace and whose gradients have zero
trace over 0f2, respectively.
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Negative order Sobolev spaces are defined by duality. We introduce the spaces H~1(Q) :=
[H(Q)]* and H=2(Q) := [HZ(Q)]* equipped with the norms

_2<U,1}>2 (2)

9

. —1(u, ) _
||U||_1,Q = osup ————, Hu||_27Q = sup
veri@  ho vemz(@) [V

where _,(-,-), is the duality pairing between H*(Q) and H*(Q).

The definitions above extend to the case of vector fields and tensors. With an abuse of notation,
the norms on scalar, vector fields, and tensors are denoted with the same symbols.

For positive a and b, by a < b, we shall occasionally mean that there exists a positive constant ¢
independent of relevant geometric parameters such that a < ¢ b. An extra subscript makes it
explicit a hidden dependence on a parameter of interest.

Domains of interest. Henceforth, Q in R” is a

Lipschitz domain of diameter R that is star-shaped with respect to a ball of radius p.  (3)

1.1 The lowest order Babuska-Aziz inequality

The standard, lowest order version of the Babuska-Aziz inequality was proven as early as 1961
by Cattabriga [10]. However, the name is associated to the authors of the later work [5] and was
assigned by Horgan and Payne [19]; see also [11].

The inequality reads as follows: for any ¢ in L3(£2), there exist v in [H{(Q2)]" and a positive
constant Cpy4 ¢ such that

V.v=gq, Ivlli0 < Csapollall o )

The subscript in Cpa o relates to Babuska-Aziz. Explicit constructions of a vector field v as in
may be performed in different ways; here, we shall follow the approach by Bogovskil in [6}/7], where
he showed a particular construction of the right inverse of the divergence based on integral kernels.
Alternative avenues, which give less information on the constant Cz4 ¢ and construct less smooth
right-inverses of the divergence, are based on solving curl-div, diffusion, or Stokes problems; see,
e.g., [4] and |9, Lemma 11.2.3]; as such, higher order estimates based on this approach require extra
regularity assumptions on the boundary of the domain, which are instead not needed following
Bogovskii’s approach.

Minimal literature on the lowest order Babuska-Aziz inequality. The literature associ-
ated with inequality (4)) is widespread. We refer to |15, pagg. 227-228], [18], and [11] for a thorough
historical review.

Here, we only mention that the divergence problem in was raised as early as in 1961 by
Cattabriga |10]; see also the later works |20423]. Bogovskii introduced an explicit representation
for v solving in [6,|7]. Several references discuss the validity of similar estimates; for instance,
implicit constants for general Lipschitz domains are available in [8, Theorems 2.4 and 2.9]. The
case of negative Sobolev norms is described in [16].

The explicit dependence of the constant C4 ¢ on geometric parameters of €2 is studied in fewer
references; see [1] for a list. For R and p as in (3)), Galdi [15] gives estimates of the form

R n+1
CBao Sn (p> : (5)

The main tool in the analysis is the one discussed originally by Bogovskir [6L[7], i.e., the Calderén-
Zygmund singular integral operator theory.
Improved estimates of the form

n—2 n

R ‘Q| 2(n—1) |Q| 2(n—1)
< | == Ll



were proven by Durdn 13| based on the properties of the Fourier transform. In the same reference,
it is shown that the estimates are optimal up to the logarithmic factor. More precisely, a 2D
counterexample is exhibited showing that the following holds true:

R
CBAO Zn —-
p

For the two dimensional case, Costabel and Dauge |11, Theorem 2.3] proved that the logarithmic
factor in Durdn’s estimates can be removed.

Minimal literature on higher order Babuska-Aziz inequalities. Higher order Babuska-
Aziz inequalities are far less investigated. They are stated in the original paper by Bogovskii [6]
without mention on the behaviour of the constants. Galdi |15, Remark I11.3.2] claims that similar
bounds to the lowest order case can be derived; however, no explicit constants are given in that
case sa well; the analysis hinges upon the Calderén-Zygmund theory. Costabel and McIntosh
prove arbitrary order estimates [12] without explicit dependence on the geometry on the domain.
Guzmén and Salgado [18] prove an explicit first order generalised Poincaré inequality, which is
related to Bogovskii’s operator without imposition of boundary conditions, and give a road map
on how to prove higher order explicit estimates; tools as those in [13] are employed; no estimates
are given for Bogovskii’s operator.

1.2 The lowest order Necas-Lions inequality

The standard, lowest order Necas-Lions inequality is a very well known result in the theory of
Sobolev spaces. It is proven in the book by Nec¢as |23, Lemma 3.7.1]; the connection to the name
of Lions is less clear, and is probably due to |21, Note 27, page 320], where the result is mentioned
as a private communication by Lions himself to Magenes and Stampacchia, yet without an explicit
proof.

The inequality reads as follows: given IT° : L!(Q) — R the average operator over {2,

la —1%]|y ¢ < CnzollVall_y o Vg € L*(Q). (7)

The subscript in Cpr o relates to Necas-Lions. An equivalent statement for (7)) is that the following
constants are bounded from above and below, respectively:

la — %],
C = _ Cr o=
N0 quLgI()Q) IVaqll —1,0 NEO

||V‘JH71,Q
mn T oo
acL2(Q) [lg — %]|, g

(8)

The constants Cpa,0 and Carz o in and are related to constants in other relevant inequalities
in Sobolev spaces as well, including the standard inf-sup constant Sy defined as

V-v,q)o.0
# — 50. (9)
V||1,Q||Q||0,Q

Proposition 1.1. Let Cpao, Cnz0, and By be given in , , and @[) Then, the following
holds true:

inf sup
I€ELF(Q) ve[HL ()"

Cao > Cnro =6 " (10)
Proof. For all g in L3(£2), the definition of negative norms in implies
(V-v,9)o,0 —1(Vq,v), Vall_1 ¢
sup —————"— = sup =
ve[HL ()] ||V||1,QHQ| 0,0  ve[HL(Q)" ||V||1,Q||Q||o,9 HQHO,Q

We take the inf over all possible ¢ in L3(Q), use , and deduce that Sy = CX/1[:,0~
On the other hand, for all ¢ in L2(2), we can consider a specific v satisfying 7 which gives

2
0,Q —1
= YBA,0"

(V-v,q)o.0 > llql

sup 2
V||1,Q||QHO,Q [v]

VE[HG ()]

1,9”‘1”0,52

Taking the inf over all possible g in LZ(Q2) and recalling the standard inf-sup condition @[) give
Bo > ngx,(y The assertion follows. O



A consequence of Proposition is that if an upper bound on Cpa is available, which is
explicit in terms of n, R, and p as in , then one has an upper bound for Cprz o, viz., for ﬁal.
The relation with constants appearing in other inequalities is discussed in [2].

1.3 Main result 1: a first order Babuska-Aziz inequality
An important tool in the proof of Theorem below is the proof of a Babuska-Aziz inequality,

based on first order estimates for Bogovskii’s construction of the right-inverse of the divergence.
More precisely, given f in Hg () N LZ(Q2), we prove the existence of u in [HZ(2)]™ such that

(11)

A
V-ou=f, luly o < Charllflloq+Chan

for positive constants Cj 4,1 and CE4, that are explicit in terms of n, R, and p in
We state the result here and postpone its proof to Section [2] below.

Theorem 1.2 (A first order Babuska-Aziz inequality). Let u and f be as in , and §), B,, R,
and p be as in . Then, the following inequality holds true:

R |Q| 2(n 1) |Q| 2(n—1)
luly o <n = |1+ < ) (log Il o (12)
2,0 p2 |B| ‘B| | |1,Q
In other words, the constants in are bounded as follows:
_R Q)T (1) T 5 R
Chal < 1+ ( ) (log — , C < — 13
BA,1 p |B| |B| BA,1 o ( )

We provide the reader with some comments on the optimality of the constants in in
Section below.

1.4 Main result 2: a first order Necas-Lions inequality

Introduce the vector space [H~1(2)/R]™, which is the space [H~1(£2)]" equipped with the norm

¥l @z = i v =l o

Recall the negative norms in . We discuss a first order Necas-Lions inequality (for vectors):
there exists a positive constant Carz 1 such that

IVl -1 mim < OnveallVvl_s g Vv e [H™H(Q)/R]". (14)

An equivalent statement for is that the following constants are bounded from above and below,
respectively:

IVl -1 () rp _ . IVvl_sq
Cnen=  sup UL OER Vea= omf I8
verr-1@ymn IIVVll_og velH=L@)/R" |Vl -1(q)/mpn
The constants C’g‘A’1 and CgA,l’ and Cprz1 in and are related to constants in other
relevant inequalities in Sobolev spaces as well, including the first order inf-sup constant 31 defined
as

_ \&
inf sup v, Ve 7y =5 (16)
ve[H~ 1(Q)/R] TE[HZ(Q)]nxn ||V|| 1(9)/R]n\7'|2,9
and the Poincaré inequality
[Vlloo < Crlvlio V[ Hy ()" (17)

The constant C'p depends linearly on R and is independent of p in ; see, e.g., |14, Section 3.3].
The following result is the first order version of Proposition



Proposition 1.3. Let CgA,l and CgA,p Cne,1, P1, and Cp be given in , , , and .
Then, the following holds true:

CgA,ICP + CgA,l > COnea =Bt (18)

Proof. For all v in [H=1(Q2)/R]", an integration by parts and the definition of negative Sobolev
norms in imply
1(v,V-1) B —o(VVv,T)2 - ||VV||72,Q

sup = sup
TE[HE()]nxn HVH[H*l(Q)/R]”‘T'ZQ TE[HZ(Q)]nxn

VH[HA(Q)/RMT\Q,Q B HVH[H*l(Q)/R]"'
We take the infimum over all such possible v and exploit the identities
-1
Vv Vv
b @ 0 IWlo (0 V¥l —
ve[H =1 (Q)/R]" ||V||[H—1(Q)/R]n veE[H~1(Q)/R]" ||V||[H—1(Q)/R]n

which implies f; = C/?L,l'
On the other hand, the tensor version of guarantees for all v in [H{ ()] the existence
of 7 in [HZ(2)]"*™ such that

V-r=v, IT]o0 < C?AJHVHO,Q + CgA,1|V|1,Q~

This and the Poincaré inequality give

sup —1{v, Vo7 sup —1{v, V)1
TE[HF (Q)]m > ||VH[H—1(Q)/R]n|T|2,Q C SeHL ()" ||VH[H_1(Q)/R]n [OgAJHVHQQ T OZ?A,1|V|]_,Q]
1<V V>1 " B )
Z ey = (C4,,Cp + Cga 1)
Ve[Hg ()] (CBA 1Cp + CgA DIVl @mn Ve BA,1 BA,1

We take the infimum over all v in [H~!(Q)/R]", recall the first order inf-sup condition ([I6), and
deduce 51 > C’gjl ;- The assertion follows. O

A consequence of Proposition is that 1f an upper bound on C§ 11 and CF, | is available,
which is exp11c1t in terms of n, R, and p as in (3], then one can derive an upper bound for Cneoas
viz., for 61

For more general Necas-Lions inequalities, yet with unknown constants, see 3] and the refer-
ences therein.

1.5 Main result 3: a Necas-Lions inequality with symmetric gradients

The spaces RM(2) of rigid body motions in two and three dimensions have cardinality 3 and 6,
and are given by

RM(Q) : {{rm ) =+ b(xg, —x1)T for any a € R?, beR} ?n2D
{r T)=a+wx (1,79, 73)T for any a,w € R?’} in 3D.
Let ITgy denote the projection onto RM(§2). We further introduce the space of symmetric tensors
¥ :={r e HV-,Q) | T is symmetric},
which we endow with the norm
171 = i3 + IV 712, (19)

Note that
—1(Vv,7T)1 =—1 (Vgv, ™) Vv e [LQ(Q)]Q, T€X. (20)

We state a Necas-Lions inequality with symmetric gradients on two and three dimensional domains,
which is explicit in terms of R, p, and n as in .
We state the inequality here and postpone its proof to Section [3| below.



Theorem 1.4 (A Necas-Lions inequality with symmetric gradients). There exists a positive con-
stant Cirp o depending only on n, R, and p as in through Cyrzo in (7)), CZ?AJ and CZ?AJ
m , and Cp in , such that

v = Irmvllpo < CreollVsvli_i g

(21)
= Cnr [1 + V2 (Cha . Cp + ch,l)} IVsvi_1q Vv € [L2(Q)]".
Introduce the spaces
Y={reX|(rnwsen=0 Ywe [H ()"} V= {v e [L*()]" | Mgyv = 0}.

A consequence of Theorem is an inf-sup condition, which is of great importance in the analysis
of the mixed (Hellinger-Reissner) formulation of linear elasticity problems:

inf  sup (V-7,v)o,0 (V-7,v)o,0

> 5. (22)
vev res ITlsVIv ~vev ces 1Tl olviv

> inf sup

Proposition 1.5. Let C%. o and 5 be given in and . Then, the following inequality
holds true:
Bs > (Crreo) "

Proof. We have

\ v-
inf; sup w Z iIlJ[; sup w
vev res ITlsllViv ~ vev TeSN[HL(Q)]"x" I7llsllvily
_1(V (Y
= inf sup LVTH @ ap  Vsveth
VEV reEn[HL(Q)]m X I7lslvlly VEV reSniHL ()] xn Il lIv]v
@ B )
Z inﬁ sup M = inf~ sup M
VEV reSn[HE(Q)]nxn ”T”LQHVHV VEV re[H}(Q)]nxn ”THI,Q”V”V
Vsvl|_
iniw > (Chyr o)L
vev vy ’

O

Outline of the remainder of the paper. In Section [2 we prove Theorem [I.2] whereas in
Section [3], we prove Theorem We also prove an arbitrary order version of Theorem in

Appendix [A]
2 Proof of a first order Babuska-Aziz inequality
In this section, we prove Theorem in several steps and further discuss the optimality of the

bounds on the constants therein. To this aim, we follow Bogovskil’s construction [6] of a right-
inverse of the divergence and generalise Durdn’s analysis [13] to the first order case.

Explicit construction of Bogovskii’s right-inverse of the divergence. Consider w in C5°(2)
with

/ w(z)dx =1, supp(w) C B,.
Q
Given .
G:QOxQ—=>R", G(z,y) := gct—g/w(ijm;y)jlt’ (23a)
0
we define
a(e)i= [ Gle.f)dy. (23b)



2.1 Preliminary results

We recall basic properties of the Fourier transform. Given f in L'(R"), we define its Fourier
transform as

fley= [ e mewax. (24
If f is in L?(£2), we have the isometry
n= 25
110z = | ], . (25)
and the following property on the derivatives of the Fourier transform:
O, f(€) = 2m&; f(£) Vi=1,...,n. (26)
We consider the following splitting of each component k, k =1,...,n, of u:

Up = Ug1 — Ug2

1
Tk — Yk Y dt
LI (e 2o (4 2 s av
O n
1
y dt
—/ / Y w (y+> Fly)dy o
0 "
In order to take derivatives of uy, it is convenient to take a limit in the sense of distributions [13|
Section 2]:
Tk — Yk T—Y dt
llkl—sh_%/ /n< )W<y+t>f(y)dytna

ukg—hm/ /nykw<y+) fly )dy?—:.

By doing that, we can interchange the derivative with the limit ¢ — 0 and then pass with the
derivative under the integral symbol; in fact, the functions under the integral are in L' and admit L'
derivatives.

We take the second derivatives of uy; and uj 2 with respect to the j-th and ¢-th directions
(without loss of generality we assume j different from ¢), and get

(@2, u)(@) = [Thjea (f) + Trjen(unf (1)](@). (27)

In , given T any of the two operators Tk,jg 1 and Tk,jg,g, we let

T =ty [ [ oo (v 250 swmar

where, for all j,/ =1,...,n, we have set
if T =1, if T =T,
9ly) = f() 1 k,je,1; o(z) = zpw(z) 1 01 (28)
yef(y) if T =T 50,25 w(x) if T =T, 6,2

In the forthcoming sections, we shall prove the continuity of the operators in . To this aim,
we henceforth fix j and ¢, and consider the decomposition

Tg:=Tog + Tpg. (29)

_35%/ / ‘ﬁm{ <y+1?;)]g(y)dyf§ (30)
Tsg(x / / e e [ (y+ y)} q(y) dyf—;. (31)

The continuity estimates will follow summing over all j and £.

where

and



2.2 Continuity of fa

We discuss the continuity of the operator in . We proceed in several steps. First, we prove
some properties of the Fourier transform of Ty, (g).

Lemma 2.1. If g in belongs to C3°(R™), then the following inequality is valid:

Tog(6) / TGt ) e ge) di+ / C G p(te)F((1 - 18 dt

(2mig;) lim

(32)

=: Tp19(6) + T 29().

Proof. By definition, we write

Tog(x) = ;1_{% faﬁg(x).

For all positive e, we write

—2mx- dt
asg / / / Tj,Tyg |: <y+ ty>:| € 2 fg(y) dyidX

Due to the regularity of g and ¢, the integral exists. Therefore, we can change the order of the
integrals, integrate by parts twice, use the change of variable z = y + (z — y)/t, the definition of
the Fourier transform twice, and 7 recall that the support of ¢ is compact, and arrive at

oot = ome om0 [ [ [ o (4 T3 ) gt tmesanay &

— (2mé;)(2mey) / : / / o (2) 7200 HA-0DEG () dz dy db

= (2m&;)(2mé,) / ’ / Bt e Ty (y) dy dt

[N

— (2mg;)(2me) / Bt 71— e dt
~ (2m¢;) / "5t &) [2m(1 — DEF((1 — 0)€) db +(2mE;) / * 5t €) Rmtelg((1 - 1)e) dt

1

= (2m¢;) / 5 (t ) Deg((1— 1)€) db+(2mey) / * B p(t)3((1 — 1)E) .

g

The assertion follows taking the limit € — 0. O
Next, we prove a technical result.

Lemma 2.2. Let ¢ be any of the two options in . Then, the two following inequalities hold
true:

Vi=1,...,n, (33a)

27r|€j|/ Pt dt < Cpp0 == p~ |‘<P|‘L1(Rn) +P‘ 2 90‘
0

L1(R")

2mlg;| / e, (t6)| At < Coppir = 9 1000l 3y + 9|02, 9] Vj=1,....n. (33b)

L*(R™)

Proof. The proof of (33al) is given in 13| Lemma 2.3] and is therefore omitted here. On the
other hand, inequalit may be shown as an application of to O, . For the sake of
completeness, we provide full details.

We begin by showing the splitting

P|51

Fero(t6)] o 21| / G p16)| o = 1+ 11.

27'P|5J

2] [ [Gecvte)] e = el [T




The Holder inequality and the definition of the Fourier transform give

1< 7|0 < 0 02,0l 1 0

L>(9)

As for term II, we have

I /OO t2\€j|2‘5§es@(?§§)‘ di <2
=27 _— T sup
. t21&;1 gern

2mp[g5]

S ’/ _t%

Oag, (€)= (2mE;)(2mE1) D, 0 (6)-

Observe that

In other words, we have
— 1 |——
€206,0()| = 13|08, (6]
Using the definition of the Fourier transform , we deduce

o0 1 = 27p|&; |

112 35 |%e /i‘ S O

—4772 6P| oo ) o P 47r2 e L) |&]
&1

™

T P Lo
pH 5?&(’0 Lo (R™) =p Zj ‘VWQO L1(R™)
The assertion follows combining the bounds on I and I1. O

We are now in a position to prove the continuity of the operator Ta.

Proposition 2.3. Let ¢ be any of the two options in . Then, for all g in HY(R™), the
operator T, defined in satisfies the following continuity property:

If g vanishes outside 2, we also have

Tag

+ C%p,l”gHo,R"} :

n—1
<2 [c 9
‘07]1@" = so,p,OH :

‘ Tag
Proof. We only prove the second assertion and focus on functions g in C§°(£2); the general statement
follows then from a density argument.

We consider splitting and show separate bounds for the two terms on the right-hand side.
The first one can be handled as in |13| Lemma 2.4] and its proof is therefore omitted:

n—1
oo <27 [Conolldnglon + Copalslioa) -

s

=~ no1 N
Tang <27 C@O,p,OH‘?mg”o,Rn- (34)

0,R™

—

Thus, we focus on the second term. By the definition of Ta,gg, the Cauchy-Schwarz inequality

implies
< ( / 2l ||Geete)| dt) ( / " 2nlg

Using (33b]), we deduce

2

—

Ta,QQ(g)

Oep(t9)|13((1 = DO)I? dt) .

2

—

To20(€)| < Copn [ 26y |Gt la(01 — 00)at.

Integrating over ¢ and employing the change of variable n = (1 — )¢ give

/ d£<C¢p1/ / n+1|77]| (P<1—t>

—

To29(8) G| dndt




If we consider the change of variable s = t/(1 — t), which entails

1 s\ n+l
— -2 _ _ n+1
dt = (14 5)"“ds, T (E) =(14s)""",

then we arrive at

/.

We apply again (33b]):

2
0,R™ /“

The assertion follows using the Fourier isometry in 7 identity , and the properties of w
detailed in Section 2.1l |

2

—

Talg(g)

ac<r o [ ([ 2nlny Bt 4 s) ol an.

2

—

Ta,QQ

—

Ta,QQ(f)

de <, / G dn = 221C2 G e (35)

2.3 Continuity of fg

We discuss the continuity of the operator in . As discussed in [13], a direct application of the
Holder and Cauchy-Schwarz inequalities would end up with suboptimal estimates as those in [15].
Therefore, finer estimates are in order. To this aim, we extend [13| Section 3] to the first order
case.

We begin with the following technical result.

Lemma 2.4. Let g and fg be as in and . Given 1 < p <n/(n—1), p' the conjugate
index of p, and g in LP(R™), we have

2%
<

Lr@®R?) ~ 1 — ﬁ Hg||LP(Rn)~

7] Pinct

Ll (]R‘n.)

Proof. The proof follows along the same lines of |13 Lemma 3.1], the only difference being the
number of derivatives of . O

Lemma is ancillary for the proof of the continuity of the operator f@ under the extra
assumption that g vanishes outside (2.

Proposition 2.5. Let g and f@ be as in and . Assume that g belongs to L*>(R™) and has
support contained in Q. Given 1 < p < n/(n—1) and p’ the conjugate index of p, the following
inequality holds true:

2%

T ] L WY . P

|, , < rerar L LR B L R
Proof. The proof follows along the same lines of [13, Lemma 3.2], the only difference being the
number of derivatives of ¢. O

2.4 Continuity of T
We prove the continuity of the operator in .

Theorem 2.6. Let g and T be as in and (29). Assume that g belongs to H} (). Given
1<p<n/(n—1) and p’ the conjugate index of p, the following inequality holds true:

[T, <277 7 Ielliagey + ][220, o 1Pl
277 (07 0u,ll 3 ) 2] %0, 100 (36)
23 1—2 || A2 5
e L L BN A (N
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Proof. The assertion follows combining Lemmas [2.3] and and the explicit representation of the
constants Cy, 0 and C, 1 in (33)). O

Next, we derive explicit constants with respect to R and p for inequality (36]), i.e., we are in a
position for proving one of the main results of the manuscript.

Proof of Theorem[1.2. For all j, £ =1,...,n, we have to bound the two terms on the right-hand
side of splitting (2 . We only prove bounds for Ty je2(yxf(y)), as the bounds for Ty jo1(f(y))

are analogous. For the term T} j¢.1 (yx f(y)), we have that () in is given by w(z), which is

supported, with integral 1, in the ball B, of radius p. Without loss of generality, the ball can be
centred at the origin.

We can write
p(x) = p~"Y(p~ z),

where 1 has the same smoothness as ¢, is supported in the unitary ball B;(0) with integral 1, and
is fixed once and for all.

The following properties of ¢ and its derivatives are valid:

||(10||L1(Rn) ~ 1, HSDHLoo(]Rn) ~ p_",
O, p(2) = p_n_laijD(P_1$)v Hamj‘pHLl(Rn ~ 10_1» Haz]’SOHLoc(Rn ~ P_n_l§
2 _—n—292 —1 ~ =2 ~ —n—2,
3%,“@0(:17) - azjucp(p z), %, ”@’ LURP) P ‘ *"”JWCPHLoo Rr) p )
832 _ ,—n— 363 -1 ’ ‘ ~ -3 ‘ ) H ~ —n—3.
,;ju@(l“) g 4 plom ), oo\ ey S P wjmfw Loony P

The definition of Ty jz2(ysf), the chain rule, the inequality |yx| < R, and the fact that p=! < Rp~2
imply

|u|2 aSn R [p +pp } |f|1,sz + [1071 + PPiQ] Hf“o,sz

- - 2% B, 9B _poi-k
+ Rl 4 ol + R 1 E TR E g
(-3
2% (37)
— — 22 P _ n(1—2
SR e+ I o+ ————g 10 2o B g
(1-%)
b
R R RPN (=%
n S Mlia+ 51l 1+(1—];) '~ %pn 2>].
We cope with part of the last coefficient on the right-hand side separately. Using that
B8 08 2,
we can write
—% 510\ 8
(1-2) et = (1 1) () st
p p | B| (38)
)

(-5 () ()

For |Q|/|B| sufficiently large (the ball B, is anyhow fixed once and for all in the reference frame-
work), we choose p such that
1 ( n ) 1
Z —p)=—".
2\n—-1 1]
log ( |>
Equivalently, we pick p such that

() jamyy = B = (lay =




We plug the last identity in and deduce

p

-5 _P
n 2 -2 _, 1_3) < n) 2 (|Q>2(n 1) L
1-—— Q 2p ( 2) ~ |1 — — e
( P’> = P’ |B|

Going back to , we write

P

) (@)
() () -t

|B]

1+(|ﬂ|)2<w> ¥ <|ﬂ|>’5
(Y
B 2n—1)F " \[B]

We have that the following quantity is uniformly bounded in p and thus in n:

R
luly g Sn —
2.0~

R
+ I/
Q pz 0,92

We further note that

We combine the two above displays:

|u|2,Q Sn— |f|1Q+ 2||fH09

p
p2
2(n —1)%"

Moreover, we know that p/2 < n/(2(n —1)). We deduce that

N (|Q|)2<n 1)1 <|Q|>2(7L 1)
0g )
|B| |B|

luly o Sn ;\f|1,9 + ?HfHo,Q

which is the assertion.
O

Compared to the lowest order estimate @, we have an extra term involving the gradient of f
and an extra p~! scaling factor for the term involving f.

Remark 1. The issue on whether estimates as in Theorem can be extended to union of star-
shaped domains was addressed in [18]. Their proof relies on partition of unity techniques; this
entails that estimates have constants that are not fully explicit with respect to the shape of the
domain [17]. A simpler open problem is whether one may be able to prove arbitrary order Babuska-
Aziz inequalities with explicit constants on the union of simpler star-shaped domains, e.g., on
simplicial patches.

2.5 Zero boundary conditions

We prove that u in satisfies the boundary conditions in (12)), i.e., that u belongs to [H3()]".
To this aim, we provide a detailed proof of an alternative expression for the first derivatives
of u, which has been stated in [15, Remark I11.3.2], and then proceed along the same lines as
in |1, Chapter 2].

We start by showing a preliminary result, which requires the definition of an operator éj :
Q x 2 — R given by

1
~ T — T — dt )
Gj(z,y) ::/0 — Y Op,w (y ; y) m Vi=1,...,n. (39)

Lemma 2.7. Let G and éj, j=1,...,n, be defined as in (23a) and . Then, for all positive
€, the following identity holds true:

8., G(a,y) = —0,,G(z,y) + G (z,y) Y|z —y| >e. (40)

12



Proof. We fix two indices j,k = 1,...,n and show the assertion on the k-th components of G
and G. The fact that w belongs to C3°(B,) and direct computations reveal

! z—y\ | (@—yh z—y\] dt
aﬂ”ij(x’y):/o ijw(ﬁ t >+ t ax].w< I ﬂ i1
and

1
—0; r—y\  (@—yk T —y 1\ ] dt
9,,G x,y:/{ jw(y+ )+ Opwly+——= ) (1-=)| =
v, Gi(@,y) o |t t t t t)]| e

_ _/01 {% y (y+ x;y> N (JL‘—ty)k 0y <y+ m;y)] tfil +(G)n(z, ).

A combination of the two previous displays gives the assertion. O

Next, we prove an identity involving the first derivatives of u.

Proposition 2.8 (Galdi’s formula). Let G and éj, j=1,...,n, be defined as in (23a)) and .
Given f in H}(Q), consider u as in , Then, the following identity holds true:

0, u(x) = /Q G(z,y) 8, f(y) dy + /Q Gyey) fy) dy  ¥i=1.....n. (41)

Proof. Without loss of generality, we assume that f belongs to C§°(€2); the general assertion follows
from a density argument. Moreover, we prove the assertion on the k-th components of u, G, and G.
For any ¢ in C5°(f2) and j,k =1,...,n, proceeding as in [1, Lemma 2.3], we have

- /Q ui(z) B, $(z) do = — /Q /Q G (e 9)/ (y) s, 0(x) da dy
= [ 5 1y ( | G oo dx> y

= im T z) dr — &
= [ s tim ( [ Gep e [ G o0 €j|d£>

Using and switching the order of integration lead us to

e—0

G &
o[ [ @ s oy dray—tim [ [ Guten) 0(0) £10) e ay
221-14-1-24-1-3.

_/uk(x) Op,¢(x) dz = — lim [ ¢(x) </ Oy, Gr(z,y) f(y) dy) dz
Q Q ly—z|>e

Integrating by parts with respect to the y variable and recalling that f belongs to C§°(2), we
obtain

= lim x x — T S x
T, = lim / o >< /|H>E Gi(e,y) 9, (4) dy /M_E G, Q) FO =, <]|d<>d

C €5
//Gk ) 0y, £ () 6(x) dyd:vﬂ%//c G0 1(Q) ol e ac
— / / G, 1) 9y, F(y) o) dy do — .
QJQ
Combining the two above displays, we infer
- / () Oy, b(z) da = / < / Gi(,y) By, F(y) dy + / (G)i(z.y) F(v) dy> o(z) dz,
Q Q Q Q

which gives for any f in C§°(€2). O
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We are in a position to prove that u satisfies homogeneous boundary conditions.
Corollary 2.9. Given f in Hj () N L3(Y), consider u as in ([23). Then, u belongs to [HZ(Q)]"™.

Proof. Step 1: a decomposition of V u. Proposition 2.8 allows us to express the first derivatives
of u as a sum of two contributions. The first correspond to Bogovskii’s constructions applied to
the first derivatives of f; the second are equivalent to with w in replaced by its first
derivatives, which still belongs to C§° ().

In other words, we write Vu = 7 4+ 1, where the j-th columns, j = 1,...,n, of 7 and n are
given by

() = /Q G () By, f(y) dy; ny(x) = /Q G;(x.y) f(y) dy.

Step 2: treating 7. Let j = 1,...,n be fixed. Consider a sequence g,, in L*°(2) such that
gm — Oy, f in L?(Q) as m — oco. We consider a sequence of tensors 7,, whose j-th columns are
given by

(Tm);(2) = /Q G(z,y) gm(y) dy.

Applying [1, Proposition 2.1], it follows that (7,); is continuous and vanishes on 9€; Aa a result
of [24], we obtain that (7,,); belongs to [W, > (€2)]™. Using |18, Theorem 1, part (ii)] applied to
Oy, [ — gm € L*(2), we get (T,); — 75 in [H(Q)]™. Since (7,); is in (W, > (Q)]" for all m, we
deduce that 7; belongs to [Hg(Q2)]™.

Step 3: treating 1 and conclusion. The proof that n; belongs to [H(2)]™ essentially boils
down to the proof that u in vanishes on the boundary of ; the only difference resides in
the presence of G in lieu of G, which solely impacts the constant in (4). We conclude that Vu
belongs to [H}(Q)]"*™. In other words, u belongs to [HZ(2)]", Since already gives that u is
in [Hg ()] O

Remark 2. Identity may allow us to prove a first order Babuska-Aziz inequality also in a
non-Hilbertian setting, namely we may substitute H*-type spaces by W¥*P-type spaces, p # 2.
However, this would come at the price of suboptimal estimates as those in . The reason for this
is the use of the Calderén-Zygmund theory instead of the Fourier transform approach by Durdn
while handling the term 7}, in Section

2.6 On the optimality of the estimates in Theorem [1.2

We discuss the optimality of the estimates in Theorem based on a counterexample in [13|
Section 3]. Introduce the domain

Que = (—a,a) X (—¢,¢)
and the function
f(:l?l,fﬂg) =x1.
Let u be the solution to the divergence problem . We have
e, = [ mvu=- [ w=-l [ < ], [0
T 0, T u = o u; = 5 o Ty w%ul ~ 5”%2 0,

2 U1
T3
a,e a,s a,s

HO,QM ’

We use estimates as in for the last term on the right-hand side: there exists positive con-
stants C7 and C5 depending on R = 2a and p = ¢ such that

1
2 A
o1l < 5l#8loa, . [CAanlzilog, . + CEarltlog, ] -

We have

2 _ 43 2|2 _4 5 2 _
.0, = 50°¢, H%Ho,ga,g =5 1tllo.q, . = 4ae.

n the literature, this result is referred to as generalised Poincaré inequality, which differs from (@) as no zero
average condition and zero boundary conditions on f are imposed.

|21

14



Combining the two displays, we get
a’e < C£A71a263 + CBy 06,

whence )
r
R?’

This inequality implies that at least one of the following must hold true:

2
A -1.2 B 22 _~A P B
15 Cpana e”+Cpp 0 "e° = CBA,1§ +CBan

R R?
A B
CBA,I Z ?7 CBA,l Z p2 .
Using (13)), we deduce

R? R

—_<cB, . <=
~ YBA,1 ~
p? p’

which cannot be valid in general with hidden constants independent of R and p as in . This

entails that
R

A
Chai 2 ﬁ’

i.e., the first bound in is optimal up to a logarithmic factor.

3 Proof of a Necas-Lions inequality with symmetric gradi-
ents

We prove Theorem
For any generic ™™ in the space of rigid body motions RM(2) N [L2(Q)]" as discussed in
Section [1.5] we have

Iv = Haevllg < [lv — ™ = v — ™)), W e [LXQ)"

An immediate consequence of the standard, lowest order Necas-Lions inequality is that

v -~ Mavllog < Cxeol Vv = a™_ 4 vq™ € RM(Q) N [ZAQ).  (42)
We are left to prove the existence of a positive constant C' with explicit dependence on R and p

as in (3)), such that, for a specific choice of g™, the following inequality is valid:
I9(v - a™)|_, o < CIVsvll_y.

Using splitting of the gradient into symmetric and skew-symmetric parts, and the triangle
inequality entails

IV =a™|_; o < [[Vs(v = a™[|_; o + [Vsstv =™, . (43)

Since q®™M is a rigid body motion, Vgq®M is the zero tensor in R”*™: the first term on the right-
hand side is equal to ||Vgv|_; . As for the second term on the right-hand side, we define A™*™

as the space of (n x n) skew-symmetric matrices, n = 2,3. We take ™" such that

VSS(V_qRM>H = inf [[Vsgv—c|_;q

HVSS(V - qRM)H,LQ = inf —1,Q  c€Anxn

QRMERM(Q)N[LE(Q)]mxn

With this at hand, elementary computations give
. .
||V55(v - qRM)HiLQ = inf |Vgsv— c||_17Q <— inf [|[Vxv-— c||_1’Q. (44)

cEAnXN \/§ ceR2n—3

Note that the last two norms involve tensors and vectors, respectively.
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An immediate consequence of and is that

ot IV x v =l g < Oneal VIV X V)l y 0 < (ChaaCr + CEADIVY X V)| g0

Direct computations reveal that

inf [V x v —e|_y o < 2Cia1Cp + CEL DIV X Vsv]_yg
ceR2n (45)
< 2(Cf34A,1CP + CgA,l)”vSVH—l,Q‘

Combining , , , and yields the assertion.
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A Arbitrary order Babuska-Aziz inequalities on star-shaped
domains with explicit constants

In this appendix, we provide a road-map for proving arbitrary order Babuska-Aziz inequalities that
are explicit with respect to R and p in , based on a generalisation of the analysis in Section
In particular, we prove the following generalisation of Theorem [T.2]

Theorem A.1. Let Q) have a sufficiently smooth boundary so as to be able to define HE(2), and R
and p be as in [@). Assume that f is in HEIHQ)NLE(Q), d in N larger than or equal to 1. Then,
there exists u in [HI(Q)|" such that V-u = f and

n—2 n
Q|) 2(n—1) < |Q|> 2(n—1)
1+ ( log —
|B| |B|

We give some details on how to prove . Essentially, we have to prove the continuity of the
counterpart of the operator in involving all the derivatives of order d. More precisely, for each
multi-index j = (j1,...,4,) in {1,...,d}", |j| = d, we study the continuity of the operator

d—1

R R
|u|d,Q§nZ - p‘f|£Q+7
= lp

] 1fllo.0- (46)

Tg:=Tag+Tsg, (47)
where
Tog(z) := gg%/ /n T {so <y + mtyﬂ 9(y) dY;iTE (48)
and )
Tof(x) = / [t [cp (y " xt:")} o(w)ay . (19)

Above, g and ¢ are precisely as in . The general assertion then follows summing over all
possible multi-indices j. In the remainder of the appendix,

j is fixed, j1 # 0. (50)

A.1 Continuity of Ta

We discuss here the continuity of the operator in . We have the two following technical results.

Lemma A.2. Let j be as in (50). If g in belongs to C§°(R™), then the following identity is
valid:

Tag(€) = (2m&s) lim > / ol PO L g

€.
K, LE {1, d} ™ Kt l=(j1— 1,42, rja) !
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Proof. The proof is a modification of that of Lemma Since this result contains most of the
differences compared to the first order case, we prove the assertion for the second order case, i.e.,
we assume that j = (j1, j2, j3) with j1 + jo + js = 3. To further simplify the proof, we discuss the
case j1 = jo = j3 = 1. The general assertion is proven analogously.

In analogy to the proof of Lemma we can write

asg(f) (2m&y)(2més) (2mEs) / /n /n (y+> gly)e=2m7 € dx dy dt
= (2mé&1) [/ @ (t &) [2m(1 = 1)&][2m(1 — 1)&s]g((1 — £)§) dt

§) [2mt&o][2m(1 — 1)&s]g((1 — 1)§) dt

@ (t €) [2mi(1 — t)&a][2mites]G((1 — £)€) dt

\\\

) [2mita) [2miclg((1 — 1)6) dt]
~ 2me)) [ / B(t )T g((1—1)E) i+ / * 0o (t6)Peg((1 - 1)) dt

+ [ Ot 9 Bag1 - 09 et [T Fgpteeraia - g dt] .

This yields the assertion for the case d = 3, and j; = j2 = j3 = 1. O

From Lemma it is apparent that we have to bound the norm of several derivatives of ¢,
which is what we accomplish in the next result.

Lemma A.3. Let ¢ and j be as in and , Then, the following inequalities hold true: for
all multi-indices k in {1,...,d}"™ such that |k| < |j| = d,

27T|€1|/00o

o
6}!-1 gkn‘P(tO’ dt < Cypx
15 e n

(51)
—1|| olkl [k|+2
" . 0 .
P x’fl Lk xﬁnso Ll(R") H k1+1 kz 77777 wflnso Ll(]Rﬂ)
Proof. The proof is a modification of that of Lemma O

The two above technical lemmas give the following result.

Proposition A.4. Let ¢ be any of the two options in [28). Then, for all g in HY(R™), the
operator T, defined in satisfies the following continuity property:
O’Rn‘| ’

n—1

<272

’07Rn - Z
k.te{l,...,d}" k+0=(j1—1,....5a)

Proof. The proof is a modification of that of Proposition and further combines Lemmas

and [A3] O

8|z|1 9

FERRY 23

Tag

where ¢ is any of the two options in .

C‘P7P7k

A.2 Continuity of fﬁ

We discuss here the continuity of the operator in . We have the following result.
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Proposition A.5. Let g, fg, and j be as in , , and . Assume that g belongs to L*(R™)
and has support contained in Q. Given 1 < p < n/(n—1) and p’ the conjugate index of p, the
following inequality holds true:

~ 2% 1—2 % 17%
T H <= 0% a, ‘ ot H .
H Alg0 = (1-— ﬁ)%' | aft ol ¥ L1(Q) aftaln ¥ LOO(Q)HgHO’Q
Proof. The proof is a modification of that of Proposition O

A.3 Continuity of T
We discuss here the continuity of the operator in . We have the following result.

Theorem A.6. Let g, T, and j be as in , , and . Assume that g belongs to Hg_l(Q).
Given 1 <p <n/(n—1) and p’ the conjugate index of p, the following inequality holds true:

74
|76l
n-1 _ k k|42 ¢
<92 3 Kp o +pHalk\1+l " e ) oy }
Kee{1,..., A} b= (j1—1,..., o) x S o2 Ty L1(R™) zq ST ey Ty L1(R") Ty" ey Ty 0,R™
P LTS 1P o T
- . ,n(P g Qr
(1_ ﬁ)% a:Jl ..... zzl Ll(Q) a:{l ..... zZL Q) 0
(52)
T00f. e assertion follows combining Lemmas [A.4| an Dl an e explicit representation o
P Th t foll b g L A.4] and [A.5 d th plicit rep tat f
the constants C, , k in (51]). O

Theorem follows using Theorem the chain rule, and proceeding as in the proof of
Theorem [[.21

An arbitrary order Ne¢as-Lions, generalising the first order version in (14)), may be shown based
on Theorem following the proof of Proposition for d in N, it reads

||V||[H*d+1(Q)/IP’d_1(Q)]" < CNﬁ,d”VV”fd,Q Vv e [H™(Q)/Pa1(Q)]",
where [H~91(Q)/Py_1(Q)]" is the space [H~4(2)]" equipped with the norm

”VH[H*d(Q)/]P’d,l(Q)}" = |\V—qd71||_1,9~

inf
Ai—1€[Pa—1(Q)]"

The constant Carz ¢ depends on the Babuska-Aziz constants of all orders up to d and the Poincaré
constant through .
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