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Abstract

The discretization of fluid-poromechanics systems is typically highly de-
manding in terms of computational effort. This is particularly true for
models of multiphysics flows in the brain, due to the geometrical complex-
ity of the cerebral anatomy – requiring a very fine computational mesh
for finite element discretization – and to the high number of variables in-
volved. Indeed, this kind of problems can be modeled by a coupled system
encompassing the Stokes equations for the cerebrospinal fluid in the brain
ventricles and Multiple-network Poro-Elasticity (MPE) equations describ-
ing the brain tissue, the interstitial fluid, and the blood vascular networks
at different space scales. The present work aims to rigorously derive a
posteriori error estimates for the coupled Stokes-MPE problem, as a first
step towards the design of adaptive refinement strategies or reduced order
models to decrease the computational demand of the problem. Through
numerical experiments, we verify the reliability and optimal efficiency of
the proposed a posteriori estimator and identify the role of the different
solution variables in its composition.

1 Introduction
The numerical modeling of multiphysics flows in the human brain poses several
difficulties, due to the complexity of the brain’s geometry and the computa-
tional cost of handling several coupled physical systems. This modeling is of
paramount importance in the investigation of the Cerebrospinal Fluid (CSF),
whose main functions are to wash out the waste products of cerebral activity
and protect the brain from impact with the skull [21, 33]. The CSF is generated
in the cerebral tissue by mass exchange through the walls of capillary blood
vessels and permeates the whole organ in its interstitial space: the interaction
between these fluid networks and the elastic tissue can be modeled by Multiple-
network Poro-Elasticity (MPE) equations [13, 14, 20, 25]. This system is then
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coupled with the CSF flowing in the hollow cavities of the cerebral ventricles
and the subarachnoid spaces, where the CSF flow can be modeled by Stokes
equations [18, 19, 27].

The large number of variables encompassed by fluid-poromechanics mod-
els and the geometrical complexity of the brain and fluid-tissue interface make
the numerical simulation of the problem particularly demanding. To reduce the
computational effort, different strategies can be considered: adaptive refinement
allows for retaining geometric accuracy while decreasing the computational de-
mands, while reduced-order models provide an efficient means to approximate
the solution of complex problems for different values of the model parameters
[23, 30, 31, 36]. Both these strategies are classically based on a posteriori error
estimates, which have been derived for several single-physics problems, including
single-fluid Biot equations [2, 26, 32] or (Navier-)Stokes equations [3, 8, 22, 35].
An a posteriori analysis of coupled Biot-Stokes system has been carried out in
[6, 24, 37], but the case of multiple interacting fluids is scarcely covered by the
a posteriori literature: the MPE problem alone has been addressed only in [28]
for a particular case and in the recent work [15], but the coupled MPE-Stokes
problem with time-dependent pressure equations seems to be missing.

The present work aims at filling this gap, providing rigorous a posteriori esti-
mates for the coupled MPE-Stokes problem with time-dependent pressure equa-
tions. Specifically, we provide reliable residual-based estimators in the abstract
framework of [16], enhanced to account for multi-domain problems. Moreover,
through numerical experiments, we analyze the efficiency of these estimators
and assess their main components.

Starting from Section 2, we introduce the MPE-Stokes problem and its dis-
cretization by finite elements in space and the implicit Euler scheme in time.
Then, Section 3 is devoted to the derivation of a posteriori error estimates for
the solution to the problem. In Section 4 we analyze the reliability and efficiency
of the estimators and discuss the relevance of their main components.

2 The coupled Stokes-MPE system
Let us consider a polyhedral D-dimensional domain Ω � RD (D � 2, 3),
schematically represented in Fig. 1, partitioned into a poroelastic region Ωel and
a fluid region Ωf by an interface Σ � BΩel XBΩf composed of a finite number of
flat polygons. Stokes equations are set in Ωf , with uuu and p denoting the fluid’s
velocity and pressure, while Ωel is filled with a linear poroelastic medium subject
to the MPE equations, with solid displacement ddd and network pressures pj P J ,
where J is a set of #J indices. The external boundaries Γel � BΩelzΣ, Γf �
BΩfzΣ are partitioned in Dirichlet and Neumann portions for the different vari-
ables, with clear notation: Γel � ΓD,ddd Y ΓN,ddd � ΓD,J Y ΓN,J , Γf � ΓD,uuu Y ΓN,uuu;
notice that, for simplicity, we consider the same Dirichlet/Neumann splitting of
the boundaries for all fluid networks j P J . We consider the Stokes and linear
elasticity equations to be steady, while the time dependence of the porous flow

2



Figure 1: Domain scheme: poroelastic domain Ωel (light grey), Stokes’ domain
Ωf (blue), interface Σ (red), and external boundaries Γel � ΓD,ddd Y ΓN,ddd �
ΓD,J Y ΓN,J and Γf � ΓD,uuu Y ΓN,uuu.

is accounted for in the porous fluid momentum equations, as follows:$'''''''''''''''''''''''''''''''''''&'''''''''''''''''''''''''''''''''''%

�∇ � σelpdddq �
¸
kPJ

αk∇pk � fff el, in Ωel � p0, T s, (1a)

cjBtpj �∇ �

�
αjBtddd�

κj

µj
∇pj



(1b)

�
¸
kPJ

βjkppj � pkq � βe
j pj � gj, in Ωel � p0, T s, @j P J, (1c)

�∇ � τfpuuuq �∇p � fff f , in Ωf � p0, T s, (1d)
∇ � uuu � 0, in Ωf � p0, T s, (1e)
ddd � ddd0, pj � pj,0, in Ωel � t0u, @j P J, (1f)
uuu � uuu0, in Ωf � t0u, (1g)
� � 000, on ΓD,� � p0, T s, for � P tddd,uuuu (1h)
pj � pj0, on ΓD,J � p0, T s, @j P J (1i)
σelpdddqnnn�

¸
kPJ

αkpknnn � 0 on ΓN,ddd � p0, T s, (1j)

κj

µj
∇pjnnn � 0 on ΓN,J � p0, T s, @j P J (1k)

τfpuuuqnnn� pnnn � 0 on ΓN,uuu � p0, T s, (1l)
interface conditions (see (2) below), on Σ� p0, T s, (1m)

where σelpdddq � 2µelεpdddq � λdivdddI is the Cauchy stress tensor of the elastic
medium and τfpuuuq � 2µfεpuuuq is the viscous stress tensor of the fluid – with
εpϕϕϕq � 1

2 p∇ϕϕϕ � ∇ϕϕϕT q. We assume that, among all the fluid networks indexed
in J , only one exchanges mass at the interface Σ with the Stokes domain Ωf
and we denote it by E: the others exchange mass only among themselves and
with E (cf. the terms with βjk in (1c) and Remark 1 below). Accordingly, the
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following interface conditions are imposed on Σ:$'''''''''''&'''''''''''%

σelpdddqnnnel �
¸
kPJ

αkpknnnel � τfpuuuqnnnf � pnnnf � 000, on Σ� p0, T s, (2a)

pE � p� τfpuuuqnnnf �nnnf , on Σ� p0, T s, (2b)
κj

µj
∇pj �nnnel � 0, @j P JztEu, on Σ� p0, T s, , (2c)

uuu �nnnf �

�
Btddd�

κE

µE
∇pE



�nnnel � 0, on Σ� p0, T s, (2d)

pτfpuuuqnnnfq∥ � 000, on Σ� p0, T s, (2e)

where pϕϕϕq∥ � ϕϕϕ� pϕϕϕ �nnnfqnnnf is the tangential component of ϕϕϕ along Σ.

Remark 1 (Specifics of brain modeling). In the case of brain multiphysics flow,
the fluid networks index set J � tA, V, C, Eu contains the arterial (A), venous
(V) and capillary (C) blood flow and the extracellular/interstitial cerebrospinal
fluid (E). Due to the brain-blood barrier [1], no direct flow of the blood compart-
ments A, V, C occurs through the interface Σ: only the interstitial CSF pours
into the CSF domain Ωf . Regarding the choice of considering a quasi-static ap-
proximation for the elasticity and Stokes equations in (1), the resulting system
can be employed to study different conditions:

• the development of pathologies like hydrocephalus, with time scales of days
or weeks that are significantly longer than the tissue relaxation times [34];

• the pulsatile CSF flow in the scale of seconds, if a slight overestimation of
the ventricular wall displacements and intracranial pressure is admissible
[13].

2.1 Variational formulation
We introduce the following Sobolev spaces, with j P J :

Vj � H1
ΓD,J

pΩelq Vddd � rH1
ΓD,ddd

pΩelqs
D, Vuuu � rH1

ΓD,uuu
pΩfqs

D,

Lj � L2pΩelq, Lddd � rL2pΩelqs
D, Luuu � rL2pΩfqs

D,

VJ � rVjs
#J , LJ � rLjs

#J , Lp � L2pΩfq.

(3)

To simplify the notation, we employ the notation pppJ � rpjsjPJ to indicate the
elements of VJ and LJ : these functions are vector fields of dimension #J having
pE as their last component. To account for the time dependence of the system
variables, we set up our problem in the Bochner spaces H1p0, T ; V q, where V
is any Hilbert space introduced in (3). With analogous notation, we will also
consider the spaces L2p0, T ; V q, L1p0, T ; V q, L8p0, T ; V q.

The variational formulation of problem (1) reads as follows:
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Find pddd,pppJ ,uuu, pq P H1p0, T ; Vddd � VJ � Vuuu � Lpq such that, for a.e. t P r0, T s,$''''''&''''''%

aelpddd,qdddq � bJppppJ ,qdddq � JelppE,qdddq � Felpqdddq (4a)
mJpBtpppJ ,qpppJq � raJppppJ ,qpppJq � bJpqpppJ , Btdddq

� JelpqpE, Btdddq � JfpqpE,uuuq � FJpqpppJq
(4b)

afpuuu,qvvvq � bfpp, quuuq � JfpqpE,uuuq � Ffpqvvvq (4c)
bfpqp,uuuq � 0 (4d)

for all qddd P Vddd,qpppJ P VJ , quuu P Vuuu, qp P Lp, where

aelpddd,qdddq � pσelpdddq, εpqdddqqΩel , afpuuu,vvvq � pτfpuuuq, εpquuuqqΩf ,

mJpBtpppJ ,qpppJq �
¸
jPJ

pcjBtpj, qpjqΩel
,

raJppppJ ,qpppJq �
¸
jPJ

��
κj

µj
∇pj, ∇qpj



Ωel

� pβe
j pj, qpjqΩel �

¸
kPJ

pβkjppj � pkq, qpjqΩel

�
,

bJpqpppJ ,qdddq � �
¸
jPJ

pαjqpj, divqdddqΩel , bfpqp, quuuq � �pqp, div quuuqΩf ,

J�pqpE,ϕϕϕq �

»
Σ
qpEϕϕϕ �nnn�, � P tel, fu,

Felpqdddq � pfff el,
qdddqΩel , GJpqpppJq �

¸
jPJ

pgj, qpjqΩel , Ffpquuuq � pfff f , quuuqΩf .

In these definitions, p�, �qD denotes the L2 product over a domain D. Analo-
gously, } � }D will denote the norm of L2pDq.

2.2 Time and space discretization
We introduce a simplicial mesh T partitioning the whole domain Ω, and we
split it into two submeshes Tel, Tf , corresponding to the subdomains Ωel, Ωf and
conforming with the interface Σ. The sets of codimension-1 internal facets are
denoted by F I

el, F
I
f (triangles for D � 3, line segments for D � 2). Analogously,

we denote by FΣ the facets lying on the interface Σ and by FD,ϕ the facets lying
on the corresponding Dirichlet boundary ΓD,ϕ, ϕ P tddd,pppJ ,uuuu. In the following,
we will denote by hK the characteristic size of an element K P T .

On this partitioning, we introduce the following conforming finite element
spaces:

Xr
� � tϕh P C0pΩ�q : ϕh|K P PrpKq @K P T u, � P tel, fu,

Vddd,h � Vddd X rXs�1
el sD, VJ,h � VJ X rXs�1

el s#J ,

Lddd,h � Lddd X rXs�1
el sD, LJ,h � LJ X rXs�1

el s#J ,

Vuuu,h � Vuuu X rXs�1
el sD, Luuu,h � Luuu X rXs�1

el sD, Lp,h � Lp XXs
el.

(5)
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We denote by Iddd,h : Vddd Ñ Vddd,h, IJ,h : VJ Ñ VJ,h, Iuuu,h : Vuuu Ñ Vuuu,h suitable
interpolation operators onto the discrete spaces introduced above, such that the
following interpolation estimate holds:¸

KPT

�
h�2

K }qddd� Iddd,h
qddd}2

K � h�1
K }qddd� Iddd,h

qddd}2
BK

�
À }qddd}2

Vddd
@qddd P Vddd, (6)

and analogous ones for IJ,h, Iuuu,h. For example, Clément interpolators can be
employed [16]. We anticipate that no interpolation operator is needed over the
Stokes pressure space Lp.

Regarding time discretization, we consider an implicit Euler scheme on a
uniform time grid made of NT subintervals In � rtn�1, tns, n � 1, . . . , NT , of
length ∆t, with t0 � 0, NT � T {∆t. All the a posteriori results presented
hereafter can be easily extended to nonuniform time discretization, as done,
e.g., in [16, 15, 35].

In the following, for any function ϕpt,xxxq we will use the notation ϕn
h to

indicate its full space-time discretization evaluated at time tn, whereas ϕht will
denote the continuous piecewise linear (in time) function such that ϕht|t�tn �
ϕn

h. We also introduce the projector π0 onto piecewise constant functions in
time, such that π0ϕht|tPptn�1,tns � ϕn

h.
Therefore, the fully discrete problem approximating (4) reads as follows:

Find pdddht, pppJ,ht,uuuht, phtq P C0pr0, T s; Vddd�VJ�Vuuu�Lpq, piecewise linear in time,
such that, for a.e. t P r0, T s,$''''''&''''''%

aelpdddht,
qdddhq � bJppppJ,ht,

qdddhq � JelppE,ht,
qdddhq � pfffddd,ht,

qdddhqΩel (7a)
mJpBtpppJ,ht,qpppJ,hq � raJpπ

0pppJ,ht,qpppJ,hq � bJpqpppJ,h, Btdddhtq (7b)
�JelpqpE,h, Btdddhtq � JfpqpE,h,uuuhtq � pπ0ggght,qpppJ,hqΩel (7c)

afpuuuht, quuuhq � bfppht, quuuhq � JfppE,ht, quuuhq � pfffuuu,ht, quuuhqΩf (7d)
bfpqph,uuuhtq � 0 (7e)

for all qdddh P Vddd,h,qpppJ,h P VJ,h, quuuh P Vuuu,h, qph P Lp,h, and dddht|t�0 � ddd0, pj,ht|t�0 �
pj0 @j P J,uuuht|t�0 � uuu0,. Notice that BtpppJ,ht � δn

t pppJ,ht and Btdddht � δn
t dddht a.e. in

p0, T q, where

δn
t ϕ �

ϕn � ϕn�1

∆t
.

3 A posteriori error analysis
Throughout this section, the notation a À b means that there exists a constant
C ¡ 0, independent of discretization parameters (but possibly dependent on
data and on the final time T ), such that a ¤ Cb.

The a posteriori analysis that we present is based on the following properties
of the continuous problem (4), inspired by the abstract framework of [16]:
Proposition 1. Under the definitions of Section 2.1, and assuming that each
of the Dirichlet boundaries ΓD,�, � � ddd,uuu, pj,@j P J, is not empty, the following
properties hold:
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1. The forms ael : Vddd � Vddd Ñ R, raJ : VJ � VJ Ñ R, af : Vuuu � Vuuu Ñ R,
mJ : LJ � LJ Ñ R are bilinear, symmetric, coercive, and continuous in
their spaces of definition.

2. The norms } � }V� and } � }L� are equivalent for each � � ddd,uuu, J, j P J .

3. The source terms fff el, rgjsjPJ , fff f are square-integrable and they fulfill the
following inequalities:

}fff el}
2
Ωel

À aelpfff el, fff elq,
¸
jPJ

}gj}
2
Ωel

À raprgjsjPJ , rgjsjPJq, }fff f}
2
Ωf
À afpfff f , fff fq.

4. The coupling form bJ : LJ � Vddd Ñ R is bilinear, continuous, and

|bJpfff el, rgjsjPJq| À }fff el}ael}rgjsjPJ}mJ
.

5. The Stokes operator Lpruuu,ppps; rquuu, qpsq :� afpuuu, quuuq � bpp, quuuq � bpqp,uuuq satisfies
the following inf-sup inequality: DβL ¡ 0 s.t.

inf
puuu,pqPVuuu�Lp

uuu�000,p�0

sup
pquuu,qpqPVuuu�Lp

quuu�000,qp�0

Lpruuu,ppps; rquuu, qpsq
p}uuu}Vuuu

� }p}Lp
qp}quuu}Vuuu

� }qp}Lp
q
Á βL.

Therefore, we can consider the spaces Vddd, VJ , LJ , Vuuu as endowed with the norms
induced by ael,raJ , mJ , af , respectively.
Moreover, the properties of points 1, 2, 4, and 5 also hold at the discrete level,
with a discrete inf-sup constant βL,h P p0, βLq in point 5.

Proof. The proof of points 1-4 is straightforwardly based on the definition of
coercivity and continuity, and it exploits Korn/Poincaré inequalities. Point 5 is
discussed in classical works on Stokes equations, e.g. [35].

We now introduce the following consistency operators, namely the residuals
of problem (7) tested against continuous test functions:

Gddd P V 1
ddd, Guuu P V 1

uuu, GJ P V 1
J , Gp P L1

p � Lp defined as

xGddd,qdddyVddd
� pfffddd,ht,

qdddqΩel � aelpdddht,
qdddq � bJppppJ,ht,

qdddq � JelppE,ht,
qdddq,

xGJ ,qpppJyVJ
� pπ0ggght,qpppJqΩel �mJpBtpppJ,ht,qpppJq � raJpπ

0pppJ,ht,qpppJq

� bJpqpppJ , Btdddhtq � JelpqpE, Btdddhtq � JfpqpE,uuuhtq,

xGuuu, quuuyVuuu
� pfffuuu,ht, quuuqΩf � afpuuuht, quuuq � bfppht, quuuq � JfppE,ht, quuuq,

Gp � �divuuuht,

(8)

and by the usual notation, we denote by Gn
ddd , Gn

J , Gn
uuu , Gn

p their evaluation at time
tn.

We are now ready to introduce a preliminary result estimating the discretiza-
tion errors in terms of the consistency operators.
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Theorem 1. Let the errors be denoted as eddd � ddd � dddht, euuu � uuu � uuuht, ep �
p� pht, eJ � pppJ � pppJ,ht (the latter including eE � pE � pE,ht). Then, under the
assumptions of Proposition 1, the following estimate holds:

}eddd}
2
L8p0,tn;Vdddq

� }eJ}
2
L8p0,tn;LJ q

� }euuu}
2
L2p0,tn;Vuuuq

� }eJ}
2
L2p0,tn;VJ q

À En
data � En

time � En
G

(9)

where

En
data :� }ddd0 � ddd0,h}

2
Vddd
� }uuu0 � uuu0,h}

2
Vuuu
� }pppJ,0 � pppJ,0,h}

2
VJ

� }gggJ � π0gggJ,ht}
2
L2p0,tn;V 1

J
q � }fffuuu � fffuuu,ht}

2
L2p0,tn;V 1

uuuq

�
�
}fffddd � fffddd,ht}L8p0,tn;V 1

ddd
q � }Btpfffddd � fffddd,htq}L1p0,tn;V 1

ddd
q

	2
,

En
time :� }pppJ,ht � π0pppJ,ht}

2
L2p0,tn;VJ q

,

En
G :� xGn

ddd , en
ddd yVddd

� xG0
ddd , e0

dddyVddd
�

» tn

0
xBtGddd, edddyVddd

ds

�

» tn

0
xGJ , eJyVJ

ds�

» tn

0
xGuuu, euuuyVuuu

ds�

» tn

0
xGp, epyLp

ds.

(10)

Proof. Let us introduce also e�J � pppJ � π0pppJ,ht (including its component e�E �

pE�π0pE,ht). Subtracting the discrete problem (7) from the continuous problem
(4), both tested against generic continuous test functions pqddd,qpppJ , quuu, qpq P Vddd�VJ�
Vuuu � Lp, yields the following error problem, holding a.e. in time:$'''''''''''&'''''''''''%

aelpeddd,qdddq � bJpeJ ,qdddq � afpeuuu, quuuq � bfppht, quuuq � bfpqph,uuuhtq

� JelpeE,qdddq � JfpeE, quuuq
� pfffddd � fffddd,ht,

qdddqΩel � pfffuuu � fffuuu,ht, quuuqΩf

� xGddd,qdddyVddd
� xGuuu, quuuyVuuu

� xGp, qpyLp
,

mJpBteJ ,qpppJq � raJpe
�
J ,qpppJq � bJpqpppJ , Btedddq � JelpqpE, Btedddq � JfpqpE, euuuq

� pggg � π0ggght,qpppJqΩel � xGJ ,qpppJyVJ
.

(11)

We now choose qddd � Bteddd, quuu � euuu,qpppJ � eJ , qp � ep as test functions and
we sum up the equations in (11), noticing that the terms involving the forms
bJ , bf , Jel, Jf cancel out for this choice of the test functions. Moreover, we observe
that the following equalities hold:

aelpeddd, Btedddq �
1
2

d

dt
aelpeddd, edddq, mJpBteJ , eJq �

1
2

d

dt
mJpeJ , eJq,

raJpe
�
J , eJq �

1
2 rraJpe

�
J , e�Jq � raJpeJ , eJq � raJpe

�
J � eJ , e�J � eJqs

�
1
2
�raJpe

�
J , e�Jq � raJpeJ , eJq � raJppppJ,ht � π0pppJ,ht, pppJ,ht � π0pppJ,htq

�
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due to the symmetry of the forms and the definition of e�J . Therefore, we obtain
the following identity:

1
2

d

dt
aelpeddd, edddq �

1
2

d

dt
mJpeJ , eJq � afpeuuu, euuuq

�
1
2raJpe

�
J , e�Jq �

1
2raJpeJ , eJq

� pfffddd � fffddd,ht, BtedddqΩel � pfffuuu � fffuuu,ht, euuuqΩf � pggg � π0ggght, eJqΩel

�
1
2raJppppJ,ht � π0pppJ,ht, pppJ,ht � π0pppJ,htq

� xGddd, BtedddyVddd
� xGuuu, euuuyVuuu

� xGp, epyLp
� xGJ , eJyVJ

.

(12)

We integrate (12) in time from 0 to tn and we use the following integration by
parts formula:» tn

0

�
pfffddd � fffddd,ht, BtedddqΩel � xGddd, BtedddyVddd

�
ds

� pfffn
ddd � fffn

ddd,h, en
ddd qΩel � pfff0

ddd � fff0
ddd,h, e0

dddqΩel � xGn
ddd , en

ddd yVddd
� xG0

ddd , e0
dddyVddd

�

» tn

0

�
pBtpfffddd � fffddd,htq, edddqΩel � xBtGddd, edddyVddd

�
ds.

Then, using the coercivity of the forms ael,raJ , mJ , af (see Proposition 1) and
employing the Cauchy-Schwarz and the Young inequalities yield the following
inequality:
}en

ddd }
2
Vddd
� }en

J}
2
LJ

� }euuu}
2
L2p0,tn;Vuuuq

� }e�J}
2
L2p0,tn;VJ q

� }eJ}
2
L2p0,tn;VJ q

À }e0
ddd}

2
Vddd
� }e0

J}
2
LJ

� }fffn
ddd � fffn

ddd,h}
2
Lddd

� }fff0
ddd � fff0

ddd,h}
2
Lddd

� xGn
ddd , en

ddd yVddd
� xG0

ddd , e0
dddyVddd

�

» tn

0

�
}Btpfffddd � fffn

ddd,hq}Lddd
}eddd}Lddd

� }fffuuu � fffn
uuu,h}Luuu

}euuu}Luuu
� }ggg � π0ggght}LJ

}eJ}LJ

�
ds

�

» tn

0

�
}pppJ,ht � π0pppJ,ht}

2
VJ
� xBtGddd, edddyVddd

� xGuuu, euuuyVuuu
� xGp, epyLp

� xGJ , eJyVJ

�
ds.

Using the Cauchy-Schwarz and the Young inequalities also in the time integrals
yields

}en
ddd }

2
Vddd
� }en

J}
2
LJ

� }euuu}
2
L2p0,tn;Vuuuq

� }eJ}
2
L2p0,tn;VJ q

� }pppJ � π0pppJ,ht}
2
L2p0,tn;VJ q

À rEn
data � En

time � En
G ,

(13)

where }e�J}2
L2p0,tn;VJ q

can be removed, being positive, and

rEn
data :� En

data �
�
}fffddd � fffddd,ht}L8p0,tn;V 1

ddd
q � }Btpfffddd � fffddd,htq}L1p0,tn;V 1

ddd
q

	2

�
�
}fffn

ddd � fffn
ddd,h}V 1

ddd
� }Btpfffddd � fffddd,htq}L1p0,tn;V 1

ddd
q

	2
.

Since (13) holds for any n � 1, . . . , NT , on the left-hand side we can replace
}en

ddd }
2
Vddd
� }en

J}
2
LJ

with }en
ddd }

2
L8p0,tn;Vdddq

� }en
J}

2
L8p0,tn;LJ q

, while on the right-hand
side rEn

data can be substituted by En
data. This concludes the proof.
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We remark that in the preliminary estimate of Theorem 1, the estimator
En

G is not computable a posteriori as it depends on the errors. In the following
section, we thus address its estimation in terms of local residuals and jumps.
To this aim, we introduce the jump rrϕϕϕssF of a generic vector field ϕϕϕ : Ω Ñ RD

across a face F , defined as follows:

rrϕϕϕssF � ϕϕϕ� dnnn�F �ϕϕϕ� dnnn�F with ϕϕϕdnnn �
1
2 pϕ

ϕϕbnnn�nnnbϕϕϕq,

where the superscripts � and � denote the restriction on either side of the face
F . This jump operator is employed in the Discontinuous Galerkin community
(see, e.g., [5, 18]), yet all the results still hold if the non-symmetric outer product
ϕϕϕbnnn is used in place of ϕϕϕdnnn.

3.1 A posteriori estimates of the residual operators
We now address the estimation of the terms of Theorem 1 that involve the
residual operators G�, � � ddd,uuu, J, p.

Lemma 1. Under the same assumptions of Theorem 1, the following estimates
hold:

1. }Gddd}
2
L8p0,T ;V 1

ddd
q À Eddd :� sup

0¤n¤NT

En
ddd where

En
ddd :�

¸
KPTel

�
h2

K}R
n
ddd,h,K}

2
K �

¸
FPF I

el
FPBK

hK}S
n
ddd,h,F }

2
F �

¸
FPFΣ
FPBK

hK}S
n
Σ,ddd,h,F }

2
F

�
,

Rn
ddd,h,K :� fffn

ddd,h � div σel pddd
n
h|Kq �

¸
jPJ

αj∇pn
j,h|K ,

Sn
ddd,h,F :� �rrσelpddd

n
hqnnnF ssF ,

Sn
Σ,ddd,h,F :� �σel pddd

n
hqnnnel �

¸
jPJ

αjp
n
j,hnnnel � pn

E,hnnnel;

2. }BtGddd}
2
L1p0,T ;V 1

ddd
q À EdddpBtq :�

�
NŢ

n�1
∆t pEn

ddd pBtqq
1{2

�2

where

En
ddd pBtq :�

¸
KPTel

�
h2

K

�����Rn
ddd,h,K �Rn�1

ddd,h,K

∆t

�����
2

K

�
¸

FPF I
el

FPBK

hK

�����Sn
ddd,h,F � Sn�1

ddd,h,F

∆t

�����
2

F

�
¸

FPFΣ
FPBK

hK

�����Sn
Σ,ddd,h,F � Sn�1

Σ,ddd,h,F

∆t

�����
2

F

�
;
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3. }GJ}
2
L2p0,T ;V 1

J
q À EJ :�

NŢ

n�1
∆t En

J where

En
J :�

¸
KPTel

�
h2

K}R
n
J,h,K}

2
K �

¸
FPF I

el
FPBK

hK}S
n
J,h,F }

2
F �

¸
FPFΣ
FPBK

hK}S
n
Σ,J,h,F }

2
F

�
,

Rn
J,h,K :�

�
Rn

j,h,K

�
jPJ

, Sn
J,h,F :�

�
Sn

j,h,F

�
jPJ

,

Rn
j,h,K :� gn

j,h �
cj

∆t
ppn

j,h � pn�1
j,h q � div

�
κj

µj
∇pn

j,h|K



� div

� αj

∆t
pdddn

h � dddn�1
h q|K

�
� βe

j pn
j,h �

¸
ℓPJ

βjℓpp
n
j,h � pn

ℓ,hq,

Sn
J,h,F :� �

��
κj

µj
∇pn

j,h �nnnF

��
F

,

Sn
Σ,J,h,F :� �

¸
jPJ

�
κj

µj
∇pn

j,h �nnnel



�

1
∆t

pdddn
h � dddn�1

h q �nnnel � uuun
h �nnnf ;

4. }pGuuu, Gpq}
2
L2p0,T ;V 1

J
�Lpq

À Euuup :�
NŢ

n�1
∆t En

uuup where

En
uuup :�

¸
KPTf

�
h2

K}R
n
uuu,h,K}

2
K � }divuuun

h}
2
K

�
¸

FPF I
f

FPBK

hK}S
n
uuu,h,F }

2
F �

¸
FPFΣ
FPBK

hK}S
n
Σ,uuu,h,F }

2
F

�
,

Rn
uuu,h,K :� fffn

uuu,h � div τf puuu
n
h|Kq �∇pn

h|K ,

Sn
uuu,h,F :� �rrτfpuuu

n
hqnnnF ssF ,

Sn
Σ,uuu,h,F :� �τf puuu

n
hqnnnf � pn

hnnnf � pn
E,hnnnf .

Remark 2. We point out that the local residual estimators Rn
�,h,K , � � ddd, J,uuu,

are the local residuals of the bulk equations (1a)-(1c)-(1d) in strong form, while
the terms Sn

Σ,�,h,F , � � ddd, J,uuu, are arise from combinations of the interface con-
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ditions (as highlighted by the arrows):

Sn
Σ,ddd,h,F � �

�
σelpddd

n
hqnnnel �

¸
jPJ

αjp
n
j,hnnnel � τfpuuu

n
hqnnnf � pn

hnnnf

�
ÐÑ (2a)

�
�
pn

E,h � pn
h � τfpuuu

n
hqnnnf �nnnf

�
nnnel ÐÑ (2b)

� pτfpuuu
n
hqnnnfq∥ , ÐÑ (2e)

Sn
Σ,J,h,F �

¸
jPJztEu

�
κj

µj
∇pn

j,h �nnnel



ÐÑ (2c)

�

�
uuun

h �nnnf �
dddn

h � dddn�1
h

∆t
�nnnel �

κE

µE
∇pn

E,h �nnnel

�
, ÐÑ (2d)

Sn
Σ,uuu,h,F � �

�
pn

E,h � pn
h � τfpuuu

n
hqnnnf �nnnf

�
nnnel ÐÑ (2b)

� pτfpuuu
n
hqnnnfq∥ . ÐÑ (2e)

of Lemma 1. We first observe that the following holds:
xG�, �hyV�

� 0 @�h P V�,h pwith � � ddd,uuu,pppJq

and in particular, xG�, I�,hq�yV�
� 0 @q� P V�.

(14)

Denoting by Gn
� the evaluation of G� at time tn, for each of the points 1-4, we

first estimate the operator norm }Gn
� }V 1

�
a.e. in time and then we wrap it into

the Bochner space norm appearing in the thesis.
1. We start by estimating the numerator of

}Gn
ddd }V 1

ddd

(14)
� sup

qdddPVdddzt0u

xGddd,qddd� Iddd,h
qdddy

Vddd

}qddd}Vddd

. (15)

By the definition of Gddd and element-wise integration by parts (i.b.p.), we
obtain
xGn

ddd ,qddd� Iddd,h
qdddy

Vddd

(8)
�
�
fffn

ddd,h,qddd� Iddd,h
qddd	

Ωel
� aelpddd

n
h,qddd� Iddd,h

qdddq
� bJpppp

n
J,h,qddd� Iddd,h

qdddq � Jelpp
n
E,h,qddd� Iddd,h

qdddq
(i.b.p.)
�

¸
KPTel

#
pRn

ddd,h,K ,qddd� Iddd,h
qdddqK

�
1
2

¸
FPF I

el
F�BK

�
�rrσelpddd

n
hqnnnssF �

�������
¸
jPJ

αjrrp
n
j,hnnnF ssF ,qddd� Iddd,h

qddd�
F

�
¸

FPFΣ
F�BK

�
Sn

Σ,ddd,h,F ,qddd� Iddd,h
qddd	

F

+
,

(16)
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where the terms with rrpn
j,hnnnF ssF vanish because Vj,h � C0pΩelq for all

j P J . Using the Cauchy-Schwarz inequality on each term and multiply-
ing/dividing by appropriate powers of hK yield

xGn
ddd ,qddd� Iddd,h

qdddy
Vddd
À

¸
KPTel

#
hK}R

n
ddd,h,K}K h�1

K }qddd� Iddd,h
qddd}K

�
¸

FPF I
el

F�BK

h
1{2
K }Sn

ddd,h,F }F h
�1{2
K }qddd� Iddd,h

qddd}F

�
¸

FPFΣ
F�BK

h
1{2
K }Sn

Σ,ddd,h,F }F h
�1{2
K }qddd� Iddd,h

qddd}F

+
.

Hinging upon the discrete Cauchy-Schwarz inequality applied to the sums
over the elements, as well as the inequality pa � bq2   1

2 pa
2 � b2q, we can

prove that

xGn
ddd ,qddd� Iddd,h

qdddy2
Vddd

À

� ¸
KPTel

h2
K}R

n
ddd,h,K}

2
K

�� ¸
KPTel

h�2
K }qddd� Iddd,h

qddd}2
K

�

�

� ¸
KPTel

¸
FPF I

el
FPBK

hK}S
n
ddd,h,F }

2
F

�� ¸
KPTel

h�1
K }qddd� Iddd,h

qddd}2
BK

�

�

� ¸
KPTel

¸
FPFΣ
FPBK

hK}S
n
Σ,ddd,h,F }

2
F

�� ¸
KPTel

h�1
K }qddd� Iddd,h

qddd}2
BK

�
.

(17)

Then, using interpolation estimates (6) yields

xGn
ddd ,qddd� Iddd,h

qdddy
Vddd
À

# ¸
KPTel

h2
K}R

n
ddd,h,K}

2
K �

¸
FPF I

el
F�BK

hK}S
n
ddd,h,F }

2
F

�
¸

FPFΣ
F�BK

hK}S
n
Σ,ddd,h,F }

2
F

+ 1
2

}qddd}Vddd
.

Now, using (15), we obtain }Gn
ddd }V 1

ddd
À
�
En

ddd

� 1
2 , which yields point 1 of the

thesis after taking the supremum w.r.t. time at both members and noticing
that each En

ddd is constant over ptn�1, tnq.

2. Being Gddd piecewise linear in time, BtGddd|ptn�1,tnq � δn
t Gddd is constant on each

time interval ptn�1, tns. Employing twice equality (16), for n and n� 1,
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yields

xδn
t Gn

ddd ,qddd� Iddd,h
qdddy

Vddd

�
¸

KPTel

#
pδn

t Rn
ddd,h,K ,qddd� Iddd,h

qdddqK
�

1
2

¸
FPF I

el
F�BK

�
δn

t Sn
ddd,h,F ,qddd� Iddd,h

qddd	
F

�
¸

FPFΣ
F�BK

�
δn

t Sn
Σ,ddd,h,F ,qddd� Iddd,h

qddd	
F

+
.

(18)

Then, proceeding in the same way as in point 1 of this proof, we can obtain

}BtGddd}V 1

ddd
|t�tn À pEn

ddd pBtqq
1
2 ,

from which summing over all the intervals ptn�1, tns yields

}BtGddd}L1p0,T ;V 1

ddd
q �

NŢ

n�1
∆t }BtGddd}V 1

ddd
|t�tn À

NŢ

n�1
∆t pEn

ddd pBtqq
1
2 .

3. Recalling that, for each function ϕht that is piecewise linear in time,
π0ϕht|t�tn � ϕn

h and Btϕht|t�tn � δn
t ϕht, we can proceed as in point 1

of this proof and show that

xGn
J ,qpppJ � IJ,hqpppJyVJ

(8)
�
�
π0gggJ,ht|t�tn ,qpppJ � IJ,hqpppJ

�
Ωel

�mJpBtpppJ,ht|t�tn ,qpppJ � IJ,hqpppJq

� raJpπ
0pppJ,ht|t�tn ,qpppJ � IJ,hqpppJq � bJpqpppJ � IJ,hqpppJ , Btdddht|t�tnq

� JelpqpppJ � IJ,hqpppJ , Btdddht|t�tnq � JfpqpppJ � IJ,hqpppJ ,uuun
hq

(i.b.p.)
�

¸
KPTel

#�
gggn

J,h �MJ,Kδn
t pppJ,ht �

rAJ,Kpppn
J,h �Bel,Kδn

t dddht,qpppJ � IJ,hqpppJ

	
K

�
1
2

¸
FPF I

el
F�BK

�¸
jPJ

Sn
j,h,F ,qpppJ � IJ,hqpppJ

�
F

�
¸

FPFΣ
F�BK

�¸
jPJ

Sn
Σ,J,h,F ,qpppJ � IJ,hqpppJ

�
F

+
,

(19)
where

MJ,Kδn
t pppJ,ht �

�
cjδ

n
t pj,ht

�
jPJ

, Bel,Kδn
t dddht �

�
�div pαjδ

n
t dddht|Kq

�
jPJ

,

rAJ,Kpppn
J,h �

�
�div

�
κj
µj

∇pn
j,h|K

	
� βe

j pn
j,h �

°
ℓPJ βjℓpp

n
j,h � pn

ℓ,hq
�

jPJ
.

Then, we employ the definition of }Gn
J }V 1

J
on the left-hand side of (19)

and the interpolation estimates (6) together with the Cauchy-Schwarz
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inequality on the right-hand side, thus obtaining }Gn
J }

2
V 1

J
À En

J . Again, the
second member of this inequality is piecewise constant in time, therefore
we can obtain the desired result.

4. Proceeding as in point 1, by definition (8) of Guuu and Gp, and using the
continuous problem (4c)-(4d), we have

xpGn
uuu , Gn

p q, pquuu� Iuuu,hquuu, qpqy
Vuuu�Lp

(8)
�
�
fffn

uuu,h, quuu� Iuuu,hquuu�Ωf
� Lpruuun

h, pn
hs, rquuu� Iuuu,hquuu, qpsq

� Jfpp
n
E,h, quuu� Iuuu,hquuuq

(i.b.p.)
�

¸
KPTf

#
pRn

uuu,h,K , quuu� Iuuu,hquuuqK � pdivuuun
h, qpqK

�
1
2

¸
FPF I

f
F�BK

p�rrτfpuuu
n
hqnnnssF ������rrpn

hnnnF ssF , quuu� Iuuu,hquuuqF
�

¸
FPFΣ
F�BK

�
Sn

Σ,uuu,h,F , quuu� Iuuu,hquuu�F

+
(20)

where rrpn
hnnnF ssF vanishes because Lp,h � C0pΩfq. Now, as in point 1,

we use the definition of }pGn
uuu , Gn

p q}V 1

uuu�Lp on the left-hand side of (20), we
apply integral and discrete Cauchy-Schwarz inequalities to the right-hand
side, as well as the interpolation estimates for the terms tested againstquuu� Iuuu,hquuu, thus obtaining

xpGn
uuu , Gn

p q, pquuu� Iuuu,hquuu, qpqy
Vuuu�Lp

À

# ¸
KPTf

h2
K}R

n
uuu,h,K}

2
K � }divuuun

h}
2
K

�
¸

FPF I
f

F�BK

hK}S
n
uuu,h,F }

2
F �

¸
FPFΣ
F�BK

hK}S
n
Σ,uuu,h,F }

2
F

+ 1
2

}pquuu, qpq}Vuuu�Lp .

Therefore, }pGn
uuu , Gn

p q}
2
V 1

J
�Lp

À En
uuup and we conclude the proof by integrat-

ing both sides of the inequality w.r.t. time and noticing that the right-hand
side is piecewise constant.

3.2 A posteriori error estimates
We are now ready to combine the results of the previous sections to prove the
following a posteriori error estimate:
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Theorem 2. Under the assumptions of Theorem 1, the following a posteriori
error estimates hold:

}eddd}
2
L8p0,T ;Vdddq

� }eJ}
2
L8p0,T ;LJ q

� }euuu}
2
L2p0,T ;Vuuuq

� }eJ}
2
L2p0,T ;VJ q

� }RdddpBtq}
2
L1p0,T ;V 1

ddd
q � }RJ}

2
L2p0,T ;V 1

J
q � }Ruuu}

2
L2p0,T ;V 1

uuuq

� }div euuu}
2
L2p0,T ;Lpq

À ENT

data � ENT
time � ENT

spc ,

(21)

where

RdddpBtq � AdddBteddd �B�
elBteJ :� �div σelpBtedddq �

¸
jPJ

αj∇BteJ ,

RJ � MJBteJ �BelBteddd �AJeJ �
rAJeJ

:�
�

cjBtej � div pαjBtedddq � div
�

κj

µj
∇eJ



�

�
βe

j ej �
¸
ℓPJ

βjℓpej � eℓq

��
jPJ

,

Ruuu � Auuueuuu �B�
f ep :� �div τfpeuuuq �∇ep,

ENT
spc :� ENT

ddd � EdddpBtq
NT � ENT

J � ENT
uuup (with each term defined in Lemma 1)

and ENT

data and ENT
time are the same of (10).

Proof. We proceed taking inspiration from [16, 15, 35], in which inequalities like
the one in Theorem 1 are combined with a posteriori estimates of the consistency
operators like those of Lemma 1. We start observing that Theorem 1 implies

}eddd}
2
L8p0,T ;Vdddq

� }eJ}
2
L8p0,T ;LJ q

� }euuu}
2
L2p0,T ;Vuuuq

� }eJ}
2
L2p0,T ;VJ q

� }RdddpBtq}
2
L1p0,T ;V 1

ddd
q � }RJ}

2
L2p0,T ;V 1

J
q � }Ruuu}

2
L2p0,T ;V 1

uuuq
� }div euuu}

2
L2p0,T ;Lpq

À ENT

data � ENT
time � ENT

G

� }RdddpBtq}
2
L1p0,T ;V 1

ddd
q � }RJ}

2
L2p0,T ;V 1

J
q � }Ruuu}

2
L2p0,T ;V 1

uuuq
� }div euuu}

2
L2p0,T ;Lpq

.

Moreover, a combination of Lemma 1 and the Young inequality yields ENT

G À

ENT
spc . To estimate the terms involving R�, � � ddd, J,uuu and div euuu, we rely on the

following error equations in operator form (holding a.e. in time), that can be
obtained by a subtraction of the discrete problem (7) from the continuous one
(4):

Adddeddd �B�
eleJ � fffddd � fffddd,ht � Gddd in V 1

ddd, (22a)
RJ � MJBteJ �BelBteddd �AJeJ �

rAJeJ � gggJ � π0gggJ,ht � GJ in V 1
J , (22b)

Ruuu � Auuueuuu �B�
f ep � fffuuu � fffuuu,ht � Guuu in V 1

uuu, (22c)
div euuu � Gp in Lp. (22d)

Now, computing the L2 norm in time of both members of (22b)-(22c)-(22d) and
applying Lemma 1, as well as recalling the definition (10) of En

data, we can prove
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the following estimates:

}RJ}
2
L2p0,T ;V 1

J
q À ENT

data � EJ ,

}Ruuu}
2
L2p0,T ;V 1

uuuq
À ENT

data � Euuup,

}div euuu}
2
L2p0,T ;Lpq

À Euuup.

Finally, to estimate }RdddpBtq}L1p0,T ;V 1

ddd
q, we apply the time derivative Bt to both

sides of (22a), we compute the Bochner L1-norm, and we apply again Lemma 1:

}RdddpBtq}
2
L1p0,T ;V 1

ddd
q � }BtpAdddeddd �B�

eleJq}
2
L1p0,T ;V 1

ddd
q

À }Btpfffddd � fffddd,htq}
2
L1p0,T ;V 1

ddd
q � }BtGddd}

2
L1p0,T ;V 1

ddd
q

À ENT

data � EdddpBtq.

This concludes the proof.

4 Numerical results
Bearing in mind the application that motivates the present work, namely brain
multiphysics flow modeling, the geometrical complexity of the domain asks for
adaptive mesh refinement strategies, whereas the benefit of adaptivity in time
would be limited by the relatively slow and regular flow regime [7, 13, 20]. For
this reason, in this section we verify the estimates of Theorem 2 and assess the
efficiency of the estimators with respect to h refinement, whereas ∆t is chosen
sufficiently small not to hinder the convergence order.

We consider problem (1) in D � 2 dimensions with 1 compartment J � tEu.
In the domain Ω � Ωel Y Ωf � p�0.5, 0q � p0, 0.5q Y p0, 0.5q � p0, 0.5q, with
interface Σ � t0u � p0, 0.5q, the following is a solution of (1) for proper values
of the source functions fff el, gggE, fff f :

dddpt,xxxq � pcospηtq � sinpηtqqπ
κ

η
psinpπxq sinpπyq � cospπxq cospπyqq

�
1
�1

�
,

pEpt,xxxq � � pcospηtq � sinpηtqq

�
πx cospπyq � 2π2µ

κ

µel
sinpπyq



,

uuupt,xxxq � 2 cospηtqπ
κ

µel
psinpπxq sinpπyq � cospπxq cospπyqq

�
�1
1

�
,

ppt,xxxq � � p1.5 cospηtq � 0.5 sinpηtqq

�
x cospπyq � 4π2µ

κ

µel
sinpπyq



,

with η � µel
µfp1�αq . In particular, we enforce fully Dirichlet boundary conditions

on BΩ, namely ΓN,ddd � ΓN,J � ΓN,uuu � H. We simulate the system for T �
5 � 10�7 s with ∆t � 10�7 s and choose s � 1 in the finite element spaces
(5), namely quadratic elements for ddd,uuu, pE and linear elements for the Stokes
pressure p: this choice ensures that the properties of Proposition 1 hold true.
We set all physical parameters equal to 1, except for αE � 0.5.
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Figure 2: Convergence test w.r.t. space discretization parameter h. Left: energy
error norm ERRe and estimators ENT

spc , ENT
time. Right: terms in the definitions of

ERRe and ENT
spc (see (23) and Theorem 2).

Figure 3: Efficiency indexes for the estimator ENT
spc and of its constituting terms,

in the convergence test w.r.t. h.

In the following, we discuss the results for the error energy norm

ERRe :� }eddd}
2
L8p0,T ;Vdddq

� }eJ}
2
L8p0,T ;LJ q

� }euuu}
2
L2p0,T ;Vuuuq

� }eJ}
2
L2p0,T ;VJ q

,
(23)

which includes all the physically relevant terms of (21). For simplicity, we decide
to neglect the term ENT

data from the a posteriori error estimate (21).
In Fig. 2 (left) we report the results of a convergence test for the error norms

(23) w.r.t. h and the corresponding values of the estimator ENT
spc . The estimate

(21) of Theorem 2 is verified by observing that ERRe ¤ ENT
spc for all values of

h. Moreover, we notice the significantly small values obtained for the estimator
ENT

time, due to the choice of a small value for ∆t. In Fig. 2 (right) we analyze the
contribution of the different terms entering in the space error estimator ENT

spc .
We notice that ENT

uuup and ENT

ddd seem to be reliable estimators of }euuu}
2
L2p0,T ;Vuuuq

and }eddd}
2
L8p0,T ;Vdddq

, respectively.
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To analyze the efficiency of the estimator, in Fig. 3 we display the efficiency
index Ieff �

ENT
spc

ERRe
and for completeness, even though not covered by our theory,

we also report the analogous ratios for the single components of the error and
estimator discussed above. First, we notice that the estimator ENT

spc is shown to
be efficient for sufficiently small values of h. Similarly, ENT

uuup and ENT

ddd appear to
be efficient estimators of the Stokes and elastic displacement errors, respectively.

5 Conclusions
In the present study, we have rigorously derived – for the first time – residual-
based a posteriori error estimates for the finite element discretization of the
coupled Stokes-MPE system. The associated estimator controls both the error
in the energy norm of the system and additional terms related to the strong
residual of the equations, in dual norms. We have verified the reliability and
efficiency of the estimator by means of numerical experiments in a case with a
manufactured solution.

The present work represents a first step towards the design of adaptive re-
finement algorithms and reduced order models for the efficient solution of fluid-
poromechanics problems. This is particularly relevant in the study of brain mul-
tiphysics flow, in which the complexity of the geometry and fluid-tissue interface
may hinder the feasibility of numerical simulations under limited resources, and
in multi-query problems like model calibration and validation against clinical
data [7, 29]. Further extensions of the analysis presented in this work may
also be considered in the case of advanced numerical methods based on general
mesh elements, such as polytopal discontinuous Galerkin and virtual element
methods, in which the geometrical flexibility of the numerical scheme makes it
particularly suitable for local refinement strategies [4, 9, 10, 11, 12, 17].
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