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Abstract

We propose and analyze a two-level method for mimetic finite differ-
ence approximations of second order elliptic boundary value problems.
We prove that the two-level algorithm is uniformly convergent, i.e.,
the number of iterations needed to achieve convergence is uniformly
bounded independently of the characteristic size of the underling par-
tition. We also show that the resulting scheme provides a uniform
preconditioner with respect to the number of degrees of freedom. Nu-
merical results that validate the theory are also presented.

1 Introduction

Thanks to its great flexibility in dealing with very general meshes and its
capability of preserving the fundamental properties of the underlying physi-
cal model, the mimetic finite difference (MFD) method has been successfully
employed, in approximately the last ten years, to solve a wide range of prob-
lems. Mimetic methods for the discretization of diffusion problems in mixed
form are presented in 23, 26, 24, 25|. The primal form of the MFD method
is introduced and analyzed in [21, 13]. Convection—diffusion problems are
considered in |29, 9|, while the problem of modeling flows in porous media
is addressed [44]. Mimetic discretizations of linear elasticity and the Stokes
equations are presented in [8] and [10, 12, 11], respectively. MFD methods



have been used in the solution of Reissner-Mindlin plate equations [18], and
electromagnetic |20, 43| equations. Numerical techniques to improve further
the capabilities of MFD discretizations such that a posteriori error estimators
[7, 15, 1] and post-processing techniques [28| have been also developed. The
application of the MFD method to nonlinear problems (variational inequal-
ities and quasilinear elliptic equations) and constrained control problems
governed by linear elliptic PDEs is even more recent, see [3] for a review.
More precisely, in [4, 2] a MFD approximation of the obstacle problem, a
paradigmatic example of variational inequality, is considered. The question
whether the MFD method is well suited for the approximation of optimal
control problems governed by linear elliptic equations and quasilinear ellip-
tic equations is addressed in [6] and [5], respectively. Recently, in [16], the
mimetic approach has been recast as the virtual element method (VEM), cf.
also [27, 17|. Nevertheless, efficient solvers for the (linear) systems of equa-
tions arising from MFD discretizations are still being developed. The main
difficulty in the development of optimal multilevel solution methods relies on
the construction of consistent coarsening procedures which are non-trivial on
grids formed by more general polyhedra. We refer to [42, 46, 41] for recent
works on constructing coarse spaces with approximation properties in the
framework of the agglomeration multigrid method.

The aim of this paper is to develop an efficient two-level method for the
solution of the linear systems of equations arising from MFD discretizations
of a second order elliptic boundary value problem. We prove that a two-level
algorithm that rely on the construction of suitable prolongation operators
between a hierarchy of meshes is uniformly convergent with respect to the
characteristic size of the underling partition. We also show that the resulting
scheme provides uniform preconditioner, i.e., the number of Preconditioned
Conjugate Gradient (PCG) iterations needed to achieve convergence up to a
(user-defined) tolerance is uniformly bounded independently of the number
of degrees of freedom. An important observation is that for unstructured
grids (such as the MFD grids) a two-level (and multilevel) method is opti-
mal if the number of nonzeroes in the coarse grid matrices is under control.
This is important for practical applications and one of the main features of
the method proposed here is that we modify the coarse grid operator so that
the number of nonzeroes in the corresponding coarse grid matrix is under
control. This in turn complicates the analysis of the preconditioner, since
we need to account for the fact that the bilinear form on the coarse grid is
no longer a restriction of the fine grid bilinear form.

The layout of the paper is as follows. In Section 2 we introduce the model
problem and its mimetic finite difference discretization. The solvability of
the discrete problem is discussed also in this section and further, a Poincaré-
type inequality is proved in Section A. Our two-level method is described
and analyzed in Section 3. Finally, in Section 4 we present numerical results



to validate the theoretical estimates of the previous sections and to test the
practical performance of our algorithms.

2 Model problem and its mimetic discretization

Let © be an open, bounded Lipschitz polygon in R2. Using the standard no-
tation for the Sobolev spaces, we consider the following variational problem:
Find u € H}(Q) such that

/l-@(az)Vu.Vv de = / fvde, forall ve HNQ). (1)
Q Q

Here, f € L%(Q) and we assume that the function x(x) is a piece-wise con-
stant function, bounded and strictly positive, namely, there exist x, > 0,
and k* > 0 such that k, < k(x) < K*.

We now briefly review the mimetic discretization method for problem
(1) presented in [22] and extended to arbitrary polynomial order in [14].
Roughly speaking, the mimetic method is a discretization on a polygonal
partition of €2 which satisfies appropriate consistency conditions. In the
following, to avoid the proliferation of constants, by < we denote an upper
bound that holds up to an unspecified positive constant. Moreover, in the
sequel, we will denote by (,-) the Euclidean scalar product in £2(R"), i.e.,
(u,v) = Y1 wv; for any u = (u1, ug, ..., uy), v = (V1,02,...,0,) € R™.

2.1 Domain partitioning

We first introduce the notation pertinent to the specifics of the mimetic
method under consideration. We partition €2 as union of connected, closed
polygonal subdomains with non-empty interior. We denote this partition
with €y, that is, we have () = Ugecq, F with E being closed and with
nonempty interior. We assume that this partition is conforming, i.e., the
intersection of two different elements ' and FEs is either empty or is a union
of lower dimensional polygons. More precisely, the intersection of two ele-
ments 1 and F5 is union of vertices or union of edges. One notable difference
with the conforming finite element mesh, is that a T-junctions are now al-
lowed in the mesh. Indeed, adding a mesh point at the junction corresponds
to splitting single edge into two edges.

For each polygon E € Qp,, |E| denotes its area, hg denotes its diameter
and h = maxgeq, hg is the characteristic size of the partition €2}. The set
of vertices and edges of the partition is denoted by N}, and &}, respectively.
We further have the set of interior vertices and edges N, ;L and &, and the set
of boundary vertexes and edges by /\/,‘19 and 5,‘? . The vertices and edges of



a particular element E are denoted by N; ,{E and 5,? , respectively. A generic
vertex will be denoted by v, and a generic edge by e. For the length of an
edge we will use the symbol h.. A fixed orientation is also set for the mesh
Qp, which is determined by the direction of the unit normal vector v, e € &p,.
For every polygon E and edge e € £F, we define a unit normal vector vy
that points outside of F.

We will assume that €, is obtained after successive uniform refinements
of a given coarse mesh Qp made of convexr polygons according to the pro-
cedure described in Algorithm 1. Notice that assuming that partitioning a
polygonal domain into union of convex subdomains is not restrictive and an
algorithm for such decomposition into a small (close to minimum) number
of convex polygons is presented in [30].

Algorithm 1 Refinement algorithm, see Figure 1.
1: for all polygons E € Qp do
2: Introduce the point xg € F defined as

1
Xp = — x(v) ,
ng =
veN]

where ng is the number of vertexes v of F, and x(v) is the position vector
of the vertex v.

3: Subdivide E of Qg by connecting each midpoint v,,, = v,,,(e) of each
edge e € 5}? with the point xp, see Figure 1.

4: end for

Note that, according to Algorithm 1, the edge midpoints v,,(e) and the
points xg become additional vertexes in the new mesh €, i.e.,

Ny =Nu U{vp(€)}eeey U{XE}Ecy - (2)

The mesh €2, is also assumed to satisfy the following shape regularity
property, which have already been used in [22].

Assumption 2.1 There exists an integer number Ny, independent of h,
such that any polygon E € Qy, admits a decomposition Tp|g with at most
N, shape-regular triangles;

Assumption 2.1 implies the following properties which we use later (cf. [22],
for details)

(M1) The number of vertices and edges of every polygon E of €, is uniformly
bounded.

(M2) For every polygon F and all edges e of E, it holds
hE S he h2E 5 ’E‘



Figure 1: Refinement strategy: coarse element E € Q0 and sub-elements
E € Qy,. Circles denote the coarse vertexes in N, while diamonds refer to
additional vertexes in Nj,.

(M3) For every function v € H'(E), the following trace inequality holds
11720 S He 19112 0m) + He 191501 (5 -

(M4) For every E and for every function ¢ € H™(E), m € N, there exists a
polynomial ¢, of degree at most k on E and such that

v — Qﬁl<:|15{l(E) S Hgb_l W|Hm(E)
for all integers 0 <1 <m < k+ 1.

Note that (M4) follows, for instance, from the Bramble-Hilbert lemma
on non star-shaped domains of [34]; a proof related a bit more to the pre-
sentation here is also found in [4].

Finally, we assume that the jumps in k(x) are aligned with the finest grid
and we denote by kg the coefficient value in the polygon FE.

2.2 Mimetic finite difference discretization

To describe the discretization of problem (1), we begin by introducing the
discrete approximation space V}, which is defined as follows. A vector vy, € Vj,
consists of a collection of degrees of freedom vy, = {vi(v) }ven;,, where vp(v)
is a real number associated to the point v € N},. To enforce boundary condi-
tions, for all nodes of the mesh which lay on the boundary we set vj,(v) =0,
for all vy, € V3, and for all v € NV, ,‘? . Therefore, the dimension of V}, is equal
to the number of internal vertices of the mesh and this space is in fact R™,
where n is the cardinality of N}.



We denote by ap(-,-) : Vi, x Vi, = R the discretization of the bilinear
form on the left side of the continuous variational problem (1), defined as
follows:

ap(vp, wp,) = Z a¥ (vp,wp)  Yop,wp, € Vi,
EeQy,

where aZ(-, ") is a symmetric bilinear form on each element E chosen so that

af(vh,wh) %/ HEV:J}L . V’lﬂh dx.
E

Here, vy, and wy, are functions defined on E which “extend the data” vy, wy,
inside the polygon.

To derive a consistent approximation af (+,+) we integrate by parts to
obtain that

/KEVU'VQ de = —mE/ (Ag)v dz + kE Z/ Vq-vg)v ds
E

eGSE

= HEZV(] VE/vds

665E

for all v € HY(E) and for all linear functions ¢ on E. Approximating the
integral on the right side of the above equation with the trapezoidal rule
gives
/
/ kpVv-Vq dz ~ kg Z (Vg - V%)}%M,
E 2

eegf
where v and v/ are the two vertexes of e € £F. As shown in [22, 4], the bilinear
form ay,(+, ) can be easily built element by element in a simple algebraic way
so that for every piecewise linear vector function ¢ on E, and every vy, € Vj,
we have o) )
E V) + vp(Vv
ond) =k 3 (Vg v, 20 ®)
eESE

Notice that, the meaning of the above is that the discrete bilinear form obeys
the standard integration by parts formula when tested with linear functions.
With this definition in hand, the mimetic discretization of problem (1) reads:
Find uy € V}, such that

ap(un,vp) = (fasvn) Yop € V. (4)

The right hand side is defined via its action on vy, € V}, as follows

(frovn) = Y fle D vnl(vi) i, (5)

Eeqy, vieNF



where f|g is the average of f over F, and w% are positive weights such that
> wi = |E|. Relation (5) is an approximation to [, fU5 dx, which is exact
for constant functions vy,.

Problem (4) can be written as the following linear system of equations

Apup = fn (6)
where Ay, is obviously symmetric. In the next section, we also show it is
positive definite as well.

2.3 Local bilinear forms

We shall now show that (4) is well posed for a particular choice of mimetic
finite difference discretization. Let us recall one way of building the bilinear
form af(-,-); see, e.g., [22, 4]. Let E be a general polygonal element of
Qp, with ng > 3 vertexes. Then, we need to build A symmetric matrix
AE € R™"EX"E which represents the local bilinear form

af(vh,wh) = (Afvh,wh) Yoy, wp, € R"E |

Let © = (x1,22) and let py =1, po = 21 — 21, g, p3 = T2 — T2 g be a basis for
the space of the linear polynomials on E, with & = (21 g, x2, ) being the
center of mass of E. Then, we introduce the ng x 3 matrix N given by

Nij:pj(vi) 1=1,...,ng, 1=1,2,3,
where vi = (21,1,22.1),...,Vny = (T1ny, Tany) are the ng vertices of the
polygon F, i.e.,
1 myp—mp 21— T20p
1 mo—m11p X22—T2F

N=11 z3—z1p 223—22E |- (7)

1 Tipg —T1LE Tong — T2E

Then, it is easy to check that the consistency condition (3) can be expressed
as
NTAEy, = RTv, Vo, € R™E,

where the ng x 3 matrix R with columns R;, j = 1,2, 3, is the unique matrix
that represents the right hand side in (3)

Rgvh = KE Z (Vp; - u%)‘?(v}’ll +vy?) Vo, € R"P.
ecef



More precisely, for ¢ = 1,...,ng, let e; be the edge connecting the vertices
Vi = (214, 22,) and Vi1 = (21,441, Z2,i+1) (with the convention that v, 11 =
vi), and let v € R'*2 be the corresponding outward normal vector. Clearly,
‘ei‘l/% = (x27i+1—x27i, $17Z‘—x271+1). Therefore, the matrix R has the following
form

0 (lenplvg® +lerlvg)/2
0 (le1lvy + [e2lvs)/2
R=kp |0 (le2|vy + leslvy)/2
enEfl enE
0 (|enE—1|VE =+ ’enE|VE )/2
0 (w22 —T205)/2  (T1ng —712)/2
0 (w23 —x21)/2 (11 —21,3)/2
=kKrg |0 (w24 — 22)/2 (x12—214)/2

0 (w21 —T2mp-1)/2 (T1mp—1—211)/2

The above construction then provides a matrix representation of the con-
sistency condition
AEN =R

Moreover, it is easy to check that
(RTN);; = (NTAFN);; = / kpVpi-Vp; de =Ky i,j=1,2,3,
E

with K;; clearly equals to |E| if i = j = 2 or i = j = 3 and zero otherwise,
that is,

0 0 0
RIN=«xg [0 |E] 0
0 0 |E|
Let P = I—=N(N”N)~!N7 be the orthogonal projection on the Range(N)* or,

in another words, P is the projection on the space orthogonal to the columns
of N. Then, we set
AE L RRT

- ™ P
h |E|/€E +sP, (8)

with s = trace(%RRT) > 0 is a scaling factor.

We now prove a result which is basic in showing the coercivity, and, thus,
solvability of the discrete problem and estimating the condition number of
Ap.



Lemma 2.1 Af 1s positive semidefinite. Moreover, Afu = 0 if and only if
u=(a,...,a)" for some a € R.

Proof Using that P2 = P and P” = P, we have

1 1
Afwu,u) = RR u,u) + s(Pu,u) = —||[RTu|® + s||Pu|?, (9
(A1) = ppr (R ) 4 (P, w) = e [RTul? 4 5Pl (9)

for any u € R3. We next show that APu = 0 if and only if u = (a,...,a)T
for some o € R. One direction of the proof is easy. Indeed, taking u =

(a,...,a)T for a € R, then

o Q

@)

and hence

« (0%
APu=AEN[O]=R|0]| =0
0 0

To prove the other direction, let us assume that /-\Eu = 0. Equation (9)
clearly implies that RTu = 0 and Pu = 0. From Pu = 0, we conclude that
u € Range(N), and, hence, u = Nu for some @ = (u1, s, u3)? € R3. This
yields

Ru = APNu = Afu = 0.

We now want to show that (u1,ua,u3)” = (,0,0)7 for some a € R. Indeed,
the identity Ru = 0, shows that (2, us)? - vig =0fori=1,...,ng. As
at least two of the normal vectors {vj};'5 are linearly independent, this
implies that uo = ug = 0. Finally, the proof is concluded by setting u = «,
iy = u3 = 0, and computing Nu which yields w = Nu = (o,...,a)”. To
show part one of the thesis, we use that since the kernel of Af is made of
constant vectors, we have only to show that

(APu,u) >0,
for any non constant vector u = (uy,uz,u3)’. From (9) we clearly have

1

APy, u) =
( h ) ’E‘EE

HRTuH2 + sHPuH2 > 0,

since ||[RTu|| # 0 and ||Pul|| # 0 if w is a non constant vector.

Setting a5 = (AE )ij, as a consequence of the second part of Lemma 2.1 we
immediately get
E E
aii - — Z aw
JiyFi

9



We have then for u € R"® and v € R"E:

ng

E E
> (af)w —u) vy —v) = D (—af)(u; —ui)(v; — i)
i,j=1 1,147
= 2 Z agujvi -2 Z aiEjuivi
i jiidj i
ngE
= 2 Z aiEjujvi + 22&5%%.
i,j:i#] i=1
From this identity we get that
1 &
ay, (un, vn) = 5 Z (—af3) (ung — un ;) (Vni — Vhy), (10)
ij=1

where we employ the notation up; = up(vs), vi € Nf We note that the
sum above is over all (¢,7),i=1,...,npand j=1,...,ng.

We now introduce (on E) a different bilinear form which is spectrally
equivalent to a (-, -) but the summation is over fewer edges. We will denote
this new bilinear form with a”(-,-) and define it as

a” (up,op) = Y ke Y ’hlgée(uh)ée(vh), (11)

EeQy, eEEf ¢

where, for every e € &, we set dc(vp) = vp(v) — v (V') being v and v/ the two
vertices of the edge e. Based on (11), we define a global bilinear form on V},

a(up,vp) = Z a (up, vp). (12)

E€Q)y,
We have the following result.

Lemma 2.2 The bilinear forms a(-,-) and ap(-,-) are spectrally equivalent
with constant depending only on the mesh geometry.

Proof The spectral equivalence is shown first locally on every E. By Lemma 2.1
we have that aF(-,-) is symmetric positive semidefinite with one dimen-
sional kernel and therefore, ay,(vp,vp) is a norm on R /R. Same holds for
a(vp, vy), namely, this bilinear form also provides a norm on R"# /R (as long
as the set of edges in E forms a connected graph). It is easily checked that

the entries (a’ )i %, and the edge weight in (11) are the same order with

ij
respect to he and |E|. Finally, summing up over all elements F concludes
the proof of the lemma. Clearly, the constants of equivalence depend on the
number of edges of the polygons, which is assumed to be bounded by Ny

(see Assumption 2.1).

10



Lemma 2.2 implies that we can introduce energy norm on V}, via a(-, -)

2 |5e(vh)|2
lonllz = > kelBl Y ez (13)

EeQy, ecEF

We also observe that this energy norm is spectrally equivalent to the energy
norm induced by the graph-Laplacian bilinear form ar(-,-) (with constants
depending on the minimum and maximum values of the coefficient k(z)),
namely

ar(up,vp) = Z Z de(up)de(vn),

BEQ), ceef

lonll2, = an(vnvn) = D Y [0e(va)]*.

EeQy, eegf

(14)

As easily seen the graph-Laplacian bilinear form ay(-,-) is the same as af(-, -)
when all coefficients a. := kg|E|/h? are set equal to one. To conclude this
section, let us mention that in the appendix, Lemma A.1, we prove Poincaré
type inequality for the bilinear form in (14), which also gives an estimate on
the condition number of Ay,.

Remark 2.1 Thanks to the Dirichlet boundary conditions, the quantity ||-||,
is a norm on Vy,. For Neumann problem, it this will be only a seminorm.
We remark that || - ||, resembles a discrete H()) norm; indeed, the quantity
h;lée(vh) represents the tangential component of the gradient on edges and
the scalings with respect to hg and h. give an inner product equivalent to the
HY(Q) on standard conforming finite element spaces.

In the next section we provide construction of uniform two-level precondi-
tioner for a(+,-) and prove uniform bound on the condition number of the
preconditioned matrix. Thanks to Lemma 2.2 a uniform preconditioner for
a(-,-) will also provide a uniform preconditioner for a(-, ).

3 A Two-Level Preconditioner

In this section we describe a two-level method for preconditioning the linear
system of equations (6). In the analysis of the two level preconditioner we
denote by (,-)x and || - || x, respectively the inner product and the norm
generated by a symmetric positive definite matrix X.

The bilinear form a(-, ) corresponds to the linear system Au = f, where
the operator A : Vj, — V} is defined as (Aup,vp) = alup,vy). We stress
again that in this section we construct preconditioner for a(-,-), rather than
for ap (-, -), although this is not a restriction, since these two bilinear forms are
equivalent (per Lemma 2.2) and a uniform preconditioner for a(-,-) provides
uniform preconditioner for a(-,-) and vice versa.

11



The bilinear form a(-,-) can be written in more compact form,

a(up,vp) = Z aede(up)de(vy), forall wup € Vi, vy €V (15)
ee&y

Here, all coefficients a. are positive, as easily seen from the relation defining
a(-,-)in (11) and (12).

Let Qg be the coarse partition that generated the fine grid through the
refinement procedure described in Algorithm 1. Denoting by £ the set of
edges of the coarse partition Qp, and for any v,, = vy,(e), e € Ep, let v
and v/ be the two endpoints of the edge e. Let Vg C V}, be the coarse MFD
space. Note that Vg is a subspace of V3, and hence we will have to specify
the vertex values on the fine partition ), of every element of V. This is
easy to do by introducing the natural inclusion operator [ I}_f,, also known
as the prolongation operator, which characterizes the elements from Vi as
elements in V3. Its action corresponds to an extension of the coarse grid
values to the fine grid vertices by averaging. Denoting by Ny the set of all
vertices of Qyr, and denoting by Ng the number of vertices of the element
E € Qp, for I}‘I : Vg — Vi, we have

(I;LIUH)(V) =vg(v), for all v e Ng,
(Ivm) (vim(e)) = %(vH(v) +ovg(v')), forall vp(e), e € En
1
(Ivn)(zp) = e EN: v (v) for all E € Qy
ve 5

where the point zg is defined as in Algorithm 1 (see also Figure 2).

We denote by Il : V), — Vg the standard interpolation operator,
namely, for all v, € V}, the action Ilgwvy, is the element of the coarse space
Vi which has the same value as vy, at the coarse grid vertices, namely,

Myvp € Vi, and  (Igwvp)(v) = vp(v) forall v e Ng. (16)

There are several different norms on V}, that we need to use in the analysis.
One is the energy norm || - ||, that was already introduced in (13). Further,
if D denotes the diagonal of A, then we introduce the D-norm |[[v]3, =
(Dup,vp) for all vy, € V. This norm is clearly an analogue of a scaled
L?-norm in finite element analysis. A direct computation shows that

(Duh,vh):Z Z ae | up(v)vg(v). (17)

VEN}, \e€&p:edv
By Schwarz inequality we easily get the bound

lvrlle < epllonllp  for all vy, € Vp, (18)

12



and the constant cp, by the Gershgorin theorem, can be taken to equal
the maximum number of nonzeroes per row in A. On the coarse grid we
introduce two types of bilinear forms:

i) a restriction of the original form a(-,-) on Vg, denoted by ag(-,-) :
Vg x Vg — R;

ii) a sparser approximation to ag(-,-), which we denote by by (-,) : Vi x
VH — R.

The latter bilinear form is build in the same way (11) was built from (10).
The formal definitions are as follows:

(Agum,vy) = a(um,ve),

(Buus,vi) = by (um,vm) = Y acmde(um)de(v). (19)

ecfy

The main reason to introduce the approximate bilinear form b (-, ) defined
in (19) is that this form is much more suitable for computations because the
number of nonzeroes in the matrix representing By has less nonzeroes than
in the matrix representing Ay. To see this, and also to show the spectral
equivalence between Ay and By, we write the restriction of the operator A
on the coarser space in a way that is more suitable for our analysis. First, we
split the space of edges &, in subsets of edges on coarse element boundaries
and edges interior to the coarse elements,

En = Em U [Upeay &o,5] -

Here, e € &, is a subset of e € &, connecting the mid point of a coarse
edge ey to the vertices of er. Thus, every eg € gy gives two edges in &,
or we have

Em =Ueyeeyler1 Uenp), where emq, ega € &p.

Further, for every E € Qp, & g is the set of edges connecting the mass
center of £ with the midpoints of its boundary edges (see Figure 2).
With this notation in hand, we write the restriction of A on Vg as fol-

lows.
ap(um,vg) = Y Geg Oeg, (Wr)0esy, (Va) + Gegg y0eps , (Ur)Oeys, (VE)
€H€5H
+ > > aebe(um)de(vn)
EeQy 6650 E
:fZaeeuH Z ZaeeuH H)
GEEH EEQH EEgoyE

(20)

13



Figure 2: A coarse element; boundary and internal edges.

where de = (@ey, + Gey,)- In addition, for any fixed element E € Qp, we
obtain

Z aede (UH)66 (’UH) =

eeé'o,E

— Z nlE Z ae(uH(vm)—uH(V;n))(UH(Vm)_UH(V;n)) (21)

Eego’E 8/650,E

where we denote by v/, the midpoint of €. This identity follows from the
fact that each of ug(xpg) is an average of vertex values which is actually
equal to the average of midpoint values for uy € Vi and vy € Vj.

Finally, in the definition of the two-level preconditioner we need the ¢2
orthogonal projection Qg onto the space Vi, i.e.,

(Quvn,vE) = (vh,ve) Yo € Vg,

The (symmetrized) two—grid iteration method computes for any given
initial iterate u® a two-grid iterate uT¢ as described in Algorithm 2 where
R denotes a suitable smoothing operator.

TG%UO

1: Pre-smoothing: v =u® + RT(f — Au®);
2: Coarse-grid correction: eg = BBIQH(f — Av), w=v+epy;
3: Post-smoothing: u'® = w + R(f — Aw).

Algorithm 2 Two-level algorithm:

The error propagation operator E associated with this algorithm satisfies
the relation
E=(I—-RA)I - B;'QuA)(I - R"A).

A wusual situation is when F is a uniform contraction in || - ||g-norm. This
is definitely the case when By = Ap. A proof of this fact follows the same
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lines as the proof for the case By # Apg which we present below. In the
case By = Ap the operator F is a contraction because (I — A; QpA) is an
A-orthogonal projection and therefore non-expansive in || - || 4-norm and, in
addition, (I — RA) is a contraction in || - || 4 norm.

However, when the coarse grid matrix is approximated, i.e. we have
By # Ap, then the error propagation operator does not have to be a con-
traction and we aim to bound the condition number of the preconditioned
system. In order to show uniform bounds on the condition number of the
system preconditioned by the two level MFD preconditioner it is useful to
consider its explicit form given by B~' = (I — E)A~!, or,

B™' =R+ (I - ART)B;'Qu(I — RA). (22)

As is well known (see [47, pp.67-68| and [37]), if | — RA||a < 1 then the
preconditioner B is symmetric and positive definite. Such statement follows
from the canonical form of the multiplicative preconditioner as given in [47,
Theorem 3.15, pp. 68-69] and [32].

Theorem 3.1 (Theorem 3.15 in [47]) The following identity holds for the
two level preconditioner B, given by (22)

(Bv.v) = min (lonlh, +v— (- R Aegll} ). (@23)

v EV]

What we will do next is to use this theorem and derive spectral equivalence
results for B and A.

3.1 Smoother: assumptions and properties

For the smoother R we assume that it is nonsingular operator and convergent
in || - [[g-norm, that is,

| — RA||> <1—6p < 1.

This implies that the operator D = (R™! + R~7 — A) is symmetric and
positive definite and also the so called symmetrizations of R, namely R =
RTDgR and R=RD rR”T are also symmetric and positive definite. Denot-
ing with D the diagonal of A, we make the following assumptions:

Assumption 3.1 We assume that in the case of nonsymmetric smoother,
R # RT, the following inequality holds with Dr = (R~ + R™T — A) and D,
the diagonal of A:

(Drv,v) < (Do, v).

We note that we made this assumption only for a nonsymmetric smoother
R # R”T. This assumption is easily verified for Gauss-Seidel or SOR smoother.
For example, in the case of Gauss-Seidel smoother we have Dr = D and for
SOR method with relaxation parameter w € (0,2) we have D = 277‘“D.

The next assumption is a typical assumption in the multigrid methods
(see [35], [19]) and is as follows.
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Assumption 3.2 Let R be the symmetrization of R and D let be the diag-
onal of A. We assume that

(Dv,v) < (ﬁv,v)

Such assumption is easily verified for Gauss-Seidel method, SOR or Schwarz
smoothers (see [49, 47]), and also for polynomial smoothers as well (see [40]).

3.2 Coarse grid approximation properties

To study the spectral equivalence between the preconditioner defined by
the two level method and A we need several auxiliary results which are
the subject of the next two Lemmas. The first result is an approximation
property and is instrumental in the analysis.

Lemma 3.1 For every v, € V}, we have

lon = Mon]|B < erllvnll? (24)
for a positive constant cy independent of vp,.
Proof For v, € V}, we have that

(vn — Opvp) (Vin) = vp(vim) — %(Uh(V) + op(V'))

= %(Uh(vm) —vp(v)) + %(vh(vm(e)) — (V). (25)

Analogously, we obtain

(on —gop)(xg) = op(xe) = — > Hyop(v)
nEe VENhE
= Y onlxe) — wn(v). (26)

Next, we use (25)-(26) and the definition of || -||p given in (17). Splitting the
sum over v € NV}, in accordance with (2) into: (1) a sum over the midpoints of
coarse edges; and (2) sum over mass centers of coarse elements; and recalling
that (vy, — IIgvp)(v) = 0 for v € Ny then gives

lon —Tgwaln = > | D ac | [(v—Tgvy)(v)]?

VEN}, \ e€&;vee
1

= 5 D (Gess + ey Ferga (00) + Gy (00)?
eg€fy
1
f Y LS ) S e
EeQy E e/EEO,E eEgo,E
< crllunlly.
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The proof is complete.

3.3 Spectral equivalence result

In this section we prove that the preconditioner given by the multiplicative
two level MFD algorithm is spectrally equivalent to the operator A.

Lemma 3.2 For every v, € Vy, the following inequalities hold with positive
constants cy, cs, c1, and co independent of v, € Vi, and vy € Vi

(1) [Mavnlla < csllvnllas
(i) (Avn,vp) < (R op, vh);
(iii) (RR'RT Avy, Avy) < Crllvp|la;
(iv) cl_l(BHvH,UH) < (Agvg,vy) < co(Byvg,vy).

Proof We prove (i) by using the inequality (18) and the approximation
property proved in Lemma 3.1

< lvn —Hgvnlla + [Jvalla
< epllvp = gvp|lp + [[valla < (1 + crep)||vnlla-

The proof of (ii) follows from the following implications

0 < (I — RA)w||3 = 0 < (I — RA)vy,vp)a =
(RA’U]—L, Avh) < (Avh,vh) — (Al/QEAl/QUh,Uh) < (vh,vh) —
(Uh, Uh) < (A71/2§71A71/21)h, Uh) = (Avh, Uh) < (Eilvh, Uh).

The proof of (iii) is as follows. If the smoother is symmetric, that is,
R = RT we have with X = AY2RAY? and wy, = AY?vy,:

(RR'RT Av,,vp)a = (21 — X) ' Xwp, wp) < (wp,wp) = |Jonl)4.

We used above that || X| < 1 and that 5 € [0,1] for ¢ € [0,1]. For the
nonsymmetric smoothers, the estimate follows from Assumption 3.1

(RR™'RT Avy,,vp)a = (D' Avy, Avp) < (AYV2D™ A P wy, wy,)
< p(AYVEDTLAY2) (wp, wp,)
= p(D7V2ADTV2)up % = crlun3.

Finally, (iv) follows by using the formulae given in (21) and (20) and
proceeding as in the proof or Lemma 2.2. Note that to prove the spectral
equivalence we need to only estimate the second term on the right side of (20)
(or equivalently the term on the right side of (21)). This is straightforward
using the fact that all norms in a finite dimensional space are equivalent.
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In the proof we used (21) and (20) to show that ag(-,-) and by (-, -) are
equivalent. We remark that to achieve that, the coefficients a. r of the coarse
grid bilinear form by (-, -) in (19) can be all set to one. Then the equivalence
constants in Lemma 3.2 will depend on the variations in the coefficient k(z).
However, other choices are also possible. One such choice is minimizing the
Frobenius norm of the difference of the local matrices for by (-, ) and ag(-,-).
For more details on such approximations that use the so called edge matrices
we refer to [39].

Using the canonical representation for B given in (23) we prove the fol-
lowing uniform preconditioning result.

Theorem 3.2 The condition number of BA satisfies
k(BA) <2max{l,ca}(cics + 2¢1 + 2¢s).

Proof In this proof, we use the Assumptions 3.1-3.2 and Lemma 3.1 and
Lemma 3.2. We first show the lower bound. For any v, € V}, and vg € Vg
we have

ol < 2llon — (I = R Ayogr | + 2(/(1 = RT A)om 1%
< 2fon — (I = R" Ao || %, +2|vm|%,
< 2max{1, e} [lon — (I = R" A)vg |}, + ||UHH,29}—11]‘

Taking the minimum over all vy, € V}, then shows that
(Avp,vp) < 2max{1, o} (B oy, vp).
For the upper bound, we choose vy = IZUh and we have

(B on,on) < el Tonllh + 2llon — Thonl%, + 2| RT ALfron[|%
< cresllonllh + 2erllvnllh + 20T onl%
<

(c1es + 2¢1 + 2¢5) (Avp, vp).
The proof is complete.

Remark 3.1 We remark, that a multilevel extension of the results presented
here is possible via the auziliary (fictitious) space framework (since the bi-
linear forms are modified). We refer to [48] [45] and [36, Section 2]) for the
relevant techniques that allow the extension of the results presented here to
the multilevel case.
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(a) Initial level £ =1, fine level £ =0 (b) Initial level £ = 2, fine level £ =0
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(c) Initial level £ =1, fine level £ =1 (d) Initial level £ = 2, fine level £ =1

Figure 3: Top: Tria, Quad and Hex meshes with initial levels £ =1 (left)
and £ = 2 (right) and fine level £ = 0. Bottom: corresponding grids obtained
after a uniform refinement (¢ = 1) employing the refinement strategy of
Section 3.

4 Numerical Results

We are interested in approximating the solution of the elliptic problem (1)
on the unit square, where the right hand side is chosen so that the analytical
solution is given by

X1
u(xy, r2) = 21 (22 — x%) exp(z2) cos (7) .

2

We start from the initial grids of levels £ = 1,2 shown in Figure 3 (top),
that we denote by Tria, Quad and Hex meshes, respectively. Starting from
these initial grids, we test our two-level solver on a sequence of finer grids
constructed by employing the refinement strategy described in Section 3.
More precisely, at each further step of refinement ¢ = 1,2,... we consider a
uniform refinement of the grid at the previous level obtained employing the
refinement strategy described in Section 3, cf. Figure 3 (bottom) for ¢ =1,
i.e., the meshes obtained after one level of refinement. As pre-smoother we
employ v steps of the Gauss-Seidel iterative algorithm, while a direct solver
is employed to solve the coarse problem. All simulations are performed
by using the null vector as initial guess, and we use as stopping criterium
|#®)|| < 1079||b]|, being ) the residual at the k-th iteration, b the right-
hand side of the linear system, and || - || the Euclidean norm.

In Table 1 we report, starting from the initial grids shown in Figure 3
with £ = 0, and £ = 1, the iteration counts of our two-level algorithm when
varying the fine refinement level £. This set of experiments has been obtained
with v = 2 pre-smoothing steps. We clearly observe that our solver seems
to be robust as the mesh size goes to zero: indeed the iteration counts are
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it. p K(A) rate|it. p K(A) rate|it. p K(A) rate
l= 18 0.3 1l.le+l - 9 0.1 59e+0 - 7 01 6.9e+0 -
= 13 02 49e+1 22 | 8 01 26e+1 21 | 8 01 32e+1 22
(=318 0.1 22+2 21 |8 0.1 1.de+2 2.0 |10 0.1 14et2 2.1
£=4122 04 92+2 21 |9 01 42e+2 20 |11 01 6.2e+2 2.1
l= 23 04 39+3 20 |9 01 1.7e+3 20 |12 02 1l.le+4 2.1
Tria grids Quad grids Hex grids

Table 1: Iteration counts of the two-level algorithm and computed conver-
gence factor p for different fine refinement level ¢ starting from the initial
grids of in Figure 3 with £ = 1. For completeness, the condition number of
the stifness matrix C(A) and its growth rate are also reported. Number of
pre-smoothing steps v = 2.

almost independent of the size of the problem. In Table 1 we also show the
computed convergence factor

Lo [l
=exp [ —lo , 28
where n is the number of iterations needed to achieve convergence. Finally,
for completeness, we have also computed the condition number of the stiff-
ness matrix xk(A) as well as its growth rate (cf. Table 1). As expected, we

can clearly observe that the condition number increases quadratically as the
mesh is refined.

We have repeated the same set of experiments starting from the initial

grids depicted in Figure 3 with £ = 2 and ¢ = 0. The computed results
are reported in Table 2. Notice that, in this case, on Hex-type grids the
condition number seems to grows slightly faster than expected.
Next, we address the influence of the number of smoothing steps of the per-
formance of our two-level solver. In Table 3 we report the iteration counts
when increasing the number of pre-smoothing steps v = 3,4,5. The results
shown in Table 3 have been obtained starting from the initial grids of Figure 3
with £ = 1 and £ = 0; the corresponding ones obtained with the initial grids
of Figure 3, £ = 2 and ¢ = 0 are completely analogous and are not reported
here, for the sake of brevity. From the iteration counts reported in Table 3
we can conclude that (7) in all the cases considered, our two-level method is
robust as the mesh size is refined; (i) as expected, the performance of the
algorithm improves as the number of smoothing steps increases.
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it. p K(A) rate|it. p K(A) rate|it. p K(A) rate

£=1]16 0.3 4.3e+1 - 8§ 0.1 2.7e+1 - 7 0.1 13e+l -

(=214 02 20e+1 22 |9 01 1llet2 21 |14 0.2 6.5e+1 24
(=317 02 86e+2 21 |10 0.1 4.6e+2 2.0 |18 0.3 3.3e+2 24
¢=4121 04 37e+3 2.1 |10 0.1 19e+3 20 |22 04 2.le+3 2.6

Tria grids Quad grids Hex grids

Table 2: Iteration counts of the two-level algorithm and computed conver-
gence factor p for different fine refinement levels ¢ starting from the coarse
grids of in Figure 3 with £ = 2. For completeness, the condition number of
the stifness matrix C(A) and its growth rate are also reported. Number of
pre-smoothing steps v = 2.

v=3 v=4 v=>5|v=3 v=4 v=>5|v=3 v=4 v=5

(=1 11 9 8 7 6 5 6 6 5

(=2 10 9 8 7 6 6 7 6 6

=3 11 11 9 7 6 6 8 7 7

l= 15 12 10 7 6 6 8 8 7

{= 16 13 11 7 6 6 9 8 7
Tria grids Quad grids Hex grids

Table 3: Iteration counts as a function of the number of pre-smoothing steps
v = 3,4,5 and for different fine refinement levels ¢ starting from the initial
grids of Figure 3, £ = 1.

Finally, we demonstrate numerically that our scheme also provides a uni-
form preconditioner, that is the number of PCG iterations needed to achieve
convergence up to a (user-defined) tolerance is uniformly bounded indepen-
dently of the number of degrees of freedom whenever CG is accelerated by the
preconditioner described in Section 3. In Table 4 we report the PCG iteration
counts as a function of the number of the fine level £ = 1,2, 3,4,5 starting
from the initial grids shown in Figure 3 (£ = 1,2, ¢ = 0) for Hex-type grids.
For completeness, we also report the computed convergence factor p (second
and fifth columns) and the correspondindg CG iteration counts needed to
solve the unpreconditioned system (third and sixth columns). It is clear that
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employing our preconditioner leads to a uniformly bounded number of itera-
tions (independent of the characteristic size of the underling partition). On
the other hand, the iteration counts needed to solve the unpreconditioned
systems grows linearly as the mesh size goes to zero.

PCGit. p CGit. | PCGit. p CGit.
{= 10 0.25 19 11 0.27 30
{= 12 0.29 42 10 0.25 66
= 10 0.23 92 10 0.23 133
(=4 10 0.23 210 10 024 324
=5 10 0.25 533 - - -
L=1 L=2

Table 4: PCG iteration counts and computed convergence factor p as a
function of the number of level ¢ starting from the initial grids of Figure 3,
L = 1,2, Hex grids. For comparison, the CG iteration counts needed to
solve the unpreconditioned systems are also reported.

5 Conclusions

We have proposed and analyzed a two level preconditioner for the mimetic
finite difference discretization of elliptic equation. Our preconditioner uses
inexact coarse grid solver (non-inherited coarse grid bilinear form) and results
in optimal method with sparser coarse grid operators. We proved that the
condition number of the preconditioned system is uniformly bounded. We
also implemented the preconditioner and verified numerically the theoretical
results.
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A Poincaré-type inequality

We now give a lower bound of the Poincaré constant and the condition
number of the MFD matrix. We estimate the Cheeger’s constant (see [31])
for the graph corresponding to the MFD and our considerations closely follow
[38, 33|. Below we do not consider any boundary conditions on our vectors
from V} and remark that the case when we have boundary conditions is
included in the proof (for details see [31]). In the following, for the ease of
presentation, we omit the subscript 4 on the vectors/functions, namely, we
shall use u,v and w instead of uy, v, and wy,.

The graph Laplacian is defined in (14) and we recall the definition here,

(Lu,v) =ar(u,v) = Z de(u)de(v) forall weV,, velV,.

eeép
The smallest eigenvalue of £ is A\; = 0 with eigenvector wy; =1 = (1,...,1)T.
We denote by A2 the minimum, nonzero eigenvalue of £, that is
L
ho= inf  E2A (29)

2eVi,(1,1)=0 (z,2)
Let w € V3, be one of the eigenvectors corresponding to Ao, that is, w satisfies
(Lw,v) = Aa(w,v) forall v, €V}, . (30)

For every v € V}, we define v* as

] ulv) ifo(v) >0
V) = {0 otherwise. (31)

Accordingly, we define v~ such that v~ = v+t — v. The following result

provides a lower bound for the minimum eigenvalue As.

Lemma A.1 Let w € V}, be an eigenvector of L corresponding to Ao. Then

(Lwt,wh)

Ag >
T (wh )

(32)

Proof From (30) we have
(Lw,wT) = Xy(w,w™).
We note that
(w,w") = (wT,w") and (Lw,w") = (LwT,wT) - (Lw ,w").

A simple calculation shows that

(Lo, wh) == Y |w(vi)w(ve)l

{Vl 7V2}€€§
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where & = {{vi,v2} € &, 1 w(vi)w(va) < 0} C &,. Hence, we have
(Lw,w™) _ (Lwt,wt) + |(Lw™,wT)| - (Lwt,wt)
(w,wT) (wt,wt) — (whwt)

which completes the proof.

Let S be a subset of A} and S = A}, \ S. We denote by £(S,S) the set of

edges with one endpoint in S and the other in S. We define the Cheeger
constant C. for £, as follows

A2

£(S, )]
SCA, min(|S], |S|)’
where |S| and |£(S, S)| denote the cardinality of S and (S, S), respectively.

The Cheeger’s constant provide We are ready to prove the following
Poincaré-type inequality.

C. = (33)

Proposition A.1 Let C, be the Cheeger constant associated to the partition
Q. Then there holds
C2(v,0) < (Lv,v) (34)
for every v € Vj, .
Proof From Lemma A.1 we have for all v € V},,
+ ot
(Lo0) o (Lwtiwh)
(v,v) (wt,wt)
We relabel the vertices of €, according to the eigenvector w so that w(v;) <

w(viq1) for i = 1,...,(Np — 1), where Nj, = |NVp| is the cardinality of Np,.
Then, for every 1 < i < Np we consider the set

Ci={(vj,vi) €& 1<j<i<k< N, }

(35)

and we define

- |Cil
112N, min(1, Ny \ {i})
It is clear that o > C.. Setting ;7 = {v € N}, : w(v) > 0} and denoting
by ET C & the set of edges e = {v1,va} with vi,vy € ./\/';r and by o.(v) =
(v(v1) + v(ve)) yield
(Lot wt)  Toepr Bl )P s 0ot e loe(w )P
[ 2

(U)J'_, w+) ZVENh B

o =

)

WP Teen, W (V)2 Teeproe(w?)
+12v) Nj—1 , 200Nl

(Leee, 0elw®) " (S @i (visn) = wd(v))[Cil)

D SV I en, Wi (V)2
(M R (vien) —wf(w))ia)
> " >a?>C2
42V€Nh wh (V)

Combining the above result with (35) yields the result.
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It is straightforward to prove the following estimate. We then have the
following corollary.

Corollary A.1 We have the following estimate on the condition number of

L:
(Lov,v)

(v, 0)

for every v € Vi, where C, = max, |{e € &, } e D v}

C? < <C, (36)

To conclude, let us mention that for finite difference or finite element meshes
one can obtain a quantitative estimate on C,.. In d-spatial dimensions we
have

in |S| ~ h™ in|&(S,8)| ~ h' 4, d (Lv,v) ~ h> .
g}g;l | mgnl (S,9)| and (Lo, v) |5 ()

This matches the usual Poincaré inequality, because after rescaling (v,v) ~
h*deH%Z(Q) we have that (v,v) < (Lv,v) =~ ’v|12‘11(9) as expected.
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