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Abstract

In this work we address the reduction of face degrees of freedom (DOFs) for discrete elasticity
complexes. Specifically, using serendipity techniques, we develop a reduced version of a recently
introduced two-dimensional complex arising from traces of the three-dimensional elasticity complex.
The keystone of the reduction process is a new estimate of symmetric tensor-valued polynomial
fields in terms of boundary values, completed with suitable projections of internal values for higher
degrees. We prove an extensive set of new results for the original complex and show that the reduced
complex has the same homological and analytical properties as the original one. This paper also
contains an appendix with proofs of general Poincaré—Korn-type inequalities for hybrid fields.
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1 Introduction

The development of computationally viable discrete elasticity complexes is a long-standing problem in
numerical analysis. Finite element versions of the elasticity complex typically require a large number
of degrees of freedom (DOFs) to deal with the symmetry constraint on tensor-valued fields [1-4, 10,
25]. Particularly critical are DOFs attached to mesh faces, that cannot be efficiently eliminated via
static condensation. In this work, we study DOFs reduction through serendipity. Serendipity techniques
exploit the information on the boundary to fix the values of (a subset of) internal DOFs while preserving
polynomial consistency. When working with discrete complexes, this reduction must be carefully
designed in order to preserve key properties of the original complex.

With face DOFs reduction in mind, we focus on the two-dimensional div-div complex [11] that arises
when considering traces for the three-dimensional elasticity complex on polyhedra (see [10, Section
3.4]). Specifically, denoting by Q c R? a bounded connected polygonal set and by § the set of symmetric
2 X 2 matrices, this complex reads:

sym curl iv div
RTH(Q) — H'(Q:R2) 2% H(divdiv,Q:5) 2% 72(0) —2 0, (1.1)

where “sym” denotes the symmetric part of a space or an operator, R7(Q) := P°(Q) + xP°(Q) is
the lowest-order Raviart—-Thomas space [24], and a definition of the sym curl and div div operators
in Cartesian coordinates is given in (2.1) below. A discrete version of the complex (1.1) has been
recently obtained in [13] following the discrete de Rham (DDR) paradigm [15, 18]. A salient feature of
DDR constructions is the native support of general polygonal/polyhedral meshes, which simplifies the
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Discrete space ‘ k=3 k=4 k=5 k=6

Triangle, nr =3

HY (Q;R2) | 2420 (-17%) 36+30(-17%) 5042 (-16%) 6656 (-15%)
H(divdiv,Q;S) | 2420 (-17%) 3933 (-15%) 57«49 (-14%) 78 * 68 (-13%)

Quadrangle, ny =4

HY(Q;R2) | 3024 (-20%) 44 +34(-23%) 6046 (-23%) 78 » 60 (-23%)
H(divdiv,Q;S) | 30«24 (-20%) 47«37 (-21%) 67«53 (-21%) 90 * 72 (-20%)

Pentagon, n =5

HY (Q;R?) | 3630 (-17%) 52+40(-23%) 7052 (-26%) 90 » 66 (-27%)
H(divdiv,Q;S) | 3630 (-17%) 5543 (-22%) 7759 (-23%) 102 « 78 (-24%)

Table 1: Number of DOFs for the full * serendipity discrete counterparts of the spaces H'(Q;R?) and
H (div div, Q;S) on a triangle, quadrangle, and pentagon element T for polynomial degrees k ranging
from 3 to 6. The relative DOFs reduction is in parenthesis. The parameter ny is defined in Assumption
10 below.

discretisation of complex domain geometries and/or the capture of fine-scale features of the solution.
Alternative approaches to the use of polygonal/polyhedral meshes in the finite element framework include
the fictitious domain method popularised by the work of Glowinski and coauthors; see, e.g., [19, 20]. In
this work, following the abstract framework of [16] (closely inspired, through the bridges constructed
in [7], by the ideas originally developed in [5, 6, 8]), we derive a reduced version of the DDR complex
of [13] that preserves both its homological and analytical properties. The keystone of this reduced
version is the estimate of tensor-valued polynomials established in Lemma 11 below, which provides
indications on which DOFs can be discarded while preserving polynomial consistency. A comparison
of the number of DOFs between the full and serendipity div-div complexes for various element shapes
is provided in Table 1, showing gains between 13% and 27% for the considered polynomial degrees k
and element shapes.

The rest of this work is organised as follows. In Section 2 we briefly recall the general setting. The
construction underlying the full DDR div-div complex is briefly recalled in Section 3, where we also
prove a complete set of analytical results (Poincaré inequalities, consistency, and adjoint consistency)
that complement the ones established in [13]. The serendipity version of the DDR div-div complex is
derived in Section 4. Through the sufficient conditions identified in [13], we establish, in Theorems
19 and 23 below, that the serendipity and full complexes have analogous homological and analytical
properties. Finally, Appendix A focuses on Poincaré—Korn type inequalities for hybrid vector fields that
are instrumental for the previous analysis.

2 Setting
2.1 Two-dimensional vector calculus operators

Consider the real plane R? endowed with the Cartesian coordinate system (x1,x2), and denote by
0; the partial derivative with respect to the ith coordinate. We need the following two-dimensional

differential operators acting on smooth enough scalar-valued fields ¢, vector-valued fields v = (:1), or
2



711 7-12)

matrix-valued fields T =
To1 T22

0
curlg = ( 24 , TOtv:i=0yvy — 01va,
—-01q
. O1v1  O9vy O9v1 ZO01v+dpvy
divy = 01vy + ova, radv = , symcurly = _ 2 , (21
SERRCIE ((91V2 022 Y —61V12+62V2 —01va o
dive = 01711 + 02712 rot T = 0111 — 0112
01721 + 02122’ 02721 — 01T22)
Defining the fourth-order tensor C such that
—T11+7T22
T12 — 9 11 T12 2x2
=|_ YVt = eR 2.2
cr (—7“;722 —T91 ) T (7'21 T22) ’ @2

we have sym curlv = Cgradv.
2.2 Mesh and notation for inequalities up to a constant

We denote by My, = 7, U &, U V), a polygonal mesh of Q in the usual sense of [17], with 7y, &y,
and YV}, collecting, respectively, the elements, edges, and vertices and /4 denoting the meshsize. For
allY € My, we let hy denote its diameter so that, in particular, 4 = maxr g, hr. My, is assumed to
belong to a refined mesh sequence with regularity parameter bounded away from zero. We additionally
assume that each element T € 7}, is contractible and denote by x7 a point inside 7" such that there exists
a disk contained in T centered in x7 and of diameter comparable to A7 uniformly in 4. The sets of
edges and vertices of T are denoted by & and Vr, respectively. By mesh regularity, the number of
edges (and vertices) of mesh elements are bounded uniformly in /. For each edge E € &, we denote by
Vg the set of vertices corresponding to its endpoints and fix an orientation by prescribing a unit tangent
vector ¢g. This orientation determines two numbers (wgv )veq, in {—1,+1} such that wgy = +1
whenever ¢ points towards V. The corresponding unit normal vector ng is selected so that (¢g, ng)
forms a right-handed system of coordinates, and, for each T € 7}, such that E € &, we denote by
wrg € {-1,+1} the orientation of E relative to T, defined so that wr gnrg points out of 7.

From this point on, a < b means a < Cb with C only depending on €, the mesh regularity
parameter, and the polynomial degree k of the complex (see (3.1) below). We also write @ ~ b as a
shorthand for “a < band b < a”.

2.3 Polynomial spaces

Given Y € M, and an integer m > 0, we denote by P"*(Y) the space spanned by the restriction to
Y of two-variate polynomials of total degree < m, with the additional convention that P~1(Y) = {0}.
The symbols P (Y; R?) and P™(Y; S) denote, respectively, vector-valued and symmetric tensor-valued
functions over Y whose components are in " (Y). Finally, for each T € 7, we denote by P (Er) the
space of broken polynomials of total degree < m on &r. Vector and tensor versions of this space are
denoted in boldface and the codomain is specified.

Denoting by sym 7 = =

2 " the symmetrisation operator, the following decompositions hold:
P"(T;S) = H"(T) @ H*"(T)
with H™ (T) := hess P"**(T) and H*™(T) := sym ((x - x7)* ® P H(T;R?)),
and
P"(T;S) = C™(T) & C“™(T)
with C™(T) := sym curl P (T; R?) and C>"™(T) = (x — x7)(x —x7) P %(T).

The following result will be needed in the analysis.

2.3)



Proposition 1 (Continuity of the inverses of local isomorphisms). Letm > 1 and denote by P"™(T) the
subspace of P (T) spanned by polynomials that are L?-orthogonal to P (T). Then, rot : H*™(T) —
P T R2), and, if m > 2, divdiv : C“"™(T) — P™ 2(T) and hess : P"1(T) — H" %(T) are

isomorphisms with continuous inverse, i.e.,

”UHLQ(T;RQXQ) < hr||rot U||L2(T;R2) Yv € H"™(T), 2.4)
]l 27 meey S Hg Il divdive|lpz Yu € C“™(T), (2.5)
lgllz2ry < hfllhessqllpzrpoey, Vg € P"NT). (2.6)

Proof. The proof hinges on a scaling argument analogous to the one used in [15, Lemma 9], not repeated
here for the sake of brevity. |

Given a polynomial (sub)space X" (Y) on Y € My, the corresponding L>-orthogonal projector is
denoted by 'y ,,. Boldface fonts will be used when the elements of X™ (Y) are tensor- or vector-valued.

3 Full spaces and reconstructions

In this section we briefly recall the discrete div-div complex of [13], for which we prove a complete
panel of properties including Poincaré inequalities, consistency, and adjoint consistency results that
complement the ones established in the previous reference.

3.1 Spaces
Throughout the rest of the paper, the integer

k>3 3.1

will denote the polynomial degree of the discrete complex. The discrete counterparts of the spaces
H'(Q;R?) and H(div div, Q; S) are, respectively,

Vi = {Kh = ((vr)res,, VE)ECE, Vv, Gy v)ven,) : (3.2)
vr € PX2(T:R?) forall T € 7y,
ve € PKHE;R?) forall E € &),
vy € R2and G,y € RZ2 forall V € V, }
zit= {Ih = ((tr: Ty 1)1 em, (76, Dr.p)Ece,, (Tv)vew,) (3.3)
THT € H*4(T) and T;{’T e H*Y(T) for all T € T3,
15 € P¥3(E) and D; g € P¥2(E) forall E € &,
Ty € Sforall V eV, }
The interpolators 15 , : CY(Q;R?) — V¥ and IX} : H?(Q:;S) — XX are such that, for all
°T] LA ; Y Iy n ; Zh ,
v € CH(Q;R?) and all T € H*(Q;S),
L = (w2 vim)ren, (1 v ip)peey, (v(ey), grad v (xv))y )
k=1 ._ ( (k-4 k-1 k-3 k-2
Iy 7= ((”ﬂ,TTIT’”?H,T T|T)Te7;,’ (”P,E(TIE"E : nE)’ﬂP,E(SET)EEST’ (T(xV))VEVT)’

where xy denotes the coordinate vector of the vertex V € Vr while, for all E € &7, . denotes the
derivative along the edge E in the direction of ¢ and we have set, for the sake of conciseness,

OET = 6tE(T|EnE : tE) + (dIVT)|E "RE.
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As customary for DDR methods, we denote the restrictions of spaces and operators to a mesh element or
edge Y € 7, U &, by replacing the subscript “A” with “Y”". Such restrictions are obtained collecting the
polynomial components on Y and its boundary. Given T € 7, for K';l we will also need its restriction
KZT to the boundary of 7', obtained collecting all the polynomial components that lie thereon.

3.2 Reconstructions

Let a mesh element T € 7}, be fixed. The DDR method hinges on the reconstructions of differential
operators and of the corresponding potentials described below.

3.2.1 Symmetric curl and vector potential

The key integration by parts formula to reconstruct discrete counterparts of the symmetric curl and of
the corresponding vector potential is the following: For any v : T — R? and any 7 : T — S smooth

enough,
/v~r0t7:—/symcurlv:‘r+ Z wTE/v-(TtE). (3.4)
T T E

EGST

The full symmetric curl ny_éj : K; — P*(T;S) is such that, for all v, € K%

/ng_ri,ﬂr STT :—/"T ‘Tot T + Z wTE/VaT (trtg)  Vrr e PFNTS), (35)
T T E

Ec&r
where vg, € Pk (Er;R2) N C°(IT; R2) is uniquely defined by the following conditions:

”];J_,4E(V8T)IE =vgforall E € &, 0, (ve,)g(xy) =Gy vigforallE € Er andV € Vi, (3.6)
andvg, (xy) =vy forall Ve Vr. '

The discrete symmetric curl Qé‘;&l T K; - §§‘1, acting between the discrete spaces in the complex,

is obtained setting, for all v, € K?,

k-1 — k-4 k-1 c,k—1 (k-1
gsym,TKT T (ﬂ-(H,T (Csym,TKT)’ﬂ-(H,T (Csym,TKT)’ (37)

k-3 2
(ﬂP’E(atEVST . nE)’atEVST . tE)EEST’
(CGV’V)VE(VT)’

with C as in (2.2). The global symmetric curl operator g’;y—r}lh : Kﬁ - 2’;1_1 is such that, for all
v, € Kﬁ’

k-1 _ k-1
(gsym,hzh)v - gsym,TKT VT € T

Notice that this definition makes sense since the discrete curl components at vertices and edges are
single-valued. The vector potential P% . : V& — P*(T;R?) is such that, for all y,. € V&,

‘/TP(C,’TKT'I‘OtTT = —‘/T ng_l’;ll,TKT cTT+ Z wTELvST'(TT tE) Yt1r € 7‘{C’k+1(T). (38)

Eec&Er

We recall the following polynomial consistency property from [13]:
Py Iy v=v W e PYTIRY). (3.9)

Remark 2 (Validity of (3.8)). Relation (3.8) remains valid for all T € H*"1(T) & H**1(T), as can be
checked taking 77 = hess g7 with g7 € P**(T) and noticing that both sides vanish (use rot hess = 0
for the left-hand side and the definition (3.5) of C;‘y_nll’T with 77 = hess g7 along with rot hess = 0

for the right-hand side). This implies, in particular, that (3.8) holds for all 77 € P*Y(T:S) c
?{k—l (T) @ 7_{C,k+1 (T)



3.2.2 Div-div and tensor potential

The starting point for reconstructions in ;?‘1 is the following integration by parts formula, corresponding
to [12, Eq. (2.4)] (see also [9, Eq. (2)]) and valid for all tensor-valued functions T : 7 — S and all

scalar-valued functions ¢ : 7 — R smooth enough:
/(T"E “NE) Onpq — / OET 61]
E E

divdivrqz/‘r:hessq— w
/ [ > wre

Ee&r (310)
- Z WTE Z wey (thg - tg)(xv) q(xv).
Ecér VeV

Forall, € gé—l, the discrete div-div operator DD;‘2 : §§‘1 — P*=2(T) is such that

/DD?QIT qr :/T‘H,T : hess gr — Z WTE (/ TE Onp 9T —/DT,E qT)
T T E E

EGST

- D, wre ), wev (tvng 1) gr(xv)  Var € PEAT), GAD
EEST VE(VE

while the tensor potential P : £571 — P*=1(T; S) satisfies, forall (qr, vr) € P*1(T)xHH(T),

‘/Pg’_;zT : (hessgr +v7r) =‘/DD§—21T qr + Z WTE (/ Pé}}IE OnpqT —/DT,E qT)
T T E E

EGST

+ Z WTE Z U)EV(TVnE‘tE)QT(xV)"‘/T?H’T tur. (3.12)
T

EGST VG(VE

Above, for all E € Er, denoting by 7, := (tg, Dr . (Tv)v e, ) the restriction of 7. to E, PX 17, €
P*=1(E) uniquely defined by the following conditions:

Py itp(xv) =Tyng - ngforall vV € Vg and nf 3 (PE A7) = Tk
We recall for future use the following result proved in [13, Lemma 4]:
k=1 _ k-1 k-1
PZ,T ° gsym,T = Csym,T’ (313)

expressing the commutativity of the following diagram:

Ck—l

vk 224 pkl(r;g)

The global div-div operator DDﬁ_2 : ;2_1 — Pk=2(7;,) acting between spaces in the discrete complex
is such that, for all 7, € ;’,;—1,

(DDf27,)r =DD}%r, VT €7,



3.3 L2-products and norms

The discrete L2-products in K;‘I and ;’Z‘l are defined setting: Forallw,, v, € K’,j andally,, 7, € 22_1,

W), vV = Z Wrvpv.r, (v, T,)zn = Z (Y1),

T, T €T
where, for all T € 73,
Wz, vplv.r = / Py o wp - Py oy +sv.r(Wrvp), (3.14)
T
(QT’IT)EsT = / PI{‘:%QT : PIZC‘,,_%IT + ST (QT’ET)‘ (315)
T

Above, sy T : K§ X K; — Rand sy : §§—1 X ;?1 — R are local stabilisation bilinear forms. We
refer to [13, Section 4.2] for the precise expression of sy 7 and we set

Sy.T (ET,KT) = hr Z /(P(C/,TET - WST) : (P{(/,TKT - VST)- (3.16)
Ec&Er E

By (3.9), this stabilisation bilinear form satisfies the following polynomial consistency property:

svrLy pw.v) =0 Y(w,v;) € PH(T;R?) x V7,

so that
(I3 7w, v v = / w-Py v Y(w,v,) e PHTR?) x VK. (3.17)
: . :
We define the following L2-product norms: For e € 7, U {h} and all (v,,7,) € VK x Zk-1,
v = @)y ITllse = (.70 (3.18)

Given T € 7, we also define the local component norms |||-||ly 7 on K? and |||-|lz,r on ;;‘1 such that,
forall (v,,7,) € K; X 2’}_1,

Bl = W s ey O B e 2y + > (B2 v 241GV ). (3.19)
Ec&Er VeVr

ez I 7 = 17207 12 g vy + 1757 2 oy + D (A ITE R gy + B IDe N2 ) (B20)

Ec&r
2 2
+ > By
VeVr

The corresponding global component norms, respectively denoted by ||-|lv.» and |||-|||z.», are obtained
summing the squares of the local norms on every T € 7}, and taking the square root of the result. The
following equivalences hold uniformly in 4: For all € 7, U {h} and all (v,,7,) € K’_‘ X ;’f’l,

1vollv.e = ¥ llv.e, T llze = T Mz (3.21)

The second equivalence has been proved in [13, Lemma 9]. The first one follows from similar arguments,
not detailed here for the sake of conciseness.

For future use, we note the following boundedness properties of the local interpolators, that can be
proved using trace inequalities:

|||!€/,Tv”|V,T < HV”LQ(T;R?) + hT|V|H1(T;R2) + h%lleQ(T;R2) + h;)"|v|H3(T;R2) Yy € H3(T;R2),
(3.222)

|||!§,_%T”|Z,T < ||T”L2(T;R2X2) + hT|T|H1(T;R2X2) + h%|T|H2(T;R2><2) V1 € 112(7—‘7 S)
(3.22b)



3.4 Poincaré inequalities
The goal of this section is to prove the following result.
Lemma 3 (Poincaré inequalities). The following properties hold:
1. Forally, € K;‘l such that
Z /PQTKT w=0  V¥weRTHQ), (3.23)
Te7;, YT

it holds, with hidden constant independent of v W
k-1
v, llv.n < Cqym nYllz.ns (3.24)

2. Denote by [-,-]x.n an inner product in ;';l_l with induced norm equivalent to |||-|\|z,n uniformly
in h. Then, for all T n € 2;‘1_1 such that
[£,,n,]20 =0  Vn, € ker DD}2,
it holds, with hidden constant independent of T W
llz,l.n < IDD}27, Il 2 (q)- (3.25)
Remark 4 (Poincaré inequality for the symmetric curl). The standard L2-product in (3.23) could be
replaced by a weighted version and (3.24) would still hold.
3.4.1 Preliminary results

This section contains preliminary results required in the proof of Lemma 3.

Proposition 5 (Estimate of the L2-norm of one-variate functions). Let E € &, and, for a given
polynomial degree m > 0, ¢ € P™(E). Then,

— 1
el < T2l +hE D) le@v)l. (3.26)
VeVg

Proof. Let g = % /E ¢ denote the average value of ¢ over E. Inserting ¢ and using a triangle
inequality, we can write

lellzzey <l —@ellize) + 1PellL2E) = T+ To. (3.27)

To estimate the first term we start with a Poincaré-Wirtinger inequality to write Ty < hell¢’||2(g),
where ¢’ = ;. We then notice that, for all ¢ € P™(E), fE oY = —fE 7r’7’>“E2¢,0 v+

m—2
P.E

inition after observing that ¥’ € P™ 2(E) and wgy is the orientation of V relative to E. Taking

Y = ¢’, using Cauchy-Schwarz and discrete trace inequalities in the right-hand side, simplifying and
sy . , _ 1

multiplying by /g, we obtain hg||¢’||2(g) S ||7r’¢',”gg0||Lz(E) + hég 2v ey le(xv)], hence

T s gl +hl D) le@v)l. (3.28)
VeVg

2vevy WEV@(xy) ¥ (xy), where the introduction of 7 inside the integral is justified by its def-

To estimate T we distinguish two cases. If m > 2, thenTp = |79, @l 2(g) = 17 (75 2)L2(k8) <
||7T';)1,_E2¢P||L2(E) by L2-boundedness of ﬂ(;),E‘ If, on the other hand, m € {0,1}, ¢y = % 2vey ¢(xv),
so that o < hZQ 2veve le(xy)]. In all the cases, we therefore have Ty < ||7r’5',§"§‘,0||L2(E) +
th 2v ey, le(xv)], which, used together with (3.28) in (3.27), yields (3.26). O



Lety, € Z(’;T and let v g, be given by (3.6). For all E € &, we decompose it into its tangential
and normal components as Vg, | = Vp ERE + V¢, ete and, for e € {n,t}, we let v, o7 € Pk(Er) be
such that (ve 57)|E = wrEV.,E for all E € E7. We additionally denote by d;,, the piecewise tangential
derivative on 0T such that (0, )| = wr g0, forall E € Er.

Proposition 6 (Estimate of the tangential derivative of the boundary reconstruction). Let T € Ty,
Vor € KST, and v g, given by (3.6) be such that fBT Oty Ve,or = 0. Then,

— 1
10t orver lL2 o1 r2) < ||7T]¢<>,§$T(aaTVn,ﬁT)”LQ(c?T)"'hT“atQBTVt,BT“L2(6T)+hT/2 Z ICGy,vI, (3.29)
VeVr

k— 2 . k—
where 7t gT denotes the L%-orthogonal projector on P*=3(Er).

Proof. Denote, for the sake of brevity, by Nar (vg, ) the quantity in the right-hand side of (3.29). We
start using a triangle inequality along with Holder inequalities and the fact that g and ng are unit
vectors to write

10t orver L2 (o1 &2) S 10tsr va,or L2 o1y + 10157 ve,or |l L2(07) = T + Ta. (3.30)

By (3.26) applied to each E € & with ¢ = 0¢,va, E and m = k — 1, it is readily inferred that

T < e (Begrvmor)|lr2ar) +h1T/2 Z Z 10t v E(xv)| S Noar (Ver ), (3.31)
EEST VE(VE

where the conclusion follows noticing that, for all £ € &7 and all V € Vg, |0 vn.e(xv)| =
|Gy vte -ng| =|CG, vng - ng| < |CGy y| and using card(Er) < 1.

Let us now turn to To. Let ¢ € P*(Er) be such that faT ¢ = 0. For all V € Vr shared by the edges
Eq, E5 € & numbered so that E5 follows E; travelling along 0T according to its orientation, define
the jump [¢]v = ¢|E, — ¢E,. Then, it holds

lell2or) < hrlldhy ellizary + b D) 1lglv. (3.32)
VE(VT

Apply this inequality to ¢ = ., V¢, or and denote by To 1 and T o the terms in the right-hand side.
Clearly, To91 = ”81?237 ve.or |2 o) < Nor (ve; ). For the second contribution, we start by noticing that,
forall E € & andallV € Vg, 0s,, v, o1 (xv) = —CG, yng -tp+ % tr G,y so that, in particular, for all
VeVr, [0y veor]lv =CGy vng, - tg, — CG, ynEg, - tg,. Using this fact along with card(&Er) < 1,
we conclude that |Ts 2| < th/Q 2vey ICGy v| < Nor (ve,). Gathering the above estimates on T 1
and Ty o finally gives To < Nar (ve, ) which, combined with (3.31), yields (3.29). O

Proposition 7 (Estimate of the discrete sym-curl norm of the vector potential). For all T € 7}, and all
v, € VK it holds

k -2\ pk k-1
Isymeurl P vy llp2irgoey + ) by P IPE 2oy =ver lp2ese) < IC5L 7y ller.  (3.33)
EcéEr

Proof. Recalling Remark 2 to write (3.8) for T € PE=1(T; S) and using the integration by parts formula
(3.4) for the left-hand side of the resulting expression, we have

k k-1 k
/symcurlPV’TgT T = / ComrYr T+ Z CUTE/(PV,TKT —ver) - (T E).
T T Fcer E



Taking T = sym curl P{‘, 7V using Cauchy—Schwarz and discrete trace inequalities in the right-hand
side, and simplifying, we infer that

AN

k-1 -1/2) pk
”Csym,TKT ||L2(T;R2><2) + Z hT/ ”PV,TKT —Vér ”LQ(E;RQ)
EEST

k
| symeurl Py, vl 27 a2

22:1+2:2.

(3.34)
We proceed to estimate the terms in the right-hand side.

(1) Estimate of X1. Using, in this order, (3.13), the definitions (3.18) of ||-||z r and (3.15) of the discrete
L2-product in ;%‘1, and the norm equivalence (3.21), we can write: For all v, € K’; ,

k-1 k-1 k-1 k-1
Ty = |PEACSL vz peey < IC5E vpller < ICSE pvp iz (335)

(ii) Estimate of T. Let w € RT(T) be such that

/ w = / Ver and / 6t6T We oT = / 6t6T vtar . (336)
or or or or

To check that it is possible to match these conditions, write w(x) = z + (x —xs7)g withz € R?, g € R,
and xg7 = # /ar x, and notice that the first condition in (3.36) yields z = ﬁ faT Ve, , while the

second one is fulfilled taking g = ﬁ /aT Ot o1 Vi or -
Using a triangle inequality, we have

—1/2 —1/2 k .
T < Z WP w = ver g2 gme) + Z WP IPS vy = Wiz (pge) = Toa + Tao.
Ec&r EcéEr

Starting with T3 1, noticing that w —vg, € C 9(8T;R?) has zero average on 9T, applying a Poincaré—
Wirtinger inequality on 97 as in [16, Point 1. of Lemma 7], and concluding with Proposition 6
gives

1 _ _
Vot S W10y er = W2 o 22y < NCSE 7 (v = 5 oW)ller = 1K pvpller.  (B37)

where, in the second step, we have additionally used the consistency of the boundary reconstruction (3.6)
applied to !(‘,’Tw, while the conclusion follows recalling that C fy‘I;T 1 (‘,’Tw = 0 by the local complex
property for the DDR sequence.

Let us now consider 9 2. By polynomial consistency (3.9) of P
hence

k

. kK gk _
v it holds PV,T!V,TW =w,

=1 —_
Too= Y hyPIPY 2 vy = LY W)z pme) S BEIPY 2 (v = LY W)z pzy, (338)
Ec&Er

where the conclusion follows from discrete trace inequalities along with card(Er) < 1. Taking, in the
definition (3.8) of P(‘,,T, T e HEkH (T') such that rot T = P(‘,’T vy - !{‘,’Tw) (this is possible since
rot : 7—(°’k+1(T) — PK(T) is surjective by Proposition 1) and using Cauchy—Schwarz and discrete
trace inequalities in the right-hand side along with (2.4) to write ||7[| 2 g2x2y S hr || TOt T|| 12 (7 .2y =

hr ||P(‘,’T vy - !{‘,’Tw) | L2 (7.r2)> We obtain, after simplification,

k k k-1 -1/2
1Py 7 (vy = Iy 7W)llp2(rp2) S hr (”Csym,TKT”LQ(T;R?X“Z) + hr/ ver - w”L2(8T;R2))

k-1
< hrllCkh vp

10



where the conclusion follows using, respectively, (3.35) and (3 37) to estimate the terms in parentheses.
Plugging this estimate into (3.38), we finally get T2 2 < |||C v s, which, combined with (3.37),
gives

sym T

To s ICK L vl s (3.39)

—sym,T

(iii) Conclusion. Plug (3.35) and (3.39) into (3.34) to estimate the first term in the left-hand side of (3.33)
and notice that the estimate of the second term in the left-hand side of (3.33) is precisely (3.39). m|
3.4.2 Proof of the discrete Poincaré inequalities

Proof of Lemma 3. (i) Poincaré inequality (3.24) for CX! | Lety, € V) besuch that [ Py, v, -w =

—sym,h"

0 for all w € RT(Q), with the global reconstruction operator P(‘,’ ,, defined such that (P(‘, WIr =

P(‘,’T v, forall T € 7,. Owing to the uniform norm equivalence (3.21), the definitions (3.18) of the
|I-lv.7-norm and (3.16) of the stabilisation bilinear form, and the fact that h+ < 1 forall T € 75, we
infer

2 2 k 2
M, s < 12,015 = IPY 2l pey + D Sv.r (Vs 2p)
TeT,

k 2 -1 k 2
SIPS 2l gpey + D D) Ho P 20 =verll2s o se
TeT, E€cEr

(3.40)

We notice that, for all neighboring elements 77, 75 € 7}, sharing the internal edge E, we have (ve,, )|E =
(ver, )| =t Ve. Letting, for any boundary edge E C 4T, vg = (vg, )| and applying the second
inequality of Proposition 26 below to the hybrid vector field u, = ((P{‘,’T vo)res,, (v E)Eeg,h), we
obtain

k 2 -1 k 2
1Py 21720z S D (Isymewtl Py 1wl g o + D W' IPY 107 =verllys o g,
T, EcéEr

Plugging the previous bound into (3.40) and using Proposition 7, (3.24) follows.
(ii) Poincaré inequality (3.25) for DD} 2. Let T, € (ker DDﬁ_2)l, where the space (ker DD;‘;Q)L c

;’;;1 denotes the orthogonal of ker DD;‘L_2 with respect to the inner product [-,:]x ;. Owing to the
surjectivity of the operator divdiv : H*(Q;S) — L?(Q) (cf. [23, Theorem 3.25]), the commutation
property stated in [13, Eq. (19)], and the boundedness of the global interpolator I )’E‘; resulting from
(3.22b), we infer the existence of a tensor field 7 € H?(Q; S) such that

DD} %7, = divdivr = DD} (I 1) and 115, 7llzn S Itllg2qs S IDDE 2T, llp2¢q)- (3:41)
Therefore, we have that 7, — !}’5}}7 € ker DDfl_z, i.e.,
[z, - I5,t.v,lzn =0 Vv, € (ker DD} )",

namely, T, can be seen as the [, -]z ,-orthogonal projection of 1 k_l‘r on the space ( ker DD;‘I_Q)L. Thus,

the norm induced by [-, -]z 4 of 7, is bounded by that of iy Iy, 'z, and the assumed uniform equivalence
between the induced norm and |||-|||z,, along with the 1nequa11ty in (3.41) yields the result. O
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3.5 Consistency of the discrete L>-products

Lemma 8 (Consistency of the discrete L2-products). The discrete L?-products satisfy the following
consistency properties:

1. Forallw € H3(Q;R?), define the linear form Gy j (w;-) : K,’i — R such that
Gy n(w;y,) = Z /w Py vy =y ow.v v Vv, €V
TeTn
Then, under the additional regularity w € H**'(T5,; R?), it holds
Cy n(w; Vh)

sup — T < hk+1|V|Hk+1(7]-1;R2). (3.42)
v, eVK\{0} v, llv.n

2. Forallv € H*(Q;S), define the linear form Gy, j,(v;-) : ;fl‘l — R such that
Cs.n(v; Th) = Z / P;E TIr ~ (lg,_hlv’ Ih)E’h VT, € ):k 1
T<T,
Then, under the additional regularity v € H*(75,;S), it holds
Cx 1 (v; Ih)

sup ——F S hk|U|H"(Th;R2X2)’ (343)
T, €K1\ {0} Iz llz.n

Proof. (i) Proof of (3.42). By the polynomial consistency (3.17) of the discrete L2-product in VX, we
can write

Gy n(wiv,) = D (Tu(T) +Ta(T)), (3.44)
TeT,

where, recalling that HI;’T denotes the L2-orthogonal projector on P(T),

zl(T) = /(W - ”I;)’TWIT) : P(C/,TXT, I2(T) = (!f/,T(W - 77,7(>’TW|T)7KT)V,T-
T

For the first term, a Cauchy—Schwarz inequality followed by the approximation properties of n’;, T+ (see,
e.g., [14, Lemma 3.4] or [17, Section 1.3.3]) and the definition (3.18) of the |||y .7-norm give

11D < \w =75 7wz 2 an 1Py 7v7 iz sy S BE IWlgen g lvpllvr.  (3.45)

For the second term, a Cauchy—Schwarz inequality, the local norm equivalence expressed by (3.21) with
e = T along with the boundedness (3.22a) of IV - and again the approximation properties of n];, T give

k k
To(D)] < IS (w =7 pw i)y r vy v r
3
1 k
< | Helw = 2l o wir gy | N2 v r (3.46)
i=0

< B Wl ) vy llv 7
Using (3.45) and (3.46) to bound the terms in the right-hand side of (3.44), we obtain (3.42) after

applying a discrete Cauchy—Schwarz inequality on the sum over T" € 7j,.

(ii) Proof of (3.43). The proof coincides with the estimate the term Iy in the proof of [16, Lemma 15]
with £ = k + 1, to which we refer for further details. O
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3.6 Adjoint consistency of the discrete differential operators

To state the following theorem, we denote by n the normal vector field on €2 pointing out of € and by
t the tangent vector field oriented so that (¢, n) forms a right-handed coordinate system.

Lemma 9 (Adjoint consistency). The discrete differential operators defined in Section 3.2 satisfy the
following adjoint consistency properties:

1. Given v € H*(Q;S) such that vt = 0 on dQ, we define the sym curl adjoint consistency error
@symcurl,h : Kﬁ — R by: For all v, € Kﬁ,
(Esymcurl,h(UQKh) = (! Cé(ynl1 Y h)): n+ Z / rotuv - Pé,TKT
TeT,

Then, further assuming v € HF (Tn; S), it holds: For all v, € Kfl,
|(gsymcurl h(U vh)l S h |U|Hk(7;l RQXQ)“Csym X h”E h- (3.47)

2. Given q € H*(Q) such that ¢ = Opq = 0 on 0K, we define the div-div adjoint consistency error
(gdlvdlv h - Zk L R by For all Th Ek 1

Caivdiv,n(g; 7)) = / q DD} ?r, - Z /heSSCI : P{E,_TIIT- (3.48)
Q fohJr

Then, further assuming q € H**?(Q), it holds: For all T, € Zk L
|Caivaivan (43 T)| S BoNgl oz () 1T, - (3.49)

Proof. (i) Proof of (3.47). By definition (3.15) of the local discrete Lg—product in ;ﬁ;‘l and the com-
mutation property (3.13), it holds that

) _ k-1 k-1 . k-1 k-1 k
Coymeurt,n (Vs v),) = Z [/ Py r Iy yvir : Cop ¥y + 527 (!E,TU|T’Csym r¥r)
TeT,
k
+ [ rotv - Py v,
- ,

Accounting for Remark 2, it holds, for all (t7)re7, € Xreq, Pk-L(T),

Z [/P(‘,TVT rottr + /CsymTvT S TT — Z wTE/
T

T<T, Ecér E

(3.50)

vST : (TT tE)] =0
Subtracting this expression from (3.50), we obtain

(gsymcurl,h(v;zh) = Z [_/T (Pk llk 1l’|T —TT) nynllTVT+S}:T(IETU|T’CkynllTVT)]

TeT,
‘/rot(v—TT)-P(‘,’TKT + Z wTE/VST (rr —U)tE],
E

* 2
EGST

TeTn

where we have additionally introduced v |g#g into the boundary term using the fact that this quantity is
single-valued if E is an internal edge while it vanishes if £ C Q. Applying the integration by parts
formula (3.4) to the third term leads to

13



@Symcurl,h(v;zh) = Z

Te<T,
T €Ty,

‘/T(v -T7) " symcurlP(‘,’TKT - Z
Take now 17 = n];;}vg forall T € 75,. Using Cauchy-Schwarz inequalities in the right-hand side of

k-1 yk-1 k-1 k-1 k-1
/ (PE,T!Z‘.,TU|T - TT) : Csym,TKT TseT (!E,TU|T’gsym,TKT)]

wTE/(VST - P((/,TKT) (tr —v)- tE]- (3.51)
EEST E

(3.51) followed by the approximation properties of P}]E_Tl and ﬂ’;;} (see, respectively, [13, Proposition
14] and [17, Theorem 1.45]) as well as the consistency property of the stabilisation term proved in [13,
Proposition 12], we get

k
|(gsymcurl,h(v;ﬁh)| < h |U|H"(7;,;R2X2)

k-1 2 k-1 k-1
Z (”Csym,TKT ”L2 (T ;R2%x2) +seT (gsym,TKT’ gsym,TKT)
TeT,

k 2 -1 k 2
+ ” SymcurIPV’TKT||L2(T;R2><2) + hT Z ||v8T - PV,TKT”LQ(E;RQ))]'
EcéEr

Let us consider the factor in square brackets. Using, respectively, (3.13) along with (3.35) for the first
term, the definition (3.18) of the L?-product norm on 22_1 for the second term, and (3.33) for the third
and fourth terms, this factor is < || Qé‘y_nll wY |z, 0, thus concluding the proof of (3.47).

(>ii) Proof of (3.49). Combining the definitions (3.48) of the adjoint consistency error and (3.12) of the
tensor potential, it is inferred that, for all (g7 )re7;, € Xreq, Pr+L(T),

Caivaiv.n(q, 7)) = Z

/T(q - qr) DDy %1, - /T hess(q — q7) : Py 17

TeTh
+ > wre ) [/ PEity 6nE(q—qT)—/DT,E (4 -ar)
TeT;, Ecér WE E
+ Z Z WTE Z wev (tyvng -tg) (9 —qr)(xv),
TeT, E€Er VeVg

where the insertion of ¢ and d,, ¢ into the boundary integrals is possible since these quantities are

continuous at internal edges and vanish on boundary edges. Taking gr = n’;;;q forall T € 7, and

k+1

T it is inferred that

using Cauchy—Schwarz inequalities followed by the approximation properties of

2

4 k-2 k-1
h7||DDy: + ”PE,TITHL?(T;R?X?)

2
IT ||L2(T)

I€aiv div,n (g, 7)) S hk|4|Hk+2(Th){ Z
TeT,

Nl

0 (NPTl oy + B D [y + Y Wy )
Eecér VeVg

} |

Using [13, Eq. (57)-(59)] for the first three terms and the definition (3.20) for the last two, we infer
that the quantity in braces is < || [[x,7, hence < ||z, ||z, by the norm equivalence (3.21) written for
e = T, thus concluding the proof of (3.49). O
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4 Serendipity DDR complex

Denote, as in the previous section, by k& > 3 the polynomial degree of the discrete complex. Following
[16], we consider the construction illustrated in the following diagram:

K/,h gs;é],h DD}2 0
RT(Q) > vk y Rkl — — 5 PR ———— 0
\ \
EV,h \\I BV,h EE,h \\I BZ,h (4 1)
! ]
~k \!— ~k-1 \L 65](,2
v.n —~k ~sym,h ~k-1 0
RTNQ) — 5V, — 3 5, —— s PR ———5 0,
where, according to [16, Egs. (2.2) and (2.4)], we have set
Tk 5 k &K1 5 k-1 k-2, k-2
Iy, =Ry Iy 4 gsym,h = EE,hstm,hEV,h’ DD;, =DD;,"Ey . 4.2)

The purpose of the rest of this section is to

—~ —~

* provide a precise definition of the extension and reduction operators Ey, ,, Ry, ;. Ey ;. Ry , as
well as the spaces and operators that appear in the bottom (serendipity) complex;

* prove that the properties of the top complex are inherited by the bottom complex.

This latter point makes the object of Theorems 19 and 23 below, which are therefore the main results of
this section.

As most of the developments are local, in what follows we denote by 7' € 7}, a generic mesh element
without necessarily specifying this fact at each occurrence. As usual, a local version of diagram (4.1)
on T is obtained taking the restriction of the spaces and operators collecting the components attached to
T and, when present, to the edges and nodes that lie on its boundary.

4.1 Estimate of symmetric tensor-valued polynomials

Throughout the rest of this section, we work under the following assumption:

Assumption 10 (Boundaries selection for serendipity spaces). For each T € 7}, element of the mesh,
we select a set gT of nr > 2 edges that are not pairwise aligned and such that, for all £ € gr, T lies
entirely on one side of the hyperplane Hr spanned by E. For all E € &r, denoting by x g its middle
point and defining the scaled distance function to Hg by dg(x) = hl‘ila)T g(x —xg) - ng, we assume

the existence of a real number 6 > 0 such that dg(xg/) > 6 forall E,E’ € Er.E \{E'}.

From this point on, the hidden constant in a < b (see Section 2.2) will possibly depend also on the
boundaries selection regularity parameter 6.

Lemma 11 (Estimate of symmetric tensor-valued polynomials). Let m > 0 and let Assumption 10 hold.
Let T € Ty, be a mesh element. Then, for all T € P (T;S), it holds

-3 ,m+2—
||T||L2(T;R2x2) S H”rr]n{’TT”L?(T;R?X?) + ||7T;Z1T nTT”L?(T;RM)
1/2 -2 3/2
+ 3 (PN e )l + B 10ET o) +hr Y Tl (43)
Eecér VeVr

Remark 12 (Reduction by serendipity). Lemma 11 clearly shows which polynomial components ;;‘1

can be reduced by serendipity, namely the ones in (Hc’k_l(T). As will become clear in what follows,
in order to preserve the homological properties, a corresponding reduction of the components of K? in
P*=2(T) is required; see Remark 14 below.
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Proof of Lemma 11. Let T € P™(T;S) and denote, for the sake of brevity, by Ny (7) the right-hand
side of (4.3).
We start by estimating div div 7. Using the integration by parts formula (3.10) with ¢ € P"%(T),

inserting ni;‘{‘% in front of T in the first term in the right-hand side (since hessq € H"T) c

H™3(T)) and 77'5,'}‘]? in front of Tng - ng in the second term (since d,,q € P™3(E) c P"2(E)),
and using Cauchy—Schwarz along with discrete trace and inverse inequalities, we infer fT divdivt g <
h}QNT (T)llgll 2 (r)- Taking g = div div 7, simplifying, and multiplying both sides by h% yields

h3 || div div 7|27y < Nr (1) (4.4)
By (2.3), T can be decomposed as follows:
T =symcurly +v, 4.5)

with v € P"™1(T:R?) and v € C>"(T). Since v is defined up to a function in RT(T), we can assume

that
/ y=0 and / Ohorvear =0, 4.6)
oT oT

where we remind the reader that, as in Section 3.4.1, d gr and v; g7 are, respectively, the broken
tangential derivative and tangential component of v on 97T .

We next proceed to estimate the L?-norms of the terms in the right-hand side of (4.5). To estimate
1l L2 (7.p2x2), We start with (2.5), notice that divdivy = divdiv 7 (since div divsym curl = 0), then
invoke (4.4) to write

0l 2 p2eey S Myl divdiv oz = B3 || divdiv T2y < Nr(T). 4.7)

To estimate || sym curlv|| 2y p2x2), we start by using a discrete inverse inequality followed by [16,
Lemma 13] to write

— — 1- 1
lsymeurl vl 2 gy < H7 Wl ze < 7t (I " Ve s + i I or s - @8)

We next proceed to estimate the terms in parentheses, starting with [|v|| 2 g7 g2). Since v has zero
average on 07T, by a Poincaré—Wirtinger inequality we infer

||V||L2(5T;R2) p hT||ataTV||L2(aT;R2)- 4.9)

Decomposing v gr into its normal and tangential components, and using triangle and Holder inequalities
along with the fact that ng and ¢g are unit vectors, we get

10t 5V L2 (o1 82) < 1Oty Va.or L2 (07) + |0t57 Ve o1 || L2 (0T (4.10)

where we remind the reader that v, sr denotes the normal component of v on 7. Since, forall E € &,
Otpvn E = (symeurlv)ng - ng = (t —v)ng - ng (cf., respectively, [9, Eq. (3)] and (4.5)), we can use
a triangle inequality to write

2
”8tar Vn,oT ”L2 (8T)

2 2
< Z (||T|EnE : nE”Lz(E) +lviene 'nE||L2<E))

EG(ST
4.11)
S Z (||7T$,_§(T|EnE 'nE)”iQ(E) +hE Z lt(xv)ng - nel* + |vjgng - nE”iz(E)
Ecér VeVg
< hi'Nr (1)?,
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where the second line follows from (3.26) applied to ¢ = 7|gng - ng, while the conclusion follows
using the definition of N () for the first two terms and a discrete trace inequality followed by (4.7) for
the last term. To estimate |0, v, o1 || L2(o7)> We proceed in a similar way as for the estimate of T in
Proposition 6 (using the fact that ;. v¢ o7 has zero average on T') to infer

2 /2
10k ve.arllz2cory S hrll0f, veor lizor) +hy® > Isymeurly(xy))|
VeVr

1/2
:hT(Z ||6E<r—v>||iQ(E)) shl 3 Jrey) —viay)|

EEST VG(VT

1/2

1 -1

shT(Z ||5Er||iz<E>) w1l 7 @)+ by Pl o g,
EEST VE(VT

where, to pass to the second line, we have used [9, Eq. (4)] to write afE ve. g =0 symceurly = 6g(7-v)
for the first term and (4.5) for the second, while, to pass to the third line, we have used triangle inequalities
followed by discrete inverse and trace inequalities along with card(Er) = card(Vy) < 1 to treat the
terms containing v¥. Combining the definition of Ny () with (4.7), we conclude that

16k ve.ar 2 or) < by N (7). (4.12)
Plugging (4.11) and (4.12) into (4.10) and the resulting inequality into (4.9), we conclude that

IV llL2orm2) S i Nr (7). (4.13)

Z:'TI_UT VL2 (r r2) in (4.8). To this end, we start using the integration

by parts formula (3.4) to write, for all ¢ € HE" 271 (T),

/v-r0t¢:—/symcur1v:¢+ Z wTE/v-(¢tE)
T T E

EEST

- _ c,m+2-nr . : . i
/Tﬂ(H’T T ¢+‘/Tv P+ Z CUTE‘/EV (dtE)

EcéEr

It only remains to estimate ||

c,m+2-nr

where we have used (4.5) to pass to the second line and invoked its definition to insert T4 into

the first term. We then apply Cauchy—Schwarz and discrete trace inequalites to get
’ / v -rot ¢
T

where the conclusion follows using the definition of N (7) along with (4.7) and (4.13) for the first factor
and (2.4) for the second. Taking the supremum over ¢ € HE"™*~" (T such that || rot @|| L2rR2) =1
finally yields

,m+2— -1/2
< (”ﬂ';_{n:lT nTT“LQ(T;RQXQ) + ||U||L2(T;R2><2) + hT/ ||v||L2(6T;R2)) ||¢||L2(T;R2X2)

< hr Nr (7)ot @l 2 (1 g2,

1—
||7T;H)TT 77TV”L2(T;R2) < hTNT(T).

Plugging this result and (4.13) into (4.8) gives || sym curlv|| 2 g2+2) < Nt (7) which, combined with
(4.7), gives (4.3) after taking the L2-norm of (4.5) and using a triangle inequality in the right-hand
side. O
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4.2 Serendipity problem

Recalling Assumption 10, we let
tr =k-nr <k-2; (4.14)

Given a linear form Ly : P*1(T;S) x 7—(°’[T+1(T) — R, we consider the following problem: Find
(o, 1) € PFYT; S) x HETH(T) such that

ﬂT ((0-’ /l)’ (T’ l'l)) = ~£T (T’ ﬂ) V(T’ ﬂ) € Pk_l(T; S) X ﬂC’t’T-'-l (T)’ (415)

where the bilinear form Ar : [Pk_l (T;S) x HET+H (T)] ? _, Ris such that
Ar ((v,v), (1, ) = hy / divdive divdivr
T

+ hr Z /ﬂlé)_%(vnE.nE) RI;)_%(TnE.nE)+h% Z /5EU5ET
EGST E EEST

+h% Z v(xv):T(xv)+£v:u—/TT:v.

VeVr
(4.16)

Lemma 13 (Inf-sup condition and well-posedness of the serendipity problem). The following inf-sup
condition holds: For all (v,v) € P*1(T;S) x HETH(T),

ﬂT ((U, V)? (T7 Il)) —

@, »llr < sup .8, (4.17)
rwert e myony IR
where ||(v, V)| = ||v||L2<T;szz) + ||v||L2(T;szz). Hence, denoting by || Lt |7 the norm of L1 dual to
|||z, problem (4.15) admits a unique solution that satisfies
(o, Dlir s I Lrr. (4.18)

Proof. The existence and uniqueness of a solution to (4.15) as well as the a priori estimate (4.18)
classically follow from (4.17). Let us establish the latter condition for a given (v, v) € Pk_l(T; S) x
e (T). Taking (7, u) = (v, v) in the expression (4.16) of Ay, we obtain, after using the uniform
bound on the number of edges and vertices of T that holds by mesh regularity,

Bl div divollZ, o+ Y (hrlie g - me) 2 + HI6E0I, )
EcéEr

+ hi Z wxv)? = Ar ((v,v), (v,v) < $ll(v,V)llr. (4.19)
Vevr

We next observe that, for any g € P*~241(T), writing the integration by parts formula (3.10) and
inserting the appropriate L?-orthogonal projectors according to their definition, it holds

/ﬂf;;";v:hessqz‘/divdivvq+ Z WTE (/ ﬂ’;{%(unE.nE) 8nEq—/6qu)
T T E E

EGST

+ Z WTE Z wey (V(xv)ng - tg) q(xv).
E EST \'4 E(VE
By Proposition 1, we can select g such that hess g = x % v and ||gll;2(7) < h7 |l hess gllp2 7 p2xe)-
Applying Cauchy—Schwarz and discrete trace and inverse inequalities to estimate the right hand side of

the resulting expression, simplifying, and raising to the square, we obtain
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k-4 2 4 : . 2 k-3 2 3 2
I 012 g gy S B divdivollZo g+ D (e one - ne)l2s ) + B 16EVI,
Ec&r

+h3 3 W)l S Sl v)llr, (4.20)
Vevr

where the conclusion follows from (4.19).

Finally, writing the definition (4.16) of Ay with (1, 1) = (0, ﬂ,CIfTTHv), we get
1755 V1 o ey = AT (0,9), (0,755 0)) < S0, 255 o)l < Sl v)llr, @2

where the conclusion follows from the uniform L2-boundedness of ﬂflfTTH. Summing (4.19), (4.20),

and (4.21) and recalling (4.3), we infer

vl < 8l vz (4.22)

2
L?(T;R2x2)

To estimate the L?-norm of v, we take (7, u) = (—v,0) in the expression (4.16) of Az (this
is possible since v € HE T+ (T) c PYT;S) owing to (4.14)) and, after using Cauchy-Schwarz,
discrete trace, and inverse inequalities, simplifying, and raising to the square, we obtain

IVI72 7 ey < 8+ 81 W)z (4.23)

Summing (4.22) and (4.23), using Young’s inequality for the rightmost term in (4.23), and taking the
square root of the resulting expression gives (4.17). O

4.3 Serendipity spaces
Recalling the definition (4.14) of ¢r, the local serendipity spaces are:

~k Y - - -
ZT = {KT = (st (VE)EESha (VV’ Gv,V)VG‘Vh) .

vr € PT(T;RY),
Ve € PY4(E;R?) forall E € &r,

vy € R? and G5y € R®?forall V € Vr }

~k-1 — —~ —~ —~ —~
X, = {IT = ((T(H,T’T?H,T, (te. Dz E)Ece), (TV)VE‘Vh) :

Toir € HHT) and Ty 7 € HOTTH(T),
Te € P*3(E) and Dz p € PX¥2(E) forall E € &,

Ty € Sforall Ve Vy }

Global spaces on M, are obtained enforcing the single-valuedness of polynomial components located
at internal edges and nodes.

Remark 14 (Serendipity DOFs reduction). Comparing the above expressions with those of the cor-
responding full spaces (i.e., the restrictions of (3.2) and (3.3) to T') shows that the serendipity DOFs
reduction acts on the components v and ??H’T, whose polynomial degrees are reduced from (k—2, k—1)
to (¢r, &y + 1). Recalling (4.14), the choice nr = 2 therefore corresponds to no serendipity.

In what follows, the component norms defined in Section 3.3 are applied to the elements of the

=k k-1
serendipity spaces V, and X,  after observing that the latter inject in the full spaces Kﬁ and ;ﬁ—l
(notice that, by (4.14), P (T;R?) ¢ P*2(T;R?) and HET(T) ¢ H*Y(T) for all T € Tp,).
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4.4 Serendipity operators
Ak Ak—l
The serendipity operators Sk‘1 o P=1(T: S) and Sk‘1 o Pk=1(T: S) are such that, for

~ = skogk 0
all (v, 7,) € V. x X, Sk 1 v, and Sg TITT are the first components of the solutions of problem

(4.15) with right-hand s1de hnear form L respectively equal to

Ly V7, 1) =hr Z /ﬂpE(atEVST ng) mp o(tng - ng)

EEST
+h3 Z /(5tEV8T|E tg) 0T (4.24)
EGST
+h% Z CGyy :T(xv)—/??r -rot u + Z wTE‘/?gT-(ﬂtE)
VeVr T Eeér E

and

Ly W, 1) = h%[‘/ Ugqr : hessdivdivr
T

B Z WTE (/E{JE 3nE(divdivr)_/

D3 g divdiv ‘r)

EEST E
- Z WTE Z wey (Wyng - tg)divdivr(xy) (4.25)
EEST VErVE
+ hr Z /UE ﬂpE(TnE nE)+h3 Z /Dg’EéET
EcéEr E Ecér E
+ h3. Z vy :T(xv)+/i}?Hj .
VeVr T

~ . gk
Remark 15 (Alternative expression for Ly 7 (v, ;-)). Using the injection £, < 2;—1 to apply the

~k-1
operator DD;‘2 defined by (3.11) to elements of X, , we have the following equivalent reformulation
of Ly 7(vy;-): Forall (t,u) € PLT; S) x HETH(T),

Lyr(Up;T.p) = hy / DDA 2y, divdivr
T

+hr Y / Uk np  (tng - ng) +hi ) / DoedeT  (426)

EGST E EE(ST E

+ h2 Z vy T(xv)+/USH’T .

Vevr
4.5 Reduction and extension operators

. = =k = N ~k-1 )
The restriction operators Ry, , : K’; -V, and Ry ; : ;; g X, are defined taking L2-orthogonal
projections on the reduced component spaces: For all (v,.,7;) € Z; X gi—l,

EV’TXT = (ﬂg,TVT, (VE)Ees, (vV’GV,V)VE(VT), (4.27)
Ry 17y = (voar 50 T (8, Dep)pcsr (tv)v ey ). (428)
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~k-1
According to [16, Eq. (2.4)], the interpolators on the spaces V. V and X, are respectively given by

= ~k-1 = _
Iy ; EV TI€,T and Iy ;= EZ,T!;,;' (4.29)
=k ~k-1
The extension operators Ey, . @V, — K; and Ey ; : X — gé‘fl are such that, for all
k-1
(vT,TT)eV XX,
EV,TET = (El;’TvT’ (vE)EGST’ Vv, ﬁ,v)Ve(vT), (4.30)

C,k—lsk 1=

EZ,TET = (:E(I'I,T’ s X, TTT’ (TE9 D?,E)EGST’ (:‘:V)VG(VT)e (431)

k-1

~ ~ =k
where E’;;% X, > P =2(T) is such that, for all vr eV,

/Ek K25, rotr_—/TS(‘,_}fT CTH+ Z wTE/EV(gT-(TtE) Vr e HORUT).  (432)

EGST

The fact that EX; 2vT is uniquely defined by the above equation follows from the fact that rot :

HY(T) > Pk “2(T) is an isomorphism (see Proposition 1). Owing to the definition of the serendipity
operator S é‘} and bound (4.18), it can be checked that, for all T € 7},

NEy rvrllv.r < Ivrlly ;- (4.33)

4.6 Preliminary results

Lemma 16 (Polynomial consistency of the serendipity and extension operators). It holds:

~k

S(‘,‘}!V’Tv = sym curlvy Yy € Pk(T; RQ), (4.34)
~k

Ey I, v=1I v vy € PK(T;R?), (4.35)
~k—

iy yv =v Vv e PEUT;S), (4.36)

Ey ﬁ; v= I v Vv € PFHT;S). (4.37)

N ~k
Proof. (i) Proof of (4.34). Let v, = Iy, v. It suffices to show that (sym curlv, 0) solves the problem
defining S(‘, %vT, i.e., (4.15) with linear form L7 (-) = Ly r(v;;-) given by (4.24). Recalling the
definition (4.16) of the bilinear form Az, we have, for all (t, u) € P*1(T;S) x e+ (1),

Ar ((symcurly,0), (1, u)) = h4 / iv curlv divdivr

+ hy Z /n (symcurlvng - ng) n’;;%(‘rnE-nE)
Ec&Er

OtpVIERE

+h?} Z /6Esymcurlv 6ET+h?" Z symeurlv(xy) : T(xy),

—————
Ecér E VeVr
6t2Ev‘E 1E

+/symcurlv DM
T
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where we have used [9, Lemma 2.2] for the second and third term. Using the integration by parts
formula (3.4), observing that rot u € plr (T) to insert nsz into the first term and that v 57 = Vg, by
polynomial consistency of this trace reconstruction,

oy — £ =
‘/Tsymcurlv./,t——/ ;TV rot u + Z wTE/EvaT-(,utE).

N—_—— EEST

=vr

Using the above relation, again v g7 = Vg, , and further noticing that sym curlv(xy) = CGy.y for all
V € Vr by definition of the interpolator, we have, recalling the definition (4.24) of Ly 7 (v ;-),

Ar ((Sym curl v, 0)’ (1-9 I'l)) = -EV,T (E]W (T’ ﬂ)) V(T’ ﬂ) € Pk_l(T; S) X (].{C’[T*-l (T)

Since problem (4.15) is well-posed, this shows that (sym curl v, 0) is its unique solution and, as a result,
(4.34) holds.

—~ —k . . . 1~
(i1) Proof of (4.35). Set again v, = !V’Tv. Starting from (4.32), using (4.34) to write S(‘,}KT =
sym curly along with the polynomial consistency of the trace Vg, = v |4, and concluding applying the
integration by parts formula (3.4) to the right-hand side of the resulting expression, we have

‘/E;‘,% v rotT:/v-rotT VT e HEN(T).

T
Recalling that rot : H® k= YTy > P*2(T) is an isomorphism, this shows that E; k> T Vo= ﬂ’;,‘%v.
Noticing that the other components of the local interpolator are not affected by the serendlplty reduction
process, (4.35) follows.

(iii) Proof of (4.36). It suffices to show that (v, 0) solves the problem defining Sk 1IE Tv ie., (4.15)

with linear form L7 (-) = Ly 1 (! 2,TU3 -) given by (4.25). To this end, we use the alternative expression

~ .. - ok-1 .
(4.26) of Ly 7(v;;-) based on the restriction of the operator DD§ 2 to X, resulting from the
~k— k-
injection X, b g?‘l. Since this operator only depends on the polynomial components of X '
~k-1
left unchanged by the serendipity reduction, by [16, Eq. (19)] it holds DD§~_2!E’TU = divdivw.

Plugging this relation into (4.26) and recalling the definition (4.29) of I
Pk 1(T, S) X q_lc Jr+1 (T),

Iy 1, we obtain: Forall (7, p) €

k-1
LyrIyviT,p) = h3. / divdive divdivr

T
+ hr Z /an(vnE ng) an(‘rnE nE)+h3 Z /nk EOEVOET
EEST E EEST E
+ h2 Z U(xv):T(xv)+/%‘/rv
Vevr r

where the cancellation of the projectors is made possible by their definition. Comparing with the
definition (4.16) of Ay, we have thus proved that

Ar(,0), (1. 1) = Ler Ty 105 (1) V(T ) € PUT;8) x HOTH(T),

By uniqueness of the solution to (4.15), this proves the assertion.

(iv) Proof of (4.37). Immediate consequence of (4.36) along with the definition (4.31) of E. T O
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Lemma 17 (Projections of extension and serendipity operators). It holds, for all T € Ty,

or k2o _ = Sk
B2V, =r ¥, € Vo, (4.38)
e k=1 k-1 ~ _ ck-lgk-1= Sk
Tyt ComrEy 1V =740 Sy ¥y Vo €Vy, (4.39)
c,fr+l k-1~ _ =cC Sk-1
Tpr SyrTr =7r VT, €X; . (4.40)

Proof. (i) Proof of (4.38). For any u € HETH(T), taking tests functions of the form (0, u) with
u€ HETH(T) in the problem defining S(‘,‘} (ie., (4.15) with L7 (-) = L7 (v;;-) given by (4.24)), it

is inferred that
k-1= . = _
/SV,TKT -ﬂ——/
T T

Vv -rot u + Z wTE/?gT (utg). (4.41)
E

EEST

On the other hand, by definition (4.32) of E ’;;%, and since g € HETHT) ¢ HOK(T) (recall that
{r +1 <k —1by (4.14)), we have

—‘/EI;,_}ET -roty:/Sé_}fT TR Z wTE/VgT-(utE). (4.42)
E T Fegy E

Summing (4.41) and (4.42), (4.38) follows recalling that rot : e (T) — Pplr (T) is anisomorphism.

(i1) Proof of (4.39). Using the definition (3.5) of Cé‘y_nlqj fory, = E. V,TET and recalling the definition

(4.30) of EV’T, we can write, for any 7 € ?{C’k_l(T),

k-1 = k-2 = = _ k=12 .
‘/TCsym,TEV’TKT 'T__/EEP,TKT -rot T + Z wTE‘/VST'(TtE)—/SV’TKT T,

EEST E E

where the conclusion follows from the definition (4.32) of E ’;,‘%. Then, (4.39) follows by definition of
the L2-orthogonal projector on HER(T),

(iii) Proof of (4.40). It suffices to take test functions of the form (0, u) with g spanning H* AL (T) in
the problem defining S }IE_;, that is (4.15) with linear form L7 (-) = Lz 7 (7 ;) given by (4.25). O

4.7 Commutation property for the serendipity operators
Lemma 18 (Commutation property for the serendipity operators). Recalling that, according to (4.2),

~k-1

- k-1 .
gsym,T - EZ,Tgsym,TEV,T’ it holds

~k-1 ~k
k-1 ~ _ k-1~
Sy 17Ceymr¥r = Sv r¥r Vv €V, (4.43)

so that the following diagram commutes:

—~ S
v, X pkl(7;)
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—~ =k —~ . —~
Proof. Letv, € V; and set vy, = Ey ;v,. Recalling (4.30), we have v = v for all E € &7 and
(vv,Gyv) = (Vv,Gy,y) forall V € Vr. We next analyse the expression (4.25) of Ly 7 (U ;) when

B , : i
U= gsyr:l,TKT = E):,ngél + YV with the aim of showing that
Lo (@i (1. ) = Ly r B (T ) V(T p) € PENT8) X HETTH(T), (4.44)

The conclusion follows from this relation proceeding as in [16, Lemma 20].
We start by observing that, for all ¢ € P*=2(T),

/EH,T : hess g — Z WTE (/ UE 3nECI—/Dz7,E q Z a)EV(UVnE “tg) Cl(xv))
T E E

EGST VeVg
:/Tﬂ’;;leC;‘y_nl]’TgT : hess ¢
- Z WTE (/ ﬂl;v_’%(atEVST “NE) Onpq — /(6,2Ev(gr “tg) q) (4.45)
E€&r E E
- Z WTE Z weyv (CGy vng - tg) q(xv)
EcéEr VeVg

_ k=2 vk—1 _
_/TDDT Comryr 4=0,

where the second equality follows from the definitions (3.7) of gfy—r}ﬂ and (3.11) of DD§_2, while the
conclusion is a consequence of the fact that (4.1) defines a complex. This implies that the terms in the
first three lines of (4.25) vanish since divdivr € P*=3(T) c P*2(T). Additionally, from property

. =C _ _clr+l qk-1 =~ _ _cltr+l gk-1 c,fr+1
(4.39) it follows that vy, - = T gsym’TgV’TKT =T4r Sy ¥y Hence, forall p € HTT(T),

/Ta?H,T = /T Sy ¥y = —/TVT -rot p + Z (UTE'/];VE (pte), (4.46)

Ec&Er

where the conclusion follows from the definition of S(‘,‘} Plugging (4.45)—(4.46) into (4.25) and
comparing with (4.24) proves (4.44). O

4.8 Homological properties of the serendipity DDR sequence
Theorem 19 (Homological properties of the serendipity DDR sequence). The following properties
hold:

1. Complex properties:

EV,th,hKh =V, Vv, € Kef(ck_\y_nll,h), (4.47)

=3
EZ,hEZ,hIh —Tp€ Im(ggy_nln,h) VT, € 5y (4.48)

2. Cochain map properties for the reduction and extension maps:

~k
Ey Iy v =1y v W e RTH(Q), (4.49)
E'k_l R, ,v,=R,, C51 v Vv, € VK (4.50)
Coymnv n¥n = By nSsym n¥n Y €Yo )
Al = k-1 - =k
Es 1 Coimn¥n = CopmnLv n¥n Y, €V, (4.51)
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3. Isomorphism properties for the cohomology groups:

5 —~ —~ ~k

Ry ,Ey v, =V, v, evV,, (4.52)
= —~ —~ ~k-1

Ry ,Ey,7,=%, Vi, €%, . (4.53)

Hence, the cohomologies of the top and bottom complexes in (4.1) are isomorphic.

Remark 20 (Homological properties). The respective role of the above properties is the following: the
complex properties ensure that the serendipity DDR sequence is a cochain complex; thanks to the
cochain map properties, the reduction and extension maps are cochain maps; finally, the isomorphism
properties guarantee that the cohomology groups of the DDR and serendipity DDR complexes are
isomorphic. We additionally notice, in passing, that:
e It would suffice for property (4.48) to hold for all 7, € Ker( DD’Z‘Q) to ensure that the serendipity
DDR sequence is a cochain complex;

= =~ —~k
* The cochain property for Ry, , (i.e., Ev,h!f,,hw =1, ,wforallw € RT(Q)), holds by definition
—~k
(4.2) of I, ,,, and is therefore not listed in point 2.;

. ~k-1 N — k-2
* Property (4.52) (resp., (4.53)) could be restricted to v, € Ker(gsym’h) (resp., T, € Ker(DD;, ))
for the isomorphism in cohomology to hold.

Proof of Theorem 19. The isomorphism between the cohomologies of the top and bottom complexes
in (4.1) is a straightforward consequence of [15, Proposition 2] once we prove properties (4.47)—(4.53),
which we do next.

(i) Proof of (4.47). We notice that Cf ;1 nY;, = 0 implies Cé‘ynll vy =0forall T € 7;. The exactness

of the local DDR complex proved in [13 Theorem 3] then implies, for any 7" € 7, the existence of
wr € RTH(T) such that vy = IV rWwr. We can then write Ey, TRV V7 = Ey 7Ry TIV TWT =

—~k
Ey Iy rwr = !V’TWT, where we have used the definition (4.2) of !V,T in the second step and the
polynomial consistency property (4.35) (after observing that wr € P*(T';R?)) to conclude.

(i) Proof of (4.48). Let T, € ;';l_l and set T, = E):,hih‘ The components of 7, and Ey , 7, on

the mesh vertices and edges, as well as on (Hk_4(T), T € Ty, coincide by definition of the restriction
and extension operators (see (4.31) and (4.28)). Since DD%‘2 only depends on these components (see
(3.11)), this implies DD} *Ey. , T, = DD} %1, . i.e.

Ey 7, -1, = (0,75, S50% = v p)rem, (0,0)keg,, (0)vev,) € Ker(DD}™2).  (4.54)

By exactness of the local DDR complex (see [13, Theorem 3]), for all T € 7}, there exists vy, € Vk
defined up to the interpolate on Zk of an element of R7™(T), such that E. srir —Ir g;‘yr}l TV
which additionally satisfies, by (4.54),

n';,_’%étE (ve, -ng) =0and ‘9t2E (ve, - tg) =0forall E € &
and CG, y =0forallV € Vr.

Under these conditions, [16, Point 1. of Theorem 3] yields the existence of wr € RT* (T') such that
ver = wrar. Possibly up to the substitution v, « v, — !{‘, W, we can therefore assume that

ver = 0. Hence, the v, T € 7, can be patched together on internal edges to form an element of K’Z.
This concludes the proof of (4.48).

(iii) Proof of (4.49). The cochain map property (4.49) for E, ; immediately follows from (4.35) applied
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to polynomials in RT(T) c PH(T:R2) forall T € j,.

(iv) Proof of (4.50). Let v, € Z’h‘ and set, for the sake of brevity w, = EV,hEV’hgh. By (4.2),
~k—1
gsym,h

coincide by definitions (4.30) of E, V.h and (4.27) of EV’ ,» hence so do the components of their discrete

» _ P k-1 -
Ry v, = Ez,hgsym,hmh. The components of w, and vy, on the mesh vertices and edges

symmetric curls on the edges and vertices, as well as those on H* _4(T), T € 7y, (notice that the first
term in the right-hand side of (3.5) vanishes for T € H' k_4(T) since rot hess = 0). It only remains to
prove the equality of the components on H' cér+l (T), T € T, which follows if we prove that:

c,lr+1 Ck—l

e pwr = wG N CE ) vy forall T e 75, (4.55)

H, T sym,T

c,br+l gk-1= _ _clr+l k-1
H, T SV,TKT - ﬂ‘l—{,T Csym,TKT'
This relation can be established taking test functions of the form (0, u) with u € HETH(T) in the

problem defining S(‘,‘% vy (ie., (4.15) with linear form L7 (-) = Ly 7 (V;;-)) to write

/TS%ET :u=—/T§%vT Totp+ Y wTE/EvT-(utE)=/TC§§§1,TKT 7

EE(C)T

Setv, = EV,TKT' By virtue of (4.39), it suffices to prove that &

tr
P, T

cancelled the projector since rot y € P (T)), while the conclusion follows from the definition (3.5) of

ng_r}I,T' This concludes the proof of (4.55) and, therefore, of (4.50).

where we have used the fact that, by (4.27), vr = «rl vy and Vg, = vg, in the first step (and also

(v) Proof of (4.51). By (4.2), (4.51) amounts to proving that Ey, , Ry ,C*0 B\, ¥, = C5 1 Ey
Since Ey, ; and Ez, ,, leave the components on mesh vertices, edges, as well as those on k=4 (1), T € Ty,
unaltered, the equality of this components in (4.51) is immediate. It only remains to prove the equality
of the components on 7—(°’k_1(T), T € 75,. To this purpose, it suffices to invoke (4.43) and (4.39) to
write: Forall T € 73,

ck-1gk-175"1 ~  ck-lgk-1~ _ _ck-1,k-1 =~
Tor S):,Tgsym,TKT =TT Sy r¥r = Toir Csym,TEV,TKT'

(vi) Proof of (4.52) and (4.53). These relations are immediate consequences of, respectively, (4.38) and
(4.40) along with the definitions (4.27) and (4.28) of the restrictions. m]

4.9 Analytical properties of the serendipity complex

=k k-1
Following [16, Eq. (2.3)], for ® € 7j, U {h}, the discrete L2-products and norms on V,and X, are
~ o~ =k - ~ k-1
defined setting, forallw_, v, € V andv,, 7, € X, ,

BT o= (Ey B Ey FOv.e and (Bl . = IEy Bllv.e, (4.56)

—V.,e_e

(Qo’ /I\.)f,. = (EE’.Q.’E ? )E,' and ||/I\-||E,a = ||Ez’.§.||29.' (4'57)

Y. e e
. =k ~k
Lemma 21 (Equivalence of norms on V). It holds ||-||‘7’T = -llv.r on V.
=k
Proof. Forally, € V., we have
17 llg 7+ = 1Ey 7¥llv.r S WEy 7v7llv.r < vzllv.r,

where the first inequality comes from the norm equivalence (3.21), while the conclusion is (4.33).
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To prove the converse inequality, we use (4.38) to write:

s
157103 = s B 2 020y + D A IPEI R ey + D (WY + A IGe v )

EcéEr VeVr

< NESE5 o gy + ) PN o) + Z (13 By 2+ 131Gs v )

Ec& T
=IE = 2
=Ey 7y 1Iy 7
where the inequality follows from the L2-boundedness of nth, while the conclusion is an immediate

consequence of the definitions (3.19) of ||-|lv.r and (4.30) of E, ;. We then continue with the
equivalence of norms (3.21) and with (4.56) to write [|Ey, ;v |||%/ TS ||Ev,TET ||%/ r =y ||37 -

~k-1
Remark 22 (Equivalence of norms on X;. ). The uniform equivalence of ||-||5 , defined in (4.57) and
ll-llz, 7 can be established in a similar way. Since this result is not needed in what follows, the details
are left to the reader.

Theorem 23 (Analytical properties of the serendipity DDR complex). The following properties hold.:
1. Continuity of the reductions:
IRy w2 llg S vullva Wy, € V5, (4.58)

IRy ) Tylls ), < lzyllzn Vo, € 247 (4.59)
2. Polynomial consistency: Forall T € Ty,

Ey Ry It v=v  WvePHT;RY, (4.60)
Ey Ry  ISir=1 VrePN(T;s). (4.61)

~k k-1
Hence, Lemmas 3, 8, and 9 hold with (VX ;;‘1) replaced by (V,, X ).

~k =k-1
Proof. The fact that Lemmas 3, 8, and 9 hold with (VX ,2;2_1) replaced by (V,, X, ) is a consequence
of Theorem 19 along with the continuity of the interpolators (3.22) and [16, Propositions 4-9] once
properties (4.58)—(4.61) have been proved. We therefore turn to the latter.

(i) Proof of (4.58) and (4.59). Using the norm equivalence in Lemma 21 and the definitions (3.19) of

the component norm |||-|||y 7 and (4.27) of EV 7V we infer

D 2 D 2
”EV,TKT”“/ T < |||EV,TKT”|V,T

L 2 2 2 2 4 2
=l ey + Dy IVENR s ey + Dy (B vy 241Gy ) )
EEST VE(VT

2 2 2 2 4 2
ST pmn + 2 BV o+ 2 (B2 I0v I+ G
EEST VG(VT

where the second line results from the L?-boundedness of n‘; - Noticing that the expression in the last

line is precisely [[|v, |||‘2, + and invoking the uniform norm equivalence (3.21) with e = T concludes the
proof of (4.58). The proof of (4.58) is similar and we omit the details for the sake of conciseness.

(ii) Proof of (4.60) and (4.61). Recalling the definition (4.29) of the interpolators on the serendipity
spaces, properties (4.60) and (4.61) are nothing but (4.35) and (4.37), respectively. O
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A Poincaré-Korn type inequalities in hybrid spaces

The proof of the functional inequality for hybrid vector fields that is used to establish point (i) of Lemma
3 (see Section 3.4.2) is presented below. First, we introduce some additional notations concerning tensor
calculus in three dimensions. For a bounded, Lipschitz domain D ¢ R? and for a sufficiently regular
tensor field P : D — R3*3, we define

0oP13 — 03P12 03P11 — 01P13 01P12 — 02P11
02P33 — 03P33  03P31 —01P33 01P32 — 02P3;

For later use, we also introduce the space RM3 := {a xx +b : a,b € R>} of three-dimensional
rigid-body motions and the operator Anti : R? — R3*3 given by

0 —das as
Antia == a3 0 —a1| VaeR>.
—as9 al 0

The discrete functional inequalities below hinge on [21, Theorem 3.3], which the authors refer to
as incompatible Korn type inequality for L -regular tensor fields. For the sake of clarity, we recall the
statement of this key result.

Lemma 24 (Incompatible Korn type inequality). Let D C R3 be a bounded, Lipschitz domain and let
p € (1,00). Then, there exists Cix > 0 depending only on D and p such that, for all P € LP (D;R>?),

in

weﬂgw |P — Antiw||prp.grsxs) < Cik (|| sym P||pr (prsx3) + || sym CuI'].PHW—l,p(D;RSxS)) . (A1)
3

It has been observed in [21, 22] that the previous result can be seen as a generalisation of both the
Poincaré—Wirtinger and Korn’s second inequalities. In the following Proposition, we apply Lemma 24
to some particular cases in which the tensor field P is skew-symmetric and assuming p = 2.

Proposition 25 (Poincaré—Korn inequalities for L2-regular vector fields). Let D ¢ R", with n € {2, 3}
be a bounded, Lipschitz domain. Then, the following inequalities hold:

inf |lu -2 pgay S Cixll gradu|lg-1(pgncay Vu € L2(D;RY) with1 < d < n;
ueP®(D;R) ' ’
(A.2)
inf |y =Vl 2(pg2) S Cllsymeurlv|| g1 pgoxey Vv € L*(D;R?) withn =2;  (A3)
veRTY (D) ’ ’

inf ||w =Wl 2(p;re) S Cillsymgradwlg-1praxay YW € L*(D;RY) withd =n. (A4)
WeRMy ’ :
Proof. In order to establish (A.2) for 1 < d < n < 3, it suffices to consider the case n = 3 and d = 1.
Hence, we let u : D — R and apply Lemma 24 with P such that P32 = —P2 3 = u and all the other
components set to zero. Therefore, we clearly have sym P = 0 and

n

weRi/[g ”P - AIltiW”LP(D;RBXB) = %Iellg ”P - Anti(ﬁ, 0, 0)||LP(D;R3><3) = \/Q%Ielﬂg ||u - ﬁ”LQ(D)'

Moreover, it is observed that

0 —(9214 —8314
—Oou  201u 0 = |[|sym Curl P||g-1(pgssy < 2|l gradul|g-1p.gs)-
—631/! 0 2811/!

N =

sym Curl P =
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As aresult, we get the conclusion.

We now proceed with the proof of (A.3). Weletn = 2,v € L%(D;R?), and define a skew-symmetric
tensor field P such that

0 0 Vi
P=1 0 0 v = sym Curl P =

symcurly 0 ) B (sym curly 0
-V V2 0

0 rotv| 0 tr(sym curlv) |’

Therefore, it is inferred that || sym Curl P|| g-1(p gaxsy < 2| sym curlv||g-1(pzs). Additionally, since
v does not depend on x3 and due to the position of the non-zero entries in P, it is readily inferred that

il’lf ”P—Al'ltiW”Lp(D;RSXS) = ll’lf ||P—Anti(7, O)”LP(D;RSXS) = \/5 lnf ”V—V||L2(D.R2).
weRM; FeRT (D) VeRT (D) ’

Hence, the conclusion follows again by using (A.1).

The proof of (A.3) is obtained with similar arguments by using Lemma 24 with

0 0 ) 0 —w3 W2
P=]| 0 0 -wy and P =| wg 0 -wi |,
—Wao W1 0 —W2o w1 0
for the case n = d = 2 and n = d = 3, respectively. i

We are now ready to establish the main result of this Section. For the sake of simplicity, we detail the
result only for the two dimensional case, but we refer to Remark 27 for some possible generalisations.

Proposition 26 (Poincaré—Korn inequalities for hybrid vector fields). Let
U = {gh = ((ur)res,, We)Ees,,) « ur € PY(T;RY) VT € Ty, up € PX(E;R?) VE € ah}

and, for allu, € U fl denote by uy, the piecewise polynomial field on Ty, such that (uy)r = ur for all
T € Tp. Then, there is a constant Cpx > 0, only depending on Q and the mesh regularity parameter,
such that

1. Forallu, € Q;‘l satisfying /Quh =0,

lunll}2 gpe) < CP D, (||gl‘aduT||iz(T;Rgxz)+ > htllur —uE||i2(E;R2)); (A.5)
TeT, Ecér

2. Forallu, € Qﬁ satisfying /Quh -w=0forallw € RTHQ),

”uh”i2(g,R2) S CPK Z (” Sym CIIrl uT”iZ(T;RQXQ) + Z h]_"llluT - uElliQ(E;R2) ; (A6)
T €T, Ecér
3. Forallu, € Qﬁ satisfying fQuh -w=0forallw € RMo,
lenl2s ) < Crxc Y. (nsymgraduTniQ(T;RM)+ N b lar —upl g |- (AT
TeT, EcéEr
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Proof. We only detail the proof of (A.6), which is used in the proof of Lemma 3, since (A.5) and (A.7)
can be obtained by reasoning in a similar way. Letu, € U fl and observe that the condition fg up-w=>0

for all w € RT () implies

_ 1n£ ||Uh _V”LQ(Q;RQ) = ||uh||L2(Q;R2)‘
VERT (Q)

Therefore, applying the second inequality in Proposition 25, it follows that

||uh”L2(Q;R2) | Symcurluh”H—l(Q;RZXQ) = sup /uh - (rot n)
ﬂEHé(Q,S), |I'I”H1(Q;R2X2):1 Q

= sup Z (—'/Tcurlur i+ Z wTE/EuT'(UtE))

UEH(I)(Q;S)’ ||”||H1(Q;R2X2):1T€771 Ec&r

= sup Z (—‘/Tsymcurlur i+ Z wTE/E(uT—uE)-nt),

neH (Q;9), Il g1 qr2xey=1T €7y, Ecér

where we have integrated by parts element by element and used the fact that 5 has continuous tangential
traces across interedges and vanishing tangential traces on the boundary in order to insert #g into
the boundary term. Applying a Cauchy—Schwarz inequality on the integrals and invoking a discrete
Cauchy-Schwarz inequality on the sum over T € 7}, we infer that

2
[l S su | sym curlur||? Il
RIIL2(QR2) > p Yy T LQ(T,RQXQ) n L2 (Q;R2%2)
UEHé(st), ||'7||H1(9;R2><2):1 Te(];l
1 1
2 2
-1 2
+ ( DD hrtlur —uEnLg(E;RQ)) (Z > hrnntEnLa(E;RQ))
TeT, E€Er TcT, E€Er
3
< | D, |llsymeurlur|); + > hptllur —ugll?
~ L*(T;R>2) r L*(E;R?)
Te<eT, EcéEr
1
X sup Hl(Q;S)’
']EH(l)(QvS)v Hl(Q;RQXZ):l
where, in the second inequality, we have used the continuous trace inequality [17, Lemma 1.31]. O

Remark 27 (Generalisations). The results of Proposition 26 admit several extensions that we have
decided not to include for the sake of brevity. First, (A.5) and (A.7) can also be established in the
three-dimensional case simply by replacing the interedges with interfaces. Second, since the starting
argument given by Lemma 24 holds for all Lebesgue indices p € (1, o), we can generalise the discrete
Poincaré—Korn inequalities to the Banach setting. The main modification required in the proof consists
in replacing Cauchy—Schwarz inequalities with suitable versions of Holder inequalities. Finally, we
notice that in the proof of Proposition 26 we are not using any inverse inequality requiring the hybrid
vector fields to be polynomials. Thus, the previous Poincaré—Korn inequalities can be extended to vector
fields with piecewise Sobolev regularity.
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