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Abstract

For the Poisson problem in two dimensions, we consider the stan-
dard adaptive finite element loop solve, estimate, mark, refine, with
estimate being implemented using the p-robust equilibrated flux es-
timator, and, mark being Dorfler marking. As a refinement strategy
we employ p-refinement. We investigate the question by which amount
the local polynomial degree on any marked patch has to be increase
in order to achieve a p-independent error reduction. The resulting
adaptive method can be turned into an instance optimal hp-adaptive
method by the addition of a coarsening routine. Keywords: hp-finite
element method, adaptivity, convergence.

1 Introduction

Since the work of Babuska and co-workers in the 1980s, see e.g. [14, 15], it is
known that for elliptic boundary value problems with sufficiently smooth co-
efficients and data, a proper combination of h-refinement and p-enrichment
can yield a sequence of finite element solutions that converge exponen-
tially fast to the solution. Existing convergence results on hp-finite ele-
ments mainly concern methods where an a prior:i decision about hA- or p-
improvement is based on the decomposition of the solution into smooth



parts and known singular functions associated to corners or edges of the
boundary.

In practice, one rather uses hp-adaptive finite element methods (hp-
AFEMs) driven by a posteriori error estimators. Apart from identifying
the elements where the current approximation error is ‘relatively large’, and
therefore need to be refined, for each of those elements hp-AFEMs have
to decide whether it is appropriate to perform either an h-refinement or a
p-enrichment. Ideally such a decision depends on the local smoothness of
the exact solution, which is however unknown. Many proposals have been
made to estimate the local smoothness from information extracted from the
computed sequence of finite element solutions and the right-hand side. Only
a few of these methods have been proven to converge (e.g. [4]), but none of
them has been shown to yield exponential convergence rates.

In [10] we followed a different approach: we extended the hp-AFEM
with the hp-coarsening routine constructed by Binev in [6]. This routine is
called after each sequence of adaptive enhancement steps that reduces the
error with a fixed, sufficiently large factor. The application of coarsening
generally makes the error larger, but it yields an hp-partition that is instance
optimal. That is, the best approximation error from the associated hp-finite
element space is at most a constant factor larger than that from any hAp-
finite element space with a dimension that is at most a constant factor
smaller. In particular, this means that if the solution can be approximated
from hp-finite element spaces with an exponential rate, then the sequence of
approximations produced by our hp-AFEM converges exponentially to the
solution (see [10] for more details).

What remains is to specify a method that, between every two consec-
utive calls of coarsening, reduces the error with a sufficiently large fixed
factor, and that runs at an acceptable cost F, measured in terms of float-
ing point operations. In doing so, we simply assume that the arising linear
systems are solved exactly (whereas an inexact solve within a sufficiently
small relative tolerance would be sufficient), and moreover make the admit-
tedly disputable assumption that this solving is achieved at a cost that is
(uniformly) proportional to the dimension of the system. In this setting,
the ideal situation would be that F' is proportional to the dimension N of
the finite element space. In view of the envisaged exponential decay rate
exp(—nN®) of the error, a polynomial cost F = AN*, with A > 0 and k > 1,
could still be regarded as acceptable because the error decay rate in terms
of F would still be exponential, namely exp(—nA~%/kF2/k). Note, however,
the suboptimal exponent a/k < a.

In [10], we examined the Poisson problem in two space dimensions

—Au=f in§, u=0 on 99, (1)

and used as the ‘error reducer’ a number of h-refinements of the elements
that were selected by bulk chasing, also known as Dorfler marking, using the



a posteriori error estimator of Melenk and Wohlmuth [16]. This estimator
is sensitive to the polynomial degree that generally varies over the parti-
tion. To account for this deficiency, we showed that a number of iterations
that grows as p?*t¢, here with p denoting the maximal polynomial degree,
is sufficient to achieve a fixed error reduction. Unfortunately, this does not
lead to an acceptable cost F. To see this, consider the extreme situation of
having a partition 7 consisting of one single element with polynomial degree
p, whence with finite element space dimension N proportional to p?. Since
we have to perform p?t¢ ~ N1T¢/2 gteps, and each bisection step multi-
plies the space dimension by 2, we infer that the total cost would grow as
F ~ N2V"% which is exponential rather than polynomial.

In the present work, we consider Dorfler marking based on the equi-
librated flux estimator, which has been shown to be p-robust by Braess,
Pillwein and Schéberl in [7]. We use this estimator to mark patches of ele-
ments around vertices (stars) and to execute p-refinements exclusively. To
state the type of question we are after, for the ease of presentation let us for
the moment assume that the polynomial degree is uniform over the mesh
and equal to p. In such a case, we denote by w, the Galerkin solution and
pose the following question:

Which increase ¢ = q(p) of polynomial degree is able to reduce the
error by some fixed factor a < 1 independent of p, namely

IV (u = uptg)ll o) < allV(u = up)lly@)- (2)

Since the functions V(u — upyq) and V(upyq — up) are orthogonal in Lo(€2)
due to Galerkin orthogonality, (2) is equivalent to the saturation property

BIV(u = up)ll o) < NV (uprg = up)ll o) (3)

with a constant 0 < 8 < 1 independent of p; consequently o = /1 — 32.

In this paper we develop a local version of (3), written on stars in terms
of negative norms of residuals, and show that combined with Dorfler marking
of stars it yields a p-robust contraction property for hp-AFEMs. Our main
result is a reduction of such a local saturation property to three Poisson
problems on the reference triangle with interior or boundary sources which
are polynomials of either degree p—1 or p. Numerical computations for these
auxiliary problems suggest that uniform saturation is achieved by increasing
the polynomial degree p by an additive quantity ¢(p) = [Ap] for any fixed
constant A > 0, whereas an increase of the form ¢(p) = m for some constant
m € N seems insufficient. Since multiplying p by a constant factor multiplies
the dimension of the local finite element space by not more than a constant
factor, this type of p-enrichment meets the desired cost condition. In fact,
it leads to an ideal cost proportional to the space dimension.

Saturation conditions such as (2) have been used in a posteriori error
analysis for h-refinement. We refer to [2, 3], where (2) is assumed to hold



for piecewise linear and quadratic finite elements, and to [17] which shows
that (2) can be removed as an assumption. The relation between (2) and
the relative size of data oscillation for piecewise linear and quadratic finite
elements have been examined by Dorfler and Nochetto [12]. Our abstract
hp-AFEM of Sect. 4 bears a resemblance to the construction in [12].

This work is organized as follows. In Sect. 2 we describe the model
problem. In Sect. 3 we give error estimators in terms of negative norms
of localized residuals that are defined on stars. These error estimators are
shown to be equivalent to computable estimators in Sect. 5. Under a satura-
tion assumption on the marked stars, that mimics (3) locally but is expressed
in terms of negative norms of residuals, we prove in Sect. 4 a p-robust con-
traction property for an abstract hAp-AFEM. In Sect. 6, these saturation
assumptions on stars are reduced to the question of saturation for three
Poisson problems on a reference triangle with polynomial source terms of
degree p. Finally, in Sect. 7, saturation constants are computed numerically
for a range of p’s, and trial spaces of degree p + ¢(p) for various choices of
the function ¢. A conclusion is drawn in Sect. 8.

In this work, by C < D we will mean that C' can be bounded by a
multiple of D, independently of parameters which C and D may depend on,
where in particular we have in mind the mesh partition, and the polynomial
degrees. Obviously, C' 2 D is defined as D < C, and C = D as C < D and
C 2z D.

For any measurable w C R", with (-,,-),, and || - ||, we denote the La(w)-
or Ly(w)"-inner product and norm, respectively. For any closed subspace of
H'(w) on which ||V-||,, is equivalent to ||-|| H1(w) (typically, subspaces defined
by vanishing traces on non-negligible parts of dw, or by vanishing mean-
values), we think always of this subspace as being equipped with ||V - |,
and so its dual as being equipped with the resulting dual norm.

2 Model problem

We consider the Poisson problem (1) in a polygon © C R?, and for a f €
Lo(92). Our results can easily be generalized to other boundary conditions,
and elliptic operators — div(AV-) provided A = AT > 0 is piecewise constant
w.r.t. to any partition 7 encountered by the hp-AFEM. Generalization to
three space dimensions is likely possible using an extension, announced in
[18], of the proof in [7] of p-robustness of equilibrated residual a posteriori
error estimators from two to three dimensions.

Let Uy C H&(Q) be a space of continuous piecewise polynomials, of
variable degree p, w.r.t. a conforming partition 7 of € into triangles. We
assume that T belongs to a class of uniformly shape regular triangulations.
For T € 7T, we define

pr = P11 (4)



as the smallest integer such that the restriction to 7' of any function in Uy
is in Py, (T'). Note that the combination of a possible variable degree, and
Ur C H}(Q) generally prevents Uz|r from being the complete space Pp,.(T).
We impose, however, that in any case Uy 2 Hg(Q) N [I7¢7P1(T), namely
that continuous piecewise affine functions are contained in U7

Let u and wy denote the exact solution of our boundary value problem
and its Galerkin approximation from Uy, respectively.

Let V7 (£7) denote the collection of vertices (edges) of T subdivided into
the interior vertices (edges) VB! (€I0%) and boundary vertices (edges) V4
(&k}dr). For any e € &7, i, stands for a unit vector normal to e. The operator
[] yields the jump, in the direction of 7i., of the traces of the argument from
the two triangles that share e € £8Y, and the actual trace for e € S%dr.

3 Localizing the residual to stars

For a € V1, let ¢, = 97, denote the continuous piecewise linear ‘hat’
function w.r.t. 7 that has value 1 at a and that is zero at all other vertices.
Let w, = w, denote the star centered at a, namely the interior of the union
of the T' € T that share the vertex a; note that @, = supp ¥,. Let Tq = T14
denote the triangulation 7 restricted to w,, and let &, = Er, (£, £ )
denote the collection of its (interior (a € e), boundary (a € e)) edges. We
define

Pa = Pa,7 = Maxpr, ﬁa = ﬁa,T: (pT)TEwa‘ (5)
TGLUa
For a € V1, we define

H (w) = {ve H (w,): (v,1),, = 0} a € Vit
xRl {ve HY (wy): v=0o0on 0w, NN} a € VoI,

equipped with ||V - ||,
For v € H'(Q2), we define the global and localized residual functionals
by

rr(v) == (f,v)a — (Vur, Vu)q,
ra(v) = r7a(v) 1= () = 3 /T vbalf + Dup)+ Y [ veaIVur- il

TeTa ecEint e

Proposition 3.1 (reliability and efficiency). There exists C1 > 0 such that

IV@—uplh <3 3 Wallfienys  Iralliy < ClIV@—uplu, (a € Vy).

acVT

Proof. Thanks to ¢, € Uy, and uy being the Galerkin solution from Uy (cf.

Remark 3.6), we have ‘
ra(1) =0 (a € VP,



Since furthermore Ve = 1, for v € H}(Q) we have

acVr
[ v
rr(v) = Z ro(v) = Z ra(v) + Z ra(v— 7V(;“w l)

acVr aeVbdr agVint “

< Irall oy V0w,

acVr
2
<VAIVslla, [ 3 Iralls

acVT

where we used that each triangle in 7 is contained in at most three patches
wa. From [[V(u —u7)llo = supgLyemi (o) r{(v)/||Vv||q, we arrive at the first
result.

Conversely, for v € H}(w,) we have that 7 (v) < ||V (u—up) ||w, |V (©av)]|w, -
By either applying the Poincaré inequality for a € V%I-“ or the Friedrichs in-
equality for a € VXU we have |[V(¥q0)||lw, S [[VVllw. ([13, p.8]), which
yields the second result. O

Exactly the same proof of Proposition 3.1 shows the following result:

Proposition 3.2 (discrete reliability and efficiency). Let U D Uy be a closed
subspace of H}(Q) with Galerkin solution w.r.t. U denoted by u. We then
have for all a € V1

IVGa—unld <3 3 IralZmsoonoys IFallgronoy < CHllIVE—up)l,.
a€VT

For completeness, here and on other places, with H}(w,) N U, we mean the
space of functions in H}(w,) that are restriction of functions from U.
Let @, 1 denote the Ly(T)-orthogonal projection onto Py(7T'), and define

Qpr—1 7w  pr > 2,

(627;U0|T = { Jf;zzﬂ pT'::l,

(6)

Jr baw
Jr ¥a

equal to \/g . Let 7 be the residual computed on discrete data Qr, f rather
than f:

One easily infers that w +— is an Lo(T')-bounded projector, with norm

Falv) = 3 /T waQrf)lr+ 2un + Y [ walVur-id. ()

TeTa ecEint V€

Using the definition of @7, f and that ¢,|r € P1(T), we then have

Fa(l) —ra(D) = 3 /T Gal@Qrf)lr— ) =0 (aeVy).

TeTa



The two next results show that the norms of r, and 7, are equal modulo
local data oscillation.

Proposition 3.3 (discrepancy between r, and 7). It holds that

”th - Ta”Hl (wa)’ Z dlam inf Hf - pr—1HT7

TeT, prflerpprl(T)

so that in particular 7, = ro when f € [[perPpr—1(T).

Proof. By applying the Poincaré inequality for a € V%E‘t or the Friedrichs

bdr

inequality for a € V2", we infer that

y va(f — (Q7.f)|T)
HT!I - Ta”Hi(wa)’ = sup ZTETCL fT ‘
0£vEH] (wa) va”wa

Sdiam(wa) [ Y If = (@ Alrll3

TETa

< diam(T inf — _1ll. O
<> ( )pr,leppT,l(T)Hf fpr—1llT

Straightforward applications of Cauchy-Schwarz inequalities give the fol-
lowing bound in terms of global data oscillation, which is defined as follows:

ose(f.T) = [ diam(D)? inf = fprall

TeT Tpp—1€Ppp—1

Corollary 3.4 (global discrepancy between residuals). There exists a con-
stant Cy > 0 such that

S sy = | 32 Wl | < Coosets. 7.

acVr acVr

Remark 3.5 (weaker dual norms). Obviously the result of Proposition 3.3,
and thus that of Corollary 3.4, is also valid when the dual norms are taken
w.r.t. closed subspaces of the spaces H}(w,), as those employed in Proposi-
tion 3.2.

Remark 3.6 (minimal requirement on uy). The results that were obtained
in this section, and so those that are based on them as the forthcoming
Proposition 4.1, are actually valid for any uy € Uy that satisfies

/VuT Vvdx—/fvdx (v e Hy(Q ﬂHPl (8)
TeT

being the property responsible for rq(1) = 0 (a € VI*'). So uy does not have
to be the Galerkin solution from Uy



4 p-robust convergence of hp-AFEM

Let 6 € (0,1], o € (0,1], X € (0, 8—2) be constants. We consider an abstract
hp-AFEM which comprises the following three steps between consecutive
Galerkin solves:

i. Small data oscillation: let global data oscillation be sufficiently small
relative to the global estimator

ose(f,T) <A Z ||7v"a||%{*1(wa)/3

acVr

ii. Dérfler marking: let the marked set M C Vg satisfy

D el ey = 0% D allfrs g,y

aeM acVr

iii. Local saturation property: let U D Uz be a closed subspace of H&(Q)
that saturates the dual norm ||7|| 1 (., ) for each marked star w,

17all a1 wayndry 2 OllTall a2,y (@ € M)

Condition (iii) means that enlarging the discrete space suitably ensures local
saturation on the marked stars. This abstract hp-AFEM is driven by the a
posteriori error indicators |[74| 1 (w,), that, however, are not computable.
In the next section, we will recalled that these indicators are wuniformly
equivalent to computable quantities, which can then be used instead. With
some obvious modifications of the constants in the error reduction factor,
the following result remains valid.

Proposition 4.1 (contraction of hp-AFEM). Let conditions (i)-(iii) be en-
forced by the hp-AFEM, and let w € U denote the Galerkin solution. Then
it holds that

ol — 2
IV - 5o < \/ 1= Gt ey V= unla



Proof. We observe that the following chain of inequalities is valid

Prop. 3.2
V3CUIV@—uple = [ lral?y ooy

acVT

Corol. 34 Rem. 3.5

Z ||Ta||(H1 _CQOSC(faﬂ

acVT
Z ||7"a|| _CQ Z H%a”%g(wa)/
aeM a€Vr
(iii), (ii)
> (00 = CoN) | D Il
acVr

Corol. 3.4, (i) 50 — Co\
= Tio Z 7l oy

Prop. 3.1 50 — CQA
T B+ o)

Exploiting Galerkin orthogonality V(u — @) L V(@ — wy) finishes the proof.
O

IV (u = un)la-:

Proposition 4.1 is reminiscent of [12, Theorem 1.1] for piecewise linear
and quadratic finite elements, except that (i) was expressed in terms of the
error; an expression similar to (i) is discussed in [12, Remark 3.4]. Condition
(iii) was derived in [12] upon explicitly computing a sharp relation of jump
residuals against linear and quadratic bubbles that allows for elimination of
jumps in favor of interior residuals. A similar calculation seems intractable
for general polynomial degree. In order to enforce (iii) for any polynomial
degree, we will seek later, in Sections 6 and 7, a function ¢ : N — N such
that for some constant o € (0, 1],

7ol (12 @) T er Prataar @) 2 OITall i@,y (a € V1); (9)

this is a local version of (3) written in terms of residuals and thereby more
practical. Upon selecting H}(Q) D U D Ur such that

H (wa) O [ Poutawa)(T) C HA(wa) NT  (a € M), (10)
TeT,

we then infer that the saturation property (iii) is valid.

Remark 4.2 (role of oscillation). As discussed in Sect. 1, in the setting of the
hp-AFEM algorithm from [10], we need the result of Proposition 4.1 only for
the case osc(f,T) = 0. Indeed, there the actual right-hand side has already
been replaced by a piecewise polynomial approximation before moving to
the error reduction step.



Since the term osc(f, 7) is generically of higher order than ||V (u—u7)||q,
usually (i) is satisfied “automatically” also inside other hp-AFEM algo-
rithms. In the unlikely event that initially this does not hold, it can be
enforced by global, or appropriate local p-enrichment that drive osc(f,7T) to
zero even though the right-hand side of (i) changes with (pr)rer. To see
this we stress that without computing new Galerkin solutions w.r.t. to the
enlarged trial spaces (which is allowed by Remark 3.6), Corollary 3.4 shows
that

Z ||7%a||?{*1(wa)/ — Z ”Ta”%r*l(wa)/ as osc(f,7T) | 0.

acVr acVr

Since Proposition 3.1 implies that the latter expression is equivalent to
IV (u — uy)]||, which is thus not affected by these additional p-enrichments,
we infer that (i) is satisfied when osc(f, T) has been made sufficiently small.

Remark 4.3 (optimality). For h-AFEM, i.e. fixed polynomial degree on all
triangles, it is known that R-linear convergence already ‘nearly’ implies a
best possible convergence rate allowed by this degree and the solution, i.e.
‘optimality’. Indeed, what is furthermore needed is that the error estimator
is ‘efficient’ and ‘discretely reliable’, and that the cardinality of any partition
created by the AFEM can be bounded on a constant multiple of the total
number of marked cells starting from the initial partition.

In hp-AFEM, the question how to ensure optimal rates is much more
difficult. At a first glance, it requires a basically optimal choice of either
h-refinement or p-enrichment in every marked cell, which seems about im-
possible to realize. In [10], we therefore returned to the idea, introduced in
[5] in the h-AFEM setting, of correcting possibly non-optimal earlier deci-
sions by means of coarsening. We showed how any R-linearly convergent
hp-AFEM can be turned into an optimally converging hp-AFEM by the ad-
dition of an hp-coarsening routine that was developed in [6]. This routine,
that is called after every fixed number of the R-linearly converging AFEM,
replaces the current AFEM solution by a quasi-optimal hp-approximation
within a suitable tolerance.

Remark 4.4 (computational cost). In [10], we examined the Poisson problem
in two space dimensions and derived an error reduction property upon com-
bining Dérfler marking with an h-refinement of the marked elements driven
by the a posteriori error estimators of [16]. We showed that allowing a num-
ber of iterations that grow polynomially faster than quadratically with the
maximal polynomial degree is sufficient for an error reduction with a fixed
factor. However, as already discussed in Sect. 1, this yields a computational
cost that might increase exponentially with the polynomial degree and is
thus unacceptable in practice.

In this paper, we resort to p-enrichment instead and investigate the ques-
tion (3), or equivalently the amount ¢(p) by which the local polynomial de-

10



gree p must be increased for one single iteration of Dorfler marking together
with p-enrichment of the marked patches to yield an error reduction by a
fixed factor. This key question is discussed in the next three sections.

5 Equivalent computable a posteriori error indi-
cators

In this section we recall that the dual norm of the local residuals 7 are
equivalent to computable quantities. These quantities can be used to drive
the hp-AFEM.

It is well-known that a vector field 7 € RT,(T') in the Raviart-Thomas
space RT p(T') of order p over an element T' is uniquely determined by the
conditions div 7T = ¢p, and T|. - iy = ¢ (e € ENIT), when the ¢r, ¢ are
polynomials of degree p that satisfy fT AT = Y ecenor fe ¢e. Noting that for

Fo € RT;G{O(T) {a € H RTpr(T): G- 1ie =0 (e Ggfdr)} (11)
T€Ta
and v € H'(w,) one has

G V) = Y /vd1v0a+ 3 /vﬂaa .

TeT, ec&int

in view of (7) and 7#4(1) = 0 (a € V") one infers that there exist (multiple)
Ga € RT ;! o(Ta) with
—(Ga; VV)w, =Ta(v) (vE€ Hi(wa)) (12)

In the literature, such a field &, is called in equilibration with 7. Obviously,
for any of such &, it holds that

1Fall 2 (o) < IFallw- (13)

The next, celebrated result shows that, up to a multiplicative constant,
the reversed inequality is true for a suitable &, [7, Thm. 7].

Theorem 5.1 (equivalent estimator). Let RT, 0(7;) denote the non-conforming
Raviart-Thomas space over the star w, of degree Da

Tpa, (Ta) == {5 € H RTpao(T): G 71 =0 (e € g;)dr)}'
TeT,
Then there holds
argmin 1Gallwa = 17all 1 wa) -

{G€RT,, 0(7;): Ga solves (12)}

11



Indeed, in [7] a 7, € 73’7';&1,0(7;) has been constructed that satisfies (12)
with [|Gallw, S I17allaz(w,)- Together with (13) this proves the theorem.
Note that, according to (5), we have

RT ;.00(Ta) € RT, o(Ta)-

An efficient computation of the &, € RT;Q{O(E) that solves the mini-
mization problem was proposed in [13]: Using that uy € U7, integration-by-
parts and the chain rule show that

7a(V) = (VaQT, [, V)w, — (Vur, V(¥av))w,
= (VaQT, [ — Vo - Vur,v)y, — (Yo Vur, VU)u,.

Noting that ¢, Vur € RT;ZI (Ta), and introducing ¢, = &4 — ¥ Vur, we

0
conclude that 7, € 73’7':;&170(7;) solves (12) if and only if ¢, € RT;a{O(ﬁ)

solves

_<5a» V)w, = (VaQT, f — Vb - Vur, v)w, (v E H»}(Wa))

Since in particular ¢, - i, = 0 (e € EPM) and ¥, Q1. f — Vo - Vur € La(w,),
the latter problem is equivalent to div(, = ¥.QT,f — V¢q - Vug, which
implies that each solution satisfies

Ca € RT p,0(Ta) = H(div;wa) N RT, o (To).

The problem of finding ¢, € RTp,.0(Ta) with div{, = ¢¥aQ7.f — Vg -
Vur and minimal ||Cy + ¥oVurl|lw, (i-e., minimal ||7,]l,,) reduces to the
following saddle point problem: find the pair ¢, € R7 p,0(7a), and

: = int
Te € Qp, (Ta) = { {a € 1lrer, Poa(T): (¢, L)w, =0} a € VF,

o HTeTa Pp. (T) a € Yyhdr,
such that
{ (Cor T deow A iV Ty Ta) ey = —(WaVUT, T, (7o € RT pa0(Ta)),
<diV Eaa Qa>wa = <¢aQ7}f - V% : VUT7 Qa>wa (% S Qpa (7:1))
(14)

Remark 5.2 (avoiding Q7,). The computation of the projection involving
@7, can be avoided by a slightly different definition of 7, in (7): If, for each
T € Tq, we replace the term ¢, (Q7, f)|1r by Qp, 7(¥af), then all statements
obtained so far remain valid, but in (14) the term ,Q7, f would read as
Q7. (Vaf), with (Qr,w)|7 = Qp, 7w; recall that Q,, 7 is defined in (6).
Since range(I — Q7.) L Qp,(Ta), we infer that in that case Q7,1 f could
simply be replaced by v, f.

12



The reason why we have nevertheless chosen our current definition (7)
is that it yields an 7, of the form

)= 3 [vvor+ ¥ [oo e (5)

TeT, ecgint /€

for some ¢ € Py,—1(T) and ¢, € Py, (e), and thus with ¢,¢7 being a poly-
nomial of degree pr that vanishes at Ow,. With the alternative definition,
that allows for a slightly simpler solution of the mixed system (14), the form
of 74(v) would be similar, except that ¢,¢r would read as a polynomial of
degree p,, without boundary conditions. Potentially, the absence of these
boundary conditions makes our task of ensuring the saturation property (iii)
more difficult. (Actually, in (15) also ¢, could be read as a product of a
polynomial of degree p, — 1 and 1),, i.e., as a polynomial of degree p, that
vanishes at dw,, but we will not be able to benefit from this extra property.)

Remark 5.3 (alternative mixed FEMs). Instead of using Raviart-Thomas el-
ements, computable indicators can equally well be defined in terms of Brezzi-
Douglas-Marini or Brezzi-Douglas-Duran-Fortin mixed finite elements.

6 Reducing the saturation problem from a star to
a triangle

We recall the task (9) of finding a function ¢ : N — N such that for some
constant o € (0,1],

17all (B2 () TTrer, Poos ot ) = OlTall 1wy (@ € V).

In this section, we reduce this task on patches to similar tasks on a single
‘reference’ triangle T', with edges é1, €5, and €3. We make use of the following
two lemmas.

Lemma 6.1 (p-robust polynomial inverse of the divergence). For ¢5 €
Pp(T') there exists a o'y € RT,(T) with

divey = ¢p and  |05ll7 S o7l gy -

This lemma, formulated as a conjecture in [7], was later proved by Costabel
and McIntosh [8]; see also the ‘note added to proof’ following [7, Conjecture
6]. The following lemma was shown by Demkowicz, Gopalakrishnan, and
Schéberl [11, Thm. 7.1].

Lemma 6.2 (p-robust Raviart-Thomas extension). Given ¢ € Ly(9T) such
that @|e, € Pp(&) and [ ¢ = 0, there exists a &5 € RTp(T) with &7 - fip =
¢, divaoyp =0, and

s < inf Tl 5.
lozl 5 {FreH(diviT): div7p=0, Fp-fip=¢} 17zl

13



The announced reduction of the saturation problem is given by the fol-
lowing theorem. For a Lipschitz domain Q@ C R", and a I' C 99 with
meas(I') > 0, here and in the following we use the notation H&F(Q) to de-
note the closure in H'(€2) of the space of smooth functions on Q that vanish
at I'. We now prove (9).

Theorem 6.3 (reduction of p-robust saturation property). Let us introduce
the following three constants on the reference triangle T':

60y, ..oy

1) .
CI() ) = sup , (16)

T oreer, @ V0l . Py

0,81 U&

with ¥ € P1(T) defined by 1(é1 Néa) =1, ¥(é3) =0;

o= [, vl gy

CF = sup DALV a7
ozeepy(en) v Js Pl . )Py

v = for $0ll g7y

Cﬁq) = sup T @)

(020€lT2, Pole): for o=0} 107 Joi OVl arrryp, oy

(18)

If for some function qg: N — N the quantity

- 1) (2) (3)
¢= zs)lelg e (Cp,q(p)’ Cp,q(p)’ CM(P))

is finite, then there exists a constant o depending on C such that

lTall 2 (way < Wall(H2@a) [Trer, Prasae @) (@ € V7). (19)

Proof. This proof consists of parts (A) and (B) below. It builds on the
technique developed in [7, Proof of Theorem 7]. Recall, from (15), that 7,
has the form

ZOED S RTESS Dl FTRNCEY SO}

TeTa ecEint ¥ €

for some ¢ € Py.—1(T) and ¢. € P, (e).
Part (A) deals with the first term of 7, whereas part (B) handles the
second one. In fact, in (A) we use sup,ey c

p.a(p) < oo to construct rr €
H}(w,) for each T € 7T, such that

17 2 way S 1Fall (1 @0) [Trers, Posatee) (7)) (20)

and decompose 7, as follows

r((lo) = Tq+ Z rT
TeT,

14



(0)

with ry” satisfying

ri)(1) = (1), (21)
O (v) Z oPv  for some 60 € P, (e). (22)
eegmt €
We next use sup,cy max (C’fq)(p),qgg'q)(p)) < o0 in (B) to construct an
réi) € H}(w,) foreachi=1,.. —1 with n, := #7,, such that r(na D _
0 and
17 @ — 7" 1)”H1 (wa) S Hrgfl)H(Hg(wa)mHTeTa Ppatape)T))* (23)

Clearly, inequalities (20), (23) imply that

(0) %
a2 @ Trer, Poatatar @) S Wall @2 T er, Poosawa @)
. -
HTL(IZ)H(Hi(wa)mHTeTa PPa‘HI(Pu)(T))/ S Hré(ll )H(Hi(wa)mHTeTa Ppa-&-q(pa)(T))/’
(24)
respectively. Therefore, writing

Ng—1

7ZTT+Z z—l) z

T€Ta
and combining (20), (23), and (24) gives the asserted estimate (19).

Part (A): Bulk residual. Lemma 6.1 shows that there exists a E(Tl) €
RTp,(T), for each T € Ty, such that div 5’5}) = o7 and

(1
15007 < 1adr sy - (25)

For each T' € 7,, we will construct a E(TQ ) € RTp,(T) with div &(TQ ) = 0,

5;2) Cfip = (1) iy on ep = ery,, = 0T N 0w, (see Figure 1), and

16217 < 1adr

Lot fopy TV (26)

Then putting
re(v) = (G0 + 32, Vo)r (v e HY(wa)),

obviously r7(1) = 0, whence (21) is valid, whereas integration by parts

rT(v):—/vaaqﬁT+/aT\ v(& ()+_’§,12)) T
er

15



shows (22) for suitable qu)) € Pp,(e). Finally, (25) and (26) yield

(1 (2
iy <135 + 327

|7

Sladrlla . oy S el @0, )

1)

where for the last inequality we have applied sup,cn C]g a(p) < OO To derive

(20) it remains to prove

||%¢>TH(HgyaT\{eT}(T)anTﬂ(pT))/ < Fall (B2 o) [Trers, Poa-satee) (D)

We proceed as follows: for any v € HS,@T\{eT}(T ) N Pprtq(pr)s denote
its zero extension to w, again by v and set v := v — vol(w,)? fwa v €
H}(wa) N [Trer, Pratqa)(L). We then have [,vihadr = Fa(v) = Fa(D)
thanks to 7,(1) = 0, while obviously ||Vv|r = ||V?|w,. This proves the
desired estimate.

It remains to construct ) € RT,,.(T) as required. In view of Lemma 6.2,

it is sufficient to construct some 7p € H(div;T) with div7p =0, 7p - fip =
~(1)

—y’ - fip on ep, and || 7r||7 < || Yadr| H2 (ry- This 77 can be chosen
' 0,07\ {er}
as Vwp with
ow
Awp=0 inT, wr =0 on dT\{er}, 87’4’; = —Eg,})-ﬁT on er.
In fact, since
IVl = oo [ w5,
er HO,BT\{ET}(T)/

and

/ va A = / v b1 + 5’5}) -V,

er T
by integration by parts, we deduce
S
IVwrle < Wabrlliy . .y + 167 e < Warlg,, oy

Part (B): Edge residual. Consider the notations as indicated in Figure 1.

For ¢ =1,...,n, — 1, we will construct rgf) € H(w,), r((ln“_l) =0, so
that (23) holds

AW =), &)
and for some <z5g-) € Pp.(€5)
W@ = > [ oo (e Hlw). (28)
j=i+17€

16



€Ty €T
" €1
v | |

Figure 1: Enumeration of triangles and edges in 7, for the case a € Vi}‘t
(left) or a € V2Ir (right).

For a € V2 v — f61 <Z>(e?)v is zero as element of H}(w,)" as e; C O and

v = 0 on 9. We can thus take rél) = r((lo).

For a € VI we will construct a dp, € RTp,(T1) with divern = 0,
or, -fm, =0on en, dn -y = —ng?) on ep, with qbg?) introduced in (22),
and

Jnln o> [ oy (29)
€1

H&52 (Tl)/'
We define

r () =) + (@, Vo)r, (v e H'(wa)).
Then (1) = i (1), i (v) = [, (6 + on, - iz v + ey [, 68w for

veH 1(wa), and thanks to SUPpeN C,(,,Qq)(p) < 0,

I = )

ey < Il < Jors [ 600
€1

H&,EQ(Tl)’

< H’Ul—)/ ¢'(3?)UH .
el (HS,EQ(Tl)ﬂPpa+q(pa))/

We observe that in order to show (23) for i = 1 we still need to prove

e H < [r©
.
Hv /81 ¢61 ! (Hé,EQ (Tl)mppa+0(17a))/ ~ HTO, H(H%(wa)mHTeTa PPG+‘1(Pa)(T))

To do this, we first consider a simple affine transformation that makes
T,, a reflection of T} across e;, and extend boundedly by means of re-
flection v € Hj ., (T1) N Py, 1q(p,) to a function v € H&EQU%G (T UT,,)N
[Ticqina} Prataa)(Ti)- We next identify o with its zero extension to the
rest of w, and set ¥ := ¥ — vol(w,) ! fwa v € H}(wy) N [rer, Poatawa) (1)

17



Thanks to . )( 1) = 0 we have [, qﬁg?)v = rgo)(ﬁ) and ||V0|lw, S V|l
This proves the desired inequality.
It remains to construct the aforementioned vector field o'r,. In view of

Lemma 6.2, it is sufficient to construct another vector field 7, € H(div;T7)

with div 7_"T1 = O, 7_"T1 'ﬁTl =0on €Ty, ’7_"T1 'ﬁTl = — ,(3?) on eq, and ||’7_"T1HT1 ,S

o [, ¢g?)v|\Hé (r;)- This 7, can be chosen to be Vwr,, with wr, being
1€2

harmonic in 77 and

8wT1
onr,

6le .
on,

wr, =0  on ey, =0 onepn, —qbgl)) on ej.

This function satisfies | Vuwr, |z, = [[v = [, 6% v]| m1 . (ry» Which is (29).
1€
(1)

The preceding procedure to construct rq * (for a € V%r—‘t) can be employed

for a € Vr= V%gt U V%)-dr to construct 71(12), . rt(lna 2), where (23), (27), and

(28) will be realized.
There remains the final case i = n,—1. For a € V', the same procedure
can be applied another time, which yields (23) for i = n, — 1, whereas (28)
(na

shows that the resulting rq Y is zero as a functional on H Hwa).

For a € Vit we set r( a=b
s (27) and (21), we deduce

:= 0 as anticipated. In view of (28), as well

3 [ e = e = r@ =0

j=ne—1"¢i

(3)
We can thus apply sup,cn qu

obtain

() < 0 to T(n“ 2 - Téna*Q) — r((lnafl) to

& oy < I8 ez, oy SN2l @ )Py, )

where the first inequality follows from 7‘((1 “ 2)( 1) = 0, and the fact that for
each v € H}(wa), |V (v|r — vol(T) ™! [ v)||l7 < [[Vv|lw,. It remains to prove
the estimate

||7“£L"“_2)H(Hg(:rna_1)m>aﬂ(a) < e )H(Hg(wa)mnTeTaPpaﬂ(pa)(:r)y- (30)

We distinguish between n, even and odd. In the former case, we use that
there exists a bounded extension of H}(T,,-1) N Py, 1qpa) t0 Hi(wa) N
[Irer, Poatawa)(T)- Indeed, such an extension can be constructed by re-
peated reflections (modulo simple affine transformations) over e, _1,...,ej.
For n, odd, instead, we follow the same procedure of reflecting a given
ve H(T,, 1)NP patq(pa) OVET €ny—1,...,e2. Then on the last triangle T,,,
we are left Wlth the problem of ﬁndmg an H'(T,,)-bounded extension of
given o; € Hz(ei) N Pputa(pa) for i € {1,n.}, to a polynomial of degree

18



Pa + q(pa) on T,,,. Since the o;’s connect continuously at {a} = e; Ne,,,
because of the structure of repeated reflections, suitable extensions are
known from the literature; see e.g. [1, Lemma 7.2]. The resulting exten-
sion 0 € H'(wa) N [Trer. Ppatape)(I') of v constructed in this way sat-
isfies [|VO|o, < [IVolz,, ;. Finally, setting v := v — vol(w,)™ f v €
H}(wa) N TIrer, Pratapa)(T), we have [V, < Vo1, as well as
e (v) = rén“_Q)( ), thanks to r(n“_z)(l) = 0. This completes the proof
of (30), and with that the proof of the theorem. O

Remark 6.4 (one dimensional case: star indicator). A simplified version
of the proof of Theorem 6.3 shows that the corresponding result in one
dimension is valid under the conditions that for some g = ¢(p),

(1 - CU)¢HHO{ 1y (=11
sup sup < 00, (31)
peN 0zgeP, 1 (-11) (L= 2)0ll g (—1,00P,,)
v o(1 )HHl 1,1
sup oo (7Y’ < 0. (32)
PEN v o(1 )H oy (CLDNPy )

The numerator in (32) is equal to |[u'||(_; 1), where u solves
—u"=0 on(-1,1), w(—1)=0, u'(1)=1,

whereas the denominator is the Lo(—1,1)-norm of the derivative of its
Galerkin approximation from H_ {71}(—1, 1) N Ppiq. Since u(z) = =z + 1
implies u € P1(—1,1), (32) is obviously true even for ¢ = 0.

Similarly, the numerator of (31) is equal to [[u'||(~1,1), Where u = u(®)
solves

—u" =(1—-2)¢ on (-1,1), u(—1) =/'(1) =0,

whereas the denominator is the Lo(—1,1)-norm of the derivative of its
Galerkin approximation up+q Uptq(@) from H0 131, —=1) N Ppyg. Since

u € Ppia(—1,1), indeed u(z) = — [*, f (1 — 2)é(2) dz dy, obviously (31) is
valid for ¢ = 2. This is consmtent Wlth the derlvatlon in [10, Section 4.3].

Let us now take ¢ = 1, and investigate whether (31) is still valid. Since
H&{_l}(—l,l) N Ppt1 — Pp : v = v is surjective, uy 4 is the Lo(—1,1)-
best approximation to u' from P,. Moreover, since v’ € P,41, we have that
(u—ups1)’ is a multiple of the Legendre polynomial of degree p+1. Since this
polynomial does not vanish at 1, but u’ does, apparently (v — upt1)" # o/,
whence u,1 # 0. From P,_1(—1,1) being finite dimensional, we conclude
that for any fized p,

(1 — x)d)HHO{ 1y (=11
sup

0£¢EP,_1(—1,1) H(l“$)¢Hf%{ "

< 00.
(=1L,1)NPp41)’
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Below we study the question whether this holds uniformly in p, i.e., whether
(31) is valid for g = 1.

Let ¢,, denote the Lo(—1,1)-normalized Legendre polynomial of degree
n. Exploiting that (u—up14)" and uy,, . are Ly(—1,1)-orthogonal, we deduce
||u;)+1H%_171) = HU/H%_Ll) - ’<u,a£p+l>(—1,1)|2) or equivalently

v/l -1 _ (1 B \<U'aﬁp+1>(—1,1)|2>—é

lupiall=1m) [l

So saturation uniformly in p holds for ¢ = 1 if and only if

u', L _
sup pp < 1, with p, := sup i I/DH)( 1’1)|.
P $EPp—1(—1,1) [|u H(—l 1
Since {¢1,--- , £} is a basis for P, 1(—1,1), we may write ¢ = Y7 ;4]
where ¢ := (¢;); runs over RP. With

= V2it1 8; (i+1)v2i+1
T (2i41)v/2i+3° i 21—‘,—1)\/ -1’

it holds that
il (x) = xli(z) — Bili_y(x) (1> 1),

from which we infer that (1 — z)¢(z) = S0 dif)(x), where dpy1 = —apcp,
dy, =cp—ap_1cp—1,and fori =p—1,. ..,1, di = —Bir1Cir1 + ¢ — aj_1¢i—1
(with ¢o := 0). Writing these relations as d = TZ, where T € RPTD*P_ e
conclude that d runs over rangeT = {d € RP*!: d‘T = 0} when ker TT

span{?}. This ¥ = (v1,...,vp+1) can be found as the first p + 1 elements of

V1 = 1, Vo = afl, V; = Oé;_ll(vi,1 — Bi,Q’U@',Q) (’L = 3, 4, .. )

In view of the expression for (1 — z)¢(z = [{(1 = 2)¢(2) dz, and
4;(1) = /2L we have o/ = Y00 dit; — Zp+1 \/22 + 1d;ly, and so

d2
p?) — sup p+1

(derrt: a0y S A2+ (S0 V2T 1d)”

For computing this supremum, it is sufficient to consider d,;1 = 1. Setting
€ = (di)lgigp, W= (Ui)lgigp and g := (\/ 20 + 1)1§i§p7 we find that

_ (2p+4+ min (I+37 e e+2 2p—i—3§—ré‘)7
{€eRr: T w=—vp41
The minimizer € can be computed as the solution of the saddle-point problem
[ I+gg" w] [ 5} _ [ —\/2p+3§’]

’LBT 0 A —Up+1
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which gives
— T =1 =\ —1 — ST — )
A= (@I +gg") "' &) (vpy1— @ (I+g5 )" "2p+39),
e=—(I+3g3") Y\/2p+37+ \b).

The computed values of pg given in Table 1 indicate that lim, .o pp = 1

D 10 100 10000
p]% 0.5719 | 0.9402 | 0.9994

Table 1: Computed values of plg).

which means that (31) is not valid for ¢ = 1. Apparently this is a price to be
paid for the localization of the residuals using the partition of unity defined
by the linear hats. Indeed, in this one-dimensional setting a localization is
possible that allows for ¢ = 1, which we discuss in the next remark.

Remark 6.5 (one dimensional case: element indicator). Let 7 be a subdivi-
sion of an interval €2 into subintervals. With I being the continuous linear
interpolant w.r.t. 7, the splitting v = I7v + > ;c{v — I7v)|r gives rise to
the following orthogonal decomposition of HJ(£):

Hy () = P Hy(T) D (Ho(@)n [T Pu(D)).

TeT TeT

For any uy € Uy that satisfies (8), it holds that rﬂHé(Q)ﬂHTerpl ) =0,
and so with r7 := r7igy ) = v [p(f + up)v, we have

I =wp)llo = Irrlm-1@ = [ Izl

With i == v = [;(Qpp—1.7f+4)v, it holds that \\/zTeTHTTH;H -

ZTGTHfTH%{,I(T)} < osc(f,T), with this oscillation term defined as in

~

Corollary 3.4. Finally, since the solution of a Poisson problem on T with
right-hand side Q. —1,7f+u- € Pp,—1(T) and homogenous Dirichlet bound-

ary conditions on 0T'is in Py 41(T"), we conclude that |77 || g-1(7) = |77 | (2 (T)VPpyin)'
So with this approach even ‘full’ saturation is obtained by raising the local
polynomial degree by only one.

7 Computing the constants defined in Theorem 6.3

In this section we discuss a couple of techniques to compute approximations

(

of the constants Cpg defined in Theorem 6.3, and we indicate some choices of
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functions ¢ = ¢(p) for which these constants appear to be bounded uniformly
in p.
We start by observing that, applying Riesz’ lifts, the constants 01(3?21

satisfy the following relations:

o) — M
pa y @ .’
0£6€Py—1(T) [[Vuyigllp
o@) — M
pq 3§ 2) 4.7
0#£PEPp(¢1) Hvup+q||T
3.
o = “up IVutllz

—L.
{0£6€TT2, Ppl&:): [yp #=0} HVUIQQHT'
Hereafter, the functions
1 1 ~ -
uly = ull) () € Hi e, (T) N Ppag(T),
ully = u?) (6) € HY ., (T) N Pyig(T),

p+q P+q
3 3 > >
ul) = ul) (@) € HN(T) N Pyyo(T)

are respectively the solutions of
vy Vo= [wou (e )0 P
/TVuﬁq Vv = /é1 v (v € Hy o, (T) N Ppig(T)), (33)
[Vt vo= [ ov e mD) NP )

and u(® = 4 (¢) are the exact solutions (setting Puo(T) := La(T)).

Since the solutions u(?), and so the constants C](;g, cannot be computed
exactly, we approximate them by solving the three Poisson problems above
with a polynomial degree r > p + ¢ and exploit the fact that lim,_, ug) =
u in the corresponding closed subspace of H'(T). We thus compute the

constants

(1)
Vur ||+
o) = ] % oy
0#£¢€Pp 1 (1) || Vuytylly
Vu?) 7
2 = sp HTHT (35)
0£6€Py (1) ||Vt ol
3)
oo s IVurly (36)

- . 3 )
(0£6€TT, Po(e): g =0} ||Vl |l
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and expect that for r large enough the values of Cz(,f()l would stabilize thereby

indicating convergence of ug) to u(®. This process is documented in the
tables below and is not a hidden saturation assumption because the degree
r is not a priori decided but determined from computations. In Section 7.4
we describe an alternative procedure based on the polynomial structure of
the forcing terms that circumvents this limiting process.

The corresponding Galerkin problems to find u&i) are implemented via
suitable modal bases of the Koorwinder-Dubiner type (see, e.g., [9], Sect.
2.9.1) on the reference triangle T = {x,y > —1, = +y < 0}. Exploit-
ing the warped-tensor-product structure of these functions, all integrals in
the stiffness matrices and right-hand sides are computed through univari-
ate Gaussian quadratures that are exact within machine accuracy for their
(polynomial) integrands. The constants of interest are computed by solving
suitable generalized eigenvalue problems.

We prefer this approach over that in Section 7.4 because of its relative
simplicity when the underlying polynomial degree p becomes large.

7.1 Constant ng}q),r

The following computational results for C’I(),lq),r in Tables 2 and 3 show that
r = 2(p + q) yields stabilization (only for the largest value of p + ¢ in each
Table we restrict to this single value of r). Moreover, the choice ¢(p) = p
gives full saturation ng}q)m ~ 1 whereas ¢(p) = p/7 is more practical and
still gives an acceptable level of saturation. Table 4 for ¢(p) = 4 displays a
moderate increase of the saturation constant Cz(),lq),r-

Table 2: Here ¢ = p, i.e., p+ q = 2p. There is clear evidence of convergence for
r — 0o. Furthermore, the limit constants are uniformly bounded with respect to
p, and even seem to converge to 1 (‘full’ saturation) when p — co.

p \ p+yq \ r \ Chidr

4 8 16 | 1.0072779439
32 | 1.0072781599
64 | 1.0072781600
128 | 1.0072781600
8 16 | 32| 1.0007015305
64 | 1.0007015438
128 | 1.0007015438
16 | 32| 64| 1.0001682679
96 | 1.0001682633
128 | 1.0001682680
32| 64 | 128 | 1.0000689675
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Table 3: Here ¢ = %p, ie,p+q= %p. Uniform boundedness with respect to p is
preserved, and even convergence to 1 for p — oo seems to be valid.

p\p+q\ T\ng,lq),r

14 16 | 32 [ 10.109219047
64 | 10.109454622
128 | 10.109454650
28 32| 64| 1.6580711707
128 | 1.6580859228
56 64 | 128 | 1.3327470997

Table 4: Here ¢ = 4, ie., p+q = p+ 4. Only the largest value of r used in
computation is reported. In this case, the constants C’I(),lq),r (slowly) increase for
p — 0.

p\p+q\ T\Cz(;,lq),r

4 8 [ 32 1.0072781599
12 16 | 64 | 1.1590636448
28 32| 96 | 1.6580856832
60 64 | 128 | 2.7635533362

7.2 Constant C’,g?q),r

The same comments of Section 7.1 are valid here, although stabilization
occurs at larger values of r.

7.3 Constant CZ(;?q),r

The same comments of Section 7.1 are valid here.

7.4 Equivalent computable constants

We now exploit the polynomial structure of the forcing functions ¢ in (33)
to show that the quantities |Vu(?| 7 can be computed via suitable saddle
point problems with Raviart-Thomas elements.

The first two paragraphs of Part (A) of the proof of Theorem 6.3 show
that, for a given ¢ € P,_1(T), there exists a ¢ € RT,(T) with dive =
Y6 on T, G iip = 0 on &5, and [5llp S [96lyy, .z The first two

properties show that for v € H&élué2(T), Jpvov = — [ - Vv, and so
|]1/1<Z>J]H01 @Y S ||&]| 7. We conclude that for 6 € RT (1) with divé = ¢¢

onT, ¢ iy =0 on é3 and minimal ||&||, it holds that

&1 U

15117 ~ 9]

0,61 U&

(= IVuV]z).
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Table 5: Here ¢ = p, i.e., p+ q¢ = 2p. There is clear evidence of convergence for
r — oo. Furthermore, the limit constants are uniformly bounded with respect to
p, and even seem to converge to 1 when p — oc.

plp+q| r|C8,

1 8] 16 | 1.1500400619
32 | 1.1608825787
64 | 1.1616050286
128 | 1.1616516366
8| 16| 32| 1.0928924221
64 | 1.0992140060
128 | 1.0996224599
16 | 32| 64 10708125134
96 | 1.0747936682
128 | 1.0754714541
32| 64| 128 | 1.0611369396

Table 6: Here q = %p, ie,p+q= %p. Uniform boundedness with respect to p,
and even convergence to 1 for p — oo seem to be preserved.

p\p+q\ T\ng?q),r

14 16 | 32 ] 2.6706917112
64 | 2.7805456663
128 | 2.7877362832
28 | 32| 64| 2.0554724235
128 | 2.1293823858
56 | 64 | 128 | 1.9013521194

This & can be computed as the first component of (7,t) € RT,(T) N
Hy e, (div; T') x Pp(T') that solves the discrete saddle-point problem

/5.;+/tdiv?:0 (7 € RT,(T) N Ho gy (div; T)),
T T
/rdiv&z/rw¢ (TGPP(T))-
T T

(Here, as expected, Hg &, (div; T') are the H(div; T)-functions with vanishing
normal components on €z).

Similarly, as follows by steps made in Part (B) of the proof of Theo-
rem 6.3, for ¢ € P,(é1) there exists a & € RT,(T) with divé = 0 on T,

—

G-flj=¢onéi, d- np=0onés, and ||d||; S |lv— fél ¢U||H01é2(T)" The

first three properties show that for v € HS,éz (1), fél pv = [ - Vv, and

so [lv = [, ¢$v||H5 @y S I@llp. We conclude that for & € RT(T) with
€2
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Table 7: Here ¢ = 4, i.e., p+q = p+ 4. Only the largest value of r used in
computation is reported. The constants 01(7,2(3,7" (slowly) increase for p — oo.

p\p+q\ T\Cg(;,?q),r

4 8 [ 32 1.1608825787
12 16 | 64 | 1.5500093739
28 32| 96 | 2.1185446449
60 64 | 128 | 2.7568423884

Table 8: Here ¢ = p, i.e., p+ q¢ = 2p. There is clear evidence of convergence for
r — oo. Furthermore, the limit constants are uniformly bounded with respect to
p, and even seem to converge to 1 when p — oc.

p \ p+q \ r \ Choter

4 8 16 ] 1.0316563321
32 | 1.0318040514
64 | 1.0318046947
128 | 1.0318046973
8 16 | 32| 1.0135088572
64 | 1.0135679473
128 | 1.0135681920
16 32 | 64 | 1.0081863729
96 | 1.0082192602
128 | 1.0082204858
32 64 | 128 | 1.0062046674

divéd =0on T, iy = ¢ on é1, & - il = 0 on é3 and ||&||# minimal, it
holds that

177 = o [ ol oy (= 1967
€1

This & is the first component of (7, ¢,t1) € RT p(T) N Hg g, (div; T) x Pp(T) x
Pp(€1) that solves

/5?+/td1v?+/ tl’?-ﬁj« =0 (7_"6 RTp(T)ﬂHQé3(diV;T)),
T T é1
[rdiv&’—l—/ 0 - T = / ri¢ (r € Pp(T), 71 € Pp(1)).
T é1 €1

Finally, for ¢ € [[>_, Pp(&) with Jo7® =0, from Lemma 6.2 one infers
that there exists a & € RT,(T) with divé =0 on T, &-fi; = ¢ on 9T, and
1517 < llv = [or @|| g1 ¢y For such a ¢ with minimal [|&||7, it holds that

1= [lo /8 vl ey (= [V ).
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Table 9: Here q = %p, ie,p+q= %p. Uniform boundedness with respect to p,
and even convergence to 1 for p — 0o seem to be preserved.

p\p+q\ T\ng?q),r

14 16 | 32 | 2.2934830389
64 | 2.3001147590
128 | 2.3001422769
28 32 | 64 | 1.6814554754
128 | 1.6851850386
56 64 | 128 | 1.5469935612

Table 10: Here ¢ = 4, i.e., p+ ¢ = p + 4. Only the largest value of r used in
computation is reported. The constants C,(,?’q),r (slowly) increase for p — oo.

p\p+q\ T\ng?q),r

4 8 | 32 1.0318046947
12 16 | 64 | 1.2576399758
28 | 32| 96 | 1.6850507900
60 | 64 | 128 | 2.2721068822

Using that RT,(T) N H(div0;T) = curl(Py;1(T)/R), one infers that
this & is the first component of (&,t) € curl(P,y1(T)/R) x [To_, Pp(¢;) that
solves

[ G 7+ / 47 = 0 (7 € cwrl(Ppy1 (T)/R)),
T oT
3
/(9Tr5-ﬁT:/BTT¢ (Tegpp(éi))'

8 Conclusion

We show a p-robust contraction property for hp-AFEM whenever a p-robust
local saturation property, expressed in terms of negative norms of residuals
on patches of elements sharing a node (stars), is valid for all marked stars
using Dorfler marking. We reduce the question of p-robust local saturation
for the Poisson problem in two dimensions to three simpler Poisson prob-
lems over the reference triangle 7' with three different interior or boundary
forcing ¢ which are polynomials of degrees p — 1 or p respectively. If u(i)(gzﬁ)

are the exact solutions of these auxiliary problems in T for ¢ = 1,2,3, and
(4)

pta(p)

nomial degree p + ¢(p), the question reduces to finding a function ¢(p) such

(¢) € Ppiq(p)(T) are the corresponding discrete solutions with poly-
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that the following saturation constants are uniformly bounded in p:

. (i) 7
0 IO
o 1Val) o (@)l (D)

We provide computational evidence that a function of the form ¢(p) = [Ap]
gives uniform saturation, namely C]Ef) (@) is bounded as a function of p, for
any constant A > 0. In contrast, we do not observe uniform saturation for a
function ¢(p) constant. However, for ¢(p) = 4 and all p < 60, the constants

C’I(,f; 14 do not exceed 2.77, which is still quite close to the ideal value 1.
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