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Abstract

We construct and analyze non-overlapping Schwarz methods for a preconditioned weakly over-
penalized symmetric interior penalty (WOPSIP) method for elliptic problems.

1 Introduction

The weakly over-penalized symmetric interior penalty (WOPSIP) method was introduced in [10] (and
extended to higher order elements in [11]) for the Poisson problem: find v € H?(Q) N HE () such that

—Au = in
“hoome (1)
u=20 in 02 ,

were {2 C R? is a polygonal domain and f a given source term in L%(£2). The WOPSIP method is stable
for any positive penalty parameter and satisfies quasi-optimal error estimates in both the energy and the
L2 norms. Moreover, its simplicity renders the method particularly suitable for parallel computations
(cf. [8]). However, due to the over-penalization, the condition number of the stiffness matrix is of order
O(h™*), h being the mesh-size. A simple block preconditioner was proposed in [10] that reduces the
condition number of the preconditioned system to O(h~2). A nice feature of the preconditioner is that
by construction it is well suited for parallel computations since it retains the intrinsic parallelism of the
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WOPSIP method. The goal of this paper is to further improve the performance of the preconditioned
WOPSIP method and to develop additive Schwarz methods for the resulting preconditioned WOPSIP
approximation, without destroying the parallel properties of the final linear algebraic system. We note
that overlapping additive Schwarz preconditioners for the unpreconditioned WOPSIP method were
investigated in [6], where the condition number of the subdomain problems remain O(h™%).

An outline of the paper is as follows. In the next section, we recall the preconditioned WOPSIP
discretization for the Poisson problem. Then, we introduce the Schwarz methods for the preconditioned
WOPSIP discretization and discuss some computational issues. The convergence analysis is carried
out in Section 4 and validated through numerical experiments in Section 5. Finally, the proof of some
technical results needed in our theoretical analysis is shown in the Appendix.

Throughout the paper, we shall use standard notation for Sobolev spaces (cf. [1]), and z < y will
mean that there exists a generic constant C' > 0 (that may not be the same at different occurrences but
is always mesh independent) so that x < C'y. Analogously, * ~ y will mean that C~1y <z < Cy,

for a constant C' > 0.

2 Problem setting and WOPSIP discretization

In this section, we introduce some notation, recall the WOPSIP approximation and present some of
the properties of the formulation.

Let {7}n>0 be a family of quasi-uniform triangulations of Q. The mesh size is defined by h :=
maxre7, diam 7. We denote by V}, the first order discontinuous finite element space associated with
Ty, defined by

Vii={vel?*Q) : vlp eP(T) VT €T},

where P*(T') is the space of linear polynomials in T. The set of all the edges in 7}, is denoted by &p;
the set of internal edges by £ and the set of boundary edges by E,?, so that &, := & U 5,?. For any
e € &, he will denote the length of the edge e.

We use standard notation for trace operators [4] to define the jumps [v], [7] and averages {v}, {7}
of (sufficiently regular) scalar and vector—valued functions v and 7. For each interior edge e € &; such
that e = 9T N AT~ we define

e

[v] :=vint +ov n,, [r]l=7-nf+7,n
fol = (& +v)/2, {r}=(rd+710)/2,

where vl (respectively v, ) denotes the trace of v on e taken within the interior of T (respectively
T7), and n} (respectively n_ ) is the unit normal of e pointing towards the outside of T (respectively
T-). For e € €2, we define

{3} =7, [v] :=ven.

We do not need either [7] or {v} on boundary edges, and we leave them undefined.

The WOPSIP approximation to the solution of (1) reads: Find uj € V}, such that

Ap(up,v) :/fvd:c Yo eV, (2)
Q
where Ap(+, ) : Vi x Vi, — R is the bilinear form defined by [10, 8]:
— @ 0 0
Anw,0) = 3 /TVw~Vvda:+ 3 h—g/eﬂe([[w]]) TO(Q])ds Y, € Vi 3)

TeT), ecép



Here, o denotes the penalty parameter which we assume to be > 1 and I19 : L?(e) — P%(e) is the
L2-orthogonal projection onto the space P?(e) of constant functions on e:

1
2 (v) := W /vds =v(me) Vee€& Yvel,, (4)

where in the last step we have used the midpoint rule for integration and m, is the midpoint of the
edge e € &,. For vector valued functions I19(-) is defined componentwise.

By considering the energy norm:
1
oIl == > IVollgr + DG Yoeva,
TeT, ec&y €

(observe that |[v]|2 = Aj(v,v) for a = 1), it can be shown that the bilinear form defining the WOPSIP
method is coercive and continuous in Vj:

An(v,0) > [lvll; Vv € Vi,
An(v,w) S [[ollallwln Vo,w e Vi

Also, optimal rates of convergence in the || - ||;, and L?-norms can be proved for the WOPSIP approx-
imation to problem (1) (i.e., the solution of (2)). For details see [9, 10].

2.1 An efficient preconditioner for the WOPSIP method

We recall that, given a basis of V}, any function v € V}, is uniquely determined by a set of degrees of
freedom (dofs). If Ay is the stiffness matrix associated with the bilinear form A(-,-) and the given
basis, problem (2) can be rewritten as the linear system of equations

Ahu = f,

with A; symmetric and positive definite. Due to the over-penalization of the method, it can be
easily seen that the condition number of Ay, is of order x(Aj) = O(h™%). To effectively compute the
approximation with the WOPSIP method, the bilinear form

By (w,v) :== Z Z wr(me)or(me) + Z %/Hg([[w]]) ([o]) ds Vw,v € Vy,
TE€T;, eCOT ec&, ¢€VE€

was introduced in [10], where wy := w|r for all T' € 7;,. Denoting by B}, the matrix associated to the
above bilinear form and the given basis, the authors proved in [10] that

vIByv <SvIA,wv <A 2vIBLv Vv eR™, (5)
where n := dim(V},). From (5), it immediately follows that
k(B "Ap) = O(h™?).

The issue of the efficiency of the preconditioner B;, was further explored in [8], where the authors
showed that if a suitable ordering of the dofs is employed the resulting matrix B, (and so its action)
turns out to be block diagonal with 1 x 1 and 2 x 2 blocks and therefore can be computed in parallel.

The aim of this paper is to design a Schwarz method for the efficient solution of the linear system

B;, 'Apu=B,'f.
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Figure 1: Sample of elementwise (left) and edgewise (right) ordering of the degrees of freedom.

Note that, although A is a symmetric and positive definite (s.p.d.) matrix, B;lAh is no longer
symmetric in general. Hence, to avoid the non-symmetry and the resulting difficulties, we consider the
equivalent linear system of equations
—-1/2
Dyy =B, '/, (6)

where y := B;l/zu and

Dy =B, /?A,B; "/,

which is well-defined since By, is s.p.d. and so it admits a unique s.p.d. square root ]B%,l/ % From now
on, we focus on the construction of Schwarz preconditioners for s.p.d. system of equations (6). Clearly,
it still holds that

w(B, A8 %) = O(h™),

. —1/2
since we can take v =B, /

w in (5) for any w € R™ .

So far, we have not said anything about the selection of the basis or the location of the dofs of V},. In
[8], it was shown that the use of the Crouziex-Raviart basis for P*(T) on each T € 75, and the choice
of the dofs at the midpoints of the edges in each T' has some advantages. More precisely, the authors
showed that by using an edgewise ordering of dofs (that is, the dofs associated to the midpoints of an
interior edge are always consecutive, cf. Figure 1 for an example), the matrix By, and consequently
IB%,:l, turn out to be block diagonal with 1 x 1 and 2 x 2 blocks, and therefore the preconditioned
WOPSIP method has an intrinsic highly parallel structure. In the next section we show that by using
the same special ordering, also the action of B;l/ % retains the same highly parallel structure and can
be efficiently computed. Moreover, we shall also show that this ordering facilitates our analysis of
the Schwarz methods for the preconditioned WOPSIP discretization. Hence, throughout the rest of
the paper it is assumed that the edgewise ordering is employed (see Section 3.2 for details on the
implementation).

2.2 Construction of IB%;UQ

As shown in [8], by ordering the dofs in an edgewise manner (cf. Figure 1 (right)) the matrix rep-
resenting By, is block diagonal, with either 2 x 2 blocks (corresponding to an interior edge) or 1 x 1
blocks (corresponding to a boundary edge). Denoting by B, the block of the matrix B, corresponding



to the dofs associated to the edge e € &, we have

11146 -1 . o
. 06{ 1 1+0€} ifeeé&y,
Bh: 1

9—[1+0€] if e € &,

where 6. = hZ/a for all edges e € &,. Observe that for any e € &5, since BY is s.p.d. it can be
diagonalized as follows:

. 1 r 101 1 1 0 11
h_EQAQ _2[1 —1]'[0 2;9}[1 —1]'

And so, we obtain an explicit expression for (B§)~!/2,

-1z _ Lopycpgr L1 1 Pt D rr 1 ] 1145 1-4,
(Bh)12_2QA12QT_2|:1 —1] lo e 1 “3|1-8 144 7

where we have set

Oe
ﬁe = 9 T 9 Ve € 5}1
e
For e € E}‘? , we simply have
ey—1/2 o ) Oc )
(B5) :[55]7 Be = 110 Ve € &
e
We define 8 := {B.}eecer U {ﬂf}eeg}? with
fe
Be = 2-:95 ifeeé&y, 2
Ble = . 0, :=—< VYecé&, (8)
B2 = 1:0 if e e &,
Observe now that
« ( 1 ) < 1 focgo
— — if e
o he \a+h2) = h. h
(31e)? 15 = )
e

o 1 1

—— ) <= ifec&’,

he (2a+h§>2he Heson

since 2a + h2 > a + h? > . Furthermore, rewriting (8) as 3% = (0 %) with k=1 (resp. 2) if e is a
k

boundary (resp. an interior) edge, and assuming that 0. /k < 1, we have

=82 () =5 (eo(5)):

and therefore, by using . = h?/a, we obtain

Be ~

h

(1 +O(h, ,
a1+ Olhe/ V@)
and hence, by the quasi-uniformity of the mesh,

"1+ 0. (10)

b~ 7



Having found an explicit expression for each block (IB%,EL)’U 2. we look at its action on the vector of

degrees of freedom associated to an edge e € &,. Let e € & be an arbitrary edge shared by the
elements T+ and T—, e = TT NT~, and let u, := [u™,u~]7 denote the nodal values of the trace ulL
of u at the midpoint of the edge e. It follows from (7) that

pey-1/zg, _ | Lud 8.5 ~[[u]]].
) l{{u}} 8.5 - [u]

Ifee 5,? is a boundary edge, we have

(B5) 20, = [ /il | we = Blu..

Next, we define the discrete operator By, : Vj, — V]! associated with the bilinear form By (-, -):
< Brw,v >:= By (w,v) Yw,v €V,

where < -, - > is the canonical bilinear form. Since the bilinear form By, (-, -) is symmetric and coercive,

1/2

we can define the operator B, "/~ : V}, — V},. According to the previous discussion, for any u € Vj,

B;l/Qu is given by

nt
s {u} + 5. 26 [u] onT*nNe )
(B, "u)|e = o\ Veely, (11)

{u} - Be 26 ‘[u] onT™ nNe

(B, ?u)|. = Bul. Vee&?. (12)

Finally, we introduce the bilinear form Dy(-,-) : V}, x V}, — R defined by

Dy (u,v) = An(B;, 0, B ?v) Z/ B;, /%) - V(B, /%) do

TeT,
- /n° 22y (B, 2l ds (13

e€ép

and the norm

fulbe = 3 IVulfr + 3 oMb, Vue Vi, 14)

TeT, eESh

The next result shows that Dy (-, -) is continuous and coercive in V}, with respect to the above DG norm,
provided h is small enough (see Remark 2.2).

Lemma 2.1. The bilinear form Dy(-,-) defined by (13) is continuous in the DG norm (14), and it is
also coercive for all h < hy with

. 1 2
ho := min (\/5, 1603—1)’ (15)

where Cy is the trace inequality constant. More precisely, there exist C.,Cs > 0 such that

Continuity: Dh(u,w) < Ccllullpallwlpa Yu,w € Vp; (16)
Coercivity: Dp(u,u) > Csllullpg Vu € V. (17)



The proof of Lemma 2.1 can be found in Appendix A.

We also define the following bilinear forms

Sh(',-) Ve x Vi — R, Sh(w,v) = Z / Vw - Vodx + Z hg/[[w]] . [[v]]d&
7eT, T ecg, € Ve (18)

Si(2 ) Vax Vi — R, Si(w,0):= Y /TVonvder 3 %/HQ(M) T1([0]) ds.

TeT, eclp

Remark 2.2. The restriction on h in Lemma 2.1 is necessary for guaranteeing the coercivity in the
DG norm || - || pg. Note however that taking into account our assumption o > 1 together with the fact
that for piecewise linear polynomials on triangles C? ~ 3 (see for instance [17)), the above restriction
on h is a very mild one.

Remark 2.3. Notice that since Dy(-,-) is symmetric, Lemma 2.1 implies in particular that Dy(-,-),
Sin(-,-) and S5 (-, -) are spectrally equivalent.

3 Schwarz methods for the preconditioned WOPSIP discretiza
tion

In this section we introduce the Schwarz methods and provide some technical tools needed in the
analysis.

We denote by 7y a partition of € into N non-overlapping subdomains, i.e., Q = Uivzl Q;, and by
{7Tu} >0 and {7}, }n>0 two families of coarse and fine partitions, respectively, with mesh sizes H > 0
and h > 0. All the partitions are assumed to be regular and quasi-uniform and we shall always proceed
under the assumption that 75,7y and 7y are nested:

i.e., each Q;,i=1,..., N, can be written as the union of some elements D € Ty, each of which is the
union of elements of the finer partition 7;; that is

D= U T, VD e Ty.

TiE,]‘h
T;CD

For each subdomain Q; € Ty, i = 1,..., N, we define the local DG spaces V! as
Viii={uec L*() : vlr ePYT) VT €T, TcC},

and denote by R : Vi — V, the standard inclusion operator from V} to V},, and by R; its transpose
with respect to the canonical bilinear form. We observe that

Vi=R{Vi®...oRLVY.
Finally, we define

N
I= |J Iy Tij:={e€& , suchthat e C I NIy, i+#j}. (19)

i,j=1

We now introduce the local solvers, for which we consider two classes: ezact local solvers (as those
proposed in [15]) and inezact local solvers (as those introduced in [2, 3]).



(i) Exact local solvers: For each subdomain Q; € 7y, i = 1,..., N, the local bilinear form DE(-, ") :
Vi x Vil — R is defined as the restriction of the (preconditioned) WOPSIP bilinear form (13)
to the space RiTV}f:

DE (u;,v;) = ’Dh(RiTui, RiTvl) An(B,, 1/2RT B;1/2RiTvi) Yu;, v; € V}f. (20)

(ii) Inexact local solvers: Following [2], we first consider the model problem (1) set in the subdo-
main §;:
—Aui = f|Q1 in Qi7 U; = 0 on GQZ . (21)

The i*"-local solver (that is associated to the subdomain ;) is defined as the (preconditioned)
WOPSIP approximation to (21). Hence, the local bilinear form D! (-,-) : Vji x Vi — R is given
by:

DX (uz, v;) = Ai(B7 Y ?uy, B Y 20) Vv € Vi (22)

(3 2

where A;(+,) is given by:

(Wi, v;) == Z /sz Vu; dx + Z h3/HO [wi]) - TI2([vs]) ds (23)

TeTy, ec&p
Tcsy eCQ;

and B; : V! — (V}?)’ refers to the operator associated to the bilinear form B;(-,-) defined by

(Wi, v;) Z Z Wip (Me)Vig (M) Z /HO w;]) - TO([v;]) ds  Vawy,v; € Vi

TeTy, eCOT ec&n
TCQ,; eCQ;

Note that, the edges e € & such that e C 9€; although interior edges in the global partition 7j,
are however boundary edges with respect to the local partitioning induced in the subdomain §2;.
On these edges the definition of the jump operator on boundary edges applies, i.e., [w;] = w;|. n
B;l /2

Consequently the action of on the functions restricted to these edges is given by (12).

A key issue in the analysis of the non-overlapping Schwarz methods is the relation between the global
bilinear form Dj(-,-) and the sum of the local solvers. To study such a relation, we need first to
introduce some additional notation. Recalling the definition (19) of the interface I', we define the strip
Qr as

N
Qr = U Qr,,, Qr,, ={T' €7, | T hasoneedgeinI';}. (24)
i,j=1
Now following [15, 2] we have the following result:
Lemma 3.1. For any u € Vj, let u; € V,f, i =1,...,N, be the unique functions such that u =

Zﬁil R7w;. Then the following identities hold:

N
Dr(u,u) = ZDf(ul,ul) + IE(u,u) , (25)

i=1

N

i=1

where
IE(u,u) =2 Z /v B, /*RTu;) - V(B;, "/*RTu;) dx—Zﬁeh3/Hg(ui)Hg(uj)d8, (27)
TGQF ecl’



IPIL(ua u) = I}EL:(U,U) + Gi(uau)a (28)

with B defined as in (8), and

N
Gl (u,u) = Z Z/v B, '/*RTu;) - V(B, "/*R u;) dz — Z/V Y ~V(B;1/2ui)dx,]

i=1 TeQr ;G%F
C

fo [ (2wl + ) ds. (20

eel"

Here, n. is defined as:

_[ﬁe] [58] m >0, e = hi/a . (30)

Proof. For simplicity we present the proof in the case of N = 2 subdomains, that is 2 = Q; U5. The
extension to the case of N subdomains is straightforward and we omit the details. We first show (25).
Taking into account the definition (13) of Dp(-,-), the linearity and symmetry of Dp(-,-) and of the
exact local solvers DE(-,-) (cf. (20)), it is easy to see that

Iﬁ(uﬂl) = Dh(uvu) - D%(ulvul) - DS(UQ,UQ) = Dh(Rfula Rgu?) + Dh(RgUQa R’{U’l)
= 2D, (RTuy, R uy)
=2 A4, (B; /*R uy, B, /R uy)
=2 3 /v B, /*RTuy) - V(B, "/*RYuy) dz

TeTh

+2 Z /HO B, /*RTus]) - IO([B;, “/*REus]) ds .
eESh

To give a more explicit expression of the last two terms on the right hand side, we take a closer look
at the support of the terms involved. We first observe that supp(R¥u;) Nsupp(RIv;) C T, so it is
enough to consider the action of 8;1/2 on e € I'. Fix an edge e € I shared by the elements T7 C
and Ty C Qy, and recall that (see Figure 2(a)),

Uy =1u in Qq, 0 in Qq,
Rl Uy = ! |Ql . ! RSUQ = . !
0 in Qo, uz = ulg, in Qo,
Taking into account the action of B;l/z on internal edges (since e € I so e € &) we have
- 1+ﬂeu1 -
—1/2T —1/2 | w1
(B, /*Rw)|. = B;, "/ [ 0 ] 1—266ul ’
2
- : 31
0 1 75611,2 ( )
-1/2 T —1/2 _ 2
L2 7
1/2

where 3. is defined as in (8). Therefore, under the action of B, /°, the support of R u1 (resp. R us)
expands into the Qo (resp. €21) across I', with an additional dof at the midpoint of the edge e (see

Figure 2(b)). Next, we have to further consider the actions of the operators V and [-] on Bgl/z R7 ;.
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Figure 2: Degrees of freedom of RYuy, B;l/zRful, V(B,:l/QRlTul) and ﬂB;l/QRlTul]], respectively, on

a N = 2 subdomain partition. The dofs marked with e are different from zero; those marked with o
are equal to zero.

For the gradient term, it is clear that the resulting support expands along the strip of elements that
touch T' (see Figure 2(c)), that is:

Supp(VBgl/QRful) N supp(VBgl/QRgug) CQr, (32)
where the set Qr is defined in (24). For the penalty term, it can be seen that (cf. Figure 2(d)),
([, "/*RT 19([B;,"/*RYus])) C T 33
supp(ILe([B), "Ry w1])) Nsupp(ILe([B), "Ry uz])) € T (33)
Using the definition of the jump operator on interior edges and (31) we have
[B;, /*RTus] = Be[RTus] = Beusm, [B;, /*RTus] = Be[REus] = Beugn?, (34)

and taking into account the definition (4) we obtain

— « —
> [ B, R ) (B, R ual) s = > BRIl me) B, R walome)
el 6

ecl’

= Z 52u1 (me)us(me)nt Z 52/1'[0 (u1) - O (up) ds .

eGF eGF

10



Therefore, we finally have

> /V B, '/*RTuy) - V(B; /*RTuy) dx—Zﬂehg/HO un)I (uz) ds ]7

I (u,u) =2 [
TeQr ecl
which establishes (27) and hence (25).

We now turn to the case of inezact local solvers and the proof of (26). We first note that, when acting
on (the restriction of the functions to) interior edges e € £ that do not belong to the interface I', we

have that B;l/z = B;l/z. Hence, we can write:

IEL(U,U) = Dh(u,u) - D{(ulaul) - D%(UQ,UQ) = Wl + W27

where
Z V(B 1/2 V(B -1/2,, Z Z /V 1200 V(B ;) da,
TEQF/ i=1 TeQr
TCQ,
and

W= / (18, ) - 1 ([B,u]) — T(IB, ) - (I8 )

ecl
—10([B; *us]) - I([B; 2 ua])| ds

We first observe that the main difference with respect to the case of exact solvers is that the action

of B;l/Q on a function restricted to an edge e € T' differs from the action of the local operator B;l/Q

entering in the definition of D} (+,-). In the former case e € I is an interior edge, while for the latter e
is a boundary edge. In fact, in view of (12) we have

I¢]
—1/2 —1/2 | u o
(Bl/ul)‘ezBl/ |: 01:||:501:|7

u2
and so in this case the support of B;l/zui remains in ;. For Wy, (32) together with (35) gives

Wi=2>" /v (B, /*RTuy) - V(B, "/*RYuy) dz

TEQI‘

Jrz Z/ _1/2R¢TU¢)'V(B_1/2RTW dz — Z/ _1/2 'V(Bi_l/Zui)dz - (36)

i=1 | TEQr ge%r
C

For the term Wa, using (35) and (33) we have
87wl = Aui,

where (32 is defined in (8). Hence, taking into account the above identity together with (34) and (33)
we find,

1218, 2l - (8, *ul) = (.12 ([M2(wn)]* + [100(u2)]” — 21 ()12 w2))

11



10([8; *wil) - IO([B; *ui]) = 621 [10(uy)]” i=1,2.

Thus we have

Wa =23 S [ M0 ds+ 3 5 (6 - (6217) [ (0un)? + Mmua)P) ds

eel’ ¢ e€l he
o
=23 A [ 0 ds = 3 / (2 + [0(w)?) s, (37)
eel’ ¢ el €
where 7. is defined as in (30). Putting together (36) and (37) we finally obtain
I} (u,u) = I} (u,u) — 3778/ (M2 (ur)]* + [M2(u2)]?) ds
eel’ he

+Z > /v B, /*RTw;) - V(B *RIw;) dw — Y /v B,/ %u;) - V(B ;) dx |

i=1 | TeQr TE%F
TC

which is (28), and concludes the proof. O

The last ingredient in the construction of the Schwarz methods is the coarse solver. We consider a
coarse partition 7y and we take for £ = 0,1

Vg =V :={veLl?Q) : v|lp e PYT) VD e Ty}

We denote by RY : VY — V}, the standard inclusion operator from V0 to V}, by Ry its transpose with
respect to the canonical bilinear forms, and define the following three coarse solvers:

Do(UQ, ’Uo) = Dh(RgUO, Rgvo) VUO, Vg € Vf?, (38)
So(uo,vo) := Sp(RE up, R vp) Yug, vg € V)2, (39)
S (ug,vo) == S;;(ROTUO, Rgvo) Vg, vo € V;?, (40)

where Sp(,-),Si(+, ) : Vi x Vi, — R are defined in (18).
Remark 3.2. Asin [15, 2], the coarse solver Dy(-,-) is defined as the restriction of the original method
to the coarse finite element space V;?. However, it should be noted that

Do(uO,Uo) = Dh(ROTuo, Rgvo) 75 DH(U(),U()) VUO,’UQ ceVy.

In particular to ensure the performance of the resulting Schwarz method it turns out to be essential to
choose the penalty parameter agr in the definition of Ag(-,-) as ag = a(H/h)3.

Remark 3.3. Since the coarse solvers (38), (39) and (40) are defined as the restriction of Dy(:,-),
Sn(-,+) and S; (-, ), respectively, to the coarse space V0, we can immediately conclude that all the coarse
solvers are spectrally equivalent thanks to Remark 2.5.

3.1 Schwarz operators

We now define the Schwarz operators and show that they can be viewed as preconditioners for the
original (preconditioned) system of equations (6).

For the ezact local solvers, let P¥ : Vj, — RT'V}! be defined as

Dy, (PEu, RTv;) := Dpy (u, RTv;) = Ap(B;, /?u, B, /?REv;) Wy € Vy. (41)
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For the inezact local solvers we set PT := RTP! : Vj, — RTVi C Vj,, where P! : V;, — Vji is defined
as N

D} (P}u,v;) := Dy (u, R v;) = An(B,, 1/2u B;1/2R?vi) Yu; € Vi (42)
We observe that the operators PF and P} are well-defined since the local bilinear forms DE(-,-) and
Di(-,-) are coercive. We also define the operators Pg, Qq, To : Vi, — REV)? as follows:

Dy, (Pou, RTvo) := Di (u, RTvo) = An(By, /%u, By *RIvg)  Vay € V2,
Sn(Qow, RTvg) == D (u, RTvg) = An(B;, ‘1/2 By PRTw) Vg € VY, (43)
S5 (Tou, RTvg) := Dy (u, RTvg) = An(B, /2w, B, /*RIvg) Voo € V.

Since the coarse bilinear forms Dy, (-, ), Si(-,-) and S;(-,-) are coercive, the operators Py, Qo and Ty
are well defined.

We are now ready to define the following additive Schwarz operators:

N N N
Coyeen, @eY R TeYET
i=1 i=1 =1
N N N
L= 3P4 P, Q':=) Pi+ Qo Th=D PitTo  (49)
i=1 i=1 i=1

In the case of ezact local solvers, the matrix representation of the additive Schwarz operators PE, QF
and TE is given by

N
PE = (Z RT(DF)'R; + ROTD01R0> Dy, := MEDy,,
i=1

(Z )7'R; + RISy 1R0> Dy, := MEDy,,

N
TE = (Z RT(DF)~'R; + ROT(SS)lR()) Dy, := MEDy,,
i=1
where S;, and S}, are the matrix representations of the bilinear forms Sy (-,-) and S (-, -), respectively.
We observe that the preconditioners differ by the choice of the coarse solver (cf. Table 1). ME employs
as coarse solver the restriction of the preconditioned WOPSIP bilinear form to the finite element coarse
space whereas for M5 and Mf the coarse solver is defined as the restriction to the coarse space of the
bilinear form Sy (-, ) and S; (-, ), respectively. The same kind of representation holds for inezact local

solvers. Details are given in Table 1.

3.2 Computational issues

Let v be a vector representing a finite element function v in the edgewise ordering, and let P be the
permutation matrix so that Pv becomes the vector representing v in the elementwise ordering. We
define J to be the matrix representing the jumps term

wiv=3$ 2 / 119 ([w]) - TO([o]) ds

ec&p

and G to be the matrix representing the volume term

WT(Gv— /Vw Voudz.
TeT),
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Preconditioner Coarse Component Local Components (i =1,..., N)

ME .= SN RT(DF)~'R, + RID; 'Ry Dy := RoD,RY DE := R,D,RY
ME := SV RT(DF)~'R; + RTS; 'Ry So := RoSKRY DF := R;D,RT
ME = YN, RT(DE) 'R, + RE(S5) "Ro Sp = RoSjRY DE := RD,RT
ME = SN RT(ADIR, + RID; 'Ry Dy := RoDyRY see (22)
M} = SN RT(ADIR; + RISy 'Ry So := RoSyRY see (22)
M3 = RT(AD) IR + RE(S5)"'Ro S§:=RoS;RY see (22)

Table 1: Coarse and local components for the preconditioners M§ — M5 — ME and M} — M3 — M.

We remark that in the elementwise ordering the matrix G is block diagonal with 3 x 3 blocks, whereas
in the edgewise ordering the matrix J is block diagonal and therefore the preconditioner By, =1+ J is
block diagonal, with I the identity matrix. Therefore, B;l/ % is block diagonal as well and the 2 x 2
blocks can be computed directly with (7). Algorithm 1 computes the action of the stiffness matrix of

the WOPSIP method and the action of the preconditioner IB%}:I/Q on a vector (cf. [8]).

Algorithm 1 Compute z = B,Zl/QAhB?NV

Solve B}L/QZ =v
Compute x := Jz
Compute y := PTGPz
Solve E}/QZ =x4+Yy

Next, we also describe the action of the additive Schwarz preconditioner ME on a vector v edgewise
ordered (cf. Algorithm 2). The routines for the other preconditioners can be written exactly in the
same way with only notational changes involved. Note that, for the application of the preconditioner,
it is more convenient to employ the elementwise ordering of the dofs, and to number first the dofs
corresponding to elements in the first subdomain, then the dofs corresponding to elements in the
second subdomain and so on. With such an ordering, the local solvers turn out to be a block Jacobi
preconditioner where each block corresponds to the dofs in a subdomain.

Algorithm 2 Compute z = M5v
Solve z = RID, 'REPv
fori=1,...,N do

z <z +RID; 'RTz
end for
z < Pz,
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4 Convergence analysis

In this section we present the convergence analysis of the proposed Schwarz methods for the precon-
ditioned WOPSIP scheme. We start by stating the main result of this section:

Theorem 4.1. Let P be any of the Schwarz operators defined in (44) and (45). Then, the condition
number of P satisfies

H
K(P) < Clwr(N, +1) <1+ T
where N, is the maximum number of adjacent subdomains that a given subdomain might have and wy
18 a positive constant independent of H,h and the number of subdomains.

r=Eorl,

The rest of the section is devoted to the proof of the above theorem. We follow the classical abstract
convergence theory of Schwarz methods [14, 13] (cf. also [16, Chapter 2] and [12, Chapter 7]), and
therefore, we only have to verify the following three assumptions.

Assumption A1 (Stable decomposition). There exists Co > 0 such that every u € Vj, admits a

decomposition u = Zi\io RTw;, with ug € VP, and u; € Vi, i=1,..., N, that satisfies

N

ZDf(ui,ui) + Yo (ug, up) < C3 Dp(u,u), r=Eorl,

i=1
where Yo(+,-) is one of the coarse bilinear forms defined in (38)—(40).
Assumption A2 (Strengthened Cauchy-Schwarz inequalities). There exist 0 <e&;; <1,1<4,5 <N,
such that

’,Dh(RZTuia R?uj)‘ S aith(RiTui, R?ui)l/zph(R?Uj, R?Uj)l/Q

for allv; € Vi, uj € V}f, Define p(E) to be the spectral radius of € := {e;;}
Assumption A3 (Local stability). There exists wy> 0 such that

Dn(RFui, RTw;) < weDF(ugyu;) Y u; €Vy, r={ETI}. (46)

i,j=1,...,N°

We start by verifying Assumption A2. Following [15, 2], it is straightforward to see that ¢;; = 1 for
i =1,...,N. For i # j, we note that Dh(R?ui,Rfuj) = Ah(Bi_l/leTui,Bj_l/zRJTuj) # 0 only if
0Q; N0y # 0, so g;5 = 1 in those cases, and €;; = 0 otherwise. Then, p(€) can be bounded by
p(€) < max; ), leij| < 1+ No, where N, is the maximum number of adjacent subdomains that a

given subdomain might have.

In the next sections we verify Assumptions A3 and Al.

4.1 Local stability

We now prove that the local solvers satisfy a local stability property. Observe that for the exact local
solvers defined in (20), it follows from their definition that (46) holds true with wg = 1. Before showing

that Assumption A3 holds true also for the inexact local solvers, we define the norm ||-||pg,o, according
o (14) but at the subdomain level, i.e.,

1 1 )
luillbao, = > IVullgr+ > hfIIHS([[uz'}])Ilﬁ,e + Y hfIIHS(uz‘n)H%,e Vu; € Vi,
TET, ec&n  © ec&, €
TCS, eC; eCO0N;

and observe that the coercivity (17) holds also at the subdomain level for h < hg with hy given in
(15), by the definition of D} (-, ).

The next result shows that the local stability property holds also for the inexact local solvers defined
in (22).
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Lemma 4.2. Fori=1,...N, let D} : V;i x V;} — R be the bilinear form defined by (22). Then,
there exists wr > 0 such that the following local stability property holds:

Dy (RFu;, RTw;) < wiDf(ug,u;) Yu; € Vi Vi=1,...,N.
Proof. Observe that

||RiTUz‘||2DG = ||ui||l2)G,Qi-

It then follows from (16) and (17) (for D}(-,-)) that

Dn (R ui, R wi) < Cel|[Rf ullpe < Celluillba o, < CD; (ui, ) -

4.2 Stable decomposition

In this section we finally show that the decomposition underlying the definition of the additive Schwarz
operator is indeed stable with respect to the energy norm defined by Dy, (-, -).

We first state an auxiliary result needed in the proof of Proposition 4.5. This result provides an
estimate for the interface bilinear forms I-(-,-) and I} (-, ).
Lemma 4.3. For any u € Vy, it holds that

1Th(w,w)| S llullpe +274 > > llulge r=Eort. (47)
DeTy ECOD

Proof. We start by proving the bound for IF(-,-). From the definition (27) of IF given in Lemma 3.1
and the standard triangle inequality, we have |IF(u,u)| < 2 |F;| + 2 |F5|, where

We next estimate the two terms separately, starting with F5. By recalling the definition (8) of (.
on e € & and using (9), the Cauchy-Schwarz inequality, the arithmetic-geometric inequality and the
stability of the projection I19(-), we find

) 1/2 . 1/2
o1l <2 (Xl ) (ol

ecl’ € ecl ¢

1 1 1 1
<X IR+ X Il < 35 (Gl + -l lB. )

ecl’ ecl’ ecl’

Observe that each subdomain €; is the union of some elements D € 7y and the mesh is quasi-uniform.
Denoting by E the edges of D, we have

2Fo| <) (he M uilld e + R M luslg) SR DS D lullf e (48)

eel’ DeTy ECOD
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Next, we estimate the term |F;|. Using the Cauchy-Schwarz inequality we have

N
Rl=| 3 3 [ V@R ) V(R ) do
zgﬁ:leEQrij
N
S (X 198 R uillor VB, 2R usllorr ) (49)
'i,ij%:jl TEeQr,;

Observe that for any fixed j # i and T € Qr,, with T' C €2;, the divergence theorem, the Cauchy-
Schwarz and the trace inequalities together with the stability of the projection IT%(-) give

IVEL R ws = = [ A RTw) B R wdo+ [ V(8 RTw) - n PR g s

= [ V(B,"’RTu;) - n1Y(B; "/*R u;) ds

oT
—1/2 —1/2
< IV(B,,*RTuy)lo.or I2(B,, /*RTwy) lo,or
S IVB, PR uj)llor e V2R  ujlloe (e =0T NTy), (50)

where in the last step we have used the fact that HS(B;U2 RjTuj) # 0 only on the edge e = 9T NT;

due to (31) (see also Figure 2) and hence
IVB, *RTwjllor S ho 2 ujloe  e=0TNTy; TCQNQr, ij.

After inserting the estimate (49) into (49) and using the continuity (16) of Dy(+,-) given in Lemma
2.1, we finally obtain

N
—1/2 — —-1/2 —
FIS D (O 198, PR willorh lusloe + > VB, 2R willorh 2 luilo.c )

ij=1 TeNr,; TeQr,;
7 TCQ, TCQ,
(ez@TﬂFU)
S Y (Vulde+ > r IM@hIe) +27 >0 > Il
TeQr eCOoT DeTy ECOD
Slulpe+h7" Y Y fuld e
DeTy ECOD

The above estimate together with (48) concludes the proof for IE(-,-). To bound Ii(-,-) we observe
that, thanks to Lemma 3.1

If (u,u) = I} (u,u) + G} (u,u) VueV,,
and so it is enough to bound G7 (-,-) which we recall is defined as

N
Ghlwu) =YY" /V(B,jl/QRzTui).V(B;”QRiTui)dx (F3)
T

i=1TeQr

-2 /Tv<s; Y2u;) - V(B ?u) de (F4)

i=1TeQr
TCS,
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Y [+ ) ds (F5)

i=1ecl' €

We start with the last term Fj. Recalling the definition (30) of 7. and using the fact that o?/(a +
h?)(2a+ h?) < 1, we have

2

0 «o i

g 2_3 e _i <
BT R (T 0)(2+0.)  he (ot h2)(2a+ h2) ke

Then, taking into account the stability of the projection I12(-) and arguing as we did for F», we obtain

N
1551 < 30D 52 (sl + lusl3.) 222—nulno@ s

i=1ecl € i=1 e€l DeTy ECOD

We now estimate the other terms. The estimate for Fj is similar to the estimate for |Fy|:

|Fs] < Z S IV(B, PR wy) ||0T+Z ST IVB, AR w3

=1 TeQr 1=1TeQr

TCS, TZQ;
<Y (Ivuldz+ Y Ao, )
TeQr eCoT DeTy ECOD
S lulbe +a70 >0 7 Juld -
DeTy ECOD

Finally, the term F} is readily estimated by the continuity of the bilinear form Dj (-, ):

N
| Fa SZ Z HV(B;I/Q HOT ZHUZHDGQ S”UHDGJFh ! Z Z HUHOE

=1 TeQr DeTy ECOD
TCQ;
O
The last preliminary result concerns the coarse solver.
Lemma 4.4. For any u € Vj, let ug € V? = Vg be defined as
1
UO|D = — u dr VD € Ty. (51)
1D| Jp
Then it holds that
Yo (o, ug) < (1+Hh )Dh(u,u), (52)

where Yo(+,-) is one of the coarse bilinear forms defined in (38)—(40).

Proof. Tt is sufficient to show the bound in the case vo(-,-) = S§(+,); the other two cases follow from
the observation made in Remark 3.3. Let v € V}, and let ug be defined as in (51). Note that wug is
piecewise constant (by definition) on 7z. Then it follows from the definition of Sj(-, ), adding and
subtracting u and the stability of the projection I1°(+) that

UO7UO Z /|HO R UO]]

e€5h
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S [ RS w =) as+ Y o [ as

ec&y ecy
1 2
,Szh—/H[ROTuo—u]H ds + Dy (u,u) ,
ecg, € 7€

where in the last step we have also used the coercivity of Dy,(+,-) (cf. (17)). We now observe that last
term can be estimated exactly following [15] and [2, Lemma 4.3]:

1
> — / [[REuo — u]]\2 ds < HR Yul|2q < Hh Dy (u,u) .
ec&p e Je
O
We close the section with the proof of Assumption Al.

Proposition 4.5 (Stable decomposition). For any u € Vy, let u = Zf;o RIu;, u; € Vi, i=0,...,N,
where ug € V)2 is defined by

1
uo|p ::—/udz VD € Ty,
D] Jp

and u,...,un are (uniquely) determined by u — REug = RTuy + --- + R{uy. Then, there exists
CZ = O(Hh™) such that

N

> Dr(us, wi) + Yo(uo, uo) < C3 Dp(u,u), r={E T},
i=1

where Yo(+,-) is one of the coarse bilinear forms defined in (38)—(40).
Proof. The proof follows those given in [15, 2]. We set v(+,-) = Dqg(+,-). Given u € V},, we decompose
u — R¥ug uniquely as Zf\il RTwu;. Taking into account Lemma 3.1 we can write

N
Do (ug, uo) + ZDf(ui, u;) = Do(ug,uo) + Dp(u — Ryug, u — Ryug) — Ix(u — Rjug, u — Rjug) , (53)

i=1
then we just need to estimate each term on the right hand side.

The first term is readily estimated by using Lemma 4.4:
Do(ug,uo) S (1+ Hh ') Dy (u, ). (54)

For the second term on the right hand side of (53), triangle inequality, the continuity of Dj(:,-)
(cf. (16)) together with (54) and the definition of the coarse solver gives,

D (u— Rguo, U — ROTuO) < Di(u,u) + Dh(ROTuO, ROTuO)
= Dp(u,u) + Do(uo, uo) S (L + Hh™') Dy (u, u). (55)

For the last term, it follows from (17), Lemma 4.3 and (55) that

|75 (u = Ryuo,u — Rguo)| S lu— Rjuollpe + D D h™Hu—Riuolge
DeTy ECOD
S+ H ) Dp(w,u) + 070 Y7 > [lu— Ryuol§ 5
DeTy ECOD
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Noting now that the trace inequality together with a Poincaré-Friedrichs inequality [7] gives

o> b u—Riuold s S| D Hp'hHlu— Riuolld p+ Hoh ™[ Va(u — Rguo)ll3 p
DeTy ECOD DeTy
SHE ullbe +Hh ™t Y |[Vullg e S H Da(u,u)
TeT,

we finally obtain the estimate
|15 (u — Rl ug,u — Rguo)‘ S (1+Hh 1) Dy(u,u)

for the last term in (53). Substituting this estimate together with (55) and (54) into (53), the proof is
completed. For the other coarse solvers, the proof follows exactly the same steps, replacing the bound
in (54) by the corresponding one. O

5 Numerical results

In this section we present a series of numerical experiments to highlight the practical performance of
our non-overlapping Schwarz preconditioners.

We restrict ourselves to two-dimensional model problems: we let Q = (0,1) x (0,1) and choose f such
that the analytical solution of the model problem (1) is given by u(z,y) = exp(zy)(z — 22)(y — y?).
Throughout Sections 5.1 and 5.2 we take the stability constant « appearing in the formulation of the
WOPSIP method (3) to be 1; numerical results with different choices of the penalty parameter are
discussed in Section 5.3.

We employ a uniform subdomain partition consisting of N = 4,16 squares, and consider initial coarse
and fine refinements as depicted in Figure 3 (for N = 4 (top) and N = 16 (bottom)). We denote by
Hjy and hg the corresponding initial coarse and fine mesh sizes, respectively, and consider j = 1,2, 3,
successive uniform refinements of the initial grids.

Figure 3: Initial coarse and fine refinements, respectively, on N = 4 subdomain partitions (top) and
N = 16 subdomain partitions.

We solved the preconditioned linear systems of equations by the conjugate gradient (CG) iterative
solver with a (relative) tolerance set equal to 1072 allowing a maximum of 100 iterations. For the
solution of the linear system (6) we employed the CG iterative solver with the same relative tolerance
but allowing a maximum of 1100 iterates.
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5.1 Exact local solvers

In this section we test the performance of the Schwarz preconditioners

N
M} = RY(DP)~'R; + R{D; 'Ry,

i=1

N
Mj = > RT(DF)'R; + RES; 'Ro,
=1

N
Mg =) RI(DF)"'Ri + R (S5) 'R,

i=1

applied to the original symmetric (preconditioned) systems of equations (6). In the first set of exper-
iments we have considered a coarse space constructed from piecewise linear discontinuous elements.
The condition number estimates together with the corresponding iteration counts needed to reach
convergence (between parenthesis) for all the considered preconditioners are reported in Table 2 on a
partition with 16 subdomains. For the sake of comparison, we also report (last but one row of Table 2)
the condition number estimate of the matrix B;l/ 2AhIB3,:1/ 2 together with the iteration counts needed
for the solution of the linear system of equations (6). The last row of Table 2 shows the condition

Preconditioner ME

H| h— ho ho /2 ho /4 ho/8
Hy 5.1815 (23) 5.9422 (25) 9.0724 (33) 17.1532 (45)
Hy/2 - 5.2452 (23) 5.9113 (26) 8.9409 (33)
Hy/4 - - 5.3608 (23) 5.9822 (26)
Hy/8 - - - 5.4379 (23)
Preconditioner M5
H| h— ho ho/2 ho/4 ho/8
H, 6.6250 (27) 7.6977 (30) 11.6106 (37) 21.7983 (49)
Hy/2 - 7.5231 (29) 8.0398 (31) 11.9791 (39)
Hy/4 - - 7.9609 (30) 8.3793 (32)
Hy/8 - - - 8.2273 (31)
Preconditioner M§
H| h— ho ho/2 ho/4 ho/8
H, 6.6459 (27) 7.7096 (30) 11.6134 (37) 21.7993 (49)
Hy/2 - 7.5603 (29) 8.0511 (31) 11.9826 (39)
Hy/4 - - 7.9947 (30) 8.3903 (32)
Hy/8 - - - 8.2664 (31)
B, '/2A,B, /7 1.2229e4+2 (52) 4.7212e+2 (100) 1.8726e+3 (202)  7.4752e+3 ( 410)
A 2.5173e+4 (115)  3.9949e+5 (229)  6.3800c+6 (486) 1.0309¢+8 (1040)

Table 2: Preconditioners ME, M5 and M5 (N = 16, o = 1): condition number estimates and iteration

counts. Piecewise linear discontinuous coarse space.

number and the corresponding iteration counts of the original unpreconditioned system of equations
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Apx = f. The numerical results confirm the theoretical estimates provided in Theorem 4.1: the con-
dition number of the preconditioned system behaves asymptotically as H/h, and, consequently, the
iteration counts behaves asymptotically as y/H/h. By a comparison with the computed condition
number of the matrix Ay it is clear that the application of all the preconditioners drastically reduce
the condition number of the system, and consequently, the iteration counts needed for convergence.

Next, we investigate the scalability of the preconditioners, i.e., the independence of the performance
on the number of subdomains. To this end we repeated the same set of experiments decreasing the
number of subdomains from N = 16 to N = 4: the results are reported in Table 3. As predicted from
our theoretical estimates, the condition number of the preconditioned system is independent of the
number of subdomains.

Preconditioner ME

Hl h — ho h0/2 h0/4 h0/8
H, 4.8722 (21) 5.7042 (24) 8.9088 (30) 16.53838 (40)
Hy/2 - 5.0710 (22) 5.8873 (25) 9.0200 (32)
Hy/4 - - 5.3561 (23) 5.9792 (26)
Hy/8 - - - 5.4471 (23)
Preconditioner M5
Hl h — ho h0/2 h0/4 h0/8
H, 6.8843 (27) 7.7219 (29) 11.8249 (37) 21.5324 (50)
Hy/2 - 7.4641 (29) 8.2226 (31) 12.1736 (38)
Hy/4 - - 8.0459 (30) 8.4641 (32)
Hy/8 - - - 8.2667 (31)
Preconditioner M5
H| h— ho ho/2 ho/4 ho/8
H, 6.9179 (27) 7.7294 (29) 11.8275 (37) 21.5322 (50)
Hy/2 - 7.5241 (29) 8.2336 (31) 12.1763 (38)
Hy/4 - - 8.0865 (30) 8.4768 (32)
Hy/8 - - - 8.3095 (31)
B, '/2A,B, /7 1.2229¢+2 (52) 4.7212c+2 (100) 1.8726¢+3 (202)  7.4752¢+3 ( 410)
Ap 2.5173c+4 (115)  3.9949¢+5 (229)  6.3800e-+6 (486)  1.0309¢+8 (1040)

Table 3: Preconditioners ME, ME and ME (V = 4, o = 1): condition number estimates and iteration
counts. Piecewise linear discontinuous coarse space.

Next, we investigate the effect of the coarse space on the performance of our preconditioners. To this
end, we ran the same set of experiments as before (on a partition with 16 subdomains) employing a
piecewise constant coarse space. Table 4 reports the condition number estimates and the corresponding
iteration counts. Note that whenever we employ a piecewise constant coarse space the bilinear forms
Su(+,-) and Sj(-,-) turn out to be identical, and therefore the preconditioners M5 and M5 coincide.
For this reason, in Table 4 we only report the results obtained with the preconditioners M¥ and ME.
We observe that the performance of the preconditioners are consistently poorer. On the other hand
with this choice of coarse space only one degree of freedom per coarse element is required.
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Preconditioner ME

Hl h — ho h0/2 h0/4 h0/8
Hy 9.1821 (27) 19.1929 (38) 39.5807 (50) 80.6716 (70)
Hy/2 - 10.6855 (31) 22.1790 (44) 45.2087 (64)
Hy/4 - - 11.8751 (36) 24.4631 (50)
Hy/8 - - - 12.7832 (38)
Preconditioner M5
H| h— ho ho/2 ho/4 ho/8
H, 9.4006 (29) 20.2353 (40) 427406 (54) 88.3442 (76)
Hy/2 - 11.6003 (35) 23.9082 (48) 49.1192 (68)
Hy/4 - - 13.2304 (38) 26.8473 (55)
Hy/8 - - - 14.4078 (41)
B, '/?A,B; /7 1.2229e4+2 (52) 4.7212e+2 (100) 1.8726e+3 (202)  7.4752e+3 ( 410)
A 2.5173¢+4 (115)  3.9949¢+5 (229)  6.3800e+6 (486) 1.0309e+8 (1040)

Table 4: Preconditioners M5 and M§ (N = 16, a = 1): condition number estimates and iteration
counts. Piecewise constant discontinuous coarse space.

5.2 Inexact local solvers

In this section we test the performance of the Schwarz preconditioners (with inexact local solvers)

N
M} =Y RY(A))™'R; + R{D; 'Ry,
i=1

N
M} = Z RT(AD™'R; + RESy 'R,

=1

N
M; = Z RY (A7) 'R + Ry (S5) 'R,

=1

applied to the original symmetric (preconditioned) systems of equations (6).

We ran the same set of experiments as before. More precisely, in Table 5 and Table 6 we compare
the condition number estimates and the iteration counts obtained on a subdomain partition made of
N =16 and N = 4 subdomains, respectively, employing a piecewise linear discontinuous coarse space.
As expected, the preconditioners with inexact local solvers are also scalable, and the condition number
estimates of the preconditioned system are in agreement with Theorem 4.1: the computed condition
number seems to behave as O(H/h).

Finally, we test again the performance of the preconditioners where the coarse spaces are constructed
from piecewise constant polynomials. The computed condition number estimates and the correspond-
ing iteration counts obtained by employing the preconditioners Mi and M3 are shown in Table 7.
By comparing the results with the analogous ones presented in the previous Section 5.1 it can been
inferred that employing exact local solvers improves the performance of the preconditioner slightly.
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Preconditioner M}

HL h — h() h()/2 h()/4 h0/8
Ho 42990 (21) 7.3572 (28) 14.3928 (40) 29,5718 (57)
Ho/2 : 47076 (22) 7.7532 (30) 14.4282 (41)
Ho /4 ; - 4.9095 (23) 8.1509 (30)
Ho/8 . . - 5.0121 (23)
Preconditioner M3
Hi h—> ho h0/2 h0/4 h()/S
Ho 5.5549 (25) 9.4431 (32) 18.7975 (45) 38.8577 (64)
Ho/2 : 6.2441 (26) 10.1556 (34) 18.7271 (47)
Ho/4 ; - 6.5799 (28) 10.6361 (35)
Hy/8 - - - 6.6286 (29)
Preconditioner M3
Hi h — ho h0/2 h0/4 h0/8
Ho 5.5855 (25) 9.4545 (32) 18.8013 (45) 38.8591 (64)
Ho/2 - 6.2788 (27) 10.1688 (35) 18.7303 (47)
Ho/4 ; - 6.6139 (28) 10.6507 (35)
Ho/8 ; ; : 6.6689 (29)
B, '/2A,B, /7 1.2229e+2 (52) 4.7212e+2 (100) 1.8726e+3 (202)  7.4752e+3 ( 410)
An 2.5173¢-+4 (115)  3.9949¢+5 (229) 6.3800e+6 (486) 1.0309e+8 (1040)

Table 5: Preconditioners M}, M} and M3 (N = 16, o = 1): condition number estimates and iteration

counts. Piecewise linear discontinuous coarse space.
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Preconditioner M}

Hi h — h() h0/2 h0/4 h0/8
Ho 44317 (20) 7.3013 (26) 13.8371 (36) 27.7972 (51)
Ho/2 : 47381 (21) 7.8524 (28) 14.4631 (38)
Hy/4 : : 47748 (22) 8.1640 (29)
Hy/8 ; ; : 4.9653 (23)
Preconditioner M3
Hi h — ho h0/2 h0/4 h0/8
Ho 5.9734 (24) 9.7880 (31) 18.2750 (42) 36.4445 (58)
Ho/2 - 6.4031 (26) 10.4022 (34) 18.9555 (45)
Ho/4 ; : 6.6069 (28) 10.7379 (35)
Ho/8 ; ; - 6.5152 (28)
Preconditioner M}
Hl h — ho h0/2 h0/4 h0/8
Ho 6.0084 (24) 9.8017 (31) 18.2784 (42) 36.4443 (58)
Hy/2 - 6.4362 (27) 10.4172 (34) 18.9593 (45)
Ho /4 ; : 6.6491 (28) 10.7544 (34)
Ho/8 ; ; - 6.5739 (28)
B, 2A,B; /7 1.2229e4+2 (52) 4.7212e+2 (100) 1.8726e+3 (202)  7.4752¢+3 ( 410)
An 2.5173¢+4 (115)  3.9949¢+5 (229) 6.3800c+6 (486) 1.0309e+8 (1040)

Table 6: Preconditioners Mi, M} and M} (N = 4, o = 1): condition number estimates and iteration

counts. Piecewise linear discontinuous coarse space.

Preconditioner M}

Hi h — h() h0/2 h0/4 h0/8
H, 10.6099 (29) 24.6977(43) 54.5351 (63) 114.8625 (91)
Hy/2 - 12.2398 (34) 26.7205 (49) 56.2146 (71)
Hy/4 - - 13.2809 (37) 28.0078 (51)
Hy/8 - - - 14.0256 (38)
Preconditioner M3
Hi h — h() h0/2 h0/4 h()/8
o 12.0117 (31) 28.4619 (46) 62.7619 (67) 132.3684 (95)
Hy/2 - 14.0306 (36) 30.7275 (52) 64.7140 (74)
Hy/4 - - 15.1082 (40) 31.8235 (55)
Hy/8 - - - 15.8052 (42)
B, /2A,B; 7 1.2229e+2 (52) 4.7212e+2 (100)  1.8726e+3 (202)  7.4752e+3 ( 410)
Ap 2.5173e+4 (115) 3.9949e+5 (229)  6.3800e+6 (486) 1.0309e+8 (1040)

Table 7: Preconditioners M} and M} (N = 16, a = 1): condition number estimates and iteration

counts. Piecewise constant discontinuous coarse space.
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5.3 Variable penalty parameter

The aim of this section is to validate the independence on the penalty parameter a of the estimates
for the condition number of the preconditioned system proved in Theorem 4.1.

For the sake of brevity we focus only on the performance of the preconditioners ME and M}, additionally
throughout this section we employ a piecewise constant coarse solver. In Figure 5.3 we report the
condition number estimates of the preconditioned system for different values of ce. Although our theory
requires o > 1 for the sake of completeness we report here the results obtained with o = 1072, ..., 104,
and different mesh configurations. Results obtained with exact local solvers, i.e., the preconditioner
ME, are shown in Figure 3(a), whereas Figure 3(b) shows the analogous results obtained with inexact
local solvers, i.e., the preconditioner Mi. As expected, our preconditioner is fairly insensitive on the
choice of the penalization constant.

(a) Preconditioner ME (exact local solvers)

10°h 1 E
—a—h/8.H
—a&— hy/4, H o e
o Ho _e— N8, Hy2
L|| —e—hy4 Hy2 f
10°H B —k— /8, Hy4 1

—— 4, H /4

h /8, H./8
&, 5 /5.y

A A A A A
10k A A A A A ° . . °
s+ —=# % * % * ¥ ¥ *
10D -2 ‘—1 ‘u ‘| ‘2 ‘3 4 100 -2 ‘4 ‘D ‘1 ‘2 ‘3 4
10 10 10 10 10 10 10 10 10 10 10 10 10 10

(b) Preconditioner M} (inexact local solvers)

10* T T T T T 10 r r r T T
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A byt Hy —— :OZV :0/2
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Figure 4: Preconditioners M§ and M} (N = 16): condition number estimates as a function of the
penalty parameter o. Piecewise constant coarse solver.
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A Appendix

The aim of this section is to show Lemma 2.1. For that purpose, we first recall a result that provides
a natural splitting of the DG linear functions.

Proposition A.1. [5, Proposition 3.1] For any u € V}, there exist a unique v € VhCR and a unique
z € Zy, such that w = v+ z. That is: V), = VhCR ® 2, where VhCR 18 the classical Crouziex-Raviart
space defined by

ViR ={ve Q) v, e P(T) VT €T, and TA[]) =0 Vee&;}.
and the space Zy, is defined by:
Zy={vel*) v, € P(T) VT €T, and IA({v}) =0 Veecé&;}.

A natural set of basis functions associated to midpoints of edges can be given for both spaces V¢
and Zj, i.e.,
z z
ViR = span{pS®Yeces  Zp = span{ i }eces @ span{y; 1 teeep - (56)

Therefore, an edgewise ordering of the dofs of any u € V}, facilitates the use of the above splitting.

For any u € V,, let v € VhCR and z € Zj, such that v = v + 2. Now, we fix an interior edge
e=0TTNAIT~, e € & and, we denote by v, (resp. z.) the vector containing the degrees of freedom
of v|enr+ and v|eap— (vesp. z|ear+ and z|enr-). Using the definition of the spaces VCR and 2, it
follows that,

_ Ve _ |Ze| _ u+ — U€+ |Z6‘ —
Ve = |:Ue :|7 Ze = |: *‘Ze| :|7 Ue = |:’LL :| - |:Ue|ze _V€+Z€7
Therefore, we have that

e [ | vne e

where 3. is defined as in (8). Therefore, with such a decomposition the action of the operator (Bf)~!/2

can be read as the one that, on each interior edge, leaves untouched the Crouziex-Raviart part of the
DG function and acts only on its highly oscillatory component z. Analogously, on each boundary edge
e€ 5,? , we have

(B5)~Y2QTu, = 2z, Ve € &2,
where, following [5], we have assigned the dofs corresponding to the boundary edges (of the Dirichlet
problem) in Z; (or, analogously, the Dirichlet boundary conditions with Crouzeix-Raviart elements
are imposed strongly). Summarizing, we have

(BZ)_I/Que =

{ve + Beze ifecéy, (57)

Beze if e € 7,
where . is defined in (8).

We also recall the following result from [5]. We report the proof for the sake of completeness.
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Lemma A.2. For any z € Zy, it holds that

1
> IVallir <2y - IIS(EDIR.e - (58)

TeT, e€lp

where Cy is the constant in the trace inequality (and so depends only on the shape regularity of the
mesh,).

Proof. Integrating by parts, recalling that since z € Z}, is piecewise linear then Az = 0 on each T' € 7y,
and the definition (4) of the operator II§(-) yield

Z IV2lg 7 = (Vz,V2)or = — /Azzdx+ Z /{{Vz}} [z] ds + Z /[[Vz]] {=} ds

TeT), TeT, ecé&y, eety

-y /{{Vz}} M ds + 3 /[[Vz]] TE({2}) ds
ecéy, 6650

=3 [4vep - mi(teD as
e€&, v €

<y RS2 he PG (LD lo,e-
ey

The thesis follows by employing the standard trace inequality. O

Finally, we are ready to prove Lemma 2.1.

Proof of Lemma 2.1. From the decomposition of the space V}, given in Proposition A.1, any u € V},
can be decomposed uniquely as u = u®" + u?, with v € VhCR and u® € Zj. Recalling now that

B, '/*u = u" + Bu?, with 8|, = B, defined as in (8), we find

> hSIIHO([[ WPl =Y 3HHO([[uc“rﬁe Dige= ﬁf%llﬂo([[uz]])llg,e

e€ly, e€&y e€&y

< Z —HHO

e€éy,

where the last bound follows from estimate (9). We now show the continuity (16). For any u,w € V4,
we write v = u + v® and w = w + w® with v ,w € V,LCR and u*,w® € Zp. Then, the
Cauchy-Schwarz inequality and the above inequality, gives

1/2 1/2
Dp(u, w) < ( >V + KW)I%,T) ( DoV + ﬂwz)ll?m>

TeTh TeT),
1/2 1/2
+ (Z ;IIHO([[U]])IIE,6> (Z IIHO([[w]])Ilﬁ,e> - (59)
ec&y ¢ e€&y

We now estimate each term on the right hand side separately (it is enough to do this for u = u®" +
u?). The triangle inequality, the arithmetic-geometric inequality together with Lemma A.2, and the
definition (8) of § yield the estimate

YoV +8u)Er S Y (IVulgr + 821Ve® | r)

TeT, TeT,
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= > (V@™ + o =) 5 7 + BVl |lf 7)

TeT),
cr z (1 +6§) (4 z
SOOIV +u)Gr + Y 5 ([u DIIG
TET, e€gy, ¢
S Z IVull§r + Z 7”1_[0 [uD)I[5 - (60)
TeT, ecéy

which yields (16).

We now prove the coercivity. Cauchy-Schwarz inequality, the arithmetic-geometric inequality and
estimate (58) from Lemma A.2 imply

2 / BV - Vi da| <2/|8V i 0.0 Vau o
Q
cr 1 z
<BORG |V + s e

<8CI A (Viull5.0 + 5 Z *IIHo([[U DI -

eefh

where C; denotes the constant for the trace inequality. The above estimate together with the scaling
of B, given in (9) and the assumption « > 1 yield

1 « « 1 « 1 1 1
=2 m = ) 2 > >,
he h he (ka+h§> he (ka+1> 2kh, 4h,

with k=1ifec & and k =2ife € E,‘?. The above observations together with Lemma A.2 finally
give

Da(u,u) > |Viu™ |50 + B2 IVae* 5o+ D B 3 ([ DR, - 28

/ Vpu - Vyu® dz
Q

ecly,
. 11 1 .
2 (1= 8C2) [V B + P10 B+ (5 - 8) > o@Dz,
eely €
2 (1= 8020 IV [ + 1V R+ 3 Mol
eGSh

Hence, by taking h so that 1 — 8C?3? > 1/2 > 0, we have

Dp(u,u) > *||thu||09+52|u T+ Z 8h — Mo ([ul) 3.
ee&y

and therefore, discarding the low order terms we finally obtain (because of Lemma A.2)

Dp(u,u) 2 [Vaullg o+ Y
ec&y,

for all h <,/ 1602 7 and the proof is complete. O

8h ([uDl5.e 2 llulba
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