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Abstract

Alzheimer’s disease is the most common dementia worldwide. Its pathological development is well known to
be connected with the accumulation of two toxic proteins: tau protein and amyloid-β. Mathematical models
and numerical simulations can predict the spreading patterns of misfolded proteins in this context. However,
the calibration of the model parameters plays a crucial role in the final solution. In this work, we perform
a sensitivity analysis of heterodimer and Fisher-Kolmogorov models to evaluate the impact of the equilibrium
values of protein concentration on the solution patterns. We adopt advanced numerical methods such as the
IMEX-DG method to accurately describe the propagating fronts in the propagation phenomena in a polygonal
mesh of sagittal patient-specific brain geometry derived from magnetic resonance images. We calibrate the
model parameters using biological measurements in the brain cortex for the tau protein and the amyloid-β in
Alzheimer’s patients and controls. Finally, using the sensitivity analysis results, we discuss the applicability of
both models in the correct simulation of the spreading of the two proteins.

1 Introduction

Neurodegenerative diseases represent a significant challenge in actual medical research. Due to the aging of the global
population, the number of people affected by these pathologies is constantly increasing. Some of these pathologies
are called proteinopathies due to the link between the disease progression and the aggregation and spreading of toxic
proteins inside the central nervous system [1]. The principal example of proteinopathy is Alzheimer’s disease, whose
pathological development depends on the accumulation of two different proteins: tau protein and amyloid-β [2].
There is literature evidence that the alteration of these proteins’ structure is connected to resistance to clearance
mechanism, with consecutive agglomeration and neuronal death [3]. However, the delay between protein misfolding
and the appearance of clinical symptoms is of the order of decades, complicating the construction of efficient medical
treatments.

First of all, Alzheimer’s disease is associated with the accumulation of amyloid-β, which is considered the earliest
hallmark of the disease. This protein is a standard product of Amyloid Precursor Protein (APP) metabolism, and
it is also diffuse in the physiologic brain [4]. However, its accumulation can lead to neuronal death. Secondly,
Alzheimer’s disease is also associated with neuronal and glial accumulation of misfolded tau protein. Tau is a
microtubule protein of primary importance in the stabilization of neuronal cytoskeleton [5].

Unless the importance of those proteins in the neurodegeneration process, their longitudinal monitoring is still
problematic. Indeed, it can be performed only using positron emission tomography (PET) images, typically used
only for diagnosis due to the procedure’s high costs and invasive nature [6]. Other typical biomarkers studied
in clinical practice are derived from chemical analysis of the cerebrospinal fluid (CSF). However, CSF studies
require invasive procedures, and the correlation between concentrations of proteins inside the fluid and in the brain
parenchyma still needs to be wholly understood [6]. In this context, mathematical models and numerical simulations
can help in the longitudinal monitoring of protein propagation.
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Several mathematical models for prion dynamics have been proposed. Probably the most complete model,
able to describe coagulation, fragmentation, and spreading processes, is the Smoluchowski model [7]. However,
the computational costs of solving this model have required the construction of more simplified ones, which try to
maintain a good level of description, homogenizing the description of single proteins, oligomers, and plaques in a
single term [8, 9]. This work considers two mathematical models: the heterodimer and Fisher-Kolmogorov (FK)
models. The heterodimer model [10] is based on a separate modeling of healthy and misfolded protein configurations.
The model can explicitly represent proteins’ production, destruction, and conversion. The FK model [11, 12] is
commonly used to describe the dynamics of biological systems. In this context, it provides a simplified description,
valuable in slight variations in the healthy protein concentration [9].

In the protein spreading context, many different numerical methods are present in literature to describe the
phenomenon, such as network diffusion models [8, 13], finite element methods [9], and polytopal discontinuous
Galerkin methods [14, 15, 16]. At the same time, many works studied the calibration of the model parameters
starting from the final data, using inverse uncertainty quantification methodologies [17, 18, 19].

This work aims to perform a sensitivity analysis of the models evaluating the impact of the variation of con-
centrations of the proteins in equilibrium conditions. Sensitivity analysis allows us to understand how the different
input sources of uncertainty impact the uncertainty in the output of mathematical models. The values of protein
concentrations are derived for the first time by constructing some probability distributions starting from biological
post-mortem measurements in the brain cortex [20, 21]. This procedure allows deriving specific parameter values for
the tau protein and the amyloid-β separately, highlighting the differences predicted by the models in the accumu-
lation and spreading procedure for the different proteins. Moreover, performing the study on heterodimer and the
FK model allows us to define the limits of applicability and understand when they could be considered equivalent
and when they do not clearly describe the phenomenon.

The paper is organized as follows. Section 2 presents both models in their continuous strong formulation, and
then Section 3 highlights the stochastic parameter distributions. In Section 4, we report the numerical methods
adopted in the simulations. Finally, in Section 5, we report the results of the sensitivity analysis, we discuss them,
and we report the limitations of the study in Section 6. Finally, in Section 7, we draw some conclusions.

2 Mathematical models in protheinopaties

In this section, we briefly introduce the mathematical models to describe the processes of production, misfolding,
clearance, and diffusion of the prionic proteins. In this work, we assume that the reaction parameters are dependent
on a vector of parameters v ∈ Γ ⊆ RN , where Γ = Γ1× ...×ΓN is a hyperrectangle in which v is randomly varying.
We specify later the exact form of the vector v. For a final time T > 0, the problem is dependent on time t ∈ (0, T ]
and space x ∈ Ω ⊂ Rd (d = 2, 3). Here Ω is an open, bounded domain of Rd. We denote by (·, ·)Ω the scalar
product in L2(Ω).

2.1 The heterodimer model

Firstly, we introduce the heterodimer model [9]. The equations govern the dynamics of two different protein con-
centrations: the healthy p = p(x, t,v) and misfolded q = q(x, t,v) protein concentrations. This model describes the
kinetics of prion pathogenesis incorporating prion conversion dynamics both considering monomeric and polymeric
seeding hypotheses [9]. Indeed, the system of equations reads:

∂p

∂t
= ∇ · (D∇p)− k1 p− k12 p q + k0 in Ω× (0, T ]× Γ,

∂q

∂t
= ∇ · (D∇q)− k̃1 q + k12 q p in Ω× (0, T ]× Γ,

(D∇p) · n = 0, (D∇q) · n = 0 on ∂Ω× (0, T ]× Γ,

p(x, 0,v) = p0(x,v), q(x, 0,v) = q0(x,v) in Ω× Γ.

(1)

In Equation 1, the first assumption we make is that the brain generates only healthy protein at a generation rate
governed by the parameter k0 = k0(x,v) > 0. The biological clearance and destruction processes affect both healthy
and misfolded proteins at rates k1 = k1(x,v) > 0 and k̃1 = k̃1(x,v) > 0, respectively. Finally, we have a conversion
of proteins from healthy to misfolded state at a rate k12 = k12(x,v) > 0. To obtain a physically consistent
description of the phenomenon, the reaction parameters we just introduced need to respect some relations [13].
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Indeed, their values are directly related to the equilibrium values of the concentration in healthy and dementia
conditions. Indeed, assuming a healthy subject, the concentration of misfolded protein should be qmin = 0, while
the healthy ones should be around a value we call pmax = k0

k1
. These two values are the ones associated with the

unstable equilibrium point of the heterodimer system E1 = (pmax, 0). On the contrary, the model also has a stable
equilibrium point E2 = (pmin, qmax), which is associated with an illness situation where we have reduced healthy
protein concentration and proliferation of misfolded ones.

Concerning the diffusion part of the model, the spreading can be mathematically characterized by a tensor
defined as follows [9]:

D = dextI+ daxnā⊗ ā. (2)

With this formulation, the first term models extracellular diffusion of magnitude dext = dext(x), while the second
term models anisotropic diffusion which happens along the axonal directions, denoted by vector ā = ā(x) and of
magnitude daxn = daxn(x).

Concerning the boundary conditions, we assume that parenchyma cannot exchange the proteins with the sur-
rounding CSF, and so we impose homogeneous Neumann boundary conditions.

2.2 The Fisher-Kolmogorov model

A simplified formulation of problem (1) can be derived under certain assumptions. In particular, whenever the
concentration of healthy proteins is much larger than the one of misfolded proteins, and if its variations can be
considered negligible, we can perform a Taylor expansion of the function p [9, 8]. In this case, after defining a
relative misfolded protein concentration as:

c(x, t,v) =
q(x, t,v)

qmax
,

we can derive the FK model. The variable c = c(x, t,v) is a relative concentration assuming values in the interval
[0, 1], where 0 and 1 means absence and high prevalence of misfolded proteins, respectively. Indeed, coherently with
the starting model, 0 is the unstable equilibrium, and 1 is the stable one. Finally, the governing equation reduces
to the FK model: 

∂c

∂t
= ∇ · (D∇ c) + α c(1− c), inΩ× (0, T ]× Γ,

(D∇c) · n = 0, on ∂Ω× (0, T ]× Γ,

c(x, 0,v) = c0(x,v), in Ω× Γ.

(3)

where α = α(x,v) is the conversion rate, describing misfolding, clearance, and protein production processes within a
single term. Concerning the diffusion tensor D, it is defined in Equation (2). The homogeneous Neumann boundary
condition extends naturally to the concentration c we introduce.

3 Stochastic parameter distributions

A fundamental choice for performing the following investigations is the selection of the stochastic parameters that
we will vary in the sensitivity analysis. In this work, we choose to analyze the impact of different values of maximum
(pmax,qmax) and minimum (pmin) concentrations of proteins on the final result. This choice is made mainly for two
reasons: first, because these quantities are directly associated with the parameters of both models and second,
because of the existence of clinical measures of them in literature. Moreover, these values are protein-dependent,
allowing us to make some distinctions between the application of the models for different illnesses. For simplicity,
we assume these parameters are constant in the domain Ω. Concerning the concentration p, instead of using pmax

as stochastic parameter, we use the difference p∆ = pmax − pmin. Indeed, this choice ensures that pmax > pmin

by simply selecting a positive probability distribution for the p∆. Our modeling distribution is to choose for these
parameters a Gamma distribution Γ(a, b) such that the probability distribution is:

ρ(y) =
βα+1

Γ(α+ 1)
yαe−βy.

Due to the presence of four reaction parameters in the equation (1) and only three concentrations, we need a
fixed parameter. Indeed, we evaluate the impact of different levels of protein concentrations on the dynamics at
the same conversion rate.
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Parameter Mean Variance Parameter a Parameter b
pmin ∼ Γ(a, b) 4.4557 [µg/g] 3.0400 [µg2/g2] 5.5307 [−] 1.4657 [g/µg]
p∆ ∼ Γ(a, b) 3.5042 [µg/g] 1.8217 [µg2/g2] 5.7406 [−] 1.9236 [g/µg]

qmax ∼ Γ(a, b) 0.7168 [µg/g] 0.2737 [µg2/g2] 0.8772 [−] 2.6189 [g/µg]

Table 1: Estimated distributions parameters for the tau protein simulation [20].

Parameter Mean Variance Parameter a Parameter b
pmin ∼ Γ(a, b) 5.7400 [µg/g] 2.2464 [µg2/g2] 13.6668 [−] 2.5552 [g/µg]
p∆ ∼ Γ(a, b) 3.0500 [µg/g] 8.2143 [µg2/g2] 0.1325 [−] 0.3713 [g/µg]

qmax ∼ Γ(a, b) 13.0863 [µg/g] 101.3324 [µg2/g2] 0.6884 [−] 0.1291 [g/µg]

Table 2: Estimated distributions parameters for the amyloid-β protein simulation [20, 21].

Finally, the components we choose for the definition of the vector are v = (pmin, p∆, qmax). Introducing these
quantities for the sensitivity analysis, we can rewrite the parameters of problems (1) and (3) as follows:

k0 =
pmin(pmin + p∆)qmax

p∆
k12, k1 =

pminqmax

p∆
k12, k̃1 = pmink12, α = p∆k12.

The construction of parameter distributions needs to be protein-specific to adequately describe the physical
and chemical processes connected to the pathophysiology of protein misfolding. Concerning the concentration
parameters, the distribution should be positive in all cases. For this reason, we adopt a Gamma distribution for all
these terms, and we will calibrate it using medical analysis associated with the different proteins.

3.1 Tau protein distributions

Tau protein is a microtubule protein that plays a fundamental role in the stabilization of the neuronal cytoskeleton
[5]. In Alzheimer’s disease, this protein becomes hyperphosphorylated, with consequent disassociation from micro-
tubules and aggregation into neurofibrillary tangles, one of the disease’s most known hallmarks. This accumulation
of phosphorylated tau proteins is associated with synaptic impairment and neurodegeneration [22].

In this work, we estimate the parametrical distributions starting from some post-mortem measurements of total
and phosphorylated tau protein concentrations in the brain cortex for both Alzheimer’s disease patients and controls
[20]. Starting from the raw data, we compute mean and variance and use them to derive the Gamma distribution
parameters. We report the computed values in Table 1.

3.2 Amyloid beta distributions

Amyloid-β is a protein produced through proteolytic processing of a transmembrane protein called APP. Amyloid-β
is produced when the APP is first cleaved by β-secretase. Suppose the produced protein undergoes a process of
accumulation in the brain parenchyma. In that case, it can aggregate in plaques, whose formation is recognized as
an early toxic event in the pathogenesis of Alzheimer’s disease [23].

In this work, we estimate the parametrical distribution of APP (in the model healthy protein p) starting from
the post-mortem cortex measurement in [20]. In the same way, the distribution associated with amyloid-β is
reconstructed starting from measurement in [21]. Starting from the raw data, we compute mean and variance and
use them to derive the Gamma distribution parameters. We report the computed values in Table 2.

4 Numerical methods

In this section, after defining some preliminary concepts, we introduce all the methods adopted for discretizing
problems (1) and (3). We introduce a polytopic mesh partition Th of the domain Ω made of disjoint polygo-
nal/polyhedral elements K. Moreover, we define the set of interfaces (namely (d − 1)−dimensional facets of two
neighboring elements) as Fh. This set is then decomposed into the union of interior faces (F I

h) and exterior faces
(FB

h ) lying on the boundary of the domain ∂Ω, i.e. Fh = F I
h ∪ FB

h . Concerning assumptions on the domain
partition, we refer to the properties in [24, 14].

Let us define Pℓ(K) as the space of polynomials of total degree ℓ ≥ 1 over a mesh element K. Then we
can introduce the following discontinuous finite element space WDG

h = {w ∈ L2(Ω) : w|K ∈ Pℓ(K) ∀K ∈ Th}.
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Moreover, we introduce the trace operators, namely the average operator {{·}} and the jump operator [[·]] on F ∈ F I
h.

For the complete definitions of the operators, we refer to [25].

4.1 PolyDG semi-discrete formulation of the heterodimer model

To construct the semi-discrete formulation, we define the penalization functions

η : F I
h → R+ such that η = η0 max

{
{dK}H, {kK}H

} ℓ2

{h}H
, (4)

η̃ : F I
h → R+ such that η̃ = η0 max

{
{dK}H, {k̃K}H

} ℓ2

{h}H
, (5)

where η0 is a constant parameter that should be chosen sufficiently large to ensure the stability of the discrete
formulation, dK = ∥

√
D|K∥2, kK = ∥ k12|K + k1|K∥, and kK = ∥ k12|K + k̃1|K∥. In Equations (4)and (5),

we are considering the harmonic average operator defined as {v}H = 2v+v−

v++v− . We define the bilinear form Ah :

WDG
h ×WDG

h → R as:

Ah(u, v) =

∫
Ω

(D∇hu) · ∇hv +
∑

F∈F I
h

∫
F

(η[[u]] · [[v]]− {{D∇hu}} · [[v]]− [[u]] · {{D∇hv}}) dσ ∀u, v ∈ WDG
h , (6)

where ∇h is the elementwise gradient. Analogously, we can define the bilinear form Ãh, by substituting in 6 the
penalty η with η̃. Given suitable discrete approximations p0h, q0h ∈ WDG

h of the initial conditions of Equation (1),
the semi-discrete PolyDG formulation reads:

For each t > 0 and for each v ∈ Γ, find (ph, qh) = (ph(t,v), qh(t,v)) ∈ WDG
h ×WDG

h such that:
(

∂ph

∂t , vh

)
Ω
+ Ah(ph, vh) + (k1 ph + k12 p

2
h, vh)Ω = (k0, vh)Ω ∀vh ∈ WDG

h ,(
∂qh
∂t , wh

)
Ω
+ Ãh(qh, wh) + (k̃1 qh − k12 q

2
h, wh)Ω = 0 ∀wh ∈ WDG

h ,

ph(x, 0,v) = p0h(v), qh(x, 0,v) = q0h(v).

(7)

For details regarding the derivation and stability and a-priori error estimates for this problem, we refer to [15].
We can rewrite the obtained formulation in an algebraic form. We consider {ϕj}Nh

j=0 a set of basis function for

WDG
h , being Nh its dimension. Then, we can expand the discrete solutions in terms of the chosen basis:

ph(x, t,v) =

Nh∑
j=0

Pj(t,v)ϕj(x) qh(x, t,v) =

Nh∑
j=0

Qj(t,v)ϕj(x)

We denote by P(t,v), Q(t,v) ∈ RNh , the corresponding vectors of the expansion coefficients. Moreover, we define

the following matrices M,A,Mω, M̂ω ∈ RNh×Nh as:

[M]i,j = (ϕj , ϕi)Ω Mass matrix

[A]i,j = Ah(ϕj , ϕi) Stiffness matrix

[Mω]i,j = (θϕj , ϕi)Ω Linear reaction matrix of a parameter ω

[M̂ω(Φ)]i,j = (θΦhϕj , ϕi)Ω Non− linear reaction matrix of a parameter ω

with i, j = 1, ..., Nh and ω = {α, k1, k̃1, k12}. Finally, we introduce the right-hand side vector [Fk0
]i = (k0, ϕi)Ω

with i = 1, ..., Nh. Applying the definitions we can rewrite problem (7) in algebraic form:

For each t > 0 and for each v ∈ Γ, find (P,Q) = (P(t,v),Q(t,v)) such that:
MṖ+AP+Mk1P+ M̂k12 (P)Q = Fk0 , in (0, T ]× Γ,

MQ̇+AQ+Mk̃1
Q− M̂k12

(Q)P = 0, in (0, T ]× Γ,

P(0,v) = P0(v), Q(0,v) = Q0(v), in Γ,

where P0 and Q0 are the vector expansions associated to the initial conditions p0h and q0h, respectively.
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4.2 PolyDG semi-discrete formulation of the Fisher-Kolmogorov model

To construct the semi-discrete formulation, we define the penalization function

η : F I
h → R+ such that η = η0 max

{
{dK}H, {αK}H

} ℓ2

{h}H
, (8)

where η0 is a constant parameter that should be chosen sufficiently large to ensure the stability of the discrete
formulation, dK is defined as before, and αK = ∥α|K∥.

Using the definition of the penalty parameter in Equation (8) in the definition of the bilinear form in Equation (6),
the semi-discrete PolyDG formulation reads:

For each t > 0 and for each v ∈ Γ, find ch = ch(t,v) ∈ WDG
h such that:

(
∂ch
∂t

, wh

)
Ω

+ Ah(ch, wh)− (αch, wh)Ω + (αc2h, wh)Ω = 0 ∀wh ∈ WDG
h ,

ch(x, 0) = c0h.

(9)

where c0h ∈ WDG
h is a suitable approximation of c0. For details regarding the derivation of the semi-discrete

formulation and the stability and a-priori error analysis, we refer to [14]. We consider the discrete solutions
expansion in terms of the chosen basis:

ch(x, t,v) =

Nh∑
j=0

Cj(t,v)ϕj(x),

and we denote by C(t,v) the corresponding vector of the expansion coefficients. Finally, the semi-discrete algebraic
formulation of (9) reads:

For each t > 0 and for each v ∈ Γ, find C = C(t,v) such that:
MĊ+AC−MαC+ M̂α (C)C = 0, in (0, T ]× Γ,

C(0,v) = C0(v), in Γ,

where C0 is the vector expansion associated to the initial conditions c0h.

4.3 IMEX-PolyDG fully-discrete approximation of heterodimer model

For the time discretization, we employ a linearly implicit IMEX Runge-Kutta method [26, 27]. The advantages
of these methods are the possibility of having a high-order approximation at the time of the problem and the
explicit treatment of the nonlinear part of the equations, which avoids the necessity of nonlinear iterative solvers.
Concerning a generic differential problem with semi-discretization in time associated with the equation:

Mẏ(t) = F(t) + Ly(t) + N(y), (10)

we introduce the following Butcher tableaux for the discretization of the linear and nonlinear parts, respectively:

c1 γ
c2 a21 γ
...

...
. . .

. . .

cs as 1 . . . as s−1 γ
b1 . . . bs−1 γ

0
â21 0
â31 â32 0
...

...
. . .

. . .

γ âs+1 1 âs+1 2 . . . âs+1 s 0

γ b̂1 b̂2 . . . b̂s b̂s+1

.

We construct a partition 0 < t1 < t2 < ... < tNT
= T of the time interval [0, T ] into NT intervals of constant time

step ∆t = tn+1 − tn. Then the time discretization of problem (10) can be written as:
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(a) Polygonal mesh (b) Axonal directions (c) Tau protein (t = 0) (d) Amyloid-β (t = 0)

Figure 1: Brain section with the specification of the polygonal mesh (a), the axonal directions with the distinction
between white (red) and grey (blue) matters (b), and the initial conditions of the simulation of tau protein (c) and
amyloid-β, respectively.

For n = 0, ..., NT − 1 and given yn, find yn+1 such that:

MK1 = N(yn),

(M−∆tγL)Ki = F(tn + cj∆t) + L

yn +∆t

i−1∑
j=1

aijKj +

i∑
j=1

âijK̂j

 , i = 1, ..., s− 1,

ȳi = yn +∆t

i∑
j=1

(
aijKj + âijK̂j

)
, i = 1, ..., s− 1,

MKi+1 = N(ȳi), i = 1, ..., s− 1,

yn+1 = yn +∆t

 s∑
j=1

bjKj +

s+1∑
j=1

b̂jK̂j

 .

Applying this multistage method to the two problems allows us to obtain an IMEX Runge-Kutta time-stepping
method with a level of accuracy that can be arbitrarily high with appropriate choices of coefficients. We refer to
[26, 27] for examples of tableaux with different orders of convergence.

4.4 Mesh construction

The numerical simulations are developed using the open source lymph library [28], implementing the PolyDG
method for multiphysics problems. For the simulations, we consider a mesh of a sagittal brain section obtained
by segmenting a structural magnetic resonance image (MRI) from the OASIS-3 database [29]. We perform the
segmentation using Freesurfer [30]. We construct an initial detailed triangular grid of 43 402 triangles. Then, we
agglomerate the latter one employing ParMETIS [31]. The final mesh comprises 2 031 polygonal elements, as shown
in Figure 1a.

Constructing the white matter’s axonal directions is fundamental for defining the diffusion tensor D. These can
be derived from Diffusion-Weighted Images (DWI) and computing the principal eigenvector of the diffusion tensor
in each voxel of the image through Nibabel [32]. Concerning the complete procedure, we refer to [33]. Figure 1b
reports the resulting axonal direction.

Concerning the physical parameters, which are not the object of the sensitivity analysis, we fix the conversion
rate k12 = 0.2years−1 as in [15]. The extracellular diffusion is imposed to be dext = 8 × 10−6, while the axonal
diffusion is set dext = 8 × 10−5 in the white matter, and it is dext = 0 in the gray matter [14]. For what concerns
the discretization parameters in space, we fix the polynomial order ℓ = 5 in every element of the discretization, and
we set the penalty parameter γ0 = 10. Finally, we adopt a time step ∆t = 0.025 and simulate up to T = 40 years
to have a complete sensitivity analysis over a time interval larger than the typical scales of Alzheimer’s disease [4].

The initial conditions are computed according to other literature works associated with the same proteins
[34]. In particular, for the tau protein-spreading simulation, we initially locate the misfolding proteins in the
entorhinal cortex [35], as in Figure 1c. For what concerns the amyloid-β protein, we impose initial misfolding
protein concentrations in the neocortex [36], as reported in Figure 1d.
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5 Results

In this section, we report the sensitivity analysis results of the models applied to spreading the protein tau and the
amyloid-β in the brain. In all the analysis, we will also present the space average of the solutions, computed for a
generic function g(x) as:

⟨g(x)⟩ = 1

|Ω|

∫
Ω

g(x)dx.

5.1 Sensitivity analysis in tau protein spreading

In this section, we present the results associated with the application of tau protein spreading in Alzheimer’s
disease, with the parameters calibrated starting from the distributions presented in Table 1 and derived from
biological measurements in [20].

5.1.1 Sensitivity of heterodimer model

The analysis shows a change in the behavior of the solution unless for each value of the parameter qmax, the stability
of the equilibria does not change. However, it is visible from Figure 2a that the equilibrium is a stable focus for
small parameter values. Indeed, the dynamics of the solutions in the proximity of the value present oscillations. The
equilibrium undergoes a bifurcation that transforms it into a stable node, increasing the value [37]. In particular,
analyzing the eigenvalues associated with the dynamical system without diffusion, this value can be estimated to
be qmax ≃ 3.4541µg/g. Considering the probability distribution of the parameter qmax, the oscillatory behavior is
associated with the region of most probable values, and it is also present in the simulation with the average value
qmax = 0.7168µg/g. The oscillations are also visible spatially, watching at the lower line of Figure 2a.

The sensitivity analysis of the solutions for variations of the equilibrium concentration of healthy proteins pmin

shows that equilibrium is a stable focus for each parameter value. It is visible from Figure 2b, where it can be
observed that we have more significant oscillations in the dynamics of the space average of misfolded proteins q
for small parameter values. Indeed, the computation of the eigenvalues associated with the dynamical system
without diffusion shows that an increase in the parameter value causes a sensible reduction of the real part of the
eigenvalues, making the oscillating component (associated with the imaginary part) dominant. Looking at the lower
line of Figure 2b, we can observe the impact of the oscillation on the solution fields only for the small values of
pmin.

The analysis of the impact of the variation of healthy proteins p∆ on the problem solutions shows a stable
focus behavior for most of the tested values. For high values of the parameter p∆, the oscillations become more
prominent, with an initial fast increase of the population of misfolded proteins, due to the high presence of the
healthy ones, as visible in Figure 2c. Finally, it can be observed that for small values of the parameter, we do not
notice the oscillations. Indeed, it can be estimated that for values of p∆ smaller than 1.1177µg/g, the equilibrium
is a stable node. Finally, in the lower line of Figure 2c, we can observe the impact of the oscillation on the solution
fields and confirm the absence of oscillations for the smallest one.

5.1.2 Sensitivity of FK model

The sensitivity analysis concerning the value of p∆ can also be performed on the FK model. Indeed, the reaction
parameter α depends only on p∆ and not on pmin and qmax. The analysis shows that by increasing the initial
concentration of healthy proteins, the development of the misfolded protein is faster. Indeed, looking at Figure 3,
we can notice this effect. To compare with the heterodimer model, we report in Figure 3 a non-normalized value
qh = qmax ch for the FK solution. We can observe that because the FK model is composed of a single equation, the
oscillatory behavior obtained with the heterodimer model for most of the parameter values is lost [38]. Figure 3
shows large differences in the space-averaged solutions for large values of the parameter, while for the small ones,
the solutions of the two models are comparable. For small values of the parameter, in which the stable equilibrium
of the heterodimer is a node, the FK model generates a faster pathology.

5.2 Sensitivity analysis in amyloid-β spreading

In this section, we present the results associated with the application of amyloid-β spreading in Alzheimer’s disease,
with the parameters calibrated starting from the distributions presented in Table 2 and derived from biological
measurements in [20, 21].
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(a) Sensitivity to qmax of heterodimer in tau protein spreading

(b) Sensitivity to pmin of heterodimer in tau protein spreading

(c) Sensitivity to p∆ of heterodimer in tau protein spreading

Figure 2: Sensitivity analysis of heterodimer model in tau protein for the variation of the parameter qmax (a), pmin

(b), p∆ (c). For each parameter, in the first row, we report the space average of the healthy protein in time (left),
of the misfolded protein in time (center), and of both in the phase space (right). In the second row, we report some
snapshots of the solutions for three selected parameter values.
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Figure 3: Sensitivity analysis of the FK model in tau protein for the variation of the parameter pDelta. We
compare the analysis results between FK and heterodimer in two different graphs. In the third column, we report
some snapshots of the solutions for three selected parameter values.

5.2.1 Sensitivity of heterodimer model

The analysis shows that the parameter qmax predominantly influences misfolded proteins’ dynamics, while the
impact on the healthy protein dynamics is almost inappreciable. Concerning the stable equilibrium, unless not
visible in the range of the values computed for the amyloid-β, a bifurcation occurs at the value qmax = 2.7644µg/g.
Indeed, for values smaller than this, the equilibrium is a stable focus, and then it becomes a stable node. This
fact is not visible in Figure 4a, where the oscillations are minimal for the value under this threshold. The final
solutions are very similar. Indeed, the change of magnitude of the protein does not particularly affect the qualitative
development of the pathology.

The sensitivity analysis of the solutions to the variations of the parameter pmin shows that in the considered
range of values, the stable equilibrium is a node. Indeed, in Figure 4b, we cannot detect any oscillation in the
solution near the equilibrium point. The impact of increasing the concentrations of healthy protein is a slight
acceleration in the disease progression, which reaches a high level of misfolded proteins (≃ 90% of qmax) in 13-17
years. Looking at the lower line of Figure 4b, we can notice the acceleration at the time t = 10 years.

The analysis of the impact of the variation of healthy proteins p∆ on the problem solutions shows absent or
small oscillations for most of the analyzed values. These are present only for high values of the parameter p∆,
with an initial fast increase of the population of misfolded proteins due to the high presence of the healthy ones,
as visible in Figure 4c. Indeed, analyzing the eigenvalues, the estimated bifurcation value from node to focus is
p∆ = 17.6845µg/g. Finally, in the lower line of Figure 4c, we can observe the impact of the oscillation on the
solution fields only for the largest of the three showed values.

5.2.2 Sensitivity of FK model

We perform the latter parameter’s sensitivity analysis on the FK model. As we have done in the tau protein case,
we analyze the values of qh = qmax ch for the FK solution. The analysis shows that the concentration of misfolded
protein increases faster with an increase of p∆ and consequently of the parameter α. In Figure 5, we also report
a comparison with the heterodimer model solution, and we can observe that the two models generate comparable
solutions for small values of p∆. We obtain different behaviors for the largest values of the parameter due to the
focused nature of the stable equilibrium in the heterodimer model, causing sensible oscillations. This is also visible
in the last column of Figure 5 for p∆ = 55.9863µg/g, which shows large oscillations in the solutions at the first
time instant (2.5 years) in the heterodimer model, which are not obtainable with the FK model.
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(a) Sensitivity to qmax of heterodimer in amyloid-β spreading

(b) Sensitivity to pmin of heterodimer in amyloid-β spreading

(c) Sensitivity to p∆ of heterodimer in amyloid-β protein spreading

Figure 4: Sensitivity analysis of heterodimer model in amyloid-β for the variation of the parameter qmax (a), pmin

(b), p∆ (c). For each parameter, in the first row, we report the space average of the healthy protein in time (left),
of the misfolded protein in time (center), and of both in the phase space (right). In the second row, we report some
snapshots of the solutions for three selected parameter values.
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Figure 5: Sensitivity analysis of the FK model in amyloid-beta for the variation of the parameter pDelta. We
compare the analysis results between FK and heterodimer in two different graphs. In the third column, we report
some snapshots of the solutions for three selected parameter values.

6 Discussion

This section discusses the results obtained from the sensitivity analysis performed in section 5. In particular, we
discuss in section 6.1 the results associated with tau protein and in section 6.2 the ones of amyloid-β. Finally, in
section 6.3, we report the study’s limitations.

6.1 Sensitivity analysis in tau protein spreading

The sensitivity analysis of the heterodimer model applied to the spreading of tau protein shows that, considering
the mean values of the parameters in Table 1, we have that the stable equilibrium of the system is a focus. This
nature causes an oscillatory behavior of the space-averaged solutions and the solution fields locally, as reported in
Figure 2. The oscillations are visible in most of the sensitivity simulations performed.

The oscillatory nature of these concentrations is not described in the literature. Indeed, these quantities are not
directly measurable, but they require histological post-mortem examinations [20]. However, the literature findings
report fluctuating behavior of both the concentrations of tau protein (in phosphorylated and healthy forms) and of
amyloid-β [39], cortical PET measurements [40] and cognitive test results [39]. Moreover, fluctuations in the CSF
concentrations of tau [41] and attention tests in Alzheimer’s diseased patients [42] are reported at the time scale of
the circadian cycle.

Whenever the parameter p∆ becomes negligible compared to qmax and pmin, the equilibrium becomes a node,
losing the oscillations, as reported in Figure 2. However, this is not true for the average biological measurement of
tau protein concentrations [20]. Unfortunately, sensible variations in the healthy tau concentration do not allow a
correct simplification of the heterodimer to the FK model [34]. Indeed, the comparative analysis in Figure 3 reports
that the FK model cannot describe the fluctuations detected by the heterodimer in tau protein spreading. These
findings suggest that the choice of the correct model should be fundamental in the simulation of tauopathies to
accurately predict the time advancement of the pathology. However, it is unclear if the presence of oscillation is
physically meaningful and which is the best model in this description.

6.2 Sensitivity analysis in amyloid-β spreading

Concerning the application of the heterodimer model to the amyloid-β spreading, the parameters are calibrated
according to Table 2. In Figure 4, we can notice that we cannot detect any oscillation in either the misfolded or the
healthy protein concentrations for most of the analyzed parameters. Indeed, the stable equilibrium is a node in this
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range of values due to the small magnitude of p∆, particularly against the value qmax. This point is confirmed by
the fact that we observe bifurcations only for extremely high values of p∆, associated with the tail of the Gamma
distribution, and so less probable and far from the average values computed from analysis in [20, 21].

The comparative analysis of the heterodimer and FK model in the case of amyloid-β shows that using FK
provides comparable results in most cases. In particular, the solutions have a slight discrepancy near the average
value of the solution, as shown in Figure 5. These findings suggest a good level of accuracy in describing the
phenomenon of the amyloid-β spreading independently on the chosen model.

6.3 Limitations

The main limitation of this work is the two-dimensional domains. The extension of the analysis to three-dimensional
complete brain geometries can give new insights into the accuracy of the models, also introducing the heterogeneity
in the parameters. Also, the calibration of the model parameters using localized measures of concentrations and not
a homogeneous one could be an improvement. However, this would require many post-mortem biological analyses of
different brain regions or a deeper analysis of correlations between concentration values and PET images. Another
limitation is the absence of a sensitivity analysis of k12, which we neglected because it is not computable from
biological measures. However, we underline that changes in this value are not related to changes in the equilibrium
nature but only to the velocity of the pathology development. Finally, the last limitation is the assumption of the
distribution, which would require a detailed inferential estimation of a large number of data.

7 Conclusions

In this work, we performed a sensitivity analysis of heterodimer and Fisher-Kolmogorov models, considering the
impact of variations in the protein concentrations at the equilibrium on the problem solution. The parameter values
were derived from biological measurements in the brain cortex for the tau protein and the amyloid-β in Alzheimer’s
diseased patients. Finally, we compared the results of the two models, discussing the importance of the model
choice, arising, in particular, in the simulation of tau spreading, where some oscillations of the concentration values
seem to happen before reaching the equilibrium solution in one model and not in the second other. An interesting
future development of the work is the extension of the analysis to three-dimensional brain geometries, trying to
locally calibrate the parameters using the correlation between positron emission tomography images and protein
concentrations.
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[10] F. Matthäus, “Diffusion versus network models as descriptions for the spread of prion diseases in the brain”,
Journal of Theoretical Biology, vol. 240, no. 1, pp. 104–113, 2006.

[11] R. Fisher, “The wave of advance of advantageous genes”, Annals of Eugenics, vol. 7, no. 4, pp. 353–369, 1937.

[12] A. N. Kolmogorov, I. G. Petrovskii, and N. S. Piskunov, “Etude de la diffusion avec croissance de la quantité
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