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Abstract

The aim of this paper is to develop a new image-processing based
method to compute the impermeability of a given textile, and to pro-
pose a mathematical description of the basic knitting procedures to-
gether with a mathematical parametrization of the textile structures.
The method will be then coupled with a numerical strategy to com-
pute the micro-impermeability of a yarn with the aim of obtaining a
multi-scale algorithm that incorporates the effects of the yarn micro-
impermeability into the model computing the textile macro-impermeability.
Several numerical experiments will assess the validity of our image-
processing based approach.

1 Introduction

The permeability is a crucial property of all porous media and in particular
it plays a fundamental role in textile manufacturing. Indeed, the availability
of reliable mathematical models able to predict the permeability of textiles
is of paramount importance to increase the accuracy, efficiency and sustain-
ability of the production process. To accomplish this goal, several different
strategies have been proposed in the literature. In the following, we give a
brief overview of the state of the art on permeability computation and we
identify three different approaches.

The first class of strategies is represented by analytical formulas that
have been studied by several authors [4, 3, 7, 6]. A drawback of this approach
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is that its validity is limited to simplified textile models. Nevertheless, these
formulas are remarkably important to validate the efficiency and reliability
of software simulating the intra-yarn permeability.

The second approach is to compute the permeability by directly simu-
lating fluid flows through a given textile model structure. Along this line,
Long et al. reduce the three-dimensional fluid problem to a simplified two-
dimensional model [17]. This approach is well suited for parametric studies,
but, as pointed out in [12], it is not completely clear for which type of tex-
tile structures the method is able to predict sufficiently accurate predictions
of the permeability. Moreover, accurate predictions can also be obtained
by solving a three dimensional (Navier)-Stokes equations or by solving an
equivalent lattice Boltzmann model. Simulation tools based on a lattice
Boltzmann model use a regular grid and avoid the difficult mesh generation.
However, in order to be useful for parametric studies, the calculation of the
permeability must be accurate and fast, which is not the case with the avail-
able lattice Boltzmann software [2]. On the other hand, the direct solution
of the (Navier)-Stokes equations is nowadays standard and it can be per-
formed by employing, e.g., the finite element method (FEM). FEM based
simulations deal with non-structured mesh and have the remarkable advan-
tage of handling very complicated geometries. However, the computational
effort turns out to be prohibitive since the solvers require the expensive mesh
generation of the fluid region between the yarns of the textile.

To circumvent this latter issue, a third class of methods based on ho-
mogenization techniques has been recently considered. In particular they
employ the Darcy law to build the permeability tensor associated to the
textile microstructure and simulate the fluid flow through the homoge-
nized structure employing Stokes, Navier-Stokes or Brinkman equations
[15, 13, 14, 16, 12, 5].

In this paper, we present a new method to predict the permeability of
textiles, which is representative a new hybrid approach. Indeed, roughly
speaking, we combine direct simulation (consistently with the second class
of methods discussed above) together with image processing tools. To our
knowledge, this mixed approach is new in the literature and we hope it can
contribute to the ongoing discussion on the construction of effective methods
to predict the permeability of textile structures.

The outline of the paper is as follows. In Section 2 we introduce some
notation with a twofold aim: (a) providing the reader with a mathematical
description of the basic knitting procedures; (b) introducing a mathemati-
cal parametrization of the textile structures. In Section 3 we describe our
image-processing based approach to compute the permeability of a given
textile which is described in terms of the parametrization introduced in the
previous section. In Section 4 we introduce a simple model for the study of
yarn impermeability. This model is then employed for introducing in Sec-
tion 5 the study of an algorithm that incorporates the effects of the yarn
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micro-permeability into the model predicting the textile macro-permeability
discussed in Section 3.

2 Knitting fundamentals: a mathematical descrip-

tion

Simply stated, knitting is the inter-looping of yarns to form a textile struc-
ture. There are two classifications of knits:

Weft knitting. Weft formations have yarns which are knitted across
the width of the fabric;

Warp knitting. Warp formations have yarns being knitted along the
length of the fabric;

see [11] and Figure 1.

(a) Weft Knit Struc-
ture

(b) Warp Knit Struc-
ture

Figure 1: Knit Structure

2.1 Knitting notation

In this section we review, from a mathematical perspective, some classical
notation employed by producers of textile machines to describe knitting pro-
cedures. When needed, we will refer to this notation as to the set of knitting
notation. In the sequel, we will provide the mathematical description of a
given textile structure T by specifying the associated knitting procedure K
used to produce it. As a preliminary step, let us denote by L a two dimen-
sional lattice of points, each point representing a needle. The mathematical
description of the knitting procedure K is given by specifying the path fol-
lowed by each yarn between and around the needles of L (see Figure 2 for a
sample of knitting structures)[11]. To accomplish this goal, we number the
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Figure 2: Sample of knitting structures.

spaces between two successive columns of needles as shown in Figure 3, so
that each column of needles is uniquely identified by the couple of numbers
associated to the the spaces on its left and right, i.e., (n, n+1) or (n+1, n)
for n = 0, 1, 2, . . .. In particular, for each of the yarns forming the textile, the

0 1 2 3 n

. . .

. . .

. . .

n+1

Figure 3: Numbering of the space between needles.

couple (n, n+1) is used to describe the yarn turning clock-wisely around the
needle, while the couple (n+ 1, n) is employed in the case of anti-clockwise
rotation. As a last step, we employ the symbol / to describe a shift from
one row of needles to the successive one, starting from the bottom of the
patch.

Now, we are ready to collect all the above notation and to introduce the
concept of knitting sequence S. For the ease of the reader, we postpone its
formal definition and we start with two simple examples.

Example 2.1 Knitting sequence S(1) = 1 0/1 2. According to the above
discussion, the first couple of numbers (1, 0) identifies the first column of
needles and specifies that the yarn turns anti-clockwisely around the needle
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located at the first row of the first column. The second couple of numbers
(1, 2) appears after the slash symbol / and thus it specifies that the yarn
turns clock-wisely around the needle located at the second row of the second
column. The final result is depicted in Figure 4 (left).

Example 2.2 Knitting sequence S(2) = 1 0/2 3. The first part of the knit-
ting sequence is the same as before, i.e, the yarn turns anti-clockwisely
around the needle located at the first row of the first column. Then, the
yarn shift from one row of needles to the successive one and turns clock-
wisely around the needle located at the second row of the third column. The
graphical interpretation of the knitting sequence S(2) = 1 0/2 3 is reported
in Figure 4 (right).

Figure 4: Two examples of knitting sequences: S(1) = 1 0/1 2 (left) and
S(2) = 2 0/2 3 (right).

We remark that when the knitting sequence changes, for example, from
1 0/1 2 to 0 1/1 2 the knitting structure changes in a substantial way, passing
from what is called closed knitting to the open knitting (see Figure 5(b)). In
this paper we will restrict ourselves to closed knitting structures. Finally,

(a) S = 1 0/1 2 (b) S = 0 1/1 2

Figure 5: Closed (left) and open (right) knitting structures.

to the sequence S = a1 b1/a2 b2 it is convenient to associate a matrix YS
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(knitting matrix) defined in a natural way as

YS =

[

a1 b1
a2 b2

]

. (1)

In Figure 6 we report the three-dimensional representation of the textile
structure obtained by employing the knitting sequence S = 1 0/2 3 or,
equivalently, by the associated knitting matrix YS ,

YS =

[

1 0
2 3

]

. (2)

cf. (1). We are now ready to state the formal definition of knitting

Figure 6: Three-dimensional representation of the textile structure associ-
ated to the knitting sequence S = 1 0/2 3 or equivalenty to the knitting
matrix YS given in (2) (Courtesy of [11])

sequence.

Definition 2.1 (Knitting sequence) A knitting sequence S is a collec-
tion of integer numbers of the type S = a1 b1/a2 b2/ . . . /an bn, with associ-
ated knitting matrix

YS =











a1 b1
a2 b2
...

...
an bn











.

We conclude observing that most of the textile structures are obtained by
combining two or more knitting sequences S(i), i = 1, 2, . . . (see Figure 7
for pictorial representations). This general situation can be easily handled
by introducing as many knitting matrices Y

S(i) as many knitting sequences
S(i) are employed, i.e.

Y
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,
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(a) Pictorial representation of the
knitting sequence, S(1) = 1 0/1 2 and
S

(2) = 1 2/1 0

(b) Pictorial representation of the
knitting sequence, S(1) = 1 0/2 3 and
S

(2) = 1 2/1 0

Figure 7: Textiles structures obtained combining two different knitting se-
quences (Courtesy of [8]).

2.2 Algorithm 2DFABRIC : from knitting matrices to textile

structures

In this section we introduce and describe the algorithm 2DFABRIC , that for
given knitting matrices builds an (idealized) two-dimensional geometry G of
the corresponding textile. As an example, we consider again the knitting
matrix YS associated to to the knitting sequence S = 1 0/2 3

YS =

[

1 0
2 3

]

, (3)

and in Figure 8 we report the corresponding textile geometry G generated
by our algorithm. The algorithm naturally extends to the case where the

Figure 8: Two-dimensional geometry G generated by the 2DFABRIC algo-
rithm corresponding to the knitting matrix Y defiend in (3).

textile is realized by employing more knitting matrices. For example, let us
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consider the following knitting matrices:

Y
S(1) =

[

1 0
1 2

]

, Y
S(2) =

[

1 2
1 0

]

, Y
S(3) =

[

1 0
2 3

]

,

Y
S(4) =

[

1 2
1 0

]

, Y
S(5) =









0 1
2 1
3 2
1 2









, Y
S(6) =









0 1
2 1
3 2
1 2









.

(4)

In Figure 9 we report the output of our algorithm for different combinations
of the above knitting matrices. More precisely, Figure 9(a) and Figure 9(b)
are obtained combing the knitting matrices Y

S(1) with Y
S(2) and Y

S(3)

with Y
S(4) , respectively, whereas a combination of the knitting matrices

Y
S(5) and Y

S(6) leads to Figure 9(c). It is worth to notice that the above

(a) T1: Combination of the
knitting matrices Y

S(1) and
Y

S(2)

(b) T2: Combination of the
knitting matrices Y

S(3) and
Y

S(4)

(c) T3: Combination of the
knitting matrices Y

S(5) and
Y

S(6)

Figure 9: Two-dimensional geometries generated by the 2DFABRIC algo-
rithm corresponding to different combinations of the knitting matrices de-
fined in (4).

.
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textile structures are prototypal of realistic textiles; in particular, the textiles
obtained by employing knitting matrices Y

S(1)-YS(2) and Y
S(3)-YS(4) will

be denoted in the following as T1 and T2, respectively; whereas the textile
obtained combining the knitting matrices Y

S(5) and Y
S(6) will be denoted

as T3. We assume, the textiles are possibly realized by made of yarns with
different materials and sizes, therefore they have different physical structure.
For example, T1, T2 and T3 are assumed to be made of two different kind
of yarns: the first is an elastomer, which is an extremely flexible material
and the second yarn is a polymeric material, e.g., polyamide.

We conclude this section by detailing the structure of our algorithm
2DFABRIC which outputs the idealized geometry G built according to the
input of n knitting matrices Y

S(1) ,YS(2) , . . . ,YS(n) , together with the thick-
ness values t(1), t(2), . . . , t(n) of the n yarns that compose the textile and the
number N of needles employed, cf. Algorithm 1.

Algorithm 1: 2DFABRIC

Input : Y
S(1) ,YS(2) , . . . ,YS(n) : knitting matrices

t(1), t(2), . . . , t(n): thickness of the yarns
N : number N of needles

Output: G

We remark that in the construction of the geometry G the algorithm
neglects the orientation followed by the yarns when they turn around the
needles.

3 Textile impermeability

The impermeability of a textile is an essential characteristic which is highly
influenced by the geometrical structure (or, equivalently, by the associated
knitting matrices) of the fabric. A popular methodology for the design of
textiles with “optimal” impermeability properties relies on the so-called trial
and error approach. Accordingly, a large number of impermeability tests
(e.g. the Bundersmann test [1]) are performed on fabrics exhibiting differ-
ent geometrical structures and the data are used to propose new designs to
be tested until a satisfactory solution is reached. Clearly, this approach can
be very costly.

This section is devoted to propose an alternative automatic strategy
based on a numerical algorithm, named TEXTILE, that computes the newly
introduced impermeability indicator Timp quantifying the macroscopic im-
permeability property of the textile. In particular, the algorithm TEXTILE hinges
upon the output (idealized) geometry G of the module 2DFABRIC , described
in the previous section, and computes, via image processing tools applied
to G, the area of the region occupied by the yarns. This latter value will be
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denoted by Timp and represents our impermeability factor. The algorithm
TEXTILE has the following form:

Algorithm 2: TEXTILE

Input : G
1 Image processing of G
Output: Timp

The image processing step has been implemented by using the software
ImageJ [10], while the Java based platform MIJ [9] has been employed to
write the interface between ImageJ and the algorithm 2DFABRIC (written
in Matlab). In Figure 10 we report an example of the output of the image
processing applied to the idealized textile T1 introduced in the previous
section.

Figure 10: TEXTILE: Output of the image processing step for the idealized
T1 textile.

Now, we test our algorithm on the textile structures T1, T2 and T3
and we compare the results with the analogous ones obtained by applying
TEXTILE directly to the pictures of the associated real textiles. It is worth to
notice that the pictures have been taken under the same tensile conditions.
In Figs. 11-13 we collect the pictures of the real textiles T1, T2 and T3
(middle) and compare the results of the image processing step applied to the
output of 2DFABRIC (left) with the results obtained applying our algorithm
directly to the real textiles pictures (right).

Finally, in Table 1 we show the associated computed impermeability
factors Timp . The numerical results obtained working on the idealized
structures are in good agreement with the ones obtained with the image
processing approach. Indeed, both methodologies are able to detected the
most impermeable textile (T3) and the less impermeable one (T1).
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(a) Image processing from
2DFABRIC

(b) Textile T1 (c) Image processing from
Textile T1

Figure 11: T1: Output of the image processing step for the idealized (left)
and realistic (right) textile.

(a) Image processing from
2DFABRIC

(b) Textile T2 (c) Image processing from
Textile T2

Figure 12: T2: Output of the image processing step for the idealized (left)
and realistic (right) textile.

(a) Image processing from
2DFABRIC

(b) Textile T3 (c) Image processing from
Textile T3

Figure 13: T3: Output of the image processing step for the idealized (left)
and realistic (right) textile.
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T3 T1 T2

Timp (From Picture) 229362 226339 225312
Timp (From 2DFABRIC ) 78362 74839 74402

Table 1: Impermeability factors Timp : idealized and realistic textiles.

4 Yarn impermeability

In the previous section we studied the textile impermeability of fabrics under
the simplifying assumption that the intra-yarn water flow can be neglected,
i.e. the yarns are supposed to be treated as impermeable or, equivalently,
to be made of a single fiber. In real industrial applications this is (almost)
never the case and each yarn is made of several fibers (see Figure 14 for
examples).

(a) (b)

Figure 14: Fiber geometries (cross sections): (b) quadrilobes; (a) circular
(courtesy of Carvico S.p.A).

In this section we fill this gap and we address the impermeability of a
single yarn by proposing a numerical strategy able to compute a new yarn
impermeability factor, Yimp , that takes into account also the geometries of
the single fibers.

In particular, let Q = (0, 1)2 be the unitary square and Fi, i = 1, . . . , N ,
be the open set describing the cross section of the i-th fiber. Then we define
the computational domain as Ω := Q\∪N

i=1F̄i (see Figure 15 for an example).
The yarn impermeability factor Yimp will be computed, under the as-

sumption that each single fiber is impermeable, by employing the Algorithm
3. More precisely, starting from a given configuration and an initial column
of water that is modeled by the quantity |Area(Ω) − Ā| (in cf. Algorithm
3), our impermeability factor Yimp measures the (discrete) time necessary to
the water to pass through the fibers and to exit from Γout.
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Algorithm 3: Computation of Yimp

Input : Initial domain Ω, relaxation parameter τ

1 Set Ω0 := Ω, 0 < Ā < Area(Ω0), k = 0
2 while |Area(Ωk)− Ā| ≥ ǫ) do
3 Find (uk, pk) such that



























−ν∆uk +∇pk = f in Ωk

∇ · uk = 0 in Ωk

uk = 0 on ∪M

i=1 ∂Fi ∪ Γℓ

∂uk
∂n

− pkn = 0 on Γin ∪ Γout

(5)

4 Compute

yk := τ

∫

Γout

∂uk
∂n

ds

5 Update Ωk := (0, 1)× (0, 1− yk)
6 Update k = k + 1

end

Output: Yimp := kτ

Figure 15: Computational domain Ω for the simulation of the numerical
yarn impermeability factor Yimp . The fiber cross sections F1, . . . , F9 are
circles. The shadowed region, with area Ā, represents the initial column of
water.

To approximate problem (5), we employed the stable pair of finite el-
ements P

2 − P
1 for the velocity and pressure, respectively, and performed
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several numerical tests to assess the validity of our approach. We first fixed
the value the total area occupied by the fibers and we computed Yimp for
different choices of the cross section geometries of the fibers. In Figure 16
we show the geometries that have been considered, while the corresponding
values of Yimp are reported in Table 2. From the results shown in Table 2, it
seems that the impermeability increases as the geometrical complexity of the
yarn increases. We perform the numerical tests with a tolerance ǫ = 10−4.
In the second set of numerical tests, we fixed the total value of the area

Figure 16: Fibers with different cross-sectional geometriy (Circle, 4-Lobe
and 8-Lobe)

Circle 4-Lobe 8-Lobe

Yimp 420 445 605

Table 2: Yarn impermeability factor Yimp varying the cross section geometry
of the fibers.

occupied by the fibers (circular cross section) and we studied the behavior
of Yimp as the computed of circular fibers increases (see Figure 17 for the
geometrical configurations). We report the results in Table 3. From our

Figure 17: Multi-fiber yarns. From left to right the single yarn is assumed
to be made of 9, 25 and 57 circular fibers.

results it can be inferred that the impermeability of a yarn can be increased
augmenting the number of fibers.

Finally, with the aim of assessing the geometrical robustness of our algo-
rithm we test the sensitivity of the impermeability factor Yimp with respect
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9 Fibers 25 Fibers 57 Fibers

Yimp 80 130 1500

Table 3: Computed yarn impermeability factors Yimp as a function of the
numbers of circular fibers.

to small variations of the geometrical configuration of the fibers. In particu-
lar, the effects of the translation (on the left or on the right) of a single fiber
are reported in Figure 18. The results clearly show that our algorithm is
able to take into account small geometrical variations of the fiber position.

Remark 4.1 We note that the yarn impermeability factor Yimp is computed
under some simplifying modeling hypotheses: we employ an idealized geomet-
rical configuration and restrict ourselves to the steady state of the filtration
process. Clearly, the model can be enriched by including randomness effects
on the geometrical configuration and considering a time dependent frame-
work. This will be addressed in future works. However, as it will be clear in
the next section, Algorithm 3 is instrumental to perform the coupling between
the micro and the macro impermeability beaviour of a textile. At this level,
it can be considered as a black-box procedure providing micro-impermeability
and it can be replaced by more sophisticated algorithms (see e.g. [5]).

Figure 18: Sensitivity of Yimp with respect to fiber position. From left to
right Yimp =90, 80, 80, 80, 90.

5 Multiscale textile impermeability

We now move a step forward, and incorporate the effects of yarn micro-
impermeability into the textile macro-impermeability. This will be achieved
by properly choosing the thickness parameters appearing as input variables
in the module 2DFABRIC . In particular, according to the notation intro-
duced in the previous section, we denote by Yimp

(i) the impermeability fac-
tor of a multi-fiber yarn made of i circular fibers. Accordingly, Yimp := Yimp
(0) denotes the impermeability factor of a single-fiber yarn. In Figure 19 we
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report some examples of multi-fiber yarns with circular cross-section. Ta-
ble 4 shows the corresponding impermeability values computed using the
algorithm described in Section 4.

Figure 19: Geometrical configurations: multi-fiber yarns made of i =
1, 10, 20, 30 circular fibers.

1 Fiber 10 Fibers 20 Fibers 30 Fibers

Yimp
(i) 16000 120 160 240

Table 4: Yarn impermeability values for multi fiber yarns made by i =
1, 10, 20, 30 circular fibers (see Figure 19).

We compute the thickness t(i) of the multi-fiber yarn made of i fibers as:

t(i) = ϑ
Yimp

(i)

Yimp

tref , (6)

where tref is the reference thickness associated to the single-fiber yarn and
ϑ is a proper scaling factor.

We now test our approach with the multi-fiber version of the textiles T1,
T2 and T3. In particular, we assume that each variant is realized knitting
a single-fiber yarn (with associated thickness value t = 4) together with
a multi-fiber yarn made of 10, 20 and 30 fibers, respectively. In Table 5
we report the impermeability results together with the thickness values ti

of the multi-fiber yarns that are obtained using a reference thickness value
tref = 8 and scaling factor ϑ = 60. As expected, the impermeability of the
textiles increases when multi-fiber yarns (with increasing number of fibers)
are employed. In particular, we note that the impermeability of the textile
composed by 20 fibers is 11% larger than the one of the T1 textile made
up by 10 fibers, while the impermeability of the textile composed by 30
fibers is 26% more than the one of the textile made up by 10 fibers. This
in agreement with experimental tests conducted employing the so called
Bundesmann test [1].
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Fibers ti T3 T1 T2

i Timp Timp Timp

10 3.6 75750 69482 67809
20 4.8 76915 71665 70172
30 7.2 78174 74270 73894

Table 5: Impermeability of multi-fiber versions of T1, T2 and T3, ϑ = 60.
The textiles are ordered in terms of Timp in a decreasing way. The ordering
is maintained regardless of the number of fibers.

6 Conclusions

In this paper we proposed a mathematical description of the basic knit-
ting procedures together with a mathematical parametrization of the textile
structures. This was instrumental to introduce the main result of this work,
i.e., a new image-processing based method to compute the impermeabil-
ity of a given textile. The proposed methodology has been coupled with
a numerical strategy to predict the micro-impermeability of a yarn with
the aim of obtaining a multiscale algorithm that incorporates the effects of
the yarn micro-impermeability into the model computing the textile macro-
impermeability. Several numerical experiments has assessed the validity of
the proposed approach.
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