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Abstract

We present an a posteriori error estimate of hierarchical type for the mimetic discretization
of elliptic problems. Under a saturation assumption, the global reliability and efficiency of
the proposed a posteriori estimator has been proved. Several numerical experiments assess
the actual performance of the local error indicators in driving adaptive mesh refinement
algorithms based on different marking strategies. Finally, we test an heuristic variant of
the proposed error estimator which drastically reduces the overall computational cost of
the adaptive procedures.

1 Introduction

A posteriori error indicators are key ingredients to design efficient adaptive algorithms for
the numerical solution of partial differential equations. In recent years, the a posteriori error
analysis of finite element and finite volume methods has been the object of an intensive re-
search activity (see e.g. [30, 1, 3] and the references therein), while recently, the convergence
and optimality properties of adaptive finite element (AFEM) methods have been addressed in
several works (see e.g. [28] and references therein). More recently, thanks to the flexibility of
the mesh and the possibility to mimic the intrinsic properties of the differential problem under
study, the mimetic finite difference (MFD) method has been successfully applied to a large
class of differential problems, a very partial list including [15, 16, 9, 7, 2, 17, 18, 11, 22, 24, 25]
and [23, 26, 29, 31, 27] for some example of other non-standard related methods. The flexi-
bility of MFD methods makes them very well suited for the application of adaptive strategies



for error control. Although the a priori analysis of this family of methods has been inten-
sively addressed for second order elliptic problems [15, 14, 8], nevertheless the corresponding
a posteriori analysis has not reached a comparable level of maturity (see e.g. [6, 10] for MFD
method in its mixed formulation). In this paper, we develop and analyze new a posteriori
error estimator (of hierachical type) for MFD methods in primal formulation applied to linear
elliptic problems. To our knowledge this represents the first result along this direction.

The paper is organized as follows. In Section 2 we present the problem, while in Section 3
we address its mimetic discretization. In Section 4 we present our a posteriori error estimator
and we prove global reliability and efficiency, under a saturation assumption. We also propose
an alternative heuristic error estimator, which drastically reduces the overall computational
cost of the adaptive algorithm. Finally, in Section 5 several numerical results assess the
effectiveness of our a posteriori error estimator and of its heuristic variant when employed in
driving adaptive algorithms.

2 The continuous problem

Throughout the paper we will use standard notations for Sobolev spaces, norms and semi-
norms. Let © be an open, bounded domain of R?, with polygonal boundary I' := 9. Let us
introduce the bilinear form a(u,v) : H(2) x H'(2) — R defined by

a(u,v) := / Vu-Vude,
Q
and the linear functional f(v) : L?(2) — R with

f(v) = /Q f v,

where we assume f € L?(1).
Then, assuming homogeneous Dirichlet boundary conditions, the diffusion problem in
variational form reads:

{Find u € HJ(Q) such that )

a(u,v) = f(v) Yo € HY(Q).

It is well known [13] that the above problem admits a unique solution.

3 A mimetic discretization

We now briefly review the mimetic discretization method for problem (1) presented in [14]
and extended to arbitrary polynomial order in [8].

3.1 Mesh notation and assumptions

Let Q5 C €2 be a polygonal approximation of €2, in such a way that all vertexes of {2; which are
on the boundary of €0 are also on the boundary of 2. The polygonal domain €1 represents
the computational domain for the method.



With a little abuse of notation, we also indicate with €2, a partition of the above introduced
computational domain into polygons E. We assume that this partition is conformal, i.e.,
intersection of two different elements F7 and FEjs is either a few mesh points, or a few mesh
edges (two adjacent elements may share more than one edge) or empty. We allow 2}, to contain
non-convex elements. Note moreover that, differently from conforming finite elements meshes,
T-junctions are now allowed in the mesh; indeed, these are included in the above conditions
simply by splitting single edges into two new (aligned) edges. For each polygon F, |E'| denotes
its area, hp denotes its diameter and

h := max hg.
EeQy,

We denote the set of mesh vertexes and edges by N}, and &y, the set of internal vertexes
and edges by NV} and &/, the set of boundary vertexes and edges by N, ,‘? and 5,‘?. We denote a
generic mesh vertex by v, a generic edge by e and its length both by h. and |e|. The vertexes
and edges of a particular element E are always considered as elements of OF, the notation
made clear by the adopted symbol; for instance, {v},cop indicates the set of vertexes of E,
while {e}.cop indicates the set of edges.

A fixed orientation is also set for the mesh €2, which is reflected by a unit normal vector
n., e € &,, fixed once for all. For every polygon E and edge e € 5{? , we define a unit normal
vector ng, that points outside of F.

The mesh is assumed to satisfy the following shape regularity properties, which have
already been used in [14].

There exist
— an integer number N independent of h;
— a real positive number p independent of h;
— a compatible sub-decomposition 7T, of every €1 into shape-regular triangles,
such that
(H1) any polygon E € Q; admits a decomposition T|g formed by less than N triangles;

(H2) any triangle T' € T}, is shape-regular in the sense that the ratio between the radius r of
the inscribed ball and the diameter hr of T' is bounded from below by p:

r
0<p<—.
p_hT

From (H1), (H2) there can be easily derived the following useful properties we list below.

(M1) The number of vertexes and edges of every polygon E of € are uniformly bounded
from above by two integer numbers N, and N, which only depend on Ng.

(M2) There exists a real positive number oy, which only depends on N and p, such that
he > oshp  and  |E| > o,h%,

for every polygon E of every decomposition €2, for every edge e of E.



(M3) There exists a constant C,, only dependent on p and Ny, such that for every polygon
E, for every edge e of E and for every function v € H'(FE), the following trace inequality
holds:

61320y < Ca (5 161220y + i [Wlincey ). @)

(M4) There exists a constant Cgy,y,, which is independent of h, such that the following holds.
For every E and for every function ¢ € H™(FE), m € N, there exists a polynomial )y, of
degree k living on F such that

1 — il ) < Conh ™ ¥ gy iy
for all integers 0 <1 <m < k + 1.

Note that (M4) follows, for instance, from the extended Bramble-Hilbert lemma on non star-
shaped domains of [21, 13]; an explicit proof can be found in [2].

3.2 Degrees of freedom and interpolation operators

To describe the discretization of problem (1), we start introducing the discrete approximation
space V, which is defined as follows: a vector v, € Vj consists of a collection of degrees of
freedom

vp 1= {vn(V) fvens,
one per mesh vertex, e.g. to every vertex v € Nﬁ, we associate a real number vy (v). The

scalar vy (v) represents the nodal value of the underlying discrete scalar field of displacement.
Moreover, for all nodes of the mesh which lay on the boundary we will assume

vp(v) =0 Vo € Vi, W e N,

Therefore, the number of unknowns of V}, is equal to the number of internal vertexes of the
mesh.

We now introduce an interpolation operator I into the discrete space V},: for every function
v e C%Q)N HY(Q), we define v; € V}, by

vi(v) :==v(v) W e N,

Moreover, we analogously define the local interpolation operator from C°(E) N H!(E) into
Vi|E given by
vr(v) :=wv(v) WYveOIE. (3)

3.3 Discrete norms and bilinear forms

For each polygon E € ), we introduce the seminorm:

2
el = (|E| 3 Ll <vh<vQ>—vh<vl>>] )z S () — o))’ (@)

ecOFE ecOF

where vi and vo denote the two vertexes of e, and the symbol ~ indicates equivalence up to
a uniform constant (c.f. assumption (M2)).



We endow the space V}, with the following discrete norm

lonl2p =3 lonlpe= > 3 (vnlva) — vnlvi))™. (5)

EeQy, EcQy;, ecOF
Due to the homogeneous Dirichlet boundary conditions, the quantity || - ||1,5 is a norm on V},.
We remark that || - ||, is a sort of discrete H'(2) norm. Indeed, the differences é(vh(VQ) -

vp(v1)) represent (tangential) gradients on edges and the scalings with respect to hp and h,
are the correct ones to mimic an H!(E) local seminorm.

We denote by ap(-,-) : Vi, x Vi, = R the discretization of the bilinear form a(-,-), defined
as follows:

an(vn,wp) =Y af (vn,wp)  Vou, wy € Vi, (6)
Ee€Q)y,

where a{f(‘, -) is a symmetric bilinear form on each element E. The local forms mimic

af(vh,wh) ~ / Vﬁh : V@h d.%’,
E

where, roughly speaking, vy, wy, denote regular functions living on F which “extend the data”
vy, wp, inside the element.

We introduce two fundamental assumptions for the local bilinear form af(-, -). The first
one represents the coercivity with respect to the local seminorm as well as and the correct
scaling with respect to the element size.

(S1) there exist two positive constants ¢; and cp independent of h such that, for every
up, vy € Vi, and each E € Qp, we have

cillonlld p.z < af (vn, vn) < collvnllip5- (7)

In order to introduce the second assumption, we observe beforehand that, using an integration
by parts,

/Vv-qua::—/ (Ag)vdzx + Z /(Vq-neE)vds: Z Vq~n%/vds (8)
E E ccdE "¢ ccdE e

for all E € Qy, for all v € [H*(E)]? and for all linear functions q. By substituting the integral
in the last term of (8) with a trapezium integration rule gives our second condition

(S2) For every element E, every linear vector function ¢ on E, and every v, € V}, it holds

W ona) = 3 (Va-n5)1% () + vu(w2). 0
ecOE

where vi and vy are the two vertexes of e € ng,.

The meaning of the above consistency condition (S2) is therefore that the discrete bilinear
form satisfies integration by parts when tested with linear functions.

Remark 3.1 The scalar product and the bilinear form shown in this section can be easily
built element by element in a simple algebraic way. See for instance [14, 2].



3.4 The discrete method

Finally, we are able to define the proposed mimetic discrete method for the diffusion problem
(1). Let the loading term

kg
(fron)n ==Y fley_ vn(vi) s, (10)
EcQy =1
where vi,...,v;, are the vertexes of F, flg = ﬁfEfdx, and w}g,...,wg’f are positive

weights such that fol wt, = |E|. The loading term (10) is clearly an integral approximation

(f,’l)h)hN/Qf’lN)hdl',

which is exact for constant functions.
Then, the mimetic discretization of problem (1) reads:

{ Find uy, € Vj, such that a

ah(uh, Uh) = (f, vh)h Vvh S Vh.

Due to property (S1) it is straightforward to check that the bilinear form ay(-,-) is coercive
on V},. As a consequence, existence and uniqueness of the solution to the discrete problem
(11) trivially follows.

4 A posteriori error estimate

In this section we perform a posteriori error analysis of the mimetic finite difference method
described in Section 3. The a posteriori error indicators that we propose and analyze belong
to the class of non-residual type, in particular of hierarchical type (see e.g. [4, 1] and the
references therein for the finite element framework).

In the following, we state some preliminary key results concerning mesh refinement.

4.1 Mesh refinement and related results

Given a mesh 2, we can build a uniformly refined mesh (AZ;L as follows. We start assuming
that

(H3) all polygons E € Qy, are convex.

Then, we introduce the point xgp € E

Xp = % S x(v) (12)

VEOE

where N is the number of vertexes in JF and x(v) is the position vector of node v € N.



Remark 4.1 We remark that assumption (H3) is made essentially for the sake of exposition
simplicity. What follows can be adapted to cover more general cases such as, for instance,
elements which are star shaped with respect to a ball. In particular, (12) has to be modified
to define an interior point, and (15) has to be changed, for v = xg, in such a way that the
operator preserves the linear functions.

The uniformly refined mesh ﬁh is built by subdividing each element E of € in the
following way: each midpoint m = m(e) of each edge e € JF is connected with the point
Xp. This determines a sAubdivision of F into sub-elements which are collected for all E € €},
to form the new mesh €, (see Figure 1). In the following, we will indicate all geometrical
objects of the finer grid Qh with a hat symbol, the meaning being the same as in the original
mesh. For instance, we will indicate with Ea generic element of Qh, and with A the set of
all its vertexes. Note that

N =N U {m(e)}eee U {xp}peay,

Le. the edge mldpomts m(e) and the points xg become additional vertexes in the new mesh
Qh In addition, h will denote the mesh-size of the finer mesh Qh Following the construction

Figure 1: Refinement strategy: coarse element E and sub-elements E. Circles denote the
coarse vertexes, while diamonds refer to additional vertexes in the finer mesh.

given in section 3, we can 1ntroduce a finer discrete space Vh associated to the mesh Qh, a
bilinear form ap(-,-) : Vh X Vh — R and a suitable loading term, so that the finer version of



the coarse discrete problem (11) reads as follows

Find @y, € YA/h such that
(13)

an(@n,vn) = (fon);  Vou € V.

We now introduce two operators that maps the finer space into the coarser one and
viceversa. Let Il : V}, — V}, be defined by

(T(vp)) (v) = vn(v) W €N, Yo, € V. (14)

Given any midpoint m = m(e), e € &, we indicate with vy, and with v}, the two vertexes
which are endpoints to the edge e. We then define II' : V}, — V}, by

vp(v) W eN
= ; if v=m(e), e
(HT('U}L))(V) _ 21(Uh(Vm) + Uh(Vm)) if v= ( )7 cé& (15)
~ 2 (V) if v=xp, E€,
veOE

for all v, € V. The operator II' embeds the coarse space Vj into the finer space Vh by
averaging the coarse vertex values. We denote by Vh the subspace of Vh given by the image of
I and we refer to it as to the embedded coarse space. Finally, we introduce the fluctuation
space R R

Vhf:{’l)hEVh|Uh(V) :OVVGN}.

It is immediate to check that R R R
Vi=ViaV/.

Let || - |[, 7 and || - ||, 7 & E € Vj,, denote the global and local norms of the finer space Vj,

cfr. (5)). Accordingly, we indicate with || - ||, + .. the norm of the fine space restricted to the
L,h,E
coarse element E € (),
lonll} .5 = D lonl5 5 Vo € Vi
EeE

The following result states a minimum angle condition among the two spaces YA/hC and 17hf .

Lemma 4.1 There exists a positive constant Cy, independent of h such that for all E € Qp
105l 75+ 1VElly 55 < Com 10, + 0Ll 7 (16)
for all v; € 17,{3 and vg € 17hf.
Proof. To prove (16) it is sufficient to show
Il 7 < C 1ok + ol 7 (17)
for all v}, € ‘7,:3 and v,{ € XA/hf , since the other bound:

ththE < CHUh_"UhthE



immediately follows from (17) using the triangle inequality. Furthermore, since HT(H(U;EL +

vl)) = vj, for all vj, € XA/hC and U]{ € ‘A/hf , bound (17) will hold true if we show the following
estimate: R
I (@wn)lly 7.5 < C llonllyp Yon € Vi (18)

To shorten the notation, we set wy, = IIf (II(vy,)). Using the definition of the norm, we get

lwnlP5 5= D (wnlvm) = wa(m))” + > (wn(viy) = wp(m))”

meorE meoE

+ ) (wn(m) — wi(xg))?,

meoE

(19)

where we recall that m and m’ denote the endpoints of the edge whose mid-point is m, and
xp is defined by (12). Since the first and second term on the right-hand side of (19) can be
treated in a similar way, we work out the details only of the first one. Using definitions (14)
and (15) gives

S (wnlom) () = Y (wnlm) = wn()’
meoE meoE

=2 i[(mvh))(w - (H<vh>)<v:n>f (20)

meoE
<C ”H(Uh)H%,h,E'

From definition (15) and the triangle inequality we get

1

fwn(m) = wh(x)| < 5 (Jwn(vm) = wh(x5)| + wn(vi) = wn(xp)] )

and thus

37 (walm) —wi(xp)? < C 3 (wn(v) — wi(xp))™.

meoE veEOE

Using again definitions (14) and (15), writing ws(v) = 4 3/cyp wr (V') and employing some
simple algebra there follows

N (wn(v) —wn(xp)® <0 S0 ST N2 (wn(v) — wy(v))?

veoE vEOE V' €OF
2
oy ¥ N—Z[(H(vh))(v) - (H(vh))(v’)] (21)
vEOE v/ €OF
<C HH(Uh)Hih,E'
Combining (19) with the above bounds yields
I ()P 5, < C I Yon € o (22)
Since the triangle inequality applied edge by edge easily give
L) g < C llenl; (23)




bound (22) leads to (18), and thus the lemma is proved.
0

Note that, as a byproduct of the above proof, we obtained also the stronger bound (22),
which gives the following simple lemma.

Lemma 4.2 There exist positive constants C,C" such that for all E € Qy,

(Uh)Hl hE > < Cl””h”l nE Yup € Vi (24)

Proof. The first bound above follows immediately from the definition of the involved norms
and a triangle inequality edge by edge. For the second bound we observe that II(IIT (v,)) = vy,
for all vy, € V. Therefore, applying (22) we get

I ()l 7 = I ALA ) 7 < C T (o)) = C'onl1p,e-

4.2 A fully consistent coarse problem

In this section we present a convenient choice for the coarse bilinear form a; which allows
some simplifications in the following a posteriori error analysis (see Corollary 4.1). However,
the generality of our analysis will not be affected by such a particular choice.

As mentioned before, let ay(+, -) be any discrete bilinear form built on the space ‘7h following
the construction of Section 3.3. In other words, we assume that the bilinear form ap(-, ) is
the sum of local forms ah( ), E € Qy, that satisfy (Sl) and (52) (the identic counterparts
of (S1) and (S2) for the fine space and mesh).

Then, for all £ € ), we can define a bilinear form af (+,-) on the coarse space V}, as
follows N

af, (v, wy) = > _ ap (I (vy), I (wp))  Vou, wy, € Vi . (25)
EeE
To guarantee the well-posedeness of the coarse problem (11), we need to show that (25)
satisfies both (S1) and (S2); this will be addressed in the following.

Lemma 4.3 The bilinear form (25) satisfies (S1) and (S2).

Proof. The proof of (S1) is immediate. First recalling definition (25), then using (§1) and
finally applying Lemma 4.2, yields for all £ € Q,

a (vp,vp) = Z al (11t (vy), I (vp)) Z |TIT ()]
EeE E€E
= [T (vn) 1§

lhE

We now observe that, for all linear functions ¢ in ) and for every E € ), it holds

(a

(Vm)) Ym=m(e), e € OF

N

q(m) =

Z\H

(Vm) + ¢
Z
€oOFE

10



Therefore, it is immediate to check that the interpolant g; into the coarse space satisfies
' (qr) = g7, (26)

where the symbol T denotes the interpolation operator into the fine space YA/h, analogous to
(3). Therefore, using (25), (26) and (S2) we get

af (vnoq) = 3 @l (@ (o), T (qr) = Y @l (I (v q)

EeE E€E (27)
=3 3 (Ve n) S [ ) @) + () @)
EcEecdF

where V1, V3 indicate the two vertexes of the fine edge € € E. The proof of (52) follows from

using (27) and definition (15), and observing that the contribution of the fine edges that are

internal to F vanishes since all considered functions are single valued on such edges. O
Similarly, we can also define a loading term

(frondn = > D (£ (wn)); 5

EeQy, EEE

where (f, -)E 5 represents a local loading operator on the fine mesh following a construction
analogous to (10).

Building the global bilinear form ay (-, -) that follows by summation of the local forms (25),
and considering the load term above, we can define a discrete mimetic problem (11) on the
coarse space. Such coarse problem has the advantage of being fully consistent with the fine
problem. The usefulness of this construction will be clear in the next section.

4.3 A posteriori error analysis
We introduce the following fluctuation discrete problem:
{ Find é\{b € XA/hf such that (28)
ah(é\{b,vg) = (f, Ug)ﬁ — fih(HTuh,v,{) Vv£ € Vhf .

Note that the right-hand side in (28) is the residual of the approximate solution u; when
tested with the fluctuation space Vhf .

In the sequel, we will work under the following saturation assumption:
(H4) There exists 8 < 1 such that

lug = @nlly 5 < B llug — M| 5 - (29)

Assumption (H4) simply means that the enriched discrete solution 4y, converges more rapidly
than wuy, to the interpolant of the exact solution uy. The validity of the saturation assumption
is widely accepted in a posteriori error analysis of finite element methods [1, 5, 12], while its
connection with small data oscillation has been explored in [20].

11



Theorem 4.1 (upper bound) Assume (HI)-(H4). Let u solve (1), let up solve (11) and
let é\;: solve (28). Let ¢* = m, with Cy, as in (16). Then it holds:

SOty — ap (T, o
g = Wunl, 5 < ¢ (@01, 7+ sup U, Mon — (T h))

(30)
nEVh Tt onl], 5

Proof. The triangle inequality and the saturation assumption (29) imply
(1= B)lluz = Wruplly 5 < lfan — Mrunll, 5 < (1+ ) lJup — Mup), 5 (31)
Let us prove (30). By using (gl), (13), (28) and (16) we obtain

ah(ah — HTuh, HTUh + UIJ;)

c1||un —HTuhﬂlﬁ < sup
’ Hth+v}fL6\7h HHTU}L + U}]:HLE

&h(ﬂh, HT’Uh + ’Uf) — 6h(HTuh, HT’Uh + ’U,]:)

= sup 7
Moy +of €0, [Ty + vy 1l 7

g
g Tl = @ (s, ) = (£, 05+ (£, 01 = @I, o)
Moy, +of €V, [T, + of [, 5
g T (g = @ (T, o) = (£, v +n(ef, )
Moy, +of €V, T, + o] [, 5

h
anlel, of) + (f, o) — @ (T, oy

= sup 7
Hth+vf€‘7h ||HTU}L +Uh”1ﬁ

h
1/ (f, Moy )7 — @y, (TTuyp, vy,
§—(02||efH ~+ sup h )
Crm RILA v EVY HHthHLE

Finally estimate (30) results from (31). O
The above result is general with respect to the choice of the bilinear forms a; and ay,.
Nevertheless, the following particular case is relevant.

Corollary 4.1 (upper bound) Assume (H1)-(H4) and that the coarse biliner form ap(-,-)
is chosen according to (25). Let u solve (1), let uy solve (11) and let é\g solve (28). Let
c* = m, with Cp, as in (16). Then, it holds:

iz — Whugll, 5 < Gl 7 (32)
Proof. The proof immediately follows observing that
an(Mlup, Oloy) = (f,M0p); Vo, € Vi,

and thus the upper bound (30) reduces to the one shown above. O

12



Remark 4.2 We remark that it holds:
H(uz — Tup) = up — up,.

Therefore, using (23), the left-hand sides of the upper bounds (30) and (32) may be replaced
by the slightly more natural error quantity

lur — unll1,n-
Theorem 4.2 (lower bound) Assume (H1)-(H4). Let u solve (1), let up, solve (11) and let
€£ solve (28). If ¢, = w then
lefll, 5 < callug = hupll, 5 - (33)
Proof. Let us prove (33). We start noting that, from the stability condition (gl), it follows
ellloplls 5 < @nlop,vf) Vol €V (34)

with E{ a positive constant independent of A.
Thus, by using the above bound, the assumption (S1), equations (28) and (13) we obtain

an(el,vl)
revs il 7
v, €V hll1,h
(fa U]j:)/\ - ah(HTuh;U}{)

Allefll, 7 <

= sup
vf{EV,{ thﬂlh
. an(Tn, v})) — @n (T, vf) + (F, 05 — @n(Tuy, v])
vl evs ||vh||1h
fy e f T o
— (fsvy)5 — @n(Tn, vy) + an(Up Up, Vy)
vl evs i1l 5
f,vi) —ap(up vl
< czHuh—HTuhHIth sup (. h) (@h vy)
vl evf ||vh||1h
= /C\QHQh_HTUhHLE . (35)

Estimate (33) then results from (31). O
Remark 4.3 If (28) is replaced by a more general fluctuation problem
bu (@ of) = ((f, o)) — an(Whup, o) Vol € Vi (36)

with suitable ?)\h(-, -) satisfying (Sl)—(§2) and ((+,-));, then the upper bound (30) and the lower
bound (33) still hold (with different constants), provided the following new consistency term
1s added on the corresponding right-hand sides
f f
s v)g — ((fon)s
ol V! thHl &

13



Remark 4.4 (local error indicators) The upper bound (32) can be rewritten in the fol-

lowing way
2
Jup =25 < (@) > ot
EeQy

with g = Y pep He{bﬂfﬁﬁ The quantities ng will be employed as local error indicators in
the marking step of the 7a<’1aptive algorithm implemented in Section 5.

Remark 4.5 (inexpensive heuristic error indicators) The computation of the error in-
dicator ng is quite demanding as it requires the solution of the discrete problem (28), whose
cost is comparable to that of solving the original problem. With the aim of reducing the com-
putational burden, we follow the ideas of [4] and we introduce inexpensive heuristic error
indicators. This is obtained following the same steps as in the derivation of ng, but substi-
tuting the stiffness matriz in system (28) with its diagonal part. This procedure turns out to
be computationally advantageous as it is equivalent to solving uncoupled local problems with
(edge and element) bubble type functions. The ensuing local heuristic error indicator is la-
beled as nE = > EeE Héi{”i;}ﬁ being €£ the solution of problem (28) where only the diagonal
part of the stiffness matriz is employed. Note that all the previous theoretical results are lost;
nevertheless, the numerical tests in Section 5 will show the efficacy of the new heuristic error
indicators in driving adaptive algorithms.

5 Numerical experiments

In this section we present a series of numerical examples to illustrate the performance of
the proposed a posteriori error indicators combined with an automatic adaptive refinement
procedure.

5.1 The estimator 7

This subsection concerns with the estimator 1 defined by n? := > FeQ, 77%, where ng are given
in Remark 4.4. We test its numerical performance on a couple of significant examples.

We also recall that, in order to measure the quality of the computed bounds, we define the
a posteriori effectivity index as the ratio of the a posteriori error estimator 7 and the energy
norm of the error [|u — HTuhHlfL, when the analytical solution is available.

5.1.1 Example 1
We let Q = (0,1)% and select f so that the analytical solution to (1) is given by

1 —exp (—100z)
1 — exp(—100)

u(z,y) = sin(my)(1 — x).

As shown in Figure 2, the analytical solution exhibits a strong boundary layer along the
line x = 0.

We first investigate the performance of the proposed error estimator n using the set of
initial uniform meshes depicted in Figure 3 (top), and considering n = 1,2,3,4 successive
uniform refinements of the initial grids. To refine elements we employed the strategy described

14



Figure 2: Example 2. Analytical solution.

Figure 3: Top: initial quadrilateral (Test A), triangular (Test B), and hexagonal (Test C)
grids. Bottom: first level of uniformly refined grids.
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in Section 4.1 (cf. Figure 3 (bottom) for the first level of uniformly refined grids). In Figure 4
(loglog-scale) we present a comparison of the actual and estimated discrete energy norm of the
error versus the number of degrees of freedom, on the sequence of uniformly refined meshes.
For the sake of comparison, Figure 4 also show the discrete energy error computed on the
current mesh, namely |lu — up||1p-

(a) Test A (b) Test B

——7 -7
——lur = Tunll| ——luy = Tyl 7
—a—|jus — upll1,n —&=lur —upin

N71/2

(c) Test C

-7
——luy = Ty,
= |lur — upl[1,n

Figure 4: Example 1. Actual and estimated errors versus the number of degrees of freedom
(uniformly refined grids). Loglog-scale.

As predicted by our theoretical results, the actual error ||ju— HTuhHLﬁ and the a posteriori
error estimator 1 go to zero as h goes to zero at the same rate. We also observe that the
discrete energy error computed on the current mesh ||u — w15 goes to zero with a moder-
ately better rate than expected; such a behavior has been already observed in previous papers.

Next we investigate the performance of the proposed error estimator combined with an
h-adaptive refinement procedure of the form:

SOLVE — ESTIMATE — MARK — REFINE.

Here SOLVE computes the discrete solution. The module ESTIMATE makes use of the upper
bound (30) (see also Remark 4.4) to calculate the error indicators, while the procedure MARK
employs the fixed fraction strategy, with refinement fraction set to 30%, to make a selection
of the elements to be refined. Finally, the module REFINE uses the strategy described in
Section 4.1 to subdivide elements marked for refinement.

We test the performance of the proposed a posteriori error estimator on a set of different
initial uniform grids as the ones reported in Figure 3 (top).

16



Figure 5 shows, for all the considered initial grids, the computational meshes obtained after
two (top), four (middle), and six (bottom) adaptive refinement steps, respectively.
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Figure 5: Example 1. Computational meshes after two (top), four (middle), and six (bottom)

adaptive refinements.

Figure 6 (left) reports the computed effectivity indexes for all the grid configurations
considered. As expected, on all the mesh configurations considered, the effectivity index is
roughly constant on the sequence of non-uniform meshes generated by the adaptive refinement
algorithm.

Furthermore, we compare the accuracy of the approximation of the computed solutions on
the sequence of adaptively and uniformly refined grids. Figure 6 (right) shows for all the mesh
configurations considered a comparison between the actual errors ||u — HTuhHLﬁ computed on
the sequence of meshes generated by the uniform and the adaptive refinement strategy. We
clearly observe that, as expected, adaptive strategy overperform the non-adaptive one.
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Figure 6: Example 1. Left: effectivity indexes on the sequence of non-uniform meshes. Right:
comparison between the actual errors ||u — II'uy ||, 7 computed on the sequence of uniformly
refined and adapted grids (loglog-scale).

Finally, Figure 7 shows a plot of the fluctuation error €£ on the initial mesh configuration

of Test C and on the corresponding mesh generated after two steps of the adaptive refinement
strategy.

0.3
0.25
0.2
0.15
0.1

PO P N W b

0.05

Figure 7: Example 1. Fluctuation error ’éﬁ on the initial mesh configuration of Test C (left)
and on the adaptive mesh constructed after two steps of refinement by employing the fixed
fraction marking strategy (right).

5.1.2 Example 2

We consider the model problem on a L-shaped domain €2, obtained carving out the lower right
quarter from the square domain (—1,1)2. We select f = 0 and, writing (p,#) to denote the
system of polar coordinates, we impose an appropriate inhomogeneous boundary condition
for the exact solution u so that

u(p, ) = p*/3sin(260/3).
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We emphasize that u is analytic in Q \ {0}, but Vu is singular at the origin; indeed, here
u ¢ H?(Q)

(a) Test A
fhtesed
++ i $; :%’ﬁ 3 AT §§§
[T T BEET : e -
e i Eis
Et =i ':’:‘ E :‘ |
é T % ;ﬁgJ
(b) Test B

VVVVV

Figure 8: Example 2. Initial mesh configurations of Test A (top) and Test B (bottom), and
the first three levels of computational meshes generated by the adaptive refinement strategy
employing the fixed fraction marking strategy.

In Figure 8 we report the initial mesh configurations considered together with the first three
levels of meshes generated by the adaptive algorithm employing the fixed fraction marking
strategy. We clearly observe that the mesh is refined near the singularity. In Figure 9 the error
estimator computed on the sequence of the adaptively generated meshes together with the
actual error in the discrete energy norm are plotted as a function of the number of degrees

of freedom (loglog-scale). Figure 10 shows a plot of the fluctuation error €£ on the initial

(a) Test A (b) Test B

-1 -1
—Q—HUI—HTuhH]ﬁ —Q—HUI—HTuhﬂlﬁ
+Hu1*Uh,H1,h, +Hu1*UhH1,h

10°F

Figure 9: Example 2. Actual and estimated errors versus the number of degrees of freedom
(loglog-scale). The adaptive meshes are constructed by employing the fixed fraction marking
strategy.
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mesh configuration of Test B and on the corresponding mesh generated after three steps of
the adaptive refinement strategy. We can observe, as expected, that the error is concentrated
near the origin where the gradient of the exact solution exhibits a singularity.
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Figure 10: Example 2. Fluctuation error é\ﬁ on the initial mesh configuration of Test B (left)

and on the adaptive meshes constructed after three steps of refinement by employing the fixed
fraction marking strategy (right).

Next, we address the performance of our a-posteriori error estimator combined with a
different marking strategy. To this aim, we consider the Dérfler marking strategy [19], which
we briefly recall in the following. Sort the local error indicators {ng}req, such that ng, , >
ng, for k=2,...,#Q,. The set of elements marked for refinement is given by {ng, }r=1,. s
where s is the smallest integer such that

#h

k=1 k=1

We have run the same set of numerical experiments as before starting again from the
initial mesh configurations shown in Figure 8 (left): the first three levels of meshes generated
by the adaptive algorithm are shown in Figure 11. Figure 12 (loglog-scale) shows the error
estimator computed on the corresponding sequence of adaptively generated grids together
with the actual error in the discrete energy norm as a function of the number of degrees
of freedom. We clearly observe that by employing the Dorfler marking strategy the mesh
refinement is much more concentrated near the region where the exact solution exhibits a
singularity, at least in the first refinement levels. To compare the performance of the marking
strategies, Figure 13 shows the the estimated errors computed on the sequence of adaptively
refined meshes according to the different marking strategies. We can observe the marking
strategies are asymptotically equivalent.

Finally, in Figure 14 we report the effectivity indexes computed on the sequence of meshes
adaptively generated by the two marking strategies. As expected, the effectivity index is
roughly constant on both the sequence of non-uniform meshes generated by the adaptive
refinement algorithm.
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Figure 11: Example 2. First three levels of computational meshes generated by the adaptive
refinement strategy for two different initial mesh configurations. The adaptive meshes are
constructed by employing the Dorfler marking strategy.

(a) Test A (b) Test B
10™ - . 10" - .
-1 -1
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Figure 12: Example 2. Actual and estimated errors versus the number of degrees of free-
dom (loglog-scale). The adaptive meshes are constructed by employing the Dérfler marking
strategy.
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Figure 13: Example 2. Estimated errors versus the number of degrees of freedom for adaptively
refined meshes (loglog-scale) according to different marking strategies.
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Figure 14: Example 2. Effectivity indeces on the sequence of the adaptive meshes constructed
by employing the fixed fraction strategy (left) and the Dorfler strategy (right).
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5.2 The heuristic estimator n”

In this last subsection we show the results obtained with the inexpensive heuristic error
indicators proposed in Remark 4.5. We denote by n” the counterpart of n when the local
error indicators 775 are employed. In the following we consider the same test problems as in
Sections 5.1.1 and 5.1.2 where in all cases the fixed fraction strategy is adopted.

Figure 15: Example 1. Heuristic estimator n”. Computational meshes after two (top), four
(middle), and six (bottom) adaptive refinements (fixed-fraction strategy).

We first show the results for Example 1 (see Section 5.1.1). In Figure 15 we depict some
computational meshes obtained with the adaptive strategy driven by the error indicators ng .
Such meshes are correctly refined towards the left hand side boundary. In Figure 16 we show
a comparison between the discrete norm errors and the total error estimator n”.
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(a) Test A (b) Test B
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Figure 16: Example 1. Heuristic estimator n”. Actual and estimated errors versus the number
of degrees of freedom (adaptively refined grids, fixed-fraction startegy). Loglog-scale.

The analogous results for Ezample 2 (see Section 5.1.2) are shown in Figures 17-18. In
particular, note that the meshes are correctly refined towards the re-entrant corner.

In Figure 19, the effectivity index behavior is plotted for both Ezample 1 and Ezample 2:
we can clearly observe that in both cases the effectivity index gets quite close to the optimal
value of one.

We finally remark that all the outcomes for n”, which are also to be compared with the
corresponding ones for 7 in Sections 5.1.1 and 5.1.2; suggest that the former estimator has
a general satisfactory behaviour. Therefore, due its very convenient computational cost, the
estimator n” may be preferable to 1 in many cases of practical interest.
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Figure 17: Example 2. Heuristic estimator n”. First three levels of computational meshes
generated by the adaptive refinement strategy for two different initial mesh configurations.
The adaptive meshes are constructed by employing the fixed-fraction strategy.
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Figure 18: Example 2. Heuristic estimator n”. Actual and estimated errors versus the number
of degrees of freedom (adaptively refined grids, fixed-fraction startegy). Loglog-scale.
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(a) Example 1 (b) Example 2
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Figure 19: Heuristic estimator n”. Effectivity indexes on the sequence of adaptively refined
meshes. The sequence of adaptive meshes is constructed by employing the fixed fraction
strategy.
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