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Abstract

Since infectious pathogens start spreading into a susceptible population, mathemat-
ical models can provide policy makers with reliable forecasts and scenario analyses,
which can be concretely implemented or solely consulted. In these complex epidemi-
ological scenarios, machine learning architectures can play an important role, since
they directly reconstruct data-driven models circumventing the specific modelling
choices and the parameter calibration, typical of classical compartmental models.
In this work, we discuss the efficacy of Kernel Operator Learning (KOL) to recon-
struct population dynamics during epidemic outbreaks, where the transmission rate
is ruled by an input strategy. In particular, we introduce two surrogate models,
named KOL-m and KOL-0, which reconstruct in two different ways the evolution of
the epidemics. Moreover, we evaluate the generalization performances of the two ap-
proaches with different kernels, including the Neural Tangent Kernels, and compare
them with a classical neural network model learning method. Employing synthetic
but semi-realistic data, we show how the two introduced approaches are suitable for
realizing fast and robust forecasts and scenario analyses, and how these approaches
are competitive for determining optimal intervention strategies with respect to specific
performance measures.

Author Summary

During epidemic outbreaks, computational models are of paramount importance
to provide policy-makers with short-term predictions and scenario analyses. In this
respect, machine learning techniques leverage on available data to build computa-
tional models suitable for different tasks. Along this line, in this work we propose
two approaches based on Kernel Operator Learning (KOL) to approximate the func-
tional relation between plausible restrictions of the transmission rate of the disease
and the corresponding evolution of susceptible, infectious, deceased and recovered
individuals. We numerically show that our approaches outperform a classical neural



network learning scheme, in terms of trade-off between computational cost and reli-
ability of the results. Moreover, we test the two KOL approaches for optimization
tasks (searching for optimal interventions for the minimum eradication and for the
minimization of total infected). Finally, the performances of the two proposed KOL
methods are compared for different choices of the kernel function. The choice of the
Neural Tangent Kernel turns out to be the most effective.

1. Introduction

The recent global SARS-CoV-2 pandemic has underlined the paramount impor-
tance of developing mathematical models and numerical schemes for predictions and
forecasts of epidemic illnesses: from the perspective of policy-makers, it is often use-
ful to dispose of qualitative and quantitative results for making scenario analyses and
forecasts; from the social point of view sharing information about possible outcomes
can be beneficial in order to increase social awareness and public knowledge on the
illness current spreading and its future evolutions. A typical approach relies on tra-
ditional compartmental mathematical frameworks, where specific modelling choices
and parameters embody the different features that characterize the epidemic spread-
ing, the virological effects of the illness and the impact of different pharmaceutical
interventions. However, in presence of new epidemic outbreaks many key-features
could still be unknown or difficult to isolate in clinical trials, and consequently the
illness itself could be difficult to be completely described by the classical compart-
mental models. Indeed, clinical symptoms of different illnesses are multifaceted and
strictly depend on the origin of the pathogenic microbial agent responsible of the
disease, which can be bacterial, parasitic, fungal, viral or originated by prions, i.e.
other kinds of toxic proteins, and on the pathway through which the illness naturally
diffuses [IL 2]. Moreover, in order to accurately describe the disease through com-
partmental models, it is fundamental to account for possible DNA or RNA mutations
from the wildtype strain in long-term outbreaks, as well as for possible preventive
measures and control, including vaccination, treatments, prophylaxis, quarantine,
isolation or other measures minimizing social activities (like the use of face-masks,
compulsory home-schooling, different levels of lockdowns). In these highly complex
and rapidly changing scenarios, the efficacy of compartmental models for making
fast scenario-analyses may be severely limited by the delicate and sometimes ad-hoc
parameter calibration process that becomes even harder if one aims at embodying
age-dependency or other geographical features, see, e.qg., [3, 14, [5].

Alongside with scenario analysis, recent upcoming epidemic events have shown the
importance of disposing of computational tools measuring the impact of pharmaceu-
tical resources [0] and other Non-Pharmaceutical Interventions (NPIs) [7] so to guide
policy-makers in choosing how to intervene limiting the social and economic burden.



From the mathematical perspective, we can leverage on the versatility of optimal
control theory in order to derive useful quantitative and qualitative guidelines for
minimizing the amount of infectious or deceased individuals [8, 9], the total incidence
of the spreading disease [10], or the amount of contacts and, consequently, of cases
[T1]. Other problems which have been further investigated, analytically and numer-
ically, are more delicate from the mathematical viewpoint such as the minimization
of epidemic peaks [12] or the minimization of the eradication time [13].

In view of the above discussion, it is of paramount importance to provide the
society with mathematical tools able to output computationally cheap and reliable
scenario analyses, so to compare different prevention measures and solve optimal
control problems. Among recently developed mathematical frameworks, a prominent
position is covered by Operator Learning, which, roughly speaking, deal with the de-
velopment and application of algorithms designed to build approximation of operators
starting from a given set of input/output pairs. In the family of Operator Learning
tools, an increasing attention has been devoted to the so called Deep Operator Net-
works (DeepONets) introduced in [I4]. Since then, other ML algorithms exploiting
deep neural networks have been developed, such as PINNDeepONets [15] and Fourier
Neural Operators [I6]. More recently, in [I7] Kernel Operator Learning (KOL) has
been proposed as a competitive alternative to the previous approaches in terms of
cost-accuracy trade-off and the capability of matching (sometimes outperforming) in
several benchmark problems the generalization properties of learning methods based
on neural networks. Moreover, the simple closed formula of the learnt kernel operator
makes KOL very attractive.

In this work we propose two different numerical approaches based on Kernel Oper-
ator Learning (KOL) [I7], that starting from epidemic data provide surrogate models
describing the dependency of different stages of the illness on a given control function
representing NPIs. To the best of our knowledge, these approaches are new in the
epidemic context. Moreover, the numerical experiments contained in the sequel of the
paper show that the presented approaches can be efficiently employed for making fast
scenario analyses and solving optimization tasks, since they can be rapidly trained
directly from data, circumventing delicate calibration phases. For the sake of sim-
plicity and to present the main features of our approaches, we work with synthetic
data generated by standard epidemic differential models governed by control func-
tions modelling NPIs (or any other effect reducing the transmissibility of the illness),
which we assume to be given.

As pointed out in [I7], the performance of KOL depends on the choice of the kernel
employed to perform the regression tasks, see also [I8]. Very recently, Neural Tangent
Kernels (NTKs) have been introduced in a series of pioneering works (cf. [19, 20} 21])
that opened the door to a very intensive research activity. Loosely speaking, NTK
arise from the connection with infinite-width neural networks and, within the infinite-
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Fig 1. Kernel Operator Learning (KOL) diagram. Operating among RKHS justifies the reduc-

tion of the problem to learning the behaviour of the vector-value function ff, operating between
input/output observations (cf. Supplementary Information .

width limit, the generalization properties of the neural network could be described by
the generalization properties of the associated NTK. In view of this connection and
encouraged by the results presented in [19, 22], in this paper we employ NTKs in the
construction of our kernel operator approaches and we validate its efficacy through a
wide campaign of numerical tests.

The paper is organized as follows. In Section [2) we synthetically illustrate and
derive the mathematical formulation of our KOL approaches and we briefly recall the
compartmental models that we adopt for generating the numerical data to test the
methods. In Section[3|we present and discuss different numerical tests for assessing the
generalization properties of our approached together with their efficacy in providing
solutions to optimization tasks.

2. Materials and Methods

This section is organized in three parts: Section [2.1] is devoted to introducing
Kernel Operator Learning in the epidemic context, whilst Section briefly recalls
the standard compartmental epidemic models that will be employed to produce the
synthetic data feeding the KOL. In Section [2.3| we gather some preliminary consider-
ations about the numerical technicalities for retrieving both KOL regressors.

2.1. KOL and epidemic modelling: Basic principles

We briefly summarize some of the principal results on Kernel Operator Learning
(KOL) contained in [17], that will be instrumental to build surrogate epidemic models
and to solve optimal control problems.



To this aim, let us consider two possibly infinite-dimensional Hilbert spaces U,V
and assume there exists an unknown operator mapping between the two spaces, i.e.

G:U—V. (1)

Roughly speaking, the goal of operator learning is to approximate G based on pairs
of input/output that are accessible through finite dimensional linear measurements,
as formalized by the following:

Problem. Let {u;,v;}}Y, be N samples inU x V), i.e.

Moreover, define the (bounded and linear) observation operators ¢ : U — R™ and
v : V — R™ acting on the input and the target functions, respectively. The goal
of operator learning is the approximation of the operator G based on the observation

input/output pairs {¢(u;), ‘P(Ui)}g\;l-

In the rest of the section, to ease the reading, we restrict the presentation to the
scalar case, while the extension to the vector-valued case, relevant for the numerical
examples in the following sections, can be straightforwardly obtained from the scalar
one by resorting to the theory of vector-valued Reproducing Kernel Hilbert Spaces
(RKHS) in [23]. Therefore, let us consider ¢ and V as functional spaces made of scalar
functions, where the dependant variable is named ¢ and it is assumed to vary in the
interval D C R. In this scenario, a standard choice for the observation operators ¢
and ¢ consists in considering the pointwise evaluation at specific collocation points
{t;}, and {t;}?_, respectively, which in general can be different (see Figure |1).
However, for simplicity, in this work we consider the same collocation points, i.e.

¢ u— U= (u(ty),u(ts) ... u(t,))" € R,

. : T - on (3)

p:v—=Vi=(v(t1),v(te)...v(t,))" € R™
Then, assuming we are given the training dataset {Uj, Vj}é\[:1 where, consistently with
our notation, U; := (uj(t1),u;(ts) ... u;(t,))T € R"and V; := (vj(t1),v;(ta) . .. v;(t,))T €
R™, we aim at constructing an approximation G of G. More specifically, following [17],
endowing U and V with a RKHS structure and using kernel regression to identify the
maps ¢ and y (cf. Figure[l|and see Supplementary Information |[S2| for more details),
the approximated operator can be written explicitly in closed form as

G(u)(t) = K(t, T)K(T, 1) (Z S(¢(u), Uj)%') ) (4)
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where K is the kernel function induced by the RKHS structure of V, the vector T' =
[t1,ts...1,]7 € R™ contains the collocation points, and S : R” x R® — R is a properly
chosen vector-valued kernel. Moreover, K(-,T) : D — R" is a row vector such that
K(t,T), = K(t,t;), and K(T,T) is an n X n matrix such that K(T,7T);; = K(t;,t;).
Parameters {a;}}; € R" are the kernel regression parameters over the input/output
training pairs. Since we consider pointwise observation operators, K(¢,7T) is the
composite linear interpolant of nodes in 7" evaluated at the desired time t. We refer
to [17] for a complete discussion of the convergence properties of this approach and for
the formal derivation of the learnt operator in a more general functional framework.

Although the above framework is quite general and can be applied to a variety
of problems, here, given the goal of the paper, we embody it in the context of recon-
structing processes ruled by dynamical systems steered by control variables. More
precisely, we consider the following general scalar dynamical system ruled by the

control function
{@(t) = F(v(t),u(t)), Vt € (0,]

v(0) = v (5)

where ' : R x R — R is assumed to be sufficiently smooth to guarantee the well-
posedness of the problem [24]. Clearly, we can associate to the mapping G that
given the control u returns the solution v. This mathematical framework fits a typical
epidemic context, where it is often necessary to take into account the impact of
different NPIs acting in reducing the contact rate among vulnerable people, such as,
for instance, partial or total lockdowns, the mandatory use of face-masks in public
spaces or the isolation of people showing mild symptoms which could be linked to the
illness of concern.

Now, we are ready to introduce our strategies. The first strategy, named KOL-m,
consists in directly determining an approximation of the solution map G from w(t) to
v(t), as described in the following.

KOL-m. Let U = {u € L*(0,t*)} and V = C°([0,t*]). Given the input-output data
trajectories {(x, 0x) }h_,, where each iy € U is a control function and each o, € V
is the associated (known) state vector function, the Kernel Operator Learning Map
method (KOL-m) builds G,, : U — V according to (4.

Hence, the quantity G,, (u*) (t) represents an approximation to the solution v(t)
of (5) with control variable u*(t).

Let us now describe the second approach, namely KOL-0, which approximates
the operator that given the prescribed control returns the derivative of the solution

to (B).

KOL-0. Let U = {u € L*(0,t*)} and V = LY0,t*). Given the input-output data
trajectories {(x, 0%) }h_,, where each iy € U is a control function and each vy € V
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is the associated (known) derivative of the state vector function, the Kernel Operator
Learning Derivative method (KOL-0) builds Gy : U — V according to .

Therefore, the quantity G (u*) (t) represents an approximation to v(t), i.e. the
derivative of the solution to with control variable u*(t). Specifically, we have

t
v(t) = vy + / Go(u)(7)dr €V where Gy : U — V satisfies @, (6)
0

or alternatively

o(t) = K(¢,T)K(T, T)_l Z S(¢(u), Uj>aj>

=Kt T)K(T,T)™" | Y S(é(u),U)) vVt € (0,t]

v(0) = vy,

\

A o | ™
where V.. = [[0(01)]k, [@(02)]k - - - [p(0n)]&]", Yk = 1,2...n is the vector of the
evaluations at the k-th point of each output, U is a vector collecting all the {Uj}é-V
and S(U,U) € RV can be defined as [S(U, U)};; = S(U;,U;) (cf. Supplementary
Material . In this case we assume that an accurate approximation of the derivative
of each state ({v;}YY,) is observable, hence the sequence {p(v;)}Y, is available (cf.
Figure [1}).

We conclude this section with a methodological remark on the application of the
KOL-m approach to the reconstruction of compartments when dealing with epidemic
problems or other problems where the reconstructed operator has to preserve positiv-
ity. This modified version of KOL-m will be employed to derive the numerical results
presented in the subsequent sections.

Remark (On the positivity preserving property of KOL-m). The solutions to the
epidemic differential problems are intrinsically positive, since they represent positive
fractions of the population corresponding to different states with respect to the illness
spreading. However, there is no reason why KOL-m should preserve the positivity of
the prediction, even in presence of positive data {Z}. For this reason, in order to
enforce the positivity of the prediction of the learnt operator G,,, we proceed as follows:
given {(Ug, T) }r<n, with positive &y, we apply KOL-m to the modified input-output
dataset {(iy, VZx) }ren S0 to obtain the intermediate operator Gm. Then, we set



Om = Q?n The efficiency of this approach is showed in Section @

2.2. Owverview of compartmental models

In order to test KOL-m and KOL-0 we generate synthetic data employing classical
compartmental models and use the latter to validate the accuracy of the surrogate
models. More precisely, for simplicity and without loss of generality, we restrict our
attention to the four classical compartmental models reported in Figure [2| where the
control variable u represents the instantaneous reduction of the basic transmission
rate [ dictated by the virological and transmissibility properties of the illness by
reducing the contact rate. We assume that wp < u(t) < uy, Vt € [0,t*], where the
upper bound value of the control function u,, = 1 models total lockdown, instead
the lower bound wu;, = 0 stands for null NPIs. For suitable choices of the function
F : R x R — R? all those models (and other high dimensional disease-specific
compartmental models, e.g. [25], 20, B]) can be written in the following general form:

[so-zro weos

(Clearly, the solution of can be written in terms of the operator G, that given the
input control u(t) : [0,*] — R returns the state x(t) : [0,#*] — R% For each model,
vVt € [0,t*] the evolution function F is sufficiently smooth in order to guarantee
existence and uniqueness of the solution of Cauchy problem (8]) when u admits at most
a countable amount of jump discontinuities (see, e.g. [27]). For a more comprehensive
review on epidemiological models, we refer, e.g., to [I], 2].

2.3. Numerical aspects of KOL-m and KOL-0

In this section we collect some useful information on the computational aspects
involved in the training process of KOLs. For the purpose of this work we assume that
the space of our discrete counterpart of the control functions and the corresponding
discrete vectors coming from the evaluation of the solution are of the same dimension,
i.e. m = n in Figure [ It is worth to remark that, in the epidemic context, it
is natural to consider, as observation operators for the state and the control, the
pointwise evaluation, which is coherent with the way open access datasets for epidemic
events are often organized and real-time forecasts are delivered (see, e.g. [2§]).

For what concerns the generation of synthetic data, we employ N different control
functions to be observed via the observation operators, together with the N associated
compartmental trajectories (vector in R%) obtained by numerically solving one of the
differential systems in Figure [2| using Explicit Euler with time step dt.

From the computational perspective, once the scalar kernel S(-,-) between the
two discrete vector spaces has been chosen, we need to solve n linear systems of
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Fig 2. SIR, SIS, SIRD and SEIRD compartmental models. Each model is provided with its
respective basic reproduction number (Rg) and the reproduction number depending on the control

(Ru)-

dimension N x N where the matrix is S(U,U) (cf. Supplementary Material [SI)).
For this purpose, we compute the Cholesky Factorization of the matrix and solve
the systems with the standard substitution methods (cf. [29] for more advanced
strategies). Finally, in solving the regression problem we add a regularization term,
with penalty parameter equal to 1le — 10.

3. Results and Discussion

In this section we present a wide campaign of numerical tests with the aim of:
(a) understanding the impact of the choice of different kernels in KOL-m and KOL-0
(cf. Section B.1)); (b) comparing our KOL methods with a popular neural-network
based model learning method (cf. Section [3.2)); (c) assessing the robustness of the
introduced approaches for solving two optimization tasks (cf. Section [3.3).

3.1. On the choice of the Kernel

One crucial ingredient, driving the approximation and generalization properties
of the corresponding KOL method, is the choice of the scalar kernel S in ([35]). Which



kernel function is optimal for kernel regression is still an open debate and depends on
the specific application. For instance, there exists some innovative approaches which
learn the kernels by simulating data driven dynamical systems enabling scalability of
Kernel Regression [30]. Here, we consider the following popular choices for S.

e Linear Kernel: S(U;,U,) = Ul'U,. This kernel evaluates the alignment in the
n-dimensional space between input vectors;

21—1/ U, — U v U, — U
e Matérn Kernel: S(U;,Us) = ) (,/QVM) Ky( /_QVH 1 2”2)
where v > 0 controls the smoothness of the kernel function, p is a characteris-

tic length scale, I' is the Gamma function and K, is the modified second kind
Bessel function of order v. This family of kernels is stationary and isotropic,
given the Euclidean distance between input points. If ¥ — oo one obtains the
Gaussian kernel. It is often used for image analysis [31] and other machine
learning regression tasks [32];

_ui-usl3 )

e RBF kernel: S(U;,U;) = e 22 | known also as Gaussian kernel. It has the
interpretation of a similarity measure since it is bounded in [0, 1] and decreases
as long as the distance between points increases;

U —Us]]2\

e Rational Quadratic kernel: S(Uy,Us;) = (1 + %

a

0. It can be regarded as the infinite sum of different RBF kernels with different

length scales;

, with [, >

e Neural Tangent Kernel (NTK): Given a neural network regressor f(x;0)
of depth d,,,, width [,,, and activation function o,,,, with # denoting the vector
collecting all weights and biases, we define the family of finite-width Neural
Tangent Kernels {S},+o : R" x R" — R (cf. as

Sr(xi,x5) = (0 f(25;0(7)), Oaf (x:;0(7))), (9)

where 7 represents a fictitious iteration time. It has been proven that, if the
initialization of the weights follows the so-called NTK initialization [20], in
the infinite-width limit each element in {S.}, converges in probability to a
stationary kernel independently on 7, i.e.

Sf(xi,l'j) ? S(.ﬁlﬁ'i,l'j), V>0, V.TZ',IEJ'. (10)

Hence, the family of NTKs strictly depends on two parameters: activation
function and depth of the associated neural network.
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In this paper, with NTK we refer to the infinite-width limit kernel function. We
rely on the library presented in [33] for an efficient and user-friendly computation
of the considered NTKs. In practice, given the network hyperparameters, we
compute the scalar NTK S : RY x R? — R and then evaluate it at desired
couples of points. More details about the derivation of NTKs associated to
neural networks can be found in the Supplementary Material [S1| Section.

For each of the above kernels, we evaluate the generalization properties of KOL-m
and KOL-0 trained on the epidemic SIS, SIR and SEIRD trajectories generated
by control functions chosen among the following families (see Figure [3)) which are
representative of possible interventions that policy makers can implement.

For training and testing KOL-m and KOL-0, we define a mixed dataset constituted
by functions belonging to four distinct functional families (see Figure [3)):

1. Linear Pulse (Figure [3a)):

;

U, t < to,
3 _
%(t—to)%—uo ty <t <ty+ 2L
u(t) = < uy to+ &t <t <to+ 8 (11)
3 _
Mo )y gy 320y oy g4 400 << gy 32
[ Uo t>t0+STAt,

depending on 4 degrees of freedom (dof): wg, u; € [0,1], ty € [0,¢*] and At €
[0, 51;
2. Step function (Figure B):

ult) = {“0 il (12)

with 3 dofs: ug, uy € [0,1], to € [0, t*];
3. Continuous Seasonality (Figure |3c|):

_ug 1 2t Atm
u(t) = 5 (1+2008< - + = 2)), (13)

with 2 dofs: ug € [0,1] and At € [0, £];
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4. Double step (Figure |3d)):

ug ¢ <o,

ult) = Uy t0<t<to+ﬁ (14)
Ug t0—|— <t<t0+At

U1 t>t0+At,

with 3 dofs: ug, uy € [0, 1], ¢ty € [0,¢*].

To test the generalization properties we proceed as follows. For each given input
control function {u"},, n =1,2,..., N, with N, number of test points, we generate
the output data {x""},,, i = 1,2,..., N, with N, the number of compartments, by
numerically solving the specific systems of ODEs (SIS, SIR, SIRD and SEIRD) up
to a final time ¢* = 100, with a discretization step dt = 1. The pairs control/output
data form the training dataset. We define the prediction relative error as

N N.

P o )

nlzl

where {m;"} are the predictions generated by the KOL methods. Clearly, the predic-
tion samples belong to a different batch with respect to the training input data.

In all cases, the value of the basic reproduction number is set at Ry = 4, and
the recovery rate v = 0.05. The epidemic event starts with 1% of infected (or,
respectively, exposed) individuals in all cases. The rest of the population is assumed
to be susceptible to the disease at the initial time. For the SEITRD model, the
remaining parameters have been chosen as § = 0.4, ¢ = ¢ = 0.05. The transmission
rate 0 without control is, therefore, computed starting from the definition of Ry of
each model in Figure [2]

For the comparison of the different generalization properties of the KOL acting on
different kernels, the training dataset is built employing 500 control functions equally
distributed among the above 4 classes of control functions, where the dofs are ran-
domly sampled following a uniform distribution in the respective interval of definition
of each parameter. As for the prediction samples, we test the KOL approaches over
a dataset built employing 100 samples equally distributed among the same families
of control functions, but with different values for the dofs.
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(a) (b)

u(t)
u(t)

t t
() (d)

Fig 3. Examples of control functions employed to generate the training-testing dataset for the KOL
methods.

Results in Figures 4h6|show the prediction relative error of the different approaches.
In particular, for each kernel we trained each KOL-m and KOL-0 with 20 different
training datasets of size 500 as detailed above and we represented the results in
the boxplot form. We perform the same error analysis for different compartmental
models: SIS (Figure[d), SIR (Figure p) and SEIRD (Figure[6). The boxplots cor-
responding to the blue median lines are the one referring to the KOL-0 approach,
whilst the red ones correspond to the KOL-m approach. For those kernels depend-
ing on parameters to be tuned, such as RBF, Matérn and Rational Quadratic, we
underdid a sensitivity analysis showing similar results exploring the space of pa-
rameters (Matérn: v € [0,0.1], p € [0.1,1], RBF: ¢ € [0,0.1], Rational Quadratic:
a € [0.01,0.1], I € [0.01,1]). For what concerns the NTKs, which depend on the
choice of the depth d,, and on the activation function o,, of the associated neural
network, we perform the same sensitivity analysis considering both Neural Tangent
Kernels with Rectified Linear Unit (ReLu) and Sigmoidal activation functions for
different depths (d,., € {2,3,4}). In the boxplots in Figures we reported the re-
sults of the NTKSs corresponding to two-layer networks, which showed to be a suitable
trade-off between computational complexity and generalization properties.

We notice that for the SIS and the SIR model, the prediction errors are higher
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when compared to the one obtained for the SEIRD model. This seems to indicate
that KOL methods generalize with lower errors for growing complexity. For the ST1.5
model, the operator approximated via the Linear Kernel does not succeed in surro-
gating the epidemic dynamics. On the other hand, median errors of KOL methods
with ReLu-based NTK achieve the lower results, granting errors always lower than
2% across the test samples. Instead, for the SEIRD and SIR model, all the KOLs
with the different kernels seem to be good proxies in terms of generalization proper-
ties. Specifically, the KOL-0 methods have better approximation properties, with a
particular mention to the NTK-Relu based. With the 5 dimensional model SEIRD,
among the KOL-m approaches the lowest median error with less IQR is attained by
the NTK-sigmoidal one.

In virtue of these results, from now on, we select the NTK-sigmoidal kernel for
the KOL-m method, and NTK-ReLu kernel for the KOL-0 method.

-0 (o]
E==
5
5
g1ots
§ 8
g =
3
& == g I:——l_AL|
@ S =3

Fig 4. (SIS model) Comparison of the prediction errors over 100 control functions with KOL
methods trained on 20 batches of size 500, where the control functions are chosen in the mixed
training dataset. Bullet points represent outliers whose prediction error is outside the 1.5 IQR
(length of the whiskers) of the set of simulations.
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Fig 5. (SIR model) Comparison of the prediction errors over 100 control functions with KOL
methods trained on 20 batches of size 500, where the control functions are chosen in the mixed
training dataset. Bullet points represent outliers whose prediction error is outside the 1.5 IQR
(length of the whiskers) of the set of simulations.
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Fig 6. (SEIRD model) Comparison of the prediction errors over 100 control functions with KOL
methods trained on 20 batches of size 500, where the control functions are chosen in the mixed
training dataset. Bullet points represent outliers whose prediction error is outside the 1.5 IQR
(length of the whiskers) of the set of simulations.
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3.2. Comparison between KOL and a Model Learning based on neural networks

In this section, we enlight some important features of our KOL approaches that
make them reliable and competitive tools for model learning. To this aim, we compare
KOL-m and KOL-9 with a popular and paradigmatic machine learning approach
based on neural networks, namely the approach described in [34], in the sequel called
NN-ModL, and shortly described in what follows.

Let F = {f,, : R{ x R — R} be the space of feed-forward neural network
functions. The NN-ModL problem reads as follows:

Problem 1 (NN-ModL ). Solve the constrained optimization problem

N

min, 53~ [ lay(0) = @0 (16)

{r’cm,j(t) = Fon(@ny (1), 05(1) € (0,47], j=1,2... N, )

T, (0) = o,
where f,, € F and N is the size of the training set.

Hence, NN-ModL reconstructs the map from the control u(t) to the state x,,(t).
The problem is recast as a discrete optimization problem where the optimizing vari-
ables are weights and biases associated to f,,,. NN-ModL has shown valuable perfor-
mances for building reduced models of cardiac electromechanics [35], or for deriving a
data-driven model for active force generation in cardiomyocites [36]. As illustrated in
[34], the discretized finite-dimensional version of Problem |1|is equivalent to a nonlin-
ear least-square problem, which can been solved employing the Levenberg-Marquardt
iterative method [37].

In the sequel, we compare our KOL approaches with NN-ModL in the epidemic
context, in terms of: (a) the wall-clock time employed for training the operator learn-
ing; (b) the generalization error in the testing phase. The comparison has been drawn
by accounting for progressively larger training set sizes for both KOL approaches and
NN-ModL in order to approximate the population dynamics generated synthetically
by SIR, SIRD and SEIRD models. In particular, we trained NN-ModL with dif-
ferent training sizes and different number of maximum iterations. We performed a
sensitivity analysis on the choice of the number of neurons per layers in the NN-ModL
case, and concluded, following the Occam’s razor principle of parsimony, to go for a
shallow neural network of 6 neurons.

All the results have been obtained by executing the code in parallel on a 8-core
machine Intel i7. In Table [If we summarize the outputs of the comparison between
the NN-ModL and the two KOL approaches, where in each case we considered dt =
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0.05, t* =5, Ro =2,v=20.05 0 =04 and ¢ = ¢ = 0.05. The initial conditions
correspond to those of Section [3.1] The comparison has been done by considering
50, 100 or 200 iterations of the optimization scheme for the NN-ModL, trained with
25, 50 and 100 elements uniformly sampled in the mixed training dataset. Both
KOL approaches have also been trained on larger datasets constituted by 200, 500,
800, 1000, 2000, 5000, and 10000 elements. The prediction error has been evaluated
according to ([15)) over the same test set of 100 samples constituted by four batches
of dimension 25, each belonging to the four functional families in the mixed dataset.
The wall-clock time of the running processes has been measured in seconds.

For each epidemic model, the wall-clock time taken for the training stage of NN-
ModL is of orders of magnitude higher than the one needed for KOL approaches, even
when considering solely 50 iterations. The NN-ModL approach ends with a prediction
error close to 1072 in the three cases after a total wall-clock time ranging from 102
(best scenario) and 10 seconds (worst scenario). Instead, for all models in less than
8 seconds the KOL-m approach trained with 500 samples reaches a generalization
error which is always lower than the corresponding ones reached by NN-ModL. In
addition, for all three models, up to 2000-sample training sets, both KOL approaches
still employ less wall-clock time than NN-ModL. In particular, in the case of SEITRD
model, the prediction error is 3 orders of magnitude lower than the one of NN-ModL.
The gain in terms of wall-clock time is more evident for SEIRD model with size 5000
against NN-ModL with size 100.

As expected, further increasing the amount of training samples makes the predic-
tion errors continuously decrease though with a slower rate with respect to the training
size. For what concerns the KOL-0 schemes, they achieve lower prediction errors with
respect to the other approaches even with the baseline size of 100 input functions,
except for SIRD. Moreover, we deduce that in both KOL-m and KOL-0 approaches,
the prediction errors are not affected by the increasing in dimensions of the differen-
tial problem going from the 3 dimensional STR to the 5 dimensional SEIRD. Even
the computational times surprisingly do not undergo significant changes across the
different models.

In conclusion, both KOL approaches return more accurate predictions in a lower
computational time with respect to the NN-ModL, trained for different number of
iterations. Between the two KOL approaches, KOL-0 is preferable in terms of accu-
racy across different epidemic differential models. In general, the KOL approaches
turn out to possess a desirable property, i.e. the ability of returning reliable predic-
tions in a fast way, which is extremely useful in the epidemic context, for instance
when scenario analyses or optimization tasks are required. For the sake of fairness
it should be mentioned that, regarding NN-ModL , it is theoretically possible to find
a neural-network function able to build an approximation of the target state with
any desired accuracy. However, the proof of the existence of such architecture is not
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constructive.

SIR SIRD SEIRD
Tterations Size Error Time [s] Error Time [s] Error Time [s]

NN-ModL 50 25 [1.5x 1072 279 1.0 x 1072 380 1.1 x 1072 383
100 25 | 1.5 x 1072 478 1.0 x 1072 615 1.1 x 1072 755
200 25 | 1.5 x 1072 1186 1.0 x 1072 1139 1.1 x 1072 1673

50 50 | 1.2 x 1072 576 1.1 x 1072 559 1.1 x 1072 875

100 50 | 1.2 x 1072 1363 1.1 x 1072 1456 1.1 x 1072 1476
200 50 | 1.2 x 1072 3448 1.1 x 1072 2116 1.1 x 1072 3046

50 100 | 8.8 x 1073 893 9.2 x 1073 1394 9.5 x 1073 1364

100 100 | 8.8 x 1073 1672 9.2 x 1073 2801 9.5 x 1073 3262
200 100 | 8.8 x 1073 1725 9.2 x 1073 4511 9.4 x 1073 6668
KOL-m 25 |83x1072 0425 [82x1072 038 |7.5x102  0.209
50 | 54x1072  0.521 55%x 1072 0486 |4.8x1072  0.479

100 | 1.6x 1072  0.725 1.5x1072  0.731 |4.9x 1073  0.755

200 | 1.2x 1072 1.47 1.1 x 1072 1.492 2.6 x 1073 1.46

500 | 5.6 x 1073 7.60 5.4 x 1073 7.09 9.1 x 107° 6.85

800 | 5.5 x 1073 17.8 5.3 x 1073 18.8 7.0 x 107° 20.7

1000 | 4.7 x 1073 32.5 4.5 %1073 25.7 6.4 x 107° 29.4

2000 | 3.0 x 1073 116 2.9 % 1073 94.5 3.4%x107° 95.8

5000 | 2.3 x 1073 572 2.2 %1073 568 1.3 x 107? 559

10000 | 1.5 x 1073 2269 14 x 1073 2265 8.4 x 1070 2288

KOL-0 25 | 7.0x1073 0.420 1.2 x 1072 1.27 2.6 x 1073 0.501
50 | 4.2x1073  0.524 | 86x107%  0.872 12x107%  0.856

100 | 25x1073  0.744 |49 x 1073 1.17 3.6 x 1074 1.11

200 | 1.5x 1073 1.54 3.5 x 1073 2.14 2.3x 1074 2.05

500 | 8.0 x 1074 6.32 1.9x 1073 7.85 9.7 x 107° 8.26

800 | 5.9 x 1074 19.3 2.0 x 1073 18.9 6.2 x 107° 18.1

1000 | 5.8 x 1074 27.3 1.8 x 1073 25.3 5.2 % 107° 26.4

2000 | 1.2 x 1074 93.8 1.5 x 1073 90.5 3.9 x 107° 94.7

5000 | 1.2 x 1074 877 1.1 x 1073 546 1.9 x 1073 888

10000 | 1.2 x 1074 2206 8.5 x 104 2156 1.3 x 1075 3315

Table 1: Wall-clock time comparison for the STR, SIRD and SEIRD models.

3.3. KOL and epidemic control

In this section we exploit KOL-m and KOL-0 for the solution of paradigmatic
optimal control problems, which are meaningful for making fast and reliable scenario-
analyses in the context of epidemic control. More precisely, in Section [3.3.1| we are
interested in the minimization of the eradication time prescribed a given epidemic
threshold, while in Section [3.3.2| we tackle the minimization of the total amount of

infected.

3.3.1. Optimal control for estimating the minimum eradication time
In the sequel, we focus on the minimization of the eradication time prescribed
a given epidemic, building upon the theoretical results given in [I3]. The presence
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of rigorous mathematical results on the existence of an optimal solution, makes the
eradication problem a desirable and mathematically solid benchmark to study the
reliability of our KOL-based approach. We formulate the problem by considering the
standard deterministic STR model.

Problem 2 (Minimum eradication time). Let U = {0 < u(t) < Upae VT € [0,8%]} be
the space of admissible controls. Solve

te(u)
min J;, (u) = / 1 dt,
0

uel

subject to the state problem

S =—p(1—u)SI,
I=p6(1—u)SI —~I,
sz],

vt € (0,t*] given [S(0),1(0), R(0)]T = [So, Iy, Ro]™, where t.(u) is the eradication
time associated to the control u.

Given a threshold n > 0 of infected individuals, the eradication time is defined as
the first time when infectious individuals are below the given threshold value, i.e.

to € (0,t"] s.t. I(t) > nV0 < t < Lo, I(t.) = 1. (18)

It has been proven in [I3] that the space of admissible optimal controls can be re-
stricted to
A={u:00,t"] = {0, Umaz }, u(t) = ez H(t —7)}, (19)

where 7 is the starting intervention time depending on the maximum level of inter-
vention Uy,,,, and H(+) is the Heaviside step function. Defining the mazimum control
reproduction number as
R = M, (20)
8
it is possible to find an optimal solution with non-trivial switching time, 7.e. 7 > 0,
when considering R,,,.. < 1.

First, we numerically reproduced the results of [I3], by considering Ry = 2, v = 5,
dt =1, t* = 100, and upe, € [0,0.7] and solving the above minimization problem
constrained by the STR differential model. In order to match the initial conditions of
[13], we consider Sy = 2000/2001 and Iy = 1/2001. We retrieved the same behaviours
of the paper of the switching time 7, the eradication time ¢, and of the suscepti-
bles evaluated at the eradication time (see Figure . We solve the optimal control
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problem by direct evaluations and comparison of the values of the cost functional
associated to the different control strategies in A, that are explored in an exhaustive
way by sampling 7 in a fine grid of step At = 0.01. This brute force strategy is not
always feasible, but in the present context is motivated by the presence of the above
mentioned analytical optimal solutions.

Then, building upon the results of Section [3| that show that our KOL approaches
can be used as proxy models for a variety of epidemic differential model, we can
rewrite Problem [2| by replacing the deterministic STR state problem with the surro-
gate KOL-m or KOL-0 approach. Also in this case, the optimal solution is obtained
by subsequent evaluations of control functions over the same fine grid of 7. In this
way the optimal solutions obtained with our KOL approaches can be easily compared
with the benchmark scenarios, thus obtaining a direct measure of the reliability of
the KOL methods.

The KOL approaches have been trained on a specific dataset constituted by 10000
Step functions of different heights, sampled uniformly in [0,0.8] (see Figure [3D)).

The results are collected in Figure [7} More precisely, in Figure [Ta] we represent
the switching times, the eradication time and the susceptibles at the eradication time
for the optimal interventions of the strategy with KOL-m as surrogate state problem
(point markers) together with the benchmark results (solid lines) depending on the
maximum value of the intervention (u..). For the sake of comparison, in the same
figures we represent the eradication times and the susceptibles at the eradication time
for the trivial strategy implementing a constant intervention fixed at w,q, (dashed
lines). Figure|7b|represents the same benchmark quantities of [13] where the different
quantities are retrieved by using KOL-0. The matching of the results shows the ability
of our KOL approaches to reconstruct the optimal solution without directly relying
on the differential model.
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Fig 7. Solutions of the optimal control problem searching for minimum eradication time.

3.3.2. Optimal control for minimizing the total amount of infected

Here, we consider a second control problem in which the total amount of infected
individuals is minimized, as detailed in the following.

Optimal Control Problem (constrained by ODE).

t* t*
min Jy,, = CI/ I(t)%dt + C’u/ u(t)?dt,
ueuad 0 0
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subject to the state problem

S =—B(1—u)SI,
I=pB(1—u)ST —~I,
R =AI,

vt € (0,t*] given [S(0), I(0), R(0)]T =[Sy, Iy, Ro]*. The constants Cy, C, are positive
and they balance the effects of reqularization with respect to the L?-infectious term.

This is an optimal control problem governed by the STR model where the control u
acts on the transmission rate and incorporates any reducing effects. The optimal con-
figuration obviously depends on the choice of weights C; and C,,. The cost functional
presents the classical Tikhonov regularization term, which has the double-purpose
of increasing the convexity of the cost functional and to account for the (economic
and social) burden at which higher-level NPIs come. For what concerns the set of
admissible controls, we choose the space

N
Upg = {u(t) = Zuiﬂ[tiq,ti)} (t), with {t;};—on € (0,t7] } , (21)
=1

containing piecewise constant functions over subintervals of equal length, with the
number of subintervals that is a priori chosen. Moreover, choosing the admissible set
of controls as in allows to immediately recast the optimal control problems as a
discrete optimization problems where the unknowns correspond to the value of the
piecewise constant control function in each time slab.

In our numerical exploration, we consider the scenario where Ry = 4, t* = 5,
dt = 0.05, initial conditions [Sp, Iy, Ro]T = [0.99, 0.01, 0], w : [0,¢*] — [0,0.7] and
the number of subintervals N = {5,10,20}. Clearly, larger values of N increase
the complexity of the optimization problem, but at the same time they carry more
flexibility in designing the optimal control strategy. With the above choice of the
parameters, we compare the solutions of the optimal control problem constrained by
STR with the solutions of the following two problems, where the ODE constraint has
been replaced by the surrogate operator obtained by KOL-m and KOL-0, respectively.

Optimal Control Problem (governed by KOL-m).

t* t*
musz/[m%+q/u@%,
0 0

u€Uyq
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where the state problem is

S(t) Grm,s(u)(t)
I(t) | = | Gmr(u)(t)
R(t) G, r(u)(t)

vt € (0,T] given [S(0),1(0), R(0)]T = [So, Io, Ro]*. This problem can be equivalently
rewritten as an unconstrained minimization problem:

* t*
min J, = C']/ G r(u)(t)2dt + C’u/ u(t)?dt.
0 0

uEUyq
Optimal Control Problem (governed by KOL-9).

T T
min Jr, = C’I/ I(t)*dt + Cu/ u(t)?dt,
0 0

u€EUyq

where the state problem is

S(t) Go.s(u)(t)
I(t) | = | Gor(w)(t)
R(t) Go.r(u)(t)

vt € (0,T)] given [S(0),1(0), R(0)]* = [So, Io, Ro|*. This problem can be equivalently
rewritten as an unconstrained minimization problem:

t* t 2 t*
min J, = C’I/ (Io +/ g_ayj(u)<7_)d7_) dt + C’u/ u(t)?dt.
€ Uad 0 0 0

Both KOL approaches have been trained with a dataset of 800 input control func-
tions belonging to U,y where the values of the piecewise constant control functions
have been sampled from a uniform distribution in [0,0.8]. We considered different
values of C; > 0 and C, > 0 and solved the optimization problems using the Sequen-
tial Least Square Quadratic Programming methods (SLSQP) [37] as implemented in
the python library Scipy [38]. This optimization scheme consists in approximating
the original problem with a sequence of quadratic problems, whose objective is a
second-order approximation of the Lagrangian of the original problem, and whose
constraints are linearized.

In the case of N = 5 phases, Figure [§| shows 13 different scenarios of the optimal
trajectories reconstructed by solving the problem under STR (solid line), KOL-m
(purple dashed line) and KOL-0 (red dashed line) constraint, respectively. At first
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glance, we see that the optimal controls obtained with the three approaches do not
exactly coincide, especially when C', < Cy, i.e. when the problem is extremely non-
convex. However, comparing the cost functional values associated to the three optimal
controls shed a completely different light on the reliability of our approach. Indeed,
solving the deterministic S1R problem for each optimal control strategy, and plotting
the corresponding cost functional values in Figure [9] we can appreciate that the cost
values practically coincide, thus showing the efficacy of our KOL-based approach
in solving the optimal control problem. It is worth remarking that in some cases,
typically the less convex ones (i.e. C, much larger than C}), the KOL approaches
succeed in finding cost values lower than the ones obtained using the STR constraint.

Finally, we compare the three approaches for increasing complexity of the opti-
mization problem, namely for N = 10,20. The results are collected in Figures [10511],
where the optimal control functions are reported, and in Figures where the
corresponding cost values are compared. Also in these cases, we observe that the cost
values achieved by the two KOL approaches are comparable, if not lower, than those
obtained employing the STR constraint. However, with a growing amount of phases
the three approaches produce different optimal trajectories due to the increased non-
convexity of the cost functional and, in cascade, of the optimal control problem itself,
which exhibit many local minima.

This latest set of results further proves the reliability and the effectiveness of KOL
approaches for the most common optimization tasks.
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different orders of magnitude for Cj, keeping C,, = le — 1. (b) We consider different orders of
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Learning epidemic trajectories through Kernel
Operator Learning: from modelling to optimal
control. Supplementary Information.

S1. Summary of Neural Tangent Kernel

We introduce the Neural Tangent Kernel in the specific context of neural networks
minimizing the Mean Square Error in the input dataset. Consider a set of input data
(training set)

D ={(z1,51), (22,92) - - - (Tn, yn) }, (22)

where {z;}; € R? represents the sequence of input data, and {y;}; € R the respective
labels. Let f(x;#) be the neural network regressor, whose weights 6 need to be trained
solving the minimization problem

n

efenﬂé,% L(0) = Z %(f(ﬂfz'; 0) —yi)* = Zl U(f(zi;0),y3)- (23)

=1

We solve the optimization problem via gradient flow, which is the continuous coun-
terpart of the usual full-batch gradient descent method used in machine learning,

0-0(7) = =05 L(0(7)) = — Z O f (w35 0(7)) (f (3 0(T)) — wi), (24)

where 7 is a fictious time variable accounting for the iteration progress. Therefore,
Orf(x5;0(7)) = 0o f (2, 0(7))0:-0(7)

=D e O O O 0 ),

and we define the Neural Tangent Kernel K : RY x R? — R as

Ko (i, x5) = (Oa f (25:0(7)), Do f (i 0(T)))- (26)

This kernel is symmetric and positive semi-definite by construction. We remark that
the NTK depends on the specific topology of the considered neural network and on
the choice of the activation function. Considering wider neural networks, it can be
proven [39, [40] that

K (x;, z;) = K> (x;, ), (27)
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where in the infinite-width limit K*°(x;, x;) =~ Ko(x;, ¥;), meaning that the average
infinite-width limiting NTK is close to the NTK computed with weights and biases
at the initialization. Therefore, during the training processes of wide neural networks
the trajectories of the cost functional ruled by K, are close to the approximated
linearized ones (ruled by K).
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S2. KOL: algebraic derivation

We set the learning problem in the specific Reproducing Kernel Hilbert Spaces
(RKHS) framework, so to employ the tools deriving from the Kernel Regression the-
ory, thus enhancing the computational efficiency and capitalizing on the linearity of
the resulting functional framework. Let ¢ be an RKHS of functions u : 2 — R where
the kernel introduced is @) : 2 x 2 — R, and V is an RKHS of functions v : D — R
endowed with the following kernel K : D x D — R. Then, ¥ and x are defined as
optimal recovery maps as

Y(U) = argelgin |lwllg s.t. ¢p(w) =U,

28
X(V) :=argmin ||w||x s.t. ¢p(w) =1V, (28)

wey

with [Jwllo = /{{w, Q(, 1)), (w, Q(-,1))) and [[w|lx = /((w, K(-, 1)), {w, K(-,1))) are
the norms defined in the respective Hilbert spaces exploiting the kernel reproducibility
property. Assuming that ¢ and ¢ are pointwise evaluations at specific collocation
points as previously discussed, the optimal recovery maps have explicit closed forms
deriving from kernel interpolation theory [41]:

Y(OU)(t) = Q. T)QT,T)"'U, x(V)(t)=K(t, T)K(T,T)"'V, (29)

where Q(7,T) and K(T,T) are symmetric and definite positive matrices such that
QUT,T)y; = Q(1;,T;) and K(T,T);; = K(T;,T;), whilst Q(¢,T);, = Q(t,T;) and
K(t,T); = K(t,T;) represent row-vectors. Following the Kernel-based approach pro-
posed in [I7], the operator learning scheme simplifies to determine an approximation
of the mapping between two finite-dimensional Euclidean spaces fT : R* — R, de-
fined as

fli=poGoy, (30)

cf. Figure [I, where the reconstruction maps ¢ : R® — U and x : R™ — V need to be
properly defined.

Finally, we aim at approximating the fT function through the use of a vector-
valued kernel. Indeed, consider I' : R” x R" — L(R") the matrix valued kernel
following the notation of [42]. We call the RKHS induced by the considered kernel

Hr, and the respective induced norm is || - [[3.. Hence, fT can be approximated with
the map f solving the following optimization problem:
f:= al}gglin Iflle st flo(w;)) = p(v;), i=1,2...N. (31)
€rr
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We introduce the following block vectors U and V as

U, Vi
Uz Va
U= ; eR"™W, V= : e RV, (32)
UN_1 VN—l
UN VN

where {U;}; := {d(u)}i, Vu; € U and {V;}; == {p(vi)}i, Vv, € V. Then, we define
with a slight abuse of notation the matrix I : R™Y x R™V — RPNV g

C(ULU) T U ... T(Uh,Uy)
C(UpUh) T(Us,Us) ... T(UyUy)

I(U,U) = : : : : (33)
DUy, Uh) T(WUx.Us) ... T(Uy,Ux)

where each I'(U;,U;) € R™", Vi,j = 1,2... N is an independent block, and the
following matrix

LU, U) = [[(U,U,) T(UUs) ... T(UUy)|] € R, (34)

In this work we assume to deal with uncorrelated input samples, therefore the analysis
can be simplified by relying on diagonal kernels for I'. In particular, let S : R” x R" —
R be a scalar kernel (see Section where we compare different practical choices for
S). Thus, each block in (33) is a diagonal block, i.e.

SWLU) 00
0 S U;) ... 0

LU, U) = SUL U = | . ; : (35)
0 0 o S(ULTY)

Hence, the problem of learning the operator from prescribed input-output couples
can be recast as an optimal recovery problem:

fi = argmin||g||s s.t. g(o(w;)) = p(v);, Vi=1,2...N, j=1,2...n, (36)

gEH s

where the RKHS endowed with the S kernel is named (Hg, ||-||s). In this finite dimen-
sional case, it is possible to employ the fundamental result from kernel theory known
as representer theorem [41]. Therefore, each component of the dicrete representation
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can be written explicitly as
fj(U) = S(U7 U>S(UaU)_1V,]7 (37)

where S(U,U) : R®" x R™Y — R¥ is a row vector, S(U,U) : R™¥ x R*™N — R¥*N and
V. =[Vil;, Vol - - - [Vw]s]t € RY. Equation in the alternative kernel-methods-
like form

f(U)=ZS(U, Uj) aj . (38)

Indeed, by the representer theorem it holds that

N N
V(U) =T(U, U)L(U,U)"'V =T(U,U)a ZF => S(U.U;) ey, (39)
P 1 j:lw_/
eRan GR
where )
o}
aq zé
Q9 '2
a=|[: |=] & [ eRYstI(U,U)a=V. (40)
anN
~—
S ; -
o

The matrix in system in (40]) can be written explicitly as

I'(U,U) =
- S(Ui,Up) O 0 " S(U1,Uz) 0 0 b " S(U1,Un) O 0 7
0 S(Uy,Uyp) ... 0 I 0 S(Uy,Us) 0 (. 0 S(U1,Upn) 0
| | |
: ‘ : Lo : :
__0 __0 __...SWUpUy ' _o__ 0 _ ...SU,Uy ...V 0__ 0 __...SWULUN) _
5(Ty,U7) " 0 I~ S(U3,TUs) 0 0 [ I~ S(Us3,Un) "~ 0
0 S(Uz2,U1) 0 I 0 S(Uz,Usz) 0 [P 0 S(Uz,Un) 0
| . | | . (41)
I . [P :
S__0__0o _ _..SWU)_y__O0__0__ ... .SWU2Us) 4.y _ O0__ _0 _ _...SWUz2Un) _
: ! : : ! ! :
777777777777 N S S P R
(TN, 0370 0 SN, TU3) O 0 | T TSN, UN)T O
0 S(Uy,UL) ... 0 | 0 S(Uy,Us) ... 0 L 0 S(Un,Un) 0
: I . : I I .
| 0 0 . SUN, UL | 0 0 L SUN,Us) 0 0 .. S(UN,UN)




Hence, we can reorder the system as

and we can define the matrix

(S(U1, Un)ad + S(Ur, Us)ad + S(Uy, Us)ad + ...+ S(U, Uy )aky = V!
S(Us, Ur)al + S(Us, Us)al + S(U, Us)ad + ...+ S(Us, Ux)ay =V
S0, U)o + (U, U)o + S(U, Us)od + ...+ S(U, Un)ak = Vi
S(Us, Ur)oi + S(Us, U)o + S(Us, U)o + ... + S(Us, Uy )k, = Vi
LSUn, U)eg + S(Un, Uz)ay + S(Un, Us)ag + ... + S(Un, Un)ay = Vy

S(U17U1> S(U17U2) S(U17U3) S(UlaUN>
S(Us, U S(Us, U. S(Us, U S(Us, U
S(U.U) = (2: 1) S(Us,Uz)  S(Uz, Us) (2: V)| g
S(UN7U1> S<UN)U2) S(UN7U3) S(UN7UN>
We get that
[S(U,U>_1V"1]i
S(U,U)"V ],
a; = S :) 2 Vi=1,2...N.
[S(U,U)"'V_,],
Finally, we rewrite equation as
[ [S(U,U)" 'V 4];
[S(U,U)" 'V,
— N N S
HU) =VU); =) SUU)a| = (> SWUT)
i=1 i=1 [S(U, UV
| [S(U,U)"'V_];

that, by rearranging the terms is exactly equation ([37)).

(42)

(43)

(44)

' (45)

Combining equations and we obtain the approximation operator as

G:=yxo foqp.

38
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Finally, recalling the definition of the operator in equation , G:U—Vis

G(u) = x (Z S(p(u), Uj)aj> .
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