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Abstract

We study the mixed formulation of the stochastic Hodge-Laplace prob-
lem defined on a n-dimensional domain D (n > 1), with random forcing
term. In particular, we focus on the magnetostatic problem and on the
Darcy problem in the three dimensional case. We derive and analyze the
moment equations, that is the deterministic equations solved by the m-th
moment (m > 1) of the unique stochastic solution of the stochastic prob-
lem. We find stable tensor product finite element discretizations, both full
and sparse, and provide optimal order of convergence estimates. In partic-
ular, we prove the inf-sup condition for sparse tensor product finite element
spaces.

*This work has been supported by the Italian grant FIRB-IDEAS (Project n. RBID08223Z)
“Advanced numerical techniques for uncertainty quantification in engineering and life science
problems”.



1 Introduction

Many engineering applications are affected by uncertainty. This uncertainty
may be due to the incomplete knowledge on the input data or some intrinsic
variability of them. For example, if we model the two-phase flow in a porous
medium, randomness arises in the permeability tensor, due to impossibility of
a full characterization of conductivity properties of subsurface media, but also
in the source term, typically pressure gradients or impervious boundaries. See
for example [45, 42, 20, 21, 44, 38, 18, 7]. Similar situations appear in many
other applications, such as combustion flows, earthquake engineering, biomedical
engineering and finance. Probability theory provides an effective tool to include
uncertainty in the model. We refer to [30, 9, 1] for probability measures on
Banach spaces, and to [28, 27, 36, 16] and the references therein for stochastic
partial differential equations. We notice that the SPDEs that we consider in
this work differ from those in [28, 27, 36, 16] since we are taking L™-intregrable
processes.

In this work we focus on the linear Hodge-Laplace problem in mixed for-
mulation, with stochastic forcing term and homogeneous boundary conditions.
This problem includes the magnetostatic and electrostatic equations as well as
the Darcy problem for monophase flows in saturated media.

The mathematical framework involving the Hodge-Laplace is the exterior
calculus, a theoretical approach that, using tools from differential geometry,
allows to simultaneously treat many different problems. In particular, the Hodge
Laplacian dé+4dd, where § is the formal adjoint of the exterior derivative d, maps
differential k-forms to differential k-forms, and unifies some important second-
order differential operators, such as the Laplacian and curl — curl problems
arising in electromagnetics. For more details, see [3, 4, 14].

The solution of the mixed formulation of the stochastic Hodge-Laplace prob-
lem is a couple (u, p) of random fields taking values in a suitable space of differ-
ential forms. The description of these random fields requires the knowledge of
their moments. A possible approach is to compute the moments by the Monte-
Carlo method in which, after sampling the probability space, the deterministic
PDE is solved for each sample and the results are combined to obtain statistical
information about the random field. This is a widely used technique, but it
features a very slow convergence rate. Improvements can be achieved by sev-
eral techniques. We mention for instance the Multilevel Monte-Carlo method
appeared in recent years in literature, and applied to both stochastic ODEs and
PDEs: see [24, 19, 8, 26, 13] and the references therein.

An alternative strategy is to directly calculate the moments of interest of the
stochastic solution without doing any sampling. Indeed, the aim of the present
work is to derive the moment equations, that is the deterministic equations
solved by the m-points correlation functions of the stochastic solution, show
their well-posedness and propose a stable sparse finite element approximation.



The stochastic problem has the form

T[u} :[fl] a.e. in D,

P f2

where T is a second order linear differential operator, D is a domain in R, and

the forcing terms fi(w, ), fo(w,z) are random fields, with x € D, w € Q and

 indicating the set of possible outcomes. The m-th moment equation involves

the tensor product operator 7™ := T ® ---® T and the forcing term is given
—_——

m times

by the m-points correlation function of the couple [ jzl } .
2
We start proving the well-posedness of the m-th moment equation. Although

this comes easily from a tensorial argument, we also present a direct proof of the
int-sup condition for the tensor operator T®™. This proof generalizes to some
extent to the case of non tensor product spaces and will be the key tool to show
the stability of a sparse finite element approximation.

Concerning the numerical approximation of the m-th moment equation, a
tensorized FE approach for the numerical approximation of the moment equa-
tions is viable only for small m, as the number of degrees of freedom increases
exponentially in m. For large m one should consider instead sparse approxima-
tions (see e.g. [41, 12, 34, 35, 40] and the references therein). We consider both
full tensor product and sparse tensor product finite element approximations, and
prove their stability using the tools from the finite element exterior calculus. See
[2, 3, 4, 15]. In particular, the stability of a full tensor product approximation is
a simple consequence of a tensor product argument. On the contrary, a tensor
product argument does not apply if sparse tensor product approximations are
considered and a direct proof of the inf-sup condition is needed, and will be
proved in Section 6. We also provide optimal order of convergence estimates
both for the full and the sparse approximations.

The analysis on well-posedness and stable discretization for the m-points
correlation problem developed in this work will be necessary to analyze more
complex situations with randomness appearing in the operator itself instead of
simply in the right hand side. This case can be treated for small randomness
by a perturbation approach (Taylor or Neumann expansions, see e.g. [6, 42, 20]
and the references therein) and is currently under investigation.

The outline of the paper is the following: in Section 2 after recalling the
definitions of the classical Sobolev spaces, we generalize them to the Sobolev
spaces of differential forms. We then recall the main results on the mixed for-
mulation of the Hodge-Laplace problem in the deterministic setting, stating the
well-posedness of the problem and translating it to the language of partial differ-
ential equations using the proxy fields. In Section 3 we consider the stochastic
counterpart of the mixed Hodge Laplacian problem, and we prove the well-
posedness of its weak formulation. Section 4 is dedicated to the analysis of the
moment equations where we provide in particular the constructive proof of the



inf-sup condition for the tensor product operator T®™. In Section 5 we focus on
two problems of particular interest from the point of view of applications: the
stochastic magnetostatic equations and the stochastic Darcy problem. Finally,
in Section 6, we provide both full and sparse finite element discretizations for
the deterministic m-th moment problem, we prove their stability and optimal
order of convergence estimates.

2 Sobolev spaces of differential forms and
the deterministic Hodge-Laplace problem

In this section we first recall the main concepts and definitions concerning the fi-
nite element exterior calculus and the Sobolev spaces of differential forms, which
generalize the classical Sobolev spaces. We prove the inf-sup condition for the
mixed formulation of the Hodge-Laplace problem providing a choice of test func-
tions different from the classical one proposed in [3]. This will be needed later on
to prove the equivalent inf-sup condition for the m-points correlation problem.
Finally, we use the proxy fields correspondences to translate the Hodge-Laplace
problem in the three dimensional case to the language of partial differential equa-
tions with the aim of showing that this general setting includes some important
problems of practical interest. For more details we refer to [3, 4, 14].

2.1 Classical Sobolev spaces

Let D C R™ be a domain in R™. We denote with L™ (D) the Lebesgue space of
index m with 1 < m < co. L™ (D) is a Banach space endowed with the standard

o 1l ) = ( /D |f<x>|mdx) " (1)

When p = 2 we obtain the only Hilbert space of this class, with inner product
given by

(F)iwy = [ f@alade, f.g€ 12(D).
We denote with H*(D) the Sobolev space defined as:
H*(D) := {f € L*(D)| D*f € L*(D) for all |a| < s} . (2)

H*(D) is a Hilbert space with the natural inner product

(£ 9 mopy = D (D, D)2y, for f,g € H (D).

lal<s

For more on the Lebesgue spaces L™ (D) and the Sobolev spaces H*(D) see for
example [29]. As it will be useful later on, we also recall the following Sobolev



spaces constrained by boundary conditions on I'p C 9D:

Ht (D) = {ve L*(D) | Vv e L*(D), v|r,, =0},
Hr,(curl ,D) = {v e (L2(D))" | curl v € (L*(D))", v x v|r, = 0},
Hr,(div ,D) = {v € (L*(D))" | divv € L*(D), v-v|r, =0},

where v is the outer-pointing normal versor. These spaces are Hilbert spaces
with respect to the graph norm.

Considering now a probability space (2, dP), the definition of L™ generalizes
immediately. In this case we will use the notation (L™ (Q,dP), || ||1m(q.qdp))
to denote the Banach space of real random variables on  with finite m-th
moment. If m = 2, (L*(Q,dP), || - HLQ(Q7d]p)) is the Hilbert space of all real
random variables on 2 with finite second moment, equipped with the usual
inner product

(), 9()) p2(rap) = /Q Fw)g(w)dP(w), for f,g € L2(S, dP).

2.2 Sobolev spaces of differential forms

In order to generalize the definitions of the Sobolev spaces H*(D) to differential
forms, we need to briefly recall the basic objects and results of exterior algebra
and exterior calculus, inspired by [3]. The natural setting is a sufficiently smooth
finite dimensional manifold D with or without boundary. For our purposes, we
can restrict ourselves to the particular case of a n-dimensional bounded domain
D C R” with boundary denoted by 9D C R"!. In this way, at each point
x € D the tangent space is naturally identified with R™ and we make this
assumption throughout the paper. We denote by Alt*R", 1 < k < n, the space
of alternating k-linear maps on R™. Clearly, AIt’R® = R and Alt"R" = R,
and the unique element in Alt"R"™ is a volume form vol,. We recall the wedge
product A : AIFR™ x AIHR™ — AIt*HR™ and the inner product (-,-) 4kpn :
AItFR™ x AIt*R™ — R for k+1 < n. Starting from this inner product, the Hodge
star operator x : AItFR™ — Alt""FR™ is defined: u A *w = (u, ) q;pkpn vOl, (see
e.g. [3]).

A differential k-form on D is a map u which associates to each x € D an
element u, € Alt*R™. We denote by A*(D) the space of all smooth differential k-
forms on D. The wedge product of alternating k-forms may be applied pointwise
to define the wedge product of differential forms: (uAw); = uzAw,. The exterior
derivative d¥ maps A¥(D) into A¥+1(D) for each k > 0 and it is defined as

k+1
Fug(vr, .. vppn) = Y (170 ua(vr, By, k), w € AF(D),
j=1
V1,...,V+1 € R™, where the hat is used to indicate a suppressed argument. The

exterior derivative satisfies the key property d**1od* = 0, V k. The coderivative



operator 6% : AF(D) — A*~1(D) is the formal adjoint of the exterior derivative
and it is defined by

*0Fu = (=1)*d"F xu, ue A¥(D). (3)

To lighten the notation, in the following we omit the & when no ambiguity
arises. The trace operator Tr : A*(D) — A¥(OD) is defined as the pullback of
the inclusion 0D — D. We denote with vol the unique volume form in A™(D)
such that at each x € D, vol, is the unique form associated with Alt"R". Given
two differential k-forms on D it is possible to define their L?-inner product as
the integral of their pointwise inner product in Alt*R™:

(u,w) := / (Ug, Wa) ppphgn VOl = / u A *w, u,w € A¥(D). (4)
D D
In the following we will denote with || - || the norm induced by the L2-inner

product (-,). The following integration by parts formula holds:

(du,v) = (u,0v) + /8D Tr(u) A Tr(xv), u e A¥(D), v e AFL(D). (5)

The completion of A*(D) in the norm induced by the scalar product (4)
defines the Hilbert space L2AF(D). The Sobolev space of square integrable -
forms whose exterior derivative is also square integrable is given by

HA*(D) = {u € L2AR(D)| du € L?AkH(D)} . (6)
It is a Hilbert space equipped with the inner product
(w w) g ar(py = (ww) + (du, dw) .
In analogy with HA¥(D), it is possible to define the Hilbert space
H*AF(D) = {u e L2AF(D)| du € LQAk_l(D)} . (7)

Let 0D =Tp ULy, TpNTy = 0. As it is standard ([3]), the spaces (6) and (7)
can be endowed with boundary conditions:

Hy AF(D) := {u e HA®(D)| Tr(u)lr, = o} . (8)

Hi AF(D) = {u € H*A*(D)| Tr(xu)|r, = o} .

With the spaces defined in (8) and the exterior derivative operator, we can
construct the L? de Rham complex:

0— Hp A°(D) S ... & Hp A™(D) =0, (9)

6



Since d o d = 0, we have
B C 3, (10)

where By, is the image of d in Hy. | A¥(D) while 3y, is the kernel of d in Hyp A¥(D).
The following orthogonal decomposition of L2A¥(D), known as Hodge de-
composition, holds:

L?A*(D) = B, @ B (11)

where %,ﬁ is the L2?-complement of B},.
We define two projection operators 7+ and 7° as follows:

B, © Bt — By (12)

v=dv’+ vt ot

7 B @B — B, (13)

v =dv° 4+ vt 0°.
We recall a classical result in the theory of Sobolev spaces:

Lemma 2.1 (Poincaré inequality) There exists a positive constant Cp that
depends only on the domain D such that

loll < Cplidv]| Vv € 3; (14)

where 3# s the orthogonal complement of 3 in HFDAk(D).

For the sake of simplicity, we consider only the case of geometries which are
trivial from the topological point of view. More precisely, from now on, we make
the following

Assumption 2.1 The domain D C R™ is bounded, Liptschitz and contractible.
Its boundary 0D is given by the disjoint union of two open sets I'p and I'y, with
I'p,Tn # 0, Tp contractible as well and with boundary sufficiently regular (at
least piecewise C1).

Under assumption 2.1, B3+ = B%, where B} is the image of § in HlfNAk(D).
This relation is proved in the three dimensional case in [17], and generalizes to
the n dimensional case (see e.g. [32]).

Remark 2.1 The case of non-trivial topology can likely be treated following [4],
but it would make the exposition of our results much more difficult.

Remark 2.2 We assume I'p,T'ny # 0, but the two limit cases treated in [3] can
be considered with suitable modifications of our argument.



We end the section by introducing the following notations for two Hilbert spaces
we will use later on:

L2AF(D) Hp A¥(D)
Wi, = |: L2Ak71(D) o V= HFDAkfl(D) ) (15)
with the inner products (-, ")y, , (+;-)y;, and the norms || - [w;, || - [lv;-

2.3 Mixed formulation of the Hodge-Laplace problem

The Hodge Laplacian is the differential operator édd + dd mapping k-forms into
k-forms, and the Hodge-Laplace problem is the boundary value problem for the
Hodge Laplacian. Suppose we have a domain D C R" satisfying Assumption
2.1. We consider a particular case of the mixed formulation of the Hodge-Laplace
problem with variable coefficients described in [3, 4, 14], which allows to include
the Darcy problem (see Section 2.3.1). Given a non negative coefficient o € R

and source terms { ? } € W, find { Z } such that
2

ddu+dp= fiin D
ou—ap= fyin D

Tr(u) =0onI'p Tr(xu) =0 on I'y
{ Tr(p) =0onT'p { Tr(xdu) =0 on I'y

(16)

We introduce T' : Vj, — V[, the linear operator of order two represented by the

matrix:
sd  d A B
= [ § —ald } - [ B —ald ] (17)

Hy. A*(D))
where V| = { (.g{FF]:/)Xk_g(l)?)))’ } is the dual space of Vi defined in (15), the
D

operators A and B are defined as:
A: Hp A¥(D) — (Hp, A*(D)) (18)
(Av,w) := (dv, dw)

B: Hp A¥*(D) — (Hp, A*Y(D)) (19)
(Bv,q) := (v,dg)

and B* is the adjoint of B. Moreover we introduce the linear operators F; €
(Hp A*) and F € (Hp A1) defined as:

Fy: Hp AF(D) - R (20)
Fi(v) = (f1,v)



Fy: Hp AF1(D) - R (21)
Fy(q) == (f2,9)

The mixed formulation of the deterministic Hodge Laplacian with homogeneous
essential boundary conditions on I'p and homogeneous natural boundary con-
ditions on I'jy is

Deterministic Problem:

. F1 , u
Given { £y } € Vg, find [ » } €V s.t.

u _ F1 . y
T{p]_[FZ]ka,
Theorem 2.1 For every a > 0, problem (22) is well-posed, so that there exists

a unique solution that depends continuously on the data. In particular, there
exist positive constants C1, C] that depend only on the Poincaré constant Cp

(22)

and on the parameter «, such that for any [ Z } € Vi there exists [ ;) ] e Vi

with
<T [ Z ] ’ [ . ]>V W = G [ Z } ; =0 (HUH%M + IIPH%M_I) o (23)
LI, =< Ls Il 21

The same result holds with o = 0 provided that Fs corresponds to fo € 5HFDAI“ (D).

The well-posedness of problem (22) is proved in [3] by showing the equivalent inf-
sup condition for the bounded bilinear and symmetric form (7-,-) : Vi x V; — R
(23), (24) (see [5, 11]). However, we report it entirely (with a shghtly different
choice of test functions) as a preparatory step for the proofs we will propose
later on.

Proof. We need to show (23) and (24). Let us start considering @ > 0. For a given

[ Z ] we use the Hodge decomposition (11):

U du® + ut
= 2
|:p:| |:dpo+pJ_:|7 (5)
with du® € By, dp° € By_1, ut € %ﬁ and pt € %ﬁ—l- We choose as test functions
1 1L
M sl (26)
q yu® —dp

where v is a positive parameter to be set later. Relation (26) can also be written in a

compact form as
v u
=P , 27
)= ] e



where

- { o dnt } 25)

| ym°® —drm®
and the operators 71, 7° are defined in (12) and (13) respectively. Substituting (26)

into (23), using the property d od = 0, the Hodge decomposition (11) and the Poincaré
inequality (14) we find

<T{u}’{v}> = (du,dv) + (v,dp) + (u,dq) — a (p,q)
p q V! Vi
= [ldu™ || + [ldp~ |1 + ylldu|? + alldp | — @y (p*, u°)
> [[du |2 + dpt |1* + vl du®|* + alldp°|®
Cw1/2
2
> fdut 2 + (1

(CRldp™|1? +~7Chduc||?)

@
2

/2002
a’y o o
) (1 - P) ldu®l + odp° %

P2C3) [lap* 2+

2

It is possible to choose v in order to make (23) true with C; = C1(Cp, «). The inequality
(24) with C; = C{(Cp,a) follows from the Hodge decomposition (11) and Poincaré
inequality (14).

The proof in the case a = 0 is very similar. Suppose f2 € dHf AF(D). In order to
have a unique solution, we need to look for p € B . Fixed u = du® +ut € Hy Ak (D)
we again choose the test functions as in (27): v = dp+u' € Hp A*(D) and ¢ = u°® €
%ﬁ_l. Using the Poincaré inequality (14) and the orthogonal decomposition (11) we
are able to prove the relations (23) and (24). O

A simple consequence of Theorem 2.1 (see [11]) is that there exists a positive
constant K = K(Cp, a) such that

I L=< =]

Another way to express the result given in Theorem 2.1 is given by the
following

(29)

Vi

Proposition 2.1 Given T as in (17) and P as in (28), V [ Z ] € Vi it holds

el D zell

1P|l zovivi) < C1 (31)

2
(30)

2.3.1 Translation to the language of partial differential equations

Let us consider the case D C R3, naturally identifying the space T, D with R3.
Thanks to the identification of Alt°R3 and Alt3R? with R, and of Alt'R? and

10



| Hp A*D) | d | Trryu
k=0| #H. (D) vV | ulr,
k=1 | Hr,(curl ,D) | curl | uXxn|r,
k=2 | Hr,(div,D) | div | u-n|r,
k=3 L*(D) 0 0

Table 1: Correspondences in terms of proxy fields between the space of differen-
tial forms H A*(D) and the classical spaces of functions and vector fields, in the
case n = 3.

Alt?R3 with R3, we can establish correspondences between the spaces of differ-
ential forms and scalar or vector fields. These fields are called proxy fields. In
particular, we can identify each O-form and 3-form with a scalar-valued function,
and each 1-form and 2-form with a vector-valued function. Table 1 summarizes
the correspondences in terms of proxy fields for the spaces of differential forms
Hy A¥(D), the exterior derivative operators and the trace operators. Based on
the identifications in Table 1 we can reinterpret the de Rham complex (9) as
follows:

0 — H}, (D) 5 Hrp(curl, D) 2 Hy ) (div, D) &5 L2(D) =0 (32)
In this section we will use the symbol (-, -) to denote the inner product in L?(D),
that corresponds by proxy identifications to the inner product in L2A*(D).

e Let us start with £ = 0. In this case HFDA_I(D) =0,s0 p=0. Then
u € H%D (D) satisfies
(Vu, Vo) = (fi,v) Vv € Hp (D). (33)

We obtain the usual weak formulation of the Poisson equation equipped
with homogeneous Dirichlet boundary conditions on I'p and homogeneous
Neumann boundary conditions on I'y.

e For k =1 and o = 0, the linear operator T of order two defined in (17) is
represented by the matrix

curl 2V
= { —div 0 ] (34)

Problem (22) is the weak formulation of the magnetostatic/electrostatic
Hr,(curl , D) ]

equations (see for example [33, 10, 25]). Indeed, V; = [ HL (D)
I'p

and [ Z } € Vj satisfies

(curl u, curl v) + (Vp,v) = (f1,v) v
e 2 oo @

11



e When k = 2,
T_ [ —Vdiv  curl ]

curl —ald

Problem (22) is the mixed formulation of the vectorial Poisson equation:

u | Hr,(div,D)
fnd | | eve= | g D) s

(div u,div v) 4 (curl p,v) = (f1,v) v
| oot )~ ) = () i]ew oo

e Finally, for k£ = 3, problem (22) models the flow in porous media. We can
reinterpret the linear tensor operator of order two T as

0 div
T= [ -V —ald ] ’ (37)

where o > 0 is linked to the inverse of the permeability. Hence, problem

: o u _ L*(D)
(22) is the Darcy equations: find [ » } eV = [ Hr, (div , D) } s.t.

{avpo=tin  Cyltlen

3 Stochastic Sobolev spaces of differential forms and
stochastic Hodge Laplacian

3.1 Stochastic Sobolev spaces of differential forms

Let v1 € V7 and vo € Vi, where Vi, V5 are Hilbert spaces. Let v1®ug : Vi xVo — R
denote the symmetric bilinear form which acts on each couple (w1, ws) € Vi x Vo
by

V] ® va(wy, wy) = (1)1,1111)‘/1 (vg,wg)v2 ,
where (-, )y, denotes the inner product in V; and (-, -)y, the inner product in V2.
Let us define an inner product (-, )y, gy, on the set of such symmetric bilinear
forms as

(01 @ v, 01 @ 03) gy, = (V1,01 (v2,03) (39)

and extend it by linearity to the set
span {v; @ va : v € V1,0 € Va} (40)
composed of finite linear combinations of such symmetric bilinear forms.

Definition 3.1 Given Vi and V, Hilbert spaces, the tensor product Vi ®Vy is the
Hilbert space defined as the completition of the set (40) under the inner product

¢ views 0 (39).

12



In the following we will denote with || - ||y, 1, the norm induced by the inner
product (-, ')V1®V2' Definition 3.1 naturally generalizes to the tensor product
of m Hilbert spaces, with m > 2 integer. For more details on tensor product
spaces and on norms on tensor product spaces see for example [37, 31] and the
references therein.

Let (92,A,P) be a complete probability space and V a separable Hilbert
space. The stochastic counterpart of V is the Hilbert space given by the tensor
product V ® L?(€2,dP), where L?(Q, dP) is the Hilbert space defined in Section
2.1. Let L? (€; V) be the Bochner space composed of functions u such that w +

[u(w)[[} is measurable and integrable, so that ||ul| 2.1y = ([q llu(w)|[} dP(w ))1/2
is finite. We observe that there is a unique 1s0morphlsm from V ® L%(Q,dP) to
L? (Q; V) which maps 1 ® u € V ® L?(€, dP) onto the function w + u(w)y € V.

The definition of the Hilbert space L? (2; V) easily generalizes to the Banach
space L™ (Q; V) with m > 1 integer. We say that a random field u : Q@ — V is
in the Bochner space L™ (Q; V) if w — |lu(w)||{} is measurable and integrable,
so that [[ul mau) = (Jo, [w(@)|RdP(w)) "™ is finite.

In the followmg we focus on two stochastic Sobolev spaces of differential
forms, namely L™ (2; Wy) and L™ (£2; Vi) with m > 1 integer, where W}, and Vj,
are Sobolev spaces of differential forms defined in (15).

3.2 Stochastic mixed Hodge-Laplace problem

Let D be a domain in R" satisfying assumption 2.1. Let be given [ ?1 } €
2

" (Q; V), with m > 1, defined as the stochastic version of (20) and (21):
Fi(w): H A"(D) - R
Fi(w)(v) := (fi(w),v)

Fy(w) : Hp A*"1(D) - R
Fy(w)(q) == (f2(w), q)

where [ ? ] € L™ (2; V}) is given. The stochastic counterpart of problem (22)
2

is:

Stochastic Problem:

Given m > 1 and [ ? ] e L™ (V) find [ z ] e L™(Q; V) s.t.
2

T [ uw) } — [ Fi(w) } in VI, a.e. in .

13



Theorem 3.1 (Well-posedness of the stochastic Hodge Laplacian) For
every o > 0 problem (41) is well-posed, so that there exists a unique solution that
depends continuously on the data. The same result holds with o = 0 provided

that Fy corresponds to fo € L™ (Q; 5HFDAk(D)>.

Proof. Thanks to Theorem 2.1, for almost all w € 2, problem (41) admits a unique

. u(w) . u(w) | . )
solution [ () } € Vi, the mapping w +— { () ] is measurable and we have:

e I ==L 2 ).,
with K = K(Cp, a) independent of w (see (29)). For any m > 1,
m 1\ /m mN\ 1/m
Gl =« Elae )™

Vi
By hypothesis [ ?1 } € L™ (£;V))), hence we conclude that [ Z ] € L™ (Q; V). O
2

a.e. in ) (42)

4 Deterministic problems for the statistics of v and
p

We are interested in the statistical moments of the unique stochastic solution
[ Z } of the stochastic problem (41). We exploit the linearity of the system
’ { u(w) ] _ [ F(w)

pw) | | Pow)
istic equations solved by the statistical moments of the unique stochastic solution

] to derive the moment equations, that is the determin-

[ Z } At the beginning we focus on the first moment equation. Then, after

recalling the definition of the m-th statistical moment (m > 2 integer) and the
main concepts about the tensor product of operators defined on Hilbert spaces,
we establish the well-posedness of the m-th moment problem. The main achieve-
ment is the constructive proof of the inf-sup condition for the tensor product
operator T®™ stated in Theorem 4.2. Indeed, this proof extends to the case of
sparse tensor product approximations (see Section 6.4).

4.1 Equations for the mean

Following [43, 41], we provide a way to compute the first statistical moment of
the unique stochastic solution of the stochastic Hodge Laplace problem (41).

Given a random field v € L' (€;V), where V in a Hilbert space, its first
statistical moment E [v] € V is well defined, and is given by:

E[o] (z) ::/Qv(w,x)d]?, zeD. (43)

14



Definition (43) easily applies to the vector case (V = Vi,V = Wy).

Fy

Suppose that [ P

] € L' (©; V), so that the unique solution of the stochas-

tic problem is such that [ Z } € L' (; V). To derive the first moment equation

we simply apply the mean operator to the stochastic problem (41). We exploit
the commutativity between the operators 7' defined in (17) and E defined in

(43), so that E [ Z ] is a solution of:

Mean Problem

Given [ ? ] e L' (O V)), find Es € Vy, s.t.
2

(44)

— 13 i 1/
T(Es)=E [ P ] in Vj,

where E { ? } € V} is defined as:
2

LR ) =Clal ), vli]en
£y q fo q 1) w, q
Theorem 2.1 states the well-posedness of problem (44), hence E [ Z ] is the

unique solution. We notice that problem (44) has exactly the same structure of
problem (41) with loading terms given by the mean of the loading terms in (41).

4.2 Statistical moments of a random function

Let w € L™ (Q; V), where V is a Hilbert space and L™ (2; V) is defined as in
Section 3.1. Then u®™ :=u® - ®u € L'(Q, V®™), where from now on V&™
—_———

m times
denotes the tensor product space V ® --- ® V. Hence we can give the following
~—_———

m times

definition:

Definition 4.1 Given u € L™ (Q; V'), m > 2 integer, then the m-th moment of
u(w) is defined by

MM =Eu®- - ®@u]= /Qu(w) ® - @ u(w)dP(w) € VO™, (45)

It clearly holds [[M™ [u] [[yem < [|u]|75m q,- Definition 4.1 with m =1 is (43).
Moreover, Definition 4.1 easily generalizes to the vector case.

15



4.3 Tensor product of operators on Hilbert spaces

We will see that the deterministic equation for the m-th moment involves the
tensor product of the operator T. Hence, we need to describe some aspects of
the theory of tensor product operators on Hilbert spaces. For more details see
for example [37] and the references therein.

Suppose that T} : Vi — V{, To : Vo — Vj are continuous operators on the
Hilbert spaces V7 and V5 respectively. T7 ® T5 is defined on functions of the type
¢ @Y, with ¢ € V1, Y € Vs as:

(M RT) (p®yY) =TTy € V] @ V.

This definition extends to Vi ® Vo by linearity and density. The tensor product
of two bounded operators on Hilbert space is still a bounded operator, as stated
by the following

Proposition 4.1 Let T : Vi — V{, Ty : Vo — VJ be bounded operators on
Hilbert spaces Vi and Vo respectively. Then

171 @ Tollcoviava,vievy) = ITillcon vl ol cove,vy)-

Proof. See [37]. O

The definition of the tensor product of two operators on Hilbert spaces and
Proposition 4.1 generalize to tensor product of any finite number of operators
defined on Hilbert spaces.

We detail now the vector case, since it will be useful in the next section.
Let Vi = Vo = Vi, where Vi is defined in (15), and T} = T» = T, where
T = (T)ij=12: Vi — V} is the linear operator of order two defined in (17). The
tensor product operator T™ := T ® ---® T, (m > 1 integer), is the operator

—_——

m
of order 2m that maps tensors in V2™ to tensors is (V})®™ defined as

(T®m) = Ti1i2 K& 7—’7;2777,717:2m' (46)

i1 -izm
Given X € V&, T®mX is a tensor of order m in (V})®™ given by

2
(T®mX)i1“'im - Z (Ti1j1 Q- Emjm)le---jm7 i1, im = 1,2, (47)
jl)""jm:]‘

Definition 4.2 Let T and Vj be as before and let X € V,¥™ and Y € V;E™. We
define

2 2
<T®mX’ Y> = Z Z <Ti1,j1 o .nmvijjlrwjm’ Yti17~--,im> . (48)

1,0y tm=17J1,....Jm=1
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4.4 Equations for the m-th moment

Following [43], we analyze the m-th moment equation for m > 2. Suppose

[ 5;1 ] e L™ (;V]) so that [ z ] € L™ (Q; V). To derive the deterministic
2

m-th moment problem we tensorize the stochastic problem (41) with itself m
times:

T®..0T [ ZEZ‘)’; rm = [ 22:? rm in (V)@ for a.e. w € €.

We take the expectation on both sides and we exploit the commutativity be-

m times

Qm
tween the operators T and E. By definition, E [ Z } =M™ [ z ] Thus,

M [ Z ] is a solution of

m-Points Correlation Problem:

Given m > 2 integer and [ ?; } € L™ (V). find ME™ € VE™ s.t.

Fy

TEOmME™ = M { " } in (V)°m,

where M™ [ ? ] € (V)®™ is defined as:
2

o[BG (2], o[ ]eve

We notice that in the right-hand side of (49) we have the m-points correlation
of the loading terms of problem (41).

Remark 4.1 Note that problem (44) is a saddle-point problem, and (49) is
composed of m "nested” saddle-point problems. Indeed, if for example m = 2,
T ®T can be represented by the matrix

ddedd dded d® dod d®d
B d®d id® —ald d®d d® —ald
TeT = “oald®dd  —aldod

(50)

0 ®dd d®d
O®0 0®—ald | —ald®d —ald® —ald

Theorem 4.1 (Well-posedness of the m-th problem) For every a > 0,
problem (49) is well-posed, so that there erists a unique solution that depends
continuously on the data. The same result holds with o = 0 provided that F3

corresponds to fo € L™ (Q; (5HFDAk(D)).
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Proof. Theorem 4.1 can be proved by a simple tensor product argument, as follows.
Since problem (22) is well-posed, the inverse operator T~! exists and is linear and
bounded. Now we take into account the tensor operator (T-1)®™ =T '®...@ T !

—_———

m times
It is the inverse operator of T®™. Moreover, it is linear and bounded (Proposition 4.1).

Hence we can immediately conclude the well-posedness of problem (49). O

Remark 4.2 The approach presented in the proof is not completely satisfactory
in view of a finite dimensional approximation. Indeed, when considering a finite
dimensional version of the operator, Ty, = T|Vk,h :Vien — Vk’h, where Vi p, is
a finite dimensional subspace of Vi, and aiming at proving the well-posedness
of the tensor operator (Tp)®™ = T, ® ... Ty, this tensor product argument
m times
applies only if the finite dimensional subspace is a tensor product space V,S’,:”.
It will not apply straightforwardly if sparse tensor product spaces are considered
instead.

4.4.1 Constructive proof of inf-sup condition for the tensorized prob-
lem

Here we propose an alternative proof of Theorem 4.1 that consists in showing
the inf-sup condition for T®™. This proof will be used later on to prove the
stability of a sparse tensor product finite element discretization, which is of
practical interest for moderately large m as it reduces considerably the curse of
dimensionality with respect to a full tensor product approximation.

A result equivalent to Theorem 4.1 is the following

Theorem 4.2 (Tensorial inf-sup condition) For every ME™ € V,*™, there
exist a test function MZP™ € Vk,@m and positive constants
Con = Con(0, C, I IPI), Cly = Ch(, Ca, T, | PI)) s

(oM M o yon > CallM B, (31

IME™ yem < Chul ME™ [y, (52)

where Cp is introduced in (60) and P is defined in (28).

Before presenting the proof we state the tensorized versions of the Hodge
decomposition and the Poincaré inequality, which are two keys ingredients in
the proof of the inf-sup condition for the deterministic problem (22).

Let us write the space Vk®m as

_ Hy. Ak(D) (m—1) upr
Ve =V o VI 1’:[ ol ]®V®m =[ . ] 53
k k k HFDAk 1(D) k Uk,1 ( )
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where we defined

U = Hp, AF(D) @ VE" Y, (54)
Uy = Hp, AFH(D) @ VY (55)
We obtain the tensorial Hodge decomposition following the idea of the one di-

mensional Hodge decomposition (11). Indeed, for every integer m > 2, we split
U (U is analogous) as:

Tensorial Hodge Decomposition: (56)
Ur =By o Bt (57)

where

m m— m ®(m—1
By = d@Id®™ ) U = B, @ VMY
Byt =B o VY
and By, %ﬁ are defined in Section 2.
The tensor operators 7 & 1d®m=1 and #° @ 1d®m-1 respectively defined in
(12) and (13) act on U™ (U™ is analogous) as:
rt @1d®mD U = B @ BT - B (58)

v=d®Id®Mm Dy 4yt s pt

@ 1d® U = B o BT - By (59)

v=d®Id®Mm Dy° 4 b s 0.
The tensorial Poincaré inequality is proved in the following lemma.

Lemma 4.1 (Tensorial Poincaré inequality) For every integerm > 2, there
exists a positive constant Cp; such that

HUH(L?A]C(D))@WL < Cp’l”ld@). L®d o ®...®Id UHL2Ak®...®L2Ak+l®...®L2Ak’ (60)

? 7

Vo€ LPAF @ ... ® (35)®...® L2AR(D), where 3i is defined in Section 2.2.
~——

Proof. We know that HA¥(D) is a Hilbert space with the inner product (u, v) 5~ and
(u,w) gax = |lull? 5x- Besides, we know that 3z is a Hilbert space with the equivalent
inner product (du,dv) and norm ||du|| = (du,du). A consequence of the Open Mapping

Theorem states that given m Hilbert spaces Hy, ..., H,,, the topology of H1 ®...® H,,
depends only on the topology and not on the choice of the inner products of Hy, ..., Hy,.
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If we apply this statement with H; = 3;- and H; = HA*(D), i # j, we can conclude
the inequality (60). O
A simple consequence of the previous lemma is:

XM
[0ll(r2ar(pyyem < Crmlld®™vl|(p2ar+1(pyyem Vv € <3ﬁ> ; (61)

where Cp,, > 0 depends only on the domain D and on m.
Proof. [Proof of Theorem 4.2]

As shown before, M™ Z is a solution of (49). Uniqueness of the solution of problem

(49) is related to the global inf-sup condition (51), (52) (see [5, 11]). Suppose o > 0

(the case o = 0 is analogous). To lighten the notations, in the proof we use the brackets

(-,+) without specifying the spaces we consider, when no ambiguity arises. We use the

tensorial Hodge decomposition (57) and the tensorial Poicaré inequality (Lemma 4.1).

We prove (51) by induction. In Theorem 2.1 we already proved the inf-sup condition
(M22)1.

S

with m = 1. Now suppose m = 2. We fix M®? = [ (M®2), ' } where (M®?);,

(respectively (M$?),.) means that in the tensor of order two M2 = (M$?);;_1 o we fix
i =1 (respectively ¢ = 2) and let j vary. Using (53) and (57) with m = 2 we decompose

ME? = d @ Id(M?) 1. + (M1, } c { Ui ]
s d®Id(M2)a. +(Ml) U,il
where
(M), = nt @ TA(M®?),, € B2+
(M)o: = 7t @ TA(MF?)a. € B
(M)1. = 7° @ TA(ME?),, € B
(M?)2: = 7° @ TA(ME?)s. € BY,

We choose M?? = P @ PM®?, where P is defined in (28), so that:
(T@TMP? MP*)y = (T @ TME?, P& PM>?)

= > (T @ T, (P PME):). (62)

J
Let (T;; @ T(MZ?);., (P ® PM$?);.) = Z;;. We will bound each term Z;; for i, j = 1, 2.
Using (47) we explicit the term (P ® PM®?),.:

(P ® PM&?);. = Piy @ P(ME?)1. + Pia @ P(M$?)s.. (63)

Let us start from the case i = j = 1.
T = (A T(M&?)1., (r* @ P(ME?)1. + dr* @ P(M$?),.)) . (64)
Since dod =0, (A® T(MP?),,drt @ P(M$?)3.)) = 0 and A ® T(d ® IdM?);. = 0.

Hence,
T = (A® T(M;")1,,1d ® P(M;")1.)
=(d®@T(M;)1.,d® P(M;):.)
> Cild @ 1AM )1 )72 an1 v, -
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The last step follows from Proposition 2.1. If : = 1 and j = 2 we find

Tio = (B* @ T(M&?)y., mt @ P(M&?), + drt @ P(ME?),.). (65)
Since 7+ @ P(M22),, € By, (B* @ T(M®?),,, n+ @ P(M®?).) = 0. Hence,

Tiz = (B* @ T(M )2, d @ P(M")a,)
<d®T (M} )2, d @ P(M;")a:)
Cy]|d © Td(M;")a: ||L2Ak®vk~

Ifi=2and j =1 we find

I = (B@T(ME?)1.,ym° @ P(M2?)1, — dr® @ P(ME?)5.) . (66)

Since <B®T(M§2)1:,d7r° ®P(Mg®2)2:> =0, and <B®T(Ml)1 JId @ P(MY?) > =0,
we have:
Ty =y (BT (d@Id(M?2).),Id ® P(M?);.)
=y{d@T (M), d® P(M;)1.)
> 1 |d @ TA(M) 1.1 72 px v, -

Ifi=j=2
Tog = —v <Id® T(M?2)2:>’Y7TO Y P(Ms®2)1: —dr®® P(Ms®2)2=>
= a(ld® T(ME?),.,dn° @ P(MZ?),.) (67)
—a<Id®T(MS®2)2;,’y7TO®P(M§®2)1;>o (68)

Since <Id Q@ T(ME)s.,dr° ® P(M§2)2;> =0, we find

(67) = <d X T(Ms)gz,d X P(M§)2>
> aCi|d @ Id(M?)2: |72 pk v, -

Moreover, since (Id @ T(d7® @ Id(M$?)3.), 7° @ P(M$?)1.) = 0, we find
(68) = —an (1d® T(M )3, 1d @ P(M?)1.)
o o
=572 (1@ T [Faps-r gy + 11 @ PO Fpna, )

Y

Y

(0%
=57 (CRAITIE v p 1 @ T ) P2

+7012371 ||P||2£(Vk7vk) ”d ® Id(MS)li ”iQAk'H@V’“) ’

where we used Proposition 4.1 and Lemma 4.1. Using the lower bounds on Zy1, Z12, Zoy
and Zyo, we can now conclude that:

(62) > cl||d®Id(ML)1-IIiW+1®V,€
+(c1-3 v) 14 @ A )2 pv

+7(c - 571/2031”13”“%,%)) @ DL e pve,
+aC|d @ 1AMz pv g,
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Hence, if we choose v sufficiently small, condition (51) is satisfied for m = 2. Now
suppose that the problem for the (m—1)-th moment is well-posed, and in particular that

the inf-sup condition is verified with the test function M, ©

<T®(m—1)M‘;®(m—1)7 P®(m_1)M§)(m_1)>

1(Cp1,

fix MO = [ EM@”g 5 ] where (M2™);.

where C,,,_1 =

AT, 1PN > 0. We want to prove (51).

(m=1) _ — p®(m— 1)M®(m 1)

ot | ME D2 (69)

V®(m 1)

As before, we

(respectively (M®™)y.) means that in the

tensor of order m, M®™ = (M&™);, i, —1,2, we fix i1 = 1 (respectively i; = 2) and let

19, im vary. Using (53) and (57) we decompose
ME™ — (ML), + d @ 1d®m=D (M), Um
S (M) +d@1d® MY (M), Uk .
where now
(M), = 7+ @ 1d®0" =D (ME™),, € Bt
(M )o. = - S 1D (ME™), € By
(M3)1. =7 @ 1A% DME™),. € By
(M) = 7 © 14D AE), € B,

We choose M™ = P¥™M®™ so that:

(T ME™ ME™) = (TS ME™, PO )E™)

2
> ATy @ T (ME™) ., (PO ME™);.) .

ij=1

(70)

Let J;; = (T;; @ T™ 1 (ME™) ., (PE™ME™);.). We follow a completely similar rea-
soning as before, and we apply (69). If i = j =1,

Tin = (A@ TS D(ME™),, (P e PEm=DME™), )

>Cm 1||d®1d®(m 1)(ML)1 ||L2Ak+1®V®(m 1)

Ifi=1and j=2,

iz = (B* @ T D (ME™)a., (P © PP ME™),,)

> 1 [d @ 1d® D (M), ||L2Ak®V®(m b

Ifi=2and j=1,
To1 = <B @ TV (ME™)1., (P ® P®<’"*”M§>m)z;>

> YCp— 1||d®1d®(m 1)(MO)1 [ v m-1-

L2AF®

22



Iti=j=2,
Tog = —a <Id ® T®(m—1)(]\43@)7n)2:7 (P ® P®(m—1)M§§m)2:>

2 aCpafld® Id®(m71)(Mso)2i ||2LzAk®Vk®<m—1) +

« 2 m—l m—
= S (CRAITIE, V) lld © 1D (g ) |

2(m—1 m— IS
1 CEIPIE T o I @ T DL, s ) -

2
LQAk®Vk®(m—1) +

Hence, if we choose v sufficiently small, condition (51) is satisfied. Relation (52) follows

from the orthogonal decomposition (57) and the tensorial Poincaré inequality in Lemma

4.1. O
Another way to express the result given in Theorem 4.2 is the following

Proposition 4.2 Given T as in (17) and P as in (28), VM it holds

<T®mM§®m’P®mM§®m>(V4)®m,Vk®m = Cm HML?me/,?m :

As a simple consequence of Proposition 4.1 we have also the bound on P®™.

Remark 4.3 We underline that the operator P is not the classical one presented
in [3] to prove the well-posedness of the deterministic Hodge-Laplace problem.
Indeed it is the minimal one such that the inf-sup condition for (T®™. .) Vk®m X
Vk®m — R (for every finite m > 1) is satisfied. With the classical operator, the
inf-sup condition for m > 2 is not automatically satisfied.

5 Some three-dimensional problems important in ap-
plications

In Section 2.3.1 we have reinterpreted the deterministic Hodge-Laplace problem
in n = 3 dimensions in terms of PDEs. Here we translate in terms of partial
differential equations the stochastic Hodge-Laplace problem. In particular, we
focus on the two problems obtained for £k = 1 and k£ = 3: the stochastic mag-
netostatic/electrostatic equations and the stochastic Darcy equations, and we
explicitly write the systems solved by the mean and the two-points correlation
of the unique stochastic solution of the stochastic problem.

5.1 The stochastic magnetostatic/electrostatic equations

Take k = 1 and o = 0. Let f1 € L™ (Q; L*AY(D)), f2 € L™ (Q; L*A°(D))
be stochastic functions with, m > 1 integer, representing an uncertain current
and an uncertain charge respectively. The stochastic magnetostatic/electrostatic
problem is the stochastic counterpart of problem (35). Thanks to Theorem 3.1,
the stochastic magnetostatic/electrostatic problem admits a unique stochastic
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solution that depends continuously on the data. If m > 1, the first statistical
moment M! [ Z } =E [ Z } is well-defined, and is the unique solution of (see

Es,l

(44)): find Es = [ E.,

} € V1 such that

{ (curl Eg 1, curl v) + (VEs2,v) = (E[f1],v)

(Es1,Vq) = (E[f2),q).- V[ . ] ew, (1)

where the parenthesis in (71) mean the L2-inner product. In the case m > 2, the
second statistical moment M? z ] is well-defined, and is the unique solution

of (see (49) with m = 2): find

M e ViV — [ Hr,(curl , D) ® Hr,,(curl , D) Hrp(curl , D) ® Hf (D) ]

H} (D) ® Hr, (curl , D) H} (D)® H{ (D)
such that

((cwrl ®curl (ME?)11,curl ® curl (MP%)11) +
(curl ® V(ME?)12,curl @ Id(MP%)11) +
V® curl (M®2)2 Id &® curl (MEQQ)H) + (V &® V(M§2)22, (Mt®2)11) =
M2 (], (MF)n)

2) =
V @ Id(ME?)1,1d @ V(M?) 12) (E[fifa], (M{)12)

Id ® curl (ME?)12,V @ curl (MF?)s1) —

(
(
— (cwrl ® Id(ME?)11,curl ® V(MP?),
( =
= (
(Id @ VME?)31, V @ Id(M)21) = (E[fof1], (MF?)21)

(ME)11,V @ V(MF?)g9) = (M2 [fa] , (Mf?)32)

(72)
VMP? € Vi ® Vi, where the parenthesis in (72) have to be intended as inner
product in (L?(D))? @ (L*(D))3.

5.2 The stochastic Darcy problem

Let k=3, fo=0and f; € L™ (Q;L2A3(D)), m > 1 integer, representing an
uncertain source in porous media flow. The stochastic Darcy problem is the
stochastic counterpart of problem (38). Thanks to Theorem 3.1, the stochastic
Darcy problem admits a unique stochastic solution that depends continuously

on the data. If m > 1, the first statistical moment M! [ Z ] =K [ Y ] is

p
well-defined, and is the unique solution of (see (44)): find Fy = [ gs’l ] e Vs
5,2

)
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such that

(div Es2,v) = (E[f1],v) v
{ (Es1,div q) — a(Es2,q9) =0 v { q ] € Vs. (73)

where the parenthesis in (73) mean the L2-inner product. In the case m > 2, the
second statistical moment M? [ z ] is well-defined, and is the unique solution

of (see (49) with m = 2): find

L*(D) ® L*(D) L*(D) ® Hr,(div , D)

®2 —
Ms ceVse Vs = |: HFD(diV,D)®L2(D) HFD(div;D)(X)HFD(diV;D)

such that
((div @div (M$?)a2, (My)11) = (M2 [f1], (M¢)11)

(div @ IA(MF?)21,1d @ div (MP?)12) — a (div. @ TA(ME?)22, (M?)12) = 0
(Id ® div (M2?)12,div @ Id(M*?)21) — a (Id @ div (ME?)aa, (M{?)21) =0
(M

)11, div ® div (M®2)22) -« ((M®2)12,dlv ® Id(M®2)22)
((M®2)21,Id ® div (M?)22) + o (ME?)g2, (MF?)22) = 0

(74)
VMP? € V3 ® V3, where the parenthesis in (72) have to be intended as inner
product in L?(D) ® L*(D).

6 Finite element discretization of the moment equa-
tions

In this section we aim to derive a stable discretization for the moment equations,
i.e. the deterministic problems solved by the statistics of the unique stochastic

solution [ Z ] First we recall the main concepts concerning the finite element

differential forms and the existence of a stable finite element discretization for
the mean problem (44). Then we construct both a full and a sparse tensor
product finite element discretization for the m-th problem, with m > 2 integer,
we prove their stability and provide optimal order of convergence estimates.

6.1 Finite element differential forms

Following [3], throughout this section we assume that the domain D C R"
satisfying Assumption 2.1 is a polyhedral domain in R™ which is partitioned
into a finite set of n-simplices. These simplices are such that their union is the
closure of D and the intersection of any two of them, if non-empty, is a common
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k=0 | P ATh) Lagrangian elements of degree < r

k=1 | P AYTs) | Nédélec 1-nd kind H (curl ) elements of order r — 1
k=2 | P A%*(T;) | Nédélec 1-nd kind H(div ) elements of order r — 1
k=3 | P -A(Th) Discontinuous elements of degree < r — 1

Table 2: Proxy fields correspondences between finite element differential forms
P A¥(T;,) and the classical finite element spaces for n = 3.

sub simplex. We denote the partition with 75 and the discretization parameter
with h. To discretize the moment equations we use the finite element differential
forms

PoAR(T,) = {v e HAF(D)| v|r € PrART) VT € Th} : (75)

where the space P A*(T) and the de Rham subcomplex
0= P AT S S PrAT,) = 0

are treated in [3, 25]. Since we are particularly interested in the n = 3 case,
we resume in Table 2 the correspondences between the finite element differential
forms (75) and the classical finite element spaces of scalar and vector functions.
The spaces P,-A¥(T) are not the only choice. Indeed, in [3, 4, 25, 14] the au-
thors present other finite element differential forms to discretize the deterministic
Hodge Laplacian.

In [4] the authors propose the construction of a projector Iy j, : HA*(D) —
P~ A*(T;,) which is a cochain map, that is it commutes with the exterior deriva-
tive, and such that the following approximation property holds:

||1) — Hk,thHAk(D) < CthU||HS+1Ak(D)’ Vove Hs+1Ak(D), 0<s< r, (76)

where H*A*(D) is the space of differential k-forms with square integrable partial
derivatives of order at most s, and C' is independent of h. Moreover, IIj ; is
bounded by a constant C independent of h:

Mnvllgar < Crllvlgar ¥ o € Hp,AM(D). (77)

Since we are dealing with Dirichlet boundary conditions on I'p, we make the
following

Assumption 6.1 There exists a bounded (see (77)) cochain projector, that by
abuse of notation we denote still by Il 5,

g : Hpy A¥(D) — P AM(Ty) := Py A*(Th) 0 Hp A*(D), (78)

such that (76) is satisfied for every v € HST'AF(D) N HFDAk(D), 0<s<r.
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Assumption 6.1 is satisfied in the two and three dimensional case: see [39]. The n
dimensional case is still a topic of current research, whereas if natural boundary
conditions are imposed on 0D, the existence of such an operator is proved in [3],
and if essential boundary conditions are imposed on 9D, the existence of such
an operator is proved in [15].

6.2 Discrete mean problem

The problem solved by the mean of the unique stochastic solution of the stochas-
tic Hodge Laplacian turns out to be the deterministic Hodge Laplacian. In [3] the
authors study the finite element formulation of the deterministic Hodge Lapla-
cian with natural boundary conditions on 9D (I'p = (). In [4] all the results
obtained in [3] for I'p = () are extended to include the case of essential boundary
conditions on 0D (I'y = 0). Under Assumption 6.1, all the results in [3, 4] apply
to the general case I'p, I'y # 0.

Let (Pr_ FDAk (Tn), d) be the finite element de Rham subcomplex, h the dis-
o A (Th)

Prrp A (Th)

rI'p

cretization parameter, and Vjj = [ . The finite element for-
mulation of problem (44) is:

Mean Problem - FE Formulation

Given [ ?1 ] e LY (Q;V]), find Egp € Vi s.t.
2

Fy )
T(Esp) =E [ Py ] in Vi -

In [3] the authors show the stability of (79) by proving the inf-sup condition for
the bounded bilinear and symmetric form (7, -) restricted to the finite element
spaces. Moreover, using a quasi-optimal error estimate and the interpolation
property (76), the authors deduce the following order of convergence estimate:
+1Ak-1 k—1 )
H™ A" (D) N Hp A" (D)

(5]
(50)

where E [ Z ] and E,j are the unique solutions of problems (44) and (79)

H™AF(D) n Hy, AF(D)

Vk:ow), forE[Z]e[

respectively.

6.3 Discrete m-th moment problem: full tensor product approx-
imation

The full tensor product finite element formulation (FTP-FE) of problem (49) is:

27



m-Points Correlation Problem (FTP-FE):

Given m > 2 integer and [ ?; } e L™ (QVY), find M?,T € V,f?}:” s.t.

oz = ] e
bl 2 I

(81)

Theorem 4.1 applies to problem (81), as a consequence of a tensor product
structure (see Remark 4.2). We conclude therefore the stability of the full tensor
product finite element discretization Vk®f:".

Let M™ [ “ ] be the unique solution of problem (49) and MZ" be the
p ’

unique solution of problem (81). Exploiting the Galerkin orthogonality and
the stability of the discretization, we can obtain the following quasi-optimal
convergence estimate:

<C inf

Xm Xm
v2m M eV,

5] -

m U m
M [p]—M,?

RXm
Vk'

To study the approximation properties of the space V,f%:” we construct the

tensorial projection operator H%Z‘ as follows.

Definition 6.1 Let 11 : HFDAk(D) — PT_FDA’“(E) be a bounded cochain
projector satisfying Assumption 6.1. Given m > 2 integer, we define

PP = gy @ ... @ Iy, - (HFDAk(D)>®m = ( - Ak(n))®m. (83)

r,I'p

m times

Since Iy, is bounded in H A*-norm by Cy, H?Zn is bounded in (H AF)®™-norm
by (Cr)™ (Proposition 4.1). Moreover, since it is the tensor product of cochain
projectors, it is itself a cochain projector. We state the approximation properties
of HEZL in the following

Proposition 6.1 The projector H?ZL introduced in Definition 6.1 is such that
H’U — H??UH(HAI@)@WL S ChSHU||(H5+1Ak)®m (84)

for all v € (H*T1A*(D) N HFDAk(D))®m, 0 < s <r, where C is independent of
h.
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Proof. We already know the result for m = 1 (see (76)). Let m = 2. By triangle
inequality,
v — H%%””HA’“@H{\’C
< v —=gp @ Id vl margaar + [[Hep @ (Id = Hy ) vl maremar
< CR¥|l|gs+iargmar + Crllv —1d @ i p|| rare m ax
< CR°|vl|ge+inrguar + CORR||v|| g akgprs+1ak
< CR* (14 Co)llvll rrs+1ar@ms+1ak,

where we used (76). By induction on m, we conclude (84). 0
From the approximation properties of the projector H?zﬁ‘ (84), it follows

Theorem 6.1 (Order of convergence of the FTP-FE discretization)

= O(h"), (85)

Xm
Vk

m U m
HM [p]_MS’L

r+1Ak k
provided ﬂmtw]em @[ H1AK(D) 1 Hy A (D) D

Hr+1Ak71(D) N HFDAkfl(D)
6.4 Discrete m-th moment problem: sparse tensor product ap-
proximation

In Section 6.3 we proved the stability of the full tensor product finite element
discretization Vk®,:” = Vin ®...® Vi . The main problem of this approach is

m times

that it is strongly affected by the curse of dimensionality. Indeed, if dim(V} ;) =
Ny, the space Vf?,;” has dimension (N)™ which is impractical for m moderately
large. A reduction in the dimensionality of the problem is possible if we consider
a sparse tensor product finite element (STP-FE) approximation instead (see e.g.
[43, 41, 12, 40, 23] and the references therein).

Let 7o be a regular mesh of the physical domain D C R™, and {7;},2, be
a sequence of partitions obtained by uniform mesh refinement, that is h; =
hi—1/2, where h; is the discretization parameter of 7;. We have a sequence
{P-AR(T) }zo of finite dimensional subspaces of the space Vj, which are nested
and dense in Vj. Let us define the orthogonal complement of P, A*(7;_1) in
PrAE(T)): Skg = P AR(T)) \ Py AR(Ti-1), and set Zy; = [ sfk’il
integer m > 2, we define the sparse tensor product finite clement space of level
L >0, Vk(fg), as:

. For every

Vi = @ (Ziy © ... Ziy,,) (86)
[lI<L

where [ is a multi index in N{J* and |{] is its length [; 4. ..4{,,. At the numerical
level it may not be needed to explicitly build a basis for Zj ;. In [22] the authors
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propose to use a redundant basis for the space (86) and an algorithm to solve
the m-th moment problem in the sparse tensor product framework.

The sparse tensor product finite element (STP-FE) approximation of prob-
lem (49) is

m-Points Correlation Problem (STP-FE):

Given m > 2 integer and { " } €L™(Q; Vi), find M(m Vk(L) s.1.

Fy

Fy
(87)
Let us fix j € {1,...,m}. We observe that:
Vk(,nf) =P Zn ... 2Z,)
lI<L
L=l
= @ Zle ®...&® Zk,lj,l & @ Zk,lj & Zy, ZJ+1 . ® Zk,lm
ZZ;&]l <L lj=0
= @ <Zk,ll ®X...x Zk,lj—l ® kaL,Z#j I, ® Zk,lj+1 ®...xQ Zk:,lm)
iy L<L
:@ Zk,l1®--~®Zk,l ®Vkl®Zklj+1®-~®Zkz,lm)-
|l|=L
Hence, we obtain an equivalent representation of the space Vk(ng):
Vil =B (Zns © - ® Zrgy, @ Vg, © Zityyy @ - ® Ziy,y) = U(fi;)L’J :
ll|=L k=1,L,j
(88)

where

k L,g @ (Zk L ®...® Zk,lj,l &® P;Ak('ﬁ]) & Zk’lj+1 ®...Q Zk,lm) , (89)
I|=L

and U k(fiq L. is defined analogously. In [3], the authors prove the discrete Hodge
decomposition

Py AM(T)) = By @ By, (90)

where By, is the image of d in P A¥(7;) and ‘Btl is its orthogonal complement.
Using (90) we can carry the tensorial Hodge decomposition (57) to the discrete
level.
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Lemma 6.1 (Discrete Tensorial Hodge Decomposition) For every inte-

ger m > 2, the space U,grz)j admits the following orthogonal decomposition:

(m),L

(m) _ qa(m) ;
Uprj = Brr; ©Br L) (91)

where

%I(C?Z),j = @ (Zk,ll ®X...xQ Zk,lj,1 &® %k,lj &® ZkJ]. X...Q Zklm) (92)
lI|=L

B = P (Zk WO ® Ty, © By @ Ty, ®... @ Zk,lm> (93)
=L
(94)

Proof. Let us suppose j = 1 w.l.o.g. We need to show that the spaces %,ETL)’I and
%g'}} 1 are orthogonal. Let us take v = le\ bk, @2, ®...Q 21y, € %2"2 , and

L
=3 =L Dkpr ® Zhpy ® -+ ® Zgp,, € %1:2)1 ; then

= Z Z (bk,ll,i)k,pl)H Zk lwzk,pl Z Z (bk l17bk,p1)H6l“pL
1=2

|t|=L |p|=L lL=L |p|=L
In the second equality we used that (zx1,, 2k p,) = 0ifl;  p;. Butlo =po,..., l;m =Dm
imply l; = p;y. Since by, and by, belong to orthogonal spaces, then (v, ) = 0. By linearity,
the previous relation extents to all elements of the Spaces %,(:2)’1 and %,(CmL)lL . (]

The tensor product operators 1d®01 @ 7+ @ 1d®(™=9) and 1d%0U-Y @ 7° ®
1d®m—7) map each element of the space U, ,5 L) onto the spaces U ,g L) j and U ]gmi Lj

respectively. Indeed, let us take j =1 w.l.o.g and v = le‘ LDkl @2k ly @ . ®

m)

2kl € U,;L’l. Using (90), we split v as

1
v = Z dpi_14, ® 2kly ® ... @ 21, + Z Phyiy @ 2kly O -+ - O 2k by
[lI=L [l]=L

1 1 1 2 :
Where de_Lll E %k,ll - d%k—l,h’ kal 6 %le, m:L de_Lll ® Zk,lQ ® e ®
L
2ty € By and Yy Py, © 21, © ... @ 25y, € BT Then,

(7t @10 ) v 37 (phy, @ ® @ 240, ) € BEDY C UL

=L
[} — ¢} J—
(Tr @ 1% D) vim Y (PR @2 @ ® 2,) € B, CUMY L
=L

By linearity, the previous definitions extent to all elements of the spaces U, ,gnz)l.

Observe that the operators 1A% @ drt @ 1d®™9) and 1d®U-Y @ dr° ®
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m)

1d®m—7) map each element of the space U,STLL) ; onto the spaces U,g 1L and
U™ respectivel
k.1.; respectively.
As a consequence, the tensor product operator
Pom = (Pe1a®m V) (Jde Po1a®m2) . (1% e P)
is well defined on the sparse tensor product finite element space VIC(TZ), and it

maps Vk(jz) onto Vk(?).

In [3] the authors prove the discrete Poincaré inequality. It directly follows
the discrete tensorial Poincaré inequality.

Lemma 6.2 (Discrete Tensorial Poincaré inequality) Let T, be a regular
mesh on the physical domain D C R™. For every integer m > 2, there exists
a positive constant Cpgisc1 that depends only on Cr, defined in (77) and Cpy,
defined in (60), and is otherwise independent of h, such that:

[unll(z2ak(pyysm < Cpdise11d@...© d_®... @l uplj2pnkg gr2ar+ie. orzak

? i

(95)
Vu, € ’PAf®...® (3th) ®...® L?A¥(D), where 3y, is the kernel of d in
——

7
P;FDA’“(E) and Sth is its L*-orthogonal complement.

As simple consequence of the previous lemma and of the properties of the
operator H%Z‘, we have:

®m
Huh”(LzAk(D))@)m < CP,disc,mHd®mUhH(L2Ak+1(D))®T” Yuy, € (Sth) )

where Cp gisc.m depends only on Cp,, (defined in (61)) and Cf.
We are now ready to state the main result of this section.

Theorem 6.2 (Stability of the STP-FE discretization) For every a > 0,
problem (87) is a stable discretization for the m-th moment problem (49). In
particular, for every MUZ) € Vk,(rz), there exist a test function Mt(?) € Vk(rg) and

S
positive constants Cp, disc, C! independent of hr,, s.t.

m,disc

(Tl Ml > Cnaisel M7 [, (96)

(V,jfi”))',v,jfz) -

1My om < Croaise M llyem. (97)

To prove the stability of problem (87), we can not use a tensor product argu-
ment as we did to prove the stability of the FTP-FE discretization. We need
to explicitly prove the inf-sup condition for the tensor product operator T®™
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restricted to the STP-FE space Vk(rz). As we mentioned in section 4.4.1, the
constructive proof of the inf-sup condition for 7™ defined on Vk®m extends to
V(m)
kL
Proof. Suppose a > 0 (the case a = 0 is analogous). We prove (96) for m = 2. The
2 2
(Mﬂh] %11]
2 2 )
(MS(L))Q Ulgjl,L,l
where UIE,Q}JJ is defined by (89) with m = 2 and j = 1, and we decompose it using (91):

d@TA(M2 )1, + (M),
d@ (M ), + (ML)o, |7

general result follows by induction on m. We fix M S(ZL) = l

where

We choose Mt(QL) =P®PM iZL) By performing the same steps of the constructive proof
of the inf-sup condition (Section 4.4.1), we conclude (96). Relation (97) follows from the
orthogonal decomposition (91) and the tensorial discrete Poincaré inequality in Lemma
6.2. O
Another way to express the result given in Theorem 6.2 is the following

Proposition 6.2 Given T as in (17) and P as in (28), VMS(WE) it holds

(Temmly), Pemm ) 2 Condise

2
1M H '
!
m m L m
(Vk(,L>) 7Vk(,L B Vk®

Let M™ [ Z ] be the unique solution of problem (49) and M S(”Z) be the

unique solution of problem (87). Exploiting the Galerkin orthogonality and
the stability of the discretization, we can obtain the following quasi-optimal
convergence estimate:

<C inf

(98)

|: P :| s,L

m U m
Nl[p]_ﬂﬁﬁ

Xm
Vk

)

To study the approximation properties of the space Vk(yz we construct the

sparse tensorial projection operator H,(:z) as follows.

Definition 6.2 Let Il : HFDAk(D) — P;FDAI“(E) be a bounded cochain
projector satisfying Assumption 6.1. Given m > 2 integer, we define

H,(JZ) = Z ®Ak7lj, (99)
<L
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where Ay = p, — g p, .

H,E:? is a bounded cochain projector. To state its approximation properties, we
need the following technical lemma.

Lemma 6.3 It holds:

m—1i L+m 1 m - -
M — Vo[ = Ly(1-X)
2.2 Z<27_1> < i )2 (1—2 M) 2

[{|>L =0
(100)

for every real v > 0 and integer L > 0, with 0 < A < 1.
Proof. To prove the equality, we observe that
] _ = —i > j+m-—1 i
SERLES SID SERED Dl (RS Ead
[Z|>L J=L+1|l|=j j=L+1
It is sufficient to show that
00 m—1 m—i
K -1\ 1 L+K \ .
Z ( o )2 _Z 1 Z. 2L, (101)
j=L+1 =0
for every integer K. We prove (101) by induction on m. If m =1,

> . —v(L+1
) FEE =1 gy 22000 1
Pt 0 1—2-7 27 —1

Let us assume the result true for m — 1. Then

3 (j+K—1)2w»
m—1

j=L+1
_i JHK-1\2 -1,
- m—1 27— 1

j=L+1
St N GRS TCRTRER)

- \y=L+1

1 i+ K \ai = [ jHEK-1Y\_._.;
s (X () ()

i=L j=L+1

3 ™

1
v —1
1
v —1

e £ () ()

K L j+K —~i
_1)27_,_2( >2w

j=L+1

3 ™
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Applying recursively the previous equality we get:

oo m—1 m—
JHEE =1\ v _ 1 L+ K VL
S (TR ) =X (5 R ERE

j=L+1 i=0

Let us now show the inequality. Let 0 < A < 1.

—1 m—1 m—1i
]- L+m L ]- L+m —~L
< v
(27_1> ( ) >2 ZO X 1 ) 2

3

I\
=

i

O

Proposition 6.3 The projector ngi) introduced in Definition 6.2 is such that

v — 1T, LUH(HAk om < Ch ”U||(H5+1Ak)®ma (102)
0< A<, forallv e (Hlf';lAk(D))‘@m, 0 <s <r, where C = C(m,\,s) is
independent of hy,.

Proof. Following [12], we proceed in three steps. We start considering the approxi-
mation properties of Ay ;. Using (76) we have:

fausorasen
(HAR)@m

= HH’“JLL ® 1d®m=1), _ Myp_, ® 1d®m—1),,

(HAk)@'m

< Hv — Iy 1, ® Iq®m—1 H + Hv — Iy p, ®Id®(m_1)vH

(HAk)®™ (H AR)®m
<Chj ||’UHHSJrlAk®(HAk)®(m*1) + Chj_y ||U||Hs+1Ak®(HAk)®<m—1>
S Chi_y ol gesiak g aryoom-1)
for every 0 < s < 7.
Now, we consider the tensor product ®;»”:1Akylj. By recursion,

H®;’n:1Ak,lij(HAk)®m < Ch’f—l ||U||(HS+1A’V‘)®T" )
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where hil =hj _y...h; ;. Finally, using (100):

_H(m) H
Hv L g an

)®7n
= Z ®;.”:1Akyljv
[1|>L (HAF)®m
= Z H®;'n:1AkvljUH(HAk)®m < Z Chffl HU||(Hs+1Ak)®m
[1>L |L|>L
= C||UH(H5+1A’C)®"1 ho™ Z 2~ = CHUH(HsﬂAk)@m hg™27" Z 2l

[Z|>L lI|>L

1—2-5A

2°h5 \" o Lsa-a
:C||UH(H3+1A19)®WL (1_29\) 9~ Ls(1=1)

1 m
S C ||1)H(H5+1Ak)®m h‘amQSmQ*Ls(lf)\) (>

for every 0 < s <. O
It follows

Theorem 6.3 (Order of convergence of the STP-FE discretization)

= oY), (103)

®Xm
Vk

m U (m)
M - M
H [ p ] st

r+1Ak k
0 < A< 1, provided that [ z ] cLm <Q; [ H" A (D) ﬂHFDA (D) })

Hr—l—lAk—l(D) N HFDAk—l(D)

The previous theorem states that the STP - FE approximation has almost the
same rate of convergence as the FTP - FE. On the other hand, the great advan-
tage of the sparse approximation with respect to the full one is represented by
a drastic reduction of the dimensionality of the sparse finite element space.

7 Conclusions

The present work addresses the mixed formulation of the Hodge Laplacian de-
fined on a n-dimensional domain D C R™, (n > 1), with stochastic forcing
terms. The well-posedness of this problem is equivalent to the inf-sup condition
of a suitable bounded bilinear and symmetric form (7", -) coming from the weak
formulation of the mixed Hodge Laplacian.

We have studied the moment equations, i.e. the deterministic equations
solved by the statistical moments of the unique stochastic solution. In par-
ticular, if T is the (deterministic) operator that defines the starting problem,
we show that the m-th moment equation involves the tensor product operator
T .= T ®---®T. The main achievement of the paper has been to charac-

————

m times
terize an operator P and its tensorial version P®™ that allows us to construct
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suitable test functions to prove the inf-sup condition for the tensor problem
(T®™. .} both at the continuous level and at the discrete level with full or sparse
FE discretizations. By this tool we have been able to show that known stable
FE approximations for the deterministic problem are also stable and optimally
convergent for the tensorial problem both in the full and sparse versions.
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In Section 6.4 of the report “Moment equations for the mixed formulation
of the Hodge Laplacian with stochastic data” we constructed the sparse tensor
product space Vk(jz) to discretize the tensor product space Vk®m. The proof of
the stability of the sparse discretization (Theorem 6.2) is based on the discrete
tensorial Hodge decomposition stated in Lemma 6.1. Since, in general, the
operators 7+ and 7° do not map each element of the discrete one-dimensional
space P.-AF(T;) onto a discrete k-form, the result in Lemma 6.1 is not true. As
a consequence, also the proof of Theorem 6.2 is wrong.

Here we propose the correct proof of the stability of the sparse discretization
(Theorem 6.2, now Theorem E.1), which requires Lemma E.1. On the other
hand, the final estimates on the order of convergence still hold (Proposition 6.3
and Theorem 6.3). However, for completeness, we restate also these results (now
Proposition E.1 and Theorem E.2) in a slightly improved version.

E.1 Discrete m-th moment problem: sparse tensor product ap-
proximation

We briefly recall the construction of the sparse tensor product space VISTZ) of
level L > 0 with m > 2 integer (see Section 6.4, formula (86)):

Vk(,nLl) = @ (Zk,ll ®R...Q0 Zk,lm) , (E.1)
ll|<L

where Zy; = [ ka’iz ] St = Py AF(T) \ Py AM(Tizy) and {Pr AR}, is

a sequence of nested and dense finite dimensional subspaces of the space Vj
(h; = hy—1/2). We also recall the sparse tensor product finite element (STP-FE)
approximation of problem (49):



m-Points Correlation Problem (STP-FE):

Given m > 2 integer and [ ?1 ] e L™(Q; Vi), find Myz) € Vk(rz) s.t.
2 b I

(E.2)

From now on we make the following regularity assumption on the domain D,
which will be needed to prove the stability of the numerical schemes we propose
in this paper.

Assumption E.1 For every 0 < k < n, there exists 0 < s < 1 such that
Hp A*(D)n Hf A¥(D) C HA®(D). (E.3)

Inclusion (E.3) is verified for an s-regular domain s.t. I'p = 9D and 'y = ). In
particular, if 9D is smooth, then D is 1-regular, and if D is Lipschitz, then D is
1/2-regular. See [3] and the references therein. We assume the second inclusion
to be verified in our more general setting where I'y # () and I'p C 9D.

To prove the stability of (E.2) we can not use a tensor product argument as
we did to prove the stability of the FTP-FE discretization. We need to explicitly
prove the inf-sup condition for the tensor product operator T®™ restricted to the
STP-FE space Vk(fz). The proof of this sparse inf-sup condition rests on two key
ingredients. On one hand, we make use of the continuous inf-sup operator P®™
introduced in the proof of Theorem 4.2. On the other hand, we use a reasoning
similar to the one proposed in [12] which defines and uses the so-called GAP
property (see [12] and the references therein): we seek for its analogue in the
case of STP-FE space, which will be called in what follows STP-GAP property.
The main ingredient of the STP-GAP property is the sparse tensorial projection
operator H,(CmL) (see Definition 6.2). It is defined starting from the projector Il p,
for which we recall a result sharper than (76):

v =T pol| 2 pre < CRE |0l gpspr, Vv € HSA*, 0<s<r. (E.4)

It is easy to verify that H,(:z) is a bounded cochain projector. Moreover,

m @m
" (HFDAk(D)) =B (S, @ ... © Sk,)-
i<z

We state the STP-GAP property for m = 2, but its generalization to m > 2
is straightforward.



Lemma E.1 (STP-GAP property) For every
op € 11} (HFDAk(D) ® HFDAk(D)>

there exist 0 < s < 1 and positive constants CH), €2, CB) CW independent
of ho such that

o o ( ) 1
’ dr® @ drvy, — 177 (d7® @ dm®vp) — <cWps vall g arerar> (E.5)
‘d7r° ® 7oy — % <d7r ®m vh) < COng ol ar x, (E.6)
k,L HAFSH A 0 HAFQHAF »
]7% ® dr°vp — 112 (w ® dr° vh> < CORS Nonll gy arapar s (E7)
k,L HARSHAR = 0 HAFQHAF 5
1 1 2 1 1 4
HF B n = HB: (W o vh) HARQH AP < CUBG lonll g argrrar s (E-8)
where 7t 7 are defined in (12) and (13), respectively. Note that vy, is uniquely

expressed as vy, = dr° ® dnvy, + dn° @ mhvy, + 7t ® dnv, + 7+ @ Tl thanks
to the continuous Hodge decomposition (57).

Proof. Let v, € H,(CQ)L (Hp, A®(D) ® Hy. A*(D)), so that H,S)Lvh = vp,. Since HI(CQ)L is
a cochain map, it holds:

d@du, =dedly) v, =11, d®d v, (E.9)
d@ld v, =d@ Iy, v, =107, d @ 1d vy, (E.10)
d®d v, =1dedly) v, =1 1dod . (E.11)

By definition of B3 and Assumption 2.1, %i‘ C HFDAk N HI’iNAk, so that, thanks to
Assumption E.1,

||Ak,lw||L2Ak <Chj, ||w||HsAk < C hi_y ”wHHAk Vw € %? (E.12)

e Let us start proving inequality (E.8). To this end, we need to bound four quan-

tities:
b @ rto, — ) (7t © vah)‘ erropeat (E.13)
drt @ wto, — 1) (drt @ 7hop) parerigrans (E.14)
@ drto, - 13, (t @ dﬁLvh)‘ I (E.15)
drt @ drtoy, — P} (drt @ drtop) Lonrsapani (E.16)

Using that v, = ZJLFE% Z|l|:L Ak, ® Agi,vn, the triangular inequality and



(E.12),

(E13) < Y [[(Akty ® Agyy) (7- @ 75) Wbl 2 rg 2
2[>L

= Z H (Akvll7rl ® Id) (Id ® Ak,lzﬂl) U’IHLZ/\’@L?A’C
[II>L

< Z Chi_y||(Id® Aji,m) Uh”HA’“@LZAk
2> L

< Z Chj_1 hi,—4 ||Uh||HAk®HAk (E.17)
[]>L

where C' > 0 is independent on h; VI. Observing that
(d®Id) (7t @ 7tv,) =d®@ 7t € O (Hp AF(D)) @ B3¢

so that (Agt1,, ®Id) (d ® 7TJ‘U},,) =0ifl; > L, we can bound (E.14):

(E.14) = Hd ® Ty — Hl(f)L (d® WLvh)‘

L2AFQL2Ak

L
< Z H(AkJrl,ll ®Ak,lz) (d®7TJ_) vhHL2Ak+1®L2Ak
L
< Z Z [FAVESHA ||L(L2Ak+1,L2Ak+1) H(Id ® Agt,) (d ® 7rl) vhHL’A‘AHl@L?Ak

<CY Dl [A@Td vnll o prr g an
11=01ls=L—-1;+1

“+oo
<C(L+1) Z A, 1 llonll g arg rran
lo=1

< O |onll g ar g ar (E.18)

where we have used that HA;HUIHL(LQM+1 r2ar+1) 18 bounded by a constant
independent of h;,. By symmetry, we can obtain that

(E.15) < Chg [lonll g ax g ae - (E.19)
Finally, using (E.9), we have
@ed (rtert) u=dedy =dedIly), v, =10, [dod) (o) w,

so that the quantity in (E.16) vanishes. Thus, putting together (E.17), (E.18),
(E.19), we conclude (E.8).

e Let us prove inequality (E.7). We need to bound two quantities:

1 ° (2) 1 o
Hn ®dr® v, — I (v ®@dr vh)‘ enraroak] (E.20)
1 o 2 1 o
Hdﬂ ®dr® v, — I (drt ® drvy) LAk mrank (E.21)




Since 7+ @ dn® v, = 7t ®Id v, — 7t @ 7t v, and 7t @ Id vy, € %é‘@
I, (Hp A*(D)), and using (E.8),

(B:20) < |7+ @ 1d v, — Y, 7+ @ 1d v

L2AFQL2A*

+ Hﬂl Qmt v — H;CQ)L teont vh‘

L2AFQL2Ak

L —+o00
< Z Z H(Ak;ll ® AkylZ) (7"-L ®Id) vhHL’é’A’“@LzAk +C hs ”Uh”HA’V'(X)HA’C
lo=01l1=L+1—15

L “+o00
< Z Z 1Akl g p2nr p2ary BL—1 0nllgakguar +C ho lvnllgargmar
lo=0101=L+1—15
<Ch ||UhHHAk®HAk : (E.22)

Moreover, using (E.8)

(E.21) < Hdﬁl‘ ®Id vy, — H;f% drt ®1d vh’

L2AR+1QL2AF

+ Hdﬂ'L QT v — H,(E)L drt @ mt vh‘

L2Ak+1®L2Ak
<C h HUhHHAk@HAk : (E.23)

In the last inequality we exploited (E.10), which implies that d7t ® Id v, =
d@ld v, =d®Id I v, = 0} dr' ©1d vy, so that

1 _ 1@ 1
|ar* @ 1d o~ TIE) dr* @ 1 ”"‘szl@mm

Using (E.22) and (E.23) we conclude (E.7).

e To show (E.G), we write v, as v, = Id®@dn® v, + Id ® 7+ vy, and proceed as in
the proof of (E.T7).

e To show (E.5) we observe that
o o 2 o o
Hdw ® drvp, — ;77 (dr° @ dm vh)HHM@HAk

- |(Mew-nZ) @eu-ar et —rt o —xt o)l
’ ®

< H’Uh — H/(<:2,)L Vp, + Hdﬂ'o @t Vp — H,(j}/dﬂ'o @t UhH

HHA'C@HM HA*®HA*

1 o 2) 1 o
d 1 d H
* H7r ®dr vn kLT O AT U HAFQHAF

L Lo @ L 1
+H7T @ o~ Iepm@m vhHHA’“@HAk

and we conclude (E.5) using that vy, = H;f)L v, and (E.6), (E.7), (E.8).

We are now ready to prove the main result of this section



Theorem E.1 (Stability of the STP-FE discretization) For every a > 0
there exists hg > 0 such that for all hy < hg problem (E.2) is a stable discretiza-

tion for the m-th moment problem (49). In particular, for every Minz) € Vk(ll),

there exists a test function Mt(?) € Vk(rg) and positive constants Cp, gise =

Cr.disc (Cm) (Cm s introduced in (51)), C’;mdisc = C;mdisc (a,HPH, HE?LH)
s.t.
(m) p(m) (m))2
<T®mMsf’g M > (Yt > Condise M0 |2 o (E.24)
1M Iy em < Crogisc M lyem.  (E.25)

Proof. Suppose a > 0 (the case a = 0 is analogous). We fix Myz) € Vk(qu) and
look for a sparse test function Mt(,?) € Vk(fz) such that (E.24) and (E.25) are satisfied.
We choose Mt(an) = H,(cmL) pam MS("E) Thanks to Proposition 4.1 and the boundness of
the operators P and H,(:ZL), we immediately conclude (E.25). In the proof of (E.24), we
use brackets (-, ) without specifying the spaces taken into account, when no ambiguity
arises.
<T®mM§?Z)7 Mt(,T)> — <T®mM£jz)’Hl(chll? P®m Mé(jz)>
_ <T®mM(”£) P®mM(7z)>
_ <T®m]\4§’72)7 (Id®m . H;:z)) pem M§2)> )

We observe that, thanks to the continuous inf-sup condition (51),

2

(Tomml), o) > O ||MP)) (E.26)
k
and, from Lemma E.1,
<T®mM£jz)’ (Id®m _ HX"Z)) P®m Mé(?z)>
I [0 | (05 ~1) o ]
k k
<cny Tl M|’
< 0 LV || || om -
k
Therefore, for hg sufficiently small, (E.24) follows. O

Another way to express the result given in Theorem E.1 is the following:
v M it holds

<T®m]ws(7z)7 P®mM§?)> 2

> Cm,disc Ms(j]rj)H

(v vy = yem

Let M™ [ Y ] be the unique solution of problem (49) and M S(TZ) be the
p kl

unique solution of problem (E.2). Exploiting the Galerkin orthogonality and



the stability of the discretization, we can obtain the following quasi-optimal
convergence estimate:

<C inf

vEm M eviy

HM’” [ Z ] - My (E.27)

m U m
M [p}_Mt(’L)

XKm
Vk

(m)

To state the approximation properties of the sparse projector II; ; and, as

)

a consequence, of the sparse space Vk(”g , we use Lemma 6.3 and the following

Proposition E.1 The projector H,(cnz) introduced in Definition 6.2 is such that

m s(1—X
lo =TI 0ll p2amyem < CHE 0]l o abyom, (E.28)

0< A<, forallv e (HﬁDAk(D))®m, 0 < s <r, where C = C(m,\,s) is
independent of hr,.

Proof. Following [13], we proceed in three steps. We start considering the approxi-
mation properties of Ay ;. Using the triangular inequality and (E.4) we have:

HAk | © [d®m—1) H < Chi_y [[vll gearg(rzamyeon—1

( 2Ak Xm
for every 0 < s < r. Now, we consider the tensor product ®§”:1Ak7lj. By recursion,
m
||®j=1Ak,ljUH (L2AR)®m = Chl 1 HU” HsAR)®m 5

where hf_l = hfl_l ... hfm_l. Finally, using Lemma 6.3:

HU—H H L2Ak Z ®J lAkl v S Z H®;'n:1Ak:,ljUH(L2Ak)®m
|2[>L (L2AR)®m [1]>L
< Z Chi_, ||U||(H5Ak)®m = C””H(Hsz\k)@m hg™ Z 2~
lI|>L |Z[>L
=C ||U|| HsAR)®m hg™ 2™ Z 2l
|L>L
1 m
< C ||U|| Hs Ak ®m hS?’)’LQGmQ—LS(l )\) (1 — 25)\)

2°h§ \"™ . _Ls(1-n)
= Clolrpon (255 2

for every 0 < s <. O
It follows

Theorem E.2 (Order of convergence of the STP-FE discretization)

= o(n*Y), (E.29)

Xm
Vk

m U m
HM [ p ] M




0 < A <1, provided that

H"A*1(D

(
(
e (o[ s

[u } cpm (Q; { H"A¥(D)n Hy A*(D) D
p

N Hp, A*1(D)

N Hp A*H(D)
N Hp A*(D) D

~— — — —
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