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Abstract

In the present work a general theoretical framework for coupled dimen-
sionally-heterogeneous partial differential equations is developed. This is
done by recasting the variational formulation in terms of coupling interface
variables. In such a general setting we analyze existence and uniqueness
of solutions for both the continuous problem and its finite dimensional
approximation. This approach also allows the development of different
iterative substructuring solution methodologies involving dimensionally-
homogeneous subproblems. Numerical experiments are carried out to test
our theoretical results.

Keywords: Multiphysics, Heterogeneous PDE models, Augmented formula-
tion, Domain decomposition, Finite elements.

1 Introduction

The geometrical multiscale modeling, that is the use of dimensionally-heteroge-
neous representations of different physical systems, has been successfully applied
in the past few years in different fields [4, 5, 6, 7, 12, 14, 16, 19, 24]. The ap-
pealing aspect of such an approach is that it allows for the interaction between
different geometrical scales in a given system. For instance, in the context of
the cardiovascular system this allows for the integrated modeling of the hemody-
namics, taking into account the interplay between the global systemic dynamics
and the complex local blood flow behavior [4, 6, 7, 12, 14, 24].

Although domain decomposition methods are commonplace in practice when
coupling dimensionally homogeneous models, dimensionally heterogeneous mod-
els have made the object of a rigorous analysis only sporadically (see for example
the recent publication [15]).



Motivated by the relevance of such models in several applications, and be-
cause of the lack of a general analysis, in the present we aim at: (i) providing
a general framework for such kind of problems as well as to carry out an ab-
stract analysis including a study of existence and uniqueness of solutions in the
continuous and in the discrete cases, and (ii) carrying out a systematic con-
struction of partitioning methodologies in the context of domain decomposition
methods. As a matter of fact, some alternative possibilities to those encoun-
tered in the classical domain decomposition literature, specifically devised for
the dimensionally-heterogeneous case, are presented and discussed. Regarding
this last point we will set the baseline on top of which the partitioning method-
ologies which are proposed in [15] are built.

In order to see where we stand for with the analysis and examples pre-
sented in this work, in Figure 1 we summarize the different contexts in which
domain decomposition strategies can be employed. Particularly, we point out
that the construction of a model comprises the definition of two basic elements
which determine its nature: (i) the differential operator which represents the
main physical phenomenon, and (ii) the dimension of the Euclidean space in
which such operator is going to be considered. Classical domain decomposition
methods were born in the setting of models sharing the same operator in the
same Euclidean space (see [18, 22, 23| and references therein). Heterogeneous
domain decomposition methods (see [18, Chapter 8| for some examples) are re-
ferred to those cases in which the differential operators are not the same in
different regions of the computational domain. In this category we can include
also the fluid-structure interaction coupling, Stokes-Darcy coupling, pure advec-
tion and advection-diffusion coupling, among others (see, e.g., [2, 8, 9, 13, 20]).
On the other hand, when models with different geometrical dimensions are em-
ployed, this is referred to as a dimensionally-heterogeneous domain decomposition
method.
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Figure 1: Application of domain decomposition concepts to different modeling
problems.

In this paper, we will show the way the coupling of elliptic dimensionally-
heterogeneous operators fits within such an abstract setting. Concerning the
applications we present numerical examples of a 2D-1D coupled problem involv-
ing also the Laplace operators and a 3D-1D coupled problem in the field of linear



elasticity. These examples are employed to test the validity of our theoretical
results.

The present work is organized as follows. In Section 2 we formulate the gen-
eral problem. Section 3 presents, for the simplest configuration of two coupled
heterogeneous models, some theoretical results about existence and uniqueness
and also provides the guidelines for setting up partitioning methods for the segre-
gated solution of these problems. In Section 4 we extend the framework and the
corresponding results for some cases involving multi-component systems, while
in Section 5 the discrete problem is addressed and some results are developed.
Numerical experiments rendering some applications and testing the theoretical
results are elaborated in Section 6. Finally, the main conclusions of the work
are drawn in Section 7.

2 Abstract setting for heterogeneous coupling

2.1 Preliminaries

Let us assume that a physical system is split into two parts and that, based on
the characteristics of the system itself, one of the two parts can be described via
a dimensionally reduced model. A three-dimensional hydraulic network is a clear
example where some of the pipes can be described by simplified 0D algebraic
relations between flow and pressure drop, or by any other simple representation
instead of considering, e.g., the full Navier-Stokes equations in 3D. In abstract
terms we deal with two kinds of models that will be referred to as complex
dimensional and simple dimensional models, or in compact form, CD-model and
SD-model. Generally speaking we can consider a wide range of combinations of
the form CD-SD with C =1,2,3 and S = 0, 1, 2. In this context we will speak of
admissible combination when C > S. Therefore, we can have situations like the
coupling of 3D-2D models, where in this case the 2D acts as the simple model,
or 1D-0D models where the 1D is the complex representation.

From now on we will stick to the following assumptions for the sake of bound-
edness in the work.

Assumption 1 We consider the cases C = 1,2,3 and S = 0,1, 2 satisfying
C > S (admissible combinations).

Assumption 2 We consider only two models at the same time in a given
system, that is one CD-model and one SD-model. More general situations could
involve, for instance 3D-1D-0D representations for different parts of the system.
There is no loss of generality due to this last assumption.

In the first part of this work we develop all the theoretical results for a rep-
resentation involving two dimensionally-heterogeneous models, that is a system
with one single coupling interface. The extension to multi-component systems
is carried out at a later stage.



2.2 Extended variational formulation for heterogeneous coupling

Let us consider the following dimensionally-homogeneous variational problem
corresponding to the CD-model defined in a domain Q¢ of the Euclidean space
RY (d = 1,2,3): find uc € Uc such that

ac(uc,ic) = felac) — Vic € U,

where Ug is the affine manifold associated to a Hilbert space UC, ac : U(c x Uc —
R is a bilinear continuous and coercive form, and f¢ : U(c — R is a linear
continuous functional.

Assume now that one part of the domain Q¢ is replaced by a S-dimensional
domain (g where, instead of uc, we have the unknown ug € Us. The CD and
the SD models are suitably coupled through the coupling interfaces, I'c and I's,
as made clear later.

A schematic figure of the modeling problem we are addressing here is shown
in Figure 2.

Q(C QS
Ts

us

uc

Figure 2: Scheme of the geometrical and mathematical setting.

We need to identify the trace spaces over such interfaces denoted by Ac and
Ag and the corresponding dual spaces A and Ag.
Moreover, we consider the following restriction operator

Rs : A(c — Ag, Uc|re RSU(CH‘C-

This operator must be surjective, but not necessarily injective, so in general
it islnot invertinle. Indeed, we may have u(lc,u% € Ug, u%: #* u%, such that
RSU(C\FC = RSUCW«;' ' ‘ '

Furthermore, we introduce the following extension operator

Ec: As = Ag, ug|rg = g(C’LLS‘FS.

In turn, this operator must be injective, but in general not necessarily surjective,
therefore, it is not invertible. Both the restriction and extension operators are
linear and continuous.

From now on we will omit the notations r. and |r; since it will always be
clear from the context on which interface we are working.

The variational problem for the coupled dimensionally-heterogeneous model
reads: for a given a € {0,1} a priori defined, find (uc,us) € Ucs such that

ac(uc,ac) + as(us, iis) = feoic) + fs(as)  V(ic, is) € Ucs (1)



where the linear space [A]Qg is defined by
Ucs = {(ic, tig) € UcxUs : a(ig—Rsic) = 0 on T's; (1—a)(ic—Ecis) = 0 on I'c}.

In (1) we have that ag : ﬁg X US — R is a bilinear, continuous and coercive
form, and fs : US — R is a linear and continuous functional. Note that there are
two constraints in the linear space U@yg which account for the continuity of the
traces in two different senses given by the trace spaces A¢ and As. Nevertheless,
it is actually just one constraint at once that is active since « is either 0 or 1.

Let us reformulate problem (1) by relaxing both restrictions ug = Rstc on
I's and u¢c = Ecus on I'c through dual variables that act as Lagrange multipliers.
More precisely, we formulate the augmented variational formulation as follows:
for a given a € {0, 1} a priori defined, find (uc, us, Ac, As) € Uc x Us x A x Ag
such that

ac(uc, ic) + as(us, tg)
+ (1 — )¢, ac — Eciig)e + (1 — a)(Ac, uc — Ecus)c
+ al)s, g — Reic)s + alds, ug — Rsuc)s
= felic) + fs(as)  V(ic, s, Ac, As) € Ue x Us x Ap x AS,

where the symbols (-, )¢ and (-, -)s denote the duality pairings:
<'7'>(C3A€C XA(C_>]R and <-,->S:AIS><AS%R. (3)

Remark 2.1 An alternative approach would be to work in the spaces A¢c and
As for both unknowns and test functions and to replace dualities (-,-)s and (-, )¢
by scalar products (-,-)c and (-,-)s. This would be interesting at the numerical
level, where working in subspaces of dual spaces A’S,h, A(/C,h would require suitable
finite element basis and it would yield compatibility (LBB) conditions different
than those for Asp, Acp.

Finally, we introduce the adjoint operators Rg and £ of Rs and &¢, respec-
tively, such that there hold

<)\C75(CUS>(C = <gE)\((j,uS>g V(US, )\(c) S AS X A/ R
(As; Rsuc)s = (RgAs, uc)c Y(uc, ds) € Ac X Ag.

The characterization of these operators together with that of Rs and &g,
in each specific problem, is fundamental to set up the domain decomposition
framework and, in particular, to define the extension operators of Sections 3.2
and 3.3.

At this point we can establish an analogy with similar concepts from solid
mechanics, where the dimensional reduction of the model has a direct connection
to constraints introduced in the definition of the kinematics of the structure. In
this sense, the dimensional heterogeneity of the structure can be understood as
the result of the coexistence of different kinematics assumptions which must be
matched at the coupling interfaces through suitable coupling conditions (see [5]
for a perspective in the field of solid mechanics). For instance, if we couple a



3D solid model and a shell model under some hypotheses, say Kirchhoff-Love
hypotheses, we are trying to match a fully 3D kinematics and a constrained
kinematics consisting of tangent and normal displacements and tangent rotations
(tangent and normal refer to the mid surface of the shell), which leads to a 2D
theory of solid mechanics. Thus, in such case we have a heterogeneous model
embodying two different kinematics.

2.3 Example of application 1: Coupling 3D-1D

Let us consider a 1D Laplace problem set up in a 1D domain = (corresponding to
Q)s) coupled with a 3D Laplace problem set up in a 3D domain 2 (corresponding
to Q¢) (like, e.g., in Figure 2, right). This can be a simple paradigm to describe
a steady diffusion process in a structure represented by heterogeneous 3D and
1D models. The coupling interface is characterized by two elements. From the
3D domains the interface I'c is a surface here denoted by I', while from the 1D
counterpart I's is a point denoted by 7. Moreover, we have Uc = {v € H'(Q) :
v=00n0Q\T}, Ac = HY2(T'), Ap = H"Y/2(T'), Us = HY(Z) + b.c., As = R,
and A’S = R. The fields are denoted by uc = ug and ug = u; referring to the 3D
and 1D solutions respectively. The bilinear and linear forms are then defined as:

acluc,ic) = [ K¥us- Vi fetic) = [ fisas,
Q Q
ag(uS,ﬂg):/EAk(Z?CZ? dz, folis) = [ Afindz,

where A is a scaling factor in the SD-model corresponding to the cross-sectional
area of the CD-model through which the reduction has been performed. Here
we considered the material property k and the source term f constants in both
the 3D and the 1D regions. In addition, the operator Rg may be defined in the
following manner

1
Rs: HYAT) - R, ugpr+ uzyp, = ] / ug dT, (4)
r
which is clearly a surjective operator, whereas the operator £¢ may be given by

Ec:R:— HI/Q(F), Upjy > Up 3 = Uiy,

being this an injective operator. Note that u; 3 is a constant function defined in
all T'. Finally, the duality pairings in this case are

(Ac,uc — Ects)c = / A3tz — 0y,3)dT,
r

(As, s — Rstc)s = [T 1 (u1 — us1)

()

Iy

where the factor |I'| is included so that both Lagrange multipliers have the same
physical dimension. In this case A3 € H~Y/2(T") and \; € R.



For this problem, the differential equations are the following;:

—div(kVug) = f in Q,
D ar Y Zap s
dg ) B

3D boundary conditions in 9Q\ T,
1D boundary conditions in 0=\ 7,

whereas the coupling conditions are

1 / .
u; = — [ uzgdl’ in 7,
T Jr

ifa=1 U
kd—g:kVug-n on I,
up = usg on T,
if =0
na Akdulz/kVu;),-ndI‘ in 7.
d§ r

In the 3D-1D example just presented, the interface variables of the SD-model
belong to the finite-dimensional space R. This will lead to some special behavior
in the discrete case as we will see in forthcoming sections. Unlike this, we
are going to present a 3D-2D example in the next section where the interface
variables remain in an infinite-dimensional space.

2.4 Example of application 2: Coupling 3D-2D

Let us formulate now the coupling between a 2D axisymmetric Laplace problem
set up in a 2D domain, for which Qg is a 2D domain denoted by 3 ((r, z) are the
radial and axial coordinates respectively), with a 3D Laplace problem, for which
Qc is a 3D domain denoted by ). Here the coupling interface I'¢ is a surface
denoted by I' while I's is a straight line denoted by o (see Figure 3).

uc

Figure 3: Setting of the 3D-2D coupled problem.

In this case we have Uc = {v € HY(Q) : v = 0 on 02\ T}, Ac = HY/2(I),
A= H Y2(T),Us = {ve HY(X) : v=0on 98\ o}, where the weighted space
H!(Y) (see [3]) is the set of measurable functions v with the norm

1

¢
W) = DD 1050 0)3as) and  |oll7zy) = /202(7‘, z)rdrdz.
=0 k=0



The associated trace space is Ag = H, / 2(U) and its dual space is Ag = Hl_/i/ 2(0).
The unknown fields are now denoted by uc = us and ug = ug referring to the 3D

and 2D solutions respectively. Therefore, the bilinear and linear forms become:

ac(uc,uc) = / kVus - Vi dS2,

Q
aUQ 8&2 aUQ 8’&2

as(us, Uis) = /227'('7‘k [(‘?7‘87’+ o ae drdz,

fetic) = [ fisdo,
fs(ts) :/27Trfﬂ2 drdz,
b

where the scaling factor 27 accounts for the reduced representation with respect
to the circumferential coordinate that is taken into account in the 2D-model. The
material property k and the source term f are both constant in the 3D and 2D
regions. In the present situation, the operator Rs may simply be the average
operator defined as follows

1 2m
Ro: HYAD) = HY2(0), e e = 5 [ wdor (6)

while the extension operator £c may be given by
&c e H3/2(U) - HI/Z(F)a Ug|g F> U 3T = U2|o-

Notice that in this case us 3 is a function defined in all I" which varies with the ra-
dial coordinate but it is constant with respect to the circumferential coordinate.
Finally, in this case the duality pairings read

(e, fic — Eciis)c = / Na(its — dig.3) dT,
T

(Xs, s — Rslic)s = / 271 Ao (ug — us3 2) do.

g
Observe that in this case A3 € H-Y/2(I') and Xy € Hl_/im(a), while the inte-
gration over o implies the integration in the radial coordinate ranging in [0, R],
being R the radius of the coupling interface I'.

2.5 On the role and choice of the parameter « in (2)

Variational principle (2) delivers two different solutions for the two different
values of a, namely 0 and 1. So « plays a role in defining the way in which
the model represents the physical phenomenon we want to address. Generally
speaking, when a = 1 the model ensures the continuity of the value of the field
u via the pairing (-, -)s (formally speaking we get us = Rsuc on I's), whereas
it can be shown (see [4]) that the dual variable is continuous in Af (formally
speaking, Ac = RéAs on I'c). The reciprocal situation occurs when a = 0, for



which the field u is continuous in the sense of the pairing (-, )¢, while the flux
is continuous in Ag.

The choice of o should be made a priori depending upon the problem that is
being addressed. Nevertheless, these two solutions should be close in the sense
that both coupled models are addressing the same phenomena. In other words,
the quantities of interest retrieved from the computed solutions should not be
greatly affected by the choice of the parameter a.

At this point, we can distinguish two different kind of situations: either the
CD and the SD components correspond to real geometrical heterogeneous mod-
els or the original problem is geometrically homogeneous and the SD model is a
mathematical idealization of the CD one. In the latter case, if the solutions com-
puted for different values of « are close, then the heterogeneous representation
is a good approximation of the originally homogeneous problem.

The choice « € (0,1) deserves a comment. As noticed above, « provides the
way in which the continuity equation is taken into account. Choosing a value
of a € (0,1) would imply that both pairings, and therefore both ways, would
be present in the formulation. Notice that in such a case the definition of ﬁc’g
is actually independent of a. Due to the inclusion Ag C Ac, we have that the
continuity sense in the former is implied by the latter. Therefore, any arbitrary
value of a € (0,1) yields a completely equivalent formulation to that one with
a = 0. For this reason, the cases a ¢ {0, 1} are not meaningful. We can conclude
by saying that « plays a physical role more than a mathematical one.

In view of the applications we have in mind it is a better practice to choose
the imposition of a weak coupling between the primal variables in the problem,
yielding the strong continuity of the dual ones. That is, we want to consider just
the pairing (-, -)s, which yields the continuity in the space As.

It must be highlighted that all the framework that will be presented in what
follows can be extended so as to embrace the case @ = 0. This is omitted here for
the sake of brevity. Hence, from now on we introduce the following additional
assumption.

Assumption 3 We restrict our analysis to the case o =1 in (2).

3 Interface variational formulations

In this section we rewrite the augmented variational problem (2) in terms of
the sole interface variables. Several alternatives will be considered, aimed at the
development of iterative strategies yielding, at every step, the segregated (i.e.,
independent) solution of both the complez and simple sub-models.

3.1 Notational issues and preliminary comments

Different systems of interface equations can be written according to the way the
sub-models incorporate the boundary information associated to the interfaces
I'c and I's. Instances are given by the so-called Neumann-and-Neumann formu-
lation, in which both sub-problems are written in terms of Neumann boundary



conditions on the interfaces, or by the Dirichlet-and-Dirichlet system of interface
equations in which both sub-problems are formulated using Dirichlet boundary
conditions. Several other methods can be derived by suitably combining Dirich-
let, Neumann or Robin boundary conditions.

More precisely, when we refer to Neumann, Dirichlet or Robin boundary con-
ditions we are referring always to quantities defined by the SD-model (quantities
with index S), which are those chosen to formulate the continuity conditions in
the problem. For example, imposing a Dirichlet boundary condition to the CD
models of Sections 2.3 and 2.4 corresponds to imposing Rguc that is, according
to (4) or (6), prescribe that the mean value of uc is equal to a given ug on I'c.

Such conditions may be introduced directly in the definition of the functional
spaces. Indeed, for og € Ag we introduce the following linear manifolds

Ug® = {us € Us : us = o5 on I's},
U2 ={uc € Uc : Rsuc = os on I's},
Ugg = {us € Us : us = o on I's},
U = {uc € Ue : Rsuc = os on T'g}.

(7)

When os = 0 in (7) above, we obtain the associated linear spaces Ug and
0(87 and the linear manifolds Ué) and U(g with homogeneous data on I's.

This strategy, although possible, is not very convenient in practice. Thus,
the approaches based on Lagrange multipliers techniques are preferred, as we
will see also in Section 3.3.

3.2 Extension operators for the SD-model

Consider firstly the operator Dg : Ag — ﬁg ¢ defined by the following variational
problem: given ug € Ag, find Dsug € Ué‘  such that
as(Dsps, ) =0 Vil e UQ. (8)

It will be used whenever we want to impose a Dirichlet boundary condition on
I's to the SD-model.

Another operator we need when imposing a Neumann boundary condition
on I's to the SD-model is Ns : Ay — Us defined by the following variational
problem: given Ag € Ag, find NsAs € Us such that

ag(/\/‘g)\g,ﬂé) = —<)\S7ﬂé>g Vﬂé € ﬁs. (9)

The Lax-Milgram theorem (see, e.g., [17]) guarantees straightforwardly the
well-posedness of problem (8) and the existence of NgAg in (9). The uniqueness of
NsAs might be guaranteed up to an additive constant depending on the boundary
conditions imposed on 9Qs \ Ts.

3.3 Extension operators for the CD-model

We proceed similarly for the CD-model by defining the operator D¢ : Ag — UgS
as follows: given ug € Ag, find Deus € UgS such that

ac(Deps, ik) =0 val e UL (10)

10



This operator imposes Dirichlet boundary conditions on I'c, which amounts to
impose the value of Rguc in this context.

The weak formulation (10) can be equivalently rewritten by using Lagrange
multipliers to impose the condition Rs(Dcus) = ps on I's, which is fulfilled by
the elements of Ufég, as follows: find (Dcpus, As) € Uc x Ag such that

a(c('D(C,u,S,ﬂ(IC) + <R§)\3,ﬁ{c>c =0 Vﬁé € 0@, (11)
(Réds, Deps)e = (As, ps)s Vs € A,

Finally, to impose a Neumann boundary condition to the CD-model we need
the operator N¢ : Ag — Ug s.t. for any given As € Ag, Nchs € U satisfies

ac(Nchs, 1) = (Rids, 1l)c = (s, Rstid)s  Vad € Ug, (12)

where the right hand side is consistent with the duality pairings seen in (2) for
a=1.

About the well-posedness of problems (11) and (12), we can prove the fol-
lowing result.

Proposition 3.1 If the adjoint operator R§ : Ag — A is linear and there exist
two constants 0 < C7 < Cy < oo such that

Cilldsllay < IREAsllar < Calldsllay  VAs € Ag, (13)

then problem (11) is well-posed. Moreover, the operator D¢ is continuous, i.e.
there exists a constant C3 > 0 such that

IDepsllue < Csllpsllag Vps € As. (14)

Proof. The proof follows the guidelines of Theorem 3.1 in [1]. Throughout
this proof C' will denote a generic constant with different values on different
places.

We introduce the Hilbert space H = Uc x Al with norm ||(uc, As)||3 = Hu(cH%C +

Xs||3, and the bilinear symmetric form:
H A y
S

B(uc, As; ve, &) = ac(uc,ve) + (RgAs, ve)c + (Rsés, uc)c,

for all (u(c, /\g), (v(c,fg) € H.
Since the bilinear form ac(-,) is continuous in Ug x Ug, we have that B is
continuous too,

[B(uc, As; v, €s)| < Cllucllg, lvellg, + 1RsAsllallvellac + 1RsSsllar luclac-
Because of the continuous embedding Uc < Ac, using (13) we obtain:

|B(uc; As; ve, €s)| < C(llucllg,lvellp, + Isllagllvelly, + Iésllaz llucllg, )
< Oll(uc, M)l ull(ve, &s)llm - V(uc, As), (ve, &s) € H.

11



Now, we show that there exists a constant C' > 0 s.t. for any given (uc, As) €
H,

|B(uc, As; ve, €s)|
sup

wegs)er (e, &s)llu
(ve,&s)#0

> Cll(uc, As)lla-

Let we € U(c be the solution of the following problem
ac(we,ve) = (RsAs, ve)e Voe € Ue. (15)
Then, there holds (see [1]):
lwellg, < CIR&Asllay,  and  CIREAs|3,, < (REAs, we)c. (16)

We take now ve = uc + we and £ = —2Ag. Then, obviously ||(vc,&s)|lg <
C||(uc, As)||zr. We prove that

B(uc, As; ve, &) > C||(uc, As) |-
Indeed,

B(uc, As;ve, &s) = ac(uc, uc + we) + (RsAs, uc + we)c + (RE€s, uc)c
= ac(uc,uc) + ac(uc, we) + (Rs(As + &), uc)c + (RsAs, we)c-

Thanks to the coercivity of ac(-,-), using (15) and recalling that 2As + & = 0,
we find:

B(uc, As;ve, &) > Cllucllf, + (Réds, we)e > C(llucllf, + IIRSAsl13,)
> C(lluclly, + Msllz,) = Clituc, As) 17,

where we have used (16) and the hypothesis (13).
Then, thanks to Theorem 2.8 in [1] we can conclude that the weak problem
(11) has a unique solution and that (14) holds. O

In turn, the well-posedness of (12) is a consequence of the Lax-Milgram
theorem and of the continuity of the adjoint operator R§. As in problem (9),
notice that the solution might be unique up to an additive constant depending
on the boundary conditions imposed on 0€¢ \ I'c.

Remark 3.1 Consider the 3D-1D example seen in Section 2.3. The operator
Rs provides the mean value over I' of a function in HY/2(I'). As seen in (5),
the duality As x Ag is written as

<)\S,R§ﬂc>§ == )\1 </F us dF) == H*1/2(F)<R§)‘1’u3>H1/2(F) == <R§)\S,ﬁ(c>(c.

eRr
eRr

We see that in the present case, for a given real number, the operator R§As gives
the extension as a constant function defined in all I'. This operator satisfies the
hypotheses of Proposition 3.1.

12



3.4 Steklov—Poincaré formulation (one unknown)

To reformulate (2) as a Steklov-Poincaré interface equation, we proceed as fol-
lows. At first, we consider the following decompositions
us = ué —+ DS,LLSv uc = u({: + D(CNSa (17)

where the extension operators Ds and D¢ were defined in (8) and (10), respec-
tively. The functions uf € UQ and uf € U2 (see equation (7) for the definition
of these affine manifolds) are the solutions of the following problems

as(ug, i) = fo(ig) Vg € Ug, 18)
ac(ug,ut) = fe(at)  Vag € UL

Correspondingly, the variations (test functions) dg and uc in (2) are split as
follows

tis = & + Dsps = @& + Dsjis, (19)
¢ = ¢ + Deps = 4t + Defis,

with 4s = fis and Rgtc = jig on I's. With the previous definitions and using
(17) and (19) into (2) (for @ = 1) we have the following equivalent problem:
given uf and u{c solutions of (18), find us € Ag such that
as(ug + Dsps, @§ + Dsfis) + ac(ug + Deps, it + Defis)
= fs(@§ + Dsfis) + fe(it + Defis) Vs € As. (20)

By rearranging the terms we obtain

as(ub, @d) — fs(ad) +as(ud, Dsfis) + as(Dsps, i) +as(Dsps, Dsjis)
————

=0 b‘yr(18) =0 by (8)
+ac(ut, at) — fe(al) +ac(ul, Dejis) + ac(Deps, i) +ac(Deps, Dejfis)
—— —
—0 by (18) —0 by (10)

= fs(Dsfis) + fc(Dcpis) Vg € As.

In summary, we find the following Steklov-Poincaré reformulation of (2): given
ué and ué solutions of (18), find us € Ag such that

as(Dsps, Dsfis) + ac(Deps, Defis) = fs(Dsiis) — as(ud, Dsfis)
+ fc(Dejis) — ac(ug, Defis)  Vis € As,
or, in compact form,
SFS (MS? ﬂS) = gFg(ﬂS) V[LS € AS? (21)

where the bilinear form sr, : As X As — R and the linear form gr. : As — R are
respectively given by

sts(ps, fis) = as(Dsps, Dsjis) + ac(Deps, Defis)
grs(fis) = fs(Dsfis) — as(ud, Dsjis) + fe(Dejis) — ac(ug, Dejfis).
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In operator form (21) reads as follows
Srslls = 9rs in A%, (22)
with obvious choice of notations.

Remark 3.2 When coupling 3D and 1D models like in Section 2.3 the varia-
tional equation (22) reduces to a scalar equation with one unknown

Spu=g in R,
where S and g are real numbers. In this case the problem is of dimension 1.

Proposition 3.2 There exists a unique solution us € As of (21). Moreover,
there exists C' > 0 such that the solution satisfies

lusllas < Cligrs|lag- (23)

Proof. From the bilinearity and continuity of ag(-,-) and ac(-,-) and the
continuity of the operators Ds and Dc it follows that sr, is also continuous, that
is, there exists 5 > 0 such that

Isrs (s, ns)| < Bllusllaslinsllas — Vus,ms € As.

Using similar arguments we have that gr; is continuous, that is, there exists
~v > 0 such that

lgrs(ms)] < ylnsllas — ¥n € As.

Also, from the coercivity of ag(-,-) and ac(-,-) it follows that sp, is coercive,
that is, there exists a > 0 such that

SFS(:U’SvuS) > QHMSH?\S Yus € As.

Thus, the existence and uniqueness of the solution ug € Ag is guaranteed by the
Lax—Milgram theorem, and estimate (23) holds as a corollary. [J

3.5 Augmented formulation (two unknowns)

In Section 3.4 the variational problem (2) was recasted into a variational interface
problem depending on the single interface unknown ug. Here we rewrite the same
problem in terms of two variables, us and Ag (primal and dual). We present
three different (equivalent) strategies. The denomination in each case will be
clear from the context and follows the comments made in Section 3.1.

Remark 3.3 Within the present framework it will be possible to select quite
arbitrarily the interface conditions to be imposed at both models arriving at a
given coupling interface. In other words, since we are keeping both variables ug
and \s we can independently set different interface conditions for both models
sharing the same coupling interface.

14



3.5.1 Approach 1: Dirichlet-and-Dirichlet decomposition

Let us consider the decomposition of ug and uc as in (17), with Dsus € U§ s
and Dcus € Ugs satisfying (8) and (10), and u} € U and ul. € UQ satisfying
(18). The denomination Dirichlet-and-Dirichlet decomposition stems from the
fact that ug and uc are decomposed through contributions which are defined via
Dirichlet sub-problems for both the SD-model and the CD-model.

However, instead of (19) we consider

s = Uk + Dsid, i = Gk + Defid. (24)

Now, contrariwise to (19), it is ﬂé #* ,&é. Hence, we rewrite the variational
problem (2) as follows: given uf and ul, solutions of (18), find (us, As) € As x Af
such that

ag(ué + Dspus, ﬁé + Dgﬂé) + ac(u(fc + Dcps, ﬁ(IC + 'D(Cﬂé)
+ (As, 0§ — Rsl)s + (Xs, i — fi)s
= fs(@g + Dsfis) + fe(al + Defd) Vi, 4d) € As x As.
8)

After rearranging some terms and using (8), (10) and (1
as(Dsps, Dsiig) + ac(Deps, Defid) + (As, g — fi8)s
= fs(Dsig) — as(uf, Dsjid)
+ fe(Depid) — ac(ug, Defid) V(g i) € As X As,

that is find (us, As) € As x Ag such that

as in (20) we obtain

5F§,S(:“’S) ﬂé) + <)‘S7 ﬂé)g = gFS,S([/Jé) Vﬂé € Ag, (25)
sro,c(us, 1) — (Xs, 18)s = gre,c(fid) Vi3 € As.

The bilinear forms srys : As X As = R and sp, ¢ : As X Ag — R and the linear
forms gr,s : As = R and grgc : As — R are given by

sty s (s, fig) = as(Dsps, Dsfig),
sty (s, f3) = ac(Deps, Defid),
grs,5(08) = fs(Dsfi) — as(ug, Dsfig),
grs.c(id) = fc(Depd) — ac(ug, Defi).
From (25) we can derive (21) easily, by adding (25); and (25)2 and taking i =

fi2 = fis. As done for (22), we can write (25) in a more compact form: find
(ps, As) € As x Ag such that

Srgs I ) <,US> (grs S)

: = (a8 26
<5F§,<c —I) \ s grs,c (26)
—_—

Spp

where now Spp : As x A§ — A§ x Af is the block operator matrix associated

to the interface problem in the two unknowns and Z, is the identity operator in
A%,
S
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Remark 3.4 In the particular case of a 3D-1D coupling (see Section 2.3) we
have that Spp : R? — R?, indeed

(51
Spp = (Sg _1>>

so0 the exact representation of the operator is in fact a matriz Spp € R2*2.

Proposition 3.3 There exists a unique pair (us, As) € Asx A solution of (25).
Moreover, there exists C' > 0 such that the solution satisfies

lsllas + 1Asllag < Clllgresllag + llgrs.cllag)-

Proof. First of all note that the variational problem (25) can be written in
compact form as follows: find s € M such that

TFS(HS)IZ)S) = ng (1[}8) vdA}S S N7

where M = Ag X A,S’ N = AS X AS, 9§ = (,U,g,)\g) and 1/AJ§ = (ﬂé,ﬂé) Here we
have that rry : M x N — R and fr, : N = R. We also introduce the norms
185121 = lluslag + IAsllag and [[éslly = lldlla; + 23]l a;- Instead of the Lax-
Milgram theorem as done in Proposition 3.2, here we apply the Negas theorem
[17]. Bilinearity and continuity of rp, follow from the well-posedness of problems
(8) and (10) and the same happens with the linearity and continuity of fr,. The
positivity in this problem holds if the following two conditions are satisfied: rp
is such that

sup TFS(HSv ¢S) >0 V¢S € N7 (27)
OseM

besides, there exists a > 0 such that

TFS (987 d)S)

:\9:95) 5 i6slle VOs € M. (28)
éseN | dslv

To show (27) let us take fs = (u3, \d) where A} can be characterized through
the variational problem:

as(Dgpd, ) = (M, Red)s Vb € Us.
Then, for @ = Dsfi and for 0 = Dgfid it is

as(Dspg, Dsfig) = (A&, fig)s  VDsfig € U,
as(Dspg, Dsfid) = (A&, fd)s  VDsfd € Us.

With this choice and using the symmetry and coercivity of sy, (-, -) and srq c (-, *)
we have

115 (0s, ¢os) = srss(d, 1d) + sre.c(ud, p3) + &, pud)s — &, 12)s
= sty s(18, 18) + sro.c (18, 18) > as|pgllX, + acllkdli, = allos)i-
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Since this is valid for all ¢s € N and is valid for a particular fs € M we have
that .

sup g (85, 65) > 1ra(65, 95) 2 alldslly >0 Vg € N,

s€

which is (27). To prove (28) we choose ¢g = (fis, 1iis), for which it is
~ ~ 1 _ _ 1 _
115 (s, ¢s) = sros(ks, Ais) + 5 sms,cus, fis) + (As, fis)s — 5 {As, fis)s
1

= sy (s, fis) + §SFS,C(M57 fis) + §<)\S, fis)s-

—_

Dividing by [|¢s||x = 5|/fis||a; we obtain

Tr5(9s,¢gs):28r§s(us,ﬂs) Lsrgc(ps: fis) | 1{As, fis)s
loslly 3 llaslas 3 laslias 3 |laslas

Notice that taking the supremum over ¢s € N implies taking the supremum
over jig € As. In addition, the supremum over ¢s € N is bounded below by the
supremum over (JES € N (in the latter case we are restricting the supremum to
all ¢s with a very particular form equal to (jis, % fs)). Therefore

rrg(0s, ¢s) S rrs (s, ¢s)

gsen  loslv -~ gen lldsly
2 (L 1 [l 1 { s, [
~ s 2srs5(Hs, fis) | 1srsclus fis) | 1{s fis)s | (29)
fses L3 [1slag 3 lisllas 3 sl

Recalling that sr. s and sr, ¢ are coercive, using the definition of the norm for
A§ and noting that (29) is valid for all s € M, we get

Tl—‘g(ega ¢S) >

Zas|ps|l *1~ sl *1 [Aslla, = o|bs]|
o7 + -« + > allf ,
N || S”N 3 SIHMS || As 3 CIIMS|IAs 3 SlIAy = S| M

from which (28) follows. Hence, the existence and uniqueness of the solution
(ps,As) € As x Ag (that is fs € M) is ensured by the Negas theorem. The
estimate (3.3) is also a corollary of the Negas theorem. [J

3.5.2 Approach 2: Dirichlet-and-Neumann decomposition

In this approach we will slightly change the way we split us and uc. More
precisely, for the SD-model we consider a Dirichlet problem and for the CD-
model a Neumann problem. We therefore set

us = ué + Dsus, uc = u{(]; + NcAs, (30)

where operators Ds and N are defined according to (8) and (12). In turn,
ug{: € Ug is given by the solution of the following variational problem:

ac(ul ad) = fe(@d) vk € Ur. (31)
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The denomination Dirichlet-and-Neumann decomposition stems from the fact
that the splitting (30) involves Dirichlet and Neumann sub-problems, respec-
tively.

The admissible variations in this case are

Uus = ﬂé + Dsfis, Uc = ﬂé —l—./\/’(cj\g.

Then, our variational problem becomes: given ué and u(‘é solutions of (18) and
(31), find (us, As) € As x Ag such that

as(uf + Dsps, 0§ + Dsfis) + ac(ud + Neds, id + Nels)
+ (Xs, 1§ — Rsid)s + (Xs, fis — Rs(Nehs))s
+ (As,u§ — Rsud)s + (As, us — Rs(Nes))s
= fs(tl + Dsfis) + fe(ad + Neds)  V(jis, As) € Ag x A,

Rearranging terms, using (8) and (18) as in (20), and using (12) and (31), and
the fact that ué € USO we obtain the problem:

as(Dsps, Dsiis) + ac(Neds, Nes)
+ (Xs, fis — Rs(Nchs))s + (Ns, pis — Rs(ud + Neds))s
= fs(Dsfis) — as(uf, Dsjis)
+ feWNeAs) —ac(ud, Neds)  V(is, hsg) € Ag x AL,
Now, notice that, due to (31) and making use of (12) we obtain
as(Dsps, Dsfis) + (Xs, fis)s + (As, s — Rs(ui + Nechs))s
= fs(Dsjis) — as(ud, Dsfis) ~ V(jis, As) € As x Ag.

Once again, here we keep both variables, us and Ag, for which the two equations
are provided by fis and As. In this case, the problem is expressed in compact
form, with obvious meaning of notation, as follows: find (us, As) € As x Ag such
that

sres(ps, fis) + (As, fis)s = gros(fis) Vs € As,

. < < . (32)
(As, is)s — (s, Rs(Ncks))s = (As, Rsud)s Vs € Ag.
Similarly to (26) we can write (32) in block operator matrix form
Srgs In ps\ _ [ 9rss
<% —%W>QS_ Reul) (33)

Spn

where in this situation it is Spy : As X Ay — Ag x Ag. Here Zy and Z,, are the
identity operators in Ag and As, respectively.

Proposition 3.4 There exists a unique pair (us, As) € As x Ag solution of (32),
moreover there exists C' > 0 such that

lisllag + [Psllay < Clllgrssliag + IRsuillas)-

Proof. 1t follows similar guidelines to those employed in Proposition 3.3 and
is not presented here for the sake of brevity. U
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3.5.3 Approach 3: Neumann-and-Neumann decomposition

Another possible decomposition involves the solution of Neumann problems for
both the CD-model and the SD-model. The decompositions of the solution
functions in this case are as follows

us = ué + Ng)\g, uc = u(‘é +N(c)\§,
with admissible variations given by
us = ﬁg + st\é, uc = ’ll(é +N(c5\§.

Proceeding as before we obtain the following interface formulation: find (ug, As) €
As x Ag such that

<5‘é’MS>S - <5‘éaNS>\S>S = <5\éaué>S Vj\é € A’S,

12 12 12 J 12 / (34)
<)\S,,u§>§ — </\§,RS(NC)\S)>S = <>\S7RSUC>S Vs € AS'
In block operator matrix form (34) corresponds to
<IM _7}5,8> </~LS) _ ( ud > (35)
7, —Trsc As Rgu(‘é ’
——————

SNN

where SNN : AS X A,S — AS X AS.

Proposition 3.5 There exists a unique pair (us, As) € Asx A§ solution of (34),
and a constant C > 0 such that

J J
lsllas + [1Asllag < Clllugllas + [Rsuzllas)-

Proof. The proof is analogous to the proofs of Propositions 3.3 and 3.4, and
is omitted here for the sake of brevity. U

Remark 3.5 The Dirichlet-and-Dirichlet, Dirichlet-and-Neumann, and Neu-
mann-and-Neumann approaches represent three equivalent forms of reformulat-
ing the same problem. Therefore, the (continuous) systems (26), (33) and (35)
feature the same solution. Finally, notice that, if for modeling reasons other
type of coupling conditions (e.g., of Robin type) have to be considered on the
interface, they can be easily accommodated within the present framework.

4 Analysis of multi-component systems

In this section we extend the previous theory to the more general case of networks
containing an arbitrary number of components. Then we study the specific
problem involving the coupling of CD-SD models (S = 0,1) and explore some
peculiarities arising in that case.
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4.1 Interface problems for multi-component systems

Let us consider a network composed by N components, N¢c made by CD-models
and Ng by SD-models, as shown schematically in Figure 4. In this system we
have M coupling points, for each of them we identify the coupling interfaces
I'sym, m =1,..., M, to which we associate two unknowns in the present scalar
problem, namely us ,, and Ag .

Figure 4: Large system featuring several CD and SD sub-systems (N¢ = 9,
Ns = 14, N = 23, M = 26). For simplicity in this figure we stick to the case
C=3and S=1.

Recall that the dimensionally-heterogeneous system seen in Figure 4 is some-
how a geometrical multi-scale representation of a dimensionally—homogeneous
one. The variational formulation reads: find ({uc,;}" Py {us. ¥, Dam M) €

H_] 1Uc,j x Hz 1 Us;i X HM A' . such that
C S M
> ac(ucy dic,) + Y asi(usi isi) + Y (Asims s ijm — Remile jim)sm
= =1 m=1
M
+ Z )\SmauSzhn RSmU(C,ﬂm Zsz USz Jer(C,] u(C,j
m=1

V({iic 375 {isi iy, {Asm bme) € H Uc,; x HUs,z‘ X H As
j=1 i=1 m=1

The notation ug jj,,, is used to denote the restriction of ug; to the m-th interface
I's,;, and so on.

To derive the interface formulation, and for the sake of simplicity, we will con-
sider the situation in which we decompose the solution in each sub-model impos-
ing a Dirichlet boundary condition, that is, imposing the value of Rsuc j,, over
each interface I'c ,,,. In this general setting one component can have more than
one coupling interface. So, considering the K; and the K; coupling interfaces of
the j-th complex and i-th simple components, respectively, the decompositions
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and the variations become

K; K;
ug,; = ub; + Z Ds i Rs j|i14S,m Qs = b ; + Z Ds,i Rs if 48, m
k=1 k=1
K; K;
uc,; = U{:,j + Z Dc,j Rc jjuts,ms Uc,; = ﬂé,j + ZDC,jRC,j\kﬂé,ma
k=1 k=1

where now D¢ ; and Ds; are the extension operators defined by (8) and (10)
in the corresponding components, and ué i and uéi are also the solutions of
problems similar to those in (18). Moreover, the matrices Re jj, € RE XM and
Rs ik € RE*M gelect among the interface unknowns us,, those associated to
the K; or K; interfaces of the j-th or i-th component, respectively. Following
similar steps to those which led us to equation (25) yields in this case: given the
. N, N; M
functions {“é,j j=1 and {ué,i}@fp find ({s,m =1 {Asmbm=1) € [Tynet Asm X
| Ag,,, such that

N¢ Kj
> > aci(DeyRe jpksm: DegRe jiid m)
j=1 k=1
Ng K; M
+ > asi(DsiRs ki m DsiBs ikl m) + D (Asms i, — 18,m)5m
=1 k=1 m=1
Ny K;
= > (fi(Ds.iRs it m) — as,i(us 4 Ds.iRs iid m))
=1 k=1
Ne Kj
N I .
+ 3D (fei(DejRe i m) — acy(ut j DejRe ki m))
j=1 k=1
M M
V({8 tmets (i dm=1) € [1 Asm x T Asm-
m=1 m=1

In compact form, with obvious meaning of notation, the interface variational
problem is written as follows: given ul and ul, find (ug, As) € As x A§ such
that

stos(Bs, B8) + Ns, 1d)s = gr.s(f18) Vi € As,

2 -2 ) -2 (36)
srs,c(Bs, 15) — (As, fis)s = g, c(fs) VRS € As.

We have therefore the following formulation, which is a counterpart of (26):
(SFS,S Iy ) (Ms) _ (gFS,S> ' (37)
Srec —Ix) \Xs grs.c
We can state the following result (proof as in Proposition 3.3).

Proposition 4.1 There exists a unique pair (ps,Xs) € As x Ag solution of
(36) and a constant C > 0 such that

lsliag + 1Asllay < Cllgrgsliag + lgrs.clliaz)-
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The Steklov-Poincaré formulation is obtained by adding the two equations
in (36) and assuming that fig = 13 = fig, leading to

sTs,5(Ms, fig) + srg.c (s, fis) = gr. s(fs) + greclis)  Vis € As.

Equivalently, we can write

srs (M, fis) = gr.(fis) Vig € As. (38)

The existence and uniqueness of a solution to problem (38) can be proved in the
same manner as in Proposition 3.2.

4.2 Coupling CD-SD models (S = 0,1) in the multi-component
case

From this section on, we replace Assumption 1 by the following.

Assumption 4 We consider admissible combinations (C > S) where the sim-
ple model is given by S = 0, 1.

In this situation, the interface variables belong to 1D or 0D models and,
therefore, they belong to finite dimensional spaces. Indeed, ug € As = R and
As € AL =RM,

An example is provided by the 3D-1D coupled problem described in Sec-
tion 2.3.

Under Assumption 4, we can characterize the operators in (37) through the
corresponding matrices, yielding

S 1
( Is,S > (MS) _ <QFS,S> ’ (39)
Srgc —1) \As grs.c
where St s, S, 1 € RM*M and gr.s:9rsc € RM,
Similarly, we can write the system of equations when we employ Dirichlet

(for the SD model) and Neumann (for the CD model) boundary conditions, or
Neumann conditions for both models, leading, respectively, to

Sts.s 1 Bs\ _ [ 9res
( 1 —Tpgy(c> (Ag o RSU([J: ’ <40>

1 —Tpg,g Hs . ué
<1 _TFg,(C) <)\§ o Rgu(‘é ' (41)

These expressions are analogous to (33) and (35), respectively, for which it is
also T'r. s, T, c € RMXM

Remark 4.1 Once the physical system is defined we have proper matrices cor-
responding to each of the augmented problems (equations (39), (40) and (41)).
1t is interesting to investigate the relation between the condition number of those
matrices and the number of unknowns in the problem, that is the number of

22



coupling interfaces between CD-models and SD-models. As we will see in Sec-
tions 5 and 6, the condition numbers are increasing functions of the number
of coupling interfaces M. This feature becomes relevant when attempting to
solve the heterogeneous problem in a segregated manner by solving iteratively
dimensionally-homogeneous sub-problems.

5 Discrete dimensionally-heterogeneous problem

Suppose now that we approximate each component in the system by a Galerkin
finite element discretization. We denote by hc;, i« = 1,...,N¢, and hgj, j =
1,..., Ng the characteristic sizes of the elements used in the discretizations of
the CD and SD subdomains, and h = (hc,hs), where he = {h@&fiﬂ and
hs = {hgvj}?fjl. Then, the approximate augmented interface problem reads:
given u({:’hc and uéhs, find (g, Asn) € Asp X Agy, such that

st s(tgp 5 5) + As s 5 1)s = gros(B8)  VRE, € Asp,
2

~ 92 ~ 92 N ~9 (42)
srs,c(Ms ps B5,1) — (Ashs B5 p)s = grgc(B5n) VRS, € Asp
Analogously, the discrete Steklov-Poincaré formulation reads as follows
srs(Ms ps s p) = grs(fsn)  Vitsy € Asp. (43)

In the case S = 2, we should construct suitable conforming finite element
spaces to approximate Ag and Ag to guarantee the well-posedness of (42). More
precisely, we would have to choose a suitable pair Ag j, % A’& 5, to be able to prove
the discrete counterpart of Proposition 3.3, that is that there exists a unique
pair (s p,, As,n) € Asp X Agy, solution of (42) and that there exists C' > 0 such
that the solution satisfies

sl As,, + ”)‘S,hHA’S,h < C(HQFS,S,h”A’&h + ||grs,<c,hHA’S7h)-

The construction of such spaces is not straightforward and it would lead to
a too wide discussion that goes beyond the aim of this work. For this reason, we
stick to Assumption 4 so that we work only with Ag = Ag = Ag, = Ag), = RY

Thus, the discrete version of equation (42) in block operator form reads: find
(Bsp> As,p) € RM x RM such that

(Srg,&h 1 > (Hg,h) _ (QFSS,h) (44)
Srscn —1) \ s grech)
whereas the analogous to (43) is: find pg;, € RM such that

Srs,hbs.h = 9rg h-

Concerning the well-posedness of these problems we can state the following result
which is a particular case of Proposition 3.3.
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Proposition 5.1 There evists a unique pair (psp,, Ash) € RM x RM solution
of (44). Also, there exists C > 0 such that the solution satisfies

ls b | + [Asnl < Clgr snl + 19rs.conl)-

Proof. We have only to prove the analogous of Proposition 3.1, then the
thesis follows from Proposition 3.3. We show this result for one component, i.e.
we fix 7, k and m. More precisely, we prove in the continuous case that the
following problem is well-posed: find (Dcpus, As) € Uc x R such that

ac(D@ug,fLé) + <)\S,Rgﬁé>g =0 Vﬁé € ﬁ(c,

‘ ¢ X (45)
(As; Rs(Dcps))s = (As, us)s  VAs € R.

Notice that in this context the duality pairing (-,-)s reduces to the Euclidean
scalar product in R.
The proof follows the ideas of Proposition 2.2 in [11]. Recall that the operator
Rs is linear. Let @ic € Uc be the solution of the following problem:
TSRS SN T

ac(ac,tg) =0 Ve € Uc.
This is the weak formulation of the elliptic problem in Q¢ with homogeneous
Neumann boundary condition on I'c. Moreover, let wc € Uc be the solution of
the following problem:

a@(wc,ﬁé) = —<1,R§'&é>§ Vﬂé S [j(c. (46)

Let Dcps = ac + Aswe. Clearly, Deus satisfies the first equation in (45). If we
require that it satifies also the second equation, we obtain:

As(s, Rswe)s = (s, ps — Relic)s Vs € R,

Thanks to the coercivity of the bilinear form ac(-,-), from (46) it follows that
<;\§, Rswe)s # 0, so that Ag exists.

To prove uniqueness, let (uf, A, (u&, A\2) € Uc x R be two solutions of (45).
Then, there holds:

ac(ug — ud, i) + (A — A3, Rstib)s =0 Vag € U,
(As;Rs(ug —ug))s =0  VAs€R.

Taking 4k = u — uZ, by coercivity of ac(-,-) we obtain [Juf — uZ|/y. = 0 from
which uf = u2 a.e. in Qc¢. The equality A{ = A2 follows straightforwardly. O

Finally, concerning the conditioning of the problem, we have the following
result.

Srgsn 1 ) is

Proposition 5.2 The condition number of matrices Sty and (Sr o —1
s.C,

independent of h = (hc, hs).
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Proof. The proof is by contradiction. Consider matrix St . Assume that
the condition number depends on a negative power of h. Note that the space
where the approximate solution is looked for does not depend on h = (hc, hs).
Indeed, the space where both the exact and the approximate solutions live is
exactly the same. Since the operator St is invertible, the matrix St} as-
sociated to the discrete problem is also invertible. The independence of the
condition number of the system with respect to parameter h stems from the fol-
lowing argument. The matrix St ; of the continuous operator has a condition
number K (ST, ) that obviously does not depend on h. Therefore, for h — 0,
we have

SFg,h — S[‘S and K(SFS,h) — K(SFS)

The former is a convergence in RM*M 5o the analysis is straightforward and we

can conclude by contradiction that K (St ) does not depend on h. For the case
rg,s,n 1

. S
of block matrix ( Sreop —1
s:C,

) the same arguments hold and the result follows. [J

Remark 5.1 In a completely analogous way, it can be seen that the discrete
versions of the problems defined by equations (40) and (41) enjoy the same

. .. . S 1
property. That is, the condition number of block matrices ( Fsl‘s’h ) and

—Trg,c,h
1-Trosny . . B
(1 *TF:,C,h) is independent of h = (hc, hg).

6 Numerical experiments

In this section we present two applications of our theory. Particularly, we provide
numerical evidence to the conclusions drawn in Remark 4.1, and Proposition 5.2.
The applications considered are the heat transfer problem with pure diffusion
phenomena and the linear elasticity problem.

6.1 Coupling 2D-1D systems: heat transfer

In this example, we consider a 2D heat sink designed for the thermal manage-
ment of high-density electronic components, formed by a base or spreader which
supports a number of plate fins exposed to flowing air (see [21]). A schematic
representation of the computational domain is presented in Figure 5.

I‘bOLse

Figure 5: Schematic representation of a thermal fin.
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The system is described by the following equations:
—div (kVUQ) =0 inQyU Qf,

k% -0 on Tins,

U9 = U; on I'pgse,
0

k% 4+ Biug =0 on I,

where £ is the adimensional thermal conductivity: k& = ks/ks, ks and ks being
the thermal conductivities of the spreader and of the fin, respectively. Finally, Bi
is the adimensional Biot number: Bi = hcdpe,/ks where h. is the heat transfer
coefficient and dpe, the distance between the fins. ug represents the adimensional
temperature inside the heat sink.

On the interfaces I'c we impose the continuity of the mean temperature and
that of the heat fluxes.

For large systems of thermal fins, in order to reduce the computational cost,
one may replace the fins by 1D structures. This approximation is significant
especially when the Biot number is small, which corresponds to a temperature
distribution in the fins which behaves almost as a 1D distribution.

In such a case, according to the notation introduced in this work, we have
S=1,C = 2, Q is the domain of 1D fins (with coordinate &) while €25 is
the domain made of the spreader and possible 2D fins (with coordinates (z,y)).
Moreover, I'y and I'y are the 1D and 2D coupling interfaces, respectively.

The linear manifolds become Uy = H'(§23) + b.c. and Uy = H'(;) + b.c.,
while we have Ay = H'/?(I'y), A, = H-'/?(I'y), Ay = A} = R. The problem in
defined by the following continuous and coercive bilinear forms:

GQ(’U,Q, ’&2) —/ kVug - Vg dQg + / Biugtio dTe,,
Q2

exr

. duy diy / .
at(ug,u1) = ké—— ——dQ + 2Biujug dQ2q,
1(u1, 1) LTI 1 o, 1u1 didy

where 0 is the width of the fins.
The operators R and R] are defined as

1

—_— UQdFQ and RT<)‘1>:)‘1\F27
ITa| Jr,

Ria(ugr,) = Uz, =
and we have
(A, ur)1 = [To|Arugp,,

(A1, Ra(ugry))1 = (T2l Mug e, = /F Aryu2 dle = (RY(A1), uz)a.
2

Following the same steps of Remark 3.1, it can be easily seen that these operators
satisfy the hypotheses of Proposition 3.1.

We solve the coupled problem by considering the four configurations shown
in Figure 6. In the first case we have M = 2 interfaces so that the augmented
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Table 1: Number of degrees of freedom for the different configurations.

2 1D fins 4 1D fins 6 1D fins 8 1D fins
dofs 1 dofs Q5 dofs 1 dofs Q5 dofs ©; dofs Qs dofs Q1 dofs Q9
grid 1 22 165 44 137 66 109 88 81
grid 2 42 537 84 449 126 361 168 273
grid 3 82 1905 164 1601 246 1297 328 993

grid 4 162 7137 324 6017 486 4897 648 3777
grid 5 322 27585 644 23297 966 19009 1288 14721

system has dimension 4 x 4, in the second case M = 4 corresponding to a 8 x 8
system, while in the last two cases M = 6 and 8, respectively, corresponding to
augmented systems of dimensions 12 and 16.

We use the Dirichlet-and-Neumann and the Neumann-and-Neumann ap-
proaches (40) and (41), respectively.

2 1D fins 4 1D fins

[ 1 ]

6 1D fins 8 1D fins

Figure 6: Different heterogeneous configurations for the same physical system.

For our simulations we consider k¥ = 1, u5 = 3, Bi = 0.1 and § = 0.3. We
carry out a finite element discretization considering P; Lagrangian elements and
several computational grids depending on hj and ho as shown in Table 1.

In Figure 7 we show the solution computed for the second configuration,
while in Figure 8 we compare the solution on one of the fins using two different
configurations (those with 4 and 6 1D fins) corresponding to treating that fin as a
1D or as a 2D model. Finally, in Table 2 we report the condition numbers of the
augmented systems and the number of iterations required to converge. Despite
their small dimensions, the linear systems have been solved using BiCGStab
iterations (with tolerance 107¢ on the relative residual) to avoid computing
explicitly the Dirichlet-to-Neumann or Neumann-to-Dirichlet operators for the
2D problem.

As pointed out in Proposition 5.2, we can observe that the condition numbers
are independent of both h; and he and, although mildly, the condition number
grows with M.
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Figure 7: Solution computed for the second configuration with 4 1D fins.
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Figure 8: Temperatures computed with the 1D model (solid line) and mean
values obtained from the 2D model (squares) for a sample fin, using the config-

urations with 4 and 6 1D fins, respectively.

Table 2: Condition numbers and number of iterations (between brackets) for
the Dirichlet-and-Neumann method (left) and for the Neumann-and-Neumann

method (right).

21D fins 41D fins 6 1D fins 8 1D fins 21D fins 41D fins 6 1D fins 8 1D fins

grid 1 3.1095 (4) 3.1615 (4) 3.1799 (6) 3.1994 (5) 2.0014 (3) 2.0529 (4) 2.0708 (4) 2.0895 (4)

grid 2 3.0685 (4) 3.1123 (4) 3.1282 (5) 3.1437 (4) 1.9367 (3) 1.9808 (4) 1.9966 (4) 2.0115 (4)

grid 3 3.0549 (4) 3.0970 (4) 3.1121 (5) 3.1264 (4) 1.9121 (3) 1.9550 (4) 1.9701 (4) 1.9838 (4)

grid 4 3.0506 (4) 3.0923 (4 ) 3.1072 (5) 3.1211 (4) 1.9039 (3) 1.9466 (4) 1.9615 (4) 1.9748 (3)

grid 5 3.0493 (3) 3.0909 (4) 3.1058 (5) 3.1195 (4) 1.9014 (2) 1.9440 (4) 1.9589 (4) 1.9721 (3)
Dirichlet-and-Neumann method Neumann-and-Neumann method
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Figure 9: Structural mechanism modeled by means of 3D-1D coupled models.

6.2 Coupling 3D-1D systems: linear elasticity

In this section we consider the problem of a linear elastic body governed by the
Navier equations. Particularly, we perform the analysis of a structural compo-
nent in the frequency domain, for which we make use of the frequency domain
equations, which are called reduced field equations of elastodynamics [10]. In this
case we assume that the boundary conditions are harmonic in time with angular
velocity w. Let us assume that the mechanism is endowed with a continuously-
distributed kinematic linear control system.

In view of the geometrical characteristics of the mechanism under study we
construct a representation through coupled dimensionally-heterogeneous 3D-1D
models as shown in Figure 9. The mechanism consists of one centered 3D model,
four cornered 3D models, four diagonal 1D bars connecting the centered 3D
model to the cornered ones and four in-plane 1D bars connecting the cornered
3D models among them. In this example we have that M = 16 is the number of
coupling interfaces, so the dimension of the interface problem is 2M = 32. The
structure is component-wise homogeneous, since the 1D bars have a different
material parameter than the 3D components.

According to the notation introduced so far, the computational model for
this problem is characterized by being S = 1 and C = 3 (recall that a = 1),
for which € is the domain of the bar components (with coordinate &) and Q3
is the 3D domain of the solid components (with coordinates (z,y, z)). Also, I'y
is the 1D coupling interface (point) and I's is the 3D coupling interface (planar
surface) with outward unit normal n (which coincides with the axial direction of
the bar). The linear manifolds are Us = H'(Q23) + b.c. and Uy = H(;) + b.c.,
while it is Az = H1/2(F3), Ay = H_l/Q(Fg) and Ay = A} = R. Here u; denotes
the axial displacement in the 1D bar and us is the displacement field (vector
field) in the 3D domain.

When incorporating the distributed kinematic control system, the bilinear
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and linear forms for the reduced field equations are as follows

 duy di
al(ul,al):/ (K = po?)durin d0y + [ ABSL S0 a0y,
o o § dg

oaluas ) = [ (K = P dgdtls+ [ E(Vug) - (Vaa) a0,
Qg Q3
fi() = / Agiiy A,
941

f3(us) =/ g - uz dQs.
Q3
The operators R and R] are defined by

Rl(u3\r3) = Uz, u3 -ndl's,

_ b
T3] Jr,
Ri(A1) = Ajr,n,

and the duality pairings are given by
(A1, u1)1 = A, Aur,

(A1, Ra(uzjr )1 = Ay Augyp, = / A0 - uzdls = (Ri(A1), us)s.
I's

In the expressions above A is the cross sectional area of the bar, noting that
Ar, = IT's|, E is the fourth order elasticity tensor in the solid domain, F is the
effective elasticity modulus in the axial direction of the bar (E =E - (n®n ®
n ®n)), g is a volume source in the solid domain, while g is a volume source
in the axial direction of the bar (¢ = g-n). As well, K is responsible for the
linear control system acting in a distributed manner over the mechanism. Here
the parameters are set always such that K — pw? > 0.

Evidently, the forms a; and as are bilinear, continuous and also coercive,
while the forms f; and f3 are linear functionals. In turn, the operator R is
linear and continuous, while its transpose R} satisfies the requirements stated
in Proposition 3.1 (see inequalities (13)). As a matter of fact, for the right
inequality we have

H-1/2(y) (RIAL U3) /21y

[RIA 172 = sup
1 H (T'3) us€H/2(T's) Hu3||H1/2(I‘3)

_ R{A1, R1u3)r |Ryus|

= sup —————=|N|] sup ————
uzeH/2(T'3) Hu3HH1/2(r3) useH/2(T3) Hu3HH1/2(F3)

_ ol Jrwendls
T3] uzeH/2(I's) Hu3HH1/2(F3)
A u r

ST R 1 |L PIR y

T3l wyermiizry) l0sllmzry)

For the left inequality let us take Gig such that |G3| = G3-n = 1, that is, it is
a constant function equal to one in the direction of the normal vector. Then
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lel?) =1 and Hﬁ3HH1/2(F3) = 1, hence

IR (A1, R1Gs)R| < r{A1, R1u3)r

Ml = <
Hu3”H1/2(F3)

uzeH/2('3) Hu3”H1/2(r3)

_ RiAi,u
H 1/2(F3)< 1M1 3>H1/2(F3) _ HRT/\IHH—U2(F3) VAL € R.

= sup
uzcH/2(I'3) Hu3HH1/2(F3)

Particularly, for this example we take f = 0, f = 0, E is characterized by the
Young modulus Esp = 20.0 and the Poisson ratio v = 0.3, while E = %,
being F1p = 37 the Young modulus of the 1D components. The density is
p = 7.86-107% and the control system is characterized by K = 1.0.

The boundary conditions are such that the displacement is prescribed on the
upper part of the centered 3D model in Figure 9, and in the frequency domain
its value is ug = —due,, du = 0.1, being e, the unit vector in the z-direction. In
addition, the cornered 3D models in the lower part of the mechanism are fixed
in the vertical direction and are free in the two in-plane directions, that is in the
x,y-plane. The spatial discretization with the characteristic lengths given by hg
and h; are such that the meshes have: 10270 nodes for the centered 3D model,
23305 nodes for the cornered 3D models, 81 nodes for the diagonal 1D bars and
61 nodes for the in-plane 1D bars. The dimensions that define the mechanism
are Ay = 0.7854, Ay = 0.6504, L1 = 12.0, Lo = 19.5959, a1 = 1.0, as = 4.0,
a3 = 1.5, ag = 20.0, a5 = 2.0 and ag = 2.4495.

In spite of the symmetry of the geometry and of the loading we keep the
original structure involving the five 3D solid models and the eight 1D bar models.
Particularly, this problem was solved using a Neumann-and-Neumann approach,
that is Neumann boundary conditions for all the components according to (41).
The linear problem was solved using the Newton method which takes 2M = 32
iterations to evaluate the Jacobian, where M is the number of coupling interfaces
(recall that M = 16 in this problem).

The frequency analysis performed in the present application entails studying
the way in which the coupling quantities (p1, A1)m, m = 1,..., M depend upon
the frequency f of the excitation, that is the frequency of the prescribed dis-
placement over the upper part of the mechanism (over the centered 3D model).
Due to the symmetries of the mechanism we have three average displacements
and three coupling forces, denoted by (ug, A;), (pas Ag) and (g, Ay). The in-
dexes I, d and u denote the solution at the coupling points which are equivalent,
that is (g, N)) = (pis i), © = 1,...,8, (ftd, Ad) = (mi, Ni), @ = 10,12,14,16
and (g, A\y) = (i, Ai), @ = 9,11,13,15 (see Figure 9 for the numeration of the
coupling points).

Figure 10 presents the way in which the coupling quantities at points [, d
and u depend on the frequency w. In both, mean displacement and coupling
force the saturation point is easily noticed when the frequency w approaches

from the limit value ,/%. These results are not further discussed because this

goes beyond the scope of the present work.
In view of the load acting over the mechanism, the four diagonal bars are
in a compression state, and so the sign of the coupling force is such that it is a
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10: Results at coupling points [, d and u of the mechanism.
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compressive force, while the in-plane bars are all in a traction state, and therefore
the coupling force is indeed a traction force. As a result, the mean displacements
are such that the mechanism undergoes a center-to-outer deformation. Figure 11
displays the displacement vector field in the mechanism as well as the solution
(magnitude of the displacement field) in some slices cutting the 3D components.
In turn, in Figure 12 the original and deformed configurations are shown, for
which an amplification factor has been used over the displacement field. In such
figure we can observe what was said above, that is, the traction and compressive
states of the bars as a result of the the 3D-1D heterogeneous interaction of the
entire component.

Displacement
0.008 0,009 0.01
il

0.00737 0.01021

L\ ‘o
“w
H ‘,,
|
Displacement
02 0.05 0,075
‘ | I ‘ O 0 ‘ L =2l M

0]

Figure 11: Displacement field in the mechanism for —log(w) = 3.

amplification factor = 20
amplification factor = 100

) Displacement
0.008 0.009 0.01
o

ARy

0.00737 0.01021

Figure 12: Original and deformed configuration for —log(w) = 3 (displacements
are amplified).

7 Conclusions

In this work, the mathematical framework for coupling dimensionally-hetero-
geneous models was set up. This was carried out starting from an extended
variational formulation devised for dealing with heterogeneous problems. The
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problem was recasted in terms of interfaces variables, from which different in-
terface variational formulations were derived. The conditions under which it is
possible to have existence and uniqueness results of such different formulations
were established, and the corresponding results were proved. Within this con-
text, the decomposition of the original heterogeneous problem into homogeneous
decoupled subproblems could be straightforwardly introduced. Additionally, it
was possible to study some relevant properties of the resulting interface problem
also in the case of a system with an arbitrary number of components. Finally,
two examples of application were presented in order to confirm the numerical re-
sults obtained and to show the effectiveness and motivate the use of such models
in certain applications.
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