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Abstract

We design an adaptive virtual element method (AVEM) of lowest order over trian-
gular meshes with hanging nodes in 2d, which are treated as polygons. AVEM hinges
on the stabilization-free a posteriori error estimators recently derived in [8]. The crucial
property, that also plays a central role in this paper, is that the stabilization term can
be made arbitrarily small relative to the a posteriori error estimators upon increasing the
stabilization parameter. Our AVEM concatenates two modules, GALERKIN and DATA. The
former deals with piecewise constant data and is shown in [8] to be a contraction between
consecutive iterates. The latter approximates general data by piecewise constants to a
desired accuracy. AVEM is shown to be convergent and quasi-optimal, in terms of error
decay versus degrees of freedom, for solutions and data belonging to appropriate approxi-
mation classes. Numerical experiments illustrate the interplay between these two modules
and provide computational evidence of optimality.

1 Introduction

Virtual element methods (VEMs) are a new paradigm for the conforming discretization of
partial differential equations (PDEs) over polytopal meshes. They were introduced a few
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years ago and have seen a rapid development with an increasing number of applications ever
since [5, 6, 7]. Virtual element functions are continuous piecewise polynomials on the skeleton
of the polytopal mesh and are extended inside the elements in a convenient way that avoids
their explicit manipulation. This flexibility allows for global regularity, say continuity in the
context of second order PDEs, but requires dealing with projection operators and stabilization
of the resulting discrete bilinear form to be coercive (or more generally to satisfy a discrete
inf-sup condition). If the PDE has variable data D = (A4, ¢, f), as in our prototype boundary
value problem

-V -(AVu)+cu=f inQ, u=0 ondQ, (1.1)

then D has to be further approximated to formulate the discrete counterpart of (1.1). This
is well understood in the a priori analysis of VEMs, which deliver optimal convergence rates
under minimal regularity assumptions on D and for rather simple and practical choices of the
stabilization term.

The a posteriori error analysis of VEMs approximations of (1.1) initiated in [3, 14, 9], along
with suitable upper and lower error estimates for variable data D. The stabilization term and
the residual error estimator of [14], which is the one more relevant to us, turn out to be of
the same order but the former is not bounded above by the energy error. This is problematic
to study convergence of any adaptive VEM (AVEM for short). We have recently tackled
this crucial issue in [8] and shown that the stabilization term can be made arbitrarily small
relative to the error estimator upon increasing the stabilization parameter. This property is
valid in 2d on newest-vertex bisection meshes made of triangles with hanging nodes and a
fixed maximal global index, which limits the level of hanging nodes. Hence, triangles with
multiple nodes are viewed as polygons for the VEM approach. This severe mesh restriction
is crucial to relate the actual VEM mesh 7 with the largest conforming submesh 70 of T
and their approximation properties. Moreover, this leads to stabilization-free a posteriori
error estimates, derived in [8], and facilitates the convergence analysis of AVEM, which is the
ultimate objective of this paper. We are not aware of similar studies for AVEM even though
convergence is a fundamental mathematical question of practical significance.

In contrast, the convergence and optimality analyses of adaptive finite element methods
(AFEMs) constitute a mature research field for elliptic PDEs such as (1.1); we refer to the
surveys [18, 19] as well as [15] for details. A common approach in the AFEM literature is to
assume that the linear and bilinear forms associated with (1.1) can be computed exactly. The
role of quadrature is not assessed a posteriori and, as a consequence, the resulting AFEMs
are not fully practical unless data D is piecewise polynomial. This leads to the usual one-loop
AFEMs which iterate the modules

SOLVE —> ESTIMATE — MARK — REFINE. (1.2)

A valid and practical alternative is to first approximate D by piecewise polynomials to a
desired accuracy, and next run (1.2) for such approximate data to achieve a comparable
level of precision. This two-step AFEM was first proposed by R. Stevenson [20], and further
explored in [11, 16].

Dealing with approximate data D is inherent to the formulation of VEMs and their basic
definition. It is thus natural in this context to think of two-step AVEMs. This is precisely
our intent in this paper, in which we design an AVEM for (1.1) in two stages. We first
assume that D is piecewise constant and introduce a one-step AVEM, the so-called GALERKIN



module, which is shown in [8] to possess a contraction property between consecutive adaptive
iterations. We next consider variable data D and design a two-step AVEM that consists of a
concatenation of the modules DATA and GALERKIN in the spirit of [11, 16, 20]. Given an initial
mesh 7y and parameters g, w > 0, AVEM sets k£ = 0 and iterates

[’77{, Zsk] = DATA (T, D,wey,)
[E+1, uk+1] = GALERKIN (77“ Dy, 5k)
Ehtl = %Ek; k+—k+1

The module DATA approximates D = (A,c, f) in the spaces ((L>=(£2))2%2, L>°(2), L*(2)) by

piecewise constant data Dk on an admissible refinement E of T to accuracy w Ek- The pair
(77“ Dk) is taken by GALERKIN to run an inner loop, with piecewise constant data Dk and initial
mesh E, that creates the next mesh-solution pair (741, ug+1). The module GALERKIN stops
as soon as the error tolerance ¢j, is reached, which takes a finite number of iterations because
GALERKIN is a contraction between consecutive iterates. It is worth noticing that, in the
absence of this stopping test, GALERKIN would converge to the solution of (1.1) corresponding
to the perturbed data ﬁk, which is not the desired solution u of (1.1). The relative resolution
of the modules DATA and GALERKIN is critical and is governed by the parameter w > 0. In our
numerical experiments we observe that w = 1 is an adequate choice.

It is clear from its definition that this two-step AVEM converges. Concerning its opti-
mality, we show that the number of iterations of GALERKIN is independent of the iteration
counter k and its complexity is dictated by the approximation classes of the solution u and
data D. This requires w to be sufficiently small, or equivalently that the perturbed solution
of (1.1) with data Dy, is much closer to u than the error tolerance €k; this is in the spirit
of [11, 20]. We also prove that the complexity of DATA is given by suitable approximation
classes of D = (A, ¢, f) in the spaces ((L>(£2))**?, L°°(2), L?(€2)). Altogether, this yields the
following optimal decay estimate for the energy error in terms of the number of degrees of
freedom #7

lu—ugli,0 < Cu, D) (#Tk) ", (1.3)

where s > 0 is the worse decay rate between those of the near-best approximations errors for
u and for D; typically s = % in dimension 2.

This paper is organized as follows. We present the weak formulation of (1.1) in Section 2
and recall the VEM basic ingredients in Section 3. We discuss VEM for piecewise constant
data in Section 4, including the stabilization-free a posteriori error estimates from [8]. In
Section 5 we design GALERKIN, and recall its fundamental contraction property from [8]. We
deal with variable data in Section 6, which entails a perturbation estimate for (1.1), the design
of DATA, and eventually of AVEM for general data. Section 7 analyzes the computational cost
of GALERKIN, showing that the number of sub-iterations inside a call to GALERKIN is uniformly
bounded. Section 8 is devoted to the study of the quasi-optimality of AVEM: approximation
classes for the solution and data are introduced, and the rate decay of the error in the energy
norm versus the number of degrees of freedom is estimated in terms of these classes. Section
9 completes the analysis, with the study of the decay of data approximation errors. We
document the interplay between the modules DATA and GALERKIN with several illuminating
numerical experiments in Section 10. It is important to realize that for mesh refinement
to maintain bounded global indices, and thus admissible meshes, further refinement beyond



the marked elements might be necessary. In Section 11 we design and study a procedure
to make meshes admissible in the sense that the global index is uniformly bounded for all
k. This procedure hinges on the bisection algorithm and is of somewhat intrinsic interest.
We prove that it is optimal in terms of degrees of freedom, very much in the spirit of the
completion algorithm for conforming bisection meshes by Binev, Dahmen, and DeVore [10];
see also [18, 19, 21]. We finally draw conclusions in Section 12.

2 The continuous problem
In a polygonal domain ©Q C R?, consider the second-order Dirichlet boundary-value problem
-V -(AVu)+cu=f inQ, u=0 ondQ, (2.1)

with data D = (A, ¢, f), where A € (L*>(£2))?*? is symmetric and uniformly positive-definite
in Q, ¢ € L>®(Q) is non-negative in €, and f € L*(Q). The variational formulation of the
problem is

ueV: B(u,v)=(f,v)a YveV, (2.2)

with V := H}(Q) and B(u,v) := a(u,v) + m(u,v) where
a(u,v) == /(AVU)-VU, m(u,v) = / cuv
Q Q

are the bilinear forms associated with (2.1). Let || - || = +/B(:,-) be the energy norm, which
satisfies
calvliq < II* < Pt VeV, (2.3)

for suitable constants 0 < cg < ¢B.

3 VEM preliminaries

In view of the adaptive discretization of the problem, let us fix an initial conforming partition
To of Q made of triangular elements. Let us denote by 7 any refinement of 7y obtained by a
finite number of successive newest-vertez bisections [10, 18, 19, 21]; the triangulation 7 need
not be conforming, since hanging nodes may be generated by the refinement. Let N denote
the set of nodes of T, i.e., the collection of all vertices of the triangles in 7; a node z € N/
is proper if it is a vertex of all triangles containing it; otherwise, it is a hanging node. Thus,
N = PU#H is partitioned into the union of the set P of proper nodes and the set H of hanging
nodes.

Given an element E € T, let N be the set of nodes sitting on OF; it contains the three
vertices and, possibly, some hanging nodes. If the cardinality |[Ng| = 3, F is said a proper
triangle of T'; if [Ng| > 3, then according to the VEM philosophy E is not viewed as a triangle,
but as a polygon having |[Ng| edges, some of which are placed consecutively on the same line;
the set of all edges of E is denoted by £g. Note that if e C 9E N JE’, then it is an edge for
both elements; consequently, it is meaningful to define the skeleton of the triangulation 7 by
setting & = &7 := Upes E6- Throughout the paper, we will set hp = |E|*/? for an element
and h. = |e| for an edge.



The concept of global index of a hanging node, introduced in [8], will be crucial in the
sequel. To define it, let us first observe that any hanging node & € H has been obtained
through a newest-vertex bisection by halving an edge of a triangle in the preceding triangu-
lation; denoting by @', 2" € N the endpoints of such edge, let us set B(x) = {z’, 2"}.

Definition 3.1 (Global index of a node and a partition). The global index \ of a node x € N
1s recursively defined as follows:

o [fx € P, then set A\(x) :=0;
o Ifx €M, witha',a" € B(x), then set AN(x) := max (M), A(z")) + 1.
The global index of the partition T is defined as Ay = max Ax).
xTE,

Definition 3.2 (A-admissible partitions). Given a constant A > 1, a non-conforming parti-
tion T is said to be A-admissible if
Ar <A

Starting from the initial conforming partition 7o (which is trivially A-admissible), all the
subsequent non-conforming partitions generated by the module REFINE in the sequel will
remain A-admissible due to the algorithm CREATE_ADMISSIBLE CHAIN studied in Section 11.
We refer to [12] for a similar algorithm in the context of dG approximations.

Remark 3.3. The condition that 7 is A-admissible has the following implications for each
element F € T:

e If L C OF is one of the three sides of the triangle E, then L may contain at most 2 — 1
hanging nodes; consequently, |Ng| < 3 - 2%,

o If e C OF is any edge, then h, ~ hg, where the hidden constants only depend on the
shape of the initial triangulation 7g and possibly on A.

In the following C' will denote a generic positive constant independent of the mesh 7 but
which may depend on €2, on the initial partition 7p, on the data D and on the constant A (cf.
Definition 3.2) and that may change at each occurrence, whereas the symbol < will denote a
bound up to C.

3.1 VEM spaces and projectors

Although the results of the present paper apply to a wider set of VEM spaces [5, 1, 7], we
prefer to focus the attention on the so-called enhanced VEM space. We will be brief and refer
to [8] for a more detailed description which adopts the same notation. We start with the
projector I1% : HY(E) — Py(E), which is is defined by the conditions

(V(v—I%0), Vg )g =0 Vg € Pi(E), /8E(U—Hgv) =0. (3.1)

To introduce the space of discrete functions in €2 associated with 7T, for each element F € T
we define

Vor = {U S Co(aE) “ Ve S IP’l(e) Ve € SE},
(3.2)

Vg = {U S Hl(E) © VoE € Vsg, Av € Pl(E) ,/ (U — Hgv)(h =0Vq € Pl(E)} .
E

5



Obviously P1(E) C Vg and, if E is a proper triangle, then Vi = P1(F). Once the local
spaces Vg are defined, we introduce the global discrete space

Vr={veV: ypeVy VECT}. (3.3)

Note that functions in V1 are piecewise affine on the skeleton £ and are globally continuous. A
set of degrees of freedom for the space V7 is given by the pointwise evaluation at all (internal)
mesh vertices.

We also define the subspace of continuous, piecewise affine functions on 7~

Vi :={veV: ypeP(E) VEET}CVr. (3.4)

This subspace was crucial in [8] to get a stabilization-free a posteriori error estimate, and
will play an essential role in this paper as well to remove the stabilization term from several
estimates.

The discretization of Problem (2.1) will involve the following global projection operators

Y : Vo —P(T), ZIr:Vyr—=P(T), T%:L*Q) = Py(T), (3.5)

where P1(7) denotes the space of (discontinuous) piecewise linear polynomials over 7. We
define these operators in terms of their local counterparts. In fact, for each element E € T,
H¥ restricts to the local elliptic projection operator Hg in (3.1), Z7 restricts to the local
Lagrange interpolation operator Zg : Vi — P1(E) at the vertices of E, and II% restricts to
the local L2-orthogonal projection operator I1%, : L?(E) — Py (E). It turns out that 119 = 11},
on Vg, because of the definition (3.2) of the space Vg, and that HE is computable on Vg
in terms of the degrees of freedom [5, 8]. Furthermore, in view of the definition (3.4) of VY,
H7V-v =Zrv=vforallve VOT.

4 A Virtual Element Method with piecewise constant data

In this section we briefly summarize the definition and certain properties of the virtual element
discretization of (2.2) introduced in [8] under the following assumption.

Assumption 4.1 (coefficients and right-hand side of the equation). The data D = (A, ¢, f)
in (2.1) are constant in each element E of T.

For any £ € T we use the following notation: Ap = A € R2X2 cp = e € R,
Je=fig €R.

4.1 The discrete problem

Under the above assumption, we define a7, m7 : V& x V& — R by

ar(v,w) = Z ag(v,w), ag(v,w) = / (ApVIIYw) - VIIGw,
EeT E (4.1)

my(v,w) := Z mg(v,w), mp(v,w) := CE/ Yo Oyw.
EeT E



Next, for any E € T, we introduce the stabilization symmetric bilinear form sg : Vg xVg - R

NE

sp(v,w) =Y v(@)w(@;) , (4.2)

i=1

with {ml}i\i 2 denoting the nodes of E. This form controls the kernel of ag on Vg /R because

it satisfies
cSM%E <sp(v,v) < C’S\vﬁ’E Vv e Vg /R, (4.3)

for constants Cs > ¢; > 0 independent of E; for a proof of (4.3) we refer to [2, 13]. Other
choices for the stabilization form are available in the literature [2, 13] and the results presented
here easily extend to such cases. With the local form sg at hand, we define the local and
global stabilization forms

Sp(v,w) :=sg(v—Zgv,w — Zgw) VYv,we Vg,
Sr(v,w) == Z Sg(v,w) Vo,weVr. (44)
EeT

Note that from (4.3) we obtain
St(v,v) ~ v — ITUEJ— Yo e Vi, (4.5)

where | - |17 denotes the broken H!-seminorm over the mesh 7.

Finally, for all v,w € V4 we define the complete bilinear form
By :Vy xVy =R, B’T(’U, w) = GT(U, w) + m’T(’U, ’U)) + FYST(Q% w) ) (46)

where v > 7o for some fixed 79 > 0 is a stabilization constant independent of 7. The following
properties are an easy consequence of the definitions and bounds outlined above.

Lemma 4.2 (properties of bilinear forms). The following properties are valid

e For anyv € Vy and any w € VOT, it holds

ar(v,w) = a(v,w), mr(v,w) =m(v,w), Sr(v,w) =0. (4.7)

o The form By satisfies
b\v[%Q < Br(v,v), |B7 (v, w)| < Blv|1,0lwh o, Yo, w € Vr, (4.8)
with continuity and coercivity constants B > b > 0 independent of the triangulation T .
Recalling (4.6), direct consequence of (4.7) is the following consistency result:
Br(v,w) = B(v,w) Vv € Vr,Yw € V. (4.9)
We now have all the ingredients to set the Galerkin discretization of Problem (2.1): find

ur € Vg : BT(UT, U) = .7:7’(1)) Vv € Vg, (4.10)



with discrete loading term
Fr(v) = Z fE/ MY Vo € HY (). (4.11)
geT ’F

Combining (4.8) with the Lax-Milgram Lemma, we obtain existence, uniqueness and stability
of the solution u7 of (4.10). Moreover, uy satisfies the following orthogonality condition in
the subspace V9- [5, 8].

Lemma 4.3 (Galerkin quasi-orthogonality). The solutions u of (2.2) and uy of (4.10) satisfy
B(u—ur,v)=0  YveVy (4.12)

4.2 An a posteriori error estimator

Since we are interested in building adaptive discretizations, we rely on a posteriori error
control. Hereafter we present the residual-type a posteriori estimator introduced in [8] as a
variant of the one in [14]. To this end, recalling that D = (A, ¢, f) denotes the set of piecewise
constant data, for any v € V4 and any element E let us define the internal residual over E

rr(E;v,D) = fg — cplljv. (4.13)

Similarly, for any two elements E1, Es € T sharing an edge e € £g, N Eg,, let us define the
jump residual over e

jT(e;v,D) = [[AV HfY-U]]e = (AE1VHg1'U|E1) ‘N + (AEQVHg2’l)|E2) ‘ng, (4.14)

where m; denotes the unit normal vector to e pointing outward with respect to FE;; set
jr(e;v,D) =0 if e C ON. Then, taking into account Remark 3.3, we define the local residual
estimator associated with F

(v, D) = hlrr(Biv, D)3 g + 5> hellir(ev, D)3, (4.15)
e€fp

The residual estimator localized on some subset S C 7T is

n5(8;0,D) := > n7(E;v,D) (4.16)
EeS
and the global residual estimator is
(0, D) = (T;v,D) = 3 13 (E;v,D). (4.17)
EeT

Upper and lower a posteriori bounds of the energy error are provided by the following
result, whose proof can be found in [8, Proposition 4.1 and Corollary 4.3].

Proposition 4.4 (a posteriori error estimates). There exist constants Copost > Capost > 0
depending on A and D but independent of w, T, ur and the stabilization parameter -y, such
that
2 2
lu—urliq < Capost (n7(ur, D) + St(uT, u)) |

Capost N7 (ur, D) < [u—urli g+ ST(ur,ur).

8



The stabilization term S7(u7,ur) and residual estimator n3-(ur, D) are, unfortunately,
of the same order [8, Section 4.1]. However, such difficulty is handled by the following cru-
cial result, proved in [8, Proposition 4.4], which relies on the subspace VOT and Lemma 4.3
(Galerkin quasi-orthogonality). This shows the importance of VQF.

Proposition 4.5 (bound of the stabilization term by the residual). There ezists a constant
Cp > 0, depending on A but independent of T, ur and the stabilization parameter v, such
that

¥ S7(ur, ur) < Cpnf(ur, D). (4.19)

Combining (4.18) and (4.19) gives rise to the following fundamental estimate [8, Corollary
4.5).

Theorem 4.6 (stabilization-free a posteriori error estimates). Assume that the stabilization

B Then it holds
capost

parameter vy is chosen to satisfy > >

Crny(ur, D) < lu—urliq < Cuny(ur, D), (4.20)

with CL, = Capost — Cpy 2 and Ctyy = Clapost (1 + CB"y_?).

5 AVEM for piecewise constant data

In this section, we recall from [8] the Adaptive Virtual Element Method (AVEM) for approx-
imating (2.2) under Assumption 4.1, together with its convergence property. In particular,
AVEM for piecewise constant data is realized by a call to the module GALERKIN described
hereafter. Given a A-admissible input mesh ’T piecewise constant input data D on T and a
tolerance € > 0, the module

[T, u7] = GALERKIN(T, D, ) (5.1)

produces a A-admissible bisection refinement 7T~ of 7 and the Galerkin approximation ur € Vi
to the solution u of problem (2.1) with piecewise constant data D, such that

lu = url < Cge, (5.2)

with Cg = 1/cBCl, where c? is defined in (2.3) and Cy is defined in (4.20). This is obtained
by iterating the classical paradigm

SOLVE — ESTIMATE — MARK — REFINE (5.3)

producing a sequence of A-admissible meshes {7 }x>0, with Ty = 7:, and associated Galerkin
solutions u; € Vg, to the problem (2.1) with data D. The iteration stops as soon as
0. (ug, D) < e, which is possible thanks to the convergence result stated in Theorem 5.2
below.

The modules in (5.3) are defined as follows: given piecewise constant data D on 7o,

e [u7]| = SOLVE(T, D) produces the Galerkin solution on the mesh 7 for data D;



e [{n7(-;ur, D)} = ESTIMATE(T,ur) computes the local residual estimators (4.15) on the
mesh 7T, which depend on the Galerkin solution u7 and data D;

o [M] =MARK(T,{n7(-;ur,D)},0) implements the Dorfler criterion [17], precisely for a given
parameter 6 € (0,1) an almost minimal set M C 7 is found such that

017-(ur, D) < 17 (M; ur, D); (5.4)

e [7.] = REFINE(7, M) produces a A-admissible refinement 7, of T, obtained by newest-
vertex bisection of all the elements in M and, possibly, some other elements.

In the procedure REFINE, non-admissible hanging nodes, i.e., hanging nodes with global
index larger than A, might be created while refining elements in M through newest-vertex
bisection. Thus, in order to obtain a A-admissible partition 7., REFINE possibly refines other
elements in 7. This is accomplished by applying to each E € M a procedure, termed
CREATE_ADMISSIBLE_CHAIN(7, E'), which identifies and refines a chain of elements starting at
E, thereby creating a A-admissible partition. The loop is as follows:

[T.] = REFINE(T, M)
for Ee MNT
[7] = CREATE_ADMISSIBLE_CHAIN(T, E)
end for
return(7")

Due to the technical nature of the procedure CREATE_ADMISSIBLE CHAIN, we postpone its
description and analysis to Section 11.1. We state now a complexity estimate for REFINE,
whose proof is given at the end of that section. This result is fundamental for our optimality
analysis of AVEM in Section 8 and is similar in spirit to the original estimate for the bisection
method by Binev, Dahmen, and DeVore [10]; see also [18, 19, 21].

Theorem 5.1 (complexity of REFINE). Let Ty be an initial mesh with suitable initial labeling.
Let Ty, be a A-admissible refinement of Ty by newest-vertex bisection created by successive calls
Tj+1 = REFINE(T;, M;) for 0 < j < k —1. Then there exists a universal constant Cy > 0,
solely depending on To and its labeling, such that
E—1
#T — #T0 < Co > _ #M,;. (5.5)
§=0
We point out that a different procedure, termed MAKE_ADMISSIBLE, was used in [8] to gen-
erate a A-admissible refinement. While the implementation of this procedure is simpler than
the one in CREATE_ADMISSIBLE_CHAIN, and works well in practice, only the latter guarantees
the validity of the bound (5.5).
At last, we state the following convergence result for GALERKIN (cf. [8, Theorem 5.1]) with
piecewise constant data.

Theorem 5.2 (convergence of GALERKIN). There exist constants 3 > 0 and « € (0,1) such
that, choosing the stabilization parameter v > 0 sufficiently large in the Definition 4.6, the
approzimations uy, € V7, defined in GALERKIN satisfy

lu—unll® + B (e, D) Sak, k0. (5.6)

10



6 AVEM for general data

In this section we describe the two-step AVEM for general (non-piecewise constant) data and
discuss its convergence properties. We first state the regularity of data.

Assumption 6.1 (regularity of data). The data D = (A,c, f) satisfies
D € C°(Tp; R¥*?) x L>®(Q) x L*(Q),
where C°(To; R?*2) denotes the space of piecewise uniformly continuous tensor fields over To.

We will see below that the regularity of ¢ and f can be weakened, but not that of A unless
we proceed as in [11]. We could assume ¢ € L4(Q) for 1 < ¢ < oo and f € H~1(), but
we will not pursue this regularity much further. We begin with a perturbation result for the
solution of the exact problem.

6.1 Data perturbation

~

Let D = (/T, ¢, ) be the element-by-element average of D = (A, ¢, f) over a partition T of Q,
namely

—~ 1 1 ~ 1
AE::AE:/A CEizcE:/C fEisz:/f VEeT.
| /"t /AN 21 /s
(6.1)
If o > 0 is the smallest eigenvalue of A = A(x) for all x € €, then for any ¢ € R?

E-A@E>alE? VeeQ = & ApE>al? VEET,

whence the smallest eigenvalue a of A satisfies @ > «; thus Ais uniformly SPD in . We view
Dasa perturbation of D and consider the corresponding bilinear form B (,)=a(,-)+m(,-),
with

a(u,v):/EVu'Vv, ﬁl(u,v):/ﬁuv Vu,veV,
Q Q

and perturbed problem R R
ueV: B(u,v)=(fv) YveV. (6.2)

Lemma 6.2 (continuous dependence on data). There exists a constant C' > 0, depending
on Q and the mesh shape-regularity, such that for any 1 < q¢ < oo and s € [0,1] satisfying
s < 2(q—1)/q it holds

1 ~
[u—iih.o< ~|ul10 (H Iz + 55 %2

Cq s R ~
5 a5 M€= Dlzs )+~ e (63
where the mesh density h of T is the piecewise constant function satisfying h|g = hg for all
EeT.
Proof. We write the difference between (2.2) and (6.2) as follows:

~

/Q[(EV(u—a))-VHE(u—a)v} :/Q[((A—A)vu)-vw(E—c)uv} +/(f—f)v.

Q

11



Since (c, f) are L2-projections of (¢, f) on piecewise constants over T, we readily obtain

~

A[(EV(u—a))-vu+5(u—a)v} :/Q[((E—A)vu).w+(6—c)(uv—w)]+/(f—f)(v—v),

Q

where the overbars denote the piecewise constant averages over 7. Taking the test function
v =wu—1u €V, and using the relation @ > a > 0 for the smallest eigenvalues of A and A,
standard arguments yield

@[Vl F2(q) < I(A — AVl 20y [Vl 20

+ ) higlle - cllzamlwvlws ) + > hallf = Al Vol e »
EeT EeT

(6.4)

where we set ¢’ = q/(q¢ — 1). We now focus on the more involved mass term. We start by
observing that, by a standard Hélder inequality on sequences and Sobolev embeddings,

> bl - Lo wolws ) < [Ih°(c = O)llLa@luvlws @) < Clh*(c =)l La(@)|uvlw, @) »
EeT P
(6.5)

where 1/p' =1/¢' —s/2 and C depends on Q. Consequently, for r satisfying 1/r+1/2 =1/p/,
we get

\UU|W;,(Q) = [uVv +oVul ) < llullpr@)llvllm @) + vl @) llullmg)-

Combining the definitions of r and p’ we easily obtain the explicit expression r = 2¢'/(2—sq’) =
2q/(2q — 2 — sq). Since r € [1,00), the Sobolev embedding H(2) C L"(Q) and previous
bound yield

[wolws, @) < CrlVullzzo) Vol (6.6)

with C' depending on Q. Inequalities (6.4), (6.5), (6.6) give
all Vo720 < II(A = A)Vul L2 Vol 20
+ Crllh*(e = ) Lo VUl L2 Vol L2i) + ClIMS = Hllz@) Vol
from which we immediately deduce the asserted estimate (6.3). O

Remark 6.3. The bound |u|; o < é”f”H—l(Q) allows us to rewrite (6.3) in terms of data

Cq s R -
(= Dl ) +CIMC Pl

~ 1 -~
i < o (14 - Aleiey + 5
(6.7)

Remark 6.4. A pair of relevant choices for ¢ in Lemma 6.2 are ¢ = oo, which allows us to
take s = 1, and g = 2, which allows us to take any value of s strictly smaller than one. Values
of ¢ < 2 can be taken, but note that the largest possible exponent s tends to zero as ¢ — 1.
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6.2 The module DATA: piecewise constant approximation of data

Given D = (A, ¢, f) satisfying Assumption 6.1, a mesh 7 and a tolerance &, the module
[T, D] = DATA(T, D, ¢) (6.8)

oduces a A-admissible bisection refinement T of T and a piecewise constant approximation
= (A,¢c, f) of D over T such that

1A = Al oo 0y + [I0(e = D)l o) + 1N = P2y < € (6.9)

which controls the perturbation error according to Lemma 6.2 (continuous dependence on
data). In view of (6.9), for any E' € T we introduce the following local data error estimators

pr
D

B A) = A= Al ooy, (E5¢) = hplle = lrom), (B f) = hglf - J?HLQ((E) 7)
6.10
and the global data error estimators

~

GA) =l A= Al G(0) = Ihe=Dz=@), () = INf = Dz, (6:11)

and
(D) = (3(A) + G(c) + G5 (f) - (6.12)

The data error reduction is obtained by iterating the following loop
PROJECT — ESTIMATE DATA — MARK DATA — REFINE, (6.13)

which produces a sequence of A-admissible meshes {’YA}}]-ZO, with 7o = 7, and associated

piecewise constant data 13]- = (gj,ﬁj, fj) w.r.t. 7A}, that approximates the exact data D until
a k > 0 is found that satisfies ¢z (D) < e.
The modules in (6.13) are defined as follows:

e [D] = PROJECT(T, D) computes the element-by-element average D = (A, ¢, f) of D over T;

o ({¢r(+;A)} {¢r (50}, {¢r(+; f)}] = ESTIMATE DATA(T, D, 13) computes the local data er-
ror estimators (6.10) on the mesh T;

o [Mp] = MARKDATA(T,{Cr(-; A}, {¢r(-;0)}, {¢r (-5 )}, 0,¢e) implements the following
marking criteria. For the diffusion and the reaction terms A and ¢ we apply the greedy
strategy that selects

Ma:={EET : (r(E;A) > i}, Mc={E€T: (r(Ec)>ie}.

For the load term f, which accumulates in ¢2 rather than £>°, we first check if (7(f) > %5,
and if so we apply a pseudo-greedy stategy that, given a parameter 6 € (0, 1), selects

Mp={EcT :{(r(E;f)>0 gg§CT(E';f)- (6.14)

Finally, we let the marked set be Mp = My U M. U M;. In Sect. 9, the optimality
properties of the greedy and pseudo-greedy strategies will be assessed.
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. [ﬁ = REFINE(7, Mp) produces a A-admissible refinement T of T, obtained by newest-
vertex bisection of all the elements in Mp and, possibly, some other elements. This is the
same procedure described in Section 5, applied with M replaced by Mp.

Altogether, if  denotes the exact solution of the perturbed problem (6.2) with the output
data D from (6.8), in view of (2.3) and (6.7) with ¢ = oo there exists a constant C'p depending
on {2, data D, and the shape-regularity constant of 75 such that DATA delivers the error
estimate

lu—af <Cpe. (6.15)

6.3 Realization of AVEM

Hereafter, we propose an adaptive VEM (or AVEM) that concatenates the modules DATA
and GALERKIN introduced in (6.8) and (5.1), respectively. Concerning the latter module, its
input now is a mesh T and piecewise constant data D on ’7', while its output is a bisection
refinement 7 of 7 and the corresponding Galerkin approximation us to the exact solution u
of problem (2.1) with piecewise constant data D. They satisfy (5.2), namely

la - url < Cge. (6.16)

The module AVEM. Given an initial tolerance €9 > 0, a target tolerance tol and initial mesh
7o, as well as a safety parameter w € (0, 1], AVEM consists of the two-step algorithm:

[T, ur] = AVEM(7p, €0, w, tol)

k=0

while e, > %tol
[ﬁ, @k] = DATA(E, D,w €k)
[Tis 1, W 1] = GALERKIN(Ty, Dy, )
Ekt1 = %Ek
k+—k+1

end while

return(7g, ug)

Proposition 6.5 (convergence of AVEM). For each k > 0 the modules DATA and GALERKIN
converge in a finite number of iterations. Moreover, there exists a constant Cy depending solely
on To such that the output of [Ti+1,uk+1] = GALERKIN(Tk, Dy, k) satisfies ||u — ug1|| < Cuep
for all k > 0. Therefore, AVEM stops after K iterations, and delivers the estimate

llu — ugsa] < Citol.

Proof. We recall that Assumption 6.1 guarantees that A is uniformly continuous in each
element of the initial mesh 7p. Consequently, [|[A — A| (g can be made arbitrarily small

upon reducing hg for all E € T;. Moreover, since ¢ € L>*(Q) and f € L?(Q) in view of

Assumption 6.1, the errors [[h(c — )| (q) and ||h(f — f)| z2(q) can also be made arbitrarily
small because of the factor h. This implies that DATA converges to tolerance wey, for every
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k > 0in a finite number of steps. The same is valid for GALERKIN, this time due to Theorem 5.2
(convergence of GALERKIN), whence we deduce that each loop of AVEM requires finite iterations.
Thus, the output w1 satisfies

lw = wpsa | < lu = @ll + 1@k — werill < (Cp + Celew VE =0,

according to (6.15) with wey < & and (6.16). Finally, AVEM terminates after K loops, where
K satisfies %tol < ex < tol, and the asserted estimate holds with Cy, = Cp + Cq. O

This elementary proof gives neither information about the dependence of the number of
sub-iterations within each loop of AVEM upon the iteration counter k, nor insight whether the
error decays optimally in terms of degrees of freedom. Answers to these two questions will be
provided in Section 7 and Sections 8 and 9, respectively.

7 Computational cost of GALERKIN

In the sequel, we aim at investigating the complexity of GALERKIN within the AVEM loops. To
this end, we need some preparatory results. In order to facilitate the reader, we shall use the
notation

e exact.sol(-), to indicate the exact solution to the boundary-value problem (2.1) with
data prescribed by the argument,

e galerkin.sol( -, - ), to indicate the solution to the Galerkin problem (4.10) on the partition
prescribed by the first argument, with data prescribed by the second argument.

Furthermore, for any k € N, let (’ﬁ,ﬁk) and (Tg41,ug+1), respectively, be the outputs of
the module DATA and module GALERKIN at iteration k of AVEM. Then referring to (3.3), (3.5),
(4.17), (6.1), we set the following notations:

mesh VEM space projection estimator piecewise constant data
Te  Vi=Vg IY =TI f=ng Dy := (Ap; i, [r)
Te Vi=Vg I :=1I00 =17 Di—1:= (Ag—1,Cr—1, fr—1)-

Lemma 7.1 (uniform boundedness of uy). For any k > 1, let ux, = galerkin.sol(’ﬁc,ﬁk_l) be
the output of the module GALERKIN at iteration k — 1. Then it holds

lukl1,0 < co [l fllo.0 (7.1)
for a constant cg > 0 independent of k.

Proof. Choosing v = uy, = up;, in (4.10) and noting that H]?k_1||079 <\ fllo.q, we get

Br, (wie, ur) = Fr, (ug) < | fllo.l T uk

‘O,Q .

The result follows from the uniform H!-coercivity of the form By, and the H!-stability of the
Hkv operator. [
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Lemma 7.2 (data perturbation of the error estimators). For any k > 1, let (Tx,ur) be the
output of the module GALERKIN at iteration k—1 of AVEM, i.e. uy, = galerkin.sol(7g, ﬁk,l). Let
(ﬁ, ﬁk) be the output of the module DATA at iteration k of AVEM, and uy o = galerkin.sol('ﬁ€7 ﬁk)
Then it holds R R

M (ur0, Dr) < c1mp (uk, D—1) + co€f + caluro — urlig (7.2)

for suitable positive constants ci,co, C3.

Proof. We introduce the following notation

Pr = fir — Celly u gk = [ AV ﬁkvuk]]gk :
T = fro1 — Co IIY gr = [ AV I ug ], »
and we observe that it holds
P = 1% + Ce (Y uk — I wg) + (i — foo1) + (Coor — G e, (7.3)
Jr = gk + [ARY (Y = T Jug ] + [ (Ax — A ) VIR wg ] 5, (7.4)

We distinguish between refined and unrefined elements. Let us start from refined elements
and let E be an element of 7; which is split into E1, ..., E, € T, where n depends on E and
it holds miny<;<y, hg, < hg/2. Hence, we have

n n
o~ o~ v v
Sk IFulE < 30 b, (lrell, + 160 e — Y w3, )
=1 =1
n o~ o~
>0, (I = Foalld, + 1@ = @Y wliy, ) = 1+ 11,
=1

SN bl S0 Y (hellil? + he LAY (Y - 1Y ur])2)

i=1 e€&p, i=1 e€&p,
n
Y (hEiH[[(ﬁk - Ek_l)vnkvukﬂug) = [IT + V.
i=1 e€&p,
Adapting to I and I11] the same reasoning as in the proof of [8, Lemma 5.2] we get

n(F; up, D) < ni(F; up, Di—1) + St ey (ug, ug) + 1T+ 1V . (7.5)

By employing [8, Lemma 5.3] we get
2 (B ur0, Dr) S mi (B3 up, Dy—y) + S8y (Un, ug) + |ugo — Uk‘%,T(E) +I1I+1V. (7.6)

The sum I1+4 1V can be bounded using Holder’s inequality, the trace inequality together with
(6.9), the stability property of IV and Lemma 7.1, obtaining

IT+1V <&t

On unrefined elements E, we note that HZ’Euk = ﬁkVEuk Hence, employing (7.3)-(7.4)
together with [8, Lemma 5.3], and estimating the terms II + IV as before, we have

M (Es w0, D) S me (B uk, Di—1) + €x + uko — wilf g (7.7)
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Finally, summing over E and employing (4.19), we have
02 (wr0, Dr) < 0f(up, Dp—1) + &3 + luro — wild - (7.8)
O

Proposition 7.3 (computational cost of GALERKIN). For any k € N, the number Jy of sub-
iterations inside the call to GALERKIN at iteration k of AVEM is bounded independently of k.

Proof. We proceed in several steps. For any k € N, let (75, Dy,) and (Tpi1, uk41) be the output
respectively of the module DATA and module GALERKIN at iteration k of AVEM. We will use the
following functions:

Up_1 = exact.sol(Dy_1) € V U, = exact.sol(Dy,) € V
up = galerkin.sol(ﬁ,ﬁk_l) €V ug+1 = galerkin.sol(Tgy1, Zsk) € Vi (7.9)
upt = galerkin.sol(’ﬁ, ﬁk_l) €V, Upo = galerkin.sol(ﬁ, ﬁk) € i\’k ,

where the suffix “en” stands for “enhanced” (i.e., uj" is computed with the same data as uy,
but on a finer mesh).

Step 1. Estimate of |uy, — ug ol1,0. This a consequence of the a posteriori error upper bound

[, — uol? .o < Cu it (uko, Dy)

given in Theorem 4.6.

Step 2. Estimate of ﬁz(uk@,ﬁk). Lemma 7.2 gives
M (uk,0, D) < cumpg(ur, Dp—1) + cack + cslupo — uklf o
which, in view of the input tolerance ¢, appearing in the module GALERKIN, implies
T (uk,0, Di) < cagh + esluro — upli g (7.10)

for some ¢4 > 0. It remains to estimate |uyo — ug|3 o, which, invoking the triangle inequality,
reduces to
[uko — uklio S luko — ui 0 + [up” — wle - (7.11)

We observe that the difference w9 — uj* between the two Galerkin solutions in \A"k is the
solution of the following variational problem: for any v € Vi, it holds

/ A VITY (ug o — u§™) - VI v + / Bt I (w0 — g v+ S5 (upo — u,v) =
Q Q

= / (A\k—l — A\k)Vﬁkvuk,O . Vﬁkvv +/
Q

(@1 — )Y ug oIy v + / (fx — fr—)IY v
O O

Taking v = u,0 — uj", employing on the left-hand side the uniform coercivity of the discrete
bilinear term, and using on the right-hand side the triangle inequality, the Cauchy-Schwarz
inequality together with (6.9), and Lemma 7.1, we get

’Uk,O — uznh@ < C5(6k + Sk—l) = 3cse (7.12)
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for a proper choice of ¢5 > 0. In order to estimate |uj™ — ug|1,0, we preliminary note that ’ﬁ;
is a refinement of 7;. Hence, invoking [8, Corollary 5.8] we have

-1 = uf I + g — wll® < (1 4+ 40) -1 — e ®
which, in view of (2.3), yields
lug" — ugli0 < c6ltp—1 — ukl1,0 (7.13)

for some cg > 0. On the other hand, from Theorem 4.6, we have

-1 — wlro < v/Cu k(e Dr—1) < /Coer—y = 21/Cuey. (7.14)
Thus, from eqgs. (7.11)-(7.14), we obtain
‘uk70 — uk|179 < (305 + 24/ CUC(;)&‘k (7.15)

and, employing (7.10), we arrive at
2 (uk.0, Di) < crep

for some c7 > 0.
Step 3. Estimate of the total error 5,2? (uk,0), where, referring to Theorem 5.2, for any
k

refinement 7, of 7\; and for any v € V1, we set
& (v) = @ —v[T g + B (v, D).
Because of Steps 1 and 2 we have
5% (up0) < c7(Cy + B)et =: cg e

Step 4. Bound on J,. Each consecutive iterate (7 j, ur ;) inside GALERKIN starting with

(Th0, Uk0) = (’ﬁ,uk,o) satisfies the contraction property in Theorem 5.2 (cf. [8, Theorem
5.1]). Therefore

2 i 2 i 2
&7 (k) S o &5 (uno) < o’ cocj,
for some cg > 0. Since Jj is the smallest value for which
7]77@,Jk (uk,Jkapk) S Ek

we have
nn,kal(ukn]k_17Dk) > €k -

Concatenating the last two ingredients gives

1 c
2 12 Je—1€9 2
ep < 3 gnyjkil(Uk’Jk_l) <« Bek.

This in turn implies

INJe=1 ¢ log(co/B) .
B)'25 - asled

We see that the upper bound J of Jj is independent of k. This concludes the proof.

18



8 Quasi-optimal cardinality of AVEM

The main purpose of this section is to prove, under suitable assumptions on the solution v and
data D, the bound (1.3) announced in the Introduction, namely the existence of constants
C(u,D) > 0 and s € (0, 3] such that

lu—ugl1,0 < C(u, D) (#Tk) . (8.1)

To this end, we introduce in Sect. 8.1 certain approximation classes for functions in V and
for data, tailored on the decomposition of 2 into A-admissible non-conforming partitions, and
we assume that the solution and the data of Problem (2.1) belong to some of these classes.
In Sect. 8.2, we investigate the approximability properties of certain perturbations of the
exact solution, namely exact solutions of (2.1) with perturbed coefficients. Next, in Sect. 8.3,
we consider a refinement 7, of a partition 7, and give conditions under which an optimal
Dorfler marking property holds. This allows us to prove in Sect. 8.4 an optimal estimate of
the cardinality of the marked set in a call to GALERKIN. At last, in Sect. 8.5, we apply these
results to establish the desired estimate on the rate of decay of the error produced by AVEM.

8.1 Approximation classes

We first introduce two families of approximation classes for a function v € V, and we show
they coincide. Subsequently, we define approximation classes for the operator coefficients
A€ (L>®(2))%*2 and ¢ € L*®(R), and for the forcing f € L%(Q).

8.1.1 Approximation classes for v € V
We start by defining the following quantity for v € V and vy € V-
B3 (0,07) i= o — o7 + o7 — Trerli 7. (5.2
It is worthy to observe that for Ug- € Vg- it obviously holds
E7(v,v7) = [l — o7 |?. (8.3)

Lemma 8.1 (quasi-best approximation). Let u and ur be the solutions of problem (2.2) and
problem (4.10), respectively, with piecewise constant data. There exists a constant CT > 0,
independent of u and the mesh T, such that

E2-(u, ur) < CTEZ(u, v7) Vor € V. (8.4)
Proof. Let e = ur — vy. By the triangle inequality
2 2 2 2 2
E7(u,ur) <2 ([lu —orll* + lvr = Zror i 7 + et + le7 — ZrerliT) | (8.5)

so that we only need to bound the last two terms. First by the coercivity of the discrete
bilinear form, then by recalling the discrete (4.10) and continuous (2.2) weak problems, we
obtain

leT P +ler—Zrer|s 7 < CBr(er,e1) = C(Fr(er)-Br(vr,e7)) = C(B(u,e7)=Br(vT,27)) |
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where we also used that Fr(v) = (f,v)q since in this section we are working under a piecewise
constant data assumption. We can split the above right hand side into two terms, obtaining

lerl? +ler — Zreri 7 < Th + T (8.6)

with
T :=B(u—vr,er), Ts:=B(vr,er) — Br(vr,eT).
The bound for the first term is trivial

Ty < lu—orl - flerl- (8.7)

The second term is first written explicitly recalling the expression for By (-,-), see (4.6), and
using the orthogonality properties of the projectors

Ty = Z / (ApV(vr — HX’UT)) -Ver
EeT’F

+ Z (cp(vr — Hgm-))aT — sg(vr — Zgvr, e — Iger)
EeT/E

< C(lvr — OFvrli 7 + llor — Dvrlloe + lvr — Zrvrhy) (lerll + le7 — Zrer

17)-

Since the projector Hg minimizes the distance from (discontinuous) piecewise linear functions
both in the broken H' semi-norm and in the L? norm, the above bound easily yields

Ty < Clor — Zrorlr (lerll + le7 — Zrerh,7) - (8.8)
The result follows first combining bounds (8.6), (8.7), (8.8) and recalling (8.5). O
Remark 8.2. Note that Lemma 8.1 would be false in the norm || - ||, that is without the

second term in definition (8.2). Indeed this would imply that if v € V then uy = u, which
is well known to be false in the VE method due to the approximation of the bilinear form.

We now introduce two different approximation classes, one based on the full Virtual El-
ement space, and the other one based on the underlying piecewise linear conforming Finite
Element space. Afterwards we will prove that, under the assumption of A-admissible parti-
tions (cf. Definition 3.2), such classes are equivalent.

For any N € N, we define the following collection of partitions:

Ty = {T : T is A-admissible and satisfies #7 < N } .

Definition 8.3 (approximation classes of v). Given any s € R, s > 0, we define the following
approximation classes
A;={veHj(Q) : 3IC eR s.t. ox(v) == inf inf Er(v,v7) <CON® VN > #T5},
TETN vreVy
Al = {ve H}(Q) : 3C €R s.t. 0% (v) := inf inf Er(v,0%) <CN~* VN > #To0} .
TeTN v9-eVy
and denote

|v|a, ;= sup Non(v). (8.9)
N>#To

20



We now prove the following result on the equivalence of the approximation classes (see
[12, Proposition 5.2]).

Proposition 8.4 (equivalence of classes). The two classes in Definition 8.3 coincide, i.e.
Ag = A° VseR, s>0.
Proof. Let s € R, s > 0. The inclusion A? C A, is immediate since VOT C V7 and thus

inf inf E2(v,v7r) < inf inf EZ(v,vY Yo € HI(Q).
At b 7(v, T)_TETNva}eVOT 7 (v, v7) 0(©2)

We now show the converse inclusion. We take a generic v € As. Let N > #7q , then it exists
T € Ty and vy € Vg such that

EZ(v,07) = [lv = o7 + [or = Zror[i 7 <CN™°,

with C' = C(v) but independent of N. We will exhibit an approximant in Vg— that satisfies
the same bound, possibly with a different constant. We choose I%)-UT € Vg-, the Lagrange
interpolant of vy at the proper nodes of 7. Recalling observation (8.3) and by the triangle
inequality

E7-(v, I7vr) = lv — Zror|® < 2(llv — vrll* + llor — Zor|?)

< C'(lv = vrll? + lor = Zyor

%,Q) )

where in the current proof C’ denotes a generic positive constant that may change at each
occurrence. Applying [8, Prop. 3.2] the above bound yields

B2 (v, Z%v7) < C'(Jv — vrl + Jor — Zrorfl 7) < C'Bx(v,vr) < C'N~*.

Since the constant C’ does not depend on N, we have shown that v € A%. Therefore A, C A,
and the proof is concluded. O

In the rest of the paper, we make the following assumption.

Assumption 8.5 (approximability of w). The solution u of Problem (2.1) belongs to As for
some s = s, € (0, 3].
Remark 8.6 (equivalence with approximation classes on conforming partitions). It is easily
seen that the class A?, hence Aj, coincides with the class A¢ defined by replacing Ty by
TS = {7 : T is conforming and satisfies #7 < N}. Indeed, any 7 € Ty can be refined to
produce a conforming partition 7€, such that #7°¢ < K #7T for a positive constant K = Ky
solely depending on A. As a consequence, one can apply e.g. [10, Theorem 9.1] and deduce
that u € A1 provided u € Wg(Q) for some p > 1.

It must 2be finally observed that the important result above does not exclude that AVEM,
which contains AFEM and allows more flexibility in terms of hanging nodes, could obtain a
better efficiency in terms of the involved constants (in this respect, see also Section 10).
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8.1.2 Approximation classes for data

Given a partition 7 and piecewise constant data D= (A\T,ET, fT) defined as in (6.1), let us
set (cf. (6.11))

(r(A) = |[A— A7llpe(y,  ¢r(@) = he—e)l=@, () = Ihf = fr)llz2)-

(8.10)
Definition 8.7 (approximation classes of A). Let
Ay ={Ac (L>®(Q)*? : 3C €R s.t. inf (r(A) < CN~* YN > #To} (8.11)
eln
and denote
Alp, == su N? inf A) . 8.12
Al i s (V0 inf Gr(4)) (8.12)
Definition 8.8 (approximation classes of ¢). Let
Cs={ceL>®() : IC eR s.t. 7_1an C(r(c) KCNT? VYN > #7To} (8.13)
€ln
and denote
lelc, == sup (Ns inf CT(C)> . (8.14)
N>#T, TeTN
Definition 8.9 (approximation classes of f). Let
Fo={fcL*Q) : 3C €R s.t. inf (r(f) SON™ N> #To} (8.15)
N
and denote
= su N?® inf . 8.16
= s (¥ int r() (5.16)

In the rest of the paper, we make the following assumptions concerning the data of our
problem and their piecewise-linear approximation.

Assumption 8.10 (approximability of data). There exist sa,s¢, s € (0, %] such that the
data of Problem (2.1) satisfy A € A, c€ Cs,, f €Fs,.

Assumption 8.11 (quasi-optimality of the module DATA). The procedure MARK_DATA intro-
duced in Sect. 6.2 is quasi-optimal, namely the cardinalities of the marked sets My, M., My
for A,c, f resp., satisfy

1

& L Rt T
SMAS A SH L #MOSIE SR, #M SIS Y. (81)

Under this assumption, setting sp = min(sa, s, sf), the cardinality of the marked set

Mp = M4 UM, U M; satisfies

1

1 1 = = _1
#Mp < (\A&; + |C|&c + |f|F:f)5 Ep— |D]A7; € °D . (8.18)

Remark 8.12. In Sect. 9 we will give regularity conditions on the data such that Assumption
8.10 is satisfied. In particular, we will prove that sq = s. = sy = & if A € (W}(2))?*? with
p>1¢c€ L>®) and f € L*(). Furthermore, we will show that the implementation of
MARK_DATA described in Sect. 6.2 guarantees the validity of Assumption 8.11.
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8.2 c-approximation of order s

Since the data Z/ik is fixed inside GALERKIN, the performance of this module is dictated by the
regularity of 1y = exact.sol(@k), which is the exact solution with data ﬁk, rather than u. We
know that u € As and wonder what regularity is inherited by . This leads to the following
concept introduced in [11, Def. 3.1 and Lemma 3.2].

Definition 8.13 (s-approximation of order s). Givenu € As ande > 0, a function v € H} ()
is said to be an e-approximation of order s to w if |lu — v| < e and there exists a constant
C > 0 independent of €, u and v such that for all § > € there exists N > #7Ty satisfying

1
on(W) <8 N <Cluly 675 +1.

Remark 8.14. In view of the definition of oy (v), there exists 7 € Ty and vy € V7 such
that
on(v) = Er(v,vr) < 4.

Lemma 8.15 (e-approximation of u of order s). Let u € A5 and v € HY(Q) satisfying
lu —v| <e for somee > 0. Then v is a 2e-approzimation of order s to u.

Proof. Let 6 > 2¢. By definition of oy (u), there exists N > #7y, T € Tn and wy € V7 such
that 5
_1

5 1
on(u) =Er(u,wr)< o N< luly, ()

1.
1 +

The triangle and Young inequalities yield

on(v) < Er(v,wr) < |lv —wr| + |wr — Zrwr|i0
< v —ul| + Ju — wrl| + |wr — Zrwrha < v —ul| + V2E7(u, wr)

1) 1 ﬂ
< — < — - .
=° \f2_<2 2>5<5

Moreover, there holds
1
N < 4+|ul 675 + 1.

This concludes the proof with constant C' = 4. O

8.3 Optimality of mesh refinement

Hereafter, we consider two A-admissible partitions 7 and 7, the latter being a refinement
of the former obtained by applying a newest-vertex bisection to some of the elements of
7. Considering the corresponding Galerkin solutions u7 and w7y, of problem (4.10) with
piecewise constant data, we first prove that the difference in energy norm between w7 and the
orthogonal projection of wy, upon VOT* can be essentially bounded by the contribution to the
error estimator coming from a neighborhood of the refined elements. Next, we give conditions
under which this portion of the error estimator satisfies a Dorfler property with respect to
the full estimator.
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8.3.1 Localized upper bound of the difference between Galerkin solutions

Consider an element E € T which has been split into two elements Fq1,Es € T,. If v € V,
then v is known on OF, hence in particular at the new vertex of 1, F» created by bisection.
Thus, v is known at all nodes (vertices and possibly hanging nodes) sitting on 0F; and 0Es,
since the new edge e = F1 N Ey does not contain internal nodes. This uniquely identifies a
function in Vg, and a function in Vg,, which are continuous across e. In this manner, we
associate to any v € V7 a unique function v, € V1, that coincides with v on the skeleton £.
We will actually write v for v, whenever no confusion is possible.
We introduce the following orthogonal decomposition of V1

Vr=V3o Vs, (8.19)

where V%— is the orthogonal complement of Vg- in V7 with respect to the (discrete) scalar
product By (-, -), and we prove a localized estimate (cf. [12, Lemma 3.5]) that is crucial in the
discussion of the quasi-optimal cardinality of our adaptive algorithm. To this end, we denote
by R7—7. the set of refined elements of T to obtain 7. and let w(R7_7,) be any subset of
T containing R7_,7.. We observe that as 7T, is a refinement of 7, Assumption 4.1 implies
that for every E, € T, with £, C E, E € T we have Ag, = Ag, cg, = cg and fg, = fg.
The following lemma bounds the difference between a discrete solution and (the V% part of)
another discrete solution on a refined mesh. Such difference is bounded by the error estimator
evaluated on a suitable neighbourhood of the refined elements, plus an additional term which
nevertheless becomes “negligible” for v sufficiently large.

Lemma 8.16 (localized upper bound). Let T, be a refinement of T and let ur € Vi and
ur, € V7. be the corresponding discrete solutions of (4.10) with piecewise constant data. Let
U, = u%)-* —|—u£,‘-* € V% @Vﬁﬁ‘ be the orthogonal decomposition of ut, according to (8.19). Then,
there exists a constant Cry only depending on the shape reqularity of T so that

1. — urll < Crv (nr(@(R7—7.);u7, D) + 7~y (ur, D)) . (8.20)

Proof. Let us preliminarily proceed by steps and collect some instrumental results that will
be employed in the sequel.

Step 1. First, we observe that as VOT C Vg-* is made of continuous piecewise linear functions
on T we have

vy = YY) = I o9 (8.21)
Step 2. There holds
Br. (uY-,v%) = Fr.(v}) Vo) € V. (8.22)
Indeed, for any v% € V7Q* we have

where in the last step we employed that V%—* is the orthogonal complement of Vg—* in V. with
respect to Br. (-, ).
Step 3. There holds

B(uYy —ur,vy) =0 Vo € V9. (8.24)
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Using (4.9) and (8.21) we have

B(uy. — ur,v}) = Br. (uF.,v%) — Br(ur,vy) = Fr.(v}) — Fr(v}) (8.25)

where in the last step we employed (8.22). From Assumption 4.1, (4.11) and (8.21) we get
(8.24).
Step 4. Let e = ug-* - ug- — UOT with UQF € V70-, where u%)- =uy — u% € Vg-. There holds

Br.(uy. —ur,€e)) S [uy. — urlo(r (w(RT—7); ur, D) + v 'n7(ur, D). (8.26)
Indeed, we have

Br.(uf, — ur,€)) = Fr.(e]) — Br. (u, )
= (Fr.(e2) = Br.(IWfur, ) + Br. (WY ur — ur,e)) = I + 11,
where, with a slight abuse of notation, we extend the definition (4.6) of Bz, to P1(7x).
In the sequel we choose v = Z%(u9- —uf) in the definition of €2, where Z9 : C°(Q2) — V5

is the Clément quasi-interpolation operator on 7°. We also notice that €0 vanishes outside
the set w(R7_7.). As el € V7Q* and H% e = ¥ we have

I=Fr(e)— ) / (Ap, VILY. (ITYur) - VIIY €2 + cp, ITY. (ITY u7)ILY. €2)
E.€Te” ™

= ./—"7’(62) - Z Z / (AE* VHIY-UT : Veg + cEg, H7V-u7’ 62)
E€T E«€T,E.CE" ™+

= ) (fpel — ApVIL ur - Ve — cpllyure?)
Bew(R1-750)

where we employed the properties of the enhanced space (3.2). Integrating by parts, em-
ploying the Cauchy-Schwarz inequality together with the vanishing property of €2 and the
interpolation error estimate for I%)—, we obtain

IS v, = urhanr(wRr-7)iur, D). (8.27)

On the other hand, again as e € V% and H% e? = €Y, we have

I = Z / (AE* VH% (H¥ — I)UT . Vﬂ%eg + CE*HV* (H7V— _ I)uT H%eg)

E.€T.
= Z / (AE*V(H¥ — Dur - Vel + cp, (Y — Tur eg)

E.eT. /B
=> ) / (Ap, V(ITY — DNug - Vel + cp, (ITY — Dug e?) (8.28)

EeT E«€T«,E<CE

= Z / (ApV(ILY — Duy - Vel + cp(IlY — Iure?)
EeT’E

< Sr(ur,ur) Py — e S v (ur, D) ud — u e
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where in the last step we used (4.19). The thesis follows combining (8.27)-(8.28).
Step 5. Let uy = u9r + u7l— be the orthogonal decomposition (8.19). There holds

It < St(ur,ur)? S v nr(ur, D). (8.29)

Indeed, we have

Br(ux,ur) = inf B — w9y ur —wY) < B —19 —%ur) < S

T (ur, ur) inf , 7(ur — wy, ur —wy) < Br(ur — Ipur,ur — I7ur) S ST(uT,ut)
wrsVr

where in the last inequality we employed the continuity of By (-,-) in combination with [8,
Prop. 3.2]. The coercivity of B (-, -) together with (4.5) and (2.3), and the bound (4.19) yield
the result.

At this point, we have collected all ingredients to prove (8.20). From the coercivity of
B(-,-) and employing (8.24) we get

W“g’* - U’T’”Z 5 B(u% —ur, 'LL% - U'T) = B(Ug’* —ur, 62) + B(U% —ur, Ug’ - U'Jf)
= B(uY —ur,ed) — B(uy — ur,uz) =: (i) + (ii).

Employing the consistency of B7.(-,-) (cf. (4.9)) together with (8.26) we get

(i) = Br.(uf. —ur,€)) < |uf — uFlor(@(Rr—7);ur, D) + v 'nr(ur, D). (8.30)

On the other hand, employing the continuity of B(-,-) in combination with (8.29) we obtain

(i) < luf, — urlllerll < lluf, = urlly ™ty (ur, D). (8.31)

We now observe that |[u) — u%|10 = [uf —ur + uFlio S W% — url + v 'n7r(ur, D)).
Concatenating (8.30)-(8.31), we easily conclude the proof of Lemma 8.16. O

8.3.2 Optimal marking

We first recall two instrumental results that will be useful in the sequel. From [8, Corollary
4.3] we have the global error bound

Carng(ur, D) < lu—url® + |lur — Irurl? T = E3(u, ur). (8.32)
Moreover, we observe that (4.5) and (4.19) yield
lur — Irurli s < Coy~ *ni(ur, D). (8.33)
In order to derive a quasi-optimal decay of the total error, we define

9 QCLU-FC'B
" Car

Car — v 2(2Cy +C
) = Cer=3 200 )

for v > 7., where Cry is given by Lemma 8.16. Notice that v > ~, yields 6, > 0 and if
Cor < 2Cry then 6, < 1. Moreover we make the following assumption.

Assumption 8.17 (module MARK). The set of marked elements produced by the module MARK
has minimal cardinality and the marking parameter satisfies 0 € (0, 6,.).
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In order to simplify the notation, we let 0 < p < 1/2 be defined by

Car —v2(2CLy +C 0
(7, 0) = GL 72é LU + B)(l—e) Yy >y, 0<6 <0,
GL *

We now prove the analogous of [12, Lemma 5.4].

Lemma 8.18 (optimal marking). Let T, be a refinement of T and and let ur € Vy and
ur, € V. the corresponding discrete solutions of (4.10). In addition, assume

EF-(u, uf,) < pE3(u, ur) (8.34)

where ur, = u% + u#* is the orthogonal decomposition (8.19). Then, for v > v, and 0 €
(0,0.(7)), the set w(Ry_T.) satisfies a Dérfler marking property

W (W(RT—T.);uT, D) 2 011 (uT, D).
Proof. Since 0 < p < 1/2, employing (8.32) and (8.34) we get
= 2p)Carny(ur, D) < |lu — ur|” — 2f|u — uy; ur = Itur|ir :
(1 = 2u)Cornz(ur, D) < | I — 2| 07+ Irurlt (8.35)

where we used I, u% = uOT*. From the triangle inequality and (8.20) we obtain

2 <20y (W (w(RTo7)iur, D) + 7 05 (ur, D)) .
(8.36)

llu = url® = 2w = w P < 2lur — uf,
Combining (8.35)-(8.33) we get

(1 - 2u)Carn3(ur, D) < 20y (w(Rr—7.);ur, D) + v 2(2C L0 + Cp)nA(ur, D)

which implies, employing the definition of 1 and 0, the desired estimate

- (w(Rro7.);ur, D) > ((1 —2p)Car — v *(2CLu + éB)) n7-(ur, D) > On7-(ur, D).

1
2CLu
The proof is concluded. O

8.4 Complexity of GALERKIN

In this section, we rely on the notation introduced in Sect. 7, in particular those in (7.9). We
assume that the pair (7x, Dy) transferred by DATA to GALERKIN at iteration k satisfies

17, (uk,0, Dr) =: €k > e,

for otherwise GALERKIN is skipped. On the other hand, combining (2.3) with the stabilization
free a posteriori error estimates (4.20), we can write

CL 2 (un0, Di) < [l — uroll* < Cf iz (ur,0, D) (8.37)
with 6% := ¢gC, and 02 =B Cy. Therefore, we get the lower bound
Ik — ukoll = Crék > Crey.
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On the other hand, from (6.7) and (6.9) it follows that DATA provides a perturbed exact
solution iy, € Hi(9) satisfying

. Dw ~
lu — k|| < Dwer, = =—Clrey,
Cr

for a suitable constant D > 0. Let

_ VHCL

w oD s
which implies
_ TP
o~ I < e

In view of Proposition 7.3 (computational cost of GALERKIN) the module GALERKIN performs
a number of iterations J; bounded uniformly in k£ by .J. For each such iteration j we have a
mesh T ; and a Galerkin solution uy ; € V7, . so that for 0 < j < J

776,0 = 776 )

N7.; (Ukj, Di) > €k,

E7, Uk, ugj) > Uk — ug 4l > Crng,; (ukj, Dr) > Crey. .

Let M, ; be the marked set within 7 ; using the Dérfler strategy.

Lemma 8.19 (cardinality of marked sets). If u € As; and w = \/QESL, then there ezists a
constant Cy > 0 such that

11 .
#My.; < Coluly e, 0<j<Jg.

Proof. Fix 0 < j < Ji and set

0 1= /HET, Uk, uk) = /i (i — g

+ Jukj — I jur11.9)

whence R
0 > /pCreg.

Since [|u — ug| < 46@5,“ we deduce that uy is an \/ﬁé\'Lek-approximation of order s to u.
Therefore, there exist an admissible mesh 75 such that

Ery(ie ) <6 #75 S ul3,07
where u% € V% because As = A%. This implies
Iy, — u;ll = Ex; (g, u;) < 0.
In order to compare with 7j ; we consider the overlay 7, = T ;j ® Ts, which satisfies

#Te < Thj + #75 = #To-
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Consider now ug-* € VO*, the Galerkin solution on the subspace of continuous piecewise linears
Vg-*. Exploiting the monotonicity

iy, — w3 | < ik — w5l
because T is a refinement of 75, we see that
E7. (G, uT,) = i — uf || < Wk — w7 < 6 = REr, ; (g, up) - (8.38)

Applying Lemma 8.18 (optimal marking) to 7, and 7 ; we infer that the refined set Ry ; =
R, ;7. satisfies Dorfler marking with parameter 0 < 6 < 6 and stabilization constant
v > 7v.. In addition,

#Rij = #T — #Trj-

Since our Dorfler marking involves a minimal set M, ;, we deduce

11 T
H#FMyj < H#Rej < #T5 —#T0 Sluly 675 Sluly e,

This concludes the proof. ]

Corollary 8.20 (complexity of GALERKIN). Ifu € As and w = ‘/ggL , the number of marked
elements My, within a call to GALERKIN satisfies

1

11
#FMy < JColuly g, °-
Proof. Use that #M;, = Zjial #M, ; and the previous lemma. O

8.5 Quasi-optimality of AVEM

We finally address the quasi-optimality of the 2-loop method AVEM, by proving the announced
bound (8.1).

Theorem 8.21 (quasi-optimality of AVEM). Let Assumptions 8.5, 8.10, and 8.11 hold true.
Then, there exist constants 0., ws, < 1 and v« > 1 such that for all 0 < 0., w < wy, and ¥ > V4
there holds

lu —urll < C(u, D) (#Th)" 1<k<K+1,

where 0 < s = min{s,, sp} = min{s,, s4, s¢, 55} < 1.

Proof. We know that the number of marked elements Nj(u) within GALERKIN satisfies

with s, < 1. Moreover, by Assumption 8.11 the number of marked elements Ny (D) within

DATA satisfies
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with sp < % Upon termination, DATA and GALERKIN give

. nCr, -
lu — ug|| < Dwey, = D\gD er < Cyeg

I — w1l < Congyys (s, Di) < Cuen,
because pu < 1. This implies by triangle inequality
lw — upsa || < 2Cue. (8.39)

In addition, the total number of marked elements in the j-th loop of AVEM is

1 1

o ,l
N;(D) + Nj(w) < Ci(Julie, + 1D )e;

»

Therefore, the total amount of elements created by k loops of AVEM, besides those in 7y, obey
the expression

??‘
»a
T
—

BTiis — 4T5 < Co S (N;(D) + Ny(u)) < CoCi(fuliy +IDIP )Y e,

sp’ £a "]

w =

<.
I

o
<
I

o

Since g = 1, ¢ =277 and

T
L

1
@Y <7
= 1—271/
we deduce ) )
1 L 1
H#Trr1— #To < C(]u\j{;u + ]’D];?D) £ ° (8.40)

with C = 57001 Since the first refined mesh satisfies #71 > ¢g #7p for some ¢y > 1, it holds
#Tit1 < 27 (#Tk+1 — #70). Combining this with (8.40) and (8.39) yields the thesis. O

Remark 8.22. The thresholds 6., w, play no role in Proposition 6.5 but are critical in The-
orem 8.21. The former takes care of the gap between C'; and Cy in the a posteriori bounds
(4.20), and is well documented in the optimality analysis of AFEMs [12, 19, 18, 20]. The latter
guarantees that the perturbation error (6.15) is much smaller than e and enables GALERKIN
to learn the regularity of u from ﬁ?k [11, 20].

9 Data approximation: cardinality properties

In this section, we provide sufficient regularity conditions for data D = (A, ¢, f) to belong to
the approximation classes introduced earlier and present algorithms for their approximation.

9.1 Greedy algorithm: definition and performance

We start with a constructive approximation estimate for a generic function g : 2 — R of class
W (§2) and next apply it to D.
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Let 1 <p,q<o00,0<5<1beso that
2

sob(W,;(Q2)) =s—~ > sob(L9(2)) =0 - —,
b

whence 5 o9
s——+->0. (9.1)
p q

Let E € T be a generic element, and let

; /
9 ‘= 1= [ 9
E| JE

denote the mean value of g on F. Polynomial approximation theory yields

s—2 2
lg —9ellLee) S hg G /q|9|W5(E) :

In view of the application to D, it is convenient to consider the weighted L?(E)-norm instead,
namely for 0 <t <1

) 2 2
(r(E;g) = higllg — 9pll o) S Wplglwgmy, — with ri=t+s— >t 7 (9.2)

Given a tolerance § > 0, we consider the algorithm

[T] = GREEDY(T, )
while M={EeT:{(r(E;g9) >0} #0
T = REFINE(T, M)
end while
return(7)

The following properties are valid for the global weighted error

irlg) = (Z c%<E;g>)q ,

EcT
with the usual interpretation (7(g) := maxger (7 (F;g) for ¢ = co.

Proposition 9.1 (performance of GREEDY). If r > 0, then GREEDY terminates in a finite
number of steps. The output partition T satisfies the estimates

Crig) < 6 (#T)7, (9.3)

5 S lglwsoy (BT — #T5) 5 & . (9.4)

Remark 9.2 (error decay in GREEDY). Assuming #7 > co#7To for some ¢y > 1, and concate-
nating (9.3) and (9.4) yields

t+s

(r(9) S lglws@#T)™ 2 .

(9.5)
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Proof of Proposition 9.1. We proceed in several steps.

(i)

(i)

(iii)

Termination. Since r > 0, GREEDY stops in finite steps k, producing k subsequent
refinements 71,...,7; of 7. Upon termination, it holds (7, (E;g) < ¢ for all E € Ty,
whence (9.3) follows.

Counting. Let M = MoU...UM;j_1 be the set of marked elements. We reorganize M
by size: let P; be the set of elements 2 € M such that

2~ U+) < |E| < 277, namely =45 <hg< 973,

Since REFINE uses bisection, the elements of P; are disjoint, whence
27UHDup, <10 e, #P; < |Q 27,

On the other hand, E € P; (with E € 7; for some 7) implies

0 < (7;(E39) S Melglwss) <2 %IQ\WS

In view of the summability of the right-hand side, we now accumulate these inequalities
in the £ norm

_Jrp
FH#HP; S22 gy 2(0)
This gives an alternative bound
e iTP
#Pj S0 P27 2 gl 5(9)
Summing up. Adding over j we obtain
ISR ILELED WAl
J<jo J>Jjo

where jo corresponds to the crossover of the two series, namely

; _M
’Q| 2j0+1 ~ 0 P2 |g|Ws(Q)

This implies
1 rp _ _
2004%) ~ Q| Hg[P L 00 7P

9

and

rp
1 —1
+5 =1+

(VRS

2 2 p p . 1
t+s+>:t+s +=-=pw, with w:=—-(t+s)+ -
( p g 21+ q 2+ q

We thus deduce
_1
2]0 ~ |Q‘ pw ‘g‘WS )5 w

and the two series amount to the same sum
< Qe lglE . 5
#M S Q] pw|g|ws(g)5 W
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(iv) Complezity. Apply finally the estimate (5.5) that controls the number of elements in 7

in terms of M:
T~ #To < #M 107 gl )07
This in turn yields
5 S 17 glws (o) (HTh — #T5) ™",
which is the asserted inequality (9.4) in view of the definition of w. This concludes the

proof. O
We now apply Proposition 9.1 to data D = (A4,c¢, f), starting with A. In this case, we

have 9
t=0, g=o00, r=5—->0.
p

This allows for s = 1,p > 2 (i.e., A € (W)(Q))**?), or s > 0,p = oo (i.e., A € (W5 (€2))*** =
(C%3(£2))?*2, the space of Holder-continuous tensor fields of exponent s).

Corollary 9.3 (approximation of A). If A € (W;3(€2))**? with 0 < s <1 and p > 2. then
~ s_1 _s
A = ATl Loy S Q2 7 | Al ) (#T) 72 - (9.6)

Thus, A belongs to the approximation class A%, and the GREEDY algorithm provides a quasi-

optimal approximation of A.
We next consider the reaction term c, for which we have
2
t=1, g=o00, 7r=5s——-+1>0.
p
The latter inequality is surely satisfied if condition (9.1) holds. Thus, we may take s = 1,
p=2(e,c€ H(Q)),or 0<s<1, p=oo (i.e., c€ W ().
Corollary 9.4 (approximation of ¢). If c € W;(Q) with0<s<1 andp > %, then
E (9.7)

2

N 1s_1 _
[h(c=er)llLee) S 19212 7 lelwsa) (#T)
Thus, ¢ belongs to the approrimation class Cits, and the GREEDY algorithm provides a quasi-
2

optimal approzimation of c.
We conclude with the forcing term f, for which we have

2
r=s——+4+2>0.

t=1, ¢=2,
p
Again, the latter inequality is implied by (9.1). Admissible cases are 0 < s < 1, p = 2 (i.e.,
feH(N),ors=1,p=1 (ie., f € WLHQ)).
Corollary 9.5 (approximation of f). If f € W;(Q) with0 <s<1 andp > 5,4%1’ then
kR (9.8)

2 .

-~ s4q1_1 _
Ih(f = F)ll2) S 1921277 | flws ) (#T)
Thus, f belongs to the approximation class Fivs, and the GREEDY algorithm provides a quasi-
2

optimal approzimation of f.
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Remark 9.6 (rates of convergence). We see that the most critical data term is A, whose
approximation error decays, according to (9.6), with rate —5 (0 < s < 1) provided A € W ().
If s=1, p> 2, we get the best possible rate —%.

On the other hand, data ¢ and f lead to a rate —% < —% for any regularity c, f € W7 (€2)
with 0 < s < 1. This is observed in the numerical experiments of Sect. 10. If instead, ¢ and
f have minimal regularity for our AVEM to make sense, namely ¢ € L>®(Q), f € L?(€), then
the convergence rates are —3 for both data (i.e., s = 0).

9.2 A pseudo-greedy strategy for f

Since the local error estimators (7 (F; f) = hg||f — fHLQ(E) accumulate in 2, the threshold
0 of GREEDY is not directly related to the desired tolerance e. In fact, all {(7(F; f) could be
rather small relative to ¢ and yet (7 (f) = ||h(f — f)HLz(Q) > Le. A practical choice is § =
maxype7 (7(E; f), but the ensuing algorithm is inefficient. We propose a minor modification
of GREEDY with similar properties as Dorfler’s algorithm that hinges on the maximum strategy.
We describe the algorithm for a generic function f € W;(Q) in the general setting presented
at the beginning of this section, then we restrict the result to the forcing f of Corollary 9.5.

Given 6 € (0,1) and a tolerance § > 0, consider the algorithm

[T] = P-GREEDY(T, 0)
while (7 (f) > 0
M={E €T : ¢r(B: f) > 0 max r(E's )}
T = REFINE(T, M)
end while
return(7)

The following statement is the counterpart of Proposition 9.1 and Remark 9.2 for P-GREEDY.

Proposition 9.7 (performance of P-GREEDY). Let r be defined in (9.2), and suppose r > 0.
Then P — GREEDY terminates in a finite number of steps. The output partition T satisfies the
estimates

G <6 and G (f) S flwyo)#DE (9.9)

Proof. Since the proof is similar to that of Proposition 9.1, we only report the new ingredients.
Let T1,...,Tr be the sequence of refinements produced by P-GREEDY, and My, ... M} be the
sequence of marked elements, with M = M U--- U Mj. Set

wi = max{(r(E;f): Ee€T} (1<i<k) and W= flg—1 -

Then, it holds )
Cr(f) <6 <G (F) S u#Tre1)® < p(#7Tr) . (9.10)

On the other hand, since REFINE does not increase the element estimators, one has p; > u
for any 4, whence

(B, f)>0p;>0u YEEM; Vi.
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Let us introduce the partition of M into disjoint subsets P; as in the proof of Proposition
9.1. If ¥ € Pj, denoting by ¢ the index such that F' € M;, we get

0 < Cr(E, f) S Pl flws@ <272 flws@)

whence '
< P, PR £IP
#P; S0 P22 |f|W’§(Q)'
As in the proof of Proposition 9.1, this yields
1S sy (BTh — #T0)
and we conclude using (9.10) and the bound #7y > co#7To for ¢o > 1. ]

If the forcing f € W, (Q) with 0 < s < 1 and p > H%, as in Corollary 9.5, then (9.9)

reads (7(f) < | f’W;(Q)(#T)_%, i.e, P-GREEDY provides a quasi-optimal approximation of
f with convergence rate —=. In particular, if f € L*(2), then (7 (f) < ”fHL2(Q)(#T)_%.

10 Numerical results

In this section we present a numerical experiment to confirm the convergence and optimality
properties of the 2-step algorithm AVEM. We consider problem (2.1) in the L-shaped domain
Q= (-1,1)2\([0,1] x [~1,0]), with diffusion term A = al, where

a(z,y) = 1+ exp(—50((z + 0.5)* + (y + 0.5)%)) + exp(—50((z + 0.5)* + (y — 0.5)%)),
and reaction term
clz,y) =1+ exp(—50((:c + 0.5)2 + y2)) + exp(—50(:c2 + (y — 0.5)2)) :

note that the Gaussians in the definition of a and ¢ have the same intensity but are located in
different places within Q (see Figures 2 and 3). The load term f and the Dirichlet boundary
conditions are chosen in accordance with the analytical solution

u(z,y) = ré sin(2a/3) + exp(—1000((z — 0.5)* + (y — 0.5)%)),

where (r,a) are the polar coordinates around the origin. Notice that the exact solution u
is singular at the reentrant corner: it belongs to the Sobolev spaces H (Q)%_E with € > 0
and Wg(Q) with p > 1. Tt also exhibits a rapid transition of order 1073/2 around the point
(0.5,0.5) due to the presence of a very narrow Gaussian. The three Gaussians are meant to
test the performance of the module DATA.

We utilize the following parameters in the numerical test
v=1, A=10, Opsfier =0.5, w=1, Opgreedy =5qrt(0.75), tol =0.125,

where ~ is parameter of the dofi-dofi stabilization (4.2), A is the bound for the global index
of non-conforming partitions in Definition 3.2, Opsfier is the Dorfler marking parameter (5.4),
w is the safety input parameter of DATA, 0 grcedy is the pseudo-greedy marking parameter
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(6.14), and tol is the target tolerance of AVEM. We implement algorithm AVEM with a uniform
structured triangular mesh 7y with diameter A = 0.125 and initial tolerance ¢y = 1.

In order to estimate the VEM error between the exact solution u and the VEM solution
uT, we consider the computable H'-like error quantity:

|u — HTUT|1T

H™1-error:
ul1,0

In Fig. 1 (left) we display the estimator 57 (ur, D), the data error (+(D) and the H™1-error
obtained with algorithm AVEM. In Fig. 1 (right) we exhibit the data error (+(D) and the
addends (7(4), (7(c), ¢7(f) (cf. (6.12) and (6.11)). Notice that the number of iterations of
the algorithm AVEM is K = logy(€ep/tol) = 3.

Module AVEM Module DATA

10'F 10" F Ay
-=-estimator \ —~+-data error
~+data error \ A — Al
\-\‘\ —-H"1-error } -~ In(c =&)L~
T \ (s = Dz

10° H#T 12 10° AT

Figure 1: Left: estimator ny(ur, D), data error (+(D), H™1-error obtained with the algo-
rithm AVEM. Right: data error (+(D), tensor error (7(A), reaction error (+(c), load error
(¢( f), obtained with the algorithm AVEM. In both figures the optimal decay is indicated by
the dashed line with slope -0.5.

The predictions of Theorem 5.2 (contraction property of GALERKIN) are confirmed: both
the estimator ny(u7,D) and the H 1-error converge to zero and the decay rate reaches
asymptotically the theoretical optimal value #7 ~1/2; this corresponds to s = 1 /2 in Theorem
8.21 (optimality of AVEM). Concerning data approximation, we observe from Fig. 1 (right) that
(7(D) decays with rate HT 12 dictated by (7(A), as predicted by Corollary 9.3 , while (#(c)
and (=(f) exhibit a faster decay rate. This is due to regularity of (c, f) beyond L‘X’(Q) X L2(Q)
as predicted by Corollaries 9.4 and 9.5. We finally notice from Fig. 1 that the module DATA
is active for all k except k = 1 because (7; (D) < €;.

In order to highlight the different level of approximation of data D = (A, ¢, f) required
by AVEM, we display in Figs. 2, 3 and 4 the graphs of the piecewise constant approximations

= (A, f) with respect to the mesh Tx (left), and of the continuous piecewise linear
counterparts with respect to the mesh Tx i1 (right). Since the Gaussians in a and ¢ are
located in non-overlapping subregions of €2, it is possible to see that AVEM imposes a much
finer resolution of a than of ¢ in both meshes ’?K and Tx41; this is due to the extra factor h
in the definition (6.11) of ¢2(c).

Finally in Figs. 6, 7 and 8 we compare the grids Tk and T 11 generated by the modules
DATA and GALERKIN upon termination of AVEM. The heat map on the rightmost pictures shows,
for each element E' € Tx 11, the number of newest-vertex bisections needed to create E starting
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Figure 2: Left: graph of the piecewise constant approximation a of a (w.r.t. ?K) Right:
graph of the piecewise linear interpolant of a (w.r.t. Try1).

Figure 3: Left: graph of the piecewise constant approximation @ of ¢ (w.r.t. 7x). Right:
graph of the piecewise linear interpolant of ¢ (w.r.t. Tx11). Notice much coarser resolution
than in Fig. 2.

Figure 4: Zoom to (—0.75, —OA.25)2 for the load term f. Left: graph of the piecewise constant
approximation f of f (w.r.t. Tx). Right: graph of the piecewise linear interpolant of f (w.r.t.

Tr+1)-

from 7A'K, according to the colorbar in Fig. 5. The number of nodes N_vertices and elements
N_elements are

N_vertices(7x) = 5030, N_elements(7x) = 9236,
N_vertices(Tk41) = 19676, N_elements(Tx 1) = 37244.
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Number of bisections

0

1 2 3 4

Figure 5: Colorbar for the heat map in Figures 6, 7 and 8.

Furthermore, the number of polygons in Tk (elements with more than three vertices) is 730:
723 quadrilaterals, 2 pentagons, 5 hexagons; the number of polygons in Tk is 1920: 1908
quadrilaterals, 16 pentagons, 4 hexagons. In Fig. 7 we plot a zoom to (0.35,0.65)? of the
meshes Ty and T 1. We highlight for both meshes the presence of hexagons in this subregion.
Moreover, looking at the vertices having maximum global index A sitting on the hexagons,
we realize that the global indices are AA = 2 and A7,, = 3. It is worth noting that the
threshold A = 10 is never reached by AVEM therefore, the condition of A-admissibility is not
restrictive in practice. We further notice that the Gaussian in (0.5,0.5) associated with f is
sufficiently resolved by DATA. In Fig. 8 we present a zoom to (—1072,1072)? to examine mesh
refinement at the origin. We see that the mesh Tx 1 exhibits a rather strong grading at the
reentrant corner, in accordance with the singularity of the exact solution. Elements in Tk 1
in this region need up to five newest-vertex bisection refinements relative to 7x.

We close this section with the following observation. From Figs. 6, 7 and 8 it can be
appreciated how the presence of hanging nodes allows for quite abrupt and ‘steep’ refinements
where needed in order to approximate the data and the solution singularity. In this respect,
a direct comparison with AFEM in terms of generated meshes can be found in [8]. Such
numerical results suggest that, although as shown in Remark 8.6 the approximation classes
of AVEM and AFEM are the same, this added flexibility may be an important asset in
adaptivity, especially in situations with more complex geometry. This aspect is worth further
investigation, but is not within the scopes of the present contribution.

Figure 6: Left: final grid ’?K generated by DATA. Middle: final grid Tk generated by
GALERKIN. Mesh elements having more than three vertices (polygons) are drawn in red. Right:
heat map representing for each £ € T 41 the number of newest-vertex bisection needed to
generate E starting from the mesh Tx (colorbar in Fig. 5).
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Figure 7: Zoom to (0.35,0.65)2 related to f. Left: final grid Tk generated by DATA. Middle:
final grid Tx 41 generated by GALERKIN. Elements having more than three vertices (polygons)
are drawn in red; elements drawn in black are hexagons. Right: heat map representing for
each E € Tx41 the number of newest-vertex bisection needed to generate E starting from the
mesh T (colorbar in Fig. 5).

11 A-admissibility

Our theory of AVEM relies on the A-admissibility condition in Definition 3.2. Hereafter, we
establish two results related to this concept: in Sect. 11.1, we show how to preserve A-
admissibility while refining a mesh, whereas in Sect. 11.2 we prove that the overlay of two
A-admissible meshes remains A-admissible.

11.1 A-admissible mesh refinement

In this section we introduce a constructive procedure that enforces A-admissibility at every
stage of AVEM and study its complexity. If 7 is a A-admissible refinement of 7y by newest-
vertex bisection, the level of an element E € T, denoted by ¢(E), is the number of successive
bisections needed to generate E from 7y. Given E € T marked for refinement, the procedure

[T:] = CREATE_ADMISSIBLE CHAIN(T, E,A)

generates a A-admissible refinement 7, of 7 upon bisecting F and at most ¢(E) + 1 other
elements. To describe and analyze this procedure, we need some auxiliary notation and
results.

Given any E € T, let us denote its newest vertex by nv(F), the edge opposite to nv(FE)
by oe(FE), and the midpoint of oe(E) by moe(FE). Furthermore, two elements E', E” € T
are said adjacent if e = E' N E"” is an edge for at least one element, and are said compatible if
they are adjacent and neither nv(E’) nor nv(E”) belong to the line containing e (see Fig. 9,
cases A and B).

Denote by T the infinite tree obtained by successive bisections of the root partition 7p.
The following result is well-known [10, 12, 18, 19, 21].

Lemma 11.1 (levels of elements sharing a full edge). Assume that E,E' € T share a full
edge e = ENE'. Then
((E) —4(E)| < 1.
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N

Figure 8: Zoom to (—1072,1072)2 to examine the origin. Left: final grid 7A'K generated by
DATA. Middle: final grid Tx 11 generated by GALERKIN. Elements having more than three
vertices (polygons) are drawn in red. Right: heat map representing for each E' € Tk the
number of newest-vertex bisection needed to generate F starting from the mesh '7\}( (colorbar
in Fig. 5).

nv(E') nv(E')
FE E’ E' E’
nv(E’ nv(E’
/. /.
\/ P\ N
nv(E") nv(E")

case A case B case C case D

Figure 9: The elements E' and E” are adjacent in cases A to D. They are compatible in cases
A and B, and non-compatible in cases C and D.

Proof. 1f neither nv(E) nor nv(E’) belong to e, or both nv(E) and nv(E’) belong to e, then
{(E) = £(E"). On the other hand, if nv(E) € e but nv(E’) € e, then ((E') = ((E) + 1, since
E’ is generated by bisecting an element F of the same level as E. O

Lemma 11.2 (global index of a hanging node). Consider an edge [, x"] of the partition T .
If x € HNinte is generated by m > 1 bisections of e, then its global index \(x) satisfies

A(z) = max(A(z'), \(z")) + m.

Proof. If m = 1, * = x); is the midpoint of e, and the formula is just the Definition 3.1
of global index. If m > 1, then x is generated by bisecting some interval [z, 2"] C e, and
AMz) = max(A(2'),A\(2")) + 1. Exactly one between z’,2” has been generated by m — 1
bisections, whereas the other one has been generated by less than m — 1 bisections. Hence,
one concludes by induction. O
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Proposition 11.3 (reducing the global index of hanging nodes). Let HNint e contain at least
the midpoint xyr of e. Assume that a bisection of some element in T transforms xpr into a
proper node, and let \new denote the new global-index mapping of the nodes in H Nint e after
the bisection. Then there holds

Anew () < A(x) — 1 Ve € HNinte.

Proof. If & = x)y, then trivially Apew(x) =0 < A(x) — 1. If & € H Ninte is contained, say,
in (@', x)s) and has been generated by m > 1 successive bisections of e, then it is generated
by m — 1 successive bisections of [/, xs]. Thus, by Lemma 11.2

N

)\new(m) > maX( new /) new(:DM))+m_1
= max(A(z),0)+m—1 = Az') +m -1
< max((A(@), ") +m—-1 = Xz)—1.

This gives the desired estimate. O

The result just established is the motivation for the proposed refinement strategy. Indeed,
it assures that in order to reduce the global index of a hanging node sitting on an edge, it is
enough to transform the midpoint of the edge into a proper node.

The following remark will be useful in the sequel.

Remark 11.4 (facing element). Given a A-admissible mesh 7 and F € T, let * = moe(F)
and suppose that A(z) > A. Then x is not a node of 7, whence the edge oe(E) cannot
contain any hanging node in its interior. We conclude that there exists a unique adjacent
clement E € T, E # E, such that E N E = oe(E). This element will be called the element
facing E.

Given an element E € T which has been marked for refinement, we are ready to identify
those elements in T that need be bisected with E in order to create a A-admissible refinement

of T.
Definition 11.5 (chain of elements to be refined). Define by recurrence the chain of elements
C(E)={FEy, E1,...,Ex}

for some K > 0, as follows: set first Eg = E and, assuming to have defined Ey for k > 0,
then

(i) if A(moe(Ey)) < A, set K =k and stop;

(ii) if N(moe(Ey)) = A+1 and the facing element Ey, is compatible with Ey,, set Epy1 = Ej,
K =k—+1 and stop;

(i4i) if N\(moe(Ey)) = A+1 and the facing element Ej, is not compatible with Ey,, set Ejyq =
E;. and continue.

Lemma 11.6 (properties of the chain of refinement). The chain C(E) has at most K <
((E) +1 elements. Furthermore, the sequence of element levels {{(Ey)}_ is not increasing.
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Proof. We claim that step (iii) in Definition 11.5 reduces the level by at least one. In fact,
E}, coincides with or is a refinement of a triangle F € T sharing with Fy1 a full edge; thus
((Ey) > ¢(E). Such triangle E satisfies {(E) = {(Ej+1) + 1 according to Lemma 11.1, whence

UEyi1) =4E)—1</{(E) —1. (11.1)
Therefore, for as long as case (iii) is active, i.e. for all j < K, we have {(E;) < {(Ep) — j and
0 <U(Exg-1) < U(Ey) — (K —1),

which gives the first part of the Lemma. The monotonicity of {¢(Ej)}£_, follows from (11.1)

and the fact that ¢{(Fx_1) = ¢(Ek) in case (ii). O

We are now ready to define the procedure
[7:] = CREATE_ADMISSIBLE_CHAIN(T , E,A)

The partition 7 is obtained from 7 by refining only the elements in C(E). More precisely,
starting from E, one goes traverses the chain backwards and, for K > k > 1, considers the
cases

e if ), and Ej_1 are compatible, then Fj is bisected once (see Fig. 10, cases A or B);

e if B, and E}_q are not compatible, then E}, is bisected twice and, after the first bisection,
the sibling that is facing Ej_1 is further bisected (see Fig. 10, cases C or D);

e finally, £y = E is bisected once.

nv(Ey) nv (L)

nv(Ek n'U(Ek
EL_ EL_
T N (By) T N (By)

nv(Fy_1) nv(Fy_1)
case A case B case C case D

Figure 10: Two elements Fj_; and Ej in the chain C(FE): Ej_; can be bisected in a A-
admissible way, only after Ej is refined once (cases A and B), or twice (cases C and D)

Proposition 11.7 (properties of CREATE_ADMISSIBLE CHAIN). If T is A-admissible, then the
call [T.] = CREATE_ADMISSIBLE_CHAIN (7, E, A) bisects once or twice the elements of the chain
C(E), whose cardinality is at most {(E) + 1, and produces a A-admissible mesh T, with E
bisected once. Moreover, every element E' € T, generated by this call satisfies

UE") <UE)+1. (11.2)
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Proof. Let C(E) = {E,}, and observe that, for k > 1, one or two bisections of Ej, convert
the midpoint of the edge e of E}, shared with Ej_; into a proper node. Therefore, Proposition
11.3 (reducing the global index of hanging nodes) implies that the global indices of all interior
nodes to e decrease by at least 1, and makes the bisection of Fj_1 A-admissible as desired.
This procedure creates 7T, upon partitioning at most ¢(E)+ 1 elements, namely those of C(E),
according to Lemma 11.6 (properties of the chain refinement).

Moreover, to prove (11.2) we take & > 1 and consider the following two mutually exclusive
cases. If B and Ej_1 are compatible, then E}, is replaced by two elements E’' € T, of level

UE') = 0(Ey) + 1< ((E) +1,

according to Lemma 11.6. On the other hand, if E}, and Fj_1 are not compatible, then Fj is
replaced by one element of level £(E)) + 1 and two elements E’ € T, of level

UE)=U(Er)+2<{l(Ex1)+1<LUE)+1
because of (11.1). Finally, the element Ey = E is replaced by two elements of level £(E)+1. O

In view of Proposition 11.7 a bound of the form #7, — #7 < Cy with a universal constant
Cy is false because Cp may depend on ¢(E) in general. This obstruction to optimal complexity
of REFINE was tackled by Binev, Dahmen and DeVore in their seminal paper [10], and further
studied in [12, 18, 19, 21]. In fact, the cumulative effect of bisection on conforming meshes
obeys the weaker, but yet optimal, equation (5.5). The extension of this to A-admissible
non-conforming partitions is precisely guaranteed by the stated Theorem 5.1, whose proof
follows.

Proof of Theorem 5.1 (complexity of REFINE). We follow [19, Section 6.3, which ex-
plains the basic ingredients to derive (5.5). It turns out that two crucial properties of
CREATE_ADMISSIBLE_CHAIN as required. The first is (11.2). The second one relates the level
of elements and their distance to E, namely

2(E'

dist (E,E') < 25" VE € TAT;

such property is valid for bisection grids regardless of A-admissibility [19, Lemma 18]. This
completes the proof. [J

11.2 Mesh Overlay and A-admissibility

Given two partitions T4 and Tg, denote by T4 ®Tg the overlay of T4 and Tg, i.e., the partition
whose associated tree is the union of the trees of T4 and 7. The following property holds.

Proposition 11.8. If Ty and Tp are A-admissible, then Ty & T remains A-admissible.

Proof. Denote here by N the set of all nodes obtained by newest-vertex bisection from the
root partition Ty. Let Ny, Na, N, Nayip, resp., be the set of nodes of the partitions 7o,
Ta, T, Ta @ Tp, resp.. It is easily seen that for each € € N \ Ny there exists a unique
B(x) = {«/,2"} C N such that x is generated by the bisection of the segment [z’ 2"].
Furthermore, if € € N4y is a proper node of T4 (of Tp, resp.), then it is also a proper node
of T4 & Tp.
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Let us denote by Aa, A, Aarpg, resp., the global-index mappings defined on N4, Np,
Nayp, resp.. It is convenient to extend the definition of A4 and Ap to the whole N5 by
setting

M(x) =+o00 ifxeNarp\Na, Ag(x) =400 ifx e Narp\Np.
With these notations at hand, we are going to prove the inequality
Atp(z) < min(Ag(x), \g(x)) Ve € Narg, (11.3)

from which the thesis immediately follows.

We proceed by induction on k = Aip(x), & € Narp. If k =0, the inequality is trivial
since Ag(x), Ap(x) > 0. So suppose (11.3) hold up to some k& > 0. If & € Ny p satisfies
Myp(x) = kE+ 1 > 0, then it is a hanging node of Ty @ 75 by definition of global index,
hence, it is a hanging node of T4 or Tp; wlog, suppose it is a hanging node of T4. If x is
generated by the bisection of the segment [x’, "], then again by definition of global index it
holds

k+1=Xarp(x) =max(A\ayrp(x'), \arp(x”)) +1,

which implies
Mrp(e’) <k, Mtp(@”) <k.

By induction,
Aarp(a’) <min(Aa(@'), Ap(@)),  Aasp(@”) <min(Aa(z”), Ap(z")),
from which we obtain
Aarp(z) < max(Aa(z’), \a(z”)) +1 = Aa(z)

since « is a hanging node of T4. On the other hand, either x € Ng or € Np. In the latter
case, Ap(x) = +oo, and (11.3) is proven. In the former case, necessarily « is a hanging node
of Tg, hence as above

Asp(x) <max(Ap(z’), \g(z”)) +1 = Ag(x),

and the thesis is proven. ]

12 Conclusions

This paper introduces and studies a two-step adaptive virtual element method (AVEM) of lowest
order over triangular meshes with hanging nodes in 2d, which are treated as polygons. AVEM
applies to linear symmetric elliptic problems with variable data. The main achievements of
the paper can be summarized as follows:

e AVEM concatenates two modules, DATA and GALERKIN. The former approximates data by
piecewise constants to a desired accuracy, while the latter handles the adaptive approxi-
mation of the problem with piecewise constant data, as described in [8]. AVEM converges
(Proposition 6.5);
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o Complexity of GALERKIN: the number of sub-iterations inside the call to GALERKIN at iter-
ation k of AVEM is bounded independently of k£ (Proposition 7.3);

o Complexity of DATA: the module DATA is quasi-optimal in terms of accuracy versus mesh
cardinality, under suitable regularity conditions on the data (Sect. 9);

o Complerity of AVEM: AVEM is quasi-optimal in terms of error decay versus degrees of freedom,
for solutions and data belonging to appropriate approximation classes (Theorem 8.21);

o Numerical experiments: they illustrate the interplay between the modules DATA and GALERKIN
and provide computational evidence of the optimality of AVEM (Section 10).

o Mesh admissibility: Section 11 designs a procedure to keep the global index of meshes
uniformly bounded for all steps k, and proves its optimality in terms of degrees of freedom.

Although in Remark 8.6 we observed that, in the presence of a bound on the maximal
index of hanging nodes, the equivalence classes of AVEM and AFEM are the same, the
numerical results in Section 10 and in [8] suggest that the flexibility of VEM may lead to
more efficient meshes in complex situations, at least in terms of the involved constants. A
deeper investigation of this aspect at the theoretical level may require a more advanced VEM
approach, for instance taking inspiration from the a-priori analysis in [4].
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