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Abstract

In this paper we investigate the Mimetic Finite Difference method for
the approximation of a constraint optimal control problem governed by an
elliptic operator. A priori error estimates of the first order are derived in
suitable discrete norms for both the control and the state variables. The
theoretical results are confirmed by numerical experiments performed on
a set of test cases selected from the literature.

Keywords optimal control problems, mimetic finite difference method,
mixed formulation

1 Introduction

In recent years, there has been extensive research on the numerical approx-
imation of optimal control problems that often arise in practical and indus-
trial applications. Pioneering works on a priori error analysis of finite element
approximation of quadratic elliptic optimal control problems can be found in
[13, 14, 15]. Recently, this topic has seen an important renewal of interest (see
e.g. the papers [2, 10, 20, 16], the books [17, 21] and the references therein).



More recently, a mixed finite element discretization for a general convex optimal
control problem governed by elliptic equations has been analyzed in [11].

In this paper we investigate the Mimetic Finite Difference (MFD) method
for the approximation of a constraint optimal control problem governed by an
elliptic operator. This discretization technique can naturally deal with very
general meshes which can be made of (possibly non convex) polyhedrals, and do
not have to fulfill matching conditions. The MFD method can be interpreted
as a generalization of the finite element method [8, 9] and, due to the great
flexibility allowed in the mesh design, it has been rapidly applied to a wide
range of problems (see [1, 3, 4, 5, 19], for example). However, its application to
optimal control problems has not already been developed. Our main goal in this
work is to perform such an investigation both theoretically and numerically.

The paper is organized as follows: in Section 2 we introduce the model prob-
lem, and we describe briefly its discretization by the Mimetic Finite Difference
method. In Section 3 we derive error estimates in suitable mesh-dependent
norms. Section 4 is devoted to present and discuss some numerical experi-
ments on polygonal meshes in order to confirm our theoretical results. Finally,
in Section 5 we draw some conclusion.

2 The optimal control problem and its mimetic
discretization

Throughout the paper we will use standard notation for Sobolev spaces, norms
and seminorms (see [12]).
Let © be an open, bounded, convex set of R?, let K be a convex subset

of L?(Q) and f a given function in L?(Q2). We are interested in solving the
following optimal control problem:

s [ (g2t _F)? E/ a2

ming [w-0r g [P+ § [ w-w?

—Ay=f+4+u inQ, (1)
y=0 on o

where §,u € L2(Q) and F € [LQ(Q)]d are given functions, & > 0 and F := —Vy.

Let X := H(div,Q) = {G € (L*(Q))?, div(G) € L*(Q)}, endowed with the
norm of the graph given by
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and let @ := L?(Q2). We consider the mixed formulation of problem (1): Find



(F,y,u) € X x Q x K such that

71}%111%%/(9 y)? ;/(F F)? 4+ Z/ﬂ(u_ﬂ)Q’
(F,G) — (y,divG) =0 VG € X, (2)
(divF,q) = (f +u,q) VgeQ,

where, here and in the following, (-, ) denotes the standard L?(£2)-inner product.
It is well known [18] that problem (2) has a unique solution (F,y,u) € X xQx K
if and only if there exists (P, z) € X x @ such that (F,y, P,z,u) € X x Q x X X
Q@ x K satisfies the following optimality conditions:

(F,G) — (y,div@) = VG e X,
(div F.q) = ( u,q) Vg € Q,

(P,G) - (2,divG) = — (F - F,G) VG € X, (3)
(div P, q) = (¥ = v,9) Vg €Q,
(a(u—a)—z,a—u) >0 Vi e K.

Next, we present a mimetic discretization of problem (3). Let Q5 C Q be a
polygonal approximation of €2, in such a way that all vertexes of ;, which are
on the boundary of €2, are also on the boundary of 2. The polygonal domain
), represents the computational domain.

With a little abuse of notation, we also denote by €2, a partition of the
above introduced computational domain into polygons F. We assume that €2,
is conformal, i.e., intersection of two different polygons F; and FEs is either a
few mesh points, or a few mesh edges (two adjacent elements may share more
than one edge) or empty. Elements FE € €, are not required to be convex. For
each polygon F € Qp,, |F| denotes its area, hg denotes its diameter and

h := max hg.
EeQy,

We denote by My, and &, the sets of mesh vertexes and edges, by ./\/',? and 52
the sets of internal vertexes and edges and by N ,? and 5,? the sets of boundary
vertexes and edges, respectively. The sets of vertexes and edges of a particular
element F are denoted by /\/}F and 5,];3, respectively. Moreover, we refer to a
generic mesh vertex by v, a generic edge by e and denote its length |e|.

A fixed orientation is also set for the mesh €, which is reflected by a unit
normal vector ne, e € &, fixed once and for all. For every polygon E and edge
e € EF, we define a unit normal vector n$, that points outside of E.

The mesh is assumed to satisfy the following shape regularity properties,
which have already been used in [9]:

(M1) There exists a positive integer N, such that every element E has at most
N, edges.



(M2) There exists a positive number 7 such that every element E is star-
shaped with respect to every point of a ball centered at Cr € FE and with
radius 7hg.

(M3) There exists a positive constant v such that for any element E and for
every edge e of F it holds |e| > vyhEg.

To approximate the mixed problem (3) we introduce the linear spaces of discrete
fields, denoted by Q% and X ¢, respectively representing the degrees of freedom
of the scalar variable and the flux. We associate the degrees of freedom of
the scalar variable to mesh cells so that for ¢ € Q¢ we have ¢ = {¢r}pecq,,
with gg € R. Flux degrees of freedom are associated to mesh faces so that for
G € X%, we have G = {G%}5555 | with G, € R with the additional assumption
of normal flux continuity, i.e.,

eE1+GeE2:07

when &€ = B, N Ey, Ey, Ey € Q. It is clear that the dimension of Q% equals the
number of mesh cells, and the dimension of X¢ equals the number of mesh faces.
We also introduce two interpolation operators for ¢ € L'(Q) and G € H(div, ),
respectively. In particular, for every E € Qj and e C OF we set

I _L/ Ie,_i/e'
(@)e = 7 Equ, (GHg = A G ds .

We equip the spaces Q¢ and X? with two suitable scalar products. We define
the scalar product in Q¢ as

p.dlg: == > |Elppaz  Vp,q € Q% (4)
EeQy,

which corresponds to the L?(Q) scalar product for piecewise constant functions.
The scalar product in X is defined by assembling the elementwise contributions
from each element

[F.Gly«:= Y [F.G]g VF,GeX" (5)
EeQy,
The local scalar product [-,-]g on X?|g is required to satisfy the following two

conditions:

(S1) Stability: there exists two positive constants C and Cy independent of h
such that

C1 ) IEI(G:) <[G,Glp < Ca Y |E|(GE)?

ecOFE ecOF

for all G € X% and for every element E € Q;



(S2) Local consistency: for every linear function ¢! on E € €, it holds

[(vql)f,G]E+/ ¢' DIV, G dV =) G5 /q1 ds

ecdE €
for all G € X<

Here the mimetic discrete divergence operator DIV : X% = Q% is defined
elementwise as:

(DIVG)g = Z le|GS,,

e€3E

for G € X% and F € Qj,. This definition is consistent with the Gauss divergence
theorem. Moreover, it holds

(divG)! = DpIVv4GY) VG e X.

The mimetic divergence operator is naturally associated to the discrete flux
operator G : Q% — X? defined by:

(G,G%]xe = —[DIV'G,qlga VYgeQ?, Ge X
Finally, let K¢ C Q% be a closed subset of Q. So, the mimetic discretization of

(3) reads as follows: Find (Fg,y4,Pa, 24, ug) € X4 x Q4 x X9 x Q¢ x K¢ such
that

[Fu,Glxe — [ya, DIV Glge = VG e X9,
[DIV*F g, q)g: = [f + U4, q)ga Vg € QY
[Py, Glxa — [24, DIV? Glga = — [Fa — F,G| ,, VG € X*, (6)
[DTV! Pva]Qd = [y Ya; qlq Vg € Q%
[a(ug — ) — 24,0 — ugga vaec K9,

where f = f/, y = g/, F = F! and u = u’ are the vectors of the mean

values of f, i, F' and of @, respectively. In the next section we derive a priori
error estimates in the discrete norms (4) and (5) for the pressure and the flux
variables.

3 Convergence analysis

In the following we assume K¢ C K, and we use the symbol < to indicate an
upper bound that holds up to a positive multiplicative constant independent
of h. Furthermore, for the ease of presentation, we shall use bold letters to
denote both the generic element of Q¢ and the corresponding piecewise constant
function defined on . Accordingly, the scalar products will be identified, i.e.,
(u,q)12(0) = [u,g]g for all u,q € Q°.

Let us first introduce two intermediate problems, that will be useful in the



forthcoming analysis. Let vq € Q% the first intermediate problem reads as
follows: Find (F(vgq),y(vq)) € X X @ such that

(F(va),G) — (y(va),divG) =0 VG € X,
(div F(va),q) = (f +va,q) YqeQ .

The second intermediate problem reads as follows: Find (P(vg), 2(vq)) € X xQ
such that

(7)

(P(va),G) = (2(va),divG) = — (F - F,G) VG € X,

(div P(va) @) = (7 — y(va)a) Vo€ Q, ®)

where y(v4) is the solution of (7).
We are now ready to state the main result of this paper.

Theorem 3.1 Let (F,y,P,z,u) € X x Q x X x Q x K be the exact optimal
solution to (3) and (Fq,y4, Pa, 24, uq) € X9 xQIx X¥x Q% x K be the discrete
optimal solution to (6). Then,

[u’ —ugllge S h (9)

and
IF' = Fallxe+ ly" —vallge Sh, (10)
IP! = Pullya + 12 — zallge S h - (11)

Proof. Let us first prove (9). By using the triangle inequality together with
standard interpolation error estimates (see [7] for more details), we get

[’ —ugllga < 0’ —ufp2@) + u—valL2@) S h+ v — w20 -

Hence, we reduce ourselves to estimate ||u — ugl[z2(q). Taking 4 = ug in the

last inequality in (3), and @ = u! in the last inequality in (6) yields
(a(u—1a)—2z,uqg—u) >0, (12)
(a(ug — @) —zg,ul —uy) >0. (13)

By using the simple fact that u! —us = u! — u +u — uy and adding (12)-(13),
we have

0 < (a(ug—1)—zgu’ —u)+ (a(ug—u)+a(@—10)+ (z — 24),u — ug) .



Hence, there follows

allu — udH%Q(Q) < (a(ug —10) —zg,u! —u) + (i —0) + (z — 24),u — uy)
= (a(u—1a)—zul —u)+a(ug —u,u’ —u)
ta(a—a,u’ —u) + (z—zg,u’ —u)+a(t—0,u—uy)
+(z — z(ug),u —ug) + (2(ug) — z4,u — uy)
= (a(u—1a)—zu’ —u)+a(ug —u,u’ —u)
+a (i —uu’ —u) + (z—z(ug),u’ — )
+(2(ug) — zg,u’ —u) + (@ —a,u —uy)
+ (z = z(wg),u —ug) + (2(ug) — 24, u — uy)
= I+ 1T+ 1T +IVA VA VI+VII+VIII. (14)
Let us analyze the terms I — VIII separately.
The terms I, I11 and VI can be estimated by using regularity results for elliptic
equations and standard interpolation results, as follows
I=(au—1a)—zu —u) < alu—1a) = z|g@lua’ —ulm-10) %
I =a(a-a,u —u) <ala—al|p@la’ - vl S P
VI=oa(u—u,u—uy) <oallg—ulrgolu—uilr2o S hllu—uqllL2).
Then the Young inequality yields, for € > 0, to

2

I a 2 €T 2
—u) < ?€|\U — g7z + 5”‘1 —ullz2(q) -

II = a(ug — u,u

In order to estimate the term I'V in (14) we observe that thanks to the Cauchy-
Schwarz inequality and the regularity results for elliptic equations (7) and (8),
we have

IV = (z = z(ug),u’ — u) l[2(u) = 2(wa) | 2 @ llu” = ull 22 ()
holly(uw) — y(ua)| g o)

hfju— ud||L2(Q) .

IZANRZANVAN

Proceeding as before and taking into account [8, Theorem 5.3], we get

V= (2(ug) —za,u’ —u) < 2(wa) — 2zall 2o llu’ — ull 20
S b (l12(wa) = 2(ua) 1220 + l2(ua)’ = 2all12(0)
< h?.

Now, let us estimate the term VII. By using (7) and (8), it is easy to check

that the following relations hold

(f +u,2(u) = (7 = y(u),y(uv)) , (15)
(f +u,2(ua)) = (§ — y(ua), y(u)) , (16)
(f +ug, 2(u)) = (§ = y(u),y(aa)) , (17)
(f + a4, 2(uq)) = (7 — y(ua), y(ua)) (18)

~J



By subtracting (16) from (15) and subtracting (18) from (17), we get
(f; 2(w) = z(ua)) + (u, 2(u) — 2
(f; 2(u) = 2(uq)) + (uq, 2(u) = z(ua)) = (y(ua) - y(u),y(uq)) -
By subtracting (19) from (19) we obtain
VII = (2(u) = 2(uq), u = ug) = (y(ua) = y(u), y(u) —y(ug)) <0.  (20)

Finally, the Cauchy-Schwarz inequality together with [8, Theorem 5.3| and stan-
dard interpolation results yield to

VIII = (z(ud) —zd,u—ud)
< (l2(ug) — z(ua)' |2 () + l2(wq)’ — 24l L2()lu — udll2 ()
S hllu—udllzz@) -

Then, (9) follows collecting all the previous estimates.

We next estimate ||F! — Fy|| x«. By using the triangle inequality we have
IF! — Fallxa < [[F(w)" = F(ua)' | xa + [|F(ua)" — Fallxa

where F(u) = F and F(ug) are the solutions of the intermediate problem (7).
By employing [8, Lemma 4.1], equations (3) and (7) together with classical
regularity results for elliptic equations we have

I(F = F(ua) [} < F() = Fa)llfape + D kel div(F(u) — F(ua)) |22 (s

EeQy,
<y =yl + D> Malu—ualiem
EEQ}L
< lu—ugl?zq) + Z hEllu =l ?2p)
EcQy,
< lu =72 ) + 0" —uglF2 ) + Z hllu = aall72 (g -

EeQy

Then, thanks to (9) and standard interpolation results, we get |[(F—F(ug))! || x« < h.

~

Moreover, [8, Theorem 5.2] yields to ||F(ug)! — Fgl|x« < h. Hence, it follows
[F! —Fallxa < .
Next we estimate ||y’ — yal|ge. By using the triangle inequality, we have

Iy = vallgr < I(y(u) = y(ua) Iz + ly(ua)’ = yallz2cq) -
By employing the continuity of the interpolation operator, we get

Iy" = yallge < lly(u) = y(wa)lz2() + lly(a)’ = yallz2o) -



Finally, using regularity results for elliptic equations together with [8, Theo-
rem 5.3] it follows

Iy’ = yallga lu —aallz2) +h

S
S =’ 2 + lu' = aallp2@) + h
S b,

where in the last step we employed a standard interpolation result together with
(9). This concludes the proof of (10). In the same way it is possible to prove
(11). O

Remark 3.1 A similar a priori analysis holds also in the case of the lowest or-
der Raviart-Thomas elements as demonstrated in [11, Theorem 4.1]. However
this result cannot be directly applied to the MFD method because the two numer-
ical methods coincide only in the case of triangular meshes and for a particular
choice of the local scalar product involved in (5). See [9] for more details.

4 Numerical experiments

The numerical experiments presented in this section aim to confirm the a priori
analysis contained in Section 4. The optimization problem is solved numeri-
cally by using the Primal-Dual strategy (see [6] for more details). We test our
numerical algorithm on four examples: the first two test cases are taken from
[11]; two variants of them are performed in test cases 3 and 4, and have been
considered in order to investigate how the configuration of the interior boundary
of the active region influences the performance of the numerical method. We

2
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Figure 1: Examples of the considered decompositions of Q =]0, 1[2. From left to
right: hexagons-type 1, hexagons-type 2, non-matching quadrilaterals; triangles,
quadrilaterals and trapezes.

consider six different sequences of decomposition of the domain  =]0, 1[?, that



we denote by hexagons-type 1, hexagons-type 2, non-matching quadrilaterals,
triangles, quadrilaterals and trapezes. An example of all the considered decom-
positions is shown in Figure 1. It is worth noting that also non conforming grids
are permitted.

4.1 Test Case 1
In the first test, we solve problem (3) setting

f=2n%y —u, = 1—sin(rxy/2) — sin(mrzy/2),

AT P S (s i B

where y, p, u are the exact solutions given by:
y = sin(mxy) sin(rza), 2z = —sin(nzy)sin(nrze), u = max(@+ z,0).

optimal state optimal control

1.5 : 1

0.8

Figure 2: Test Case 1. Computed optimal state (left) and optimal control
(right).
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(@) lly" = yallga- (b) llz" — 2all ga-

10° : 10° » : :
—e—trapezes \ -e—trapezes
—=—quadrilaterals . X —=—quadrilaterals
10t —A—triangles | 10 —A—triangles
—-non-matching —4-non-matching
—k—exagons type2 107 —*—exagons type2||
s exagons typel exagons typel
10~ E \
107 4
-3
10 B
107 2 ,
_4 -5
10 . 10 .
10° 10" 10° 10°  10° 10 10° 10°
1/h 1/h

(©) lu’ —ugllga-

10 :
—e—trapezes
—=—quadrilaterals
——triangles
= —+non-matching
10 —+—exagons type2]]
exagons typel
10°%
3/2
107 ‘
10° 10" 10° 10°

1/h

Figure 3: Test Case 1. Computed errors ||y’ —yal g4, ||2' — 24l ga, [0’ —uq||ga
versus 1/h (loglog scale).
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An example of the computed optimal state and optimal control is shown
in Figure 2. In Figure 3 (loglog scale) we report the computed errors in the
discrete energy norm defined in (4): for all the mesh configuration we observe
a quadratic convergence rate for the primal variable y and for the dual variable
p, whereas the error in control variable u seems to go to zero at a rate of 3/2 as
the mesh-size h goes to zero. We observe that in all the test cases convergence
is achieved at a slighly better rate than predicted by our theoretical analysis.

4.2 Test Case 2

In the second test we choose as exact solutions
y = sin(wzy) sin(rzg), 2z = —sin(27zy)sin(27zs), uw = max(a + z,0),
and set in problem (3)

f:27r2y_ua u=0.7, Y=y,
Fo( T cos(mxy) sin(mxe) — 27 cos(2may ) sin(27x2)
| —msin(mxy) cos(mas) — 2w sin(2wxy) cos(2mas) )

Figure 4 shows the computed optimal state and control on a hexagons-type 2
decomposition. In Figure 5 (loglog scale) we report the computed errors in the

optimal state optimal control

Figure 4: Test Case 2. Computed optimal state (left) and optimal control
(right).

discrete energy norm defined in (4). We observe a quadratic convergence rate

for the primal variable y, for the dual variable p and for the control. Note that
in this case the control variable converges slightly better than in test case 1.

12
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10

T T 10 T T
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—4-non-matching y —4-non-matching
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10 .
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——non-matching
104 —*—exagons type2||
exagons typel
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-4
10 :
10° 10" 10° 10

1/h

Figure 5: Test Case 2. Computed errors ||y’ —yal g4, ||2' — 24l ga, [0’ —uq||ga
versus 1/h (loglog scale).

4.3 Test Case 3

The third example is a variant of the test case 1. Our aim is to analyze how
the interior boundary of the active region influences the behaviour of the error.
For this reason, we choose as exact solutions of problem (3)

y = br?sin(may) sin(2rxs), 2z = —sin(mz;)sin(27wre),  w = max(a + z,0),
and set

f =25ty —u, u =0, y =0,
Fo —573 cos(mxy) sin(27z2)
—\ —1073sin(rzy) cos(2mwa) )

A sample of the computed optimal state and optimal control is shown in Figure
6. Observe that the interior boundary of the active region is a straight line; so

13



optimal state optimal control

\\\\\\%

AT
”"’":l\\.\b“!\"\““

Figure 6: Test Case 3. Computed optimal state (left) and optimal control
(right).

1 1
(@) lly* —yallga- (b) 2" — zallga-
107 ‘ ‘ 10° ‘
—e—trapezes —e—trapezes
.\ —=—quadrilaterals A —=—quadrilaterals
" N W —A-triangles 10" ¢ —A—triangles
10+ ——non-matching || ——non-matching
—*—exagons type2 10° ——exagons type2||
. exagons typel| exagons typel
10 1
10° 1
107 2 S
10°F 2 E
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10° 10" 107 10° "~ 10° 10" 10° 10°
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(©) u’ —ugllga-

10 .
—e—trapezes
1 —s=—quadrilaterals
10" ¢ : i
—A—triangles
o —+non-matching
10 ¢ ——exagons type2]]
exagons typel
107 b
107
10°%
-4
10 :
10° 10" 10° 10°

1/h

Figure 7: Test Case 3. Computed errors ||y’ —yal g4, ||2' — 24l ga, [[0f —uq|| g
versus 1/h (loglog scale).

14



it is aligned with most of the decompositions shown in Figure 1. In Figure 7
we report the computed errors for both the primal, the dual and the control
variables. In all the cases, the errors go to zero quadratically as the mesh is
refined.

4.4 Test Case 4

In the last example we solve (3) setting

f=2r% —u, o = exp(x? + x2) sin(5mzy) + sin(5ry),

smamy o (T )

where y, p, u are the exact solutions given by:
y = sin(mxy) sin(rza), 2z = —sin(mzy)sin(nrze), u = max(@+ z,0).

In this case the configuration of the interior boundary separating the active
region and the inactive one is more complicated. We can see this fact in Figure
8 (right), where an example of the discrete optimal state and of the optimal
control is shown. In Figure 9 (loglog scale) we report the computed errors in

optimal state optimal control

00

Figure 8: Test Case 4. Computed optimal state (left) and optimal control
(right).

the discrete energy norm (4). We observe a quadratic convergence rate for the
primal variable y and for the dual variable p, while the error of the control
variable converges to zero at a rate of 3/2, as the mesh-size goes to zero.

Remark 4.1 We can observe that our a priori analysis is confirmed by all the
numerical examples. However, the computed errors seem to converge better than
expected. Such a behaviour is referred as superconvergence effect and has already

15
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Figure 9: Test Case 4. Computed errors ||y’ —yal g4, ||2' — 24l ga, [0’ —uq||ga
versus 1/h (loglog scale).

been observed in [11] for a similar problem. In [11, Lemma 5.1, Theorem 5.1] a
proof of this behaviour for the case of the lowest order Raviart-Thomas elements
1s presented. With regard to the MFD method a theoretical justification is still
under investigation and will be object of future research.

5 Conclusions.

We proposed a Mimetic Finite Difference discretization of a quadratic control
problem governed by an elliptic equation. The method is presented on polygonal
decompositiones made by general-shaped elements. A priori error estimates for
both the control and the state variables are shown. Our error analysis has been
confirmed by the numerical examples where a superconvergence behaviour has
also been observed.
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