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Abstract

This work considers a Cahn-Hilliard type equation with degenerate mobility and single-well potential
of Lennard-Jones type, motivated by increasing interest in diffuse interface modelling of solid tumors.
The degeneracy set of the mobility and the singularity set of the potential do not coincide, and the
zero of the potential is an unstable equilibrium configuration. This features introduce a nontrivial
difference with respect to the Cahn-Hilliard equation analyzed in the literature. In particular, the
singularities of the potential do not compensate the degeneracy of the mobility by constraining the
solution to be strictly separated from the degeneracy values. The error analysis of a well posed continuous
finite element approximation of the problem, where the positivity of the solution is enforced through a
discrete variational inequality, is developed. Whilst in previous works the error analysis of suitable finite
element approximations has been studied for second order degenerate and fourth order non degenerate
parabolic equations, in this work the a-priori estimates of the error between the discrete solution and
the weak solution to which it converges are obtained for a degenerate fourth order parabolic equation.
The theoretical error estimates obtained in the present case state that the norms of the approximation
errors, calculated on the support of the solution in the proper functional spaces, are bounded by power
laws of the discretization parameters with exponent 1/2, while in the case of the classical Cahn-Hilliard
equation with constant mobility the exponent is 1. The estimates are finally succesfully validated by
simulation results in one and two space dimensions.

1 Introduction

The Cahn-Hilliard (CH) equation in its original formulation, proposed in [10], [11], [4], describes the dynamics
of phase separation in binary alloys. It has been used also as a phenomenological model in several different
areas, from the description of multicomponent polymeric systems in [22], and lithium-ion batteries in [30],
to the modeling of nanoporosity during dealloying in [15], or inpainting of binary images in [8], and even
to the formation of Saturn rings in [27]. Recently, CH type equations have also been employed to describe
pattern formation in biological systems (see, for instance, [20] and [21]) and diffuse interface tumor growth
models, [23], [17]. In particular, a CH equation with degenerate mobility, obtained from the application of
mixture theory to solid tumors, is described in [28].



In these papers the free energy functional for tumor adhesion is always characterized by a double-well
potential, smooth or with singularities of logarithmic type. However, for the description of the evolution of
biological cells such a choice seems unphysical, (see, e.g., [9]). Indeed, it has been observed that cell-cell
interactions are attractive at a moderate cell volume fraction, and repulsive at a high volume fraction, with
a zero in the absence of cells and an infinite cell-cell repulsion as the cell concentration tends to 1.

In [13] a Cahn-Hilliard type equation with degenerate mobility and single-well potential of Lennard-Jones
type was considered, (cf. also [14] and [12]), as a result of the application of mixture model to solid tumors,
which has the form of the following initial and boundary value problem

Problem P Find ¢(x,t) such that

dc

i V- (b(c)V(=vAc+9'(c))) inQr:=Qx (0,T), (1)
c(x,0) = co(x) Vx € (, (2)
Ve -v=>bc)V(—yAc+ ' (c))-v=0 ondQ x (0,T), (3)

where Q C R?, d = 1,2,3 is a given bounded domain with a Lipschitz boundary 99, v is the unit normal
vector pointing outward to 0f2, ¢ is the volume fraction of cancerous cells, ¢g is a given initial concentration
and

¥(c) = ¥1(c) + ¥2(c), (4)
where
P1(c) = —(1 —c")log(1 — ), (5)

Pa(c) = *% —(1- c*)% —(1-=ce+k.

Here ¢* is the volume fraction at which the cells would naturally be at mutual equilibrium and k£ > 0. The

derivative of the potential is
A(e—c*)

!/
=, 6
¥(e) = S (6)
Correspondingly, the mobility is given by
b(c) = c(1 —¢)2. (7)

Note that v is a convex function defined on [0, 1) while 15 is concave. Also, the product bi)” is a continuous
function in [0, 1].

In [3] the existence of different classes of weak solutions of Problem P and their positivity properties, for
the cases of spatial dimension d = 1 and d = 2, 3 separately, was studied, and a continuous finite element
approximation of the problem was formulated, studying its convergencence to the weak solutions. As a
consequence of the fact that (1) degenerates on the set {¢ = 0;¢ = 1}, and the singularity is concentrated
on the set {¢ = 1} only, one cannot exploit the relationship between b and ¢ at 0 in order to ensure that
¢ > 0 at a discrete level. Moreover, the Entropy inequalities obtained in [3], which guarantee the positivity
property of the continuous solutions, are not straightforwardly available at the discrete level, (see also [7] and
[16] for details). Therefore, following [6], this condition is imposed as a constraint and a discrete variational
inequality of the following form is formulated. Let 7, be a quasi-uniform conforming decomposition of €2
into d—simplices K, d = 1, 2, 3, and introduce the following finite element spaces:

Sh={xe€CQ): x|k € PH(K)VK € T;,} ¢ H'(Q),
K':={xeS": x>0inQ}
where P;(K) indicates the space of polynomials of total order one on K. Let set At = T/N for a N € N

and t,, = nAt, n =,...,N. For d = 1,2,3, starting from a datum cy € H*(Q) and ¢ = 7'co (if d = 1) or
c?L = Phey (if d = 2,3), with 0 < c% < 1, the fully discretized problem reads as



Problem P" For n = 1,..., N, given 0271 € K", find (cf,wl) € K" x S" such that for all (y,¢) €
Sh % Kh,
r— et h
(5 )+ 0 vui v =0
V(VC;LLv v(¢ - CZ)) + ('4[/1(02)’ d) - Cﬁ)h > (w;zL - ’(//2(6271)7 (b - CZ)h’

where (-,-)" is the lumped scalar product. Note that, due to the use of the lumped product, the boundary
of the support of the discrete solution ¢} cannot propagate more than a distance h at each time step At (see
e.g. [6] for details). The discrete solution is thus able to track compactly supported solutions of (1) with a
free boundary which moves with a finite speed of velocity vsupp(t) (whose existence is discussed in, e.g., [6])
if one of these two conditions is satisfied:

(8)

At =O(R'™), >0, or (9)
1

At = _— 1
t=Ch, C< maxy Vsupp (t) (10)

In [3] the existence and uniqueness of the solution of (8) was proven, together with the convergence, in the d =
1 spatial dimension, for (h, At) — 0, to a limit point (¢, w), with ¢ € L>(0,T; H*(Q))NH(0,T; (H'(2))")N
1

11
C2¥(Qr) and w e L (0 < ¢ < 1), 9w ¢ 12 (0 < ¢ < 1), which satisfies the weak problem

loc loc

T /oc ow 0On
- —, — |dt = L*(0,T; H'(Q
/0 <8t’n>dt+/0<c<1<b(c)8x’8x)dt 0, VneL*(0,T;H (),

dc ae) , (11)
vl —, — dt+/ wc,edt—/ w, 0)dt = 0,
/0<c<1 (899 Ox 0<c<1( (),9) 0<c<1( )

VO € L?(0,T; HY(Q)),

with ¢(-,0) = ¢o(), and with supp(d) C {0 < ¢ < 1}. To the sequence of discrete solutions (cj, wy) of (8)
let’s associate the following piecewise constant-in-time functions

ity =ch, C(t) =i, (12)

for t € (tn—1,tn], n =1,..., N. Let’s recall that the following convergence properties, for (h, At) — 0, are
satisfied, (see [3]),

CE — ¢ weakly in L2(0,T; H'()), (13)

CF — ¢ uniformly on Qr, (14)
ow,’

W, —w, Txh - g—i weakly in L2 (0 < ¢ < 1), (15)

where {0 < ¢ < 1} := {(x,t) € Qr : 0 < g(z,t) < 1}, with Qp := Q x (0,T).

In this paper a-priori estimates in the appropriate functional spaces are studied for the error between the
discrete solution of (8) and the solution of the weak problem (11). The error analysis is studied in the one
dimensional case, since, for the time being, the convergence of the discrete approximation (8) to the weak
formulation (11) is available only in one dimension, (see [3]). However, the error estimates obtained in this
work could be in principle extended to the general d = 2,3 dimensional cases, provided that the discrete
and weak solutions have additional regularity properties, which will be introduce later (see in particular
assumptions (43) and (44)).

The error analysis for degenerate second order parabolic problems is well studied in literature, see e.g. [29]
and [5]. In these cases, the degenerate flux b(s)Vs, where b is a degenerate mobility and s is the independent
variable of the problem, can be rewritten at the continuous level through the Kirchhoff transformation



D(s) = f; b(¢)d¢ as b(s)Vs = VD(s). The error associated to the elliptic terms can be than estimated using
standard properties of convexity and monotonicity of D(s).

The error analysis for non-degenerate second and fourth order parabolic problems can be studied by
standard methods of error analysis, see e.g. [26], [25], [24] and [19]. In particular, in [19] the L?(0,T; H~(Q))
norm of the time increment of the error of the concentration c is estimated in terms of the discretization
parameters, and this estimate is sufficient to obtain all other estimates in the error analysis. In this case
and for P! elements, the norms of the approximation errors are bounded by power laws of the discretization
parameters with exponent 1.

In the case of the fourth-order degenerate parabolic problem (8) and (11), the elliptic terms cannot be
handled by a Kirchhoff-like transformation, and in particular the elliptic term in the second equation of (11)
does not contain a degenerate factor and must be calculated on the set {0 < ¢ < 1}, i.e. on the support of
the function c¢. The fact that the relationship between b and ¥ at 0 does not ensure that ¢ > 0 at a discrete
level induces to consider a discrete variational inequality, where ¢ > 0 is imposed as a constraint, and at the
continuous level it imposes to consider test functions § whith supp(f) C {0 < ¢ < 1}. All these complications
make non standard the error analysis for the present problem. In particular, using test functions 6 whith
supp(f) C {0 < ¢ < 1} introduces the necessity to calculate the L?(0 < ¢ < 1) norm of the time increment
of the error of ¢ in terms of the discretization parameters.

The main result of this paper states that the norms of the approximation errors for the degenerate CH
equation, calculated on the support of the solution in the proper functional spaces and in the hypothesis that
h/At = O(1), which satisfies condition (10), are bounded by power laws of the discretization parameters
with exponent 1/2. Since this result does not depend on the particular form of ¥, but it’s based on the fact
that the singularity set of the potential and the degeneracy set of the mobility do not coincide, it can be
applied also to the degenerate CH equation with smooth potential.

The paper is organized as follows. In Section 2 some properties of the functional setting used in the error
analysis are introduced, together with the main result of this paper regarding the a-priori error estimates
between the discrete solution of (8) and the solution of the weak problem (11). Section 3 introduces some
useful notations and some preliminary lemmas, comprehensive of two crucial lemmas used in the main
calculation steps of the proof of the main result. In Section 4 the proof of the main result is shown. In
Section 5 the proofs of the main Lemmas introduced in Section 3 are reported. Finally, in Section 6 some
numerical experiments in spatial dimensions one and two are presented in order to validate the a-priori error
estimates introduced in Section 2.

2 Functional setting and main result

Before exposing the main result of this paper, I introduce some definitions and fundamental properties of the
functional setting introduced in the first part of the paper which will be used in the following calculations.
Let’s introduce the ”inverse Laplacian” operator G,, : (H!(w))" — H}(w) such that

(VG,u, V), =<wv,n >, Vne H& (w), (16)

The existence and uniqueness of an element G, v € Hi(w), for any v € (H'(w))’, follows from the Lax-
Milgram theorem and the Poincaré inequality.
A norm on (H'(w))’ can be defined by

o]l (g )y = 1Guv]iw =< v,Gv >Y? VYo e (H' (w)). (17)

The following Sobolev interpolation result will be used, (see, e.g., [1]). Let p € [1,00], m > 1, and set

- d
[p, 0] {fm—%>0,
r € < [p,0) ) 1fm—§:O7
[,—m] lfm—;<0,



and = 2 (L - 1) Then, there is a constant C such that
m\ p T

llollo,r < Cllollo " I[ollfy,, Vo € WTP(Q). (18)

Similarly to (16), let’s define the operator G : (H'(w))’ — S" N H}(w) such that
(VG VX)w =< v,x >, Vx € S", with supp(x) CC w. (19)

It is useful to introduce the L? projection operator P* : L?(2) — S” and the operator Gh: Fl vVl as
follows

(P"n,x) = (n,x) Vx € S", (20)

(VG"0,Vx) = (v, )" Vxes, (21)

where F" = {v € O(Q) : (v,1) = 0} and V" = {v" € S" . (v, 1) = 0}. The following well-known results
will be used, (see, e.g., [6]),

X1y < Ch7YIxllop ¥Xx €S, 1< p<oo; (22)

1T = P")llo + RI(I = P")nly < CR™[n|m Y € H™ (), m = 1,2; (23)

IXIE < 06 x)" < (@ +2)lIxlf - vxe s (24)

(" )" = (" 0l < CRFM [0 X1l V0", x € §", m =0,1; (25)

where d is the spatial dimension. The following bounds will also be used in the following calculations.

Lemma 2.1 Given v" € S" with supp(v") CC w, the following inequalities hold:
IV (GEv")lw < Clf0"||u; (26)

10"l < CRYIV(GE0") - (27)

Proof. The inequality (26) follows directly from the definition (19) by choosing x = G"v", using the Cauchy-
Schwarz and the Poincaré inequalities. Choosing x = v" in (19), using the Cauchy-Schwarz inequality and the inverse
inequality (22), we get
10" 12 < IVG50" b VV" |l < ChTHIVGS0" 0" ||,
from which we obtain (27). O
Let’s moreover introduce the following discrete Laplacian operator: given w € S", find Ap,w € Shn
H}(w) such that
—(Apw,9)y = (Vw, V), VY¢eS" withsupp(d) CCw. (28)

The existence and uniqueness of the element Ay, ,w in (28) follows from the Riesz representation theorem
and the Poincaré inequality.

Furthermore, C denotes throughout a generic positive constant independent of the unknown variables, the
discretization and the regularization parameters, the value of which might change from line to line; C1, Cy, . ..
indicate generic positive constants whose particular value must be tracked through the calculations; C(a)
denotes a constant depending on the non negative parameter a, such that, for C; > 0, if a < C1, there exists
a Cy > 0 such that C(ay) < Cs.

I also recall the definitions of the sets D;, D;(t) and of the cut-off function 645, for a é > 0, introduced
in [3]:

Df = {(z,t) € Qr : § < c(x,t) < 1},
Df(t):={xeQ:6<c(a,t) <1},
045 € Cgo(Dzs), 046 =1 on Dzré(t), 0< 945(-715) <1, ‘V945| < 62,



On account of the uniform convergence (14), for a fixed § > 0, it follows that there exists a h(5) € RT such
that, for all h < h(9),

0 < O (x,t) < min{26,1} V(z,t) € Dy, (29)
%5 < CHet) <1 V(a,t) € D,

Choosing

1 bt
CiF (1) £ 5M e K", vn" e L*(0,T;S") with supp(n") C Df

(1) 27 [ ()| (o)

in the second equation of system (8) yields, Vh < h(d), that

/OT [%%?%f) +(wi(02)+¢é(0,j),nh)h} dt = /OT(W;,nh)hdt_ (30)

This equality formulation of the inequality in (8) will be used in the following calculations.
The main theorem of this paper is now introduced, which will be proved in Section 4.

Theorem 2.1 Letc € L>(0,T; HY(Q))NH(0,T; (H () )NL%(0, T; H*(D{ (t))) and w € L2(0,T; H2(Dj (1)),
for a given § > 0, solutions of the limit system (11). Assume moreover that co(-) € H(2) N H*(D; (0)).
Under the hypothesis that At ~ h, the following error estimates hold:

lle = Ci ll oo 0,011 (D ) S C(BY2 + A2, (31)
[|w — W;\|L2(07T;H1(D;(t))) < C(hY? + AtY?). (32)

Before deriving error bounds for the discrete solution of problem P", I need to introduce some notation and
preliminary Lemmas.

3 Notation and preliminary Lemmas

The analysis will be restricted to the one — dimensional case (see [3] - Remark 4.1) and the Introduction). I
proceed by following the same steps as those introduced in [19], here generalized in a non-standard way and
for the first time to the degenerate fourth-order parabolic case.

Let’s introduce the projection operator Py, 1 : H*(Q) — S" defined, for v € H*(Q), by

9 I "
(gernavgox) = (gmvgox) e s™ (33)

with (Py1v,1) = (v,1), and the anisotropic projection operator P}i1 : HY(Dg (t)) — S" defined, for w €
HY(D{ (t)), § > 0 and for a.e. t € [0,T], by

0 0] 0 0
b(c) =~ PP jw, = = ( b(c) —w, — h DF(t). 4
(g rtangy) = (Megugy)  westswpoccDiw. (G
Dri (t) D5 (t)
The following bounds hold:
o = Pra(0)]] < Chllv = Poa(v)ll, Vv e HY(Q), (35)
[0 = Pha(0)ll < ChY|[o]141 Yo e H*H(Q), 1 =min(l,s), (36)



with analogous bounds, calculated over the set D;“ (t), for the operator P}L’. For ease of exposition, I introduce
the following notations:

ec(+,t) == c(-,t) — C,f(~,t), ef(+,t) == Pyac(-,t) — C;(-,t), e;(-,t) =c(,t) = Ppac(-,t),
with ¢ = Pye(,0),

eV (-, t) == w(,t) — W,jr(-,t)7 ep(-,t) = P,i”lw(-,t) — I/V,:r(~,t)7 er(-,t) == w(-,t) — P,f’hlw(-,t),

p
and
e — cn—l
SatCii(t) = hTth’ t€ (th1,tn], n>1;
t) —c(t — At
darc(t) == %, t€ (th—1,tn], n>1;

where C; () := ¢, W, (t) := w}!. Irecall here some useful energy estimates for the discrete solution, derived
in [2], (see in particular Lemma 2.4 therein).

min b(C’,:)/
i<o <1 Df

T
/O 10a:CF () |3dt < C(AL) (38)

’

Moreover, I recall that (see Theorem 2.2 and Lemma 3.3 in [3])

2 2

+
oW dzdt < C, (37)

T

oW

dudt < / b(Cr)
Dy

2

dt < C. (39)
1

G" (68 Cyf (1)

0<¢,CE<1 in Qp. (40)

Next define
S t) == 0a¢Prjac(-,t) — OpPrac(,t), te€ (thoi,tn], n>1.

I introduce the following lemma.

Lemma 3.1 For a given § > 0 and if co € H*(DJ (0)), the solution (c,w) of (11) satisfies the properties

c € L*(0,T; HY(DF (1)), (41)
w € L*(0,T; H*(Dj (t))). (42)
Proof. From the second equation in system (11) and elliptic regularity on the set Df we immediately get

c € L*(0,T; H*(Dj (t))). We choose now n € H'(0,T;C5°(Q)) with supp(n) CC D;'/2(t), in the first equation in
system (11), and integrate by parts in time. We get

T on T ow 0On
c(-,T),n(,T — (¢(+,0),n(-,0 —/ (c,—) dt+/ (bc —,—) dt =0,
(et o, = 0 Dop 0 = J @51 ) e O Sy MDaear) e,

for all n € H'(0,T; C§° (D(;F/Q(t))). Using (14), (15) and elliptic regularity on the interior of the set D;/Q (t), for each

0 > 0, we get that w(t) € HfOC(D;/Q(t)) for a.e. t € (0,T], and hence we get (42) and (41). O Note that, when
§ > 0 is a finite parameter, if § < f ¢, then for each ¢ € [0, 77, D;r(t) #0.

I introduce the following assumptions, which are consequences of (13), (14), (15), Lemma 3.1, Schauder
theory for parabolic equations (see e.g [18]), the definition (28) and the additional assumption that ¢y €
H*(Dy (0)):



ce CU[0,T]; HY(DF (1)) , e € C°(Dy)NL¥(0, T3 H' (DS (1))); (43)

¢ € COUOTEHYDEW) Ay proes € CO0 T) A(DF (1))): (44)
The following result is valid.

Lemma 3.2 Let ¢ € L*=(0,T; H'(2)) N HY(0,T; (H(Q))") be the solution of the limit system (11). The
following bounds hold:

ey (5 O+ hllep (-, )]]1 < Ch fora.e.t €[0,T], (45)
[le(-, t)|| < Cllec(-t)||1  fora.e. t €[0,T]. (46)

Proof.  The bound (45) is a simple consequence of (35) and (36). The bound (46) is given by the Poincaré
inequality. [0 By application of (35) and (36) with s = 1, considering the regularity of the solutions of the
limit system (11), and considering the fact that b(c) > 0 on Dy (t), we get the following result.

Lemma 3.3 (Estimates on D (t)) For each § > 0,
1€ (o)l ) + Bl D)1y oy < CH%: for ace.t € [0,T; (47)
gDl oy + RGOl ey < R forace. t € 0,T). (48)
Moreover, we get the following result.
Lemma 3.4 Let ¢(-,t) be the solution of the system (11). The following bounds hold

1Sl L2 0,7 (2))) < CAL; (49)
HS —6t€ ||L2 (0,T;(H ()’ <C'At—|—0h (50)
Proof. Let’s multiply S°(-,t) by a function n € C§°([0,T]; H'(2)), and integrate in time from 0 to T. By expanding

in a Taylor series the term P, 1c(-,t — At) around ¢, integrating by parts in time and using the first equation in system
(11), we get

/OT(JAtPh,lc(.,t),n)dH/T<Ph1c, gt)dt /T<Ph1c,g )dt+0[(At)] At/OT( g;)dﬂ— (51)

T 82 ow O 877 T 82 2
At/o (Ph,lc a2)dt+0[(At) | = Azs/D[T be) 5 agg((%)d dt+At/0 (Ph,lc 82>dt+0[(At) ]

Hence, using (45) and writing only the lowest order terms in the discretization parameters, we get that S¢ €
L2(0,T; (H*(2))), with

dc

1SN L2 (0,1 (@) < CAt’ + ChAt < CAL,

L2(0,T5(H (2)))

where the following definition for the (H'(2))’ norm has been used: given f € (H'(Q))’,

sup <f,v>.

(52)
vEH} (R),07#0 [[v[l1

A1 czr o)y

Note from the definition (52), by application of (16) and the Cauchy-Schwarz inequality, and from (26), that the
norms (52) and (17) on (H'(R2))’ are equivalent.

Summing to both sides of equation (51) the term (e and using (45), (50) follows.

b 5t)s



Choosing in (51) a function 1 with supp(n(-,t)) CC Df (t) and using (48), we get similarly that

5% L2 0 2y (D 1y < CAL: (53)

c c 2
15 = €512 0 s (o cpyry < CAE+ OB (54)
0

I introduce now the two main Lemmas of this section, which will be used as fundamental steps in the
proof of Theorem 2.1 and which will be proved in Section 5. The first Lemma concerns estimates of the
L%(0,T; H-Y(Dj (t))) norm of the time increment of the error of the concentration ¢ and the L?(Dj) norm
of the error of the chemical potential w.

Lemma 3.5 Letc € L>(0,T; H'(Q)NH(0,T; (H* () )NL%(0, T; H*(D{ (t))) and w € L?(0,T; H*(Dj (1)),
for a given 6 > 0, solutions of the limit system (11). Under the hypothesis that At ~ h, the following bounds

hold:
T
Al
Oel Oey’

T T
+(O+C(6’5))/0 (b(c)ax,63?925>D+(t)dt+(0+0(54))/0 lleR0aal [Ty oy Bt
s

2

QD+(t (P"(0150nc€5))

dt < (C+ C(™H)R% 4+ (C + C(6~4))(At)3/? (55)
DF (1)

T
/ et (945|\D+ dt < Ch? + CAt (56)
0

ey aeh T c 2 —4
+C/O <b( ) —* 9 O 045)D+(t)dt+0/0 ||e,L945\|D;(t)dt+(C+C(5 ))/0
)

The second Lemma concerns estimates of the L>°(0,T; L?(Df (t))) norm of the error of the concentration ¢
and the L? (D;‘) norm of the time increment of the error of the concentration c.

2

dt.
DL ()

Oej,
—0
] “igs

Lemma 3.6 Letc e L>(0,T; HY(Q)NH(0,T; (H'(Q)))NL*(0,T; H?(DS (t))) and w € L*(0,T; H*(Dj (1)),
for a given 6 > 0, solutions of the limit system (11). Under the hypothesis that At ~ h, the following bounds
hold:

5 (- ) (0a5)|[ 54y < (C+C(6)"Hh* + C(57°) At (57)
Df(t) =
wy. T e, 2
e / ( AS t),ae%(’t)ai5) dt + (C + C(57) / 2Dy,
x DF(t) 0 z DF(t)
T
| 188165 0u6) By gt < (C+ Co Db+ (€ €67 (58)
oe? Oe¥? Ode 2
+06—8/ (bc) —h Th 2 ) dt+05—14/ ‘he dt+
( ) 0 ( al’ al’ 49 Df(t) ( ) 0 533 0 +(t)
Cy || 9€ (-, T) 2 4| | 9es, (-, 0) 2 9 At d 2
AN g (- B15(-,0 Sacel (-, 1))(0 dt,
2 ax 46( ) D;(ﬂ—i— 2 8(E 46( ) D+() ].0 2 0 3:C( Ateh( ))( 46) Dg—(t)

with a constant Cy < 1 and for a given t € (T — At,T].



4 Proof of Theorem 2.1

I proceed now with the proof of the main result.
Proof. Rewrite (8), using (30), in the following way:

/OT L(amqf,xwr (b(c)ag;;,%)}dt: /()T[(amc;,x) — (GacCy, )t

+ [ (10 - sern B 2

T + T
[ (5 52) + e + vaten) - wit.o)|ar = [ 1wh(Cin) + vici) - Wi o)
—(WA(CN) +95(Cy) = Wi, )"t

for all (x,¢) € L*(0,T;S") x L*(0,T;S™), with supp(¢) CC Dy, for each § > 0, and with C4(0) = ¢}, = mc(,0).
Moreover, from (11) the following system is derived:

T T apt T
/ (6atPn,1c,m)dt +/ (b(c) h’lw, @) dt = / < 8% — Orep,m > dt,
o 0 Or ~Ox D (1) 0

1 aPh 1C o ’ b e“L 5 +
Olp1c { P, 5 dt = D D di
/O |:’Y( 61 ' E:l ) D(S (t) (w ( ) h’lw’ )D6 (t):| A ( ’ ) ’ (t> 7

for all n € L?(0,T;S™) and ¢ € L*(0,T; S™) with supp(n) CC Df, supp(¢) CC Df, and with ¢(-,0) = co(-).

Take ¢ = & = P"[(045)*0a¢es] in the second equation of (59) and in the second equation of (60), on noting that, for
h < h(6), supp(¢) CC Dy (this happens when at least two mesh points are in the set {z € Q : § < c(z,t) < 25}),
and subtract the former from the latter. Using the equality

0 0 0
Sa P =g f + 5 (P" = Df, for f € H'(DJ (1)), (61)

(60)

with f = (045)*0ace5 (t), the following identity is obtained

r w 2 c T 66h 8 2
/0 (eh,(6’45) 5Ateh)D5+(t)dt:/O ((91’ ' 9z (5Ateh)(945) ) dt+ (62)

DF@®

T Oej, ¢ 0(04 2 ’ ’ / - 2 c

T T
/ (ey s P"[(015)*5ac€f]) p+ (At + / [(wi(oi)w;(c,:)—W,?,Ph[<94a)26mem>—
0 s 0

aeh 8
oz’ Oz

wi(c:)+w;<c;>—W;,Ph[wwamez])h]dt— / v( - P)((e@)%sme;)) dt

DF (1)

Furthermore, choose x = 17 = P"[(f45)%e}’] in the first equation of (59) and in the first equation of (60), and subtract
the former from the latter. We obtain, using again (61) with f = (64s)%e}’(¢),

/O T((Smei,(@@)Qef)D;(t)dt:— /0 (b( )a;; %eh (815 >D+(t>dt— /O T(b(c)%ef,658(2‘?)2)D+(t>dt+ (63)
/ C S O, P ((026) ) >y / ' |(G0.CE P06k — (5. P [(0)7eR)" a1
[ (0 - sen 2 S o Jar— [ (1 = s Ze, 20 o e

/O (b( )8;; 8‘1([—ph)((aﬁ)ze’;))D;(t)dtJr/OT([b( c) —b(C,, )]ag[: 88 (I-P )((945)261,;’)>dt.
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Combining (62) and (63) we finally get
T 95 8 5 T el deV 2
~ Sace 05) dt+/ (bc—,—eé) dt = 64
[ 2(GE g Gacchd (o) et (pOT T o) (64)

T c 2 T w 2
_/ 7(86}”,6&@2 O(0as) ) dt —/ <b(c)aﬁ,e}f 9(as) > di+
o ox Oz DY (1) 0 Ox Ox DF (1)

T

T
[ <8 = o PO k] >y e = [ (00 = UA(CE) ~ UG ), P (026 0] g e+
0 0

/0 (e, P"[(8a5)*0at€h]) it (yydt — /0 {(6AtC,T,Ph[(045)QeZ)])—(5AtC}T,Ph[(945))26}f])h}dt—
T e T + 4 2 w
(160 = st n B S oao? - [ (i) — e B, 20 Y-

{ YLCH) +03(Cr ) — Wih, P*[(045) 0acer]) — (1(Cr ) + ¢2(Cr ) — Wi, Ph[(em%mm)h} dt+

c\ﬁo\;

T 7(f?eh (I— ph)((e45)25Ate2)>D+(t)+ /OT(b()G;; 8‘1 = ph)((e45)261;))D+(t)dt+
/OT< ) = ()] ag:r’aax([ P)((946)2€Zj)>dt:

Ey+Ey+ E3+ Ey+ Bs + Eg + E7 4+ Es + Eg + F1o + F11 + Ea2,

where I indicate the terms on the right hand side of (64) with the notation Ei,...,Ei2. In order to proceed, I
introduce here two inequalities, which will be frequently used in the sequel. The first one is

1£115s @) < CllfOssll sy, V€ LP(DF (1)), (65)
which is given by the fact that
17155 0y = IS 0asl 55 oy + [1F (L= 036) 2115 ) = 11 F8as Ty oy + P = 0221155 0\ ot o)
+ 1= 045)1/2|‘D;5(t)\p @ < 0asll5t oy + Crll fllot

and the fact that there exists a § such that C; < 1 for each § < §. The second one is

1

D (1) (min6§c<1 b(c))*/?

(b(e)) "/ %

< ~1/2
ox <C )

D (1)

I3

(O

D;;*(t)'

Let’s now bound the terms E1, ..., F12 on the right hand side of (64). Using the Cauchy-Schwarz and the Young
inequalities, the fact that |Vfss| < C6~2 and (65), we get

By < O /

Using (58) in (67), choosing a constant Cy in (67) such that C1yC(67°) = 54, where C(678) is the coefficient of the
third term on the right hand side of (58), and noting that there exists a value 0 such that C; < 1 for each § < 0
(note that C'(67®) depends polinomially on its argument), we obtain, at the lowest order,

2 T
dt+C’17/ Hémefb(@u)ﬂé;mdt. (67)
0

8eh
o

DF (1)

2

B 1 [T ey Oej) - Oej,
_ 14 1 h h 14 h
|E1| < (C+C(67°)h+ (C+C(6 ))At+24/ <b(c B o 945>D+()dt+0(6 )/0 5 015 D+(t>dt+
5 )
(68)
2N LIEACRI P | R < Y1125 110 P [ MQN/T 0 (Gnce () 0u)||
“e ne — || =505 (-, 09 I Ater s 49 :
2 ox D;r({) 2 ox D;r(O) 10 2 0 ox D;r(t)
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Using the Cauchy-Schwarz and Young inequalities and the fact that |Vlss| < C6™2 we get

1 [T ey Oej) o o [T 2
Bl < & / (b(e) Zhs) w6 [ @)l
24 (9 833 D;(t) 0 Dg(t)

Using (56) and (57), choosing the constant C' in the third term on the right hand side of (56) and the constant C' in
the first term in the right hand side of (57) such that C(6~*)C = %, we get, at the lowest order,

2 8671 aeh —10 /
|Ea| < 24/ (b( ) 9z’ 1 04§>D;(t)dt+(C+C’(6 ) ;

Using (16) and (61) with f = 025¢%, we rewrite the term E3 as

045 ’ dt+C (6~ R+ (C+C (57 1%)AtL. (69)

DF ()

ej,
ox

T T a a
_ c c hip2 w _ c c 2w
FEs —A < 8¢ — 8tep,P [9456}1} >Dg’(t) dt = /0 (FZBQD;('&)(S — atep), 7aw9456h)dt—
T—ag ¢~ aes), D (1 — P[0y )dt
) oz D;r(t)( - iep): 832( - )[ 466h] .

Using the Cauchy-Schwarz inequality, (17), the fact that |Vss| < C6~2, the stability of the P" projector under the
H*' seminorm, i.e. |v — Ph(v)|17Dgr(t> < Clv — Ph»1v|1,D5+(t) for v € H'(Dj (t)) and (36) we obtain

e ||2 1/2 T 1/2
9en. dt) + 0(5*2)</ ey 945”[)+ dt) ]
ox D) o

T
B < CIIS" = 0yl 2o,z (0 (1)) K/O

Using (54) and (66) we get

By < O + At) [C(yuz)u (b( )aaeh 8;; 945)D;(t)dt>”2+0(52)(/0T|Ieh (0] [ dt>l/2].

Using the Young inequality and (56) and (57), choosing the constant C' in the third term on the right hand side of
(56) and the constant C' in the first term in the right hand side of (57) such that C(6~*)C' = i, and keeping only
the lowest order terms, we get

2

2 [T ey el _ des, _ _
|Es| < 24/ (b(c)%,%ﬂi;) dt+(C+C(5 10))/ ;;94 dt+C (™R +(C+C(570)AL. (70)
Df(t) 0 Df(t)
Using the following equality
PMfl=f+(P"—1D)f, forfeL*(Df(), (71)

we can rewrite the term F,4 as
T
Bi= [ 015(0/(©) = 1(C) = 04(C3 ), (B25)316h) o -
0
T
| W0 = H(C) ~ 0. (= PP B st =

/0 "[015 (9 () = ¥1(Cir) = Wh(C )], P*[(016)65165]) it o i+

A

= PH0us(0' (€)= (G = Ui (Ous)beci) i

| @0 = U(C) = Uh(Ci ), (1 = P (60 1) g .

0
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Using (19), the Cauchy-Schwarz and Young inequalities, (23) on the set Dg’ with m = 1 and (27), we get, keeping
only the lowest order terms,

T\ o N , . . 2 1/2 T\ 9 N N . 2 1/2

mu<( [ growtre —vien —wsenn|| | a) " ([ |G b osnen]| | ar)
(72)
c+cC Ay SO 9 (' ey /0—2 d
(Cc+cC@ ))/ [19"(e) = ¥1(C) = ¥2(Ci)ll b+ 3z W (©) = ¥1(Cy) = 42(Cy) Dr ) i+
c o s e ’

Ch2/0 ||9455Ateh\|;;(t)dt+0h2/0 55 (9a1€h) (015) D+(t)dt§

oy [T 0 ?
(Cc+c@ ))/ 19" (¢) — ¥4(Cy) — wz(Ch)\|D+ Ep o' (€) = 91 (Cy) = ¥5(Cy,) di+

0 DF (1)
2
@gpg(t)(f’h(az@mei)) D;@)dt'

In order to bound the first and the second terms in the last line of (72), we write
V(€)= $1(C)) = ¥a(Cy) = wi(e) — ¥i(C) + () — va(CY) +92(Cy)) — ¥2(Cy),

and use the inequality ||a + b[|*> < 2||a||® + 2||b]|*>. Noting that () € C*([0,1)), ¥5(:) € C*(]0,1]), using (40) and
(65), we obtain

T
|Ba < (C+ 0(6—4» / (||e0945\|;+(t) + <At>2|\5mom|;+(t))dt+ (73)
8 2 2
0/ <’ + (At)? o —a:CyF > ,’;m)( P"(0456c€5,)) dt.
D) 3 0) DF (1)
Now, from (38) and from (21), (25) and the Cauchy-Schwarz inequality, we get
T T T
/ [|6a:C; [|Pdt < / (5Atc;,5mc,j)hdt+/ [(6a:C5F, 8O — (5a:CyF L a0 Cy)|dt < (74)

0 0 0

r 0 5h + 0 + 2 r +112 T 5h +
/ %g (6At0h ), ai(sAtCh dt + Ch / ||6Atch Hldt S / g (6Atch )
0 x 0 0

T
Ch? / 16a:Cy|)7dt + CR*(At) ™!
0

2 1/2 T 1/2
dt) ( / 16a:C \?dt) +
1 0

Using the hypothesis that At ~ h and from (38) and (39) we get, at the lowest order,

T
/ [16a:C;7[|2dt < C(AL) ™2, (75)

0

Remark 4.1 Note that (75) is more generally valid if we make in (74) the assumption that At = Ch"™, with n < 4,
which, together with (9) and (10), becomes At = Ch™, with 1 < m < 4. Since the condition At ~ h is the necessary
assumption for the validity of Theorem 2.1, I use it in the calculations.

Using the fact that e® = e, + e, and (48), using moreover (38) and (75) in (73) we get, at the lowest order,

2

+ (76)
D)

T
|Es| < Ch* + CAt + (C + 0(5’4))/ llen0as115 o) ;:che
0

T
C/
0

2

dt.
D (1)

P"(0456nc€5,))

%gD;r(t)(
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Using finally (55) and (57) in (76), choosing a constant C' in the last term in (76) such that (C' + C(67°))C = &,
where C 4 C(57°) is the coefficient of the third term on the right hand side of (55), choosing moreover a constant C

in the first term on the right hand side of (57) such that (C' + C(6~*))C = -, we get, at the lowest order,
2 | 10 1 ey, ey 4 -8 ey, ’
|Es| < Ch™+ (C+C(6 7)At + — b( ), =015 dt+(C+C(67%)) ——04s dt. (77)
24 oz’ Oz D (1) o || Oz D)

2

Using (47), (71), (23) with m = 1, the Cauchy-Schwarz and Young inequalities and (27) we get, at the lowest order,
dt.
Dy (1)

T 1/2 T 1/2
Bl <0 [ etlite ) ([ sl i) < on
0 s 0 s
(78)

Using now (55) and (57), choosing a constant C' in the last term in (78) such that (C + 0(5 5)) = choosing
)¢

el
moreover a constant C' in the first term on the right hand side of (57) such that (C' + C(67*))C = 2, we get, at the
lowest order,

]Z)"'(t) (Ph(0456Ate?z))

_ 1 T w w _ 2
5| < CH? + (C + O 10))At+—/ (b(c)%%,‘%eié) @+ (€400 8))/ dt. (79)
Df () 0

24 D (1)

Oef,
—0
St

Using (25) with m = 1, (38), (75), (61), (71), (23) with m = 1, (66), the Cauchy-Schwarz and Young inequalities and
the hypothesis that At ~ h we get, at the lowest order,

T 1/2 T 1/2
|E6|§Ch2</0 |\5Atcf||f,pé+<t>dt> (/ ||ph[(045)262]||iD5+(t>dt> < (80)
) . _ T 9e? e 1/2 _ T 1/2
citan e[ (e5E Ghe) a) T vcrew ([ el ) | <
0 DF(t) 0 s
w T
(C+C(s)n® +i (b()%eg a(;; 9§5>D;(t)dt+0/0 ||e;“(945)|\;6+(t)dt.

Using (56) and (57), choosing an appropriate value of the constant C' in the last term in (80) and an appropriate
value of the constant C in the first term on the right hand side of (57), and keeping only the lowest order terms, we
get

a@h 046 2

= dt. (1)

2 (T ey d _
|Es| < Ch? +(C+C(6~ ))At—&—ﬂ/ (b(c) ;’m ;h 945> dt+ (C +C(6 6))/
(4 D (1) 0 DF (1)

Using the Cauchy-Shwarz inequality, (37), (66), (65), (18) with r = co, d = 1, m = 1, p = 2, the Lipschtitz continuity
of b(-), (38), (75), the hypothesis that At ~ h and the Young inequality, we get

T 1/2 T w w 1/2
_ Oey, Oe
< E — h h p2
|Be| < C( )(/0 lIb(e) — B3I D+(t)dt> (/O (b(c) o S 945>D6+(t>dt> + (82)

T 1/2 Oey, Oej 1/2
-1 +) _ =2 h h p2 <
e ([ 16~ g te) ([ (05 5 9“‘5>D;(t)dt> <

oes |7 1 /T< el Belt 2>
“he dt + C(6 )AL+ — ble) =l g dt.
‘3513 . Df (1) +ee™ T %0 B0 M D} (1)

T
0(5*2)/0 ||eze45||338+(t>dt+0(5*2)/0

Using (57) in (82), choosing a constant C' in the first term on the right hand side of (57) such that C(6)C = &,
we get, at the lowest order,

x| < (C+ C(E ) + C(6 2 At + (C + O(5™) /

8€h
‘379

2
1 Oey’ Oey
dt+ — / (b( Y= Ry 5) dt. (83)
bt 24 ox ox * bt
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Similarly to (83), we get
- o T 1/2 T
Bl < G ([0 = 0CDIE s oat) ([ 1k 045||D+(t)dt) (1)
<

T 1/2 T 1/
cw ([ e - sl pron) ([ ||eh94a\|D+(tdt) C7) [ Neituslg g+
2
0(5*5)/ dei,
0

Ox
Using (56) and (57), choosing an appropriate value of the constant C in the last term in (84) and an appropriate
value of the constant C in the first term on the right hand side of (57), and keeping only the lowest order terms, we
get,

015

dt +C(6 At—i—C/ ller 945||335+<t)dt.

DF (t)

2 T
1 dey ey o
dt+—/ (b(c)—h,—he45) dt.  (85)
D;(t) 24 ox ’ Ox D5+(t)

Noting that 11 (-) € C*([0,1)), ¥4(-) € C*([0,1]), that C;f € L>(0,T; H*(2)), that W,5 € L*(0,T; H'(D{ (t))), using
(25) with m =1, (27), (61), the Cauchy-Schwarz and Young inequalities and the hypothesis that At ~ h we get, at
the lowest order,

8671
ozr

|Es| < Ch> 4+ (C 4+ C(6 ") At 4 (C + C(677)) /

O4s

T 9 2 1/2 T 9 2 1/2
|Eo| < CR? (/ H%(éme;)((m) dt) +C’(6’2)h(/ a—gg+(t)(Ph(9456Ate2)) dt) < (86)
Df () o [JOT 7o Df()
_ 1 At d ? G (P 2
C(5h2 4~ / (6ne€5) (015) s (P Ossoneel))|| .
20 2 0 a D+(t) D ®) Dg—(t)

Remark 4.2 Note that (86), together with (9) and (10), are more generally valid if we make the assumption At =
Ch™, with 1 <m < 2.

Using (55), (57) in (86), choosing a constant C in the last term on the right hand side of (86) such that (C+C(67°))C =
- and choosing a constant C in the first term on the right hand side of (57) such that (C +C(6~*))C = L, we get,
at the lowest order,

_ _ 1 ey’ Oe
Fy| < C(6 C(60AL 7/ (b h h(f) dt 87
|Bo| < C(6~")h* +C(6°) + 51 ()8w P i + (87)
_ de 2 1 At [T]] o 2
C+08 / ‘Jeg dt+7——/ = (6ares) (045 dt.
( (67%) i - %2 J, 83:( ten)(0as) ot

The term Eio can be bounded using a generalized version of identity (28) with a ¢ = (I — P")[(fas)*Saces] €
Hg(Df (t)), using moreover the Cauchy-Schwarz and Young inequalities and (23) with m = 1, obtaining, keeping
only the lowest order terms,

ol < Ch/ 18 s 612 gyt + 6 h/ 150650351 i (88)
1h 9 . 2 1h [T]| 6 . ?
-0 g < g .
720 5 oz (darer,)(04s) D+(t>dt Ch+~ 20 5 / O (darer)(04s) D+(t)dt
S5 S

The terms E11 and E12 can be bounded easily using (23) with m = 1 and the hypothesis that At ~ h
Finally, using (68) — (88) in (64) and the identity (a, (a —b)c®) = 2a’c® — 1b*c® + 1 (a—b)*c* we get, writing only
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the lowest order terms and omitting to write explicitly the dependence of some constants on the finite parameter ¢,

1L [T (0ef (1) Oef(-t) 2
3At / ( on " ox ) " (89)
1 /T<6e§;(~,t—At) 9es (-t — At) 2)
YoAT s (946) dt+
2At 0 oz ox Dgr(t)
At [Tl 8 2 T De (1) Del(-t) 1o
- — (4 < ot (7 dt b 2 R Ly dt <
7 /0 ax( acei (1)) (0as) D) +/0 ( (c) oz o 45) bty
T c/. 2 T w(, w
Ch + CAt + C/ MQM dt + 1/ (b(c) dey, ( ,25)7 ey (-, t) 935) bt
0 Oz D (1) 2 Jo Ox Oz DE®)
Ca|9ei (-, 1) ? Cy || 9e5 (-, 0) 2 At (TI] 9 . 2
4 946(-75) +v—= 7045(.70) +v— 7(5At€h(‘,t))(045) dt.
2 89: D;(f) 2 893 Dg'(O) 2 0 8.’E Dg’(t)

In order to treat the first two terms on the left hand side of (89), I write O4s(+,t) = Oas(-,t — At) — At%&w(-, t)|¢=7,
where t € (t — At, t), in the second term in the left hand side of (89), and obtain, at the lowest order,

1 /T(aei(wt) dej (-, 1) 2>
YoA7 .. 7(946) dt— (90)
24t Jq Ox Ox DF (0
1 [(T/0e5(-,t— At) Dei(-,t — At
FVE/ < e S )7 e S )(945(-,t—At))2> di—
0 * z D (t)-DF (t—At)
1 [T roes(,t — At) def(-,t — At) 2)
BV : : Os5(-,t — AL dt
th/o ( oz T ) D (t-A1) !
At [T 9 ? T Oey (,1) Oey (1)
o - (0acer (-, 1))(0 dt b hio2) ZZhis 02) dt <
75 /0 ax( atep(-51))(0as) o, +/O ( (c) o op 40 .
T c/. 2 T w(, w.
Ch+CAt+O/ ei(t) g dt+l/ (b(e)aeh( ot) Oei( ’”%) it
0 Oz DF (1) 2 Jo Oz ox D (1)
Cal|9ef (-, 1) : Cu || D€ (-, 0) 2 At [T 0 . 2
AN SR g5, 8) +y—= 0.5(-, 0) + 420 2 (Sares (1)) (015) .
2o opw IO proy 2 Jo ll0x D} (1)

Note that the integral on D (t) — Df (t — At) in (90), due to the continuity of the integrands in time (see (44))
and to the fact that the support of ¢ changes in time by a finite value [6], is proportional to A¢ multiplied by finite
terms on 6D2' (t), and can be bounded by a term like the third on the right hand side of (90). Changing variables as
(t — At) — t in the third term in the left hand side of (90) I rewrite the sum of the first and the third terms in the
left hand side of (90) as

1 T Oes (-, t) Oef (-,t) 9 1 O (9e5(-t) Des(-,t) 2
VE/;,N< dr ' Oz (8a) Dgr(t)dt_rYZAt/At dr ' Oz (85, 1)) dt. (01)

Dy (1)

Noting (44), we can use in (91) the mean value theorem for integrals and obtain that there exists a £ € (T' — At, T
such that (91) can be rewritten as

1 862(75
’YQH oz 045('75)

2 2

Oey, (-, 0
e 00

3 (92)

|

D ® pi )
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Using (92) in (90), we obtain that there exists a £ € (T — At, T such that

0ei( 8y o A L7 (i 2ei (o) De (1) o
77“7645(-775) + —/ b(c) , 025 dt < (93)
2 Ox 0 2 Jo Ox Ox D (1)
c/. 2 2
EHW&M(UO) 8eh )946 di+
2 * Df (0) i)
2 2
Oes (-t Cyl|9ef, (-, 0
dt+v e" 3 f) +y= %645(-,0) :
Df (1) 2 pfm 2 & D (0)
Rewrite the sixth term on the right hand side of (93), using (61) and (43), as
Oej, (-, t 0 -
|2 D < | g rutetn = et omouscp|| -+ (91)
O v D} (@
. . dc(-t oes (-, 1t .
Ha—(Ph(c(-,t)) — O DD < cm’ it T H GDpup|  voar
@ D} (@) t Al ommt (0f ) @ Dy ()
Using (94) in (93), noting that
T c/. 2
e, dt < CAL,
i ox DF (1)
noting moreover that ef,(-,0) = 0 and that Cs < 1, we get
e} 2 2
‘ 00500 8eh L AGL) PN | R (95)
z Dg'(t) Df (t)
Choosing T' = t,, n = 1,..., N, in (95) and using a Gronwall inequality argument we derive that there exists a set
tn € (n —1)At,nAt], n =1,..., N, such that
c(. f 2 c(. F R 2
‘ 9eh(tn) < C‘ M94(§(.,tn) < Ch+ CAL. (96)
9z |p# i, x D (i)
For t € (tn—1,tn], n=1,. N, using (96), we have that
Oes, 0
H il ~|[g et -cito|| < (o7)
D;*(t) * i
. 7]
H%(mcc,w et k|| gpmet i - ciea)| s
DF (1) Df ()
C’At‘ ‘ Ol ) ‘ 9ehlytn) + CAL< CRM? + O,
Ot |l Lo (0,111 (0F (1)) 9z |lpt i,

We can finally derive the bounds in Theorem 2.1.

From the bounds in (96), (97), (48) and (57) we have the bound (31). From (93), (56), (96), (97), (47) and (48)
we get (32). O

Remark 4.3 The error estimates on the whole domain Qr are not theoretically studied here, but will be
numerically investigated by the test cases in Section 6. Here I only note that, as a consequence of the fact
that c, C,'f € L*(0,T; HY(2)), the following bound is valid

lle = C¥ || Lo (0,01 (02)) < C. (98)

Indeed, using the fact that [e|1 < [ef,|1+|ep|1, the bounds (45) and (46), the fact that c, Cr e L>(0,T; H(Q))
and (97), we get

Oej, Oej,

or

+
Lo (0,T;L2(Q\DF (1))

el Los (0,7:L2(22)) <Ch+C( (99)

1/2
L°°(0,T;L2(D$<t>>>)
<C,

17



and

2
C
Oej,

<c+ <H
Lo°(0,T;L2(Q)) Ox

<C,

Oej,
ox

(100)

Oe®
ox

2 ‘

1/2
Lo (0,T5L2(Q\DF (+))) L”(OvT;Lz(DI(t)))>

which give the bound (98). In the case in which the continuous solution ¢ has a fized in time support, we can
use the convergence property (14) and the fact that c(t), C;t (t) € CY/2(Q) in order to improve the estimate
(98). Let’s choose a point & such that ¢(z,0) = 0 and let’s define the set S := supp(Cy (z,t)) \ supp(c(z,t)).
There exists a value h such that |c(z,0) — ¢ ()| < Ch and |supp(ch (x)) \ supp(c(z,0))| < Ch for all h < h.
Since the set supp(C; (t)) moves at each time step by a distance proportional to h, (see [3] for details), we
should have that |c(Z,t) — C;f (2,t)| < Ch and |S| < Ch for all h < h. Hence,

lc(x,t) — CF ()] < |e(z,t) — e(T,1)| + |e(Z, 1) — CF (Z,t)| + |C) (1) — CF (z,1)] < ChY/?, (101)

Va ||z — z| < h. Taking
> / le(a,t) — CfF (x,t)|2dx,
KeT, 7K
using (101) and (31), we obtain
e[| e (0,152 (0)) < Chl/2. (102)

It can also be observed that the L>°(0,T; L*(2\ D (t))) norm of de¢/dx is different from zero only in the set
S if supp(c(x,t)) C supp(CyF (z,t)), for which we have that |S| < Ch. Moreover, from (13) and the inverse

of the Vitali convergence theorem we deduce that %i; is a uniformly integrable function. As a consequence

we get that
2

< Ch. (103)

‘ ’ Oe
L= (0,T;L2(Q\D§ (1))

ox

From (103) and (31), it follows that

< Ch'/2, (104)
Lo(0,T;L2(92))

e’
ox

5 Proofs of Lemmas 3.5 and 3.6

The proofs of Lemmas 3.5 and 3.6 are given below.

5.1 Proof of Lemma 3.5

Proof. Choose x =7 = P" [645gg+(”(Ph(0455me;:;))] in the first equation of (59) and in the first equation of (60),
s

and subtract the former from the latter, on noting (19) and the fact that (an, P"(fbn)) = (bn, P"(fas)), for each

18



an,bn € Sh, fe LQ(Q). ‘We obtain

79 vy O c
/0 (%Qg;m(Ph(ﬁwmeh)), %QZ;(Q(P}L(@MM%))) dt = (105)

DF(#)

r c c T 8 a c
/0 (Ph(9456meh),Qg;(t)(ph(emémeh)))dt:—/0 (b(c) ;xh 5 7 101G+ (P h(9456meh))}> dt+

Dy (1)

T
/0 < 8¢ — E)te,‘;;,Ph[94ggg;(t)(Ph(0456me2))] >D;r(t) dt—

T
/0 {(5“0;,Ph[amg,’;;(t)(Ph(ammez))]) (5a:CyF, P" [945QD+(t)( "(9456Atei))1)h}dt—

[ (60 = stern B, 2 oty (P sbsici)])

DY (1)
The second term on the right hand side of (105) can be rewritten using (16) and (61) with
f—045gD+(t>( h(0456At62))7
’ < S — Brel, P 045G 4 (P"(Bas0ates))] > dt =
) t€p, 48 Dg’(t) 4560At€ER Dg’(t)

T 8 c c a h h c
A (@QD;(”(S —(%ep),%&wgD;(t)(P (0465At€h))>dt—

Tro c 0 ¢
| (300057 = 0 (1 = P 0usG (P Gasineci)]

Using the Cauchy-Schwarz inequality, (17), the fact that |V6ss] < C6~2, the stability of the P" projector under the

H*' seminorm, i.e. |v— Ph(v)|1,D§r(t) <Clv— Ph11v|1,D§(t) for v € H'(DF (), (35) and (36) we obtain, at the lowest

order,

T
c c h h h c c c
/0 <S¢ — Btep,P [045ngr(t)(P (04§5Ateh))] >D5+(t) dt < CHS — 6tep||L2(0,T;(H1(D5+(t)))’)><

(A

Using finally (54) and the Poincaré inequality applied to the function G

o . 2

1/2 T 1/2
50 (P Oudse))| | de) @ [0k (P Gt i) |

D)
D+(t)(Ph(9465At62)), we get
T
/ < §°— ateZ,Ph[04592;@(Ph(0455me;§))] >pty At < (106)
0

2 1/2
dt)
DF(t)

The last term on the right hand side of (105) can be rewritten using the fact that —W," = e} +e¥ — w,

0 c
5290t (o (P" (B1s0ace7)

eyt +a0( [ '

,/0 ([b()fb(ch )}8W 3ph[945gD+(t)( (9455At62))}> dt = (107)

ox D (1)

T _.0(ef +ey) O _p h h ¢
/O ([b(c)—b(ch )]TP,?P [945QD0_+(t)(P (9455At6h))}>D6+(t)dt_

(0 = 0CIG2 5 P 0usG (P i) e

Df®)

[ (1€ ~ s NG, P0G (P b))

DF (1)
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In order to bound the first term on the right hand side of (107), we use the Lipschitz continuity property of b(-),
(47), (61) with f = 9459D+(t)(Ph (B156¢€)), the fact that V65| < C62, the Poincaré inequality for the function

gDW)( " (0456ate8)), the stability of the P" projector under the H' seminorm, (35), (36), the Cauchy-Schwarz
inequality and the inequality (66), obtaining, at the lowest order,

g el +ep) 0
b(c) — b(Cy )| =2 = PP 04sG" L INT ) dt < 108
/0 ([ (€) = ()l =5, ap L 016Gt ) (P " (0a50a0¢3)))] - (108)
- - r dey’ ) :
CE2)[b(e) = b(Cy)l +/ (b(e))' /2 =2 ‘*9” (P" (6150 e‘))‘ dt.
h Moo, D [ 0z || p# (|| O DY (1) eh pr®)

For what concerns the second term on the right hand side of (107), using the Lipschitz continuity property of b(-), the
Cauchy-Schwarz inequality, (65), (61) with f = 045QD+(t)( " (B4s6aces)), the fact that |VOss| < C5™2, the stability

of the P" projector under the H' seminorm, the Poincaré inequality for the function G P"(0456a:€5)), (35),
(36), at the lowest order, we get

D+ (t) (

T 9 a .
/ ([b(o)—b(cm P 015G (P Ousbei))]) < (109)
0 DF (1)
(C+C( HeCG I 9 Gh (P (Oas0arel) dt
46 Dg—(t) 9z D;(t) 46 tEh Dg»(t) .

The third term on the right hand side of (107) can be bounded similarly to the second term, considering the fact
that C;7 — C; = At(6a:C; (t)), obtaining

T 0w D, .
(€ ~ UCN G P 015G (P i) ) < (110
0 DF(t)
O+ o(2))at|| 28 "5 ot O Gh . (P (Busbanret dt
(CH+C(77)) Dz w.pt Jo [16a:Cy ( )||Dgr(t) oz D;@)( (Oasdazer)) D .

Using (108), (109) and (110) in (107), using moreover the Cauchy-Schwarz inequality and (65), the property (14),
(43) and (75), we get

/T([b(c) b(C’)]aWJr 6Ph[0 G" . (P"(0456 ec))]) dt < (111)
- - 5 46 460A >~
0 " ox  Ox DY ®) ) pr
T 1/2 T 2 1/2
(C+C(5‘2))(/ |\66945||2’Dé+(t)dt) (/ dt) +
0 0 Df )
9 .n

52907 (5 (P" (Basdaeer))

T w w 1/2 T 2 1/2
c(67°/?) ( / (b(c)aﬁ, 8&925) dt) ( / dt) .
0 or Oz 0] 0 D)

We can bound the first term on the right hand side of (105) using the Cauchy-Schwarz and Young inequalities, (65)
and (61) with f = 94590+(t)( " (B456atel)), the fact that |VOss| < C5~2, the stability of the P" projector under

D+(t)(Ph(6’456AtefL)), (35) and (36). Moreover, applying
(25) with m = 1, (38) and (75) we can bound the third term on the right hand side of (105). In the hypothesis that

0 c
%gg;(t)(ljh(@m(smeﬁ))

2 1/2
dt) +
DF(t)

1o} c
%QZ;(w(P"(&aémeh))

(C+C(6 ) (Ar)*/* (/OT

the H! seminorm, the Poincaré inequality for the function G
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At ~ h, (as in Remark 4.2, we could choose At = Ch™, with 1 < m < 2), at the lowest order, we obtain

9 2

T
h h c
s P" (0456 dt <

[ ||gbr ot outsein]| | ais

B T de? feV 1/2 T 9 2 1/2
C +C(672)||b(c)||M? (/ (b —h,—h02> dt) (/ G (P"(Oasbnces, dt)
(C+CE NI (C)||L00(Dg'> ; (¢) or° Dp 010 - ; 8ng?(t)( (Basdacer)) . +
C -2 2 T 8 h h c 2 1/2
(C + C(572))(h? + At) e Ibr P usdaneci)|| dt) +

0 DF (1)

B B T o . 2 1/2

€+ om0 ([ 0h o (P i) | - ar)
0 x S D;(t)

9 c
-Gt o (P (Bas0acer))

oz
2 1/2
dt) +
DF (t)

0 n
929Dt ()

2 1/2
dt) 4
D (t)

o ( [ 1t o) ([
©+ 06N [|| 26l (P @158

T w w 1/2 T
co ([ (nofh Ghen) ar) (|
o T T DF () 0

(CH+CE " NR® + (C+CENAY 2+ (C+C(6Y) /T |\66945||2D§+(t)dt+

(P"(6150ac€5,))

IN

2 1/2
dt)
DF(#)

2
dey Oey)

T 1 T
C 05*5/ b ; 02> dt f/
crcw [ (a5 Sha, b3

from which, using the fact that e® = ej + ef, and the bound (48), writing only the lowest order terms we obtain (55).
Choose ¢ = £ = P"[(045)%e}’] in the second equation of (59) and in the second equation of (60), and subtract the
former from the latter, using (61) with f = (61s)%e}’. We obtain

T T (0es Be 2 T Oef, 9(045)?
ey, (045)% ey dt:/ 7( h 220 (Gys ) dt+/ [’y( h,ew7> + 112
/0 (eit, (Baa)"eh )z o 0 Oz~ Oz (01) D () 0 ox " Ox DF (1) -

T

(W' (c) = 1 (Cyf) - 1//2(0,:),Ph[(945)2€§f])D§+(t>]dt - /0 (e, P [(0a5)*eR]) i (py i+

9 c
5290¢ 1 (P" (0as0aer))

9z dt,

Dy (1)

/0 [(«p;(c;) +95(C ) = WiF, P"[(01s)%e]) — (W1L(CH) +95(C ) — Wi, Ph[(m)?eszﬂ dt—

r 86?7, a h 2 w
/0 ’Y< oz 7%(1—13 )(945€h)) dt

DF(t)

Noting that 11 (-) € C*([0,1)), ¥4(-) € C*([0,1]), using (40), the Cauchy-Schwarz inequality, the Sobolev embedding
result (18) with d = 1, r = oo, p = 2 and m = 1, the Young inequality, the embedding of L*(DJ (t)) in L' (D (t))
and (65), we bound the third term in (112) as

T

|0 = v = (O P (01s) ) i < (113)
T 1/2 T 1/2

([ 10400 = g pe) ([ 1P 100 R )+

1/2

T 1/2 T
([ 10800 = 0B oz ) ([ 1P ORI ) <

T 2 1/2 T 1/2
c 2 h 2 wiy12
o [ (1ot + Jae| ([Pt )+
0

DF®
’ 2 1/2 T 1/2
2 h 2 w2
CAtV ("5At0;‘|D3(t)+”76AtC: )dt} (/ 127 1(0a5) eh]\lpj(t)dt) "
0 DF (1) 0

0
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Using (71) with f = (645)°¢}’ and the bound (23), obtained on the set D (¢), with m = 1, as well as the Young
inequality, (38) and (75) in (113), we get, at the lowest order,

|00 = v = (G ). P (01s) k) e < (114)

T 5 T
C/O ||e'945||D6+(t)dt+C/0

Using the inequality (25) with m = 0, the equality (71) with f = (6s)e}’, the bound (23) on the set D () with
m = 1 and the Young inequality, we can bound the fifth term on the right hand side of (112), writing only the lowest
order terms, as

2

9y gt onrt 2 e oul2.  di
oz 10 + +E . llen 45”D§(t) .

DF(t)

/0 : [w;(c;) +15(Cy ) — WiT, P [(845) el ]) — (1(CF ) + ¢5(Cr ) — Wi, Ph[(em%f])h] dt < (115)

T " B 1 [T
Ch/ |‘Ph[(946)26h]||pgr(t)||¢£(C}T) + %(Ch ) - W}THLD;@)dt < Ch2 + E/ Heh 946”?3;(,5)‘125'
0 0

Using (114) and (115) in (112), the fact that e® = ej + e}, the Cauchy-Schwarz and the Young inequalities, the
bounds (48), (66), (65), (71) with f = (fas)’e}’ and the bound (23) on the set DJ (t) with m = 1, we get, at the
lowest order,

T T T
w 2 w 86’;7,0 aezj 2 c 2
/0‘ (€h7(045) eh)D;(t)dt S O‘/O (b(C)E, %945 D+(t)dt+c ) ||eh945HD;(t)dt+ (116)
s
71| des 2 5 [T
+ 0(574))/ hosl| i+ Cn? 4 Car+ 2 / [EROBI
0 ox D (1) 10 J, 5

from which we obtain (56). O

5.2 Proof of Lemma 3.6

Proof. Choose x =1 = P"[(045)*6asef] in the first equation of (59) and in the first equation of (60), and subtract
the former from the latter, using (61). We obtain

T . T e 9 .
/O |‘5At6h(045)||2D;r<t)dt + /0 (b(C)Tg, %(6At€h)(945)2) - dt = (117)
s (1)
T ey, 0 c
_/0 (b(c)%,%((eg)z)dme;;)

T
[ (GG P (825 Bs1]) = (BaiCif P (019) 50165 g
0

T
dt +/ <S8 — 8t€;,Ph[(945)2(5At62] >D3’(t) dt—
DY (1) 0

T _L oW, 8 T deyl 0
b(c) — b(C b — (P"[(045)%0aces)) dt — b(c) =, = (I — P")(6aces,(045)°) dt.
[ (10~ s TG g (P 0w ])DM | (H0%E - Psicioi0)

DF(t)

Taking ¢(-,t) = &(+,t) = ¢"(-,t), with ¢"(-,t) € S" and supp(¢") CcC DJ (¢), in the second equation of (59) and in
the second equation of (60), subtracting the former from the latter, and using (28) and the definition of the lumped
scalar product, we get

EZ)|D+ ) _'yAh’DJr t e‘;t 1 h(wl(c) —1//1(01_:) _qpé(C;))‘D* t — 1 h(e;L)U”DJr ) I h(wll(cl_:) Qﬁé(ch_) - ”;)_
s () 5 () 5 (£) 5 (1)
(118)

Do MG (G (@) + ¥a(Cy (w0)) — W:(mi))(l,Xi)Xj) Dt + > Cixw

i€Js(t),5€ls(t) kels(t)\Js(t)

for a.e. t € (0,T], where M;; is the mass matrix (xi,X;), Is(t) is the set of nodes inside D} (¢), Js(t) is the set of
1 —

nodes inside D} (¢) except the nearest node to Dy (¢), M;." is the right inverse of M;; and Cj, are finite constants.

ij
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Note that the last term in (118) is due to the fact that dim Ker(M) = 1. For ease of clarity, I indicate the term in
the parenthesis in (118) formally as

PM(I — (P")™)(W4(CR) +44(Cy) = Wib),
even if the projector P" is not invertible, since we will be only interested in obtaining a bound for a bilinear form
containing this term using (25).
Let’s introduce the following equality

00) 28 (015)° = 2 (P b(e)eit 010)7) — 2 (015)” — be)ei 209 4 D (1 - Py p@sek (020 (119)

Using (118) and (119) in (117), the Cauchy-Schwarz and Young inequalities, a generalized version of identity (28) with
a¢=(I—P"b(c)ey(015)%] € Hy(Dj (t)) and (23) on Dy (t) with m = 1, using moreover (65), similar calculations
to those used in (106), (25) with m = 0 and (71), we get, at the lowest order,

T
a h c 2 8 c
oncer, (04s dt — /< P"[b(c)A + e (045 ,—5Ae) dt <
/H O ot [ (5 (P PO g b0 o)
2

T
dt + Ch*(At) ™! /0 (AD(;r(t)((;AteZ), AD;@)(GZ(U —en(t— At))) dt+

Df )

eh 946) )

Df )
(b(c))ey (Bas)? 9 e dt+2/T b(c)ero D i, D smses dt—
89[: h 46 781‘ At€p D+<t) 0 h V45 ax 46,61‘ At€p D+<t)
b(e) - (W (c) — H (), L (Bmec)(035) ) di—
813 1 1 h ’ait At€Ep 485 D+(t)

D (t)

<
(

[ (o0 2 st~ vicen. 8835(6“62)(946)2)D;(t)dt+ | (02t Zoseirow?)  as
A

) g (1= (PP WG + 030G ) = W), S omei)0a0)?) it

DF(t)

3 0 c - T Oey  Oey,
> [ (0ol Loseen?) arcw [ (wofE St s
Df () 0 v D ()

kels(t)\Js(t)
1 T 2 1/2
||6Ateh(945)\|D+(t)dt+C(h +At)K/ dt) +

0 D)

10
T 1/2 T 1/2 T 1/2
—2 c 2 2 c 2
c(s )(/ \|6meh<e4a>|\D+(t>dt) }wh(/o ||6mc:||1,D+(tdt) (/ |\6meh<e4s>||D;<t)dt) -

[ (- e % Lt owrasan) o= [ (wo5E, Lo Phescion) o=

DF(t)

0 c
%(5At5h)(g45)

Ei1+FEio+Eis+Fia+Eis+FEi6+FEi7+Eis+Fio+Eii0+FEi1+ Eii2+ Fiis + Ev1a + Frs, (120)

where I indicate the terms on the right hand side of (120) as E11,..., E1,15. Using (41), (42) and (15), we get that
0 0 2 1+
— — L T:H (D .
2 9 s € 120,71 (DF (1)

Hence, we can integrate by parts in the terms F; 3 and Ep 4. Using the Cauchy-Schwarz and Young inequalities,
the facts that 9/0x(b(c)) and 9?/922(b(c)) are in L>(DJ) as a consequence of (43), using (65), the fact that
|V6i5] < C5™2 and (66) we get, at the lowest order,

b(c))ezj(945)2 c LQ(O,T; Hl(Dg'(t))); b(c)ey Oas

_ T Oey Oe T c
Eral < (C+C@ 4))/0 168 Os0) I .y + O(5 )/ (b() ; 8h945)p+<t>dt+10 [DREACDI s
s

oz’
0
121
58 T 2 55 Oey, Oej, o 1 [T Snrel 2 12y
@ [ ek @ o6 [ (0 5E GER) e [0l i 022
S5
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In order to isolate terms in e;, which can be bounded using (48), and terms in e}, we rewrite the term E 5 as

r " g 0 c 2
Bio= [ (MW (e~ Prae)), o) 02)?) v (123)
[ (betto gt Pston, Zroseironr)
[ (rowt@ g e -cn. gosden?) - as
T +
[ (@ i P + vt Prste) ~ vt (€N G, sy 0u?) e

Using (48), (5) and (7), the identity (a, (a—b)c) = Sa’c— $b*c+ 4 (a—b)>c, the fact that 7 (z) is Lipschitz continuous
for x < 1, the Cauchy-Schwarz and Young inequahtles We get

o [T|| o 2 (1—c*) [T Oe5(-,t) def(-,t) )
|Ers| < Ch+ — = (8ares)(0as) dt + / (c 2T (9,5) ) dt— (124)
400 gz ot b 208t J, oz oz P
(1—c*)/T des, (-t — At) def(t—At) o . g/T K . 2
el c o , 5 (045) Dgrmdt +(1-c¢ )ggﬁg[c] 5 ), |as (0acer (-,1))(0as) D;(t)dt+
2 2 T 0 c 2 T " 7" 8eh 0 2
Ch”+Ch - (6arer)(0as) dt — b(c) (W1 (Pu(c)) — Y (C ) o=, 7= (Sacef,) (0as) di+
o |0z DY () 0 Oz’ Oz D)
5 )
r " " + dc 0 2
b(e) (Y1 (Pale)) — ¥V (Cr ) 75 7 (0acen)(Bas) dt.
0 oz’ Ox DF (1)

Note that in the last two terms I have written C;t = C;f — Ph.1c + Pp1c — ¢+ c and I have used (48), in order to
isolate a term containing dej, /Ox and in order to be able to integrate by parts in the term containing dc/0x. Let’s
now write 0as(-,t) = Oas (-, t — At) — At%945(-,t)|t:g and c(-,t) = c(-,t — At)) — At%c(-,t))h:{, where t € (t — At, t),
in the fourth term in the right hand side of equation (124), and obtain, using (43), integrating by parts the last term
in the right hand side of equation (124), and writing only the lowest order terms,

2
(1—¢c") en(st) 9en(ht) o 2
|E1,5| <Ch+ — 5At6 (945) dt + / , 7(045) dt— (125)
400 " Do) 28t J, O O Do)
(1—c") /T( des (-, t At) des (-, t — At) 2
(-t — At) (Oas (-t — At)) dt—
24t Jo Oz 9z DF (t)-D} (t-at)
(1—-¢" /T( e (-t — At) e (-t — At) 2>
ot — At , Oas(-,t — AL dt
24t Jo e ) Oz Oz (Bast. ) Df (t-At) ’
2 ) At [Tl o 2
dt + C(AD? + (1 — ¢*) max [c}—/ O saes () 0as)|| ar+
DF () pfew 2 Jo ||0x DF (1)
T " 1"+ aeh 0 2
b(c) (Y1 (Pu(c)) — ¥ (Cy)) (daten)(0as) di+
o oz’ Oz .

1 T T .
10, sk 0a6)l s it + (O +C0) ) / [EACHI

Note that the integral on Dj (t) — Df (t — At) in (125), due to the continuity of the integrands in time and to the
fact that the support of ¢ changes in time by a finite value [6], is proportional to At times finite terms on BD;' (t),
and can be bounded by a term like the sixth on the right hand side of (125) multiplied by A¢. Changing variables as
(t — At) — ¢ in the fifth term in the right hand side of (125), let’s rewrite the sum of the third and the fifth terms in
the right hand side of (125) as

At D)
(126)

24



Recalling (44), we can use in (126) the mean value theorem for integrals and obtain that there exists a ¢ € (T — At, T
such that (126) can be controlled by

@max[c]HW&a(ﬂ) 2

+
D DF (D)

i (127)

(1-¢) de5(0) ,
+ H;)?X[C] 0 045(-,0)

D;w)'

In order to bound the last term in (125), choose x = 1 = P"[(f4s)%ef] in the first equation of (59) and in the first
equation of (60), and subtract the former from the latter. We obtain

T T e O T
c _c 2 h 2 c c c h 2 c
/0 (Oaten, €n(015)") pt (o)t = */O (b(C)T); » o (E [(0as) eh]))D+(t)dt+/O < 5% = Ovep, P7[(016)"€n] > p ) dt—
(128)

T T +
/O (0a:C, PP (045)%€5]) — (5&0;[,Ph[(045)26m)h]D;(t)dt —/0 ([b(C) - b(C{)}ag;h 7%(Ph[(945)262])) » )dt~

The term on the left hand side of (128) can be treated as the second term on the right hand side of (123) and can
be rewritten using the same calculations which led to (127). The first term on the right hand side of (128) can be
bounded using the Cauchy-Schwarz and Young inequalities, (61), (65) and (23) with m = 1. The second term on
the right hand side of (128) can be bounded using similar calculations to those used in (106). The third term on the
right hand side of (128) can be bounded using bound (25), (38), (39) and the hypothesis that At ~ h. Finally, the
last term on the right hand side of (128) can be bounded using similar calculations to those used in (107)—(111).
Writing only the lowest order terms, we obtain that there exists a ¢ € (T' — At, T] such that

el (-, 1) del(-,t) 1o 4 T1) 9es (-, 1)
ek f><04a>nD+<t><C/ (%50 25 at) v v [[|| 5o

/ 166G Ous g ot + CO°) [ 1100 O15) 5+ (C+ CO) b +(C+ C0) ) (A0)™™

2

dt+ (129)
D (t)

Choosing T' = tn, n =1,..., N in (129), noting that fET lles (-, )(045)||D+(t)dt < CAt and using a Gronwall inequality,
we derive that there exists a set ¢, € ((n — 1)At,nAt], n =1,..., N, such that, at the lowest order,
2

- T ey (-, t) Oey (-, t) p2 4 711 9es (-, 1)
e5 (-, ) (015) |2 1 - gc/ (bc hio ) Zhs 0) dt+ (C+C(6 / s dt+
llen (- 2n) (016)lI ¢ ., ; (© =5 5y 01 oi) ( (67%) ; 5y 04 i
(130)
(C+C6) Hr®*+C(67%)At
For t € (tn—1,tn], n=1,..., N, using (43) and (130), we have that
||€Z(-,t)945||Dg-(t) = H(Phc('vt) - C;(',t))emﬂDg-(t) < ||(Ph(c('7t) - C('7fn)))945||pg(t)+ (131)
dc(-,t . B
(Pl B)) — CF (- E)usl e oy < C || 20 €605 (Bl e ) + CA.
F | T

Combining (130) and (131) we get (57).

Note that there exists an h such that b(c)yf (c) — b(e)i (Pu(c)) + b(c)¥i(C;) < 1 for each h < h. Hence we
can include the ninth term on the right hand side of (125) in the second term on the right hand side of (123) and
introduce a constant Cs2, with C2 < 1, such that, using (57) in (125), and writing only the lowest order terms, we get

ho [Tl o . 2 ) ?
Ersl < Ch+ €O+ g [ 125 G (020 2 eh( D 045 (D) . (132)
z DF () DF ()

c(. 2 T e/, 2
9 aeh(70)945(.70) +(O+O(6—4))/ aeh(vt)945 dt-+
2 ox D () 0 Ox D (1)

At [Tl 8 2
1—c)= = (Saces (-, 1))(6 dt+
(=95 [ || 5 are (- 0)(0) -

1 ey, Oey o
&5 | sy e+ e [ (s 5 Sy 1),
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Let’s rewrite the term E1 ¢ as

B = [ (O) 5 (04(6) = (et = 80) + vhlelt — &) ~ V(O ) S Ome)Bas)*)  at (139)

DF (1)

Expanding in a Taylor series to first order the term 5 (c(t — At)) around ¢, using the Lipschitz continuity of 5 (-),
(43), the Cauchy-Schwarz and Young inequalities we get that

2

At
< =
Ei16 < CAt+ 160

0

% ——(6acer)(0as)

T
0 0 c
e+ [ (be) g W (elt — A1) = UA(CT ), 5 Garel) 00)*)
0 ox Oox 0
(134)
The third term on the right hand side of (134) is similar to E1 5 and can be treated in a similar way, repeating the
calculations which led to (132), on noting the Lipschitz continuity of 15 (-) and the fact that [b(c)¥5 (c)| < 1. We get

DF (1)

2

h At d . Cs || e, (-, 1) 2
Eig| < At [ —— 4 =2 < 0 L3 Er g (e 1
Brol < On 080+ g5+ 355) [ |[graennon]| | aer G250 D0uc0]| |+ (135)
) )
Cs || des (-0 : “any [Toes ), |I? ~A (T8 . 2
. %em-,m veree ™ [Py drs - ]| G 0)0m)
T D (0) 0 r D@ 0 T D)
1 oey) 66}‘[ 2
= ||5Ateh(945 st + O )/0 (b( )ock, e 945)D+<t)dt,
with C3 < 1. Using (47), the Cauchy-Schwarz and Young inequalities, we get
ho (T8 2
E <Ch+ — —(dacef,) (O dt. 1
Bl <O+ g [ || g OO (136)
S5
Let’s rewrite the term F1 g, using (28), as
T 8 h Hhy—1 ’ —+ / — —+ 2 8 c
Bus = [ (P BT = (P )WACH +94(C5) = W) 0as)) - Garel) )  dt= (13)
o \Oz Oz Df (1)

| (B2 = i) + ) - W) O o)) ar-

Dy (1)

[ (Mo = PR + () = W) 0o o)) e

DF (1)

/o(%u_phnb(a((z—(ﬁh)*lxwa(ch)wz(ch) D)), 5 “Mh)) ‘e

DF (1)

~ [ (O = PP ACH) + (O = W) Ous) 8y (m0eh)) =

DF (1)

(B2 (0 = () ) + ()~ W) Oan)s ) ) i

Dy (1)

T Shy—1 ’ 4 . 9 9
/0 (b(C)(([*(l3 ) )(1/’1(0;)*1/’2(011)*W’j))%(em) e ((Smeh))fﬁ(t)dH

[ (G = PO = (P WG + 0(C7) = W) 0us)'] g Baeeh))
0 D (t)

Choosing v = PM (4 () + ¥4(Cir) — Wi ) (Bas)], x = P'(I — (PM) D) [(04(CF) +¥h(Cyr) — Wi ) (015)] and m = 1
n (25), using (23) and (24), we get that

1T = (")) (CR) +45(Cr ) = Wi)8as)ll g iy < (138)
I((P" + (I = P")NI = (P")"HI#1(C) + ¢a(Cr) = Wi)bas)l ) < OB
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The last term in (137) can be bounded using a generalized version of identity (28) with a ¢ = (I — P™)[b(c)((I —
(P")™H) (1 (CF) + ¢4(Cy ) — WiT)) (04s)?], the Cauchy-Schwarz inequality and (138), obtaining

I

T
Ch2 (AL~ (/0 14 bt 0 (€5:8) = €5t = At))||D6+(t>dt)

0

<
B dt <

DF(t)

(1= PO = (P ) WH(C) + U(C7) = W) 0us ), B (139)

1/2

Using (43), (44), (138), (139), the Cauchy-Schwarz and Young inequalities in (137) and the hypothesis that At ~ h
we get, at the lowest order,

h T a c 2 T c|2
|E1s| < Ch+ 100 J, %(5&%)(946) D+(t)dt+c/0 HAh,Dj(t)ehHD;*(t)dt' (140)
s
The term FEj 9 can be bounded using the Cauchy-Schwarz and Young inequalities, on noting that
bacfe]| <o
T b
obtaining
ho [T 2
|E19] < Ch+ 7/ —(bacer)(04s) dt. (141)
400 J, || 0z D (1)
Let’s rewrite the term E1 14 as
T oW, o c
B = / [b(c) — b(e(t — AL T O (P((845)250e5]) di+ (142)
0 ox ox D;(t)

/0 ' ([b(c(t — A1) — b(Pu(e(t — At)))] 6;? 7 %(Ph[(%)zémei])) e
/OT ([b(Ph(C(t _ AD)) - KCP) %}f, %(Ph[(045)25m6m)> D;(t)dt_

[ (e - a0 - et 51<Ph[<945>25“62”)D;af“*

/OT (et - 0y~ i 22 ;(P’L[w@)zamem))Dmdt.

Noting that, for a given h(3), b(C; ) — b(Pn(c(t — At))) < b(c) for each h < h(§), we can absorb the third term on
the right hand side of (142) into the second term on the left hand side and the first term on the right hand side of
(117). Using (43), (48), (47), (65), (37) and (18) with r = co,m = 1,p = 2, integrating by parts the last term on the
right hand side of (142) and using the Cauchy-Schwarz and Young inequalities, we get, at the lowest order,

(e )

16230€5.(015)1 25, .

ho, At ’
400 160

0

% (6acen)(0as)

dt+
D (1)

|E1 14| < (C+C(6’5))h+0(5’5)At+< (143)

T 1
—4 c 2
Co)™ [ lientusllhy it + 35 |

Note that, since b(c)y" (c) < 1 for ¢ € [0,1), there exists a constant Cy such that C2> + C5 = C4 < 1. Finally, in order
to bound the term FEj 15, we use a similar trick to (119), integration by parts and a generalized version of identity
(28) with a ¢ = (I — P")(0asef(045)?), (23) with m = 1 and the Cauchy-Schwarz and Young inequalities. Using (28),
(38), (75), (56), (129), (57), the Cauchy-Schwarz and Young inequalities in (120), we get, with the hypothesis that
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At ~ h, the fact that ¢* < 1 and writing only the lowest order terms,
r 2 2 r 2
/0 ||5Ateh(04§)||D;(t)dt+ E/o (b(C)Ah,D;(t)eh("t)(94‘5) ’Ah,D;r(t)eh("t))Dgr(t)dt_ (144)

T
’Y c 2 c
2At /0 (b(c)Ah,D;'(t)eh('7 t— At)(945) ) Ah’D;F(t)eh('v t— At))Dg'(t)dt+

T T
i c 2 c c2
§At/0 (b(C)Ah,D;m(5At€h)(94é) 7Ah,D5+(t)(5Ateh))D;r(t)dt < C/o HAh‘D;“)ehHD;(t}dt—&—

2

T w w T c
(€ + @ Nh+ (©+ 0@ DA+ CE™) [ (ba5E Shots)  arw o [ Gho||  are
0 al' aZE + 0 ax +
D (t) Dy (t)
Cyl|Bes (-1 2 Cyl|Bes(-,0 2 9 At [T]| 8 . 2
Sl + D[ 2EDgs 0|+ 2L L Gaic o) | ar
z DF () z DF (0) o |1oF DF ()

Using similar calculations to those used in (125)-(127) in order to treat the second and third terms on the left hand
side of (144), using moreover (44) and similar Gronwall arguments to those used in (129), we get

T T w w
/ 16aces, (045)|% 4, dt < (C+ C(6~)h+ (C+ C(6~ M)At + C(6~%) / b(e)aﬁ, 9k g2, dt+  (145)
0 Dy (#) 0 Ox ' Ox )
5
T c 2 e, 2 c(. 2
0(5*14)/ %945 dt—f—g 8eh(7t_)946(.7{) +% MOM(-,O) +
0 oz Dgr(t) 2 oz Dgr(f) 2 oz D;(O)
9 At /T B 2
—— - (0acen (-, t))(fas) dt,
10 2/, ||oz b
with Cy < 1 and for a t € (T — At,T], which is (58). O

6 Numerical results.

In this section different test cases are simulated in order to validate the error analysis introduced in Theorem
2.1. In order to simplify the notation, let’s indicate in the sequel

R +
€06 = lle = Gyl L 0,120 (1))

0
€15 = H&E(C C,j)

7

L (0,T;L2(DY (1))

eo = lle = G I L= (0.1:L2(0))

0
ey = Hax(c—c,f)

L“(O»T;LZ(Q)).

Three test cases will be studied in one and two space dimensions in which proper right hand sides are added to
equation (1) in such a way that exact solutions are known. In the first test case a one dimensional stationary
H(Q) exact solution will be considered. In the second test case a one dimensional time dependent H?(2)
exact solution is considered; note that a more regular solution could result in a higher rate of convergence
for the error estimates. In the third test case a two dimensional H!() exact solution is considered.

6.1 Test case 1 - One dimensional stationary H'(Q)) solution

Let’s study a first test case in which a proper right hand side is added to equation (1) in such a way that
the function

c(z,t) = éCOS<‘T—|—ﬂ') ifﬂQ—ﬂ <z< %,

Vi (146)

0 otherwise,
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5 = 0.05. At=2.44e-6. 5 = 0.05. At=2.44e-6.
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2
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45 -2,5
log(1/h) log(1/h)

Figure 1: Test case 1. Values of log(eg 5), log(e1.s), log(eo), log(e1) vs log(1/h), for § = 0.05, At = 2.44-107¢,

and an exact decay law proportional to h'/2, where eg s := ||c — C}THLOO(O’T;LQ(D;Q))), €1, = a%(c =

C;) , €0 1= ||C— C}T||Loo(07T;L2(Q))7 €1 = (,%(C— C}J{)

L= (0,T;L2(D (t)))

L°°(0,T;L2(Q)).

is a stationary exact solution. This solution has H'(Q) regularity, since its space derivative has a jump
discontinuity. As data the values v = 0.0196, ¢* = 0.6 are taken.

In Figures 1, 2 and 3 the convergence behaviours of the errors eq s, €15, calculated inside the support
of the solution (146) for different values of §, and of the errors eg, e; on the whole domain, are shown, by
plotting the log of the error norm and seminorm in function of log(1/h) and log(1/At).

In Figure 1 the convergence behaviour is studied by varying the parameter i and keeping a small fixed At.
From Figure 1 it can be observed that the h'/? behaviour of the error estimate (31) is recovered. Moreover,
note that (98) is a rough estimate, and that effectively

lle = Cif | oo (0,131 (2)) < Ch2, (147)

as predicted in (102) and (104), (note that the support of (146) is fixed in time).

In Figure 2 the convergence behaviour is studied by varying the parameter At and keeping a small fixed
h. From Figure 2 it can be noted that the At!/? behaviour of the error estimate (31) is recovered.

In Figure 3 the convergence behaviour is studied both for the cases At ~ h and At = h?, in order to
observe if the rate of convergence changes if we change the assumption At ~ h to At = h2?, which satisfies
the constraint introduced in Remark 4.2. From Figure 3 it can be noted that the h'/? behaviour of the error
estimate (31) is recovered both for the cases At ~ h and At = h?.

6.2 Test case 2 - One dimensional time dependent H?(Q) solution

A second test case is considered in which a proper right hand side is added to equation (1) in such a way
that the function

exp(—t) .. 2 T T e T 3
clz,t) = %Sm <\ﬁ — 2) 1fTﬁ <z< T‘ﬁ, (148)

0 otherwise,
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6=0.05 h=1/512 6 = 0.05. h=1/512.

0 0
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-4 3
log(1/At) log(1/At)

Figure 2: Test case 1. Values of log(eg,s), log(ei1,s), vs log(1/At), for § = 0.05, h = 1/512, and an exact decay

law proportional to At'/2, where eg 5 := ||c — C’,T||LOO(O’T;L2(D;“))), ers = ||Z(c—Ch)

Lm(o,T;LQ(D;(t)))'

is an exact solution. Differently from (146), this solution is time dependent and has H?(Q) regularity, since
its space derivative is continuous. As data the values v = 0.0196, ¢* = 0.6 are taken; the convergence

behaviour is studied for the cases At ~ h and At = h2.
In Figure 4 the convergence behaviours of the error e; 5, calculated inside the support of the solution

(148), and of the error e; on the whole domain, are shown.
Note from Figure 4 that the h'/2 behaviour of the error estimate (31) is recovered both for the cases

At ~ h and At = h?. Moreover, observe that (147) is also valid in this test case, both for the cases At ~ h
and At = hZ.

6=0.2. At~h. 5=0.2. At~h"2.

0
0
14 16 18 2 22 24 26 28 3 32 14 16 18 2 22 24 26 28 3 32
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— -1 Kg —m— Data
2 w5 —o—hA(1/2) law
T 15 2, \\
)
2 -2,5
25 -3
log(1/h) log(1/h)

Figure 3: Test case 1. Values of log(ey 5), vs log(1/h), for 6 = 0.2, with At ~ h and At = h?, and an exact

\ 2(e—-0)

Lo (0,T;L2(DF (1))

decay law proportional to h'/2, where e1,5 =
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6.3 Test case 3 - Two dimensional H'()) solution

Let’s study a test case in 2 — d dimensions in order to test the convergence properties of the discrete scheme
for the d = 2 case. A proper right hand side is added to equation (1) in such a way that the function

2 2 . T
c(x,y,t)zécos(\mﬁ—k\yﬁ) 1fa:2-|-3/23\27ﬁ7 (149)

0 otherwise.

is a stationary exact H'(2) solution. As data the values v = 0.0196, ¢* = 0.6 are taken; the convergence
behaviour is studied by varying the parameter h and keeping a small fixed At. In Figure 5 the convergence
behaviours of the errors eg s and e; s, calculated inside the support of the solution (146), are shown, by
plotting the log of the error norm and seminorm in function of log(1/h).

Note from Figure 5 that the h'/2 behaviour of the error estimate (31) is recovered also in the 2 — d case.

601 At~h 6=01. At=h"~2
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o4 16 18 2 22 24 26 28 3 32 ot 16 18 2 22 24 28 28 3 32
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Figure 4: Test case 2. Values of log(e; s) and log(e1) vs log(1/h), for § = 0.1, for the cases At ~ h

and At = h?, and an exact decay law proportional to h'/?, where e1,s = ’ 8%(0 — C;Lr)

L°°<0,T;L2(D;(t)>>7

e 1= é%(c — C,J[)

Le=(0,T;L*()) .
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5 =0.05. At=12.44e-6. 6 = 0.05. At =244 e-6.
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Figure 5: Test case 3. Values of log(egs) and log(ey s) vs log(1/h), for § = 0.05, for At = 2.44 - 1076,
and an exact decay law proportional to h'/2, where egs := ||c — C;Z'||LOO(O TiL2(DF (1)) €16 = (e
ch .
Lo (0,T:L2(Dy (1))

7 Conclusions

This work investigated the error analysis of a discrete finite element approximation of the degenerate Cahn-
Hilliard equation, with degenerate mobility and single-well potential introduced in [3]. In contrast to the
CH equations studied in the literature, where the degeneracy and the singularity sets coincide, here the
degeneracy set {¢ = 0,¢ = 1} and the singularity set {¢ = 1} do not coincide. This constitutive choice
introduces further complications, as explained in the Introduction, which causes the error analysis to be
non-standard with respect to the standard CH case with constant mobility. Starting from some preliminary
Lemmas, introduced in Section 3 and shown in Section 5, which in particular give the estimates of the
L2(0,T; H-1(©2)) and L?(0 < ¢ < 1) norms of the time increment of the error of the concentration c in terms
of the discretization parameters, the main a-priori error estimates were derived, which describe the fact that
the norms of the approximation errors for the concentration variable ¢ and for the chemical potential variable
w, calculated on the support of the solution ¢ in the spaces L>°(0,T; H'(Df (¢))) and L?(0,T; H*(DJ ()))
respectively, are bounded by power laws of the discretization parameters with exponent 1/2. These estimates
are obtained for discretization parameters h and At which satisfy the condition At ~ h, which guarantees
that the discrete solution is able to track compactly supported solutions of (1) with a free boundary which
moves with a finite speed of velocity, (see in particular condition (10)). This property is peculiar to a
degenerate fourth order parabolic equation. The obtained a-priori estimates are indeed different from that
obtained in the case of the classical CH equation with constant mobility, (see e.g. [19] for details), where the
exponent in the power laws of the discretization parameters is 1 and no relation between the discretization
parameters has to be satisfied. The main result of this paper is introduced in Theorem 2.1, and shown in
Section 4 in the d = 1 dimensional case. Let’s however note that the error estimates could be in principle
extended to the general d = 2, 3 dimensional cases, as described in the Introduction.

Finally, in Section 6 some numerical results for different test cases with known exact solutions both in one
and two space dimensions were reported, which validated the a-priori error estimates introduced in Section
2. The numerical results validated the theoretical error estimates in the case of a one dimensional stationary
H'(£2) exact solution (test case 1), in the case of a more regular exact solution, i.e. a one dimensional time
dependent H?(Q) exact solution (test case 2), and in the case of a two dimensional stationary H'(2) exact
solution (test case 3).

Future work will concern the study of the convergence of the finite element approximation (8) to the
weak formulation (11) in the d = 2,3 dimensional cases, together with the natural extension of the error
estimates in Theorem 2.1 to the multidimensional case. Moreover, the error analysis of the discrete solution
obtained using a finite element approximations with discontinuous elements will be investigated. In this
case, no lumping of the scalar product has to be introduced in order to have discrete solutions which track
compactly supported solutions with moving support, and hence better convergence properties than the ones
obtained within the present discretization could be expected.
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