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Abstract

In this article we consider the application of Schwarz-type domain
decomposition preconditioners for discontinuous Galerkin finite element
approximations of elliptic partial differential equations posed on compli-
cated domains, which are characterized by small details in the compu-
tational domain or microstructures. In this setting, it is necessary to
define a suitable coarse-level solver, in order to guarantee the scalability
of the preconditioner under mesh refinement. To this end, we exploit re-
cent ideas developed in the so-called composite finite element framework,
which allows for the definition of finite element methods on general meshes
consisting of agglomerated elements. Numerical experiments highlighting
the practical performance of the proposed preconditioner are presented.

1 Introduction

In recent years, considerable attention has been devoted to the development
of efficient iterative solvers for the solution of the linear system of equations
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arising from the discontinuous Galerkin finite element (DGFEM) discretization
of a range of model problems. In the framework of two level preconditioners,
scalable non-overlapping Schwarz methods have been proposed and analyzed for
the h—version of the DGFEM in the articles [19, 17, 4, 5, 8, 14, 9]. More recently,
in [6], it has been proved that the non-overlapping Schwarz preconditioners can
also be successfully employed to reduce the condition number of the stiffness ma-
trices arising from a wide class of high—order DGFEM discretizations of elliptic
problems; see, also, [7]. We stress that Schwarz-type preconditioners are partic-
ularly suited to DGFEMs, in the sense that uniform scalability of the underlying
iterative method may be established without the need to overlap the subdomain
partition of the computational mesh. This is a particularly attractive property,
since the absence of overlapping subdomains reduces communication between
processors on parallel machines. By (uniform) scalability, we mean that the
number of iterations needed to compute the solution of the underlying system
of equations is uniform, as the mesh is refined, provided that an appropriate
coarse mesh solution is computed as part of the preconditioning strategy. Of
course, for uniformity, the ratio of granularity of the fine and coarse meshes
must remain fixed under mesh refinement. However, as for most other multi-
level strategies, the main difficulty regarding the implementation of this class of
preconditioners is the construction of a coarser mesh starting from a given fine
one. Indeed, naive strategies which are typically employed in practice often lead
to the generation of ‘holes’ in the coarse mesh, and the poor approximation of
fine scale geometric features. Moreover, the application of these techniques is
particularly problematic on unstructured meshes, or hybrid meshes consisting
of mixed element types, as well as non-conforming meshes containing hanging
nodes. The construction of a poor quality coarse mesh can lead to a significant
degradation in the performance of iterative solvers, and in particular to a loss
of uniform scalability. By this we mean that the number of iterations needed to
compute the numerical solution on the fine mesh increases dramatically under
mesh refinement.

A new class of finite elements, referred to as Composite Finite Elements
(CFEs), have recently been developed for the numerical solution of partial dif-
ferential equations, which are particularly suited to problems characterized by
small details in the computational domain or micro-structures; see, for exam-
ple, [21, 20], for details. The key idea of CFEs is to exploit general shaped
element domains upon which elemental basis functions may only be locally
piecewise smooth. In particular, an element domain within a CFE may con-
sist of a collection of neighbouring elements present within a standard finite
element method, with the basis function of the CFE being constructed as a
linear combination of those defined on the standard finite element subdomains.
In this way, CFEs offer an ideal mathematical and practical framework within
which finite element solutions on (coarse) agglomerated meshes may be defined.
CFEs have been developed in the context of h—version conforming finite element
methods by Sauter and co-workers in the series of articles [21, 20, 23]; the gener-
alization to hp—version discontinuous Galerkin composite finite element methods
(DGCFEMs) has been considered in our recent article [10]. For related work
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on the application of DGFEMs on meshes consisting of agglomerated elements,
we refer to the recent article [15]. We point out that the general philosophy of
CFE methods is to construct the underlying finite element spaces based on first
generating a hierarchy of meshes, such that the finest mesh does indeed provide
an accurate representation of the underlying computational domain, followed
by the introduction of appropriate prolongation operators which determine how
the finite element basis functions on the coarse mesh are defined in terms of
those on the fine grid.

In this article we consider the application of Schwarz-type domain decompo-
sition preconditioners for DGFEM approximations of elliptic partial differential
equations posed on complicated domains, which are characterized by small de-
tails in the computational domain or microstructures. In particular, we exploit
the DGCFEM proposed and analyzed in [10] to provide the necessary coarse
mesh solver. The performance of the proposed preconditioner will be inves-
tigated through a series of numerical experiments. This article is organized
as follows. In Section 2 we introduce the model problem and its (standard)
DGFEM approximation. Section 3 is devoted to defining the DGCFEM, which
represents a natural extension of the standard DGFEM on (coarse) agglomer-
ated meshes. In Section 4 we construct the Schwarz preconditioners, and recall
the main theoretical results shown in [6]. Section 5 outlines the implementation
aspects of the proposed Schwarz preconditioners. In Section 6 we present some
numerical results obtained with the additive Schwarz preconditioner. Finally,
in Section 7 we summarize the work presented in this paper and draw some
conclusions.

2 Model problem and discretization

In this article we consider the following model problem: given f € Lo(£2), find
u such that

~Au = f inQ, (1)
u = 0 on o (2)

Here, 2 is a bounded, connected Lipschitz domain in R%, d > 1, with boundary
0L); in particular, it is assumed that €2 is a ‘complicated’ domain, in the sense
that it contains small details or micro-structures.

To discretize (1)—(2), we employ the hp—version of the symmetric interior
penalty DGFEM (IP DGFEM). To this end, we first introduce the necessary
notation: we consider shape-regular meshes 7}, that partition Q C R? into open
disjoint elements x, such that Q = UﬁeTh k. By h, we denote the element
diameter of k € Ty, h = max,e7;, hy, and n, signifies the unit outward normal
vector to k. We allow the meshes T, to be I-irregular, i.e., each face of any
one element x € 7j, contains at most one hanging node (which, for simplicity,
we assume to be the midpoint of the corresponding face). We assume that the
family {75 }n>0 is of bounded local variation, i.e., there exists a constant p; > 1,
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independent of the element sizes, such that
Pl_l < i/l < p1, (3)

for any pair of elements , k" € T, which share a common face F = 9k N Ix’.
To each k € T}, we assign a polynomial degree p, > 1 (local approximation
order) and define the degree vector p = {p, : kK € Tp}. We suppose that p is
also of bounded local variation, i.e., there exists a constant py > 1, independent
of the element sizes and p, such that, for any pair of neighbouring elements
K,k € T,
st < u/pwr < pa. (4)

With this notation, we introduce the finite element space
V(Th,p) :=4{v € La(Q) : v|x € Sp. (k) VK € Th},

where S,(k), p > 1, is either the space P, (x) of polynomials of degree at most p
if k is a simplex, or the space Q,(k) of all tensor product polynomials of degree
at most p in each variable if  is a hypercube.

We shall now define some suitable face operators that are required for the
definition of the IP DGFEM. To this end, associated with the mesh T, we
denote by FZ(T;) the set of all interior faces of the partition 7, of €, and by
FB(T:) the set of all boundary faces of T,. In addition, F(T3) = F5(T,) U
FI(T1) denotes the set of all faces in the mesh 7.

Let v and q be scalar- and vector-valued functions, respectively, which are
smooth inside each element x € T;. Given two adjacent elements, k™, k™~ € Ty,
which share a common face F' € FZ(Ty), i.e., F = OxT NOk~, we write v* and
g™ to denote the traces of the functions v and q, respectively, on the face F,
taken from the interior of k¥, respectively. With this notation, the averages of
v and q at © € F' are given by

1 _ 1 _
fod = §(U++U ), {a} = §(q++q ),
respectively. Similarly, the jumps of v and g at & € F are given by
HU]] = U+n’€+ + vinfﬁ77 Hq]] = qJr TN+ + qi CTy—,

respectively, where n,+ denotes the unit outward normal vector on dx*, re-
spectively. On a boundary face F € FB(Ty), we set {v} = v, {q} = q,
[v] = vn and [q] = q - n, with n denoting the unit outward normal vector on
the boundary 0€.
For a face F' € F(T},), we define hp to be the (d — 1)—dimensional measure
(volume) of the face; moreover, the face polynomial degree pr is defined by
| max(p.,per), if F=0kN0k" € FX(Ty), 5)
PE= 0, if F=0rknaQ e FB(T,).
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With this notation, the IP DGFEM numerical approximation of the problem
(1)—(2) is defined as follows: find up € V (T, p) such that

BDG(UhaUh) = Fp(vp) (6)
for all vy, € V(Th,p), where Fy(v) := [, fvdx, and

Bre(u,v) := Z / Vu-Vodx — Z / ({Vro} - [u] + £Vau} - [v]) ds

KETh FeF(Thn)
- / onlul - [o]ds. (7)

FeF(Thn)

Here, V}, denotes the elementwise gradient operator. Furthermore, the function
o € Loo(F(Tr)) is the discontinuity stabilization function that is chosen as

2
p
oni= 1L, ®)

where v > 0 is a (sufficiently large) constant. The bilinear form (7) is continuous
and coercive in V (T, p) with respect to the energy norm

1/2

1/2
oloe == | D IVold,m+ S o[l | 9)

KETH FeF(Trn)

cf. [12, 13], for example.

We remark that the minimal dimension of the underlying finite element space
V(Th,p) constructed in this section is dependent on the number and size of any
localized geometric features present in 2. Indeed, complicated domains which
contain, for example, a large number of small holes will necessarily require a fine
mesh 7y, to accurately describe 2, thereby, giving rise to a (potentially) very
large number of degrees of freedom in V (7, p). With this in mind, it is essential
to develop suitable iterative solution methods which can efficiently compute
the finite element solution uj defined by (6). With this mind, in Section 4,
we consider the construction of two-level Schwarz—type preconditioners. First,
however, in the following section, we introduce the so—called composite DGFEM
(DGCFEM), which is based on employing arbitrarily shaped (agglomerated)
elements; this scheme will then form the basis of the coarse grid solver defined
in Section 4.

From now on, to avoid the proliferation of constants, the notation z < y
means that there exists a constant C' > 0 independent of the mesh size and the
polynomial approximation order such that = < Cly.

3 Construction of composite DGFEMs

In this section we briefly introduce the composite version of the IP DGFEM;
for further details, we refer to our recent article [10]. In order to develop the a
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priori error analysis outlined in [10], so-called logical meshes were constructed,
based on employing ‘standard’ element shapes, i.e., simplices and hexahedra,
for example. For the purposes of defining a coarse level solver for application
within a Schwarz—type preconditioner, we consider a simpler and more general
construction following the ideas developed in the article [15].

Given the (fine) mesh 7, we consider a coarsened mesh 7y which is con-
structed based on agglomerating elements from 7. Thereby, Ty represents a
partition of €2 into disjoint elements K, such that (i) Q = UxeT,, K; (ii) we may
write

K = UkercF, (10)

where R denotes the set of elements from the fine mesh 7}, which are employed
to construct K. For the purposes of this article, we assume for simplicity, that
the elements I are connected; we remark that this restriction may be relaxed,
cf. [10]. As in the previous section, we denote by FZ(7p) the set of all interior
faces of the partition Tz of Q, and by FB(Tz) the set of all boundary faces of
Tu; furthermore, we set F(Tp) = FL(Tw) U FB(Tu).

With this notation, we make the following key assumption:

(A1) For all elements K € Ty, we define
Ck = card{F € F(Tu) : F C OK}.

In the following we assume that there exists a positive constant C'r such
that

max Cx < Cp
KeTu K= ’

uniformly with respect to the mesh size.

To each composite/agglomerated element K € Tr, we assign the polynomial

degree qx > 1 as follows:
gk < i pr.
Furthermore, we define the polynomial degree vector q = {qx : K € T }.

The construction of the composite finite element space V (T, q), cf. below,
may be undertaken based on employing a suitable prolongation operator R,
cf. [21, 10]. We point out that the choice of R] employed in [21] leads to finite
element basis functions, defined on each composite element domain X, which
are piecewise polynomials. In contrast, we follow the approach developed in
[10], whereby the restriction of a function from the underlying finite element
space to an element K € Ty is a polynomial of degree gi. Thereby, we write

V(Th,q) = {v € La(Q) : v[k € Py (K) VK € T},

cf., also, [15]. Following [10], the classical prolongation (injection) operator
from V(Tz,q) to V(Th,p) is denoted by RJ : V(Twa,q) — V(Tn,p). With this
notation, we may write V(7x, ¢) in the following alternative form

V(Ta,q) ={v € L2(Q) : v=Rop, ¢ € V(Th,p)} ,
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where the restriction operator Ry is defined as the transpose of R} with respect
to the Lo(§2) inner product.

The DGCFEM discretization of the problem (1)—(2) is defined as follows:
find ug € V(Ty,q) such that

Bepe(urr,vy) = Fru(vy) (11)

for all vy € V(Tg,q), where Bepg(+,-) and Fp(-) are defined in an analogous
manner to Bp(+,-) and Fj(+), respectively, relative to the discontinuity stabi-
lization function oz. We remark that og is defined in a similar fashion to oy,
subject to a change in the definition of the representative face volume employed
and of the, possibly different, polynomial approximation degree employed on
the coarse grid, cf. [10].

4 Non-overlapping Schwarz preconditioners

In this section we introduce two level non-overlapping Schwarz preconditioners
in order to compute the numerical solution u, defined on the fine space V (7, p)
given by (6), cf. [4, 5, 6]. To this end, we denote by Ts = {Q;}~; a family of
partitions of Q into N non-overlapping domains, such that Q = Uf\ilﬁi. With
this (user—defined) partition, we consider two families of fine and coarse meshes
Tn and Tp, respectively, constructed as in the previous sections, respectively.
In particular, we assume that 7y, Ty and Ts are nested, Ts C Ty C Ty, ie.,
the subdomain partition does not cut any element of 7z and thereby of 7j.

With this notation, we now introduce the local and coarse level solvers.

Local solvers For i =1,..., N, the local DGFEM finite element spaces are
defined on €;, respectively, in the following manner:

V(Th,,p) ={v € La(Y) : v|s € Sp. (k) VEET},

where Tp, = {k € T, : & C ;}. The classical prolongation (injection) opera-
tor from V(Ty,,p) to V(Tn,p) is denoted by R : V(Tn,,p) — V(Tn,p). The
restriction operator R; is defined as the transpose of R;'— The local solvers
B, () : V(Thssp) X V(Th,,p) — R are defined as follows:

B, (15, v;) := Bpe(R; us, R} v;) Yui,v; € V(Th,,p), ¢=1,...,N. (12)

Coarse solver Employing the composite discontinuous Galerkin finite el-
ement space V(Tu,q) C V(Th,p), the coarse solver Bpg,(+,-) : V(Tu,q) X
V(Tu,q) — R is defined by

Bng, (u0,v0) := Bepg(uo, vo) Vug,vo € V(TH, q). (13)
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Local projection operators Fori=1,..., N, the local projection operators
V(Th,p) = V(Th,,p) are defined by:

Bog, (Psu,v;) := Bpg(u, R v;) Vu; € V(Th,,p).

Analogously, on the coarse space V(7Tx,q), we let Py V(Th,p) = V(Tu, q) be
given by B
Br, (Pou, vo) := Buo(u, Ry vo)  Yvo € V(Tw, q)-

With this notation, we define the projection operators
P, = R} Py : V(Ti,p) = V(Th,p),

fori=0,1,...,N.
Thereby, the additive and multiplicative Schwarz operators are defined, re-
spectively, by
N
Py = Z P, Puw:=I1—(I—Py)I—Pyx_1)---(I—Py). (14)
i=0
As in [6], a symmetrized variant of the multiplicative Schwarz operator may also
defined.

To analyse the Schwarz operators (14) we follow the abstract framework of
Schwarz methods [24]; see also [18] for a new additive convergence analysis of
the multiplicative Schwarz operator Pp,. To this end, let x(P.q) denote the
condition number of the additive Schwarz operator Py, i.e.,

)\max(Pad)
Amin(Pacl) ’
where Apax(Paa) and Apin(Pag) are the extremal eigenvalues of the operator

P.q4, and let Ey, be the error propagation operator of the multiplicative Schwarz
operator, i.e.,

K(Paq) :=

Euai= (I — Px)(I—Py_1)-- (I - R). (15)
We first recall the following preliminary result that will be needed in the
forthcoming analysis; we refer to [6] for the proof.
Lemma 4.1. For any v € V(Tx,p), let v; € V(Ty,,p) be the restriction of v to
Qi, z'.e.,
v, =Ry, i=1,...,N.

Then, we have

N
1/2
Z Boa(R{ vi, Rj v;)| < Bua(v,v) Z Z loy/ vill T, (ry + oy UJHLg(F
ij=1 i,j=1 FET;
i#] i#]
where T';; is the set of all faces F € F(Tp) such that F C 0Q; N0, i,j =

1 N.

geeey
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A key point for the analysis of the Schwarz preconditioners is the existence
of the following stable splitting.

Lemma 4.2. Let C, be defined as

)

2

MmaX,cRy P
C’h ‘= v max H}CM
KeTH minger, by

where Ry denotes the set of elements from the fine mesh Ty, which are employed
to construct K € Ty . Then, for any v € V(Ty,p) there exist vg € V (T, q) and
v, € V(Th,,p), i=1,...,N, such that

N
T T
v = Ryvy+ E R; v,
i=0

and
N
Z BDG{, (’Ui, Ui) 5 ChBDG('Uy ’U).
=0

Proof. Given v € V(Ty,p), let IIy(v) be defined as the projection of v onto the
space of piecewise constant functions defined on Ty, i.e., Iy(v) € V(Tx,0), and

/Ho(v)wdx::/ vwdx Yw € V(Tg,0) VK € Th.
K K

Next, we define
vo :=1lo(v), wi:=Ri(v—1Io(v)), i=1,...,N,

and observe that the following decomposition holds v — Ilo(v) = SN | Rl v;.
Using the above decomposition and the definition of the local solvers (12), we
obtain

Bre(v — Ry vg,v — Ry v) = BDG(Z Rl v, ZR]»ij)

N N
= Bue(R]vi, R/ v;) + > Boa(R] vi, R v;)
i=1 i,j=1
i

N N
= ZBDG,; (vi, vi) + Z BDG(R;FU%R;—”J')'
=1 inj=1
i#]

Rearranging the terms, we get
N N
ZBDGi (vi,v;) = Bpg(v — Ry vo,v — Ry vg) — Z Bue(R; vi, R} v;),
i=1

ij=1
i#j
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and then
N N
ZBDGi (vi, ;) < |Bo(v — R{ vo, v — Ry vo)| + Z Bpe(R vi, R} v;)|. (16)
i=1 ij=1
ij?fj

Next we estimate each of the two terms on the right hand side of (16). For the
first term, we use the continuity of the bilinear form in the energy norm (9),
exploit that RJ vy is piecewise constant on each coarse element K € Ty, and
employ coercivity. Thereby, we get

1/2
|BDG(U—ROTUO,U—RJUO)| S Z HV(U—RJUO)HZM(R) + Z ||‘7h/ [[U—ROTUO]]||2L2(F)

KETH FeF(Tn)
1/2
=S Vel + Y oy = R vollid, e
KETH FeF(Tn)
1/2
< Boo(v, )+ > oy * v = RS wolI12, (-
FeF(Thn)

Observing again that R] vg is continuous within each coarse element K € Ty,
the last term on the right hand side can be written as

1/2 1/2
ST 0y lv - R vl < D DD e 1

FeF(Thn) KeTa \FeF(Twn):FCK

1/2
+ Y 0Pl - Ry wolld,
FeF(Tn):FCOK

Thereby,

2
maXgeRi Pr

v — RJ vol?
E— [ 0 vollZ, (o)

1/2
Z oy *[v - Rg vo] 17, () < Boa(v,0) + Z Y
FeF(Tn) KeTu

where we have also used the definition (8) of the discontinuity stabilization
function oj. Hence, we obtain

maXgeRx

2
Pk
| Boe(v — Ry vo, v — Rg vo)| S Buo(v,v) + E ¥ N lv = R voll7, axc)-

min
KeTw KER K

(17)

For the second term on the right hand side of (16), Lemma 4.1 immediately
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gives

Z Bue(R; UZ?RTUJ) < Bue(v,v) Z Z Hah UZ||L2(F +||Uh ”JHL2(F)

i,j=1 i,j=1Fely;
i#£] i#£]

Max,cr, P2
< Buc(v,v) + Z vﬁ\lv — Ry voll, ()
KeTn RER Tir

where the last step follows by observing that the partitions are nested. Collect-
ing the previous estimates we obtain

N

MaX,cr, P
> Bog, (03, 0:) S Bog(v,v) + Yyt Kh” llv = R vollZ, (oxc)-
i—1 KeTu HIRERK

Next, we add Bhpg, (vo, vo) to both sides, i.e., we have

2
maxXgeR Pr
minmER}c D

ZBDGi('Uz’an) < Boe(v, )+ Bog, (vo, vo)+ Z Y
i KeTu

lv = Rg vol13, (o)-

Using the definition of the coarse solver (13), recalling that RJ v is piecewise
constant on the coarse mesh 7, and the adding and subtracting v, we obtain

By, (v0,v0) = Baa(Bg vo, Rgwo) = > llog *[Bg vwolll3,

FeF(Tu)
1/2 1/2
< ST el Y. o IR vo — vl
FeF(Tu) FE]:(TH)
OH, 1/2 OH , 1/2
< Y o Wllie + Y o *[Rovo — ol
FEF(Th) M FEF(Tw)

where in the last step we have used that any face F' € F(Ty) is the union of a
number of faces of the fine mesh 7;,. Using the definition of the discontinuity
stabilization function (8) and observing that oy /oy < 1, we finally obtain

MAX.eR . Di
Bug, (vo,v0) < [Jollse + Y Y L Rg voll7, or0)
KeTn mlnmER}C K

maXgeRr p
< Boa(v,0) + Y 77mmﬁ KhKHU—RoTUOH%Z(a/c)-
KeTu RERK

Collecting all the previous estimates we obtain

N

max,cr, P
E Bog, (vi, vi) S Bpe(v,v) + E R Khﬁ v — ROTUOHQLz(a;Q- (18)
— Ko7, Milger
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To estimate the last term on the right hand side of (18) we make use of the
following trace inequality given in [19]:

v = Rg voll 7, o) S Hi'llv — Rg voll7, i)

1/2
+He | Y IVaw=R{w)i,m+ Y. oo — Ry vl
KETH:KCK FeF(Tn):FCK

Recalling that RJ vg is continuous and constant on each element K € Tz and
summing over the coarse elements we obtain

T _ T
Y llv=Rgwoli,on S D He'llv =Ry vollz, ) + Hcllollze,
KeTu KeTu

which inserted in (18) leads to

N 2

MaX,cRy P2 0
> Buo, (1,00) (14 Hi) Boo(w, )+ Y 7 e P ppoyy g2 )
i—0 KeTu MiMgeRx Nk

(19)
To estimate the term |v — Ho(’U)”%Z(K) on the right hand side, we recall the
broken Sobolev—Poincaré inequality

1/2
lo—=To() 2,00 SHE | Y IVold,m+ > Mo [lI2,m | -
KERK FeF(Tn):FCK

cf. [19, 16]. The lemma now follows by employing the above inequality in
(19). O

Using the stable splitting given in Lemma 4.2 and the abstract framework
for the analysis of Schwarz methods [24], we are now able to state the main
result of this section.

Theorem 4.3. Let Cy be defined as in Lemma 4.2, i.e.,

2
a
Oy i oy max H R VY
KeTH minger, by
where R denotes the set of elements from the fine mesh Ty, which are employed
to construct IC € Tg. Then, there exists constants Cy,Cy > 1, independent of
the local meshsize and the local polynomial degrees, such that

H(Pad) S ClCh

Moreover, the error propagation operator (15) of the multiplicative Schwarz op-

erator satisfies
1

1+ G0y
and therefore a simple Richardson iteration applied to the preconditioned system
Pt = gy, with gu, a suitable right hand side, converges.

||EmuHDG S 1
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Thereby, for quasi-uniform meshes 7, and Ty of granularity h and H, re-
spectively, and uniform polynomial orders, i.e., p, = p for all kK € T, we deduce

that
h

H
K(Pag) < Cl’szﬁv B <1— W

Remark 4.4. As shown in Theorem 4.3, the condition number of the precondi-
tioned systems still depend on the penalty parameter v appearing in the definition
of the penalization function (8). To obtain preconditioners that are scalable also
with respect to the penalty parameter we refer to [9].

5 Implementation

In this section we briefly outline the implementation of the above multi-level
preconditioners; for further details concerning the implementation of the coarse
grid (composite) DGCFEM, we refer to [10]. We first rewrite (6) in the following
(equivalent) matrix form: find U € R™ such that

AU=F,

where A € R™ " is the matrix representation of the bilinear form Bpg(,-),
F € R" is the vector representation of the linear functional Fj(-), and n =
dim(V (Tx,p)). In order to construct the Schwarz preconditioners outlined in
the previous section, we now proceed in the following steps:

Aggregation The construction of the coarse finite element space V(Tgy,q)
from the fine finite element space V(7,,p) is undertaken, based on employing
the aggregation algorithm outlined in [10]. In particular, the idea is to construct
the shape functions defined on the coarse space V (T, q) as a linear combination
of the basis functions from V (7, p); i.e., we write a coarse level basis function
i, 0 =1,...,dim(V(Tx,q)), in the following manner

Pu,i = > AijOnj

j=1,...,dim(V (Th,p))

where {¢y, }?;x?(v(n,p)) denotes the set of basis functions which span V (7p, p)
and A = [A;jli=1,... dim(V(T,0))sj=1,....dim(V (T;,,p)) defines the matrix represen-
tation used to determine how a function defined within the DGCFEM space
V(Ta,q) may be represented in the richer space V(Tj,p). As noted in [10],
the general approach employed for the computation of the coefficients A; ; is
based on solving a series of small linear systems; to this end, we employ an LU

factorization with column pivoting.

Projection (fine to coarse) Exploiting the aggregation matrix A introduced
above, the matrix representation of the projection operator Py : V(Tp,p) —
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V (T, q) is defined in the following manner:

_ am(V(Tig)
Po = A GV (7))

We remark that the scaling factor dim(V (7Tg, ¢))/ dim(V (7}, p)) employed within
the definition of 130 is typically used in practice, since it is observed that this
scaling leads to a slight reduction in the number of iterations required to attain
convergence of the underlying conjugate gradient solver, for example. Finally,
we note that the matrix A is in general quite sparse, since the basis functions
of both the coarse and fine level spaces have small support; see [10] for details.

Prolongation (coarse to fine) The matrix representation of the prolonga-
tion operator R : V(Tw,q) — V(Th,p) is given by

Rj =AT.

Projection onto local spaces Since the global space V (7}, p) naturally con-
tains the basis functions which form each of the local finite element spaces
V(Th,,p), 1 <i < N, the prolongation operators R, : V(Ty,,p) — V(Th,p) and
the corresponding local projection operators P; : V(7. p) — V(Th,,p) are very
simple to construct. Indeed, writing R, i = 1,..., N, and f’i, i=1,...,N,
to denote the respective matrix representations of the prolongation and projec-
tion operators, respectively, we note that for a given i, i = 1,..., N, R/ is a
rectangular matrix of size dim(V(7y,p)) x dim(V(Tn,,p)), Moreover, we note
that [R;'—]kj = 1, only when the indices j and k correspond to the same ba-
sis function which belongs to both V(7,,p) and V(Tx,p), subject to the given
ordering of the basis functions within each of these finite element spaces; oth-
erwise [R, ]x; = 0. With this construction, it is straightforward to see that

P,=®R/)T,i=1,...,N.

Construction of the preconditioner Firstly, we write Ay € RV (7,0)xdim(V (7w .q))
to denote the matrix representation of the bilinear form Bpg, (+,-) arising in the

coarse DGCFEM solver defined in (13). Similarly, for ¢ = 1,..., N, we also

write A; € RV (Th;:p))xdim(V(Tn;:p)) to be the matrix representation of the

local bilinear forms By, (-, ) defined in (12), respectively. With this notation,

the matrix representation of the projection operators P; : V (T, p) — V(Th, p),
1=0,1,..., N, is given by

P, = RJA'R,A € REW(VTap)xdim(V(Tip),

where Ry := ]_30. Thereby, the matrix representations P,y and Py, of the
additive and multiplicative Schwarz operators P,y and Py, respectively, are

given by
N

N
Pa=)» Pi=) R/A'R;A=M.A
=0 =0



Schwarz Preconditioners based on Composite DG Methods 15

and
Pmu =1- (I—PN)(I— PN71)~-~(I— Po) = MmuA,

where I denotes the n x n identity matrix. Here, M,4 and M,, are referred to
as the additive and multiplicative Schwarz preconditioners, respectively.

From an implementation point of view, we simply need to compute the action
of M4 or My, on a generic vector when employing an iterative solver to evaluate
the solution of the underlying set of linear equations. To this end, Algorithm 1
outlines the action of the additive Schwarz preconditioner; the multiplicative
variant of the preconditioner may be constructed in an analogous fashion. We
point out that the resulting system of linear equations stemming from the coarse
grid solver Bpg,(-,-) and the systems of linear equations arising from the local
solvers Bpg,(+,-), ¢ = 1,..., N, are solved based on employing the Multifrontal
Massively Parallel Solver (MUMPS), see [1, 2, 3]. In order to take full advan-
tage of MUMPS, the factorizations of all problems Bpg, (-, ) and Bpg,(-,-) are
computed only once and used in all calls to the preconditioner. However, we
point out that these may themselves be replaced by iterative solution methods.

Algorithm 1 Action of the additive Schwarz preconditioner M,4 on a generic
vector x € R™: function z = M 4X.
Initialize the resulting vector to zero, i.e., set z = 0.
fori=1— N do > Loop over local problems
Restrict the vector x to the local space, i.e., set x; := R;x.
Compute the solution U; of the local problem A;U; = x;.
Prolongate the vector U; onto the global space, i.e., set z; := RIUi.
Set z =z + z;.
end for

Restrict the vector x onto coarse space, i.e., set xg := f’ox. > Coarse solver
Compute the solution Uy of the coarse level problem Ay Uy = xg.
Prolongate the vector Uy onto the global space, i.e., set zg := RJ Uy.

Set z =z + zg.

6 Numerical experiments

In this section we present a series of computational examples to highlight the
practical performance of the non-overlapping Schwarz preconditioners proposed
in this article for problems where the underlying computational domain contains
micro-structures. For simplicity, we restrict ourselves to the additive Schwarz
operator P,q. Throughout this section we select the constant v appearing in
the discontinuity stabilization function o, equal to 10. All the numerical exam-
ples presented in this section have been computed using the AptoFEM package
(www.aptofem.com).
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Figure 1: Example 1: (a) Computational domain with 4 holes; (b) Computa-
tional domain with 256 holes.

6.1 Example 1: Two—dimensional domain with micro-structures

In this first example, we consider a computational domain 2 which contains
(potentially) a large number of holes. To this end, we let  be the unit square
(0,1)? in two-dimensions, which has had a series of uniformly spaced square holes
removed; here, we consider cases where up to 256 small square holes are removed.
The size and the number of holes are chosen in each case in such a way that
the area of the domain remains constant. In this way we can compare results
from simulations with different numbers of holes. As an illustration, in Figure 1,
we show the two cases where 4 and 256 holes have been introduced. Here, we
select the right-hand side forcing function f and appropriate inhomogeneous
boundary condition u = g on 052, so that the analytical solution to (1)—(2) is
given by u = exp(z y).

In all the simulations presented below, we employ a fine level mesh 7; which
is fine enough to precisely describe the computational domain 2 using ‘stan-
dard’ element shapes. On the other hand, employing a coarse level solver based
on exploiting the DGCFEM outlined in Section 3, we are able to use very coarse
meshes 7. In particular, in the following tables, cases highlighted in bold in-
dicate when 7x is too coarse to precisely describe €2 using standard element
shapes; instead general polygonal element domains, consisting of agglomerated
elements are employed. Furthermore, the simulations have been performed,
based on partitioning the fine level mesh 7, into 4 subdomains, i.e., N = 4.
We employ coarse and fine finite element spaces V(Ty,q) and V (T, p), respec-
tively, based on exploiting quasi-uniform coarse and fine meshes 7y and Ty,
respectively, of granularity H and h, respectively, with corresponding uniform
polynomial degrees g and p, respectively. For reference, we first present in Ta-
ble 1 the number of iterations needed for convergence when €2 does not contain
any holes, i.e., Q = (0,1)%, ¢f. [6], and p = ¢ = 1. Here, and throughout
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=T 2 | 4 | 8 16|32 64
1 9 -1 -]-]-]-

8 32 [ 27 | - | - | - |-

16 58 | 47 | 29 | - | - | -

32 93 | 74 | 8 |31 - | -

64 134 | 121 | 80 | 50 | 31 | -
128 192 | 185 | 137 | 80 | 50 | 31

Table 1: Example 1: Iteration counts for the preconditioner when Q = (0,1)2,
i.e., when  does not contain any holes, with p =¢ = 1.

A2 |4 | 8 16|32 64
8 32 | 27 | - | - | - | -

16 58 | 47 | 29 | - | - | -

32 93 | 74 | 48 | 31| - | -

64 134 | 121 | 80 | 50 | 31 | -

128 192 | 185 | 137 | 80 | 50 | 31

Table 2: Example 1: Iteration counts for the preconditioner when {2 contains 4
holes, with p=¢q = 1.

this article, we employ the conjugate gradient iterative solver, with an absolute
tolerance of 1075, as the termination condition. As reported in [6], for exam-
ple, the number of iterations required to achieve convergence remains roughly
constant when the ratio of the coarse and fine mesh sizes is kept fixed.

Let us now consider the case when €2 contains a number of square holes. To
this end, in Tables 2-5 we show the number of iterations required for conver-
gence when p = ¢ = 1. As in the case when no holes are present in {2 we observe
that the proposed preconditioner is robust as the number of holes increases,
in the sense that the number of iterations required to achieve convergence re-
mains roughly constant when the ratio of the coarse and fine mesh sizes is kept
fixed. Moreover, we observe that, as the number of holes increases, the number
of iterations required to achieve convergence for a given coarse and fine mesh
granularity H and h, respectively, decreases. For example, in the case when
h =1/128, H = 1/2, 192 iterations are required to achieve convergence when
Q = (0,1)2, while only 192, 143, 106, and 79 iterations are required when there
are 4, 16, 64, and 256 holes present, respectively.

The analogous results are presented in Tables 6-10 for the case when p =
q = 2; Table 6 shows the case when Q = (0,1)? (no holes), while Tables 7
—10 present the number of iterations required to achieve convergence in the
case when ) contains 4, 16, 64, and 256 holes, respectively. As for the case
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A2 |4 | 8 16|32 64
16 49 | 47 | 29 | - | - | -
32 70 | 69 | 51 |31 | - | -
64 103 | 99 | 86 | 50 | 31 | -
128 143 | 141 | 134 | 80 | 50 | 31
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Table 3: Example 1: Iteration counts for the preconditioner when 2 contains
16 holes, with p = ¢ = 1.

S~F 2 |4 | 8 |16 | 3264
32 52 | 52 | 49 | 30 | - | -
64 75 | 75 | 74 | 51 | 31 | -
128 106 | 106 | 106 | 87 | 50 | 31

o~ 2 | 4| 8 | 16| 32 |64
64 55 | 55 | 54 | 50 | 31 | -
128 79 | 79 | 79 | 76 | 52 | 31

Table 4: Example 1: Iteration counts for the preconditioner when 2 contains
64 holes, with p=¢ = 1.

Table 5: Example 1: Iteration counts for the preconditioner when  contains
256 holes, with p = ¢ = 1.

when discontinuous piecewise linear polynomials are employed, we again observe
similar behaviour of the iteration counts: namely, that they remain roughly
constant when the ratio h/H is kept fixed, while they decrease as the number of
holes increases. We point out that while we have fixed ¢ = p, setting 0 < ¢ < p
leads to the same behaviour in terms of the iteration counts; however, as noted
in [6], cf. below also, a richer coarse space V(Ty, q) typically leads to a reduced
number of iterations.

6.2 Example 2: Two—dimensional domain with micro-structures
IT

In this second example, we consider the case when the computational domain 2
contains a large number of uniformly spaced circular holes; here, we consider the
case where 256 small circular holes are removed from (0,1)?, see Figure 2(a). In
this example, we select the right-hand side forcing function f and appropriate
inhomogeneous boundary condition u = g on 92, so that the analytical solution
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=T 2 | 4 | 8 16|32 64
1 20 | - | - | -] -] -

8 51|40 | - | - | - | -

16 8 | 63 | 41 | - | - | -

32 128 92 | 65 |43 - | -

64 215 | 140 | 95 | 65 | 43 | -
128 328 | 245 | 144 | 95 | 65 | 43

Table 6: Example 1: Iteration counts for the preconditioner when Q = (0,1)2,
i.e., when  does not contain any holes, with p = ¢ = 2.

A2 |4 | 8 16|32 64
8 60 | 41 | - | - | - | -

16 98 | 64 | 43 | - | - | -

32 156 | 92 | 65 | 43 | - | -

64 227 | 145 | 95 | 65 | 43 | -
128 317 | 246 | 140 | 95 | 65 | 43

Table 7: Example 1: Iteration counts for the preconditioner when {2 contains 4
holes, with p = ¢ = 2.

2 |4 | 8 16|32 64
16 87 | 656 | 42 | - | - | -
32 125 | 115 | 66 | 43 | - | -
64 179 | 180 | 95 | 65 | 43 | -
128 253 | 261 | 147 | 95 | 65 | 43

Table 8: Example 1: Iteration counts for the preconditioner when 2 contains
16 holes, with p = ¢ = 2.

is given by u = sin(nx) cos(my), cf. Figure 2(b).

In this section, we fix the fine level mesh Tj; here, 7; consists of 85500
triangular elements (blue elements depicted in Figure 2(a)). The mesh 7}, has
been selected to give a very accurate representation of the computational domain
Q. As in the previous example, we select the number of subpartition domains
equal to N = 4, and the conjugate gradient iterative solver (absolute) tolerance
equal to 107%. To demonstrate the flexibility of employing the DGCFEM as the
coarse level solver, we consider extremely coarse meshes Ty, whose meshsize is
far too large to accurately describe 2 using standard element shapes. Indeed, in
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A2 |4 | 8 |16 |32 64

32 99 97 69 | 44 | - -
64 137 | 137 | 117 | 66 | 43 | -
128 193 | 193 | 183 | 96 | 65 | 43

Table 9: Example 1: Iteration counts for the preconditioner when 2 contains
64 holes, with p = ¢ = 2.

2 |4 | 8 | 16 | 32 |64

64 102 | 100 | 97 69 | 44 | -
128 140 | 140 | 141 | 117 | 66 | 43

Table 10: Example 1: Iteration counts for the preconditioner when €2 contains
256 holes, with p = ¢ = 2.

Table 11 we present the iteration counts when H = 1/2,1/4,1/8,1/16 and 1/32;
to give an indication of the shape of the composite elements employed, in Figure
2(a) we plot (depicted in black) the coarsest mesh Tz when H = 1/2. From
Table 11, we observe that, initially, as the coarse mesh is refined, the number of
iterations required to achieve convergence remains roughly constant. Indeed, the
number of iterations only starts to decrease once the coarse finite element space
V(Tu,q) is able to represent, at least on a coarse level, the geometric details
present in €). This behaviour is observed for the three cases when p = ¢ = 1,
p=¢q=2,and p = 2, g = 1; as indicated in the previous example, the latter
case leads to an increase in the number of iterations when compared to the
middle one. That said, even the finest coarse mesh Ty, when H = 1/32 is still
relatively coarse, when compared to the granularity of the fine mesh 75,. For
reference, in Table 12, we show the number of iterations required for convergence
of the conjugate gradient solver when no preconditioning is employed. When
comparing these iteration counts with those presented in Table 11, we clearly
observe that, even using a very inexpensive coarse solver, leads to a significant
improvement when employing the proposed preconditioner.

6.3 Example 3: Three-dimensional domain with micro-
structures

In this example, we consider a three—dimensional problem which (possibly) con-
tains a number of holes. More precisely, we let 2 be the unit cube (0,1)® which
has had a series of rectangular sections removed. As an illustration, in Figure 3
we show the case when 16 rectangular holes have been introduced; cf. [10]. We
point out that the holes only go to the depth of half of the domain width. We
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Figure 2: Example 2: (a) Initial composite finite element mesh. The colour blue
denotes elements present in the fine level mesh (which consists of 85500 triangu-
lar elements); elements plotted in black form the coarse level mesh (containing
8 elements); finally, the domain € is shown in yellow. (b) Analytical solution.

|H " [p=14g=1[p=2,9=2]p=2,4qg=1]

2 115 198 198
4 115 201 201
8 115 199 201
16 111 164 195
32 (0] (s 120

Table 11: Example 2: Iteration counts for the preconditioner when €2 contains
256 circular holes.

| [p=1]p=2]
|Iterations || 931 | 2283 |

Table 12: Example 2: Iteration counts for (unpreconditioned) conjugate gradi-
ent with 256 circular holes.

select the right-hand side forcing function f and appropriate inhomogeneous
boundary condition u = g on 952, so that the analytical solution to (1)—(2) is
given by u = sin(mx) cos(my) sin(rz).

As in the previous examples, the fine mesh 7}, is always selected in such a
manner that the underlying computational domain is precisely described using
tetrahedral elements. Given the simple nature of the geometry, we first construct
a uniform hexahedral mesh and subdivide each element into 6 tetrahedra. We
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Figure 3: Example 3: Computational domain 2.

T2 | 4 | 8|16
1 B - | - | -
8 ] 4| - | -
16 97 | 79 | 46| -
32 143 | 137 | 85 | 45

S~E 2 | 4 | 8|16
1 67 | - | - | -
8 10 | 67 | - | -
16 186 | 115 | 68 | -
32 275 | 189 | 114 | 67

Table 13: Example 3: Iteration counts for the preconditioner when Q = (0,1)3,
i.e., when £ does not contain any holes no holes in 3D, with p = ¢ = 1.

Table 14: Example 3: Iteration counts for the preconditioner when Q = (0,1)3,
i.e., when £ does not contain any holes no holes in 3D, with p = g = 2.

select the number of subdomain partitions equal to N = 8, and the absolute
tolerance for the conjugate gradient solver equal to 1076, In Tables 13, 14, & 15,
we first consider the case when = (0,1)3 (no holes) withp=q¢=1,p=q = 2,
and p = 2, ¢ = 1, respectively. As noted in Example 1 above, the proposed
preconditioner is robust, in the sense that the number of iterations required to
achieve convergence remains roughly constant when the ratio of the coarse and
fine mesh sizes is kept fixed. For the case when p = 2, we again observe that
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A2 | 4 | 8| 16
1 % | - | - | -
8 139 | 104 | - | -
16 202 | 162 | 106 | -
32 260 | 267 | 161 | 102

~H 2 |4 | 8|16
8 73 | 45 | - | -
16 101 | 87 | 47| -
32 133 | 147 | 87 | 46

A2 |4 | 8 |16
8 135 | 69 | - | -
16 210 | 118 | 68 | -
32 300 | 216 | 116 | 68

2 |4 | 8 | 16
8 149 [ 100 | - | -
16 206 | 173 | 107 | -
32 245 | 265 | 166 | 106
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Table 15: Example 3: Iteration counts for the preconditioner when Q = (0,1)3,
i.e., when  does not contain any holes no holes in 3D, with p =2, ¢ = 1.

Table 16: Example 3: Iteration counts for the preconditioner when 2 contains
4 holes, with p = ¢ = 1.

Table 17: Example 3: Iteration counts for the preconditioner when €2 contains
4 holes, with p =q = 2.

Table 18: Example 3: Iteration counts for the preconditioner when 2 contains
4 holes, with p =2, ¢ = 1.

a richer coarse finite element space typically leads to an improvement in the
number of iterations required to attain convergence.

We now consider the two cases when 4 and 16 holes have been introduced
into the unit cube. Iteration counts for the same three cases considered above,
namely p = ¢ =1, p = q = 2, and p = 2, ¢ = 1, are presented in Tables
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A2 |4 | 8|16
16 87 | 79 | 45| -
32 117 | 138 | 92 | 46

S~ET 2 |4 | 8 |16
16 185 | 135 | 70 | -
32 276 | 226 | 118 | 68

2 |4 |8 | 16
16 179 | 172 | 101 | -
32 232 | 264 | 173 | 106

Table 21: Example 3:

24

Table 19: Example 3: ITteration counts for the preconditioner when €2 contains
16 holes, with p =q = 1.

Table 20: Example 3: Iteration counts for the preconditioner when €2 contains
16 holes, with p = ¢ = 2.

Iteration counts for the preconditioner when 2 contains

16 holes, with p =2, ¢ = 1.

16-21. As before, cases highlighted in bold indicate when Ty is too coarse to
precisely describe € using standard element shapes. As in the case when no
holes are present in €2 we observe that the proposed preconditioner is robust as
the number of holes increases, in the sense that the number of iterations required
to achieve convergence remains roughly constant when the ratio of the coarse
and fine mesh sizes is kept fixed. Moreover, we observe that, as the number
of holes increases, the number of iterations required to achieve converge for a
given coarse and fine mesh granularity H and h, respectively, decreases.

6.4 Example 4: Convection-diffusion problem with micro-
structures

In this final example, we consider the convection—diffusion problem

—eAu+a(z) - Vu = f(x) in Q,

20
U=y on 0f. (20)

Here, €2 is chosen in an analogous manner to the computational domains con-
sidered in Section 6.1. For the purposes of this section, we set a = (1,1)T and
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por~F 2 |4 8 | 16|32 64
1 7] -] -]-]-]-

8 2020 | - | - | - | -

16 2223 20| - | - | -

32 25 |26 |24 |19 | - | -

64 28 | 20 | 29 | 24 | 18 | -
128 31 [ 30 | 32 | 29 | 23 | 18

Table 22: Example 4: GMRES iteration counts for the preconditioner when
Q= (0,1)? (no holes) with p = ¢ = 1.

select f and g such that the analytical solution to (20) is given by

u(e,y) =z +y—zy+ eXPfl/E—eXP*“*””)(l*y)/E} :

1 —exp—i/e
cf. [11]. We note that for 0 < ¢ < 1, the solution exhibits boundary layers
along z = 1 and y = 1. For brevity, we set ¢ = 1072; we shall comment on the
effect of reducing the diffusion coefficient € at the end of this section.

The discretization of (20) is based on employing the standard upwind DGFEM
for the treatment of the advection operator, cf. [22], for example, together
with the (symmetric) version of the IP DGFEM for numerical approximation
of the diffusion terms, cf. Section 2. Clearly, the resulting matrix system is
non-symmetric; thereby, we employ the GMRES method with an absolute ter-
mination tolerance of 10~ with the additive Schwarz preconditioner. Results
based on employing N = 4 subdomain partitions are presented in Tables 22, 23,
24, 25, & 26 for the cases when Q = (0,1)? (no holes), and when  contains 4,
16, 64, and 256 holes, respectively, for p = ¢ = 1. Again, as in the previous ex-
amples, the number of iterations required to attain convergence remain roughly
constant for a fixed value of the ratio of the coarse and fine mesh sizes H and
h, respectively. Numerical experiments for p = 2 again indicate analogous be-
haviour; for brevity, these have been omitted. Finally, we remark that, as noted
n [11], the iteration counts remain roughly constant as ¢ is decreased; again,
for brevity, we omit these numerical experiments.

7 Concluding remarks

In this article we have considered the application of Schwarz-type domain de-
composition preconditioners for discontinuous Galerkin finite element approxi-
mations of elliptic partial differential equations posed on complicated domains,
which are characterized by small details in the computational domain or mi-
crostructures. In particular, the coarse level solver employed within the pro-
posed preconditioning strategy has been based on exploiting composite discon-
tinuous Galerkin methods, which can easily handle general polygonal element
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T2 4| 8|16 32 64
8 2020 - | - | - | -
16 22 23|20 - | - | -
32 25 | 26 | 24 | 19 | - | -
64 28 | 29 | 20 | 24 | 18 | -
128 31 | 30 | 32 | 20 | 23 | 18

o~ 2 | 4| 8 | 16|32 64
16 333125 - | - | -
32 34 |34 30| 22| - | -
64 42 [42 |39 [ 29| 19| -
128 52 | 52 | 49 | 40 | 26 | 19

o~ o 4 | 8 16| 32| 64
32 37 | 37 | 34| 24| - | -
64 42 |42 | 41 | 33| 20| -
128 51 | 51 | 51 | 43 | 28 | 19

~H 2 4| 8 | 16|32 |64
64 35 | 35| 35| 32| 21 | -
128 44 | 44 | 44 | 43 | 31 | 20

26

Table 23: Example 4: GMRES iteration counts for the preconditioner when 2
contains 4 holes and with p = ¢ = 1.

Table 24: Example 4: GMRES iteration counts for the preconditioner when 2
contains 16 holes, with p = ¢ = 1.

Table 25: Example 4: GMRES iteration counts for the preconditioner when 2
contains 64 holes, with p = ¢ = 1.

Table 26: Example 4: GMRES iteration counts for the preconditioner when 2
contains 256 holes, with p =¢ = 1.

domains consisting of agglomerated ‘standard’ elements. In this way, extremely
coarse meshes may be defined, even for computational domains which contain
small geometric details. The application of the preconditioner to a simple ellip-
tic PDE, as well as a convection—-dominated diffusion problem clearly indicate
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the efficiency and robustness of the proposed solution strategy. Future work
will consider the application of these techniques to more complicated problems;
in particular, a key application area of interest is compressible fluid flows.
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