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Abstract

In this paper we propose a full model order reduction (MOR) strategy for two-way Dirichlet-Neumann
parametric coupled models solved with domain-decomposition sub-structuring methods. At the high-fidelity
level, we split the coupled model and its domain in two sub-models with Dirichlet and Neumann interface
conditions, respectively, and two sub-domains with a common interface. The high-fidelity solution is, then,
found sub-iterating between the sub-models finite element (FE) solutions until interface convergence is reached.
At the reduced-order level, we apply reduced basis (RB) algorithms to define a low dimensional representation
of the sub-problems solutions on each sub-domains. Moreover, we define a reduced order representation
of the Dirichlet and Neumann interface conditions through the discretized empirical interpolation method
(DEIM), achieving a fully reduced order representation of the DD techniques implemented. The interface
DEIM reduction is also employed to interpolate or project interface data when non-conforming FE interface
discretization is considered. The coupled model reduced solution is found sub-iterating between the reduced
order sub-models until convergence of the approximated high-fidelity interface solutions. The (MOR) scheme
is numerically verified on both steady and unsteady Dirichlet-Neumann coupled models with two test cases.

Keywords: Two-way coupled models, Dirichlet-Neumann, Reduced order models, Discrete empirical
interpolation, Interface non-conformity, Domain-decomposition

1. Introduction

The ROM represented represents an efficient numerical strategy to handle parametrized coupled problems
that are set on domains split in two (or several) subdomains, considering finite element schemes as high-fidelity
FOM.

2. Two-way Dirichlet-Neumann coupled problem

In this Section we present the formulation of the parametrized two-way coupled model objective of this
work. The model is solved at the high-fidelity level using domain-decomposition techniques based on finite
element method. To this end, we defined in a d-dimensional domain €2, being d = 2, 3, a parametrized second
order elliptic model in Subsection and a corresponding parametrized parabolic model in Subsection 2.2}
Moreover, we split € in two sub-domains and solve the Dirichlet-Neumann two-way coupled models by means
of iterative sub-structuring methods, whose algebraic formulations are derive in the corresponding Subsections.
We remark that the proposed strategy can be applied on more complex parametrized models.
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The reduced technique will, then, rely on the application of projection-based ROM on the derived coupled
model finite element algebraic formulation. In particular, when the interface grids are non-conforming, we
choose the following training strategy: (i) we solve the coupled model considering on both sub-domains the
same discretization, those of the first interface grids; (ii) we solve again the coupled model discretizing the
two sub-domains according to the second interface grids; (iii) we storage the master solution and Dirichlet
interface data computed in (i), and the slave solution and Neumann data found in (ii); (iv) we used the
stored quantities as snapshots to trained the reduced order coupled model; (v) we solve the ROM with
non-conforming interface grids. To summarize, the FOMs are solved twice in the conforming case, while the
ROMs are solved once in the non-conforming case.

Thus, in this Subsections 2.1 and [2:2] we present the high fidelity formulation in the conforming case
while, in Subsection the non-conforming formulation is derived as basic setup for the interface reduction.

Suppose, therefore, that €2 is an open domain with Lipschitz boundary 0£2. We denote 0Q2p and 0y
suitable disjoint subsets of 9Q such that 0Qp N 0Ny = 0. Through the splitting of 2, we define two
non-overlapping subdomains Q; and € with Lipschitz boundary 9€;, i = 1,2, such that Q = Q; U Qy, and
with a common interface I' := 3 N Q3. Moreover, for each i = 1,2, we indicate with 9Q; p = 9Qp N IQ;
and 0Q; y = 00y N 0%;. Finally, we denote the problem and the corresponding solution set in 2y as master
model and master solution, and the ones set in Q5 as slave model and slave solution.

2.1. Steady coupled model

Let us start with a steady parameter dependent two-way coupled model. We consider a set of parameters
pe 2 d>1and we search for u(u) in  such that

L{p)u(p) =f(p) nQ
a(p) —go(k)  on 9% M
Orwu(p) =gn(p) on 0y,

where L(p) is a second order elliptic operator, f(u), gp(p) and gy (p) are functions defined in Q, 9Qp and
0Qn, respectively, and dz(,)u(u) is the conormal derivative associated with the operator £(u) on 0.
We set
VZHéQD(Q):{VGHl(Q) | v=0o0ndQp}, (2)

and we define, for each u € &9, the bilinear form a(-,-; ) : V x V — R associated to £(u), and the linear
functional F(-; 1) : V — R, such that

F(vip) = (£(p), v)r2) + (v (1), V)oay-

Here, (-,)r2(0) and (-, ")oq, are the inner product in L?(2) and the duality paring between H'/2(9y) and
H=1/2(00y)), respectively.
Then, integrating by part, problem reads: find u(u) € H*(Q) with u(p) = gp(p) on 9Qp such that

a(u,vip) = F(vip) Ve (3)

Hereon, we suppose that the solution of problem exists and is unique.
A domain decomposition scheme based on iterative sub-structuring method [2],[3] is, then, apply to coupled
model (). We introduce the two sequences of functions {uf(u)} and {u5(p)} generated starting from the

initial guess uf(p) and ud(p), that will converge to uy(p) and uy(p), respectively. Then, given X, for each



k > 0 we search for uf(u) in ©; and ub(p) in Q3 such that

L(p)uy™ () = £(p) in (4a)
uf () = AF onT (4b)
ui ™ () = gp(p) on 991 p (4c)
Oeui™ (1) = gn(p) on 9§ (4d)
and
L(p)us™ (p) = f(p) in 2 (5a)
Ot T (1) + Op(mus™ () =0 onT (5b)
us ™ () = gp(p) on 99 p (5¢)
Oruyust (1) = gn(p) on 9 N (5d)
with

A= gup T 4 (1 - 0)AF,

being 6 a positive acceleration parameter. Hereon, we consider 8 = 1, so that the Dirichlet interface conditions

of equation (4b|) are

uit (p) = uzt(p) onT.
To get the weak formulations of problems and , we first define, for each i = 1,2, the local spaces
Vi={veH () |[v=00n0p} and V'={veV,|v=0onT}, (6)
and the space of traces of the elements of V' on the interface I', meaning
A={Xe HYX D) |IveV vp =2} (7)

Moreover, let a;(-, ;) and F;(-; ), ¢ = 1,2, be the restriction of the bilinear form a and of the linear
functional F to €;, than the weak formulation of (4)) and become: for each k > 0, find uf“(u) € H'(Q,),

with uZZéiwD (1) = gp(p), such that:
{al(u]f“(u),v(f; p) = Fi(viip) v e v, )
upt (p) = v (p) onT,
and
{@(u'z““(u), vl ) = Fo(v3; p) i e vy, ©
az(u5™ (), Rem; ) = Fa(Rom; (p) + Fr(Ram; () — a1 (0 (), Rim; ) ¥ € A.
Here

Ri:A—=Vi, st. (Rm)r=n VneA (10)

denote any possibile linear and continuous lifting operator from the interface T' to ;. Indeed, if (-, -)r is the
duality between A and its dual A’, by counter-integration by parts, the interface equations of @ is equivalent
to

(O, pur(p) + Ocypuz(p),mr =0 Vn € A, (11)

which corresponds to the the Neumann conditions in .

Then, we search for the algebraic formulation of problems and @ To this end, we define two
discretizations 75, and 7, on the domains ; and €2y induced by a global partition 7;, = U,,T,, of the
domain Q. 7T, can be made of simplices (traingles of tetrahedra) or quads (quadrilaterals or hexahedra),
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depending on a positive parameter h > 0. Furthermore, we assume that for any 7T,,, € Ty, 9T, N OS2 fully
belongs to 0€2p or 01y, while the interface I' do not cut any 7,,, € T,. This means that the two triangulations
T, and Ty, are conforming at the interface I'.

Remark 1. Please note that h = hy = ho. However, in Section |§| we will consider different h; to denote the
non-conforming nature of the two discretization 7r,. Thus, for the sake of notation, in this Section we will
write in any case h; and ho and define the relative spaces.

We define the finite element approximation spaces for each partition 7, as
X ={ve (%) vir,,, € Q. YTim € Ta,},

in which Q,, are the quads spaces and ¢; are chosen integers.
The finite dimensional spaces to define the discrete formulation of the exploited problems will, then, be

Vi, ={ve Xl v, =0} VP ={veVy,vr=0}, i=12, (12)

and the spaces of traces on I' as
Yi,={A=vir,ve Xy} and Ay ={A=vp,veV,.} (13)
Moreover, we define the corresponding space dimensions, i.e. Ny = dim(V3,), N = dim(V}? ), Ny y = dim(Y},)

and N; o = dim(Ayp,).
Then, for i = 1,2, we set the linear and continuous discrete lifting operator

Rh, : A, = Vi, s.t. (Rhinhi)\r‘ =Nh;, Vnn, € Ap,. (14)

In practical implementation, Rp,mn, is a finite element interpolant that imposes the same values of 7y, on
the FE nodes of I and zeros on any other FE node of 7j,,\I'.

Therefore, with an abuse of notation over u; and gp, we can write the discrete weak forms of and @D:
for each k >0, i = 1,2, find u¥** () € Xj,, with u™ () = gp(p) on 9Q; p, such that:

)

{al(u’f“(u),V?Ll;u) =Fi(vhin) Wvh eV, (1)
b () = on T,
and
{az(ug“(u)N?Lz; p) = Fa(v),; 1) Wi, € Vi (16
ag(us ™ (), Ramy,; 1) = Fa(Ramy,; 1) + Fa(Ramy, s ) — ar (Wi (), Ramy, s 1) Vi, € Mg,
Assuming that OI'; N 02; p = 0, if we define the discrete residual functional rﬁj‘l(u) by
rp () = ai(uf T (), Rimy, 1) — Fi(Rimy,p) - for any my,, € A, i=1,2, (17)
the second equation of is equivalent to
(eh () + 3 (),mp,)r = 0 for any 1y, € Ap,. (18)

Note that rl,fjl €Y}, represent the residuals at the interface I' and they are the discrete approximations of
the conormal derivatives Or,(uyWi(p), i.e. the discrete flures across the interface. We refer to [4] for a more
complete analysis of the residual representation.

To get the algebraic formulation of and , we need to define three set of basis functions. First, we

call {@bgj )};V:lly the Lagrange basis functions of Y},,. Moreover, we set {¢§j )};V:lly as the canonical dual basis
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o) , the dual space of Y}, such that
fY};Z he dual f Ya, h th

<¢£])’¢£k)> = (d)fE])?,‘lJEk))LZ(F) = Ojk; Jak = 17' . 'aNi,Y-

By expanding ry, € Yéi with respect to the dual basis, we then get

=

i,Y
v (xip) = Yt ()oY (x), vxeTl,i=1,2. (19)
1

ECH
I

However, in practical implementation, we compute the coefficients rz(-j )

continuous lifting operators

(p) considering the discrete and

ﬁi = ﬁh,’, : Yhi — ng, s.t. (ﬁikl)‘r = )\i,

i.e. R; is the operator that coincides with the lifting operator Ry, of when restricted to Ap,. Specifically,
if A; = n¥) is the jth Lagrange basis function of T, then R;n") represents the Lagrange basis function of
X, whose restriction on T' is n/). In practical implementation, this can be obtained setting to zero the
values of R;\; at all nodes of T, not belonging to I'. Then, we can write

rEj)(u) = ai(ui(u),ﬁingj);u) - .Fi(ﬁm(j)u) j=1,...,N,y, foranyi=1,2.

)

Moreover, we denote by {cpgj )}é\[:il the Lagrange basis functions of Vj,,, i = 1,2, so that we can represent
each vy, € V},, as

N;
Vi, = Zvl(»])cpl(-]) with vy, = (vgl)7 .. ,VE\I,Y"))T e RV,
Jj=1

Therefore, the solution is approximated by

Hereon, we will denote uy, (i) and ry, (i) the vectors of unknown coefficients ul? (p) and rgj ) (p), respectively.

However, to define the algebraic formulation, it is useful to consider lozcal vectors and matrices. In
particular, we define the following set of indices associated to the nodes x; € Tj,:
I5, = {1,...,N;},
I ={j € Ig :x; € Q\(0Qp,; UT)}
Ir={jeIy :x; €T}
Ip, ={j €Iy, :x; € 0p.i}.

(20)

Then, for each i = 1,2, we set the local stiffness matrices

(2

7] j k )
A () = ailp i), k€T,
so that with
Aii(p) = Ai(Zi, Tis 1)
we indicate the submatrix of A;(@) with rows and columns of A;(u) whose indices belong to Z;, i.e.

the internal nodes of ;. Similarly, we can define Ap, r,(p) = A;(Zr,Ir; ), Air, (1) = Aj(Z;, I ),
Ar;(pn) = Ai(Zr,I;; p) and A; p(p) = Ai(Zi, Ip,; ).
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Moreover, if (fy,)r (1) = ]-'i(gogk); w), j,k=1,...,N;, we set
fl(l") = sz‘ (Iza l")? sz‘ (ll') = sz‘ (IF3 /»L)a

ul(y‘) =un; (Ihﬂ)v uFi(M) = uNi,(IF;l‘l’)'
Then, the algebraic form of is: for each k > 0, find u’f“(u) solution of

k1 (21)

{AH(N)UTH(N) =fi(n) — A1, p(p)g1,p(p) — ALFl(N)ulﬁrl(N)
ui (p) = ui (),

where g1 p(p) = [gp(x]; 1)]jezp, -
In practical implementation, we do a lifting operation over the complete vector solution up, (@), i.e. we
write

uy, (p) = an, (1) + gp(p) + ur, (p), (22)

where @iy, (1) has null elements in correspondence to the Dirichlet and interface DoFs, while gp () and
uy,. (p) are the vectors with all elements equal to zero except that in the Dirichlet and interface Dok,
respectively. Then, problem as

{Al(u)ﬁﬁ“ﬁl(u) = fi(p) — Ar()gp () — Ar(p)ui’! () (29)

ui(p) = ust ().
Moreover, we can write the algebraic formulation of problem (16| as: for each k > 0, find u§+1(u) such
that

{Agg(u)u'fl(u) + Ao, (N)u{ijl(ﬂ) =fo(u) — Ao p(p)g2,p (1)
Ar, o (p)ub™ (1) + Ar, r, ()uf ™ (1) = fr, () + fr, () — Ar, 1 ()™ (1) = Ar, o, (p)ap (),

where gy p (1) = [gp(x; m)]jezp, , as before. Note that

i () = A, 1 ()W () + Ary e, (RS (1) — fr, ().

Then, summing up the two equations, we get

Ag(p)uiit (p) = fa () + i (1) ot

k+1 C Lkt (24)
TN, (n) = T, (1),

that corresponds to the final formulation used in practical implementation. Note that rx, () can be equally

written as

i () = (A (p)ul () — f1(w) (25)

T

Remark 2. The derive formulation is true if 9I' N 90 p # 0, otherwise new index set and corresponding
local matrices must be added. See [2 @] for a detailed description.



2.2. Unsteady coupled model

With the same notation of Subsection 2.1 we consider the following unsteady parameter dependent
model: for each u € 29, find u(t;u) € Q x {0, T} such that

uw) 4 £yt ) = £(t; ) in Q x {0,T)

u(t;pu) =gp(t; p) on 0Qp x {0,T} (26)
Opwu(t;u) = gn(t; ) on 0y x {0,T}
u(0; ) = uo(p) on  x {0}

being £(p) a second order elliptic operator time-independent, f(¢; 1), gp(¢; 1) and gy (¢; ) functions defined
in Q x {0,T}, 00p x {0,T} and 90y x {0, T}, respectively. As before, Oz, is the conormal derivative of
the operator £(p) on 99.

Remark 3. Here the elliptic operator £(u) is considered as time-independent but the reduced order model
presented in this work can be easily extended to the time dependent case.

Similar consideration as for the steady case (see Subsection can be stated for this time-dependent
model. Thus, in this Subsection we will introduce the weak formulation and the high fidelity discretization of
problem using a FE domain-decomposition staggered method.

In particular, with the same sub-structuring algorithm [2] used for the steady case, for each t € (0,7}
we define two sequences of function {u¥(¢; )} and {u%(¢; )} generated from the initial guess u?(¢; 1) and
ud(t; u) and converging to uy(¢; 1) and uy(t; ), respectively. For each p € 2%, t € (0,T} and k > 0, we
then search for u¥(t; u) € Q; and ub(t; p) € Qy solutions of:

urti(t: .
OBy () = 115 1) in 0 x {0,7) (272)
ui i (t p) = ub(t; p) onI'x {0,T} (27b)
w6 p) = gp(t p) on I p x {0,T} (27c)
Or (™ (t 1) = g () on 9 n x {0, T} (27d)
ui (0 1) = oy, (1) on Q; x {0} (27¢)
and
oub (¢ .
P2 U)ol 1:0) = 10820 in 0, x {0,T} (25a)
Or(uyui (8 1) + O uyus ™t (1) = 0 onI' x {0,T} (28b)
ws ™t ) = gp (4 1) on 995 p{0,T} (28¢)
3[;(“)“5“@; p) =gn(t;p) on 09 n{0,T} (28d)
u; (05 ) = woy,,, (k) on Q5 x {0} (28¢)

Defining the function spaces V;, V2, and Ay, as in @ and , respectively, the weak formulation
of and can be derived as: for each t € (0,7}, for each k > 0, find u¥ ™ (t;u) € HY(Q), with
ul T (t;u) = gp(t; p), such that

loe; p
dui ™ (1) 0.40) k+1(,. 0.,y _ 0. vl e 10
le g vid +ai(uy" (B p), Vi p) = Fi(viip) Yy € V]
uf (4 p) = uk(t; p) onT (29)
u]f+1(0; /1‘) = Uo|q, (M)



and

sz t(t = v3dSQs + as(uz ™ (t; ), v ) = Fa(v3; ) vy e vy
Ja, #R 77d92 + az( k“(t W), Rom; ) = Fo(Ram; (1))+ (30)
+F(Rim; (1) = Jo, = (t“ LR imd — ar(Wf T (8 ), Rams i) Y € A

ul2€+1(0; /J’) = Uoq, (IJ’)

Here a;(-,-; 1) and F;(-; ) are the bilinear form associated to £(p) and the usual linear functional. As
for the steady case, R; denotes the linear and continuous lifting operator from I' to €2;, so that the second
equation of corresponds to the Neumann interface conditions, 7.e.

Oy Tt 1) + Opub™ (tp),mr =0 Vne At e x(0,T},

where (-, )1 is the duality between A and its dual space A’.
Considering the same FE spatial discretization as for the steady case (see Subsection n, for each
time instant ¢, the high fidelity formulations of problems (29) and (30) are represented by two dynamical

systems. Indeed, if we set the spaces Vp,,, V,? , Yy, and Ay, as in (12) and ., Wlth an abuse of notation

over ukH(t ), we can write the Galerking approximation of problems (29 ) and as: for each t € (0,7},

for each k > 0, search for u}”l(t w) € Xp,, i =1,2, with ukH( ) =gp(p) on 89,713, such that

uk+1 .
fﬂl . ot (tﬁu)"’g dy + al(ulfﬂ(t;ﬂ)ﬂ%l;u) =F(vyim) Wi eVl
uf (4 ) = ub(t; p) onT (31)
u; (07 H‘) = Uo|q, (M)
and .
o ;
fQQ u, dt(t H) th dQQ —+ ll2( k+1(t u)7 V9127 l‘l’) = FQ("?@?“) VV?L2 I VhO2
oult
Jow 22 B Ry, s + an (w8 1), Ramy: 1) = FaRothyy: ) +
+-7:1(R177h1;#) - le #Rmhldﬁl — ay (W (L m), Rimy, ;) Y1y, € Ap,
]2€+1(07 l"’) = g, (,LL)

To get the algebraic formulation, we consider the set of Lagrange basis functions {<p§j )}j-v;'l of Vi, i=1,2.
Then, for each ¢t € (0,71}, we write the Galerkin representation of a vector v, € Vj, as

(32)

N;
ZV§J> P(x) with v, () = (v (0),...,vi" )T e RN

Moreover, we introduce the mass matrices (M) ; = f cp(j ) (»k)dQ-. Using the notation of the previous
Section for the local matrices, we can then write M;; = M (L,I )y M r, = M;(Z;,Zr) and Mr, ; = M;(Zr, Z;).
Then, problem ([31] . ) becomes: for each k > 0 and ¢t € (0,7}, find u’fVH(t p) such that:

d d
M“dt Lt ) + Ay ()™ () = £ (6 p) — My D81, p(t; ) — Ay p(p)g1,p(t; p)

d
— My, au{ifl (t: ) — Avr, ()uf ™ (5 ), (33)

However, as for the steady case, considering the lifting operation , for each t € (0,T}, in practical



implementation we solve the following system:

(M; £ + A1(u)) aft () = fi(t ) — (Ma % + Ay () gp(tip) — My + Ax(p) ufl (6 p)
upt (6 p) = uf, (4 p) (34)
ay ! (05 1) = o, (1),
where 1o, n, (1) = Ug g, (N) . (1)
Similarly, problem (32) is: for each & > 0 and ¢ € (0,7}, find uk+1( t; pt), such that

d d
Mzz—u ub (4 ) + A (p)us ™ (8 ) + Moy, dtullijl(t;p,)—i—l%g,rz( )t )
d
=h(tn) ~ Moo g2p(tin) — Azp(k)g2p(t 1)
d d
M, o g™ (8 )+ My, ) (8 ) + Ar o ()us ™ (8 1) + Ay, (6 gy () = (35)

d d
fr, (t; u) + fr, (t; ) — Mrl,laulfﬂ( ;p) —Mr, 1, dtuFl Yt )
— Ar, 1 ()T () — Ar, o, (p)upt (8 p)
k+1(0 IJ’) - uO‘Q2 (/'l’)

Furthermore, we define the set of Lagrange basis functions of Y} , i.e {qb(J )} i=1 » and we write the
residual ry, € Y}{i with respect to them, as for the steady case:

Niy
n (x5 p) = Zr(])tu(ﬁ(])( ), ¥xelyi=12,
=1

where the coefficients r(j )(

t; ) can be obtained through

our (¢ — = . )
vt (1 p) = /Q — at( H)Rmmdﬁz‘ +ai(u;, Rinsp) — FRin ) 5=1,... Niy,i=1,2. (36)

The algebraic formulation of problem is finally found summing up the equations of , as for the
steady case, i.e.
(M + Ag) ult! (8 p) = fa(t; p) + TiE" (5 )
ris (6 ) = =i (t ) (37)
u?\rtl(o; ) = ug N, (1),

where ug n, (1) = o, (1) and rk+1(t; p) can be computed as

(b p) = (Mliuﬁfgl(t; ) + Ax ()uil (6 p) — fi (e ))F~ (38)

The time discretization can instead be handled using different numerical schemes [2], B] [6]. In this work
we consider a backward differentiation formula (BDF). Indeed, calling n the index accounting for a fixed
time instant t" = nAt, we set the total number of selected time instants as N; and with At = % the time
step, so that we can approximate



The time derivative is, therefore,
au?“(#i) N U?H(Hi) —up(p,)
ot - At

Finally, we can define a new formulation of and , the one used in the reduction step, i.e.: for
eachk>0,n=0,...,N;— 1, find ux,jl’kﬂ(u) € RN:, such that

VTLZO,...,Nt—l.

(% + Al(“)) At () =7 () - (% + Al(u)) g ()

M
1 n k 1
(R ) ) ) (B ) R (a)
up T () = a1 ()
-0,k -
iy (0 ) = o, (),
and
n+1,k+1 o n n+1,k+1
(57 + Ao uRD™ " ) = £ () + (5 + o) uh, () + 130 (00)
PR () = R ) (40)
&
ult () = uo,n, (1),
where r%ﬂ’kﬂ are the residual at time instant ¢". Hereon, with an abuse of notation, we will call u; and r;

the algeb}aic counterpart of uy, and ry;,.

2.8. Non-conforming discretization

In this Subsection we present the algebraic formulations of both steady and unsteady coupled models
when interface non-conforming is considered. The principal difference with respect to previous descriptions is
in the interpolation or projection of the interface conditions.

We define, therefore, two a-priori independent and different discretizations on 2; through two families of
triangulations 7r, = Uy, 11, in €1 and Tp, = Up, T3, in Qg, meaning that different simplices or quads, or
both of them, can be used to create the two meshes. Moreover, different mesh size hy and ho or different
polynomial degrees p; or ps can be considered. Then, we call I'; and I'y the internal interfaces induced by
Tr, and Tp, of Q1 and g, respectively: we talk of signal interpolation if I'y = I'; and of signal projection if
Iy #7Ts.

The FE spaces X Zf, Vs, V}?i, Yh, and Ap,, and their relative dimensions can be defined as in Subsection
The same can be done also for the linear and continuous discrete lifting operator Ry, .

We need, instead, to introduce two independent interpolation or projection operators able to exchange
information between the independent grids on the interface I', namely

Il : Yh2 — th and Iy : th — th-

In the non-conforming case, if I'; and I's coincide, such operators could be the classical Lagrange interpolation
operators, while when the mesh are conforming I1;; are the identity operators. Instead, if the mesh are
non-conforming and I'y # I'y, II15 and Ils; could be e.g. Rescaled Localized Radial Basis Function, as for
the INTERNODES [4], 17, [18].

Therefore, in the steady case, recalling the discrete weak formulations [I5] and [I6] of the two sub-problems,
we can define the Dirichlet and Neumann interface conditions as: for each k > 0,

uf ™ (p) = hpuf (p) (41)

and
az(ub ™ (1), Ramy, 1) = Fa(Rampy 1) + Moy (Fr(Ramy, i ) — ax (uf ™ (), Rumy, s 1)) (42)
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respectively. Moreover, according to , we can substitute equation with
r]f\;gl Hglr’fvtl on I's. (43)

In a similar way, since the discrete weak formulation of the time-dependent sub-problems are 31| and
we get the Dirichlet and Neumann interface data for the unsteady case: for each t € (0,7} and k£ > 0

w8 p) = Mipu (6 p) (44)

and

aukH( ) k1
. TR277h2dQ2 +az(uy ™ (t @), Ramy, s 1) = F2(Rany,; 1)

urti(t: )
+ oy (J'—l(Rmhl;H) */ %Rmhldm —ar(uft (G ), Rimy, i m) | -
Q

(45)
As before, according to the residual definition (36)), we can write as
rf\gl(t; p) = —Hglrkﬂ(t p) onTs. (46)

Remark 4. When 0I';N0Q; p # 0, the residual ry;, should be corrected to take into account the interpolation
process on all the degrees of freedom of T';, including those on 9T'; (see e.g. [4]). Even if the reduced technique
presented in this paper will work in both cases, hereon we will consider only the 0I'; N 9€2; p = 0 one.

To get an algebraic representation of the residuals, we need to use the interface mass matrices Mr,, that
we define through the Lagrange basis functions of Yy, i.e {@bgj )}5\]:11” . Indeed, we can set

M)k = P ) ey, Gk =1, Niy,i=1,2.

Considering the canonical dual basis of Yy , it can be seen [I9] that Y, and Y}, are the same finite
dimensional linear space and

N;y
o =3 MphwY), J=1....,Niy.
k=1

Therefore, by expanding ry, € Y;{ with respect to the dual basis ((19), we can finally express the residual
through a corresponding vector in the dual space Y} , meaning

=
Z

iy [ Niy iY

T, (x; ) = ST () | v x) = Y 2 (e (x) vxel, i=1.2
j=1 \ k=1 j=1

Calling () = (2" (n),..., 2" (u)T € RVoY and ri(p) = (¢ (w),...,2M)T € RNov () the

? » ? ’L

interface mass matrix Mr, and its inverse become the transfer matrices form the Lagrange basis to the dual
one and viceversa, i.e.

(1) = M v (1), (47)
The same results can be extended also to the unsteady case, including the time dependency of the residual
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terms.
Then, calling R;;, the rectangular matrices associated with II,;, we can finally obtained the algebraic
formulation of the Dirichlet and Neumann terms for the steady case, i.e. and ([42): for each k >0

k+1

up! () = Risup! ™ (n) (48)

and
rhit () = =M, Ry My it (), (49)

The same results can be stated also for the unsteady terms, including the time dependency of the
considered quantity, 7.e. we impose for each n =0,...,N; — 1 and k > 0 that

up T () = Rypup M () (50)

and
v () = M, Roa M e (51)

In Section [4| we will use DEIM matrices instead of R, as interpolation and/or projection method, while
we refer to [4] for the corresponding INTERNODES interpretation. Note that the conforming interface case
can be recovered by taking Rio and MFQRglell equal to the identity matrix.

3. Reduce order formulation

The proposed strategy aims at reducing separately the two sub-problems obtained from the application
of the sub-structuring domain decomposition method, including the interface conditions. In particular, this
model order reduction technique can be seen as an extension of the one proposed in [I] and is, therefore,
modular, i.e. it combines different RB method on each sub-problems and, in particular, the DEIM to treat
both interface conditions, defining independent reduced order representation of the involved quantities.

Indeed, for each k > 0, we first approximate the FOM solution of the master and slave models by means of
a small number of basis functions selected through a POD-DEIM procedure on the FOM solution snapshots.
Moreover, using the DEIM, we identify a suitable set of basis functions for the Dirichlet and Neumann data
snaphosts, and use them to interpolate or project such data across conforming and non-conforming interface
grids. Lastly, we sub-iterate between the two sub-problems reduced forms until convergence of the FOM
approximated solutions. In particular, the convergence criteria is defined through the l3-norm of FOMs
solution difference at the domains interface, i.e. for a chosen tolerance ¢, the sub-iterations convergence is
reached when

k™ () — b () < e (52)

Note that the same criteria can be applied also for the unsteady case for each time-instant ¢", including the
n-index in the equality.

The reduced form of the master and slave problems in the steady and unstedy case can be found in
Subsections and respectively, while we derive the parameters dependent Dirichlet and Neumann data
reductions in Section [4l

For the sake of notation, we remark that hereon u;, ¢ = 1,2 refer to the algebraic representation of the
FOM solutions, meaning uy;,.

3.1. Steady master and slave reduced order problems

We define the reduced version of problems and through POD-Galerkin approach [7]. Therefore,
in the offline stage we collect the set of snapshots solving the sub-FOMs for a suitable set of parameter
values. In particular, we choose as snapshots the FOM master and slave solutions at convergence of the
sub-iterations, i.e. S; = {; (), py, € P9} and Sy = {us(py), by, € P}, respectively. The paramaters
samplings are usually done considering a latine hypercube method [8, [9].
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Remark 5. The master and slave solution snapshots can be directly collected from the FOM computations
when (i) conforming discretizations are considered in the two sub-domains or (ii) when interpolation/pro-
jection methods are implemented to handle the discretization non-conformity, e.g. MORTAT methods or
INTERNODES. Instead, as already stated in Section [2] in case of interface non-conformity, in this paper in
the offline stage we solved the FOMSs twice, one for each chosen discretizations. Then, the snapshots are
the master solutions obtained from the first computation, i.e. considering the discretization chosen for the
master domain, and the slave solutions obtained from the second computation, 7.e. with the discretization
chosen for the slave domain.

Remark 6. The k index is omitted when quantity at convergence of the sub-iterations are considered.

The POD techniques is, then, applied to each set of snapshots and a corresponding set of reduced basis
functions is computed and stored. Defining as V; € RNiX" n; < N;, the matrices whose column yield the
obtained basis functions, in the online phase we can approximate the FOM solutions as

() ~ Vit (1)
and
uy(p) ~ Vauy, (u).

Projecting problems and onto the reduced spaces defined by V;, starting from an initial guess

49 (p) and ud_(p), in the online phase, for each k > 0, we search for the reduced solutions a***(p) € R™

and u¥*!(u) € R™ such that

N

{Am ()l () = £, (1) — VT AL (p)gp (k) — VI AL ()uf ™ (1) (53)
ul ™ () = Rypuf, (i)
and
{Anz ()ufHt () = £, () + VTR () (54)
rfgl(u) = _MF2R21M1:111J]€\;:1(N)’

where A, (n) = VIA;(p)V; and £, (p) = VI (p), i =1,2.

Remark 7. The presence of nonlinear terms in the master and slave formulations can be handle through
suitable hyper-reduction techniques, e.g DEIM [10, [T}, [12]. For simplicity, in this paper we consider only the
linear case.

3.2. Unsteady master and slave reduced order problems

As for the steady case, we search for the reduced formulation of problems and applying
POD-Galerkin approach to the single sub-problem. Then, in the online phase, for each time instant ¢",
we sub-iterate between the solution of the obtained ROMs until the convergence criteria is satisfied.
Moreover, the time variable can be considered as an additional parameter of the two sub-problems.

Thus, we select as snapshots the FOMs solution at convergence of the sub-iterations, for each time
step of the simulation, i.e. S; = {ﬁ’i1 (,ue),...ﬁ'iM (p); y € P24} for the master problem and S, =
{ﬁg1 (1y), - - ﬁéNt (t0); y € P4} for the slave problem. The total number of snapshots for each set will be,
therefore, the product between the number of time steps N; and the number of selected parameters values.

As for the time-indepedent case, POD is applied to each set of snapshots and the V; matrices are
computed. Then, operating a Galerkin projection on the sub-spaces defined from V;, we can obtained the
reduced forms of problems and ([40), i.e, for each k >0 and n =0,..., N, — 1, find aZ - 1 (p) e R™
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and u? 1A () € R™ such that

(PR 4 o, () ) 0 =8 ()~ T (0 + ) ) 57 1)

Al At
M M
T 1 n+1,k+1 n a’
-V <It + Al(ﬂ)) ur, (1) + ( Atl + A”l(“)) W, (1) (55)
u;jl’k+1(ll:) — R1211F2+1’k(ﬂ)
0. k41

a7 (0;p) = 0o, (1),

and

M, n n M, n n+1,k+1
(22 + Ay ) Wi () = £ () + (F52 + A, ) ul, (1) + VIR ()
k —1.n+1k
rr&j +1(“) — _M“RHMF}TNTL +1(M) (56)
2172k+1 (/’l’) = Uo,n, (H’)v
where M,,, = VIM,V;, A, (1) = VIA;(n)V,, £, (1) = VI () and g, () Wg.n, (1) are the projection of
the initial solution ug n, (@) and ug n, () on the master and slave reduced basis, respectively.

Differently from the time-independent case, here fl-"H(,u) is time dependent and must, therefore, reassemble
for each time step. Instead, the mass and stiffness matrices M; and A;(u) are time-independent and can be
assemble only ones. In particular, M; is reduced and stored during the offline stage, while A;(u) is reduced
and stored at the first time step.

u

4. Parametric interface data reduction

Dealing with interface conditions is usually an expensive task, especially when non-conforming grids
and/or large domains and very fine discretizations are involved. Since the sub-problems are parameters
dependent, the interface data naturally inherit the parameter dependency and DEIM [10} [T}, 12} 13} [14] [15], [16]
can be applied to reduce the dimension of such data but also as an interpolation methods to transfer the
information across the interface grids.

Moreover, in the conforming case the DEIM can be used directly on the quantity of interest, 7.e. on
the interface solution - for Dirichlet data - and on the interface residual - for Neumann data - while, for
non-conforming interface grids, the residual dual vectors must be involved to treat the Neumann terms.
Recalling the interpolation operators R;j defined in Subsection @ for the sake of generalizations, in
Subsection [.1] and [£.2] we define the reduction of the Dirichlet and Neumann data, respectively, when
non-conforming interface grids are considered.

4.1. Parametric Dirichlet data

The parametric Dirichlet data interpolation method used in this work is the same presented in [I]. Such
techniques relies on the DEIM and can be applied on the same quantity in case of both conforming and
non-conforming interface grids.

First, in the offline phase we collect the snapshots, i.e. we extract the interface Dirichlet data obtained for
different instances of the parameters vectors from the first of the FOM computations, the one corresponding
to the master domain discretizations in the non-conforming case. Moreover, we select only the Dirichlet data
at convergence of the sub-iterations, as for the solution reductions - therefore, we omit the k£ dependency of
the interface Dirichlet data in what follows -, namely

Sp = {ur, (1), (ny) € 2.

A low-dimensional representation of the Dirichlet data, then, can be computed applying the POD basis
functions ®p. Calling M; < Nj 5 the small dimension of such set, we can approximate the Dirichlet data as

ur, (u) = ®puy vy, (1),

14



where uy a7, (@) is a vector of M coefficients. Furthermore, with a greedy algorithm [14], we select iteratively
M, indices
II,D C{l,...,NLA}, ‘II,D| :M1 (57)

from the basis ® p which minimize the interpolation error over the snapshots set according to the maximum
norm. These indices, which are usually referred to as magic points, represents the degrees of freedom from
which to extract the FOM Dirichlet data ur, iz, to compute u; ps. In particular, in the online phase, ulﬁv}
can be found solving the following linear system

kel _ kel
@7, ,u (1) = Uy,

where ® Dz, , € RM1xMi pepresents the matrix with the Zy,p rows of ®p. Therefore, we can approximate
the Dirichlet interface data as

B0, -1 k+1
ur (p) = @D¢D11,Dur‘1|11 .

The interpolation or projection operation is get substituting ulli‘fl with the slave solution extracted in
IZ1,p

the DoFs corresponding to the magic points. Thus, given the positionvpl of the DoFs corresponding to each
index i1,p € Z; p in Cartesian coordinates, we search for the corresponding DoFs in the slave interface, i.e.
for the points ps such that 4
p2= min (dist(p; — p3)).
p;GDoFSF2
Then, we can define the set of indices on the slave grids Z; p corresponding to the indices in Z; p that
identify the DoFs of the slave interface in position po, i.e.

I&D = {22217[1)) }i1,D €l1,p:

Finally, in the online phase, the M needed interpolants point to approximate the interface Dirichlet data
directly on the master interface are the slave solutions values extracted on the DoFs with indices in 7y p,
meaning

k+1 - —1 k
uy (p) =~ ‘I’Dq)Dll,DUQIIz,D'

Note that u’flz2 . refers to the FOM solution of the slave models that must, therefore, be computed from

the ROM solution uﬁg during the online phase. However, only part of the FOM slave solution is needed,
meaning the one in the magic points. Therefore, one can assemble the FOM solution only in such points
multiplying the ROM slave solutions for those rows of V5 corresponding to the magic points, i.e. for the
matrix V2|12,D .

In this way, recalling the master ROM , the lifting term can be approximated as

VA (p)uf™ () ~ VITAﬁ)D(I’B;YDVg‘IZDquz, (58)

where the matrix product Vi A;® DQB; DVQ‘IZYD does not depend on the solution and can be pre-computed

and stored in the offline phase. Therefoire7 the R15 operator, in both conforming and non-conforming case,
corresponds to the matrix product
Ry =@ D'I’Bil .

Remark 8. Even if the snapshots are selected as the Dirichlet data at convergence of the sub-iterations, the
reduced coupled model is solved sub-iterating between the reduced master and slave models. Therefore, we
have added the k index to quantities computed in the online stage.

Remark 9. As for the FOM computation, an initial guess of the Dirichlet boundary conditions must be
considered, but only on the magic points. Therefore, for £k = 0, the approximated FOM solution on the
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magic points can be substituted with the FOM initial guess

o _ .0
VQ\IzyDung - u2‘12,D7

for the time-independent case, and

n+1,0 _ _ n+1,0 — _
V2\12,Dun2 =uyz ., n= 0,...,Ny — 1

for the time-dependent one.

Remark 10. Differently from the master and slave reductions, the DEIM interpolation is time-independent.
Therefore, if the coupled model is unsteady and to take into account the time variations of the solution, the
interface data at convergence of the sub-iterations for each time instant n = 1,..., Ny must be collected in
the set of snapshots. Then, the interpolation of the Dirichlet data is the same as of the steady case.

4.2. Parametric Neumann data reduction

The DEIM used to interpolate the parametric Dirichlet interface conditions can be applied also the
parametric Neumann interface conditions. Starting from the steady case, if the interface grids are conforming,
for each k£ > 0,

k+1 k+1
. (1) =3 (1)
so that DEIM can be used on the interface residual. Instead, in the non-conforming case, the interface mass

matrices are involved, as in (51). However, recalling definition of z;(p), i.e. the dual vectors of the
interface residual, equation (51]) can be substituted with

25 (1) = —Rorz} T (), (59)

which corresponds to equation . Therefore, vector Z§+1 is the quantity to be reduced and reconstructed
using the DEIM.
For the sake of generality, in this Subsection we derive the Neumann data approximation for the
non-conforming case, but the same procedure holds also for the interface residual of the conforming case.
As in Subsection for each p we compute the snapshots, i.e. the dual interface residual zs(pu) at
convergence of the sub-iterations

Sn = {z2(1), 1y € 2.

Applying the POD, a set of M; basis functions ®y is found, being My < No o. The dual vector of the
residual is, therefore, approximated as

za(p) ~ ®Pnz2 M, (1)

Furthermore, with a greedy algorithm, M5 magic points are selected and their indices in the slave grid
numbering are collected in the set

I?7NC{17...7N2}A}, |I2,N|:M2.
Therefore, in the online phase we need to find zs s, (pt) solution of the linear system

k+1 k+1
@N‘IzyNZQﬁ]_‘/IQ (l‘l’) = z2|—;2,N (/‘l’)?

where ® Niz, y 18 the restriction of ® 5 on the magic points, and the dual interface residual vector can be
approximated as
E+1 -1 k+1
z5t (p) ~ NP zs ().

N\Iz,N 2IIz,N
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Then, zggl (p) is substituted with the values of z’f“(u) extracted on the magic points. To do this,
2,N

we need first to select the set of indices Z,,n on the master interface I'; corresponding to Z, y. Therefore,
calling p2 the DoF in cartesian coordinated corresponding to the i-th index in 7y n, we search for

p1 = min (dist(pz — p{))7
ngDOFSrl

and we collect the corresponding index in the master grid numbering in

II,N = {2112715 }iz,N €la N+

Thus, in the online phase, we get

k+1 - -1 k+1
Z2+ () = _'I)N'I)N\IQ,NZH—;LN ().

Finally, considering the definition of zs(p) in , we can recover the Neumann interface residual term

of (b4) as
k — k
Vngtl (N) ~ _VgMFz(I’N‘I’NllIQ,N MFI‘IQ‘N I'NJlrllI1 Y (,u) (60)

Note that matrix product VI Mr,® N<I>Xf|11 My
2,N

computed and stored in the offline phase.
Moreover, recalling the definition of the interface residual, we can recover the dependency of such
vectors with the reduced master solution, i.e

2 does not dependent on the parameters and can be
2, N

() & (A () Vauk () — ()i, ) g, - (61)

Ny
1T1, N

However, only the interface residual on the magic points is needed and must be computed, reducing the

dimension Ny X ni of the matrix-vector operations A, (M)Vlu’fjl(u) to My x mq. Thus, similar to the
Dirichlet interpolation or projection, the operator Ro; here is represented by

_ -1

Ror =Ny,

and can be used with both conforming or non-conforming interface grids.

We summarize the interface DEIM reduction, considering both Dirichlet and Neumann processing, in
algorithm (1} while the complete reduction of the two-way coupled model can be found in algorithm

Remark 11. Note that similar results can be obtained for time-dependent coupled problems. In particular,
equation can be equally derived including the time index n, while the parametric Neumann data for
each t"™ must be included in the set of snapshots for the DEIM reduction. Then, the same procedure leads to
equation , where the master residual definition is to be substituted with the equivalent definition
for the unsteady case. In this regards, the DEIM interpolation can be considered as time-independent
also for the Neumann data.

Remark 12. We remark that when the interface grids are conforming, meaning that I'y = I's =T, a perfect
match between the corresponding DoFs on the master and slave interface is found. However, this does not
happened in the non-conforming case, i.e. when I'y # I';. In this regards, we are introducing an error
both in Dirichlet and Neumann data approximations, especially when the interface discretizations are very
different. Considering the numerical tests of Section [5] to minimized such error we suggest to consider a finer
discretization on the slave domain than in the master one, since the Dirichlet approximation seems to suffer
more from the interface difference than the Neumann one.

Moreover, given the smaller number of DoFs in the master interface than in the slave one - considering
a coarser discretizations in the master domains, as just stated - as convergence criteria during the ROM
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solution we choose to consider the difference between the approximated FOM solution restricted at the
master interface DoFs, i.e.
||111‘11=D - UQ\IZ,D ||2 <€

Algorithm 1 Interface DEIM procedure

1: procedure [ROM ARRAYS| = OFFLINE(FOM arrays, Pirain, €tolp, €toly s t01)
2 Dirichlet and Neumann data snapshots

3 for p € ZPyrqin do

4 while |jur, — ur, ||z >tol do

5: u; < solve the master model;
6

7

8

9

uy < solve the slave model;
end while
ujr, < extract the master interface solution;
: 7o <+ extract the slave dual vector of the residual.

10: SD:[SD>UF1]§
11: SN:[SN,ZQ];
12: end for
13: DEIM reduced-order arrays:
14: bp+— POD(SD, EtolD); Il,D — DEIM—iniCGS(‘I’D);
15: Py — POD(SN, etolN); IQVN — DEIM—iniCBS(‘I’N);

16: Dirichlet magic points:

17: for il,D S Il,D do

18: p1 < get Cartesian coordinates of 7; p DoF;

19: Py = rnianQ-GDoFF2 (dist(py — p;)) + search the nearest DoF of p; in I'y;
20: 12, p < get the Dirichlet index for ps;

21: Ty,p = [I2,p,%2,D);

22: end for

23: Neumann magic points:

24: for Z.Q,N € 1271\/ do

25: p2 < get Cartesian coordinates of iz y DoF;

26: L= minp{eDoFrl (dist(ps — pjl)) < search the nearest DoF of py in I's;
27: i1,n < get the Neumann index for p;;

28: Tin = [T1,n,i1,N];

29: end for

30: end procedure

31:

32: procedure [uj,us] = ONLINE QUERY(ROM arrays, FOM arrays, u, tol)

33: while ||u1‘Il)D —ug, |2 >tol do

34: uyz, , < extract Dirichlet magic points;

35: ur, ~ & D(I)E)‘lzl U2z, Dirichlet DEIM approximation;

36: apply ur, and solve the master problem with u;

37: r Niz + extract the master interface residual on the magic points;
38: TN, =~ MF2(I’N(I)17\’|112,NM1:111‘N1\11,N < Neumann DEIM approximation ;
39: ry, < recover the interface residual, i.e. the Neumann term of the second problem;
40: apply ry, and solve the slave model with p;

41: end while

42: end procedure
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5. Numerical results
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Algorithm 2 ROM procedure

1: procedure [ROM ARRAYS] = OFFLINE(FOM arrays, @i qin,€tol; s€tolss Etolps Etoly s 1OL)
2 Solution, Dirichlet and Neumann data snapshots

3 for u € Pyroin do

4 while [jur, — ur, |2 >tol do

5: u; < solve the master model,

6 uy < solve the slave model;

7 end while

8 uy,. < extract the master interface solution;

9: 7o < extract the slave dual vector of the residual.
10: Sl = [Sl,fll];

11: S, = [SQ,UQ];

12: SD:[SD,UI‘J;

13: SN:[SN,ZQ];

14: end for

15: POD reduced-order arrays:

16: Vi« POD(Sl,GtOll);

17: Vo < POD(SQ, ele);

18: {A,,,f,, } < Galerkin projection of the FOM master arrays onto Vy;
19: {A,,,f,,} < Galerkin projection of the FOM slave arrays onto Vy;
20: DEIM reduced-order arrays:

21: ®p « POD(Sp,€t01p,); Z1,p < DEIM-indices(®p);

22: PN +— POD(SN, etolN); 1271\/ — DEIM—iniCCS(‘I’N);

23: Dirichlet magic points:

24: for i, p €Zy,p do

25: p1 < get Cartesian coordinates of i; p DoF;

26: Py = minp_;eDol,,F2 (dist(p; — pd)) « search the nearest DoF of p; in I'y;
27: i9,p < get the Dirichlet index for po;

28: Zop = [L2,p,%2,D);

29: end for

30: Neumann magic points:

31: for Z'Q’N S IQ’N do

32: p2 < get Cartesian coordinates of iz ny DoF;

33: P1=mingcpop (dist(p2 — p)) < search the nearest DoF of py in I's;
34: 11, N ¢ get the Neumann index for py;

35: Ty v = [Ti,N, %1 N

36: end for

37: VEA, QD(PBiLDV2‘I2,D + save matrix product for master lifting term;

38: Vng@N@J—VLMMFI

39: end procedure

g, fosave matrix product for slave residual term;
2,N

40:
41: procedure [u;,uz] = ONLINE QUERY(ROM arrays, FOM arrays, p, tol)
42: while ||u1\11,p —uy, |l2 >tol do
43: uy|z, , < extract Dirichlet magic points;
44: VIA,®p ‘I'B;,DV%IQ,D ub 1« assemble the lifting term;
45: 1, < solve the master reduced order problem with p;
46: TNy, extract the master interface residual on the magic points;
1,N

T -1 E+1 . . )
47: V3 MFQ@N{)N‘IQ)N Mrl\lz,zv N, (p) < assemble the interface residual term;
48: Uu,, < solve the slave reduced order problem with p;
49: end while

50: end procedure 20
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