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Chapter 17

Hybrid dimensionalmodels for blood
flow and mass transport
Luca Formaggia and Paolo Zunino
MOX, Department of Mathematics, Politecnico di Milano

ABSTRACT
Mathematical models accounting of several space scales have proved to be very effective
tools in the description and simulation of the cardiovascular system. In this chapter,
we review the family of models that are based on partial differential equations defined
on domains with hybrid dimension. Referring to the vascular applications, the most
prominent example consists of coupling three-dimensional (3D) with one-dimensional
(1D) mathematical models for blood flow and mass transport. On the basis of their
coupling conditions these models can be subdivided into two main categories: the ones
based on sequential coupling and those arising from the embedded coupling. We organize
this work in two main sections, reflecting this subdivision.
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17.1 INTRODUCTION

The human cardiovascular system is characterised by the presence of a wide
variety of scales and characteristics: from the main blood vessels down to arteri-
oles and capillaries. In addition to the complexities associated with the pulsatile
nature of the flow and the difficulty to model the heart function, the flow behavior
differs between the venous and arterial systems. Due to these complexities, the
simulation of the local flow through the entire cardiovascular system is not only
unfeasible, but also with little practical application. However, it is important to
take a comprehensive approach, where the interactions of different parts of the
system is accounted for by integratingmodels operating at different level of detail.
It is the so-called (geometrical) multiscale (or hybrid-dimensional) modelling
approach. One can envisage two types of hybrid dimensional models: sequential
and embedded. In the first, pioneered in Formaggia et al. (1999), the aim is to
maintain in a local detailed model the effect of systemic behaviour. A typical
example is the coupling of a detailed three-dimensional model of blood flow in a
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portion of artery with a simplified systemmade by a network of one-dimensional
(or even compartmental (0D)) models of the rest of the cardiovascular system. In
sequential hybrid dimensional models, the boundary conditions of the 3D model
must be replaced by suitable interface conditions that allow the different model
components to interact. The term "sequential" here indicates that the different
models correspond to portions of the system that are physically adjacent each
other, and the interaction is via conditions at the interface.

In an embedded multiscale model, components of different level of detail
are superimposed on the same domain. A typical application is that of micro-
circulation. Here we have the presence of a complex vascular network formed
by arterioles, capillaries and small veins immersed in the biological tissue.

Here the influence of the capillaries (which are highly interconnected) may
be accounted for by changing the effective volumetric transport properties of the
tissue, while the effects of larger vessels (which present a preferential direction
of the flow) must be explicitly modeled. A possible technique is to couple a
one dimensional model for the network of larger vessels with that governing
mass flow and transport in the tissue. Compared to the previous serial hybrid
models, where interface conditions are imposed at the boundary of the models,
in the embedded models the exchange of mass is distributed along the curves
that describe the vessels.

From the modeling standpoint, such ideas have appeared in the past three
decades, (at least), for modeling wells in subsurface reservoirs in Peaceman
(1978, 1983) and for modeling microcirculation in Blake and Gross (1982);
Fleischman et al. (1986); Flieschman et al. (1986); Secomb et al. (2004). A sim-
ilar approach has been recently used to model soil/root interactions Koch et al.
(2018). However, these application-driven seminal ideas were not followed by
a systematic theory and rigorous mathematical analysis. However, these mod-
els introduce additional mathematical complexity, in particular concerning the
functional setting for the solution as it involves coupling PDEs on domains with
high dimensionality gap. Such mathematical challenge has recently attracted
the attention of many researchers. The sequence of works by D’Angelo (2007,
2012); D’Angelo and Quarteroni (2008), followed by Laurino, F. and Zunino,
P. (2019); Köppl et al. (2018); Kuchta et al. (2021), have remedied the well-
posedness by weakening the regularity assumptions that define a solution. An
alternative approach is to decompose the solution into smooth and non-smooth
components, where the non-smooth component may be represented in terms of
Green’s functions, and then consider the well-posedness of the smooth compo-
nent, see Gjerde et al. (2019). Concerning approximability, elliptic equations
with Dirac sources represent an effective prototype case that has been addressed
in Bertoluzza et al. (2018); Köppl et al. (2016); Köppl and Wohlmuth (2014),
where the optimal a-priori error estimates for the finite element approximation
are derived. Furthermore, the interplay between the mathematical structure of
the problem and solvers, as well as preconditioners for its discretization has
been studied in details in Kuchta et al. (2016) for the solution of 1D differential
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equations embedded in 2D, and more recently extended to the 3D-1D case in
Kuchta et al. (2019).

In this work, we revise the sequential and embedded hybrid dimensional
models for blood flow and mass transport, recalling the major results. In par-
ticular, the first part is dedicated to a review of different models for blood flow,
with extensive references to the relevant literature.

17.1.1 Multiscale modeling of the cardiovascular system

In this Section we introduce the challenges of modeling blood flow in the car-
diovascular system, from macro to micro, and prepare the reader to the main
models to be addressed later. Blood is a complex fluid, in fact it is a suspension
of particles, the most numerous being the erythrocytes, or red blood cells. The
presence of suspended particles gives blood a non Newtonian behaviour, which
means that the local stress is not proportional to the velocity gradients. Despite
this, the incompressible Navier-Stokes equations are the most adopted model for
the full three-dimensional simulation of blood flow in larger vessels. This is due
to the difficulties of characterising the stress-strain relationships and the reduced
relevance of non-Newtonian effects in larger vessels when the shear rate is usu-
ally above 100 B−1 (see Kumar et al. (2017)). The equations should however be
coupled with a model for the behaviour of the vessel walls, particularly if we
want to account of the effect of pulse waves. The periodic variation in blood
pressure, the associated pulsatile flow and all the effects of the transport through
the vascular system are all induced by the compliance of the vessels.

The Navier-Stokes equations coupled with a simplified model of the vascular
wall is also at the basis of the reduce one-dimensional model for blood flow in
large vessels, whose derivation is outlined in Section 17.2. The starting point
is a coupled fluid-structure problem that describes the evolution of the blood
velocity u and pressure ?, as well as the displacement ( in the vessel wall. The
fluid domain Ω 5 (C) is changing with time because of the vessel compliance,
therefore its configuration at each time C is determined by the position of its
boundary mΩ 5 (C) and can be obtained by defining a regular and invertible map
from a reference domain Ω̂ 5 , denoted by AC and called Arbitrary Lagrangian
Eulerian (ALE) map:

AC : Ω̂ 5 → Ω 5 (C); mΩ 5 (C) given. (17.1)

The boundary mΩ 5 (C) is composed by the interface with the vessel wall mΩB
5
(C),

whose configuration is determined by the vessel wall displacements, and the
proximal and distal boundaries Γ8= and Γ>DC . In this formulation a special role
is played by the domain velocity w = mAC/mC. More details may be found in
Chapter 3 of Formaggia et al. (2010a).
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Finally, the Navier-Stokes equations in the ALE frame may be written asd 5
mu

mC
+ d 5 (u − w) · ∇u − div2 5 (u, ?) = 0 in Ω 5 (C),

div u = 0 in Ω 5 (C).
(17.2)

Here, d 5 is the fluid density and 2 5 (u, ?) is the Cauchy stress tensor, which
takes the form

2 5 (u, ?) = ` 5 (∇u + ∇) u) − ?O, (17.3)

being ` 5 and O the blood viscosity and the identity tensor, respectively.
Equations (17.2) are complemented by u = m(/mC on mΩB

5
(C)while boundary

conditions at the proximal and distal sections, in a hybrid 3D-1Dor 3D-0Dmodel,
will be determined by the coupling with the lower dimensional set of equations,
as it will be detailed later on.

The movement of the domain is reflected in the equations by the appearance
of a modified transport term, where the domain velocity w is subtracted from the
fluid velocity. We also have to note that in (17.2) the time partial derivative is
a derivative with respect the deforming frame, also called ALE time derivative.
In the numerical setting this is quite handy. Indeed the domain will be typically
partitioned in a computational grid that deforms in time to follow the changing
domain and degrees of freedom are associated with grid nodes. The ALE
derivative will then be the rate of change of nodal values.

In smaller vessels, compliance is often neglected. Additionally, at the velocity
and length scales associated with these small vessel, the inertial effect appearing
in the non-linear advective term in (17.2) is neglected, leading to the classic
Stokes equations, d 5

mu

mC
− div2 5 (u, ?) = 0 in Ω 5 ,

div u = 0 in Ω 5 .

(17.4)

As for the vessel wall deformation, two possible choice can be made. A full
3D elastic model could be adopted. It is customary in this case to write the
equations in a reference domain, which is assumed to be stress-free and which
we indicate as Ω̂B , while ( = x(C) − x̂ is the displacement of with respect to
the reference configuration. This is indeed a classic Lagrangian representation,
which gives rise to the following system of equations

dB
m2(

mC2
− div(F�) = 0 in Ω̂B , (17.5)

where F = m(/mx̂ is the deformation gradient and � the second Piola-Kirchoff
tensor, which is a function of theGreen-Lagrange stress tensor E = (F) F− O)/2.
Details may be found in the cited reference. Equations (17.5) reduce to the
classic equation of linear elasticity when the displacements may be considered
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FIGURE 17.1 Pressure distribution in a model of a carotid artery computed with a full 3D model.
The pictures show the pressure distribution at two different times.

as infinitesimal. In general, however, in the larger vessel we may consider the
deformations small, but not the displacements, and a full non-linear formulation
is required. The equation for the structure is coupled with the equation for the
fluid though the boundary condition at the interface mΩ̂ 5

B between the twomedia,
which expresses the continuity of the normal stresses,

F�n̂ = �2 5 (u, ?)F) n̂, (17.6)

where � = det F.
Full scale three dimensional models has been used in several study of the

haeamodynamics of large blood vessels, see Bennati et al. (2021); Crosetto et al.
(2011); Savabi et al. (2020). In Figure 17.1 we show an example of the study
of the blood flow in a real model of a carotid artery where a 3D fluid-structure
model was adopted.

These type of 3D simulations are rather costly. The fact that the density
of the wall tissue and that of blood are similar does not allow us to use some
techniques often adopted in aerodynamics, where at each time step the fluid and
structural problems are solved separately and only once. Those procedure will be
unstable, due to the so called added mass effect analysed in Causin et al. (2005).
Our class of problems requires instead to adopt more costly strongly coupled
strategies, where at each time step the coupling conditions are satisfied exactly
(or at least below a small tolerance). Therefore, when one is not interested in
the stress distribution inside the vessel wall, but just to accounting for the effect
of compliance, reduced structural models are adopted. A possibility is to use a
shell model, see Chapter 3 of Formaggia et al. (2010a).

However, to simplify things further and have a less computationally demand-
ing simulation, often one adopts a simple one dimensional model for the vessel
displacements based on the following assumptions:
A.1 The blood vessel has a circular shape and the deformations in the radial
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direction can be described by an homothety. It means that the displacement
may be described by a scalar [ proportional to the square root of the vessel
cross section area �, i.e.

[ ∝ (
√
� −
√
�0), (17.7)

where �0 is a reference vessel section area. The scalar [ is the component of
the displacement in the radial direction. The cross section area � normally
refers to the cross section of the blood filled space.

A.2 The contribution of the fluid stresses in (17.6) is mainly due to pressure, so
we neglect the contributions coming from the velocity gradients.

Thanks to assumptions A.1-A-2 we can write, for a single vessel of length ! and
wall thickness ℎB , an equation of the type:

ℎBdB
m2[

mC2
+ 0[ − 1 m

2[

mI2
= ? − ?0, I ∈ (0, !), (17.8)

where 0 and 1 are parameters and ?0 a reference pressure.
Often, to further simplify the problem, one makes the following additional

assumptions:
A.3 Quasi static formulation. The inertial term m2[/mC2 in (17.8) is neglected.

It means that the vessel wall responds instantaneously to the pressure.
A.4 The term 1m2[/mI2, is also considered negligible.
Under those additional assumptions, by recalling (17.7), we obtain a relation of
the form,

? = ?0 + V(
√

�

�0
− 1), (17.9)

where V is an elastic parameter linked to vessel wall elastic properties and
thickness. Equation (17.9) is in fact a member of a family of relations of the
form

? = ?0 + q(�, �0, #). (17.10)

An example of a two parameter family of models where # = (V0, V1) and

q(�, �0, #) = V0

[(
�

�0

)V1

− 1

]
has been considered in Martin et al. (2005).

These type of relations linking blood pressure to vessel section area are also
at the basis of a class of one-dimensional models for blood flow in arteries
adopted in studies on pulse wave propagation, for instance in Alastruey et al.
(2007, 2008); Reymond et al. (2011), and that will be outlined next.
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17.2 3D-1D GEOMETRIC SEQUENTIAL MULTISCALE MODELS

The resolution of the cardiovascular system with a full model is not only im-
practical, but also useless. Typically, a clinician is interested in the phenomena
happening in a specific vessel or systems of vessels. For instance, studies of
atherosclerotic plaques formation may benefit from the study of the blood flow
pattern in the carotid. It is then useful to resolve that vessel with a full model.
Yet, one has to account also of the rest of the circulatory system. This can be
done by devising suitable boundary conditions, or, by accounting of the remain-
ing part of the system by a reduced model. We will first consider the 1D model
for the flow in a single vessel, dealing then with the problem of describing a
whole network of vessels. We will then outline the compartmental models.

17.2.1 1D models for larger deformable vessels

We present here a one-dimensional model for blood flow in compliant vessels.
This model is suited for larger vessels, where non-linear effect and wall compli-
ance is relevant. A model more suitable for smaller vessels, adopted in studies
of micro-circulation, will be presented in Section 17.3.1.

Let’s consider a single vessel, which we assume of length ! and of cylindrical
shape. We indicate, as before, with � = �(G) the area of a vessel cross section
at the axial coordinate G, and with& = &(G) = �(G)D(G) the volume flux in that
section. Here D is the average axial velocity in the cross section. By integrating
the Navier-Stokes equations (17.2) in a generic cross section, assuming that the
viscous effects are relevant only near the vessel wall, we can derive the following
system of hyperbolic equations Formaggia et al. (2010a),


m�

mC
+ m&
mI

= 0

m&

mC
+ m

mG
(U2&

2

�
) + �

d 5

m?

mG
+  '

&

�
= 0,

(17.11)

for G ∈ (0, !) and C > 0. Here, U is a parameter that depends on the velocity
profile chosen when deriving the model and is usually set equal to 1, while  '
is a friction coefficient, which accounts of the dissipation effects of friction at
the vessel wall boundary layer. It is related to blood viscosity. The system is
closed by a pressure-area relation of the type (17.10), and here we will mainly
refer to (17.9).

The analysis of the system can be found, for instance, in Formaggia et al.
(2010a, 2001); Toro and Siviglia (2013), we will recall here the main results,
relevant for the coupling with other models. The system is hyperbolic, which
means that we can identify two characteristic variables with associated velocities.
In particular, if we indicate here with D = &/� the average velocity in the vessel
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FIGURE 17.2 A sketch of a bifurcation.

cross section and with 2 the quantity

2 =
�

d 5

m?

m�
,

the two characteristic velocities are given by _1,2 = D ± 2, and the characteristic
variable by,1,2 = D ± 42. System (17.11) can then be diagonalized, giving rise
to 

m,1
mC
+ _1

m,1
mG

= 5 (,1,,2),
m,2
mC
+ _2

m,2
mG

= 5 (,1,,2),

where the forcing term 5 depends on the friction parameter and, possibly space
variation of �0 and V. For the typical values of blood flow velocity and vessels
characteristics, we have_1 > 0 > _2, so the system describes the evolution of two
waves travelling in opposite directions. This fact has implications in the choice
of boundary conditions and the numerical treatment at the boundary, as detailed
in Chapter 10 of Formaggia et al. (2010a) and discussed also in Formaggia et al.
(2014).

17.2.2 Conditions at the boundaries and at the junctions

Indeed, at the boundary we are allowed to impose only information that affects
the characteristic entering the domain, the value of the outgoing one being deter-
mined by the differential equations. An incorrect implementation of boundary
conditions will induce spurious waves and degrade the solution. We refer to
the cited references for more details. The existence of characteristics affects
also the treatment at bifurcations. The model of a single vessel is in fact just
one element for the construction of the 1D model of a vascular system. Let’s
consider the situation depicted in Figure 17.2 where vesselΩ1 bifurcates intoΩ2
and Ω3. We assume that the coordinate G local to each vessel domain is oriented
for increasing values of G as in the Figure. We indicate with &8 , �8 and ?8 , for
8 ∈ {1, 2, 3}, the flux, area and pressure at the intersection for the corresponding
vessel.
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A stable set of conditions at the bifurcation implies continuity of the total
pressure and balance of mass, see Formaggia et al. (2001). With the orientation
of the vessels given in Figure, we have, at the intersection,


&1 = &2 +&3,

?1 +
d 5

2

(
&1
�1

)2
= ?2 +

d 5

2

(
&2
�2

)2
,

?1 +
d 5

2

(
&1
�1

)2
= ?3 +

d 5

2

(
&3
�3

)2
.

(17.12)

These are three conditions that, due to the hyperbolic nature of the system,
are sufficient to close the problem. However, at numerical level we need to
complement them with three other conditions. They are derived from the fact
that the outgoing characteristics are determined by the differential equations up
to the boundary. If we indicate with _8 9 the 8-th characteristic velocities of vessel
9 , and analogously for the characteristic variables,8 9 , in our case the outgoing
characteristics at the intersection are ,1,1, ,2,2 and ,2,3. Those three values
must be determined by solving the corresponding differential equations up to
the boundary. Numerically, there are different techniques for that purpose, like
characteristic extrapolation or upwinding techniques. More details can be found
in Chapter 10 of Formaggia et al. (2010a).

Once we have set up the interface condition, we can analyse pulse wave
and average flow in a vascular network, like it has been done, for instance,
in Alastruey et al. (2007, 2008); Blanco et al. (2015); Reymond et al. (2011).
We only note that often relations (17.12) are simplified by considering pressure
continuity instead of total pressure. Although this condition is not energy stable,
it provides an an acceptable approximation and normally does not create stability
problems at numerical level as the variation of d 5 (&/�)2 are typically of order
of magnitude smaller than that of pressure.

1D models are applicable only to larger vessels, therefore to close the circuit
we need to represent distal circulation and the action of the heart. This can
be done by resorting to compartmental models, also called lumped parameter
models or 0D models.

17.2.3 Compartmental (0D) models

Compartmental models consider different parts of the vascular system as a
"compartment" with an internal state composed typically by a pressure and a
flow variable. They are often constructed with an analogy with electrical circuit.
For instance, a possible compartmental model for flow in a vessel consider an
averaged pressure %̃, and averaged flow &̃ as state variable and the pressure and
flow at the two ends, % 9 and & 9 for 9 = 1, 2 as interface variables. It is given by
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the following system of two ordinary differential equations


�
3%̃

3C
+&2 −&1 = 0,

!
3&̃

3C
+ '&̃ + %2 − %1 = 0.

(17.13)

Here, � is the compliance that accounts for vessel elastic properties, ! and
inductance parameter related to blood inertia and ' a resistance parameter that
accounts for blood viscosity. The model for the different compartments are then
connected using laws akin to Kirchhoff’s electric circuit laws, which impose
balance of fluxes and continuity of pressure. We should note that it is possible to
derive different models for the same compartment, and the choice is sometimes
made depending on the type of interface conditions that are desired. An analysis
of lumped parameter models for the circulatory system is found in Milišić and
Quarteroni (2004).

The 1D network model can then be completed by interfacing it with a com-
partmental model for the peripheral circulation and for the heart, as it has been
done in Formaggia et al. (2006). The model for the heart is not detailed here
for the sake of conciseness, but is also formed by a system of ordinary differ-
ential equations with the presence of an activation term that accounts for heath
pumping action and a model for closure and aperture of the cardiac valves.

17.2.4 1D models for blood solutes

The 1D models can be extended also for the transport of blood solute. Indeed,
oncewe have the fluxfield&wemay solve a transport-diffusion-reaction problem
for the transport of solutes along the vascular network. In the simple case of a
single solute and linear reaction term we have an equation for the concentration
2 of the type

m2

mC
+ lm

22

mG2 + D
m2

mG
+  22 = 0, 0 < G < !, C > 0, (17.14)

wherel and 2 are the diffusion and reaction parameter. At the intersections one
imposes continuity of concentrations. More complex models will be presented
in a later Section, when dealing with immersed multiscale setting.

A note is here necessary. We have omitted in the various models to indicate
the initial conditions, which of course are required. The issue of initial conditions
in the simulation of blood flow phenomena is problematic. The actual physical
problem exhibit periodic solutions, corresponding to the heart beat. Therefore a
common practice is to start with a arbitrary (but realistic) initial condition and
let the simulation run for at least three heart beats, until the solution reaches a
periodic regime.
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17.2.5 Sequential coupling of 3D and 1D models

The coupling of a 3D model with a 1D model may help in representing correctly
the pulse waves entering and exiting the 3D domain. However, some important
observations have to be made, listed in the following, where with Γ we indicate
the interface between the two models,
1. The 1D model governs the evolution of averaged quantities. The pressure in

the 1Dmodel is in fact the average pressure on the cross section, while& = �D

is the product of the section area and the average velocity on the section. The
standard boundary conditions for the Navier-Stokes problem require instead
the availability of either velocity or normal stresses on each point of Γ. To
overcome this problem, we need to formulate the interface conditions for the
full dimensional model in terms of defective boundary conditions. One of the
first attempts in this direction is illustrated in Veneziani and Vergara (2005)
for the flow rate problem and rigid walls, i.e. for the imposition of an average
velocity. The technique has then been extended to consider compliant vessels
in Formaggia et al. (2010b). A review on defective boundary conditions is
found in Formaggia and Vergara (2012).

2. We then have to address which quantities have to be transferred between
the models. The idea investigated in Formaggia et al. (2012) is to devise a
coupling that guarantees no spurious energy loss or creation at the interface
Γ. It has been found that this can be accomplished by imposing on Γ the
continuity of mass flux and averaged total pressure,


∫
Γ
u · n = &1�∫

Γ
f(u, ?C>C )n = −

[
?1� +

d 5

2

(
&1�
�1�

)2
]

n,
(17.15)

where the suffix 1� indicate the quantities in the 1Dmodel, ?C>C = ?+
d 5

2 |u |
2

and n is the normal to Γ. In the same reference energy preserving conditions
for the vessel walls are also indicated.

3. A final aspect concerns how to implement the coupling numerically. A
monolithic approach, where the full and reducedmodel are advanced together
is effective, but also costly. One normally resorts to partitioned strategies,
where the solution of the full 3D problem and that of the 1D network is
carried out sequentially. This has also the advantage of enabling to use two
existing codes for the 3D and 1D problems without the need of integrating
them. However, it has been found that the partitioned scheme should be
implicit, i.e. at each time step sub-iterations are needed between the 3D
and 1D problems, until the interface conditions are met up to a prescribed
tolerance. An analysis of partitioned schemes can be found in Malossi et al.
(2013), while a derivation of the interface condition based on a variational
formulation is available in Chapter 9 of Ambrosi et al. (2012).
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17.3 3D-1D GEOMETRIC EMBEDDED MULTISCALE MODELS

In the second part of this work we address the coupling of a vascular network
with the surrounding environment. This point of view is typically adopted at
the level of microcirculation, for modeling the interaction of small vessels (ar-
terioles, capillaries, venules) with a biological tissue. Thanks to the growing
specialization of the models and of the numerical solvers, it is today possible to
address direct simulations of the interaction of microcirculation with the biolog-
ical environment at the level of functional portions of tissue. In Hartung et al.
(2021), massive simulations over sizeable portions of mouse cortex (e.g. a cube
of tissue 3 mm wide), have been performed, encompassing about 106 vascular
segments. Similarly, Sweeney et al. (2019) have performed in-silico studies
modelling the transport of fluid through orthotopic murine gliomas and human
colorectal carcinoma xenograft grown subcutaneously in 8–10 week old, female
mice. I this case as well, the whole microvasculature was reconstructed and
simulated, involving about 105 vascular segments. Obviously, to achieve such a
detailed description of the microvessels on fairly portions of tissue, a brute force
approach, where the vessels are represented as 3D channels is not viable. On one
hand it would require enormous efforts for the construction of a computational
grid capturing all the geometrical details of the problems. On the other hand,
the corresponding numerical simulation would exceed reasonable costs. The
previous approaches, are in fact based on model reduction strategies, that in any
case aim to simplify the modeling and computational burden of describing the
microcirculation, yet providing a detailed geometrical representation of it. These
strategies have been successfully applied to model and simulate the microcircu-
lation in complex networks and the related transport phenomena in Cattaneo and
Zunino (2014a,b); Nabil et al. (2015); Nabil and Zunino (2016); Possenti et al.
(2019b,a, 2020); Cicchetti et al. (2020); Offeddu et al. (2019); Possenti et al.
(2021), listed as representative examples of many other works.

The aim of this section is to develop a 3D-1D coupled model for the in-
teraction of a biological tissue (C) with the blood vessels (E) embedded into it.
Before describing the model, we point out some relevant difference between the
systemic circulation and the peripheral circulation, i.e. microcirculation. First,
because of the huge resistance that blood has to overcome to reach the peripheral
districts, in the latter case the blood flow is not longer pulsatile. For this reason,
it is acceptable to adopt a quasi-static modeling approach. In other words, the
periodic deformation of the vascular cross section is negligible. Another dif-
ference with respect to the models addressed in previous section consists in the
coupling, which in this case take place along the whole surface of the vascular
network. Considering the high density of small vessels per unit volume, it makes
the 3D-1D problem to be fully coupled.

We consider a domain Ω that is composed by two parts, ΩE and ΩC , the
capillaries and the tissue, respectively. Assuming that the capillaries can be
described as cylindrical vessels, we denote with Γ the outer surface of ΩE , with
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' its radius and with Λ the centerline of the vascular network. Any physical
quantity of interest, such as the pressure ?E , ?C (where subscripts E, C stand for
vascular and tissue respectively) and the velocity uE , uC , is a function of space
(being x ∈ Ω the spatial coordinates). We consider steady-state flow conditions,
as a result all variables are independent of time.

The flow model in the vascular domain ΩE reads as follows:

d
muE
mC
+ d(uE · ∇)uE = ∇ · 2 in ΩE ,

∇ · uE = 0, in ΩE ,
(17.16)

where 2(uE , ?E ) = 1/2`E (∇uE + ∇) uE ) − ∇?E is the Cauchy stress in the
blood and `E is the apparent (or effective) blood viscosity, accounting for non-
Newtonian flow.

The behavior of the tissue can bemodeled as an isotropic porous medium. As
a consequence, the Darcy’s law is used to describe the fluid permeation across
the tissue, together with the mass balance equation for incompressible fluids. We
denote by `C and  the dynamic fluid viscosity and the hydraulic permeability
of the interstitial tissue, respectively, and d is the blood density. The viscosity of
the interstitial fluid, `C , is taken from Swartz and Fleury (2007). It is comparable
to the one of blood plasma at body temperature of 37>�.The lymphatic system
drains the excess of fluid from the interstitial space to the venous system. Such
drainage is taken into account by including a sink term, which is defined by the
hydraulic conductivity of the lymphatic wall, denoted here by !!�? , the surface
area of the lymphatic vessels per unit volume of tissue, (

+
, and the hydrostatic

pressure difference between the interstitial space and the lymphatic vessels, ?! .
The flow model in the tissue consists of the following governing equations:

uC +
K
`C
∇?C = 0, in ΩC ,

∇ · uC + !!�?
(

+
(?C − ?!) = 0, in ΩC ,

uC · n = VC (?C − ?0), on mΩC .

(17.17)

At the interface Γ = mΩE ∩ mΩC we impose continuity of the flow:

uE · n = uC · n = 5 (?C , ?E ), on Γ
uC · 3: = 0, on Γ

5 (?C , ?E ) = !?
(
(?E − ?C ) − (cE − cC )

)
,

(17.18)

where n is the outward unit vector normal to the vascular surface and 3: , : = 1, 2
are the tangential and binormal vectors. The fluid flux across the vascular wall
can be obtained on the basis of linear non-equilibrium thermodynamic argu-
ments. In particular !? is the hydraulic conductivity of the vessel wall. In
(17.18) cE and cC determine the osmotic (or oncotic) pressure gradient across
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the vascular wall, namely Xc = cE − cC , mainly due to the difference in the con-
centration of proteins (for example albumin), Landis and Pappenheimer (1963).
In what follows, we assume that Xc is given and is independent of x.

17.3.1 1D models for rigid vessels

To model blood flow through small blood vessels, we exploit assumptions about
the steady nature of the flow and its low speed to derive a simplified version of
the governing equations (17.16), addressed in the next subsection.

17.3.1.1 1D model for steady flow in a curved cylinder
The one dimensional model that governs the bulk flow in each branch of a
generic microcirculation network is obtained as follows. Let us define a local
cylindrical coordinate system x = (A, \, B) at each point of the centerline of
the capillaries. We denote with eA , e\ , eB the radial, circumferential and axial
unit vectors. The model is based on the following, geometric, kinematic and
dynamic assumptions: circular section - for each value of the arc length B along
a network branch, the intersection between the orthogonal plan to eB and the
vessel is circular; dominance of axial velocity - the radial and circumferential
velocity components are negligible compared to the axial component, namely
uE = [0, 0, DE (A, \, B)]) ; body forces - we neglect the effect of gravity and
other possible types of body forces (inertia, Coriolis); steady flow - we neglect
transient phenomena, in fact microcirculation is characterized by negligible
fluctuations of the blood pressure due to the heartbeat, namely the Womersley
numbers at the level of microvascular circulation are negligible Guyton et al.
(1971). For this reasons, we just aim to determine the steady flow conditions;
dominance of viscous forces - microcirculation is also characterized by the
dominance of viscous forces over inertial forces acting on infinitesimal fluid
particles, namely the Reynolds number characterizing the flow is low; viscosity
- we assume that the apparent viscosity of blood, `E is independent of the local
deformation rate conditions. However, the viscosity is not a constant parameter
but it depends on the hematocrit and on the vessel radius.

Under these assumptions the mass balance and momentum equations gov-
erning an incompressible flow, such as blood, reduce to the following form,

DA = D\ = 0, mA ?E = 0, m\ ?E = 0, mBDE = 0, −`EΔDE + mB? = 0, (17.19)

for any (A, \, B) ∈ ΩE where Δ denotes the Laplace operator with respect to
cylindrical coordinates ΔD = 1/AmA (AmAD) + 1/A2m2

\
D + m2

B D. We now aim to
transform equation (17.19) into a simpler one that is defined on the centerline
of the channel. To this purpose, we assume that each branch is a generalized
cylinder with circular cross section of radius '. We introduce a parametrization
of each curvilinear branch. Let 	 : R→ R3 be the parametric arc length, such
that 	 ∈ �3 (R) and ‖3I	(I)‖ = 1 for any I ∈ [0, !] being ! the length of
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a generic branch of the vascular network. Note that B =
∫ I
0 ‖3Z	(Z)‖3Z = I.

The curvature of the arc at a specific location, is ^ = ‖3BB	(B)‖; the centripetal
unitary direction is T = 3BB	(B)/^ and the center �0 of the osculating circle is
the point in the direction T(B) with distance 1/^ from 	(B).

In order to proceed with the one-dimensional model derivation, we set the
following ansatz: the axial velocity profile can be decomposed as DE (A, \, B) =
DE (B)Φ(A, \) where DE represents the mean or bulk velocity of the blood stream
on the cross section identified by the arc length B, denoted by Σ(B). More
precisely, in what follows we will use the notation

DE (B) =
1
c'2

∫
Σ(B)

uE · n 3Σ ,

?E (B) =
1
c'2

∫
Σ(B)

?E 3Σ ,

?C (B) =
1

2c'

∫
mΣ(B)

?C 3Σ ,

where n is the normal vector to the cross section Σ(B) and 3Σ = A3\3A is
an infinitesimal element of Σ(B) and finally ?C is the mean interstitial pressure
on the boundary of a section Σ. The function q(A, \) is a shape factor that is
represented as

Φ(A, \) = q(A/') (1 + 0Acos \ + 1Asin \
+ 2A2cos \sin \ + 3A2cos 2\ + 4A2sin 2\) , (17.20)

where 0, 1, 2, 3, 4 are parameters to be determined inwhat follows. The radially
symmetric part of the profile, namely q(A/') is usually modeled as,

q(d) = W + 2
W
(1 − dW) ,

which coincides with the classic Poiseuille parabolic flow profile (observed in
straight cylindrical channels) for W = 2.

We aim to find a suitable expression for the parameters 0, 1, 2, 3, 4 in terms
of the geometry of the centerline, namely	, such that the shape factor coincides
with the classic parabolic Poiseuille profile when the centerline is rectilinear,
while it deviates from this pattern when the centerline is curved. To this purpose,
we set the following additional assumptions: choice of \ - we assume that on
each cross section the axis \ = 0 is colinear with the vector N; symmetry of
the profile - we require that the velocity profile in each section is such that
Φ(A, \, k) = Φ(A,−\, k) ∀A, \, k. As a result of that the coefficient 1, 2 must
vanish, namely 1 = 2 = 0; linear dependence - we assume that the correction
factor of the velocity profile at any point B, namely (1 + 0Acos \ + 1Asin \ +
2A2cos \sin \ + 3A2cos 2\ + 4A2sin 2\) is linearly dependent of the distance from
the center of the osculating circle relative to this point.
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We are now able to determine the coefficients 0, 3, 4 which satisfy these
assumptions. For the linear dependence of the velocity with the distance from
the center of the osculating circle, our profile must be zero in �0 = (A = 1/^, \ =
0, k), that is (1 + 0/^ + 3/^2) = 0 → 3 = −0^ − ^2. Furthermore, since
the velocity profile is linearly dependent to the distance from the center of the
osculating circle, we have that all the points with distance 1/^ from it must have
the same velocity. The set of points of each cross section with distance 1/^ from
the point �0 are:

i = {(A, \) : A =
2cos \
^

, \ ∈ [−c
2

;+c
2
]}.

Moreoverwehave thatΦ(A = 0, \, k) = q(0) and so∀(A, \) ∈ q thenΦ(A, \, k) =
q(A/'). It follows that ∀(A, \) ∈ i:

0 = 0Acos \ + 3A2cos 2\ + 4A2sin 2\ = 2
0

^
cos 2\ + 4

3

^2 cos 4\ + 4
4

^2 cos 2\sin 2\.

Now for \ = ± c2 the equation is verified. In the other cases we can divide all by
2cos 2\/^2, to obtain:

0 = 0^ + 23cos 2\ + 24sin 2\ ∀\ ∈
(
−c

2
, +c

2

)
.

To find the value of the parameters we need two more equations. Thus, we test
it on two particular cases: \ = c/4, \ = c/3. For \ = c/4, using 3 = −0^ − ^2

we obtain:

0 = 0^ + 23 ( 1
2
) + 24( 1

2
) = 0^ + 3 + 4 = 0^ − ^2 − 0^ + 4 = 4 − ^2.

For that 4 = ^2. Finally for \ = c/3, using the previous result we have:

0 = 0^ + 23 ( 1
4
) + 24( 3

4
) = 0^ + 3

2
+ 34

2
= 0^ − ^

2

2
− 0^

2
+ 3^2

2
=
0^

2
+ ^2

So we obtain 0 = −2^ and 3 = ^2. In a general configuration the curvature is
dependent on the arc length ^ = ^(B). In conclusion, the velocity profile is of
the form:

Φ(A, \, k) = q(A'−1) (1 + A2^2 (k) − 2^(k)Acos \). (17.21)

A visualization of such profile is provided in Figure 17.3
Now we derive the reduced model for flow in curved vessels by replacing the

velocity profile (17.21) into the mass and momentum balance equations (17.19)
and we integrate these equations on a portion of vessel, % delimited by two cross
sections Σ(B1),Σ(B2), B2 > B1. In this way, we obtain simplified equations that
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^' = 0 ^' = 0.3

^' = 0.5 ^' = 1.0

FIGURE 17.3 Velocity profiles in a curved, cylindrical pipe. Visualization of the dimensionless
velocity profile for a curved pipe obtained using expression (17.21). In all cases, The shape parameter
is W = 2.
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depend only on the arc length B. We start first from the continuity equation,
using the fact that n = eB on Σ(B1) and Σ(B2) we obtain:

0 =
∫
%

∇ · uE3Ω =
∫
m%

uE · n 3Σ

=

∫
Σ(B1)

uE · n3Σ +
∫
Σ(B2)

uE · n 3Σ +
∫
Γ

uE · n 3Σ

= −
∫
Σ(B1)

DE 3Σ +
∫
Σ(B2)

DE 3Σ +
∫
Γ

5 (?C , ?E ) 3Σ

' −DE (B1)c'2 (B1) + DE (B2)c'2 (B2) +
∫ B2

B1

5 (?C , ?E )3I

=

∫ B2

B1

[ 5 (?C , ?E ) + mB (c'2DE )]3I . (17.22)

According to (17.19), in particular mA ?E = m\ ?E = 0, we notice that ?E (A, B, \) =
?E (B). Furthermore, in equation (17.22) we have adopted the assumption that
the radius of the capillary is small if compared to the domainΩ. More precisely,
we have set that∫

Γ

5 (?C , ?E ) 3Σ =
∫ B2

B1

∫ 2c

0
5 (?C , ?E )'(B)3\ 3B

=

∫ B2

B1

∫ 2c

0
5 (?C , ?E )'(B)3\ 3B =

∫ B2

B1

2c'(B) 5 (?C , ?E ) 3B ,

where the last step holds true because 5 (?C , ?E ) is a linear function of its
arguments.

Let us now apply the averaging technique to themomentum balance equation,
that is the last of (17.19). We have:∫

%

ΔDE 3Ω =

∫
m%

∇DE · n 3Σ

= −
∫
Σ(B1)

mBDE 3Σ +
∫
Σ(B2)

mBDE 3Σ +
∫
Γ

∇DE · n 3Σ =
∫
Γ

∇DE · eA 3Σ

=

∫
Γ

mADE3Σ =

∫
Γ

DE (B)mAΦ(A, \)3Σ

=

∫
Γ

DE (B)'−1q′(A'−1) (1 − 2^Acos \ + ^2A2) + q(A'−1) (2^2A − 2^cos \) 3Σ

=

∫ B2

B1

∫ 2c

0
DE (B)

(
'−1q′(1) (1−^cos \+^2'2)+q(1) (2^2'−2^cos \)

)
'3\3B.

Now using the fact that q(1) = 0, the periodicity of cos \, we obtain:∫
%

ΔDE 3Ω =

∫ B2

B1

2cq′(1) (1 + ^2'2)DE (B) 3B,
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such that the averaged/one-dimensional form of the momentum equation be-
comes

−2c`E (B)q′(1)
(
1 + ^2 (B)'2)DE (B) + c'2mB?E (B) = 0. (17.23)

17.3.2 More complex geometries, vascular networks

Now that we have derived the 1D model equations we need to generalize them
to a more complex topology. To this purpose, we decompose the network into
branches, Λ8 , 8 = 1, ..., # . The branches are parametrized by the arc length B8; a
tangent unit vector ,8 is also defined over each branch, accounting for an arbitrary
branch orientation. Differentiation over the branches is defined using the tangent
unit vector, namely mB8 := ,8 · ∇ on Λ8 , i.e. mB8 represents the projection of ∇
along ,8 . So far, the equations that govern the flow in each branch of the network
are uncoupled. In order to make the flow problem fully coupled we need to
enforce constraints at the junctions of the branches. Junctions are defined as the
points y such that

y 9 = 	8 (B∗8 ) = 	ŷ (B∗ŷ ), B
∗
8 ∈ {0, !8} ∀8, ŷ = 1, . . . , #

Let us count the junctions with the index 9 = 1, 2, . . . , " and let us denote with
K 9 the set of indices 8 such that 	8 (B∗8 ) = y 9 . These are the branches that join at
the j-th junction. There may be branches that end inside or at the boundary of the
domain Ω. The former are said dead ends and are denoted with z. The indices
of branches featuring a dead end are 8 ∈ E. The latter points are called boundary
ends and are identified by the symbol x. The set of branches intersecting the
outer boundary is 8 ∈ B.

The branches that merge at the j-th junction can be subdivided according
to different criteria. We present here two options, both useful later on. Let ,8
be the orientation of a given branch of the network and let eB be the outgoing
tangential unit vector at the each of the two endpoints of the branch, identified
respectively by the arc length coordinates B8 = 0 and B8 = !.

The ingoing points are identified by the following conditions: ,8 · eB (B8) < 0
for B8 = 0 and B8 = !. The outgoing points are obviously the ones such that
,8 · eB (B8) > 0. The indices 8 that correspond to ingoing branches at the j-th
junction are denoted with K−

9
, while the indices of the outgoing branches at the

junction are collected in K+
9
.

If we add the orientation of the flow to this classification we obtain that the
inflowpoints are identified by the following condition that involves the orientation
of the flow: DE (B8),8 · eB (B8) < 0 for B8 = 0 and B8 = !. The outflow points are
obviously the ones such that DE (B8),8 ·eB (B8) > 0. The corresponding indices are
collected in the setsK 8=

9
, K>DC

9
, respectively. We classify similarly the boundary

ends, subdividing the points x into ingoing or outgoing, namely x−, x+, or into
inflow and outflow x8=, x>DC . At these points, we set the vascular pressure equal
to a prescribed value ?E (x8) = 6E (x8), 8 ∈ B.
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We enforce balance of flow rates and continuity of pressure at each junction,
namely,

∑
8∈K 9 c'

2
:
DE,8 = 0, 9 = 1, 2, . . . , " , ?E,8 = ?E,ŷ , 8, ŷ ∈ K 9 , 9 =

1, 2, . . . , " . At dead ends of the network we set no-flow conditions c'2DE |z8 =
0, 8 ∈ E, where |z8 is a shorthand notation for the evaluation of a function (or
better the whole term) in the point z8 .

In conclusion, the coupledmodel of bloodflow in the network is the following,

mB
(
c'2

8
(B)DE,8 (B)

)
+2c'8 (B) 5 (?C (B), ?E (B)) = 0 on Λ8 ,

−2c`E,8 (B)q′(1)
(
1 + ^2

8
(B)'2

8
(B)

)
DE,8 (B)

+c'2
8
(B)mB?E,8 (B) = 0 on Λ8 ,∑

8∈K 9 c'
2
:
DE,8 |y 9 = 0 9 = 1, . . . , " ,

?E,8 |y 9 = ?E,ŷ |y 9 8, ŷ ∈ K 9 ,

c'2DE |z8 = 0 8 ∈ E ,

?E |x8 = 6E 8 ∈ B .

(17.24)

where the index 8 = 1, . . . , # numbers the network branches and the index
9 = 1, 2, . . . , " numbers the network junctions. We notice that in the case of a
straight, cylindrical, impermeable pipe, i.e. W = 2, the coefficient q′(1) = −4 and
5 (?C , ?E ) = 0, such that these equations coincide with the standard Poiseuille
flow.

17.3.2.1 Weak formulation of the vascular network problem
Deriving the variational formulation for the whole network problem is not trivial
in this case because the vessel variables ?E and DE may be discontinuous at
multiple junctions. For this reason, we derive a proper Green’s formula for the
network problem. First, we rewrite the integral over the whole network as a
summation of the integrals over single branches, namely:

#∑
8=1

∫
Λ8

c'2
8

m?E

mB
EE 3B

= −
#∑
8=1

∫
Λ8

c'2
8 ?E

mEE

mB
3B +

#∑
8=1

c'2
8 [ ?E EE ]

Λ+
8

Λ−
8

, (17.25)

where Λ−
8
and Λ+

8
represent the inflow and outflow boundaries of Λ8 , according

to the orientation ,8 . We reformulate the last term in the previous equation
by isolating the terms relative to inflow junction nodes from those relative to
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outflow nodes, namely

#∑
8=1

c'2
8 [ ?E EE ]

Λ+
8

Λ−
8

=

"∑
9=1


∑

8 ∈ K>DC
9

c'2
8 ?E EE |y 9 −

∑
8 ∈ K8=

9

c'2
8 ?E EE |y 9


+

∑
8∈B

c'2
8 ?E EE |x8 +

∑
8∈E

c'2
8 ?E EE |z8 . (17.26)

If the pressure is continuous at the junction, we finally factorize out the pressure
and isolate a term that corresponds to the junction conditions for the velocity
test functions, that is

"∑
9=1

?E (B 9 )


∑
8 ∈ K>DC

9

c'2
8 EE |y 9 −

∑
8 ∈ K8=

9

c'2
8 EE |y 9

 . (17.27)

The fluid mass conservation at each node can be expressed as follows

∑
8 ∈ K>DC

9

c'2
8 DE |y 9 −

∑
8 ∈ K8=

9

c'2
8 DE |y 9 = 0, ∀ 9 = 1, . . . , ", (17.28)

Then, we weakly enforce mass conservation into the variational formulation by
multiplying (17.28) by the pressure test functions @E , which act as a Lagrange
multiplier for this constraint, namely

"∑
9=1
@E (B 9 )


∑

8 ∈ K>DC
9

c'2
8 DE |y 9 −

∑
8 ∈ K8=

9

c'2
8 DE |y 9

 . (17.29)

Finally, according to the previous equations, the weak formulation of the
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vascular problem reads

#∑
8=1

∫
Λ8

−2c`E,8 (B)q′(1)
(
1 + ^2

8 (B)'2
8 (B)

)
DE EE 3B

−
#∑
8=1

∫
Λ8

c'2
8 ?E

mEE

mB
3B +

∑
8∈E

c'2
8 ?E EE |z8

+
"∑
9=1

?E (B 9 )


∑
8 ∈ K>DC

9

c'2
8 EE |y 9 −

∑
8 ∈ K8=

9

c'2
8 EE |y 9


=

∑
8∈B

c'2
8 6E EE |x8 ,

(17.30)

#∑
8=1

∫
Λ8

mc'2DE
mB

@E 3B +
#∑
8=1

∫
Λ8

2c'8 (B) 5 (?C (B), ?E (B)) @E 3B

−
"∑
9=1
@E (B 9 )


∑

8 ∈ K>DC
9

c'2
8 DE |y 9 −

∑
8 ∈ K8=

9

c'2
8 DE |y 9


−

∑
8∈E

c'2
8 @E DE |z8 = 0.

(17.31)

17.3.3 The embedded coupling conditions

Here we explicitly derive the coupling of the previous 1D model with the 3D
model for the tissue introduced at the beginning. We notice that form the
mathematical standpoint this is not a trivial task because the restriction of 3D
fields to 1D manifolds is not necessarily well defined. For this reason, it is more
convenient to address the coupling between the 1D and the 3D problems at the
level of the variational formulation, following the approach proposed in Laurino,
F. and Zunino, P. (2019).

We start with the derivation of the weak form of (17.17). First, we multiply
both sides of (17.17) for a test function @C ∈ �1 (Ω), integrating by parts and
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using b(17.17) and (17.18), we obtain:∫
ΩC

[
∇ · uC + !!�?

(

+
(?C − ?0)

]
@C 3Ω

=

∫
ΩC

[
uC · ∇@C + !!�?

(

+
(?C − ?0)@C

]
3Ω −

∫
mΩC

uC · n@C 3W

=

∫
ΩC

[
uC · ∇@C + !!�?

(

+
(?C − ?0)@C

]
3Ω +

∫
mΩC

VC (?C − ?0)@C 3W

−
∫
Γ

5 (?C , ?E )@C 3W . (17.32)

Now, we apply a topological model reduction of the interface conditions,
namely we go from a 3D-3D to a 3D-1D formulation. To this purpose, let us
write the solution and the test functions on every cross section mD(B) as their
average plus some fluctuation (in space, just like in turbulence modeling),

?C = ?C + ?̃C , on mD(B) ,

where D̃C = 0. Therefore, using the coordinates system (A, B, C) on Γ, and
reminding that 5 (?C , ?E ) is a linear function of its arguments, we have,∫

Γ

5 (?C , ?E )@C 3Σ =
∫
Λ

∫
mD(B)

5 (?C + ?̃C , ?E + ?̃E ) (@C + @̃C )3W3B

=

∫
Λ

|mD(B) | 5 (?C , ?E )@C 3B +
∫
Λ

∫
mD(B)

5 ( ?̃C , ?̃E )@̃C 3W3B .

Then, we make the following modelling assumptions: (i) we identify the
domain ΩC with the entire Ω, and we correspondingly omit the subscript C to the
functions defined on ΩC , namely∫

ΩC

@C 3l '
∫
Ω

@ 3l .

(ii) we assume that the product of fluctuations is small, namely∫
mD(B)

?̃C @̃C3W ' 0 .

(iii) we assume that the pressure in the vascular domain has a uniform profile on
each cross section of the vessel. As a result we identify the mean values ?E = ?E
and from now on we write 5 (?C , ?E ) in the coupling term.

By means of the previous deductions, putting together the terms of the weak
form of (17.17), we obtain that uC , @C solve the following problem,∫

Ω

uC · vC3Ω +
 

`C

∫
Ω

∇?C · vC3Ω = 0, (17.33)
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∫
ΩC

[
uC · ∇@C + !!�?

(

+
(?C − ?0)@C

]
3Ω +

∫
mΩC

VC (?C − ?0)@C 3W

−
#∑
8=1

∫
Λ8

2?8'8 5 (?C , ?E )@E 3W = 0. (17.34)

Combining (17.33)-(17.34) with (17.30)-(17.31) we obtain the following
embedded 3D-1D coupled weak formulation,

∑#
8=1

∫
Λ8
−2c`E,8q′(1)

(
1 + ^2

8
'2
8

)
DE EE 3B

−∑#
8=1

∫
Λ8
c'2

8
?E

mEE

mB
3B +

∑
8∈E

c'2
8 ?E EE |z8

+∑"
9=1 ?E

[∑
8 ∈ K>DC

9
c'2

8
EE |y 9 −

∑
8 ∈ K8=

9
c'2

8
EE |y 9

]
=

∑
8∈B c'

2
8
6E EE |x8 ,

∑#
8=1

∫
Λ8

mc'2DE
mB

@E 3B +
#∑
8=1

∫
Λ8

2c'8 (B) 5 (?C , ?E ) @E 3B

−∑"
9=1 @E

[∑
8 ∈ K>DC

9
c'2

8
DE |y 9 −

∑
8 ∈ K8=

9
c'2

8
DE |y 9

]
−∑

8∈E c'
2
8
@E DE |z8 = 0.∫

Ω
uC · vC3Ω +  

`C

∫
Ω
∇?C · vC3Ω = 0,∫

ΩC

[
uC · ∇@C + !!�? (

+
(?C − ?0)@C

]
3Ω +

∫
mΩC

VC (?C − ?0)@C 3W
−∑#

8=1
∫
Λ8

2?8'2
8
5 (?C , ?E )@E 3W = 0.

(17.35)

For clarity, we write the corresponding differential formulation, specifically
to highlight the coupling w=between the vascular and the tissue compartments
of the model. Let us first define Defining by XΛ as the distribution of Dirac
masses along the manifold Λ. Then, we see that the coupling between the two
models takes place at the level of the fluid mass conservation and it reads ad
follows

∇ · uC + !!�?
(

+
(?C − ?0) − 2c' 5 (?C , ?E )XΛ = 0, in Ω

mB

(
c'2DE

)
+ 2c' 5 (?C , ?E ) = 0, on Λ.

(17.36)

17.3.4 A 3D-1D embedded model for mass transport

In this section we extend the model to the description of a passive scalar, trans-
ported by the blood stream. Such model is adequate for a fairly small chemical
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specie, diluted into the plasma. We describe how such molecule diffuses within
the interstitial space, it is transported by the movement of the interstitial fluid,
and it is depleted by the cells. These well-known phenomena can be described
by using the general framework of diffusion-advection-reaction equations.

The mass transport model is composed by 3D advection-diffusion-reaction
equations defined in the two domainsΩE andΩC . Consistently with the previous
models, we can transform such equations into a 3D-1D geometrically embedded
multiscale model for mass transport defined on Λ and Ω. For simplicity, we
avoid the full derivation of such model and we present directly the strong form
of the 3D-1D problem for mass transport. It is composed by the following
equations governing the concentration of the transported molecule (denoted by
�, representing its mass per unit volume):



∇ · (−�C∇�C + uC �C ) ++<0G �C = �� XΛ on Ω

c'2 m
mB

(
−�E m�EmB + DE �E

)
= −�� on Λ

�� = 2c' %� (�E − �C )

+(1 − f� )
(
�E+�C

2

)
5 (?C (B), ?E (B)) on Λ

�E = �8= |x8 8 ∈ B8=

−�E m�EmB |x8 8 ∈ B>DC

−�C∇�C · n = V�C (�C − �0,C ) on mΩ

(17.37)

In the model (17.37), we specify the oxygen concentration at the vascular inlets
and a null diffusive flux is imposed at the vascular outlets. For the tissue, we
simulate the presence of an adjacent tissue domain with a boundary conductivity
V�C and a far-field concentration �0.

For the weak formulation of the model, necessary to enforce the mass balance
conditions at the junctions of the network. To accomplish this, let us integrate
the oxygen transport problem over ΩE and multiply it by a smooth test function,
@E . We remark that the integration over the network Λ should be split into the
integrals on each branch, denoted with Λ8 with 8 = 0, . . . , # . Then, we integrate
by parts the diffusion term on each branch to distribute the second derivative of
�E on the test function. Through these steps, the diffusion term is transformed
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as follows:

−
∫
Λ

c'2�E
m2�E

mB2
iE 3Λ = −

#∑
8=0

∫
Λ8

c'2
8 �E

m2�E

mB2
iE 3Λ8

=

∫
Λ

c'2�E
m�E

mB

miE

mB
3Λ −

#∑
8=0

c'2
8

[
�E

m�E

mB
iE

]Λ+
8

Λ−
8

. (17.38)

Let Φ be the total mass flow rate along a capillary, expressed by the sum of
convective mass flow rate and diffusivemass flow rate. Let us consider a junction
of threemicro-vessels (bifurcation or anastomosis) numbered as 8 = 0, 1, 2where
the index 0 represents the parent vessel and 1, 2 are the daughter vessels. Mass
conservation at junctions can be expressed as,

Φ0 = Φ1 +Φ2, Φ8 = c'
2
8 DE,8�E,8 − c'2

8 �E,8
m�E,8

mB
, 8 = 0, 1, 2. (17.39)

We assume that the free oxygen concentration is continuous at the junction, but
the velocities which may exhibit a jump at the junction points. As a result,
the enforcement of (17.39) into (17.37) is not a trivial task. It is achieved by
combining (17.39) with the fluid mass balance (17.24):

c'2
0DE0�E0 = c'

2
1DE1�E1 + c'

2
2DE2�E2 . (17.40)

Then, replacing (17.40) into (17.39), we obtain that the diffusive fluxes satisfy
an independent balance law:

−�E
m�E0

mB
= −�E

m�E1

mB
− �E

m�E2

mB
. (17.41)

Going back to the variational formulation of mass transport in the vascular
network (17.38), for a bifurcation or anastomosis (where the summation from
8 = 0 to 8 = # = 2 spans over the parent and daughter branches) we see that
(17.41) can now be easily enforced as follows,
#∑
8=0

c'2
8

[
�E

m�E

mB
iE

]Λ+
8

Λ−
8

=

#∑
8=0

c'2
8

[
�E

m�E

mB

]Λ+
8

Λ−
8

iE =
∑
8∈B

c'2
8 �E

m�E

mB
iE

����
x8

.

Owing to the boundary conditions for �E of system (17.37), the last term of

the previous equation vanishes, because
m�E

mB
|x8 = 0 for 8 ∈ B>DC and iE |x8 = 0

for 8 ∈ B8=, as Dirichlet boundary conditions are enforced at the inflow. As
a result, the governing equation for free oxygen in the vascular bed, including
mass conservation at the junctions, becomes,∫

Λ

c'2�E
m�E

mB

miE

mB
3Λ +

∫
Λ

c'2DE �EiE 3Λ

+
∫
Λ

[
2c' %� (�E − �C ) +

(1 − f� )
2

qE

(
�E + �C

)]
iE 3Λ = 0 . (17.42)
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Weproceed similarly for the tissue equation, moving along the steps described
before. We denote by iC the test function on the domainΩ. Therefore, the whole
weak formulation of the oxygen transport problem results to be:

∫
Ω
[�C∇�C · ∇iC + ∇ · uC�C iC ++<0G�CiC ] 3Ω +

∫
mΩ
V�C �CiC3W

−
∫
Λ

[
2c' %� (�E − �C ) + (1−f

� )
2 q+

(
�E + �C

)]
iC3B

=
∫
mΩ
V�C �0,CiC )3W ,∫

Λ

[
c'2�E

m�E
mB

miE
mB
+ c'2DE �EiE

]
3B

+
∫
Λ

[
2c' %� (�E − �C ) + (1−f

� )
2 q+

(
�E + �C

)]
iE3B = 0 .

(17.43)

17.3.5 Numerical simulations of oxygen transport

In this section we finally apply the mass transport model presented above to
describe oxygen transfer in the vascular micro-environment. To this purpose
some new features have to be added to the generic model for the transport of
passive scalars. In particular, the oxygen transport model in the micro-vascular
bed involves the red blood cells, namely the oxygen is transported in two different
phases, free, �E , and hemoglobin-bound, ��1$2 , whose sum is the total oxygen
in the microvasculature, called �C>C . The free oxygen diffuses through the
capillary membrane and it is transported by the blood flow. In the blood, the
oxygen flows both free and hemoglobin-bound, so it necessary to consider the
total oxygen as sum of two contributes. For the interaction of oxygen with the
erythrocytes into the bloodstream we consider the Hill curve that provides the
hemoglobin saturation in terms of the partial pressure of dissolved oxygen. We
remand the interested reader to Possenti et al. (2021) for all the details about this
mesoscale computational model for microvascular oxygen transfer.

We present here some results that illustrate the behavior of the model in
simple cases. We start with two simple geometrical settings, the bifurcation and
the anastomosis, reported in Figure 17.4 respectively.

The radius of main branch is 4 `m while the one of the daughter branches
is 3.17 `m according to Murray’s law. However, in this particular case, the
upper radius is increased of 10% while the lower one is decreased by 10%. This
discrepancy generates the observable differences in the concentration profiles.

The velocity is a continuous quantity along the branch, but it assumes dif-
ferent values from branch to another, due to the effect of changing radius. The
+10% variation of the radius significantly affects the distribution of flow rate
downstream to the bifurcation, because resistance to flow is highly sensitive to
the channel diameter of the channel. For what concerns the oxygen transport
simulations we see that the free oxygen concentration is a continuous quantity.
As a consequence of this, the mass balance is maintained. The �E changes in a
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non-linear way with respect progressing along the bifurcation, as shown by the
charts in Figure Figure 17.4 (top right panel). The 10% variation of the radii
brings an evident variation at the downstream of the bifurcation. Taking into
account the lower branch, the oxygen tends to diffuse more easily due to the
reduction of blood velocity.

For the oxygen dynamics in the anastomosis, see Figure 17.4 (bottom panel),
we observe that near the junction the concentration in the lower branch features a
U-shaped profile. This effect can be interpreted observing that the inlet branches
feature different blood velocities. Then, the free oxygen concentration exchanges
a different amount of oxygen with the interstitium. Near the junction, the curves
join together due to a concentration balance condition. Overall, these results
show qualitatively that the mass balance conditions are respected at the junction
point and the dissolved oxygen concentration exhibits a physically reasonable
behavior.

We finally show the output of the whole microvascular model (including
blood flow, hematocrit transport and oxygen delivery, as described in Possenti
et al. (2021)). The results of the simulations performed on a small portion of
a realistic vascular network are reported in Figure 17.5. These results illustrate
the potential of the 3D-1D embedded coupling approach to describe the mis-
crovascular environment. The reader interested to these topics is referred to
Cattaneo and Zunino (2014a,b); Nabil et al. (2015); Nabil and Zunino (2016)
for applications to cancer, to Possenti et al. (2020) for applications to edema, to
Possenti et al. (2021) for applications to radiotherapy.

17.4 CONCLUSIONS

In this chapter we have reviewed some recent developments about modeling the
cardiovascular system. In particular we have described those models that are
based on coupled partial differential equations on domains of different dimen-
sionality. Starting from the seminal works on the sequential coupling of 3D
with 1D models, we have shown that the embedded coupling is also possible and
interesting in different scenarios. In conclusion, we believe that the geometric
multiscale approaches for modeling the cardiovascular system are still a vivid
area of research the potential of which has not been fully exploited yet.
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FIGURE 17.4 Oxygen transport in a bifurcation and anastomosis. The dissolved oxygen con-
centration �E in a bifurcation (top panel) and an anastomosis (bottom panel). The inflow concen-
tration (on the left side) is fixed to the level of normally oxygenated blood.
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FIGURE 17.5 oxygen transfer in the microvascular environment. Simulation of the blood ve-
locity in a vascular network (DE , top left panel), the hematocrit transported by the blood (�C top
right panel), the dissolved oxygen in the vessels (quantified as oxygen partial pressure, ?$2 , bottom
left panel) and the oxygen transferred to the tissue (quantified as oxygen partial pressure, bottom
right panel).
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