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Abstract

We derive and analyze high order discontinuous Galerkin methods for second-
order elliptic problems on implicitely defined surfaces in R3. This is done by care-
fully adapting the unified discontinuous Galerkin framework of [3] on a triangulated
surface approximating the smooth surface. We prove optimal error estimates in both
a (mesh dependent) energy and L2 norms.

1 Introduction

Partial differential equations (PDEs) on manifolds have become an active area of
research in recent years due to the fact that, in many applications, mathematical
models have to be formulated not on a flat Euclidean domain but on a curved sur-
face. For example, they arise naturally in fluid dynamics (e.g., surface active agents
on the interface between two fluids, [23]) and material science (e.g., diffusion of
species along grain boundaries, [12]) but have also emerged in other areas as im-
age processing and cell biology (e.g., cell motility involving processes on the cell
membrane, [27] or phase separation on biomembranes, [21]).

Finite element methods (FEMs) for elliptic problems and their error analysis
have been successfully applied to problems on surfaces via the intrinsic approach in
[17]. This approach has subsequently been extended to parabolic problems [19] as
well as evolving surfaces [18]. The literature on the application of FEM to various
surface PDEs is now quite extensive, a review of which can be found in [20]. High



order error estimates, which require high order surface approximations, have been
derived in [15] for the Laplace-Beltrami operator. However, there are a number of
situations where conforming FEMs may not be the appropriate numerical method,
for instance, problems which lead to steep gradients or even discontinuities in the
solution. Such issues can arise for problems posed on surfaces, as in [29] where the
authors analyse a model for bacteria/cell aggregation. Without an appropriate sta-
bilisation mechanism artificially added to the surface FEMs scheme, the solution can
exhibit a spurious oscillatory behaviour which, in the context of the above problem,
leads to negative densities of on-surface living cells.

Given the ease with which one can perform hp-adaptivity using high order dis-
continuous Galerkin (DG) methods and its in-built stabilisation mechanisms for
dealing with advection dominated problems and solution blow-ups, it is natural to
extend the DG framework for PDEs posed on surfaces. DG methods have first been
extended to surfaces in [14], where an interior penalty (IP) method for a linear
second-order elliptic problem was introduced and optimal a priori error estimates
in the L? and energy norms for piecewise linear ansatz functions and surface ap-
proximations were derived. A posteriori error estimates have then been derived for
this surface IP method in [13]. A continuous/discontinuous Galerkin method for a
fourth order elliptic PDE on surfaces is considered in [25]; [24], [26] and [22] have
also derived a priori error bounds for finite volume methods on (evolving) surfaces
via the intrinsic approach.

In this paper, we consider a second-order elliptic equation on a compact smooth
connected and oriented surface I' C IR3 and, following the unified framework of [3]
based on the so called flux formulation and the high order surface approximation
approach considered in [15], derive the high order DG formulation on a piecewise
polynomial approximation I é‘ of I', where k > 1 is the polynomial order of the ap-
proximation. The derivation requires a suitable integration by parts formula which
holds on discrete surfaces; this differs from the conventional one used in the pla-
nar case. Then, by choosing the numerical fluxes appropriately, we derive “surface”
counter-parts of the various planar DG bilinear forms discussed in [3].

We then perform a unified a priori error analysis of the surface DG methods
and derive estimates in the L? and energy norms by relating T’ }’l‘ to I via the surface
lifting operator introduced in [17]. The estimates are a generalisation of the a priori
error estimates derived in [14] for the surface interior penalty (IP) method, which
restricted the analysis to the linear case. The geometric error terms arising when
approximating the surface involve those present for the surface FEM method given
in [15] as well as additional terms arising from the DG methods. The latter are
shown to scale with the same order as the former and hence we obtain optimal
convergence rates as long as the surface approximation order and the DG space
order coincide.

The paper is organised in the following way. Section 2 presents the model prob-
lem which we investigate, following the approach taken in [17]. In Section 3 we
present a unified framework for high order DG methods on surfaces and derive the
bilinear forms corresponding to each of the classical DG methods outlined in [3]. In
Section 4 we describe the technical estimates needed to prove the convergence of
the surface DG methods, which is then reported in Section 5.



2 Model problem

The notation in this section closely follows that used in [17]. Let I be a compact
smooth connected and oriented surface in IR3, with oI' = @, for simplicity, and let
d(-) denote the signed distance function to I which we assume to be well-defined
in a sufficiently thin open tube U around I'. The orientation of I' is set by taking the
normal v of T to be in the direction of increasing d(-), i.e.,

v(§) =Vd(), ¢ eT.
We denote by 7(+) the projection onto I, i.e., 7t : U — T is given by
t(x) = x —d(x)v(x) wherev(x)=v(r(x)). (@D)

In the following, we assume that there is a one-to-one relation between points x € U
and points ¢ = 7t(x) € I'. In particular, (1) is invertible in U. We denote by

P@) =I-v(§)@v(l), TeT,

the projection onto the tangent space TzI" on I" at a point { € I', where ® denotes
the usual tensor product.

Remark 2.1. It is easy to see that
Vrn=P-—dH, (2)

where H = V2d [17, Lemma 3].

For any function # defined in an open subset of U containing I" we define its
tangential gradient on I” by

Vryp=Vy—(Vn-v)v=PVy,
and the Laplace-Beltrami operator by
Arp=Vr-(Vry).
For an integer m > 0, we define the surface Sobolev space H"(I') = {u €

L2(T') : D*u € L*(TI') ¥|a| < m}. For s = 0 we write L?(I") instead of H(T"). We
endow the Sobolev space with the standard seminorm and norm

1/2 . 172
|u|Hm<r>—(Z||D“u||izm : ||u|Hm<p>—<Z|u|§{k(r)> ,

la|=m k=0

respectively, cf [30]. Throughout the paper, we write x < y to signify x < Cy, where
C is a generic positive constant whose value, possibly different at any occurrence,
does not depend on the meshsize. Moreover, we use x ~ y to state the equivalence
between x and y, i.e., C;y < x < Cyy, for C;, C; independent of the meshsize.

Let f € L?(I') be a given function, we consider the following model problem:
Find u € H'(T") such that

/Vpu-va+uvdA:/fvdA Vo € HY(T). 3
r r

Throughout the paper, we assume that u € H*(I"), s > 2. Existence and uniqueness
of such a solution is shown in [4].



3 High order DG approximation

We now follow the high order surface approximation framework introduced in [15].
We begin by approximating the smooth surface I' by a polyhedral surface I}, C U
composed of planar triangles {kh} whose vertices lie on I', and denote by 7~71 the
associated regular, conforming triangulation of I}, i.e., I}, = | [ Kj,.

We next describe a family I }i( of polynomial approximations to I' of degree k > 1
(with the convention that I}! = I},). For a given element Ky € Ty, let {¢F }i<i<n, be

the Lagrange basis functions of degree k defined on K, corresponding to a set nodal
points xy, ..., X, , which make up a unisolvent set of points with the constraint that

vertices of Kj, are included in this set. For x € Kj,, we define the discrete projection

i I, — U as
3

k
() = Y () ().
j=1
By constructing 7, elementwise we obtain a continuous piecewise polynomial map
on I},. We then define the corresponding discrete surface I }f = {m(x) : x € I};}

and the corresponding regular, conforming triangulation 7A7, = {m( Izh) We

}K 67;1
denote by Eh the set of all (codlmensmn one) intersections eh of elements in ’7}1, ie.,
e, = K N Kh , for some elements K € 7}1 For any ¢}, € 5h, the conormal n;[ toa

point x € ¢, is the unique unit vector that belongs to TXKZ' and that satisfies
nf(x) (x—y) >0 Vye K nBe(x),

where B¢ (x) is the ball centered in x with (small enough) radius € > 0. Analogously,
one can define the conormal 7, on e}, by exchanging 12;[ with 12,; . Notice that with
the above definition n; # —n, , in general (see Figure 1). Finally, we denote by v,
the outward unit normal to I }’l‘ and define for each I?h € ?h the discrete projection
P, onto the tangential space of T; lf by

Py(x) = I — v(x) @ vy (x), x € Ky,
so that, for v, defined on I'¥,
thkvh = Pthh.

Let K C IR? be the (flat) reference element and let FI?} K — I?h C R3 for I?h € Th.
We define the DG space associated to I ,f by

Sik=1x € LZ(I}’f) )ﬂﬁh = )(olFK_h1 for some x € P(K) VK € ﬁ}

For v), € §hk we adopt the convention that vf is the trace of vj, on¢;, = 12;[ N 12,;

taken within the interior of I?,f, respectively. In addition, we define the vector-
valued function space

= {T e [L2(1))3: T‘Izh = VFK_hT (TOFI2 ) for some T € [IP¥(K)]> VK, € Tj}.

h



Figure 1: Example of two elements in 7, and their respective conormals on the common
edge ).

Here, VFk_l refers to the (left) pseudo-inverse of VFAh, ie.,
h
-1
-1 _ Tor. T
VFKh = (VF@VFK;[) VFKh.

Note that PhVFIET = VFIET, ie, T € fhk =TE€ Txfé‘ almost everywhere. This
h h

result straightforwardly implies that € Sik=V I+ € fhk.

3.1 Primal formulation

Rewriting (3) as a first order system of equations and following the lines of [3], we
wish to find (uy, 03,) € Sy X Zy such that

/A o - Ty dAhk = 7/A uhvl—k - Ty dAhk+ /A I//l\Th . 1’112} dshk/
Ky, Ky h oK;, '

1

[ oy - Vrk’l]h + uyoy, dApk = /A Sfnop dAnk + /A o nﬁr vy, dsp,
K, h K, oK !

h

for all T, € Zy, v, € Sy and where the discrete right-hand side fu € L2(T; ;’l‘ ) will be
related to f in Section 4.1. Here & = u(uy,) and 0 = o(uy, 03,(uy)) are the so called
numerical fluxes which determine the inter-element behaviour of the solution and
will be prescribed later on.
In order to deal with these terms, we need to introduce the following trace op-
erators:
geLX(I):{g} =5 +q ), lq] =q" —q ong, €&,

¢ e [L2(D)P: {g;m} = %(4# = ¢ my), [m] =" mf + ¢ -my, one, € &

NI =

We now state and prove a useful formula which holds for functions in

() = {olg € HI(Ry) : VR, € Ti.



Lemma 3.1. Let ¢ € [H'(7,)]? and v € H(T},). Then we have

2 o o = 3 [t () + g 4] ds

enesy

Proof. The result follows straightforwardly by noting that

/ - ng dsp = Z/ [we; ] dspi

eh Egh

= 30 [ 1t} + (gim) 4] dsue

eheSh

d

Remark 3.1. The formula in Lemma 3.1 is a generalisation to surfaces of the classical
(planar) formula given in (2.1) of [2].

Applying the above lemma, summing over all elements and proceeding in a sim-
ilar fashion to [3], we obtain

Z /I2 Op- Ty dAhk Z / Vrkuh Ty dAhk

RyeTy " RyeTy

+ Y [ wlmim} + (T wmim) ds, @

ey Egh

> /12 Op - V ko + vy dApg = > /1? fnon dAnk
k\heﬁ f k\heﬁl "

+ X [ (@bl + Gmlton)
5E8)

(5)
for every 1), € fhk and v, € §hk.

We now introduce the DG lifting operators 75, : L2(&,) — Zy and s, : 12(&,) —
fhk which satisfy

/rk 15, (¢) - Th dAp = —/A ¢{Tmy} dswe VT, € Zprs
e

h

/rk I5,(9) - T, dApk = —/A qlTim) dswe VT, € Dy,
h €h

and ry, : LZ(Eh) — ghk and I, : Lz(gh) — Ehk: given by

(@)= > r5(@),  Lie)= > (¢

eneé, neéy



Using these operators, we can write o0j, solely in terms of uj. Indeed, on each

element 12;, IS 771 we obtain from (4) that

on = on(un) =V ety — ([ () —un]) = B ({0 (up) =y })-

©)

Note that (6) does in fact imply that 05, € X as VF,f”h € Xy and ry, 1, € Xy by
construction. Taking 7, = V xvy in (4), substituting the resulting expression into
h

(5) and using (6), we obtain the primal formulation: find (uy, 03,) € Sik X Sy such

that

A (up,op) = > /A fuon dApk Yoy, € Sy,
RpeT

where

Alfl(uh,vh) = Z /[2 vl}i‘”h -Vf;vh—kuhvh dApk
h

1271671:

+ ) /A([ﬁ_uh]{vf}fvh?nh}_{a/'”h}[vh]) dspy
Ehegh o

+ Y [ W= w9 oim) - @m o)) dowe
~ & Jey !
ghegh

3.2 Examples of surface DG methods

(7)

®)

For the following methods we introduce the penalization coefficients 7 and B

defined as
Mo, = Pg, = akh,

where « > 0 is a parameter at our disposal.

3.2.1 Surface Bassi-Rebay method
To derive the surface Bassi-Rebay method, based on [5], we choose

ut = {uy}, u- = {u},

u
ot ={opnptn, 77 = —{onyn, .

From (6) we obtain ¢, = VF}kuh + 7h([“h]) and

9)



S [ (@m o) dsu

en

Ehefh
= [{Uh;nh}[vh] dspi
/e‘\heé\k o
= /{ka”hrnh} o] dspc+ Y /{Vh up)); npt[on] dshk
€8 2,8,
=Z/memm—Z[wmmwmm
ehegh Khe’ﬁl Kh
Therefore
K (up, op) Z/ < rk“h'vr;UthuhUhﬂLTh([uh])'W([W])) dApk
Ku€Ty
- Z/ <{kauhr”h}[vh]+{vfkvhr”h}[uh]) dsp. (10)
6;,65;,

3.2.2 Surface Brezzi et al. method
For the surface Brezzi et al. method, based on [8], we choose

ut = {u}, ~ = {up},

u
= {0 + 1,75, ([wn));np g, 07 = —{oy, + 1z, 75, ([un)); np

where 775 > 0 is a parameter at our disposal.
The method is similar to the Bassi-Rebay one with an additional term. Indeed,

/{U 1y } o] dsp

eh 65;1

> {on+ 15,75, ([un]); iy} op] dspi

Gedl

= /{vfkuhrnh} o] dspc+ Y /{rh up]) + 11,73, ([un]); n } [vn] dsnic
Gh gh ehegh

=> /{V ity 1} [op] dse— Y / n([un]) - ra([on]) dAnk
E‘hEEh K;,E'ﬁ,

- > /A 113, 7e, ([un]) - 13, ([on]) dApy.

KhET Ky



Then

Alli(uhlvh =+ Z / vrkuh kavh+uhvh dAhk

KueTy
-y /{vrkuh/”h}[vh]+{vrkvh/”h}[”h] dsp
eheg;, o
+ 30 [ ndlmd) - ru(fond) + 1,75 () - 75, (o)) dAne @D
Khen Ky

3.2.3 Surface IP method

To derive the surface IP method, based on [16, 2], we choose the numerical fluxes
i and 0 as follows:

ut = {u}, u = {uy},
ot = ({Vphkuh;nh} - Bs, [“h])”ﬁr o=- (*{Vp}fuh;nh} - Bs, [uh])"h-
Substituting them into (8), we obtain

A (o) = Y / V-V peop + vy dApg + > / Ba, [un][vn] dsni

Ky

k}leﬁ E;,Eg;,
-y / [ {V pon; i} + [Uh}{vpkuh,nh}) dspi (12)
eheé‘h

which is exactly the surface IP method considered in [14].

3.2.4 Surface NIPG method

For the surface NIPG method, based on [28] (or equivalently the Baumann-Oden
method in [7] with ,th = 0), we choose

it = {uy} + [uy], i = {up} — [un],

ot = ({unh; nh} — ‘th [uh])n;’, 0= ({Vrguh,‘ Tlh} — :B?h [uh]>nh_.
We see that {# —u,} = 0, [ — uy] = [uy] and [0;n,] = 0. We may derive the
surface NIPG bilinear form in a similar way as for the surface IP method.
3.2.5 Surface IIPG method

For the surface IIPG method, based on [11], we choose the numerical fluxes # and
o as follows:

ﬁ:u,j,

ot = (Ve — B, [”h])”ﬁr o= —<{Vphkuh;7’lh} - Bs, [uh])"h-



We see that {# — uy,} =0, [ — uy,] = 0 and [0;n,] = 0. Here again, we may derive
the surface IIPG bilinear form in like manner as for the surface IP method.

3.2.6 Surface Bassi et al. method

For the surface Bassi et al. method, based on [6], we choose
at = {uy}, u = {uy},
7 = (19t (i Y, & = = ({7 o+ 7, (i} Y

The resulting bilinear surface form can be easily obtained using the contributes of
the surface IP and surface Brezzi et al. bilinear forms.

3.2.7 Surface LDG method

Finally for the surface LDG method, based on [10], the numerical fluxes are chosen
as follows:

ut = A{up} = B-nfuy), w0 = {up}y — B-myf uy),
= ({Uh;ﬂh} — B lun] + B -1} [on; nh])ﬂﬁ,

vo=- <{0'h;”h} = Ba[un] + By [Uh;nh])nh’

where B € [L*(I})]? is a (possibly null) constant on each edge e, € &y We see that
{it —up} = —B-n [uy] and [ — uy] = —[uy]. So, from (6), we obtain:

ot = ({Vp/;uh;ﬂh} + {rn([un))i npy + {1n(B -y [un]); na} — B, [un]

+ 8-y (19 pyugim] + I ([n]); ] + (B n;nuhn;nh])) ny

and in a similar way ¢~ . Then

A {U ny }on] dshk

C;,Gg

=y / <{V Ky} op] + [vfllf”h;"h]ﬁ'”;[vh] —53,1[%][%]) dshi
ehESk

S /A (ruas)) + 1 (B - (s)) ) - (C(o]) + 14 (B o)) A

S~ JK
Ky, 67;’1( t

10



11

and the surface LDG form can be written as

Aﬁ(”hﬂ)h)
= / V kg - V ooy, + upoy dApx
. Kh h h
K}IG'U,
-y /A[”h]{vr}llfvh;”h} — {V s} on] dsp
G "
+ > /A <— [Vphkuh;”h}ﬁ'”;ﬂvh} —ﬁ'nﬂuhﬁvphkvh;nh] + Bs, [”h][vh]) dspy
Geg "
£ 3 L () + (B ) ) - (ruCleal) 34 (B - o4]) ) e
Kheﬁ Kh
(13)
Remark 3.2. In the flat case, for which we have n;’ = —n,,, all of the surface DG

methods yield the corresponding ones found in [3].

Remark 3.3. Notice that for all of our choices of the numerical fluxes i and 7, we have
that [u1] = 0 and [0;ny,] = 0. In addition, they are consistent with the corresponding
fluxes in the flat case given in [3] with the exception of those of the surface LDG method.
In the latter case, the equivalence does not hold because all the surface trace operators
are scalars and they cannot be combined in the same way as the corresponding LDG
fluxes in the flat case.

4 Technical tools

In this section we introduce the necessary tools and geometric relations needed to
work on discrete domains and prove boundedness and stability of the bilinear forms,
following the framework introduced in [17].

4.1 Surface lifting

For any function w defined on I; ;f we define the surface lift onto I' by

w'(¢) =w(x(€), CE T,
where, thanks to the invertibility of (1), x() is defined as the unique solution of
xX(¢) = m(x) +d(x)v(g).

In particular, for every Kh € 7A71 there is a unique curved triangle 125 = 71(12;,) CcIr.
We may then define the regular, conforming triangulation ’f;f of I' given by

_ %4
r=J K.
K€y



The triangulation ﬁé of I' is thus induced by the triangulation ﬁ of T }’f via the
surface lift operator. Similarly, we denote by Efl = rni(ey) € ghf the unique curved
edge associated to ¢;,. The function space for surface lifted functions is chosen to be
given by

SAﬁk = {x € L*(I') : x =} for some y € SAhk}'
We define the discrete right-hand side fj, such that f,f = f. We also denote by
w! e §hk the inverse surface lift of some function @ € §Lk satisfying (@)} = @.

One can show that for v;, defined on T ,f, we have
Veop = Py(I - dH)PV o).

Furthermore, let §;, be the local area deformation when transforming K, to 122, ie.,
op dAp, = dA,

and let J;, be the local edge deformation when transforming e, to Ef,, ie.,
b5, dsp = ds.

Finally, let .

Ry = gP(I — dH)P,(I — dH)P.

Then one can show that
" Vr};fuh . quh + uyvy, dA, = ‘/FRthuL : VFUL + 5}7114;10;1 dA. (14)
h
4.2 Geometric estimates
We next prove some geometric error estimates relating I to I; }’l‘

Lemma 4.1. Let I' be a compact smooth connected and oriented surface in R3 and let
T ;’l‘ be its Lagrange interpolant of degree k. Furthermore, we denote by n*/~ the unit

(surface) conormals to respectively EJth/ ~. Then, for sufficiently small h, we have
1]l oy S (15a)
11— 5h||L°°(F]5f) S th/ (15b)
||V_Vh||Loo(rlf) Shk/ (15¢)
[P — RhHLoo(rlf) < W (15d)
1— o, H[po(fh) S WL, (15e)
sup [P — RE;,HLoo(a}?h) S hk—H/ (159)
KeTy,
||”+/7 - P”]T/_Hpo(fh) S W, (15g)

where Rz = s-P(I — dH)P,(I — dH).
h

For the sake of readability, we postpone the proof of Lemma 4.1 to Appendix A.

12



4.3 Boundedness and stability
We define the space of piecewise polynomial functions on [}, as
S = {X € L*(I1) Xk, € PK(K),) VK, € Ty}
We recall the following useful result from [15]:

Lemma 4.2. Let v € H/(K},), j > 0, and let 5(X) = v(m;(X)) VX € Ky. Then, for h
small enough, it holds

e e A ey (162)
IV rollazry ~IV ol 2z, ~ 195502z, (16b)
”Dﬁ-kUHLZ(I@,)rs Z HD}”UEHLZ(@@)/ (16¢)

h 1§m§j {

HD/I’,Ig”LZ([Zh)S Z ‘D UHLz (&) (16d)
1<m<j

We will also need the following inverse inequality, adapted from [9, Thm 3.2.6].
Lemma 4.3. Let [, m be two integers such that 0 <[ < m. Then,

ck
|vh|H"’(Kh) ~ K |vh‘Hz(K ) Yoy, € S,

Finally, we prove the following trace inequality:

Lemma 4.4. For sufficiently small h, it holds

||Vrkwh|| 1Hvrkwh|| VW), € Spg.

L2(3K, )
Proof. Defining &; = ds/ dsy and 6z, 5, = dshk/ dsh, using (15e) and a Taylor
expansion argument, we obtain

:’1_ 1+0(1?) |~ 2

5 14+ O(rk+1)| ~

05
11— 05,3, = ’1 =

Now let @), € Sy be such that 7 (wy,) = wy,. From (2.21) in [15] we have
fo@h < Vr,wp, a7

provided h is sufficiently small. Applying the trace theorem for polynomial functions
on [}, as given in Lemma 3.4 in [14], and the inverse inequality in Lemma 4.3 (with
I =1and m = 2), we get

2
[ TR s S VR B g

Ky,

Surface lifting the left-hand side to T; k. making use of (17) and using (16b) for the
right-hand side we have

/a |kawh| 55}1_)" ds Shk ~ 7vakwh||L2 Kh

13
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We thus obtain, using (15€),

(1= Ch*)||V pxon |} vakwh”

L2(0K},) L2(K),)”

which yields the desired result for & small enough. O
In order to perform a unified analysis of the surface DG methods presented in
Section 3.2, we introduce the stablization function

> B, /A up][op] dspy, (18a)
eheé‘h h

Z e / up]) - 5, ([on]) dApk, (18b)

ghegh

Sp(up, o) =

for uy, vy, € §hk, cf. also Table 1.

Method Stabilization function Sy (-, -)
IP [16]
NIPG [28]
IIPG [11]
LDG [10]
Brezzi et al. [8]
Bassi et al. [6]

(18a)

(18b)

Table 1: Stabilization function of the DG methods considered in our unified analysis.

The next result, together with the Lax-Milgram Lemma, guarantees that there
exists a unique solution u;, € Sy of (8) that satisfies the stability estimate

lunlog < 1fill 2y (19)
where the DG norm || - || pg is given by

th Vun € Su, (20)

with

Z ||uh||H1 K )'

KyeT,

20 = Su(un, up),

where Sj,(+, -) depends on the method under investigation and is defined as in (18a)-
(18b).

We will now consider boundedness and stability of the bilinear forms AZ(~, )
corresponding to the surface DG methods given in Table 1. We first state some
estimates required for the analysis of the surface LDG method.

Lemma 4.5. For any v, € §hk: it holds,

s, (o) agrp) S a1y



a||lg, (vn) 17 2y < Pa [0 iz,

on each e, € &,

Proof. The proof is the same as [1, Lemma 2.3] provided proper definition of the
DG lift operators. I

Lemma 4.6. The bilinear forms Aﬁ(-, -) corresponding to the surface DG methods
given in Table 1 are continuous and coercive in the DG norm (20), i.e.,

Ak (uy, 01) < Nunllogllonllog, AR (un, uy) 2 [unlbes

for every uy, vy, € §hk-

For the surface IP, Bassi et al. and IIPG methods, coercivity holds provided the
penalty parameter a appearing in the definition of 5, or 15, in (9) is chosen sufficiently
large.

Proof. For all the methods stabilized with Sj,(-,-) defined as in (18a), Lemma 4.4
implies that

> leen]ll 2 @) LV prows bl 125,y S Vronll (g,
Eh Ggh K},Eﬁ (21)

Slunlenllonlln

where the hidden constant also depends on the polynomial approximation degree
and the penalty parameter f;, . Otherwise, if 5 (-, -) is given as in (18b), we observe

that for uy,, vy, € Sy, we have

> [ Troim dsu= 30 [ nnd)- Vo, dane

ey = /Ky
eh 6‘c/‘h Kh 6771

and

Hrh( LZ Fk = || Z Teh LZ(F" ~ Z H ‘—’h LZ Fk (22)

E;,Egh eh 65;,
Hence, applying the Cauchy-Schwarz inequality, we obtain

Z Hrh uh HL2 ||Vﬂ<7]h||L2 Z |uh|*,h‘|vr}i<vh”L2(12)
Khen Kheﬁl (23)

where the hidden constant also depends on the polynomial approximation degree
and the penalty parameter 7 . For the surface LDG method, using Lemma 4.5 and

the L®(I¥) bound on B, we obtain

S ||,8||Loo Ik vakuhHLz |Uh|*h/

V pith; ) By [on] dsnu| S

T ) (B ) d| <

K

15



and, in a similar way, the remaining quantities. Continuity then follows from the
Cauchy-Schwarz inequality and the above estimates.

We next show coercivity of the DG bilinear forms. For the surface NIPG method, sta-
bility follows straightforwardly from the Cauchy-Schwarz inequality. For the surface
LDG method, we have

mwvwmhzzf
€n

[u, {Vpkuh, ”h}l dspy

= 2[|Bll oy [1n] [ fkuhrnh]‘ dspuc + [ 3 -

€h€

For the other methods involving S, (-, -) defined as in (18a), using Cauchy-Schwarz
inequality, we obtain

A (uy, up) >N uy3 ), —

[uy, {Vrkuh/ nh}‘ dsp + |un| S
ehegh

otherwise, if S (-, -) is given as in (18b), we have

A (g, uy) >H“h”1h

2
Th [un]) rf”h’ dAny + |ups -
KTk
The result follows by making use of the corresponding boundedness estimates, using

Young’s inequality and choosing the penalty parameter sufficiently large. O
We now define the DG norm for functions in Sﬁk as follows:

Vui €5, (24)

H”hHD

*h

Z ||uh||Hl K[

KleT!

with

and
1

I
o = Sy, up),

where Sf;(-, -) is defined according in (18a)-(18b) but on I, i.e.,

> s , &5 [y [03] dsme (25a)
siuf,af) = { *0 E E

S s [0 (g, () (5, (00]) dAmg @5)

E;,GS/I

{0 = 3t
for Uy, v, € Sy
Lemma 4.7. Let u; € §hk satisfy (19). Then ufl € §,’;k satisfies

lulloe < 1 Fllz ey, (26)

for h small enough.

16



Proof. We first show that for any function v;, € §hk, for sufficiently small &,

194llp < llonlipe- 27)

The || - |3, component of the DG norm is dealt with in exactly the same way as in
[15]. For the | - |§ , component of the DG norm we have

[l o= [ &loiRas and [ o) P danc= [ & inlon)'F aa,
o e If r

which straightforwardly yields (27). Making use of the discrete stability estimate
(19) and noting that, by Lemma 4.5, ”fh”LZ(F,f) < ||f]fHL2(I") = || fllL2(r), we get the
desired result. [I

For each of the surface DG bilinear forms given in Table 1, we define a corre-
sponding bilinear form on I" induced by the surface lifted triangulation 771( which is

well defined for functions w, v € HZ(F )+ §ﬁk. For the surface IP bilinear form (12),
we define

A(w,v) = Z /Apr'szH—wvdA Z [ KVron} +[v[{V5rw;n} ds
RleT! K, o &l Gt

+ Z / 53;, ‘Beh ]dS, (28)

Eg/ €

where n™ and n™ are respectively the unit surface conormals to I?ff and IZﬁf on
é’fl € 5,5. For the Brezzi et al. bilinear form (11), we define

A(w,v) = Z pr Vro+wo dA

Ké 7-[

D3 / e (D) v (07D 65 (1) ((0~1D)"
KleT!

-> / HVron} + [0{Vrw;n} —(S;hlﬁgh[w][v] ds. (29)
eheg,f

For the surface LDG bilinear form (13), we define

A(w / Vrw-Vro+wo dA — Z/ wl{Vro;n} — {Vrw;n}[v] ds
K[ 7—[ ’\6 gé eh
+ Z L <_(S@l[vfw;n]ﬁ'nfz+[v]_5?;,1,3'nfz+[w][va;n]+5ghl,56h[wnv]> ds
olell "

+ 0 [ (D + g o) (oD (B o)

(30)

17



The corresponding bilinear forms for the other surface DG methods can be de-
rived in a similar manner. Since we assume that the weak solution u of (3) belongs
to H?(I') they all satisfy

Awo) = 3 / foda,  Voe HXT)+ 8., 31)
I K¢
KieT,
We now extend a technical estimate, which is crucial for boundedness of A(-, ),
presented in [14].

Lemma 4.8. Let w € H*(T') + SAf;k Then, for sufficiently small h,

IV rwl IIVFWHLz &) +hw]? (32)

L2(3K}) N h H2(K})

Proof. We define @ € Sy + H2(Fk) and @ € Sy + H2(I},) such that @’ = w and
@ =1 o m. Applying the trace theorem on Kj, € ’E we get

- 1 - -
/~ V5 [ dsy < f/~ V5 ] dAh+h/~ V2 ]2 dAy,
g, h Jx, &,

Surface lifting the left-hand side on T }i‘ as in Lemma 4.4 and using (16b) and (16d)
we obtain

1
2 -2 112 112
(1= C) [ 1900 donc S LIVl g, +HIDeg

In the same way, surface lifting the left-hand side on I' and using (16b)-(16c) we
have

(=) [ Vrw R Vrwds S GV g+l g

Using (15f), we thus obtaln

(1= Cr (1 - Ch)||Vrw|] HerIILz &) +hw|?

L2(3K}) N h H2(K})
which yields the desired inequality for / small enough. [

For the stability of A(-,-) we have to state and prove an additional technical
inequality for discrete functions.

Lemma 4.9. Let wfl € §flk Then, for sufficiently small h,

IV rwp 17 vawh”

L2(3K!) S h L2(K})"

The proof of Lemma 4.9 is omitted as it is similar to that of Lemma 4.8. Following
the same ideas as for the proof of Lemma 4.6, along with Lemma 4.8 and Lemma
4.9, we obtain the analogous boundedness/stability results for the bilinear form

A(-, ).

18
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Lemma 4.10. It holds the boundedness estimate
A(w,2) 5 (Ilwllpe + el er) ) 19 b (33)
for all w € H*(T') + SAik, vﬁ € SAf;k, and it holds

lwillBe S Alw), w}) 349

for all wft € §£k and if, for surface IP, Bassi et al. and NIPG methods, the penalty

parameter a appearing in the definition of B, or 1, in (9) is chosen sufficiently large.

5 Convergence

We next state the convergence estimates.

Theorem 5.1. Let u € Hk“(]") and u;, € §hk denote the solutions to (3) and (7),
respectively. Let 1 = 0 for IIPG, NIPG formulations and let 1 = 1 otherwise. Then,

[ = upll 2 (ry + 1w = uloe ST Fllzery + Nl g ),

provided the mesh size h is small enough and the penalty parameter « is large enough.

The proof will follow an argument similar to the one outlined in [3]. Using the
stability result (34), we have

19, — e < A — w0 — ) = Al — iy, ¢ — ) + Al) — 1, ¢f — uj),
~ (35)
where 4)2 € Sﬁk. Since we do not directly have Galerkin orthogonality the first
term on the right-hand side of (35) is not zero, and the second term will require an
interpolation estimate. The latter is dealt with in the following way: following [15],

for w € H2(IF), we define the interpolant I : C°(I¥) — Sy by
Tiw(mi(%)) = T (),

where I, : co(r,) — §ﬁ is the standard Lagrange interpolant of degree k and
@ € H*(T) is defined such that w (7, (%)) = @(%). We also define the interpolant
I;]: : CO(F) — Sy by , ~
Ifw! (n(x)) = Ifw().
The second term in (35) can thus be estimated using the following result:

Lemma 5.2. Assume that w € H"(I') where2 < m < k+ 1. Then fori =0, 1
. .
|w_lhw|Hz(12{l) Shm IHZU”Hm(I?ﬁ)

Proof. See [15, Prop. 2.7]. 0
For the first term on the right-hand side of (35), we require the following result:



Lemma 5.3. Let u € H*(I") and uy, € Shk denote the solutions to (3) and (7), respec-
tively. We define the functional Ej, on St ke by

En(v) = A(u — uj, v).

Then, for all surface DG methods apart from LDG, E;, can be written as

- [ )it 1)
Kl eT! K

£ / | ({Vrefn) - (65" Py(1 — dH)PY ol ) ds

651’ €y

+ > | [of] ({vpuh,n} {5A1Ph(1—dH)PVpuh,nh}> (36)

’%651 h

where Ry, is given as in Lemma 4.1. The functional corresponding to the surface LDG
method can be written as

Ey(0f) =(36) + ) / ;1B i of] (IVrufin] = [Py(1 — dH)PV rujinf]) ds
eel!

4 Z / 5518 nf [uf] (1 rofsn] — [Pu(1 — dH)PV rofnf]) ds. (37)

Y4
eh € gh

Furthermore,
En ()] S H Il gl lpe- (38)

Proof. The proof is similar to that of Lemma 4.2 in [14] which considered a piece-
wise linear approximation of the surface. The expression for the error functional Ej,
is obtained by first noting that the solution u of (3) satisfies (31) and then consid-
ering the difference between (31) and (7). This is done by first surface lifting the
terms of (8) onto I' in a similar fashion to (14). The estimate (38) is then obtained
by making use of the geometric estimates in Lemma 4.1 and the trace estimate given
in Lemma 4.9. 0

Remark 5.1. Note that the error functional Ej, in Lemma 5.3 includes all of the terms
present in the high order surface FEM setting (see [15]) as well as additional terms
arising from the surface DG methods.

Proof. [Proof of Theorem 5.1] Choosing the continuous interpolant 4)5 = Iﬁu, using
the boundedness result (33), the interpolation estimate in Lemma 5.2 and the error
functional estimate (38), (35) can be bounded by

k : k k
1Ty — ujllbe S En(Tiu — uy) + A(Tju — u, Tiu — uj,)
S Eh(IlI;” - ”i) + HIL(” - “HHl(r) HI;ZCM - ufz”DG
k k ‘ k k ¢
Sh +1Hf“LZ(r) 1 Tyu — uyllpe + B lull g oy M — wyllpe,

which implies
15w = whllpe S K lzery + Nl e ry)-
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Using again Lemma 5.2 we obtain
lu = upllpe < llu = Tiullpe + | Tiu — ujlipe

S hk||”HHk+1(r) + hk(”f”LZ(r) + [l g () S hk(”fHLZ(r) + [l e ry)-

This concludes the first part of the proof. In the case of 7 = 1, to derive the L?
estimate we first observe that the solution z € H?(I") to the dual problem

—Apz+z:u—ufl (39)

satisfies
Izl 2y < llu— ”£||L2(r)~ (40)

Then, we have

= 22y = (0 =ty — uf)r = Al — uf, 2) = Al — upyz — Ifz) + By (Ifz).

(41)
Using (38), a triangle inequality and the interpolation estimate in Lemma 5.2, we
obtain

En(552)] S B Al Rzl oy S H Ly 1z o -

Hence, using (40),
En(Iiz) | S Il 2yl — w2

Making use of the continuity of I;l‘z —z, Lemma 4.8 and Lemma 5.2 and the stability
estimate (40), we have that

A(u = uj,z = 1iz) S lu = willpe (12 = Bzl ) + 121120 zry)
S hllu =g || pellu = up |l 2

Combining the last two inequalities in (41) yields

ot = agry < (hlli = whllo + #1 Fllzgr ) e — Lz,
which gives us the desired L? estimate and concludes the proof. In the case of 7 = 0,
we can obtain an sub-optimal bound using a similar procedure of [3]. 0
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Appendix A
This section is devoted to prove Lemma 4.1.

Proof. [Proof of Lemma 4.1] Proofs of (15a)-(15d) can be found in [15, Prop. 2.3
and Prop. 4.1]. The proof of (15f) will follow exactly the same lines as (15d)



L. L~ = Tk = ™ ~
e K Kn Ky Ky Kﬁ

Figure 2: Mappings used in the proof of Lemma 4.1.

once we have proven (15e). Let e, K be ~the reference segment [0,1] and the (flat)
reference element, respectively, and let K}, Kj, and Kﬁ be elements in I}, T, ;]f and I,

respectively, such that 77, (K,) = K, and 7(K;) = IZfl Let also L, be the inclusion
operator that maps e into an edge of K and let Lkv} (K) = Kj,. A tangent on an edge

é, C K, in F}I; is given by 7, = V(7 o LI?h o L.). Analogously, a tangent on the

surface lifted edge Efl C Kﬁ in I' is given by T = V. We denote by 7, and T
respectively the unit tangents of ¢, and ¢/, and let A = ||7;|| . We will now prove

estimate (15e). Let dx be the Lebesque measure on the reference interval e. We then
have

dshk =A dX,

ds = /I(Vm)T - Vazp dx = Ay/I|(VATy)T - Vtylle dx = |V dsp
—_——

Having characterised J5, , we wish to show that
1— CH < ||V < 14 CHAL

Making use of (2) and (15a), we have

IVATulle < IV7lpTalle < IP— dH|lp < 14 CH* “2)
Next, to provide a lower bound for ||V 71T} |2, we consider

T—1,=(Vn—P,)g =AMVr— D)7
Recalling the definition of the projection matrices P and P, we have that
IT =l < AP - Py) - dH] [Tyl < ACH.

Using the reverse triangle inequality, we obtain

MVATle = 7l = lwlle — 7= wlle = A - ) (43)
and, dividing by A and using (42), we obtain the sub-optimal estimate

1—Ch* < ||VnTy ||z < 1+ CHFHL (44

The lower bound 44 can be improved in an iterative way as follows. We consider

MV Tlle = lItlle = [Pl = 1Pt — 7/l (45)
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Then, using again the reverse triangular inequality, we have
1Ptz = AIPThll2 = ATl 2 = [T = PTyllp) = AL = [T = PTpll2).  (46)

Since T, n, v form an orthonormal basis of R> and recalling that P maps vectors into
the tangential space of I' (hence have null normal component), we get

A1 =T = PTyll2) = M1~ |1 = (T, PT},)T — (n, PTy)n|2)
>AA == G@T) e = 1067l 2)
> A

A= [T =Tul2 - (5, )- 7)
Now c
7T
N L
=T = P~ e )T

so using (44) and a Taylor expansion argument, it is easy to see that
= = k
17, — Tatlle S 1 (48)

To deal with the last term of (47) we note that

\% Ty

nTy) = (TXV,Ty) =W,T, XT)=W,T) X t7=—=)-
(%) = ( )= (0T X T) = (T X

Then, using the sub-optimal lower bound (44) and a Taylor expansion argument,
we get

VT, 1

Vv, Ty X — = —
T T ) T Wemle

(v, T x Vrty) < (v, T x VTy,).

Using the definition of P and (2), we have that
Vnt, = (P—dH)T, =7, — (v-Ty)v — dHTy,. (49)

Now, using (49), we can write
(v, Ty, x VITy,) = (V,Th x (T, — (T -v)v — dHTh)> = —(v, T, X dHT}).

Hence,
1, Tl S Nl e (v, T x HTR) |2 S B (50)

Combining (50) and (48) with (47) we obtain that
1Pl = AL = [[(1 = (£, PE))T = (n, PE)nl) = A1 —CH*T). (5D)
For the second term in the right-hand side of (45), notice that
It = Pl = V7%, — Pyl = |dHg, | < ACH, (52)
We are now ready to improve the lower bound in 44. By making use of (52) and

(51) in (45), we get
VTl >1-— ChHf+1 (53)
I
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which proves (15€).
To prove (15g), we need to preliminary prove the following auxiliary inequali-
ties:
(@) < K, (54)

11— (n,my)| S . (55)
We start showing (54). Using the property of the cross product, we get

(T,ny) = (T, v, xT)) = (v, T X T) = (U, Ty X VIITY). (56)

Replacing (49) in (56), we obtain
(T ) = [v- (T — DT, v x vi) — (vi, T x dHT,).
Taking the absolute value and using (15a), (15c¢) and (48), we find
(T, 1) | < BEHL 4 CHRL < ket
In order to prove (55), we start showing that the following holds
(v, )| S HE. (57)
Indeed, using again the properties of the cross and scalar products, we obtain:
(v, )| = |(v,vn X T)| = [(vi Ty X V)| = (v, T X (v =) S K

Since the vector ny, is of unit length, there exist a(x),b(x),c(x) € R satisfying
a% + b* + ¢ = 1 such that
n, =at + bn+ cv,

where a = (T, ny,), b = (n,n;,) and ¢ = (v, ny,). Hence, using (54), (57) and a Taylor
expansion argument, we get

b=4V1—-0a2—==+/1+0(h%*) = +14 O(h*).

The inequality (55) follows by assuming that the mesh size h of T}, is chosen small
enough so that b = 1+ O(h%). Finally, writing Pnj, = (T, Pny,)T + (n, Pny,)n, we
obtain (15g), i.e.,
[n— Py =,y = lIn — (T, Pnp)T + (n, Pry)n| =g,
< |1 - (n,Pnh)| + |(?,P1’lh)|
= |1~ (n,m,)| + (T, m)| = O(H*H).

References

[1] P. F. ANTONIETTI AND P. HOUSTON, A class of domain decomposition precon-
ditioners for hp-discontinuous Galerkin finite element methods, J. Sci. Comput.,
46 (2011), pp. 124-149.

24



(2]

(3]

(4]

(5]

(6]

[71

(8]

[91

[10]

[11]

[12]

[13]

[14]

[15]

[16]

D. N. ARNOLD, An interior penalty finite element method with discontinuous
elements, SIAM J. Numer. Anal., 19 (1982), pp. 742-760.

D. N. ARNOLD, F. BREZzI, B. COCKBURN, AND L. D. MARINI, Unified analysis
of discontinuous Galerkin methods for elliptic problems, SIAM J. Numer. Anal.,
39 (2001/02), pp. 1749-1779.

T. AUBIN, Nonlinear analysis on manifolds. Monge-Ampere equations, vol. 252
of Grundlehren der Mathematischen Wissenschaften, Springer-Verlag, New
York, 1982.

F. BASSI AND S. REBAY, A high-order accurate discontinuous finite element
method for the numerical solution of the compressible Navier-Stokes equations,
J. Comput. Phys., 131 (1997), pp. 267-279.

F. BASsI, S. REBAY, G. MARIOTTI, S. PEDINOTTI, AND M. SAVINI, A high-order
accurate discontinuous finite element method for inviscid and viscous turboma-
chinery flows, in Proceedings of 2nd European Conference on Turbomachinery,
Fluid Dynamics and Thermodynamics, Technologisch Instituut, Antwerpen,
Belgium, 1997, pp. 99-108.

C. E. BAUMANN AND J. T. ODEN, A discontinuous hp finite element method for
the Euler and Navier-Stokes equations, Internat. J. Numer. Methods Fluids, 31
(1999), pp. 79-95.

F. BREZZI, G. MANZINI, D. MARINI, P. PIETRA, AND A. RUSSO, Discontinuous
Galerkin approximations for elliptic problems, Numer. Methods Partial Differen-
tial Equations, 16 (2000), pp. 365-378.

P. G. CIARLET, The finite element method for elliptic problems, vol. 40 of Clas-
sics in Applied Mathematics, Society for Industrial and Applied Mathematics
(SIAM), Philadelphia, PA, 2002.

B. COCKBURN AND C.-W. SHU, The local discontinuous Galerkin method for
time-dependent convection-diffusion systems, SIAM J. Numer. Anal., 35 (1998),
pPp- 2440-2463 (electronic).

C. DAWSON, S. SUN, AND M. F. WHEELER, Compatible algorithms for cou-
pled flow and transport, Comput. Methods Appl. Mech. Engrg., 193 (2004),
pp- 2565-2580.

K. DECKELNICK, C. M. ELLIOTT, AND V. STYLES, Numerical diffusion-induced
grain boundary motion, Interfaces Free Bound., 3 (2001), pp. 393-414.

A. DEDNER AND P. MADHAVAN, Adaptive discontinuous Galerkin methods on
surfaces, In preparation, (2014).

A. DEDNER, P. MADHAVAN, AND B. STINNER, Analysis of the discontinuous
Galerkin method for elliptic problems on surfaces, IMA J. Numer. Anal., 33
(2013), pp. 952-973.

A. DEMLOW, Higher-order finite element methods and pointwise error estimates
for elliptic problems on surfaces, SIAM J. Numer. Anal., 47 (2009), pp. 805-827.

J. DOUGLAS, JR. AND T. DUPONT, Interior penalty procedures for elliptic and
parabolic Galerkin methods, in Computing methods in applied sciences (Sec-
ond Internat. Sympos., Versailles, 1975), Springer, Berlin, 1976, pp. 207-216.
Lecture Notes in Phys., Vol. 58.

25



[17]

(18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

(28]

[29]

[30]

G. DzIUK, Finite elements for the Beltrami operator on arbitrary surfaces, in
Partial differential equations and calculus of variations, vol. 1357 of Lecture
Notes in Math., Springer, Berlin, 1988, pp. 142-155.

G. Dz1uk AND C. M. ELLIOTT, Finite elements on evolving surfaces, IMA J. Nu-
mer. Anal., 27 (2007), pp. 262-292.

—, Surface finite elements for parabolic equations, J. Comput. Math., 25
(2007), pp. 385-407.

—, Finite element methods for surface PDEs, Acta Numer., 22 (2013),
pp. 289-396.

C. M. ELLIOTT AND B. STINNER, Modeling and computation of two phase ge-
ometric biomembranes using surface finite elements, J. Comput. Phys., 229
(2010), pp. 6585-6612.

J. GIESSELMANN AND T. MULLER, Geometric error of finite volume schemes for
nonlinear conservation laws on surfaces, in preparation, (2012).

A. J. JAMES AND J. LOWENGRUB, A surfactant-conserving volume-of-fluid
method for interfacial flows with insoluble surfactant, J. Comput. Phys., 201
(2004), pp. 685-722.

L. Ju AND Q. Du, A finite volume method on general surfaces and its error
estimates, J. Math. Anal. Appl., 352 (2009), pp. 645-668.

K. LARSSON AND M. G. LARSON, A continuous/discontinuous Galerkin method
and a priori error estimates for the biharmonic problem on surfaces, arXiv
preprint arXiv:1305.2740, (2013).

M. LENZ, S. F. NEMADJIEU, AND M. RUMPF, A convergent finite volume scheme
for diffusion on evolving surfaces, SIAM J. Numer. Anal., 49 (2011), pp. 15-37.

M. P. NEILSON, J. A. MACKENZIE, S. D. WEBB, AND R. H. INSALL, Modeling
cell movement and chemotaxis using pseudopod-based feedback, SIAM J. Sci.
Comput., 33 (2011), pp. 1035-1057.

B. RIVIERE, M. F. WHEELER, AND V. GIRAULT, Improved energy estimates for in-
terior penalty, constrained and discontinuous Galerkin methods for elliptic prob-
lems. I, Comput. Geosci., 3 (1999), pp. 337-360.

A. SokoLov, R. STREHL, AND S. TUREK, Numerical simulation of chemotaxis
models on stationary surfaces, Discrete Contin. Dyn. Syst. Ser. B, 18 (2013),
pp. 2689-2704.

J. WLOKA, Partial differential equations, Cambridge University Press, Cam-
bridge, 1987.

26



27

Errata

This is a revised version. Changes have been made in:

e Page 19 lines 10-11:
”Then,

= w2y + Bl = uflloe S B F iz + lellgenn ),

should be ” Let # = 0 for IIPG, NIPG formulations and let # = 1 otherwise.
Then,

i = w2y + 1w = ugling S HHTIf lzery + ull ),

e Page 21 line 4:
"To derive the L2 estimate...” should be "In the case of 77 = 1, to derive the L?
estimate...”

e Page 21 line 22:

add before the end of the proof: ”In the case of = 0, we can obtain an
sub-optimal bound using a similar procedure of [3].”
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