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Abstract

We propose a unified formulation based on discontinuous Galerkin methods on polyg-
onal/polyhedral grids for the simulation of flows in fractured porous media. We adopt a
model for single-phase flows where the fracture is modeled as a (d — 1) - dimensional
interface in a d - dimensional bulk domain, and model the flow in the porous medium
and in the fracture by means of the Darcy’s law. The two problems are then coupled
through physically consistent conditions. We focus on the numerical approximation of
the coupled bulk-fracture problem and present and analyze, in the unified setting of
[20], all the possible combinations of primal-primal, mixed-primal, primal-mixed and
mixed-mixed formulations for the bulk and fracture problems, respectively. For all
the possible combinations, we prove their well-posedness and derive a priori hp-version
error estimates in a suitable (mesh-dependent) energy norm. Finally, several numerical
experiments assess the theoretical error estimates and verify the practical performance
of the proposed schemes.

Introduction

Many Geophysical and Engineering applications, including, for example, fluid-structure
interaction, crack and wave propagation problems, and flow in fractured porous media, are
characterized by a strong complexity of the physical domain, possibly involving thousands
of fault/fractures, heterogeneous media, moving geometries/interfaces and complex topogra-
phies. Whenever classical Finite-Element-based approaches are employed to discretize the
underlying differential model, the process of mesh generation can be the bottleneck of the
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whole simulation, as classical finite elements only support computational grids composed
by tetrahedral/hexahedral /prismatic elements. To overcome this limitation, in the last
decade a wide strand of literature focused on the design of numerical methods that support
computational meshes composed of general polygonal and polyhedral (polytopic, for short)
elements. In the conforming setting, we mention for example the Composite Finite Element
Method [59, 58], the Mimetic Finite Difference method [60} [33] 3], 32} 28 [10], the Polygonal
Finite Element Method [67], the Extended Finite Element Method [68], [55], the Virtual
Element Method [25] 26], 27, [7, 8] and the Hybrid High-Order method [50), 48, 49, [51]. In the
setting of non-conforming/discontinuos polygonal methods, we mention, for example, Hy-
bridizable Discontinuous Galerkin methods [42] [43] [44] 45], Composite Discontinuous Finite
Element methods [I1], 12], non-conforming VEM [16), 21], B9], Gradient Schemes [52] and the
polytopic Discontinuous Galerkin method [, 23] 24], 22], 111, 12} (38, 136, 37, 14}, [6l (17, [4], 18], [15].

Within this framework, we focus our attention on the problem of modelling the flow
in a fractured porous medium, which is fundamental in many energy or environmental
engineering applications, such as tracing oil migration, isolation of radioactive waste, ground-
water contamination, etc. Fractures are regions of the porous medium that are typically
characterized both by a different porous structure and by a very small width. The first
feature implies that fractures have a very strong impact on the flow, since they can possibly
act as barriers or as preferential paths for the fluid. The second feature entails the need for
a very large number of elements for the discretization of the fracture layer and, consequently,
a high computational cost. For this reason, one popular modelling choice consists in a
reduction strategy, so that fractures are treated as (d — 1)-dimensional interfaces between
d-dimensional porous matrices, d = 2, 3. In particular, we refer to the model for single-phase
flow developed in [2, [} [62], 56]. Here, the flow in the porous medium (bulk) is assumed to
be governed by Darcy’s law and a suitable reduced version of the law is formulated on the
surface modelling the single fracture. The two problems are then coupled through physically
consistent conditions to account for the exchange of fluid between them. We remark that
this model is able to handle both fractures with low and large permeability. Moreover, its
extension to the case of two-phase flows has been addressed in [57, [61], while the case of a
totally immersed fracture has been considered e.g. in [3].

Even if the use of this kind of dimensionally reduced models avoids the need for extremely
refined grids inside the fracture domains, in realistic cases, the construction of a computational
grid aligned with the fractures is still a major issue. For example, a fractured oil reservoir
can be cut by several thousands of fractures, which often intersect, create small angles or are
nearly coincident [54]. In line with the previous discussion, in order to avoid the limitations
imposed by standard finite element methods, various numerical methods supporting polytopic
elements have been employed in the literature for the approximation of the coupled bulk-
fracture problem. For example, in [10,54] a mixed approximation based on the use of Mimetic
Finite Difference method has been explored; in [29, 30] a framework for treating flows in
Discrete Fracture Networks based on the Virtual Element Method has been introduced,
and in [41] the Hybrid High-Order method has been employed. We also mention that an
alternative strategy consists in the use of non-conforming discretizations, where fractures
are allowed to arbitrarily cut the bulk grid, which can then be chosen fairly regular. In
particular, we refer to [47, 57, 53], where an approximation employing eXtended Finite
Element Method (XFEM) has been proposed and to the recent work [34], where the use of



the cut Finite Element Method (CUTFEM) has been explored.

Recently in [9], in the setting of conforming discretizations, we developed a numerical
approximation of the coupled bulk-fracture model based on polytopic Discountinuous
Galerkin (PolyDG) methods. In particular, the intrinsic “discontinuous” nature of DG
methods allows very general polytopic elements because of the freedom in representing the
underlying (local) polynomial space. Indeed the degrees of freedom are not “attached” to
any geometric quantity, (vertexes, edges, etcc), so that mesh elements with edges/faces
that may be in arbitrary number and whose measure may be arbitrarily small compared to
the diameter of the corresponding element are naturally supported with a solid theoretical
background. This approach is then very well suited to tame the geometrical complexity
featured by most of applications in the computational geoscience field. Moreover, since the
interface conditions between the bulk and fracture problem can be naturally formulated
using jump and average operators, the coupling of the two problems can be naturally
embedded in the variational formulation.

The goal of this paper is to extend the results obtained in [9], where the proposed
discretization based on PolyDG was in a primal-primal setting. Here, we design and analyze,
in the unified framework of [20] based on the fluz-formulation, all the possible combinations
of primal-primal, mixed-primal, primal-mixed and mixed-mixed formulations for the bulk
and fracture problems, respectively. In particular, the primal discretizations are obtained
using the Symmetric Interior Penalty discontinuous Galerkin method [70}, [19], whereas the
mixed discretizations are based on employing the local DG (LDG) method of [46]. Moreover,
the coupling conditions between bulk and fracture are imposed through a suitable definition
of the numerical fluxes on the fracture faces. Such an abstract setting allows to analyse
theoretically at the same time all the possible formulations.

We perform a unified analysis of all the derived combinations of DG discretizations for
the bulk-fracture problem. We prove their well-posedness and derive a priori hp-version
error estimates in a suitable (mesh-dependent) energy norm. Finally, we present numerical
experiments assessing the validity of the theoretical error estimates and testing and
comparing the practical performance of the proposed formulations.

The rest of the paper is organized as follows. In Section[I]we introduce the model problem;
its weak formulation is discussed in Section[2} The discretization based on employing PolyDG
methods is presented, in the unified setting of [20], in Section [3] In Section [ we address
the problem of stability and prove that all formulations, namely primal-primal (PP), mixed-
primal (MP), primal-mixed (PM) and mixed-mixed (MM) are well-posed. The corresponding
error analysis is presented in Section [5} Several numerical tests, focusing, for the sake of
brevity, on the mixed-primal (MP) case, are presented in Section |§| to confirm the theoretical
bounds. Moreover, we assess the capability of the method of handling more complicated
geometries, presenting some test cases featuring networks of partially immersed fractures.

1 Model problem

For simplicity, we consider the case where the porous medium is cut by a single, non
immersed fracture. The extension to the case of a network of disjoint fractures can be
treated analogously. The case where the fracture is partially or totally immersed in the



domain is more complex to analyze, and we refer to [3, [54] for its discussion. Nevertheless,
the capability of our method to deal with networks of partially immersed fractures will
be explored via numerical experiments in Section in the mixed-primal setting (MP).
Finally, the case of a network of interecting fractures will be the object of a future work and
we refer to [9] for preliminary numerical results (in the primal-primal setting) showing that
our method is able to handle also such cases.

The porous matrix is represented by the domain Q C R%, d = 2,3, which we assume to be
open, bounded, convex and polygonal/polyhedral. Moreover, following the strategy of [62],
we suppose that the fracture may be described by the (d — 1)-dimensional C*° manifold (with
no curvature) I' € R4~1, d = 2, 3. This approach is justified by the fact that the thickness
of the fracture domain is typically some orders of magnitude smaller than the size of the
domain. Since we are assuming that I' is not immersed, it separates ) into two connected
disjoint subdomains, Q\ ' = Q1 U Qy with 1 N Qy = (). We decompose the boundary of
Q into two disjoint subsets 9Qp and 9Qy, i.e., 90 = INp U 0NN, with 9Qp NN = 0,
and we define 0Qp; = 0p N OQ; and Iy ; = 00N N O8Y;, for @ = 1,2. Finally, we denote
by n;, i = 1,2 the unit normal vector to I' pointing outwards from €2; and, for a (regular
enough) scalar-valued function ¢ and a (regular enough) vector-valued function v, we define
the classical jump and average operators across the fracture I' as

{q} = %(Ch + q2) lq] = ¢in1 + gono,
(1)

1
{V}=§(V1+V2> [v] = vi-n1+ vy ny,

where the subscript ¢ = 1,2 denotes the restriction to the subdomain €2;. Note that, since
we are assuming that the fracture has no curvature, it holds n; = —ns. In Figure [1| we
report an example of domain cut by a single fracture.
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Figure 1: The subdomains 21 and 2 separated by the fracture I" considered as an interface, for d = 3
(left) and d = 2 (right).

We can now introduce the governing equations for our model. In the bulk, we suppose
that the flow is governed by Darcy’s law. The motion of an incompressible fluid in each



domain §2;, ¢ = 1,2, with pressure p; and velocity u; may then be described by:

u; = v;Vp; in Q;,

—V.u; = f; in €,
_ (2)

pi =gp,; ondflp;,

u;-n; =0 on Iy ;,

where f € L?(Q) represents a source term, gp € H'/?(dQp) is the Dirichlet boundary datum
and v = v(z) € R¥? is the bulk permeability tensor, which we assume to be symmetric,
positive definite, uniformly bounded from below and above and with entries that are bounded,
piecewise continuous real-valued functions.

On the manifold I representing the fracture, we formulate a reduced version of Darcy’s
law in the tangential direction (we refer to [62] for a rigorous derivation of the model). To
this aim we assume that the fracture permeability tensor vr, has a block-diagonal structure

of the form
vy 0

= H 0. 0
when written in its normal and tangential components. Here, v € RE-Dx(d=1) g g positive
definite, uniformly bounded tensor (it reduces to a positive number for d = 2). Moreover,
we assume that vr satisfies the same regularity assumptions as those satisfied by the bulk
permeability v. Setting OT' =T N9, T = II'p U AT, introducing the fracture thickness
fr > 0 and denoting by pr and ur the fracture pressure and velocity, the governing equations
for the fracture flow are

ur = vilrV,pr inT,
—V,-ur = fr — [u] inT, ()

pr = gr on dl'p,

ur-7=0 on Iy,

where fr € L3(T'), gr € H'/2(dI'), T is vector in the tangent plane of I' normal to dT' and
V., and V.- denote the tangential gradient and divergence operators, respectively.

Finally, following [62], we close the model providing the interface conditions to couple
problems and along their interface. Given a positive real number & # % that will be
chosen later on, the coupling conditions read as follows

—{u} = Brlpl onl, (5a)
—[u] = ar({p} —pr) onT, (5b)
where fr = ﬁ and ar = m and nr = 5—5, vp being the normal component of the

fracture permeability tensor, see .



In conclusion, the coupled bulk-fracture model problem is the following:

(

u; = v;Vp; in €,

=V = f; in £,

DPi = dD,i Ol VYDi»

u;-n; =0 on YN
ur = vplrV.pr inT, (©)

Y, ur = fr — [u] inT,

pr = gr on dl'p,

ur-7=20 on Oy,

—{u} = Brp] onT,

—[u] =ar({p} —pr)  onl.

2  Weak formulation

In this section we introduce the weak formulation of our model problem @ and prove
its well-posedness. We start with the introduction of the functional setting.

2.1 Functional setting

We will employ the following notation. For an open, bounded domain D ¢ R, d = 2, 3,
we denote by H?®(D) the standard Sobolev space of order s, for a real number s > 0.
For s = 0, we write L?(D) in place of H°(D). The usual norm on H?®(D) is denoted
by || - ||s,p and the usual seminorm by |- |sp. We also introduce the standard space
Hyiw(D) = {v : D = R%: ||v|]lop + ||V - V|jo.p < o0}. Given a decomposition of the
domain into elements Ty, we will denote by H*(7;) the standard broken Sobolev space,
equipped with the broken norm || - ||5,7;,. Furthermore, we will denote by P4 (D) the space of
polynomials of total degree less than or equal to £ > 1 on D. The symbol < (and 2) will
signify that the inequalities hold up to multiplicative constants which are independent of
the discretization parameters, but might depend on the physical parameters.

Next, we introduce the functional spaces for our weak formulation. For
the bulk pressure and velocity, we introduce the spaces M? = L2?(Q) and
Vb = {v € Hy(Q) : [V]lr € LAD), {v}Ir € [L2(D)]% v - n|sa, = 0}, and equip the
space V? with the norm [[v|[3, = [[vI[§ o + IV - vI[§ o + [[[V]I[5 p + [{V}]3 r-

Similarly, for the fracture pressure and velocity we define the spaces M' = L2(I")
and VI' = {vp ¢ Hgiy-(I') © vp - Tlor = 0}. The norm on V! is given by
||V1"||%7F = ||V1"||(2)7F +1|Vr- VFH%I. Finally, we define the global spaces for the pressure and
the velocity as M = M? x M and W = V? x VI, equipped with the canonical norms
for product spaces. In order to deal with non-homogeneous boundary conditions, we also
introduce the affine spaces V;]b =Ly+ V? and VgF =Ly + VT, where Ly € Hgiry(2) and
Ly € Hgjp -(I') are liftings of the boundary data g and gr, respectively. We can then define
the global space W, = Vg X Vg.




2.2 Weak problem

We can now formulate problem @ in weak form as follows: Find (u,ur) € W, and
(p,pr) € M such that

{fﬂ(u,urx<v,vr»-+z3«v,vfx<p4n»>—-F“(v,vr> -

—B((u,ur), (¢,qr)) = F?(q,qr)

where the bilinear form A(-,-) : W, x Wy, — R is defined as
A((u,ur), (v,vr)) = a(u,v) + ar(ur, vr) with

atwv) = [vlwve [ vl + [ S v

ar(ur,vr) = /(VFEF)_IUF - VT,
r

and the bilinear form B(,) : W, x M — R is defined as
B((v,vr), (¢ qr)) = b(v,q) + br(vr, qr) + d(v, qr), with

b(v,q) = /ﬂ Vove,  be(vesar) = /F V,ovear,  d(viar) = — /F [v]ar.

Finally the linear operators F(-) : Wy — R and FP(-) : M — R are defined as

Fu(V,VF)Z/ QV'H+/ grvr - T, Fp(QaQF):/fQ+/fFQF-
00 or Q r

Next, we prove that formulation (7)) is well-posed. For the sake of simplicity, we will
assume that homogeneous Dirichlet boundary conditions are imposed for both the bulk and
fracture problems, i.e., gp; =0, i = 1;2, and gr = 0 and that the domain and fracture are
smooth enough. The extension to the general non-homogeneous case is straightforward. Note
that the existence and uniqueness of the problem can be proven only under the condition
that the parameter £ > 1/2.

Theorem 2.1. Suppose that & > 1/2. Then problem ([7]) admits a unique solution.

Proof. For the proof we follow the technique of [62]. First, we define the subspace of
W, W = {(v,vr) € W : B((v,vr),(¢,qr)) = 0 V(¢g,qr) € M}. To show existence and
uniqueness of the solution of , we only need to show that A(:,-) is W—elliptic and that
B(-,-) satisfies the inf-sup condition, that is

A((V7 VF)v (V> VF)) >

~

]-a inf sup B((V7VF)7 (Q7qF)) > 1

(@.a0)eM (v vp)ew (¢ ar)l (v, vo)llw ™

inf
(v,vr)e\/ﬂ\/ H(V7VF)||%V

First, we prove that A(-,-) is W—elliptic. Since for elements in (v, vp) € W we have
V-.v=0in L?(Q) and V, - vp = [v]|r in L*(T), the norm ||(v,vr)||lw is equivalent to
[|v] |%,Q+ [|vr| |37F—|— || [v]| |37F—|— \ |{V}H(2)7F. Owing to the regularity properties of the permeability
tensors v and vr, this implies that

A((v,vr), (v,vr)) 2 [1(v, vo)lRy-



Note that the hidden constant also depends on the parameter ar, and that we need to
assume ar > 0, or, equivalently, £ > 1/2, for the inequality to hold true.

To show that B satisfies the inf-sup condition, given (¢,qr) € M, we construct, ex-
ploiting the adjoint problem, (v,vr) € W such that B((v,vr), (¢, qr)) = ||(¢,qr)||3; and
(v, vo)llw < (g, qr)||ar- Given (¢, qr) € M, let (¢, ér) be the solution of

_A¢ =q, on Q d _AT¢F =4dqr, on r
an
¢ =0, on 9§ ¢r =0, on OT.

If we set v = (vq,va) with v; = —=V¢lq,, i = 1,2, and vr = —V,¢r, we obtain V- v = ¢,
V,-vr = qr and [v]|r = 0, since v € H'(2). This implies that (v,vr) € W and
B((v,vr), (¢ qr)) = llal[§ o + llar|l§ r = (¢, qr)|[3;- Finally, from elliptic regularity, we have
(v, vo)|Ry = [IVol[5.o + IV-orll§ r + llall§.o + llar 5 r + [{VEHIEr < llallfq + llarllf r
and this concludes the proof.

[

3 Numerical dicretization based on PolyDG methods

In this section we present a family of discrete formulations for the coupled bulk-fracture
problem , which are based on Discontinuous Galerkin methods on polytopic grids. In
particular, since we can choose to discretize the problem in the bulk and the one in the
fracture either in their mixed or in their primal form, we derive four formulations that embrace
all the possible combinations of primal-primal, mixed-primal, primal-mixed and mixed-mixed
discretizations. The mixed discretizations will be based on the Local Discontinuous Galerkin
method (LDG) [46}, 40, [64], while the primal discretizations on the Symmetric Interior Penalty
method (SIPDG) [19, [70], all supporting polytopic grids |38} 36} 6, [37]. The derivation of
our discrete formulations will be carried out following the same strategy as in [20], so that it
will be based on the introduction of the numerical flures, which approximate the trace of
the solutions on the boundary of each mesh element. In particular, the imposition of the
coupling conditions — will be achieved through a proper definition of the numerical
fluxes on the faces belonging to the fracture.

First, we introduce the notation related to the discretization of the domains by means of
polytopic meshes. For the problem in the bulk, we consider a family of meshes 7, made
of disjoint open polygonal/polyhedral elements. Following [38, B6] [6], we introduce the
concept of mesh interface, defined as the intersection of the (d — 1)-dimensional facets of two
neighbouring elements. We need now to distinguish between the case when d = 3 and d = 2:

e when d = 3, each interface consists of a general polygon, which we assume may be
decomposed into a set of co-planar triangles. We assume that a sub-triangulation of
each interface is provided and we denote the set of all these triangles by F5,. We then
use the terminology face to refer to one of the triangular elements in Fp;

e when d = 2, each interface simply consists of a line segment, so that the concepts of
face and interface are in this case coincident. We still denote by Fj, the set of all faces.

Note that F}, is always defined as a set of (d — 1)-dimensional simplices (triangles or line
segments). As in [38, [36] [6], no limitation on either the number of faces of each polygon



E € Tp, or on the relative size of the faces compared to the diameter of the element is
imposed.

We consider meshes 7T, that are aligned with the fracture I', so that any element F € T,
cannot be cut by I' and it belongs exactly to one of the two disjoint subdomains €21 or €2,.
This implies that each mesh 7}, induces a subdivision of the fracture I' into faces, which we
denote by I'y,. It follows that we can write

Fn=FLUFP ULy,

where ]-}’LB is the set of faces lying on the boundary of the domain 92 and ]-"}IL is the set of
interior faces not belonging to the fracture. In addition, we write FZ = .FhD U f}]LV , where
]-}? and ]-"}]LV are the boundary faces contained in 9Qp and 9y, respectively (we assume
the decomposition to be matching with the partition of 92 into 9Qp and 9Qy).

The induced discretization of the fracture I'j, consists of the faces of the elements of
T that share part of their boundary with the fracture, so that I', is made up of line
segments when d = 2 and of triangles when d = 3. Note that, in the 3D case, the triangles
are not necessarily shape-regular and they may present hanging nodes, due to the fact
that the sub-triangulations of each elemental interface is chosen independently from the
others. For this reason, we extend the concept of interface also to the (d — 2)-dimensional
facets of elements in I'j,, defined again as intersection of boundaries of two neighbouring
elements. When d = 2, the interfaces reduce to points, while when d = 3 they consists of
line segments. We denote by &, the set of all the interfaces (that we will also call edges) of
the elements in I'j,, and we write, accordingly to the previous notation, &, = 51£,h U Elff >
with &8, = &P, U &L,

For each element E € Ty, we denote by |E| its measure, by hg its diameter and we
set h = maxge7;, hg. Given an element E € 7Ty, for any face F' C OF, with F' € F}, we
define ng as the unit normal vector on F' that points outward of . We can then define the
standard jump and average operators across a face F' € Fj, \.7’-"}{Eg for (regular enough) scalar
and vector-valued functions similarly to . We also recall a well-known identity [19] for
scalar and vector-valued functions ¢ and v that are piecewise smooth on 7y:

> [vome= [t [ e, ®

EcThy

where we have used the compact notation [ Fo= > re F i) - and jump and average operators

on a boundary face F' € 7 are defined as [¢] = gnp and {v} = v.

Analogous definitions may be also set up on the fracture. In particular, given an element
F €T}, with measure |F| and diameter hp, for any edge e C OF, with e € &r p, we define
n, as the unit normal vector on e pointing outward of F (it reduces to £1 when d = 2).
Finally, standard jump and average operators across every edge e can be defined for (regular
enough) scalar and vector-valued functions and an analogous version of formula can be
stated for piecewise smooth function on the fracture mesh I'y,.
We have now all the ingredients to introduce the discrete formulation of model problem .

3.1 Discrete formulation

For simplicity in the forthcoming analysis, we will suppose that the permeability tensors
v and vr are piecewise constant on mesh elements, i.e., v|g € [Po(E)]?*? for all E € Ty,
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and vp|p € [Po(F)](Dx=1D) for all F € T',. First, we introduce the finite-dimensional
spaces where we will set our discrete problem. We set
Ql,’L ={qeL*Q): qlp € Py, (E) VE € Tn}
W) = {ve[L*(Q)]¢: v|g € [P, (E)VE € T}
QF = {qr € LX) : qr|r € Py, (F) ¥F €T}
Wi = {vr € [L2(D))4 2 vrlp € [Pr,(F)4 L VF € Ty}

~— ~—

Note that, to each element F € Tj, is associated the polynomial degree kg > 1, as well as to
each face F' € I', is associated the degree kr > 1. We remark that the polynomial degrees
in the bulk and fracture discrete spaces just defined are chosen independently of each other.

We first focus on the problem in the bulk. Multiplying the first and second equations
in by test functions v € Wz and q € Ql,’L, respectively, and integrating by parts over an
element F € T, we obtain

/V_lu-V:—/pV-v—i—/ pv - ng,
E E OE
/u'qu/ qU-nE+/fq-
E OF E

In the spirit of [20], we start the derivation of our DG discretization from these equations.
Adding over the elements E € T, the general discrete formulation for the problem in the
bulk will then be: Find p;, € QI;L and uy, € WZ, such that for all E € T, we have

Z/Vluh-v:—Z/phV-v—i—Z/ DEV N

per, VB per, B Be7., OB
Z/uh'vq: Z/ qﬁE'nE+Z/an
EeT, ' E EeT; Y OF EeT, ' F

where the numerical flures pr and Ug are approximations to the exact solutions u and p,
respectively, on the boundary of E. The definition of the numerical fluxes in terms of py, up,
of the boundary data and of the coupling conditions — will determine the method.
Using identity (8], we get

/Thy—luh-V——/Thphv.v—i— {ﬁ}[[v]]+/fluf 5] - {v}, )

T B
]:hUFh h h ul'y,

[ovo [ @ [ siw= [ (1)

where we have introduced p = (pg)pe7;, and @ = (4g)ge7;,. The numerical fluxes p and
@ must be interpreted as linear functionals taking values in the spaces IIge7, L?(OF) and
e, L2(OF)]4, respectively. In particular, this means that they are, in general, double-
valued on .7-'}{ U Iy, and single-valued on .7-'}]? . We also observe for future use that, after
integrating by parts and using again identity , equation @ may also be rewritten as

/u—luh-vz Vph-v+/ {ﬁ—ph}uvﬂ+/ B-pl-{(v}. (1)
Th Th Flur, FIUFEUD,
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We now reason analogously for the fracture. Multiplying the first and second equations
in by test functions vp and g, respectively, integrating by parts over an element F' € I',
and summing over all the elements in I';, we obtain the following problem: Find pr € Qlf:
and ury € Wg such that for all F' € '}, we have

Z /(VFEF)luF,h'VF:_ Z /pF,hV‘VF+ Z / pr,Fv-np,
F P oF

Fel'y, Fely, Fel'y,
> /U-F,h‘VQF_ Z/ griirp-np =Y /fFQF— > /[[u]]QF-
rer, ¥ Fer, 7 oF rer, /¥ Fery, ¥

Here, we have introduced the numerical fluxes pr r and Ur g. Again, the idea is that they
represent approximations on the boundary of the fracture face F' of the exact solutions pr
and ur, respectively. Note also that here u is the exact solution in the bulk. Using identity

, we get
/ () v == Y Joeavves [ il / )il (2

Fely

/Fh, ur, - Var — /55 h{QF}[[ﬁF]] - /gF,h{ﬁF} ar] = /Fh frar — /Fh [ugr (13)

We point out that, in all previous equations, the gradient and divergence operators are
actually tangent operators. Here, we have dropped the subscript 7 in order to simplify the
notation.

In the following, we explore all possible combinations of primal-primal, mixed-primal,
primal mixed and mixed-mixed formulations for the bulk and fracture, respectively.

Primal-Primal formulation

In order to obtain the primal-primal formulation, we need to eliminate the velocities uy,
and ur, from equations @— and —. To do so, we need to express uy, solely in
terms of py, (and pr ), and upy, solely in terms of pr . As in [20] this will be achieved via
the definition of proper lifting operators.

We start by focusing on the problem in the bulk. In order to complete the specification
of the DG method that we want to use for the approximation, we need to give an expression
to the numerical fluxes. We choose the classic symmetric interior penalty method (SIPDG).
Moreover, coupling conditions — are imposed through a suitable definition of the
numerical fluxes on the fracture faces. Since we want a primal formulation, the definition of
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p and 0 will not contain uy. The numerical fluxes are defined as follows:

{pn} on]:,f
. Jp on]:,{j

p— H h pr—
P = p(pn) o onFN
[ Ph onl'y
)
{vVor} —or[pr] on]:,{
. vVpy, — or(pn — gp)np on FP
u = u(pp, = 14
(Ph pr,h) 0 On]__}JLV ( )

—lar({rn} — pr.n) " + Brlpn]] onTy

Here, we have introduced the discontinuity penalization parameter o. In particular,
o is a non-negative bounded function, i.e., o € LOO(]:}{ U .7:}? ) and its precise definition
will be given in Definition below. Moreover, we have used the notation o = o|p, for
F e .7-"}{ U ]-'hD . We remark that, with this choice, the numerical flux p is doubled valued on
I'p, and single valued on ]-",{ U .7-",?.
Using the definition of the numerical fluxes, it follows that

{p—pn} =0, [a] =0 on Fj,
{p—pn} =0, [a] = —ar({pn} — pr.n) onTy,
[p — pr] = —[pnl. {a} = {vVpr} — or[ps] on Fj,
[p — pr] = (90 — pr)nF, {a} =vVp, — or(py — gp)nr on F,
[6—pu] =0, {u}=0 on Y,
[p—pu] =0, {a} = —6rlpx] onT},

S0 we rewrite as

/V_luh-v: Vph-v—/
Th Th Flu

h

OB /f LoV (15)

At this point, we proceed with the elimination of the auxiliary variable uy, from our equations.
To this aim, we introduce the lifting operator Z5'% : [L*(F} U FP)]4 — W defined by

L) v = —/ (v} € VveWs (16)
Th Flurp
Similarly, we define the lifting G,(gp) € Wl}’z of the Dirichlet boundary datum gp as
Qb‘v:/ gpv-n VYve W (17)
Th FP

Thanks to the introduction of the lifting operators, equation may be rewritten as

/Th (uh —v[Vpn + L7 ([pa]) + Qb]) v =0.



13

Since VQZ C W, we can write
up = v[Vpn + 27 ([pn]) + G, (18)

where Vpy, + 2" ([pn]) + Gy can be seen as a discrete approximation of the gradient Vp.
We can then rewrite equation as

[ s 6l Vo [ @ - [ Gl = [ g

Fpu

Using the definition of the discrete gradient , of the lifting operators and and
of the numerical flux G , we have

/Th VVpn- Vg + /n v L ([n]) - Va + /n v 25" ([a]) - Vo + /f o oFlerl L]

A9 h

+/F Brlps] - [4] -|—/F ar({pn} — prn){q}

=/ fq+/ gDan—/ vGy-Vq. (19)
T FP Th

Now we move our attention to the problem in the fracture. We define the numerical
fluxes pr and Gr in order to obtain a symmetric interior penalty approximation as follows:

{prpn} onéf,
pr =pr(prn) = gr on &P,
br,n on glz‘\fha

{vilrVprn}t — oelpr] onéf,
Ur = ar(pr,n) = { VR Vprn — oe(prn — grne  on&f,
0 on EIJ}{h.

Again, we have introduced the discontinuity penalization parameter op € L™ (8157,1 U SIQ h)
and we set o, = or|e for e € 511:7 n U 51’2 ,- Its precise definition will be given in Definition
below. Next, as before, we introduce the lifting operator Z3'" : [Ll(é’ﬂh U gléfh)]d—l —- W,
and the lifting of the boundary datum Gr(gr p) € WE defined by

[ e == [ e wrewh ()
Iy SII‘,hUEFD,h
gr-vr = / gr,pVvr - nr Vvr € Wi (21)
Ty D
T',h

Integrating by parts and using , we can rewrite equation as

/ (U-FJL —vilr[Vpr, + L5 ([pron]) + QF]) ~vp = 0.
Ty
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Again, since VQE C Wg elementwise, we can write
ur, = vle[Vprs + 28" ([pral) + Grl-

Plugging this last identity and the definition of the numerical flux Gr into equation and
using the coupling conditions to substitute —[u] = ar({pnr} — prx) , we obtain

/ vilrVpr - Var +/ vl 5 ([proal) - Var +/ vilr A5 ([arl) - Voron
I

Ty Ty

+/1 ; oelpral - [[QF]]+/ arpr,hQF—/ ar{pn}ar
£

T.RYE ry Iy,

= fFQF+/ gFUeQF—/ vilrGr - Var. (22)
Ty, sgh Ty,

In conclusion, summing equations and we obtain the following discrete formulation:
Find (pp,p},) € Q% x Q) such that

ALY ((pnsph)s (@:ar)) = L7 (q,q0)  Y(g,ar) € Q) x Q) (23)

where PP stands for primal-primal and where L Q;’l X Ql}: — R is defined as
L7 (q,qr) = L] (q) + L{(gr) and A" : (Qz X QZ) X (QZ X QE) — R is defined as

ART ((pn, o) (¢, ar)) = Af (pr, ) + AL (prop, ar) + Z((pr, pron), (4, ar)),

with
AL (o) = /T V- Vg + /f v L5 (Inl) - Va
h h
+ / v 25 ([ql) - Vion + / orlpn] - lal, (24)
Th FluFp
Ar(prop, qr) :/F VHFVpr,h'VQFﬂL/F vilr ZF (Iprn]) - Var
h h
4 / VR L8 (lar]) - Ve + / oelpra] - lar], (25)
Iy Eé,husgh
Z((pr, pra), (@,ar)) = /F Brlpnl - lal + /F ar(pn} = prn)({a} = arn), (26)
h h
and
55@):/ fCJ+/ gDCqu—/ vGy, - Vg, (27)
Th -7:;? Th
Lt (qr) = g fFQFJr/SD QFUeQF_/F vilrGr - Var. (28)
h T',h h

We remark that we have recovered the formulation already obtained in [9] (in its not strongly
consistent version), the only difference being that the bilinear form for the problem in the
fracture is in the shape of SIPDG method, instead of classical conforming finite elements.



15

Mixed-Primal formulation

In this section, we discretize the problem in the bulk in its mixed form. To this aim, we
use the local discontinuous Galerkin (LDG) method [46], 40, [63, [64]. The LDG method is a
particular DG method that can be included in the class of mixed finite element methods.
However, the variable uy, can be locally solved in terms of p, and then eliminated from the
equations, giving rise to a primal formulation with pj as only unknown.

In what follows, we first derive the formulation of our method in a mixed setting. After
that, we recast it in a primal setting, in order to perform the analysis in the framework of
[20, [63]. However, we remark that the mixed formulation is the one that will actually be im-
plemented for the numerical experiments of Section[6} As far as the problem in the fracture is
concerned, we work again in a primal setting, using the SIPDG method for the discretization.

In the bulk, we define the numerical fluxes as

{pn} +b-[pr] onF]

A . gp Onth

p = p(pn) on on FY

Ph OIth
{uh} — b[[uh]] — O'Fﬂph]] on]:,{
& = a(up, pr. pra) = uy, — op(ppp — gpnr) on F
hs Phs PT"h 0 Onfév
—lar({pn} — prp) 5 + Brlpn]] onTy

Here, b € [L*°(F})]? is a (possibly null) vector-valued function which is constant on each
face. It is chosen such that
bl 1 < B. (29)
with B > 0 independent if the discretization parameters. Moreover, o is the penalization
parameter introduced in , whose precise definition will be given in below. Note
that the numerical flux p does not depend on uy. This will allow for an element-by-element
elimination of the variable uj, generating a primal formulation of the problem. We also
point out that the definition of the numerical fluxes on the fracture faces is the same as in
the primal SIPDG setting.
With this definition of the numerical fluxes, and after integration by parts as in ,
equation @ becomes

/ vlu,v— [ Vpy- V+/ [pn] - ({v} —Db[v]) +/ PrV - D = / gpV -np,
7 7. 7 7 7

(30)
while equation turns into

[ [t vl s [ ortl = [ owene

h h h

4 /F Bl -l + /F ar({pi) ~prla) = /T fa+ /f Jorava. (61
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If we discretize the problem in the fracture with the SIPDG method, we obtain the following
discrete mixed problem: Find ((ph, uh),p}:) € Qb x Wz x QF such that

My(up,v) + By(pp, v) = Fy(v) Vv e W),
—By(q, un) + Sp(pn,q) + Zi(ph, ¢, prn) = Gi(q) Vg € Qb (32)
AL (pr.hs gr) + Zo(ph, pron, gr) = L (qr) Yar € QJ,

where

My(up,v) = / vy, - v,
Th

Buonv) == [ Vv [l () =i+ [ s,
Siona) = | orlon] - [al
Do) = [ Bl T+ [ ar(lonh = prala),

To(ph, prn, qr) = / ar(pr.n — {pn})ar,
'y

Fy(v) —/ gpVv -1np,
Fi

Gy(q) = fq+/ orgDq,
T Fp

and Af(-,-) and L[ (-) are defined as in and (28)), respectively. Also note that we have
I((phapr,h)a (Q7 qF)) = Il (ph7 anI‘,h) + I?(pprr,hv QF)

We now focus on rewriting the problem in the bulk in a primal form, taking advantage
of the local solvability of LDG method. We proceed as in the SIPDG case and introduce an
appropriate lifting operator, £FP¢ : [L! (FLuFP)d — WI;L, defined by

2o(e)v=- [ (v-biv) e~ [ ev vvew (3)
Tn T Fr
From equation we obtain

w, = v(Vpy + 47%([pn]) + G), (34)

where Gy, is the lifting of the Dirichlet boundary datum defined in (17). Equation (31)) now
becomes

Th

- [ oyt bl = [ awene+ [ orlpl -l

I
Fh h B9 h

+/Fh Br[Lph]].[[q]]+/Fh ar({ph}_pr,h){Q}:/7_hfq+/}_}? oFqYD.

/ VVph'Vq+/ VZbLDG(HPhH)‘VQh+/ vG, - Vg
Th Th
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Using again the definition of the lifting .£,"”“ and the identity , we obtain

/ V(Yo + 2 () - (Va + 2574 ([a])) + / orlon] - ]
7—h ]_‘I ]:D

huh

+/rh Brlpnl - [[Q]]+/1“h ar({pn} —pr)id}

- /T fa+ /f o - /T VG, (Va+ 220 ([q]))- (35)

Summing equations and we obtain the following discrete formulation: Find
(pr,ph) € Q% x QF such that
A" ((Pryph)s (g,ar)) = L3 (a,qr)  V(g,ar) € Qh x Q) (36)

where M P stands for mized-primal and where A)'" : (Q;’L X QE) X (Qz X QE) — R is defined
as

AT ((pn,p1), (@,ar)) = A (pr, @) + AL (pron. av) + Z((pr, pros)s (¢, ar)),
and LY : Qb x Q' — R is defined as
Ly (q,qr) = Ly (q) + Lr(ar)
with
Ay (phyq) = /T} v(Vpn + 4" (pnl)) - (Va+ 25774([a]) + /FI - or(pn] - [4]

RYSh

+ [ Brlpn] - lal + / ar({pn} — pr){a}. (37)
Ty I

h

cy@= [ fa+ [ orago— [ vG (Va2 (1o,

Note that the mixed formulation is equivalent to the primal formulation together
with the definition of the lifting operator and equation .

Primal-Mixed formulation

We now want to approximate the problem in the fracture in mixed form, employing
the LDG method and the problem in the bulk using the SIPDG method. We define the
numerical fluxes as follows

{prp} +br-[prp] oné&l,

pr = pr(prn) = gr on &L,

pr.n on Erj}fh
{urn} —brlurs] —oclpra] oné&f,
ur = ar(urp, pr.p) =  urp — oe(propne — grne) on &P,
0 on Sgh
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Here, br € [L™® (515 )41 is a vector-valued function that is constant on each edge and
it is chosen such that prH gL, < Br, with Br < 0 independent of the discretization

parameters. Equations (|12)) and . now become
/ (vilr) tapy, - v — / vr - Vpr +/ [prs] - {vr} —brvr])
Iy, Iy, s,fw

+/ pl",hVF‘ne:/ grvr -n. (38)
ep gD

h,T h,T

/Fh urp - Var — /Sﬂh[[qr]] - ({urx} —brlur]) +/ oellprp] - lar]

Er.n

—/D QFur,h-neZ/ fFQF+/ ar({Ph—pF,h})QF+/ oegrar, (39)

Ern I I'n Ern

where we have also used the coupling conditions to write —[u] = ar({psr} — prn)gqr For the
bulk we proceed as in the primal-primal section using for the discretization the SIPDG method.
We then obtain the following primal-mixed problem: Find (ph, (pl,:, U—F,h)) € Qz X Q}: X Wl,:
such that

AP (pr, @) + T1((pn, @), prp) = L3 (q) Vg€ Qb
Mr(urp, vr) + Br(pro, vr) = Fr(vr) Vvr € W, (40)
—Br(qr,ur ) + Se(pr s, qr) + Zo(ph, (pron, ar)) = Gr(er) Var € Q},

where

Mr(ur p, vr) 2/ (vier) tary, - vr,
I

Br(prn,vr) = —/ vr - Vpr, + /8] lpra] - ({vr} —brlvr]) + /D Pr,pVT - De,
Tn h,I"

h,T’

Sy(pron, qr) = / aelpr.n] - lar],
Eron

Fr(vr) = / grvr - D,
SD

R,

Gr(qr) = fFQF+/ Tegryr,
Ty Ern

and A} (pn,q) and L] (q) are defined as in and (27)), respectively.

Aiming at rewriting the problem in the fracture in primal form, we introduce the lifting
operator, ZEP¢ : [LY(Ef U EP) T — W1, defined by

2(r) v == [ (vrk = brlvel) / €rove Vvre WD (1)

'y ‘9F,h
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From equation we obtain

ur = vple[Vprn + £ ([pral) + Gr] (42)
where Gr is the lifting of the Dirichlet boundary datum defined in . Equation now

becomes

[ (e + £ Gral) - (Vo + L QD)+ [ oelpral Lo

T,hYEE L

+ [ aren) = toh) = [ foa+ [ oarar = [ viGe- (Var + 287 (L))

gl",h h

We obtain the following primal formulation: Find (ps, p}) € Q% x @} such that

AP ((prph)s (@,qr)) = LEM (q.qr)  Y(g,qr) € Q) x Q, (43)

where PM stands for primal-mized and where A7 : (QZ X Qg) X (QZ X Ql,:) — R is defined
as

A ((pn,p1), (@,ar)) = Af (prsa) + AY (prn. av) + Z((pr, pros)s (¢, ar)),

and L3 : QZ X QE — R is defined as

Ly (g, qr) = Ly (q) + L1 (ar)
with

AY (prsar) = /F VH (Vprn + 252 (Ipral)) - (Var + 2225 ([ar]))

[ el Lol (44)

T R YEE
E?(QF)Z/ fFQF+/
Ty, 53

Mixed-Mixed formulation

S /F VEleGr - (Var + 252 ([qr])).
h

h

Finally, if we approximate both the problem in the bulk and in the fracture with
the LDG method, we obtain the following formulation: Find (pp,pr) € Q% x QL and
(up,uryp) € WZ;L X Wg such that

My(up, v) + By(pp, v) = Fy(v) Vv e W),
~By(q,un) + Sp(pny @) + i (phy g, prn) = Golg) Vg€ Q, (45)
Mr(ur p,vr) + Br(prn, vr) = Fr(vr) Vvr € W,
) =

—Br(qr,ur ) + Se(pr s, qr) + Zo(ph, (pron, ar)) = Gr(qr) Var € Q},

This formulation, together with the definition of the lifting operators and and of
the discrete gradients and is equivalent to the following: Find (pn, prs) € Ql,’L X Ql,:
such that

A ((pnspi)s (ar)) = L3 (q.qr)  Y(g,qr) € Q) x Q) (46)
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where M M stands for mized-mized and where AM™ : (Q% x QF) x (Q% x QF) — R is defined
as

A ((prypp)s (g, qr)) = Ay (pr, @) + AY (prop, ar) + Z((pr, pros), (g, ar)),

and L3 : QZ X Ql,: — R is defined as

L™ (q,qr) = Ly (q) + Lt (qr)-

Next, we perform a unified analysis of all of the derived DG discretizations for the fully-
coupled bulk-fracture problem. We remark that the analysis will be performed considering
the mixed LDG discretizations recast in their primal form, following [63]. For clarity, in
Table [1| we summarize the bilinear forms for all the four approaches.

Method Primal bilinear form

Primal-Primal (PP) A} (p,q) + Af (pr, qr) + Z((p, ), (pr, ar))
Mixed-Primal (MP) A" (p, q) + Af (pr, qr) + Z((p, q), (pr, qr))
Primal-Mixed (PM) A} (p,q) + At (pr, qr) + Z((p, q), (pr qr))
Mixed-Mixed (MM) A (p, q) + At (pr, qr) + Z((p, ), (pr, qr))

Table 1: Primal forms for the DG discretizations of the bulk-fracture problems.

The bulk, fracture and interface bilinear forms are defined in:

Al (p,q): (24 AL (pr,ar): (25 Z((p,q), (pryqr)):  (26)
AM(p,q): @7 AM(pr,qr): (@)

4 Well-posedness of the discrete formulations

In this section, we address the problem of stability. We prove that the primal-primal
(PP) , mixed-primal (MP) (36]), primal-mixed (PM) (43 and mixed-mixed (MM) |46
formulations are well-posed. We remark that all these formulations are not strongly
consistent, due to the presence of the lifting operators. This implies that the analysis will
be based on Strang’s second Lemma, [66].

We recall that, for simplicity in the analysis, we are assuming the permeability tensors v
and VT to be piecewise constant. We will employ the following notation vg = |\/v|g|3 and
vy = |\/VL|F|3, where |- |5 denotes the lo-norm.

To consider the boundedness and stability of our primal bilinear forms, we
introduce the spaces Q°(h) = Qz + QY and QV(h) = Q + Q'  where
Q" ={q=(q1,92) € H'(Q) x H'(Q2)} N H*(T;,) and Q" = HY(I') N H*(T'},). We remark
that all the bilinear forms A}* (-, -) are also well-defined on the extended space Q°(h) x Q' (h).
Further, we introduce the following energy norm on the discrete space Qz X Ql,:

117

11(g, ar)lI* = llallbe + llarllbe + 11(g ar)lz
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where
lal b = 112V al 3 7, + ok *[al§ gpomp
larlfbe = 1056 2 Varl B, + 1102 1]l gy e,
(g, a0) 113 = 118 all ., + llow*({a} — a0l B,
Note that ||| - ||| is also well defined on the extended space Q°(h) x Q' (h).

Since our discretization employ general polytopic grids, we need introduce some technical
instruments to work in this framework [38] 36, (6, 35, [37]. In particular, we need trace inverse
estimates to bound the norm of a polynomial on a polytope’s face/edge by the norm on the
element itself. To this aim, we give the following

Definition 4.1. A mesh 7}, is said to be polytopic-regular if, for any E € T}, there exists
a set of non-overlapping (not necessarily shape-regular) d-dimensional simplices {S}LJ o
contained in E, such that F' = 0E N S%,, for any face F C OF, and

_ dIS|

th'\J Y
|F|

:1,...,7”LE,

with the hidden constant independent of the discretization parameters, the number of faces
of the element ng, and the face measure.

We remark that this definition does not give any restriction on the number of faces per
element, nor on their measure relative to the diameter of the element the face belongs to.

Assumption 4.1. We assume that T, and I'y, are polytopic-reqular meshes.

With this hypothesis, we can state the following inverse-trace estimate that is valid for
polytopic elements [35] 37].

Lemma 4.2. Let E be a polygon/polyhedron belonging to a mesh satisfying Definition
and let v € Py, (E). Then, we have
2 < k2E 2 47
1Wllz20m) S 3 2l l2 ), (47)
where the hidden constant depends on the dimension d, but it is independent of the discretiza-
tion parameters, of the number of faces of the element and of the relative size of the face
compared to the diameter kg of E.

The second fundamental tool to deal with polytopic discretizations, is an appropriate
definition of the discontinuity penalization parameter, which allows for the use of elements
with arbitrarily small faces. Taking as a reference [38, [36, 6], 35, [37], we give the following
two definitions for the bulk and fracture penalty functions:

Definition 4.2. The discontinuity-penalization parameter o : Fj, \ I';, — R for the bulk
problem is defined facewise as

- 2 _ _ _

maxpe(pt gy SEeE if x C F e Fl, F=0Et N0k~

o(x) = o9 o (48)
et if x C F e FP, F = 9EnoQ,

with o¢ > 0 independent of kg, |F| and |F|.
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Definition 4.3. The discontinuity-penalization parameter or : &0, — RT for the fracture
problem is defined edgewise as

maXpe{p+ F-} h];F ifx Ceeé&l,, e=0aFtNoF-,
or(x) = oor o (49)
PEke, ifx Cec&l,, &=0FNar,
F ’

with oo > 0 independent of kr, |F| and |e|.

Now we have all the technical tools to work in a polytopic framework. Next, we will
state and prove some estimates that will be instrumental for the proof of the well-posedness
of our discrete formulations. We start deriving some bounds on the lifting operators, with
arguments similar to those of [63], 64, [13]. Note that all the results hold true on the extended

spaces Q°(h) and Q' (h).

Lemma 4.3. Let £7'7(-) be the lifting operator defined in . Then, for every q € Q¥(h)

it holds

L 12

112257 (laD)lloe S —75llos Lalllo Frop- (50)
%0

Proof. Denoting by HWZ the L2-projection onto W2, by definition of the lifting operator

£ and Cauchy-Schwarz inequality, we have

Jov'2 L5 (1d]) - =

1227 (D)oo = sup

2€[L2(Q))4 |1z[l0.0
— sup fQ‘Zz)SIP([[Q]])‘HWQL(Vl/?Z)

2€[L2(Q)]? l1z[lo,0

Jrporp o la) - o3 Ty (v %2)}
=— sup
ze[L2(Q)]d ||zl]o,

c s o [alllo ruepllo > {Thys 22) o pr0pp
T elL2 (@) ||2l]0,02 '

Using the triangular inequality, the definition of the penalization coefficient op , the
inverse inequality , the assumptions on the permeability tensor v and the continuity
property of the L?-projector we have

1/2
o7 Ty 022N sy S 3 o5 k2 WLy (122) 13 o
EcTh

<D 7*!|Hwb( v'22)|[3

VE 0
EeTy, E

ES — Z 12118, = 7||Z||OQ (51)

EGTh

This proves the desired estimate.
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Lemma 4.4. Let Z5'7(-) be the lifting operator defined in . Then, for every qr € QY (h)

it holds

: 1
w7 228 (arDllor < <75 llo¥larllo gy e,

991

Proof. Same arguments as in in the proof of Lemma 4.3 O

Lemma 4.5. Let Z/"%(-) be the lifting operator defined in . Then, for every q € Q°(h)

it holds I+ B
1/2
0,0 S 17/2"0F/ [[Q]]Ho,f,{uf,?- (52)
%0
Proof. We proceed as in the proof of Lemma By definition of the lifting operator ;"

and Cauchy-Schwarz inequality, we have

Jo v 2 L4 ([4]) - =

[v!/2.27% ([a])

1224 ([a))llo = sup
selL2(0)¢ 1zllo0
Joy 27([g)) - Thygy (/%)
= sup
2€[L2(Q)) [|z[o,0
1/2 —1/2
< | = o2 lal - o (Tl (v1/22)} = B[Tyy (v1/22)])
< sup
2€[L2(Q)] ||2[o,0
1/2 —1/2
‘ - ff,? UF/ lq] - o / HW’;L(VI/QZ)
+ sup
2€[L2(Q)]¢ ||2[o.0
1/2 ~1/2
. o *Lalllo ruzpllow > (T (Y22) Yo g1z
ze[L2(Q))¢ [1z[[o,0
1/2 —1/2
N o2 alllo,z o7 *BITyyy (12/22)] ] 21
sup
2€[L2(Q))4 ||z]0,
= (a) + ()
1/2 . . e
From we know that (a) < 031/2 |0 [[q]]\|07]_-}{uff?, while using similar arguments and

bound on b, we can prove that

2
-1/2 1/2 2 B 2
o b[[ng(V / Z)]]H()’]-',Il S 70||ZH0,Q,

B 1/2 .
so that (b) < FHUF [[q]]||07féuf}?. This concludes the proof. O

Lemma 4.6. Let £} P9(-) be the lifting operator defined in . Then, For every qr € QY (h)

it holds 14+ B
- T
10Fe0) 227 (QarDllox S — 5 ot larllo gy e,

Oo,r

Proof. Same arguments as in in the proof of Lemma O
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Using these results, we can now prove that the bilinear forms for the bulk problem
AP (-,-) and AM(-,-) are continuous on Q°(h) and coercive on Q%, as well as the fracture
bilinear forms AF(-,-) and AM(,-) are continuous on Q' (k) and coercive on @} .

Lemma 4.7. AL (-,-) is coercive on Q% x QY and continuous on Q°(h) x Q°(h), that is
Ay (a.9) 2 llallbe Vg € Qj,
Ay (p.q) < lIpllpe llallpe p.q € Q"(h),

provided that og is chosen big enough.

Proof. We start with coercivity. Taking p =q € QI;L, we have

+ 3 o lallE s

FeFluFpP

Abaa) =) [IIVI/QVQIlﬁ,E+2/EV%SIP([[61]])-Vq

EcTy

From Young inequality we have
2/ vZy (L)) - Vg = =2 2L ([aD)llo.sl vVl o5
E
1
> el 2L ()R 5 — g””l/quug,Eh

so that, using the bound on the lifting , we obtain

1
S S e P A O

EeTy,
1/2
+ > led?lalf
FeFfuFrp
1 1/2
>(1-e) > w2 vqld g+ (1 - ”> DN | 01 [
E€T;, 0 FeFfurpP

Z llallbe

for oy big enough.

Continuity directly follows from Cauchy Schwarz inequality and the bound on the lifting
50). O

Lemma 4.8. AE(-,-) is coercive on Q) x Q. and continuous on QY (h) x QY (h), that is
Ar(ar, ar) 2 llarl[be Var € Q},
Ar(pr,ar) < llprllpe llarllpe Vpr, qr € Q" (h),

provided that oo r 1s chosen big enough.

Proof. Analogous to the proof of Lemma [£.7] O
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Lemma 4.9. AY(-,-) is coercive on Q% x Q% and continuous on Q°(h) x Q°(h), that is

Ap'(a,9) 2 |lallbe Vg € Qp,
Ay’ (p, ) S llpllpe llallpe ¥p.q € Q°(h).

Proof. We start with coercivity. From Young’s inequality and the bound on the lifting
we have, for every 0 < € < 1,

A(g.0) =) [IIV”QV(JII?),EJrIIV”Q%LDG([[Q]])H%,E

EeTh

2 [ v (o)) - v

ST ol g

FE]—'IU}'D

> 3 (- i+ (1- ) W22 iR o

EeTy,

1/2
S D1 1 1
Ferfurp
1/2
21— S W2Vlip+0+C) S o ?lql s
EcTy, Ferfurp

with ¢ = U8 (1— 7) so that A}’ (-, -) is coercive for every choice of the parameters g > 0

and B >0 Ef Continuity is agaln a direct consequence of Cauchy Schwarz’s inequality and
the bound on the lifting (5 . O

Lemma 4.10. AY(-,-) is coercive on Q} x Q} and continuous on Q' (h) x QY (h), that is

A (gr,qr) 2 larl e Var € Q},
At (pr, ar) < llprllpellarllpe Vpr,ar € Q" (h).
Proof. Analogous to the proof of Lemma O

Employing Lemmas [4.7] and we can easily prove the well-posedness of all
of our discrete problems, as stated in the following stability result.

Proposition 4.11. Let the penalization parameters o for the problem in the bulk and in
the fracture be defined as in and , respectively. Then, the fully-coupled discrete
problems PP , MP , PM and MM are well-posed provided that og and oo r
are chosen big enough for the primal formulations.

Proof. In order to use Lax-Milgram Lemma, we prove that the bilinear forms Af P (),
AMEP (0 APM (L) and AMM (..} are continuous on Q°(h) x Q' (h) and coercive on Q% x QY.

"More in detail: we need 1+ C > 0, with 0 < ¢ < 1. We obtain 1 + (1 — )(HB) > 0, that is

o0
€> 17 (11+BQ)2 = C, being 0 < C < 1 for every possible choice of oo > 0 and B > 0.
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We have, from Cauchy-Schwarz inequality

Z((q,qr), (g, qr)) = ||(q, qr)||Z
I((g.qr), (w,wr)) < S 1BY 2 [allZegp |18 [0l By

Fth
+ 3 llor* (g} = ar)l2a gy o> ({w} = wr) 22y
Fel'y
< 1[1(g ao)l[| - 111w, wi)]|]

so that coercivity and continuity are a direct consequence of the definition of the norm ||| - |||
and of Lemmas 4.7 AM .:md |_ The continuity of the linear operators £FF(+), LMP(.),
EP M () and Ly on Q°(h) x Q" (h) can be easily proved by using Cauchy-Schwarz’s
1nequahty, thanks to the regularlty assumptions on the forcing terms f and fr and on the
boundary data gp and gr. O

’1

5 Error analysis

In this section we derive error estimates for our discrete problems.

5.1 Approximation results

The tool at the base of DG-method error analysis are hp-interpolation estimates. Here,
we summarize the results contained in [38, [36] [0, 35, 37], where standard estimates on
simplices are extended to arbitrary polytopic elements.

First, we give the following definitions.

Definition 5.1. A covering Ty = {Tg} related to the polytopic mesh 7}, is a set of shape-
regular d-dimensional simplices T, such that for each E' € Ty, there exists a Tg € T such
that £ C Tg.

Assumption 5.1. [38, [36, [0, (55, [37] There exists a covering Ty of Tr, (see Deﬁm’tion
and a positive constant Ogq, independent of the mesh parameters, such that

Ena;_ccard{E €ETh: ENTp#0,Tp € Ty s.t. ECTg} < Oq,
€/h

and hry, S hg for each pair E € Ty, and Tg € Ty, with E C Tkg.

Moreover, there exists a covering Fu of I'y, and a positive constant Or, independent of
the mesh parameters, such that

lrpnz}xcard{F el : FFNTp#0,Tp € Fy st. FCTp} <Or,
el

and hr, < hp for each pair F € Iy, and Tp € Fu, with F C Tr.

We can now state the following approximation result:
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Lemma 5.2. [38, 36, 6, 35, 37 Let E € T}, and T € T4 denote the corresponding simplex
such that E C Tg (see Deﬁm’tion. Suppose that v € L?(Q) is such that &v|r, € H™®(Tg),
for some rg > 0. Then, if Assumption and are satisfied, there exists ﬁv, such that
v|p € Pi, (E), and the following bound holds

_ sE—q
v — v||ga(my S ka_q || e (1), 0<g<rg. (53)
E
Moreover, if rg > 1/2,
_ hsE—l/Z
v — HUHLQ(BE) N h”gUHHWJ(TE)- (54)
E

Here, sp = min(kg + 1,7g) and the hidden constants depend on the shape-regularity of
Tg, but are independent of v, hg, kg and the number of faces per element and & is the
continuous extension operator as defined in [65].

Proof. See [38] for a detailed proof of and [35] for the proof of (54). O

Clearly, analogous approximation results can be stated on the fracture spaces, since
Assumptions and are both satisfied.

5.2 Error estimates

For each subdomain §2;, i = 1,2, we denote by &; the classical continuous extension
operator (cf. [65], see also [9]) & : H*(€;) — H*(RY), for s € Ny. Similarly, we denote by
&t the continuous extension operator & : H*(T') — H*(R4~!), for s € Ng. We then make
the following regularity assumptions for the exact solution (p,pr) of problem :

Assumption 5.3. Let Ty = {Tg} and Fyu = {TFr} denote the associated coverings of )
and I, respectively, of Definition . We assume that the exact solution (p,pr) is such that:

Al. for every E € Ty, if E C Q, it holds &pi|r, € H®(Tg), with rg > 1+ d/2 and
Tp € T# with E C Tg;

A2.  for every F € T'y, it holds &rpr|r, € H'F (TF), withrp > 1+ (d—1)/2 and Tr € Fy
with F C Tp.

Assumption 5.4. We assume that the normal components of the exact flures vVp and
KFVICIVpp are continuous across mesh interfaces, that is [LVp] = 0 on .7-",{ and [¢(rvfVpr] =0
on &y,

From Proposition and Strang’s second Lemma the following abstract error bound
directly follows.

Lemma 5.5. Assuming that the hypotheses of Proposition [{.11] are satisfied, for all the
discrete problems PP , MP , MM and PM the following abstract error
bound holds

. R** p,pr), \w,wr
NEpr)—-Enpenll S inf lmer)—(@a)lll +  sup oo (Popr): (wiwr))
(9,ar)€Q}, xQ}, (w,wr)eQt xQF [ (w, wr)]]]

)
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where the residual R}* is defined as

RZ*((p,pr), (w7 wr)) = Alt*((pvpr)a (w7 wF)) - ﬁ;kz*(wv wF)v
with s+ € {PP, MP, MM, PM}.

Note that, irrespective of the numerical method chosen for the discretization (PP, MP,
PM or MM), the residual can always be split into two contributions, one deriving from the
approximation of the problem in the bulk and one deriving from the approximation of the
problem in the fracture, i.e.,

Ry ((p,pr), (w, wr)) = Ry (p, w) + Ry (pr, wr) (55)

It follows that, to derive a bound for the global residual, we can bound each of the two
contributions separately. With this in mind, we state and prove the next two lemmas.

Lemma 5.6. Let (p,pr) be the exact solution of problem @ satisfying the regularity
Assumptions and . Then, for every w € Q¥(h) and wr € Q' (h), it holds

h2(3E*1) @ @

P 2 < E 2 —2 -1 . 2
REw ol 5 3 e 6plre o o8 e o7 G+ 5] - Iwllbe. - (60)
h
2(sp—1) )
REGrwn)? S Y M6l g gy [0 mave o (B2 1 )] o 57)
T ) ~ e iﬂ(rpfl) HEF (TR) F cCOF e hF hF D
€ln

Proof. First, we prove . Let sz be the L?-orthogonal projector onto Wz, then,

integrating by parts elementwise, using the fact that p satisfies and recalling that, from
Assumption [vVp] vanishes on ]-",{ , we obtain the following expression for the residual
'Rf :
RE@w) = > [ (w(Vp- Ty (W)} Tul. v e Q(h).
FeFluFpP F

Employing the Cauchy-Schwarz’s inequality and the definition of the norm ||| - |||, we then
obtain

REGwP S| 3 oi [ (V- Ty (Vo) | - llullba, Yo e Qb
FeFiuFp F

If we still denote by IT the vector-valued generalization of the projection operator II defined
in Lemma [5.2] we observe that

DR R/ S D DI WA O,

FeFrluFp FeF,UFy
b ot [ Ty (V- TR P
FeFiuFp F
= (1) +(2).
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To bound the term (1), we employ the approximation result stated in Lemma We obtain

Z h?z(SEil) 2 L hg' 2
(1) < —— (75 max ot E) 1Dl 5rs 1,
i kim( B-1) FCOE\D * Lk (Tx)

Exploiting, the boundedness of the permeability tensor v, the inverse inequality (47)), the
L?-stability of the projector sz and the approximation results stated in Lemma |5.2]) we

can bound term (2) as follows:

(2) < ) max 01?1’72E|\ng(ﬁ(vp) — Vo) [220m\1)

o3 FCOB\T

< Z max UEIDQE@Hﬁ(Vp) - VPH?? E

~ o7, FCOET he ®)

< Z @nguzr (172 kg max a‘1>
~ = k?E(TE_l) H"E(TE) EhE FCOE\l VA

which concludes the proof of .
Proceeding as above we obtain the following expression for the residual RIE :

REGrour) = Y. [(Rte(pr ~ gy (Tp)} - furl,
ecel uER, "¢
Estimate can then be proven with analogous arguments. O

Lemma 5.7. Let (p,pr) be the exact solution of problem @ satisfying the regularity
Assumptions and . Then, for every w € Q°(h) and wr € QT (h), it holds

hQ(SE—l) k k‘2
M 2 E 2 _9 _1,KE i 9
Ry (p, w)| 5EGZT WH(%HH@(TE) |:(1+B)VEFIC%aEX\FO-F (@4'@)} - Nwlpe;
h
(58)
2(sp—1)
RE (o) S 3 b2y gy [ (L4 B @0 max o (B 4 KB
r \Pr,wr NF - i_‘(rpil) pr HERF (TF) r FT cCor € hp he r'lDG-
elp
(59)

Proof. We focus on the proof of , estimate can be obtained likewise. Recalling
that sz denotes the L?-orthogonal projector onto Wl,’“ the residual Ré\/l has the following
expression:

Ry (pw) = > /F ({v(Vp — Ty (V)} = BIv(Vp — Ty (VD)) - [w]
FeFLuFpP

+ Z /le/(Vp—l'IWz(Vp))-nF,

FeFp
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where we have used the identity .Z,"”“([p]) = —Gp and the continuity of ¥Vp across internal
faces (Assumption . From Cauchy-Schwarz and triangular inequalities and the bound on
the coefficient b , we have

rR%p,w)r?s( > it [ [ o =TT} + [ [Ty (T~ Ti(Tp))]

FeFlurp

+B Y o[ [V -TVIE + [ [Ty (V- H(Vp»m})wu%e,

FeFfurp

where we recall that, with a slight abuse of notation, II still denotes the vector-valued
generalization of the projection operator II defined in Lemma The thesis now follows
from the boundedness of the permeability tensor v, the inverse 1nequahty ., the L2-
stability of the projector sz and the approximation results stated in Lemma -

Theorem 5.8. Let Ty = {Tg} and Fy = {Tr} denote the associated coverings of Q and T',
respectively, consisting of shape-regular simplexes as in Definition satisfying Assumptions

. Let (p,pr) be the solution of problem and (pn,prn) € QI,’L x QY be its approzimation
obtained with the method PP, MP, MM or PM, with the penalization parameters given

by and and oo and oo sufficiently large for the primal formulations. Moreover,
suppose that the exact solution (p,pr) satisfies the regularity Assumptions and . Then,
the following error bound holds:

hQ(SE—l) . ~
1176) =GP S 37 (s Gilh ks )l
EeTy,
2(SF 1)
+ Z G* h‘F7kF7VF)HéanFHHTF (Tr)>
Fel'y, F

where the &p is to be interpreted as &1p1 when E C 1 or as &ps when E C o. Here,
sp=min(kg + 1,rg) and sp = min(kp + 1,7r), and the constants are defined according to
the chosen approrimation method as follows:

GE(hp, kg, vg) =g+ hgks! hpki!
g(he, kg, VE) = VE + hpky FIC%%EPC\FGF-F(Oér%—ﬁF) kg

hy'k hy'k? ,

Pihp ke FCOE\T 7F' +Php K FCOR\T 7

Go(hp, kp, Uy) = Uplr + hpkp! max o, + arhiky?
eC
+ (Fplr)*h it kr max ot + (ORlr)*h kR max ot
M = — -1 -1
G% (hg, kg, VE) = Vg + hpky FICI}?aEX\F or + (ar + fr)heky
14 B)o%h,'k L+ (14 BYogh ks
+ (1 + B)vghg EFglaaEX\FUF +(1+ B)vg, E ngg{\FJF,

G¥ (hp, kp,Uy) = Dby + hpkp! max o + arhbkp?
eC

_ 2, -1 -1 _ 2,172 -1
+ (4 Br)(@ptr) hy kr max o~ + (14 Br)(#klr)"hy ki max o,
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Proof. From Lemma we know that the error satisfies the following bound

I, pr) = (proprp)lll S inf [[(p, pr) — (¢, )|
(0,r)€Q) xQ},
1
R
1 sup ’ h((p,pF),(wwa)ﬂ (60)
(w,wr)€Q! xQT [[[(w, wr)]

N~

11

We estimate the two terms on the right-hand side of separately. We can rewrite term [
as

1= it (llp=gllhe + llpr — arlibe + 11— a.pr — arll3)
(q,qr)€Qb x QY

< Tl 12 T 2 T T 2

< |lp = pl[pg + |lpr — Uprllpe + ||(p — Ip, pr — Tpr)||z .

(a) (b) ()

Again we consider each of the three terms separately. To bound term (a), we exploit the
two approximation results stated in Lemma and obtain

(@) < llp=Tpllhe = D ([W*Vp—1p)l[fam + D orlllp — o]l
E€Th FeFurp

< 5 olp — TIpl2 —TIpl|2 }
NE;T}L[VE@ Pl ey + (max or)llp = Tl oy

2(sg—1) hQ(SE_l/Q)

palee=l) , 2
S Z [WVE"(Dﬁp”HTE(TE) + Z W(Fmazgg\rap | ED||%rs TE):|
EeT, "“E FCOE\T

hQ(SE 1) h,

— E E
=3 e 16Plrre 1) (P + (s or)).
h

Using analogous interpolation estimates on the fracture we can bound term (b) as follows:

(®) <llpr = Tprlfbe S Y [WFV(or =Tipr)l[f2m + > oelllpr — Tpr]|[72,

Fery ec€l UER,
Q(SF—l)
h hp
< hp 2 hr
< 2 aenllEwrlne iy ( PR+ 70 max o
Fel'y, VF

Finally, for term (c), we have

¢) < ||(p — Ip,pr — pr)||7 < Br Z p — HPHH%Q(F) +ar Z I{p— Hp}”%?(F)
Fely, Fely,

+ar Y |lpr — |72 g)-
Fely,
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Exploiting the approximation result , we obtain

2(sp—3)
- - h 2
B M =Tl < Br Y Nl =Tpl720m S Br Y %H@@pH?{TE(TE)
Fely, E€T, EeT, k 2
OENT#D OENT#D
2(SE—1)
h hg
= fr Z 75 ) ngH%{TE(T VI
E€Ty, kE(TE ) ke
OENT#(
Similarly, we have
_ 2(3}_;; 1) hi
2
ar Y |{p = TP} [fap Sar Y eyl p||HTE(TE)k7
Fely, EET, E E
OENT#)

Finally, using the interpolation estimates for the fracture, we deduce that

2sp

~ h
ar Z |lpr *HPF||%2(F) S or Z ];TngFH%I”F(TF)
Fel'y Fel'y
2(sp—1) 9 h2
_ F F
=ar Z 2(rp—1) HéapF”HRF(TF)kT'
FeTy, VF F

In conclusion, combining all the previous estimates, we can bound the term I on the
right-hand side of as follows:

2E§sE—1) ) - hi hg
18 Frn60lfirs o 76 + 17 e e Gor + )
2(sp—1) hp 2
+ Z %ngFHERF(TF) [VFEF + ki enclg)g, Oe +ar—5 k:2 (61)

Fel'y VF

Finally, the desired estimates follow from the combination of , together with the bound
on Term II deriving from what observed in and Lemmas and O

Finally, from the above result we can derive some error estimates also for the velocities
u and ur.

Theorem 5.9. Let all the hypotheses of Theorem hold. Let (u,ur) € Wy and (p,pr) € M
be the solution of problem . Then:

o if ((ph, uh),pnh) € Qb x Wi x QF is its approzimation obtained with the MP method
, it holds

hz(sE 1) 2(3F 1)

2 E
le=willdr < > S O IEPlhme @ + 3 5 o= ey GRllEEpr e (1,
EeT, VE Fth
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o if (ph, (pr.n, ur,h)) € Qz X Qg X W}; is its approzimation obtained with the PM method

, it holds

h2E(SE—1) P ) higSF_l) M 9
S Z kz(rE_l) GEngHH’"E(TE) + Z kQ(T.F_l)GF HngFHH’“F(TF);
EcT, VE Fel'y F

o if ((ph, up,), (pron, ur’h)) S Q% X VV% X Q}; x Wi is its approzimation obtained with
the MM method , it holds

2(SE 1)

S WGMWPHWE (Tx)
EeT,

llw— wn|[§ 7,
2(SF 1)

M
+ E TF oD OF HngFHHTF(Tp)
FEFh

where the constants G, GL, Gg and G%/[ are defined as in Theorem .

Proof. Let ((ph, uh),pnh) and ((ph,ppyh), (uy, up,h)) be the discrete solutions obtained with
the MP method and with the MM method, respectively. Then, using identity and the
fact that Z/”([p]) = —Gp, we can rewrite

wy, —u = vVp, + v ([ps]) + vGy —vVp
= v(Vpy — Vp) +v 2" ([pn — pl)-

From the uniform boundedness of v, the triangular inequality, the bound on the lifting

and the definition of the || - ||pg norm it follows that
| Y29 (on = p)llo.7, + 1ML ([pn — pDllo,7
1+ B, 12
S llpn = plloc + 71l Ien = plllo mump
%9

< lpn = pllpe-

In particular, this implies that

Similarly, one can prove that, if (ph, (pr.n, unh)) and ((ph,pp,h), (up, ur,h)) are the discrete
solutions obtained with the PM method and with the MM method, respectively, it holds

h o~ |H(p pF) (ph,pl—‘,h)m’

(p,pr) — (ph>prw)ll|-

The thesis is now a direct consequence of Theorem O
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6 Numerical experiments

In this section we present some two-dimensional numerical experiments with the aim of
validating the obtained theoretical convergence results. The validity of the error estimates
for the primal-primal setting has been already confirmed in [9]. Here, we focus on the
paradigmatic mized-primal setting. This means that, for the approximation of the problem
in the bulk, we will employ the LDG method, while, for the problem in the fracture, we
will employ the SIPDG method (both in their generalization to polygonal grids). All the
numerical test have been implemented in MATLABY. For the generation of polygonal
meshes conforming to the fractures we have suitably modified code PolyMesher [69].

In particular, we present three sets of numerical experiments. The first set is obtained
assuming that an analytical solution is known and aims at verifying the a-priori error
estimates obtained in Theorems [5.8 and [5.90 The second set is derived form physical
considerations and aims at testing how different values of the fracture permeability may
influence the flow in the bulk. Finally, the last set of experiments aims at showing how
the method is capable of handling more complicated geometries, specifically networks of
partially immersed fractures.

6.1 Example 1: analytical solution

In this first test case we take Q = (0,1)2, and choose as exact solutions in the bulk and
in the fracture I' = {(z,y) € Q: z4+y=1}

e$+y in Ql, _ex-l—y in Ql, 4 2771"
= u= =€ —€.
p ety 4+ 4%6 in Q, —e*tY  in Oy, pr V2
It is easy to prove that u, p and pr satisfy the coupling conditions 1) with £ =1,
fr =0.001 and v = vr = I. Note that in this case fr = 0 since the solution in the fracture
is constant and [u] = 0.

(a) (b) ()
Figure 2: Example 1: Three refinements of the polygonal mesh grid aligned with the fracture.

Figure 2] shows three successive levels of refinements for the polygonal mesh employed in
this set of experiments. In order to test the h-convergence properties of our method, we
split the error in the two contributions given by the bulk and fracture errors. In particular,
aiming at validating the error estimate in Theorem 5.8 we compute ||p—pp||1,0 (Figure[B(a))
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and |[p" — p} |10 (Figure , while to validate the results of Theorem we compute
llu — upl|o,o (Figure . In addition, we test the behaviour of the L?-norm of the error
for the primal variables, i.e., ||p — ppllo.o (Figure and ||p" — pl|jo.o (Figure 3(e)). All
the plots in Figure [3| show the computed errors as a function of the inverse of the mesh size
(loglog scale), together with the expected convergence rates. Each plot consists of four lines:
every line shows the behaviour of the computed error for a different polynomial degree in
the bulk (we consider k = 1,2, 3,4). For the fracture problem we always choose kr = 2.

In Figures [3(a)} [3(d)| and [3(c)| the theoretical convergence rates are clearly achieved. We
observe that, in Figure w the convergence rate for ||p' — pl||1.o with k& = 1 is suboptimal.
This is due to the fact that the polynomial degree for the problem in the bulk is not accurate
enough. Optimal rates are recovered for bulk polynomial degree k = 2,3,4. Finally, Figures
and show that one order of convergence is gained for the L?-norm for both the
bulk and fracture problems.
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Figure 3: Example 1: Computed errors as a function of 1/h (loglog scale) and expected convergence rates
for bulk polynomial degree k = 1,2, 3,4 and fracture polynomial degree kr = 2.
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6.2 Example 2: discontinuous fracture permeability

Next, we reproduce some numerical experiments first presented in [62]. We ex-
amine two test cases with bulk domain © = (0,2) x (0,1) and fracture domain
I' ={(r,y) e R2:2 =1,0 < y < 1}. In the first case, we consider a fracture with
constant permeability, while in the second case we consider a fracture with lower permeabil-
ity in its middle part, thus presenting a discontinuity. In particular:

(a) Case 1: constant permeability: The permeability tensor in the fracture is given
by v = v} = 100. The bulk permeability v is chosen to be constant and isotropic,
i.e., v = I. We impose Dirichlet boundary conditions on the left and right side of the
bulk domain and homogeneous Neumann conditions on the top and bottom sides. On
the fracture boundaries we impose Dirichlet boundary conditions.

(b) Case 2: discontinous permeabilty: The fracture I' is subdivided into two areas
having different values for the permeability tensor: in the initial and ending part of the
fracture I'y = {(z,y) € I', 0 <y < 0.25 and 0.75 < y < 1} the permeability tensor v,
is defined as v = v = 1, while in the middle part I'y = {(z,y) € I',0.25 < y < 0.75}
the permeability is low and is defined as v, = vf, = 0.002. The bulk permeability
tensor is chosen again equal to the identity matrix, i.e., ¥ = I. In the bulk, we
impose the same boundary conditions as in the previous test case, while at the fracture
extremities we impose homogeneous Neumann conditions.

The two geometrical configurations are shown in Figures 4(a)hd(b), together with the
boundary conditions. For both test cases we take the fracture thickness ¢r = 0.01 and
the model parameter £ = 2/3. Moreover, we discretize the problem in the bulk taking as
polynomial degree k = 1 and the problem in the fracture taking kr = 2.

pr=1 ur-7=0
H
u-n=>0 u-n=>0 u-n=>0 EVF1 u-n=>0
o i o —
Il vr | | vr, |
& SH oY
n
=Ij1—\
u-n=>0 u-n=>0 u-n=>0 i P un=0
pr =0 ur-7=0
(a) Constant permeability (b) Discontinuous permeability

Figure 4: Example 2: Computational domains and boundary conditions for the two test cases. In the
second case, on the fracture, the permeable (red, dotted line) and impermeable (blue, solid line) areas are
shown.

The obtained results are shown in Figure For both cases (constant at the top,
discontinuous at the bottom) we report the pressure field and Darcy velocity in the bulk
(here the grid is very coarse only for visualization purposes) and the value of the pressure
along the fracture. In the first case, since we have taken v{ = v} = 100 > 1, we can observe
that the fluid has the tendency to flow along the fracture. In the second case, one can see
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that the part of the fracture with low (normal) permeability acts as a geological barrier, so
that the fluid tends to avoid it and we can observe a jump of the bulk pressure across it.
Our results are in agreement with those obtained in [62].

Pressure field in the bulk Darcy velocity in the bulk Pressure in the fracture
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Figure 5: Example 2: Bulk pressure field (left), bulk Darcy velocity (middle) and fracture pressure (right)
for the constant permeability (top) and discontinuous permeability (bottom) test cases.

6.3 Example 3: network of partially immersed fractures

With this last set of numerical experiments we investigate the capability of our dis-
cretization method to deal with more complicated geometrical configurations, considering
a network of partially immersed fractures. Our reference is, in this case, [3], where the
mathematical model developed in [62] has been extended to fully immersed fractures. In [9]
we showed that our method in a primal-primal setting is capable of efficiently handling the
configuration. Here, we reproduce the same numerical experiments to demonstrate that this
holds true also in a mized-primal setting.

In order to deal with immersed fractures, we need to supplement our model @ with an
equation describing the behaviour of the fracture pressure at the immersed tips. Following
[3], we impose a homogeneous Neumann condition, thus assuming that the mass transfer
across the immersed tips can be neglected, i.e., v .V pr -7 =0 on OI'. At the extremities of
the fractures that are non-immersed, i.e., 0I' N 9€2, we impose boundary conditions that are
consistent with those imposed on 02 in that point.

We consider the bulk domain € = [0, 1]? cut by a network made of four partially immersed
fractures: T'1 = {(z,9) € [0,1]? : 2 > 0.3,y = 0.2}, Ty = {(x,y) € [0,1)? : 2 < 0.7,y = 0.4},
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s = {(z,y9) € [0,1)> : x > 0.3,y = 0.6} and 'y = {(z,y) € [0,1)? : 2 < 0.7,y = 0.8}.
We perform two numerical experiments. In both of them, the fractures I'y and I'y are
impermeable (v = vt = 1072), while 'y and I's are partially permeable. In the first
configuration, we consider for I'y and I's the permeabilities vf7 = 1072 and vi = 100, while
in the second, we consider v = 1072 and v = 1. Moreover, we vary the imposed boundary
conditions as illustrated in Figure [6]

In both the experiments we consider an isotropic bulk permeability tensor i.e., v =1
and we assume that all the fractures have aperture fr = 0.01. The flow is only generated by
boundary conditions, since we take all the forcing terms f = fr = 0. Finally, we choose as
model parameter £ = 0.55.

p=1 p=02x—-1)3z—-1)
I I
| |
=) o
i l I l ~
= | = I | I
S S S S
[ [— > [——
A A
| |
IIIIIIIIITIIIIIIII- lllllllllTllllllll-
| z=0.65 | ==0.65
p=0 p=2x-1)Bz-1)
(a) Configuration 1: v =100 on I'1,T's (b) Configuration 2: v =1onI'1,I'3

Figure 6: Example 3: Configurations and boundary condition for the two test cases.

To obtain our results, we employed cartesian grids featuring approximately the same
number of elements as those employed in [3] and such that the immersed tips of the fractures
coincide with one of the mesh vertices. For the approximation of the problem in the bulk
and in the fracture we chose the polynomial degrees k = kr = 2. In Figure |7 we show the
results obtained for the two test cases with a mesh of 26051 elements. In particular, we
report the pressure field in the bulk with the streamlines of the velocity (left), the value
of the bulk pressure along the line x = 0.65 (middle) and the pressure field inside the four
fractures (right). Our results are in perfect agreement with those obtained in [3] and in [9],
thus showing that, also in a mized-primal setting, our method is able to efficiently handle
this configuration.
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