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A WEIGHTED REDUCED BASIS METHOD FOR ELLIPTIC PARTIAL
DIFFERENTIAL EQUATIONS WITH RANDOM INPUT DATA

PENG CHEN[[].- ALFIO QUARTERONT' ]| GIANLUIGI ROZZA P

Abstract: In this work we propose and analyze a weighted reduced basis method to solve elliptic
partial differential equation (PDE) with random input data. The PDE is first transformed into a
weighted parametric elliptic problem depending on a finite number of parameters. Distinctive impor-
tance at different values of the parameters are taken into account by assigning different weight to the
samples in the greedy sampling procedure. A priori convergence analysis is carried out by constructive
approximation of the exact solution with respect to the weighted parameters. Numerical examples are
provided for the assessment of the advantages of the proposed method over the reduced basis method
and stochastic collocation method in both univariate and multivariate stochastic problems.

Keywords: weighted reduced basis method, stochastic partial differential equation, uncertainty
quantification, stochastic collocation method, Kolmogorov N-width, exponential convergence

1 Introduction

When modelling complex physical system, uncertainties inevitably arise from various sources, e.g.
computational geometries, physical parameters, external forces, initial or boundary conditions, and
may significantly impact on the computational results. When these uncertainties are incorporated
into the underlying physical system, we are facing stochastic problems or uncertainty quantification.
Various computational methods have been developed depending on the structure of the stochastic
problem, including perturbation, Monte Carlo, stochastic Galerkin, stochastic collocation, reduced
basis, generalized spectral decomposition methods [21], 4T}, [T, [33], [7].

The perturbation method [25] based on Taylor expansion was developed for the random functions
with only small fluctuation around a deterministic expectation. This method is only applicable when
dealing with small uncertainties and suffer from inevitable errors and extremely complicated structure
for high order expansions. The most commonly used “brute-force” Monte-Carlo method [20] as well
as its multiple versions, e.g. quasi Monte Carlo [30], multi-level Monte Carlo [23], converge very slowly
and become prohibitive for achieving accurate results.

Stochastic Galerkin method, originated from spectral expansion of the random functions on some
polynomial chaos, for instance Hermite polynomials of independent random variables, applies the
Galerkin approaches to approximate the solution in both stochastic and deterministic space [21] 2].
It enjoys fast convergence provided the solution is regular [14] [I3]. However, it yields a very large
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algebraic system, leading to the challenge of designing efficient solvers with appropriate precondition-
ers [19].

Stochastic collocation method was developed from the non-intrusive deterministic collocation
method [36, 40, [I]. In principle, it employs multivariate polynomial interpolations for the integral
in the variational formulation of the stochastic system with respect to probability space rather than
the Galerkin approximation in the spectral polynomial space. Due to the heavy computation of a de-
terministic system at each collocation point in high dimensional space, isotropic or anisotropic sparse
grids with suitable cubature rules [31], [32] were analyzed and applied to reduce the computation load.
This method is preferred for more practical applications because it features the advantages of both
direct computation as Monte Carlo method and fast convergence as stochastic Galerkin method [3].

In principle, to solve a stochastic problem we need to solve one deterministic problem at many
different realizations of the random inputs in order to evaluate the quantity of interest depending on
the stochastic solutions. However, the solutions are “not far from” each other in practice. Therefore,
instead of projecting the solutions on some prescribed bases, such as polynomial chaos for stochastic
Galerkin method [41], we can project the solution on some space generated by a few precomputed
solutions, which leads to the development of reduced basis method. The reduced basis method has
been proposed to solve primarily parametric systems [37, 34] and applied to stochastic problems lately
[7, [6, 10]. In the later context, it regards the random variables as parameters and select the most
representative points in the parameter space by greedy sampling based on a posteriori error estima-
tion. The essential idea for deterministic and stochastic reduced basis method is to separate the whole
procedure into an offline stage and an online stage. During the former, the large computational ingre-
dients are computed and stored once and for all, including sampling parameters, assembling matrices
and vectors, solving and collecting snapshots of solutions, etc. In the online stage, only the parameter
related elements are left to be computed and a small Galerkin approximation problem needs to be
solved [34]. Both reduced basis method and stochastic collocation method use precomputed solu-
tions as approximation/construction bases. However the former employs a posteriori error estimation
for the construction, and thus is more efficient provided that a posteriori error estimation is easy
to compute. Comparison of convergence property as well as computational cost for offline construc-
tion and online evaluation between the reduced basis method and stochastic collocation method was
investigated in [I0].

At our best knowledge, the reduced basis method is currently only used for stochastic problems
with uniformly distributed random inputs or parameter space with Lebesgue measure [6] [10]. In order
to deal with more general stochastic problems with other distributed random inputs, we propose
and analyze a new version of reduced basis method and name it “weighted reduced basis method”.
The basic idea is to suitably assign a larger weight to samples that are more important or have a
higher probability to occur than the others according to either the probability distribution function
or some other available weight function depending on the specific application at hand. The benefit
is to lighten the reduced space construction using a smaller number of bases without lowering the
numerical accuracy.

A priori convergence analysis for reduced basis method by greedy algorithm has been carried out in
previous works [28] [8, 5] [26] under various assumptions. More specifically, exponential convergence rate
for single-parameter elliptic PDE was obtained in [28] by exploring an eigenvalue problem; algebraic or
exponential convergence rate for greedy algorithm in multidimensional problem was achieved implicitly
depending on the convergence rate of Kolmogorov N-width in [8] and improved in [5]; exponential
convergence rate was also recently obtained in [39] through direct expansion of the solution on a series
of invertible elliptic operators. In this work, we carry out a priori convergence analysis of our weighted
reduced basis method based on constructive spectral approximation for analytic functions, which is
different from [28] [8] 5] [26].

The paper is organized as follows: an elliptic PDE with random input data is set up with ap-
propriate assumptions on both the random coefficient and forcing term in section Section [3] is
devoted to the development of the weighted reduced basis method consisting of greedy algorithm, a
posteriori error estimate as well as offline-online computational decomposition, which is followed by a
priori convergence analysis in section [df Numerical examples for both one dimensional problem and
multiple dimensional problem are presented as verification of the efficiency and convergence properties
in section [f] Some brief concluding remarks are drawn in the last section [6]



2 Problem setting

Let (9, F, P) be a complete probability space, where 2 is a set of outcomes w € 0, F is o-algebra

of events and P : F — [0,1] with P(Q2) = 1 assigns probability to the events. Let D be a convex,

open and bounded physical domain in R? (d = 1,2,3) with Lipschitz continuous boundary 0D. We

consider the following stochastic elliptic problem: find v : D x 0 — R such that it holds almost surely
-V (a(,w)Vu(,w)) = f(,w) D,

u(,w) =0 on dD, (2.1)

where f: DxQ — Ris a random force term and a : D x) — R is a random coefficient; a homogeneous
Dirichlet boundary condition is prescribed on the whole boundary 0D for simplicity. We consider the
following assumptions for the random functions f(-,w) and a(-,w):

Assumption 1 The random forcing term f(-,w) is square integrable with respect to P, i.e.
/ f2(z,w)dzdP(w) < co. (2.2)
QxD

Assumption 2 The random coefficient a(-,w) is assumed to be uniformly bounded from below and

from above, i.e. there exist constants 0 < Gmin < Amazr < 00 such that
P(w € Q: amin < a(r,w) < amaz Vr € D) =1. (2.3)

We introduce the Hilbert space V := L%(Q) @ H} (D) and equip it with the following norm

1/2
lolly = lollsz oo = ([ 1VePasar) <. 2.9
QxD
The weak formulation of problem (2.1)) is stated as: find u € V' such that

/ aVu - VodzdP = fvdzdP Yv e V. (2.5)
QxD QxD

The existence of a unique solution to problem ([2.5)) is guaranteed by Lax-Milgram theorem [36] under
Assumption 1 and Assumption 2 and the stability inequality holds for the solution straightforwardly

Cp
v < 2111 26)

where the constant Cp comes from the Poincaré inequality |[v]|z2(p) < Cp||Vv||r2(py Vv € HY(D).
The uncertainty of the random functions a(-,w) and f(-,w), in many practical applications, can be
approximately projected to a series of finite dimensional random variables via statistical techniques.
For instance, finite linear regression models are widely used to approximate various random fields [15];
under the assumption that the second moment of a(-,w) exists, we can apply Karhunen-Loéve expan-
sion [38] to the covariance kernel and truncate it up to a finite number of linear terms, etc. For this
consideration, we make further assumption to the random functions a(-,w) and f(-,w) as follows:

Assumption 3 The random coefficient a(-,w) and forcing term f(-,w) are linear combinations of a
number of random variables Y (w) = (Y1 (w),...,Yg(w)) : @ — RE as follows

K K
a(x,Y) = ap(x) + Y ax(@)Vi(w) and  f(2,Y) = folx)+ Y fr(@)Vi(w) (2.7)

where ap € L°°(D) and fr € L*(D) for 0 < k < K. More specifically, {Yx}:_ | are real valued



random variables with joint probability density function p(y), being y = Y(w) € R. By denoting
Iy =Ye(Q),k=1,...,K and T = HszlI‘k, we can also view y as a weighted parameter in the

parametric domain T' endowed with the measure p(y)dy.

Remark 2.1 When the random variables Y*,1 < k < K, for a and ka, 1<k < Ky for f are not
the same, we collect them asY = (Y, ..., Yf‘éa,Ylf, e Y}éf) and reorder them as (Y1, -+ ,Yk) with
K=K, + K;.

Remark 2.2 In the more general case that the random function a(x,Y’) does not depend on'Y linearly,

for instance

a(x,Y) = ao(x) + exp (Z )Yy (w )) (2.8)

one can employ the empirical interpolation method [J), [I2] to approxzimate @) with finite affine terms

in the form
e, Y) ~ anf +Z% 0w (Y (). (29)

where O (1), 1 < k' < K’ are functions of Y and can be transformed to random wvariables Zy =
O (Y(w)),1 <k < K, resulting in a new random vector Z = (Z1,...,Zk+) and a(x, Z) still satisfies

Assumption 3.

Under the above assumptions, the weighted parametric weak formulation of the stochastic elliptic
problem reads: find u(y) € H} (D) such that the following equation holds for all y € T’

A(u,v;y) = F(v;y) Vo € Hy(D), (2.10)
where A(-, -;y) and F(+;y) are parametrized bilinear and linear forms featuring the following expansion

K

K
Au,vyy) = Ao(u,v) + ZAk(uw)yk and  F(v;y) = (fo,v) + Z Jres V)Y, (2.11)
k=1 k=1

with the deterministic bilinear forms Ay (u,v) given by Ag(u,v) := (axVu, Vo), k =0,1,..., K. Be-
cause of assumption the bilinear form is coercive and continuous, thus the existence of a unique
parametric solution u(y) € H}(D) for Vy € T' to problem is guaranteed by Lax-Milgram theo-
rem [36]. More often, we are interested in a related quantity s(u;y) as output, e.g. the linear functional
F(u;y), as well as its statistics, e.g. the expectation E[s|, which is defined as

EM=Amwm@@. (2.12)

3 Weighted reduced basis method

The basic idea behind weighted reduced basis method is to assign different weight in the construc-
tion of reduced basis space at different values of parameter y € I' according to a prescribed weight
function w(y). The objective is that when the parameter y has distinctive weight w(y) at different
values y € T', e.g. stochastic problems with random inputs obeying probability distribution far from
uniform type, the weighted approach can considerably attenuate the computational effort for large
scale computational problems. The general paradigm of weighted reduced basis method is formulated
by following closely the reduced basis method in [34] [37, [10]:

Given any approximation space XN e.g. finite element/spectral approximation space) of dimen-
sion N for the solution u of problem @ , a training set of parameter samples Z,.q;n, C I' as well as
a prescribed maximum dimension N, < N, we build the N dimensional (Lagrange) reduced basis




space X JJ\\,/ for N =1,..., Nmae in a hierarchical way by taking into account the weight of parameter at
different values until satisfying certain tolerance requirement. The reduced basis space X JQ,/ is spanned

by the “snapshots” based on suitably chosen samples Sy = {y!,...,y™} from the training set Z¢qin
XN = span{u™N (y"),1 < n < N}. (3.1)
Note that XN C XN - C XN In order to evaluate s(u;y) at any new parameter y € I', we

first seek the solution w} v € XN C XN in the reduced basis space XN by solving a reduced system
Ay, viy) = Fvjy) Yoe XY (32)

and then approximate s(u;y) by s(ujl\vf ;y). Moreover, we can also compute the statistics of the output,
e.g. expectation E[s ] , by numerical quadrature formula (Gauss or Clenshaw-Curtis quadrature [32])

M
E[sN]~ Y s(uns;y™w(y™), (3.3)

m=1
where y™ and w(y™),m = 1,..., M are the K dimensional quadrature abscissas and weights with

respect to the probability density function, which can be chosen based on different schemes, e.g. full
tensor product quadrature or sparse grid quadrature [32]. Note that the weights w(y™),m =1,..., M
may be distinct to each other depending on both the quadrature formula and the probability density
function, so that the solution uf\vf (y™) is expected to be more accurate where w(y™) is significantly
larger than the other realization of the parameter yel.

Accurate computation of the solution w4 v and the output sN v depends crucially on the construction
of the reduced basis approximation space. More specifically, how to take different weight of the solution
into consideration, how to cheaply and accurately select the most representative samples in order to
hierarchically build the reduced basis space as well as how to efficiently evaluate the solution and
output based on the way of construction of the approximation space play a key role in the weighted
reduced basis method. We address these issues in the following three aspects: the weighted greedy
algorithm, the a posteriori error estimate and the offline-online computational decomposition.

3.1 Weighted greedy algorithm

The weighted greedy algorithm essentially deals with the L>°(T'; X,,) (X, is a weighted subspace of
X to be specified) optimization problem in a greedy way [37], seeking a new parameter ¥ € T' such
that

y" = argsup|[uM(y) — Pxu (y)llx,,, (34)
yel’

where Py : XN — X]/\\,/ is the Galerkin projection operator. By solving the infinite dimensional
problem we would locate the least matching point yv € I' in || - ||x, norm. A computable
(finite dimensional) greedy algorithm rely on twofolds: i), replace the parameter domain I" by a finite
training set Z¢pgin C I' with cardinality |Zirqin| = Ntrain < 00; ii), replace the mismatching term
|[uN (y) — Pvu? (y)||x, by a cheap weighted posteriori error bound A that should be as sharp as

possible, i.e.
en A% (y) < Il (y) = Py (9)|x,, < OnAK () (3.5)

where C/cn is close to 1. We leave the computation of a posteriori error bound to the next section
and present the weighted greedy algorithm in the following procedure, see Algorithm 1.

We note that for the sake of efficient computation of Galerkin projection and offline-online decom-
position in practice, we normalize the snapshots by Gram-Schmidt process to get the orthonormal basis
of {¢V,..., ¢} such that (G, M) x = 6mn, 1 <myn < N and construct XA = span{¢V,..., ¢\ }.

Another algorithm that might be used for the sampling procedure is proper orthogonal decom-
position, POD for short [37], which is rather expensive in dealing with L?(Z.4in; X) optimization
and thus more suitable for low dimensional problems. We remark that for both the greedy algorithm
and the POD algorithm, an original training set =4, is needed. Two criteria ought be followed for



Algorithm 1 A weighted greedy algorithm for the construction of reduced basis approximation space
1: procedure INITIALIZATION:
2 sample the training set =4, C I' according to probability density function p;
3 specify a tolerance e, as stopping criteria of the algorithm;
4 define the maximum number of reduced bases Ny,qz;
5: choose the first sample y! € =44, and build the sample space S; = {y'};
6
7
8
9

solve the problem at 3!, construct the reduced basis space X3 = span{u" (y')};
: end procedure
: procedure CONSTRUCTION:

for N =2,..., Ny do

10: compute a weighted posteriori error bound A%, (y) for Yy € Eyrqin;

11: choose the parameter to maximize AY,_, i.e. yV = argmaxyez,,.., A%_; (y);
12: if A% (yN) < &40 then

13: Npaz = N — 1;

14: end if

15: solve problem at yV to obtain u?V (yN);

16: augment the sample space Sy = Sy_1 U {yV};

17: augment the reduced basis space X& = X%_, @ span{u? (yV)};

18: end for

19: end procedure

its choice: 1, it should be cheap without too many ineffectual samples in order to avoid too much
computation with little gain; 2, it should be sufficient to capture the most representative snapshots
so as to build an accurate reduced basis space.

Adaptive approaches for building the training set have also been well explored by starting from a
small number of samples to more samples in the space I' adaptively, see [42] for details.

3.2 A posteriori error bound

The efficiency and reliability of the reduced basis approximation by weighted greedy algorithm relies
critically on the availability of an inexpensive, sharp and weighted a posteriori error bound A'y. For
every y € I, let R(v;y) € (X))’ be the residual in the dual space of XV, which is defined as

R(viy) := F(viy) — A(uy (y), v;y) Vo e XV (3.6)
By Riesz representation theorem [36], we have a unique function é(y) € X* such that
(é(y), v)xv = R(viy) o€ XV and [|ey)l[xv = [[R(59)ll ey (3.7)

where the X" -norm could be specified as, e.g. |[v||x~ = A(v,v;§) at some reference value § € T,
which is equivalent to H}(D) norm. Define the error between the “truth” solution and the reduced

basis solution as e(y) := uN(y) — uf\\,/(y), by (2.10), (3.2) and (3.6) we have the equation
Ale(y),v;y) = R(viy) Yo e XV (3.8)

By choosing v = e(y) in (3.8)), recalling the coercivity constant a(y) with the definition of its lower
bound arg(y) < a(y) of the bilinear form A(:,-;y), and using Cauchy-Schwarz inequality, we have

ars()lle)lliy < Ale(y), e(y)iy) = Rle(y);y) < [[R(m)lleny lle)]xx = ||é(y)||xNH6(y)H>(<3Né)

so that we can define a weighted posteriori error bound A% (y) for the solution uf\vf (y),y €T as

AN () = lle)llx., /ars(y) (3.10)



x, < A%(y) from (3.9). As for output s(u),

w —

and obtain immediately the relation ||u’ (y) — w% (y)|

|s(uM) = s(u)] < [lsll vy [ (y) — ui ()] xx, (3.11)
where |[[s|[(x~) is a constant independent of y, the same error bound can also be used in the greedy
algorithm when considering the output sf\\,/ . The efficient computation of a sharp and accurate a
posteriori error bound thus relies on the computation of a lower bound of the coercivity constant
arp(y) as well as the value ||é(y)||x,, for any given y € T'. For the former, we apply the successive
constraint linear optimization method [24] to compute a lower bound ayp(y) close to the “truth”
value a(y). For the latter, we turn to an offline-online computational decomposition procedure.

3.3 Offline-online computational decomposition

The evaluation of the expectation E[sf\vf ] and the weighted a posteriori error estimator A% requires to
compute the output vaf and the solution uﬁ,/ many times. Similar situations can be encountered for
other applications in the context of many query (optimal design, control) and real time computational
problems. One of the key ingredients that make reduced basis method stand out in this ground is
the offline-online computational decomposition, which becomes possible due to the affine or linear
assumption such as that made in . To start, we express the reduced basis solution in the form

N
= > uN,, WEN (3.12)

Upon replacing it in and choosing v = §N, 1 < n < N, we obtain

N K K
z(Ao<<,fx,<m+zym<<zx,<ﬁ>)u%m<> (o) o 1<n<N. (13
k=1

m=1 k=1

From we can see that the quantities Ak(C CN) 0<k<K,1<m,n< Npy. and (f;WC ),0 <
k< K,1 <n < Npq, are independent of y, we may thus precompute and store them in the offline
procedure. In the online procedure, we only need to assemble the stiffness matrix in and solve
the resulting N x N stiffness system with much less computational effort compared to solve a full
N x N stiffness system. As for the computation of the error bound Ay(y), we need to evaluate
[|é(y)||x~ at y chosen in the course of sampling procedure. We expand the residual as

R(v;y) = F(v;y) — A(uN, v;y) = Z frs )y — ZuNn (ZA’“ L)Y ) , where yo = 1. (3.14)

Set (Cr,v)xn = (fi,v) and (LE, v)yn = —Ax(¢Y,v)Vo € X¥,1 <n < N,0 <k < K, where C;, and
LF are the representatives in XN of fi, and C,jl\[ , respectively, whose existence is secured by the Riesz
representation theorem. By recalling (é(y),v)x~ = R(v;y), we obtain

K K
eW)liw =Dk (Z yk’(ckvck/)XN>
k}zo N k’'=0
+ZZkaNn (Z Yn2(Crr, L) x a7 + Z Z yk/uNn y)(LE, Ek )x ) .

k=0n=1 =0n’'=1

(3.15)

Therefore, we can compute and store (Cr,Cr)xn, (Crry L) xn, (Eﬁ,ﬁfl//)xjv, 1 <n,n < Npge,0 <
k, k' < K in the offline procedure, and evaluate ||é(y)||x~ in the online procedure by assembling
with O((K + 1)2N?) scalar products, which is far efficient provided that O((K + 1)2N?) < N.
As for the weighted error bound ||é(y)||x,,, one option is to simply use ||é(y)||x,, = wW)||é(Y)||x~-



4 A priori convergence analysis

Without loss of generality, we work in the space X rather than in the discretization space XV (the
stochastic convergence results hold the same for both spaces) and define the Hilbert space C (T'; X)
equipped with the following norm

[lvllegrix) = max(w(y)[lv(y)llx) (4.1)

for any positive continuous bounded weight function w : I' — R,;. Because of Assumption 3, the
linear coefficient a and forcing term f satisfy a € CO(T'; L°(D)) and f € CO(T'; L?(D)).

Theorem 4.1 Under the Assumption 1-3, the reduced basis approximation to the solution Pnu of
the problem enjoys the following exponential convergence (the complex region X(T';7) will be

specified later)

co (r;x) < Cwe_TN ZG%%XT) |[u(2)]]x (4.2)

[|lu — Pnul
where the constant C,, depends on the weight w and is independent of N, and the rate r is defined as

472

2T
1 = — 1+—1. 4.
<r=log <|1"| + + |F|2> (4.3)

Remark 4.1 The convergence rate stated above does not depend on the specific problem . In
fact, as long as uw = u(y) is an analytic function, the exponential convergence rate holds for
reduced basis approximation as demonstrated in the proof of this theorem later, which provides the
same a priori convergence property for problems other than the elliptic problem under linear or
affine assumptions as studied in [28, [20].

Remark 4.2 The exponential convergence result holds for the case of a single parameter in a
bounded parameter domain |I'| < co. Eztension to a single parameter in unbounded domain, e.g. nor-
mal distributed random variable, requires that the data a and f feature a fast decrease at the parameter
far away from the origin (in particular, belonging to a Schwartz space), and the constructive approz-
imation by spectral expansion on Chebyshev polynomials is replaced by that on Hermite polynomials,
see [1I].

Remark 4.3 A straightforward extension to multidimensional case (e.g. K parameters) leads to non-

—rN rg NV K

optimal convergence rate with e replaced by e~ . However, when K becomes large, it severely

. . ! NB/(B+D)
deteriorates the convergence rate. An improved convergence rate e~" N

was achieved [5] provided
that the Kolmogorov N-width by the optimal N dimensional approrimation decays as e TN’ (although
the Kolmogorov N-width is not available in general, some estimation is possible, see [26]). In fact, a
direct bound of the reduced basis approximation error oy in terms of the Kolmogorov N-width dn was

proven in [3] to be on < 2N*ldn /V/3, and improved recently, see [16)] for details.

In order to prove Theorem [4.1} we need the analytic regularity of the solution of problem (2.10)
with respect to the parameter y € I', which is studied through the following three lemmas.

Lemma 4.2 Under Assumption 1-3, the solution to problem satisfies u € CO(T'; HY (D)) for
any positive continuous weight w : I' — Ry. Moreover, if u and @ are two weak solutions of problem
2.10) associated with data a, f and a, f respectively, we have the stability estimate

Cp

. Cp
[Ju— UHcg,(F;Hg(D)) < a

If = fllco rsp2(py) + I fllco rsz2(ylla — d@llcorpe(pyy  (4.4)

2
min Arnin



Proof We rewrite (2.10)) explicitly as: Yy € T’
/ a(z,y)Vu(z,y) - Vo(x)de = / f(z,y)v(z)dr Yo € HY(D). (4.5)
D D
A similar problem holds for f and a. By subtraction we obtain the difference equation:

/D aV(u —a) - Vode = -/D(f — fudz + / (@ —a)Vi - Vodz. (4.6)

D

By taking v = u — 4, applying Cauchy-Schwarz and Poincaré inequalities and using Assumption 2 we
have

Amin||u — ﬂ||?qg(D) < CplIf = fll2yllu = all gy oy + il g oyl = @l g2 oy lla = @l (o). (4.7)
so that the following stability estimate holds for Vy € I' by the fact [[@|| g1 (p) < (Cp/amm)HfHLz(D):

cr 1) = FW)lr2o) + gp 1 Wlezo)llaly) = a@)llLp)-  (48)

Amin Qi

[u(y) — @)y () <

Setting a(y) = a(y + dy) and f(y) = f(y + 6y) such that y + dy € T, we have by the fact a €
COT; L*>(D)) and f € CO(T; L3(D)) that a(y) = u(y + dy) — u(y) in H}(D) when dy — 0.
Therefore, the solution is continuous with respect to the parameter y € ', i.e. u € CO(T'; H}(D)). An
immediate consequence is that any positive continuous weight function w : I' = R, we have

Cp
ullco 0y (D)) < r”f”cg(r;m(m) (4.9)

Hence, u € C9(T'; H} (D)) and (4.4) holds straightforwardly from (4.8) by taking the weight function
w into consideration. O

A direct application of Lemma[4:2]leads to the following lemma for the existence of partial deriva-
tives of the solution with respect to the parameter y € I' as well as their bound in HE (D).

Lemma 4.3 For any y € T, there exists a unique d%u(y) in Hy(D) provided that the assumptions in
Lemma as well as Assumption 1-8 are satisfied for anyy € T and v = (11,...,vK) € A, where
A C N¥ s a multiple index set. Moreover, we have the following estimate

174 v CP v—e
10y ull s oy < Blvlla” + ——[v Y (@~ *||fullr2(p)) (4.10)
min kivp £0
where
B CP Hf( )H |V|' (V + iy )| o’ ﬁauk «a ||akHL°°(D) (4 11)
= 2 = e ! = = "= .
P Y)llL2(D)» 1 K)* 11 ko k a
Proof First of all, when || = 0, we have the existence of a unique solution v € H}(D) and the
stability estimate from (4.9)) only in physical space, leading to (4.10]) as
v Cp
10wl a3 o) = llu)llig o) < ——IIfW)llL2(p) = B. (4.12)

For |v| > 1, we expect the general recursive equation for d;u as (write a(y) in short for a(z,y), etc.)



/Da(y)VQ,’;u(y)-Vv:— Z uk/DakVGZ—eku(y).Vv—i— Z /kav, (4.13)

kv #£0 kv=ey

where ej, is a K dimensional vector with the kth element as 1 and all the other elements as 0. Indeed,
suppose that |7| = |v| — 1 and that 7 = v — e; for some j = 1,..., K, by hypothesis (4.13)) holds for
U, then we claim that it also holds for v. To see that, take the derivative of with respect to y;
by replacing v as 7 = v — e;, we have

/ a(y)Vo,u(y) - Ver/ a; Vo~ “u(y) - Vo = — Z Vk/ ap Vo, *u(y) - Vv
D D k#j:v#0 D
(4.14)
—(vj — 1)/ a;Vo,~“u(y) - Vv + Z / frv,
D k:v=ep D

which can be simplified by summing up the same term of integral to end up with the equation (4.13).
Upon replacing v by 0 u(y) in (4.13) and multiplying the weight function w, we have by Assumption
2 as well as Cauchy-Schwarz and Poincaré inequalities the following estimate

v v— CP
Hayu(y)HHg(D)S Z VkakHay ek“(y)HHg(D)‘f‘a Z ||fk||L2(D)' (4.15)

k:vp#0 min k:v=ey

Observe that when |v| = 1, there must be some k = 1,..., K such that v = e, the estimate (4.15])

becomes
Cp

10y uW)mg(p) = 10y uW)l gy < Baw + ——I[fxll2 (D), (4.16)

Amin

which is the same as in (4.10). Meanwhile, if we take a(y) = a(y — hey), f(y) = f(y— hex) and a(y) =
u(y — heg) in (4.6) and set v, = (u(y) — u(y — heg))/h, then (4.6) becomes

[ w900 = [ fon= [ oty - hew - T, (4.17)

which results in a unique solution v, € V. Taking the limit A — 0, we have by continuity that
u(y — heg) — u(y) so that vy satisfies the recursive equation for d;/u in . Therefore, J;u exists
and is a unique solution to for v = e;. By induction it exists for general v € A and satisfies the
recursive estimate ({.15)). If [v| > 1, the estimate becomes

100 s < 3 vl |02 uy)ll s ) (4.18)
k:v #0

Suppose for any |7| < |v|, the general bound (4.10]) holds, then we have

10y u(W)|| a2 Dy < Z v |0y~ u(y)|| 1 (o)
k:v #0

—€j C v—e;—eg
< Y wjay [ Byl =Dl + =2 (p| = D)8 >0 (07| fillr2(py)

j:vj#0 Gmin kv #0
| AV CP | v—eg
=B Y v | (W=D + = > v | (v =D > (@[ fellz2py)
j:vj#0 min j:vj#0 kv #0
v CP v— . —_ 124
= Blv|la +amm|y|! S° (@ fullr2(py) = Caglylla”,

k:vp #0
(4.19)
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where the constant C,_  is

Coy=B+Cp ) ||||f’“|||L2<D) : (4.20)
akl| e
k0, [lax| oo (y0 || HET (D)
The proof can now be achieved by an induction argument. 0

An analytic extension of the solution u in a certain region % such that I' C ¥ is a consequence of the
regularity result in Lemma provided suitable conditions, as stated in the following lemma.

Lemma 4.4 Holding all the assumptions in Lemma[].3, and defining
K
Y= {zE(C:HyEF stoa-|z—y :Zak\zk—yﬂ < 1}, (4.21)
k=1

we have the existence of an analytic extension of the stochastic solution w in the complex region 3 and
we define X(T';7) := {2z € C: dist(z,T) <7} C X for the largest possible vector 7 = (11,...,TK).

Proof By Taylor expansion of u(z) about y € I" in the complex domain we obtain

B oy (422

with v! = ;! vg!. Thanks to the regularity result in Lemma we obtain

oru
Z . (y)(z_y)u <Z| Hau W20

v!
v Hy(D) v
<G Y Doy
>~ a,f V! Y
n>0:|v|=n (423)
=UCa,f Z (Zak|zk - yk|>
n>0
Ca,5

10 anle —yil

where the second inequality is due to Lemma [£.3] and the first equality comes from the generalized
Newton binomial formula. In the complex region defined in (4.21)), we obtain that the function u(z)
admits a Taylor expansion around y € I' so that the solution u can be analytically extended to the

complex region (4.21)). O

To prove the exponential convergence of the weighted reduced basis method for problem , we
bound the error by another type of constructive spectral approximation, or more specifically, extension
of Chebyshev polynomial approximation for analytic functions (see [I7], Chapter 7). The idea has
also been used in the proof of exponential convergence property of stochastic collocation method [IJ.

Proof of Theorem : First, we note that the results obtained in the above lemmas in H{ (D)
norm are still valid in the equivalent X = A(v, v;g) norm. For any analytic function u : [-1,1] — X,
their exists a spectral expansion on the standard Chebyshev polynomials ¢ : [-1,1] — R and |¢,| <
1,n=0,1,... in the form

(27} >
=5+ nz::l UnCn (1) (4.24)
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The nth Chebyshev coefficient satisfies [17]

1 ™
Un = / u(cos(t)) cos(nt)dt, ||lun|lx <207" max [lu(z)|lx, m=0,1,..., (4.25)

—T

where the elliptic disc D, is bounded by the ellipse ¥/, with foci £1 and the sum of the half-axes p.
Therefore, the error of the truncated Chebyshev polynomial approximation is bounded by

2 —r
lu—Tyullx < Y lunllx < e max [Ju(2)||x, (4.26)
N o—1 2€D,

being the constant r = log(p). For any function u : I' — X, we map the parameter domain I' — [—1, 1]
and obtain the same estimate with the largest value of r given in inside the rescaled complex
region 3([—1,1],27/|T|). It’s left to prove that the reduced basis approximation error is bounded by
the above truncated error. In fact, since the reduced basis approximation adopts Galerkin projection
in the reduced basis space X, we have by Cea’s lemma [36] that

|lu — Pyul|lx < Cyp inf |Ju—vllx, (4.27)
veEXN

where the constant C; is independent of N. Moreover, for any function u € Py(I') ® X, a tensor
product of polynomial space of polynomials with total degree no more than N and X, we have that
Pyyiu =wu [9,34], so that the following estimate holds for some constant Cy independent of N

inf u—v < C inf u—v||x. 4.28
o el <Co_int fluslx (1.25)

By the fact that Chebyshev polynomial ¢; € Py([—1,1]),k=0,1,..., N, we have

inf [lu —v||x < ||Ju—Tyul|x. (4.29)
veEPN(T)RX

A combination of (4.26), (4.27)), (4.28]) and (4.29) leads to the following bound for the reduced basis
approximation error with C = 2C;Cse" /(0 — 1)

||lu — Pyul|lx < Ce ™V max [lu(2)]|x- (4.30)

Since the reduced basis approximation Pyu satisfies the linear system ((3.13)), which can be written in
the compact form as
A(Pyu,v;y) = F(v;y) Yv e Xy, (4.31)

we obtain the same regularity for Pyu as for the solution u to system with respect to the
parameter y. In particular, Pyu € C2(T; X), so that u — Pyu € C9(I'; X). Multiplying both sides
of by the weight function w and taking the maximum value over the parameter domain I', we
have by noting D, C Z(I'; 7) that the exponential convergence holds.

g
A direct consequence of Theorem [4.1| for the convergence of s(Pyu) and E[s(Pyu)] is as follows:
Corollary 4.5 Suppose that the assumptions in Theorem [{.]] are satisfied, we have
[ls(u) = s(Pyvu)lleg @y < lsllx[lu = Prulleg rix) < Cw||8||x'6_TNZEI;1(aF>§T) lu(2)lx,  (4.32)
and
M
[Els(w)] - Els(Pyvu)]| = | Y (s(usy™) = s(Prn;y™))w(y™)| < Ml|s(u) — s(Pyu)llogry.  (4.33)
m=1
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5 Numerical examples

In this section, we present several numerical examples to illustrate the efficiency of the weighted
reduced basis method compared to the reduced basis method and the stochastic collocation method.
The output of interest is defined as the integral of the solution over the physical domain D

sw) = [ ulz)da, (5.1)
D
We define the following two errors as criteria of different numerical methods
[|s — 8N||08)(F) and |E[s] — E[sn]], (5.2)

where sy is the approximated value of s obtained using N bases for (weighted) reduced basis method or
N collocation points for stochastic collocation method. In particular, we use the weight function in one
dimension as the probability density function of the random variable obeying Beta(«, 3) distribution
with shape parameter o and g providing distinctive property of the weight, defined as

1

m(lﬂw)“’l(l—y)ﬁ*l y e [-1,1], (5.3)

w(y; o, B) =

where Beta(c, 8) is a constant (beta function) chosen so that w(+; «v, 8) is a probability density function.
In our numerical experiments, we use the Gauss-Jacobi quadrature formula to compute the expectation
with the solution at the abscissas evaluated by the reduced basis methods. As for the stochastic
collocation method, we use the Gauss-Jacobi abscissas as the collocation points, which is more accurate
than other choices, especially when the weight function is more concentrated. We specify the detailed
setting of the weighted reduced basis method in the following subsections. The physical domain is
a square D = (—1,1)? and homogeneous Dirichlet boundary conditions are prescribed on the entire
boundary 0D.

5.1 One dimensional problem

We set the stochastic coefficient a(z,w) in problem (2.1)) as

a(z,w) = 11—0(1.1 +sin(2rx1)Y (w)), (5.4)
with random variable Y ~ Beta(q, 8) with («, 8) = (1,1), (10,10) and (100, 100), respectively. The
left of Figure[5.1]depicts the shape of weight at different locations. The forcing term is the deterministic
value f = 1 for simplicity. We use a tolerance at the same value € = 1 x 10~!® for three different weight
functions to stop the greedy algorithm. ngq;n, = 1000 samples are uniformly selected to construct
the reduced basis space. Another 1000 samples are used to test the accuracy of different methods.
The exponential convergence of the error ||s — sy||co () in logarithmic scale for three different weight
functions is displayed on the right of Figure for weighted reduced basis method. The maximum
number of bases Ny, = 16,11, 6 built at the training samples with selection order are visualized by
the marker size on the left of Figure they are quite different for different weight functions. From
the location and selecting order of the samples on the left of Figure we can tell that the weight
function plays an important role in choosing the most representative bases.

In the comparison of the convergence property of the reduced basis method, the weighted reduced
basis method as well as the stochastic collocation method, we select the weight function of Beta(10, 10)
and compute the two errors defined in with the results shown in Figure It’s evident that
the weighted reduced basis method outperforms the reduced basis method in both norms, and these
two methods are more accurate than the stochastic collocation method in || - [|co (ry norm. As for the
expectation, the weighted reduced basis method is the best and the reduced basis method does not
beat the stochastic collocation method due to the fact that it doesn’t take the weight into account.

However, as demonstrated in [10], the computation of both reduced basis methods is more expensive

13



: T : T
Beta(1,1) —6— Beta(1,1)
—— Beta(10,10) —*— Beta(10,10)
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T
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Figure 5.1: Left: Probability density function of Beta(c, 8) distribution with different «, 8 and samples
selected by weighted reduced basis approximation in order, the bigger the size the earlier it has been
selected; Right: convergence of the error log;, (||s -5 NHC&(I‘)) by weighted reduced basis method.

-2 :
RBM
—#— wRBM

- - -som ||

RBM
—*— WRBM
- --scM ||

-8

log10(|E[s]~E[s,]l)

log10(ls-s, )

Figure 5.2: Left: convergence of the error logy, (|[s — sn|lco (ry) by reduced basis method (RBM),
weighted reduced basis method (wRBM) and stochastic collocation method (SCM); Right: conver-
gence of the error log;, (|E[s] — E[sn]|) by RBM, wRBM and SCM, both with K = 1, Beta(10, 10).

than that of the stochastic collocation method because of the offline construction with a large number
of training samples, especially for the problem requiring low computational effort in one deterministic
solving. Similar numerical examples for some other weight functions are presented in the appendix

for expository convenience.

5.2 Multiple dimensional problem

For the test of multiple dimensional problem, we specify the coefficient a(z,w) as

—7\1/2 2
a(z,w) = %0 <4 4 (‘?) y1(w) + Z VA (sin(nmrz)yon (w) + cos(nwx1)y2n+1(w))> , (5.5)
n=1

where yi, 1 < k <5 obeying Beta(100,100), L = 1/4 and A1 = 0.3798, A2 = 0.2391, which comes from
a truncation of Karhunen-Loéve expansion [32]. A sufficient number of nyq;, = 10000 samples (in fact
N¢rain = 1000 provides almost the same result in this example) obeying independent and identically
distributed y;, ~ Beta(100,100),1 < k < 5 are taken within the parameter domain I' = [—1,1]% to
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construct the reduced basis space and another 1000 samples following the same distribution are taken
independently to test different methods. We compare the performance of the weighted reduced basis
method, the reduced basis method and a sparse grid collocation method, with results displayed in
Figure The two reduced basis methods are obviously more efficient in both norms with the
weighted type providing faster convergence: the number of bases constructed for the weighted reduced
basis method (N4 = 15) is half that necessary to the reduced basis method (N4 = 30).

-3 . . -4 . .
T--- RBM RBM

A —%— WRBM| —— WRBM
Q\ el - - scm ~ -~ som
- Al \ ]
-5 \\ \‘\\\\ q x\
\ S~ \ <
\ - \
o i .
5 ¥

!
4
T

L

log1 O(HS'SN“c“u
0/0
log10(|E[s]-E[s\]l)

Figure 5.3: Left: convergence of the error logy, (||s - 8N|\Cg(p)); Right: convergence of the error
logyo (|E[s] — E[sn]|), computed by RBM, wRBM and SCM, both with K = 5, Beta(100, 100).

As for the computational effort, the stochastic collocation method with sparse grid depends crit-
ically on the dimension [32] while the reduced basis methods are near the best approximation in the
sense that it considerably alleviate the “curse-of-dimensionality” for analytic problem and save the
computational effort significantly for high dimensional problems, especially those with expensive cost
for one deterministic solving. The weighted reduced basis method uses less bases than the conventional
reduced basis method in both offline construction and online evaluation and thus costs less compu-
tational effort, particularly for high concentrated weight function as shown in the above examples.
For detailed comparison of computational cost for reduced basis method and stochastic collocation
method in various conditions, notably for large scale and high dimensional problems, see [10].

6 Concluding remarks

We proposed a weighted reduced basis method to deal with parametric elliptic problems with distinc-
tive weight or importance at different values of the parameters. This method is particularly useful
in solving stochastic problems with random variables obeying various probability distributions. Ana-
lytic regularity of the stochastic solution with respect to random variables was obtained under certain
assumptions for the random input data, based on which an exponential convergence property of this
method was studied by constructive approximation of general functions with analytic dependence on
the parameters. The computational efficiency of the proposed method in comparison with the reduced
basis method as well as the (sparse grid) stochastic collocation method was demonstrated numerically
for both univariate and multivariate stochastic elliptic problems.

There are a few potential limitations we would like to warn the reader on: firstly, the performance of
the weighted reduced basis method for low regularity problems is to be investigated, possibly improved
by combination of “hp”-adaptive reduced basis method [I8]. Secondly, efficient empirical interpolation
method [4] [T2] needs to be applied in order to use the weighted reduced basis method to solve non-linear
stochastic problems or linear stochastic problems with non-affine random inputs exhibiting various
probability structure. Finally, we would like to mention that application of the weighted reduced basis
method to more general problems, e.g. parabolic problems [22], fluid dynamics [35], multi-physical
problems [27], stochastic optimization problems [I1]], inverse problems [29], as well as more general
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stochastic problems with various probability structures are ongoing research.
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7 Appendix

To illustrate more about the efficiency of the weighted reduced basis method, we present the following
numerical examples with some widely used weight functions other than those considered in section 5:

1. weight function as truncated probability density function of normal distributed random variable:

2
a(z,w) = 1—10(3.1+sin(27r1'1)Y(w)H(|Y| <3)),Y ~ Normal(u, 0);w(y) = 2171_0 exp (@202/1)) ;

2. weight function as truncated probability density function of gamma distributed random variable:

1 . ) _ 1 —1 Y.
a(z,w) = E(lO.l—&—sm(%r:m)Y(w)H(Y <10)),Y ~ Gamma(k,y);w(y) = Wyk exp(—;),

3. weight function as truncated probability density function of Poisson distributed random variable:

1 v
() = 1 (1001 + sin(2m2,)Y (@)Y < 100)), Y ~ Poisson(A); w(y) = A .

The selected samples for different weight functions and error of logy,(||s — sn||co (r)) are displayed
in Figure and respectively, from which we can observe that the samples are effectively
chosen according to the weight functions. Consequently, both the offline construction and the online
evaluation become more efficient by the weighted reduced basis method than the conventional one.

3

T T T
Normal(0,1) —o&— Normal(0,1)
Normal(1,0.5) o © —— Normal(1,0.5)

—— Normal(2,0.15) O 4l —— Normal(2,0.15) ||

8t

log10(ls-s,lce )

ZzZ®r

Figure 7.1: Left: Probability density function of Y ~ Normal(u, o) with different p, 0 and samples
selected by weighted reduced basis approximation in order, the bigger the size the earlier it has been
selected; Right: convergence of the error log;, (||5 = sn|leo (F)) by weighted reduced basis method.
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Figure 7.2: Left: Probability density function of ¥ ~ Gamma(k,~y) with different v and samples
selected by weighted reduced basis approximation in order, the bigger the size the earlier it has been
selected; Right: convergence of the error log;, (||s —snlleo (p)) by weighted reduced basis method.
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Figure 7.3: Left: Probability density function of Y ~ Poisson(\) with different A and samples selected
by weighted reduced basis approximation in order, the bigger the size the earlier it has been selected;
Right: convergence of the error log, (||s — SN||C?U(F)) by weighted reduced basis method.
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