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Abstract

Topology changes in multi-phase fluid flows are difficult to model within a tradi-
tional sharp interface theory. Diffuse interface models turn out to be an attractive
alternative to model two-phase flows. Based on a Cahn—Hilliard—Navier—Stokes model
introduced by Abels, Garcke and Griin (Math. Models Methods Appl. Sci. 2012),
which uses a volume averaged velocity, we derive a diffuse interface model in a Hele—
Shaw geometry, which in the case of non-matched densities, simplifies an earlier model
of Lee, Lowengrub and Goodman (Phys. Fluids 2002). We recover the classical Hele—
Shaw model as a sharp interface limit of the diffuse interface model. Furthermore,
we show the existence of weak solutions and present several numerical computations
including situations with rising bubbles and fingering instabilities.
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1 Introduction

Interfaces in fluid flow play an important role in many applications. A mathematical
description of such phenomena typically involves highly nonlinear equations due to the
unknown interfaces. Two-phase flow in the special case of a Hele-Shaw cell which involves
the slow flow of a fluid between two parallel flat plates which are fixed at a small distance
apart still contains many ingredients of more complicated systems. Especially interesting
instabilities like the Saffman—Taylor fingering instability [48] can occur and this instability
has important applications in technology. We refer for example to the analogy of the Hele—
Shaw cell to instabilities that appear when one tries to extract residual oil from a porous
rock, see [52, 53]. Water is pumped into the porous rocks to direct the oil to the producing
wells, but it was observed that a lot of oil remained in the ground when the water appeared
at the wells. One explanation of this phenomenon was attributed to the instabilities of
the oil-water interface, which allowed the water to flow through the porous rocks without
displacing much of the oil.

In a sharp interface description, the Hele-Shaw model is given as follows. The overall
domain €2 is occupied by two fluids, modeled as time-dependent disjoint regions 21 and 29,
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which are separated by a time-dependent hypersurface . Introducing the fluid velocity v,
the viscosities 7; and densities p;, i = 1,2, (which can be different in the two phases), the
pressure p, the gravity vector g = gg with modulus ¢ and unit vector g, the unit normal
v on ¥ pointing into 29, one has to study the following set of equations:

dive =0 in Q1 UQo, (1.1a)
12mv =-Vp+pyg in Q, (1.1b)
12mv == Vp + pag in Qo (1.1c)
[v]?-v=0 on %, (1.1d)
[p]3 =0k on X, (1.1e)
V=v-v on X. (1.1f)

Here, []% denotes the jump across the interface, o is the surface tension, x is the mean
curvature and V is the normal velocity. These equations can be derived from more complete
models involving the (Navier—)Stokes equations in situation where the flow is slow (small
Reynolds number) and is confined between two parallel plates at a small distance apart,
see for example [43].

Such a sharp interface description breaks down when the topology of the interface
changes. As a remedy, various diffuse interface models have been introduced to describe
incompressible two-phase flows. A first model restricted to equal densities was introduced
by Hohenberg and Halperin [32], while a first diffuse interface model for two-phase flow
allowing for a density contrast was introduced by Lowengrub and Truskinowsky [40].
However, the model in [40] leads to a velocity field which is not divergence-free (solenoidal)
although both individual fluids are. Let us remark that Lowengrub and Truskinowsky used
a mass averaged velocity field to define their diffuse interface model. More recently, Abels,
Garcke and Griin [3] introduced a diffuse interface model with a divergence-free velocity
field which also allows for different densities.

We base our derivation of a diffuse interface model for a Hele-Shaw cell on the Cahn—
Hilliard-Navier—Stokes model of [3], which in nondimensional form reads as

dive =0, (1.2a)
. 1 ..

0(p+()v) + div (pu(9)v ®v) = Vp = £ div (2. (9)Dv) + G (1.2b)

9 . N

- G 4V (Ve @ V) + 555 div (m(p)v © Vi),
e = div(m(e)Vp), (1.2¢)
Lo

p=_V(p)-elp, (1.2d)

with suitable boundary and initial conditions. Here, ¢ is an order parameter which rep-
resents the difference in the volume fractions, such that {¢ = -1} represents fluid 1 and
{¢ = 1} represents fluid 2. The function p.(p) = %g@ + % is the nondimensional-
ized density of the fluid mixture, Dv = %(Vv +(Vv)T") is the symmetric gradient for the
volume-averaged velocity v, p denotes the pressure, 7. (p) = %@ + ’722—;;“ is the nondi-
mensionalized viscosity of the mixture, Re denotes the Reynolds number, Ca denotes the
capillary number, € > 0 is a (small) parameter related to the thickness of the interfacial
regions, ¥’ is the derivative of a potential ¥ which has equal minima at +1, x is the chem-
ical potential, m() is a non-negative mobility which, in the case of a constant mobility
m(y) =m, can be seen as the reciprocal of the Pélect number Pe, 07 ¢ = 0,0+ V- v is the

material derivative of ¢, and G denotes an external body force.



We will show, via a formal asymptotic analysis, that for slow flow in a Hele-Shaw cell
geometry the above model leads to a Hele-Shaw—Cahn—Hilliard model

divv =0, (1.3a)
120, (@)v = —Vp+G—édiv(Vg0®Vg0), (1.3b)
9} = div(m(p)Vp), (1.3¢c)

= é\l"(w) AV (1.3d)

which inherits a divergence-free velocity field from the Cahn—Hilliard—Navier—Stokes model
. In this paper, we will study the model in detail both from an analytical and
also from a numerical point of view.

An earlier Hele-Shaw—Cahn—Hilliard model was introduced by Lee, Lowengrub and
Goodman [36], 37]. However, they used the Cahn—Hilliard—Navier—Stokes model of Lowen-
grub and Truskinovsky [40] as a basis and obtained

dive - — A =0, (1.4a)
Pe
p(c)(Oc+ Ve -v) - PieA'u =0, (1.4b)
v+ 127;(0) (Vp + % div (p(c)Ve® Ve) - p(c)g) =0, (1.4c)
= fole) + %div (p(c)Ve) —Maap =0, (1.4d)

where Pe is the Pélect number, Ch is the Cahn number, Ma is the Mach number, ¢ is the
mass concentration of fluid 1, so that {c¢ = 1} represents fluid 1 and {c = 0} represents fluid
2, p(c) is the total density, « is the difference between the reciprocals of the actual mass
densities of the fluid, fo(c) = ¢?(1 - ¢?) is a potential with two minima at ¢ =0 and ¢ =1,
n(c) =mic+n2(1 - c) is the interpolation of the two viscosities, and g is the unit vector of
gravity. We refer the reader to Section for more details.

It is important to note that the velocity v in is the mass-averaged velocity, which
is in contrast to the volume-averaged velocities in and . One observes that the
mass-averaged velocity is not divergence-free and that the pressure p enters the equation
for the chemical potential . These facts make the analysis and the numerical ap-
proximation of this model quite involved. We remark that Lee, Lowengrub and Goodman
derived from in the case where a Boussinesq approximation is valid, i.e., the
deviation of p from its spatial average needs to be small which basically means that the
densities of the two fluids are very close. Our derivation however is valid for any density
contrast among the fluids.

We spatially approximate the Hele-Shaw—Cahn—Hilliard equations by means of NURBS-
based Isogeometric Analysis [16] [33] as it allows a straightforward construction of the finite
dimensional function spaces for high order problems [31, [50]. Indeed, in this paper, we
formulate the Hele-Shaw—Cahn-Hilliard model in terms of the pressure p and order
parameter ¢, thus yielding a fourth order problem in the latter variable. In this respect,
our finite dimensional function spaces are built out of globally C'-continuous B-spline ba-
sis functions of degree 2 [44]. For the time discretization, we use Backward Differentiation
Formulas (BDF) of order 2 [45] with equal order extrapolation of the unknowns to obtain
a semi-implicit formulation of the full discrete problem as e.g. in [22].

Finally, we propose and discuss numerical results for two benchmark problems: the
rising bubble and viscous fingering tests [34. [36].



The outline of this paper is as follows: In Section We derive from by means
of a formal asymptotic analysis. In Section 3| we derive the sharp interface limit of
and prove the existence of weak solutions to . In Section (] we present the numerical
scheme for reformulated in terms of the pressure p and the order parameter , and
in Section [5| we present and discuss the numerical results.

2 Derivation of the Hele-Shaw—Cahn—Hilliard model

2.1 A Navier—Stokes—Cahn—Hilliard model for incompressible two-phase
flows

We start from the volume-averaged velocity model introduced by Abels, Garcke and Griin
in [3]: For fluid 7, i = 1,2, let p; denote the actual mass density, p; the density of a pure
component, u; := 2 the volume fraction, v; the individual velocity, and n; the viscosity.
The volume—averagzed velocity for the fluid mixture is defined as

V= ULV + U202.

We define the order parameter ¢ as the difference in the volume fractions, i.e., ¢ = us —u1,
then we obtain the following system of equations:

dive =0, (2.1a)

F(p(p)v) + div (p(p)v @ v) = div (2n(¢)Dv) - Vp+ G (2.1b)
—0ediv (Ve ® V) + 52551 div (m(¢)v ® V),

97 = div(m(p)Vp), (2.1c)

W= g\II'(go) —oelAp. (2.1d)

Here, p(y) = 258 + 22221 is the density of the fluid mixture, Dv = (Vv + (Vv)") is
the symmetric gradient, p denotes the pressure, n(y) = %gp + % is the viscosity
of the mixture, o is a constant related to the surface energy density, £ > 0 is a (small)
parameter related to the thickness of the interfacial regions, ¥’ is the derivative of a
potential ¥ which has equal minima at +1, p is the chemical potential, m(y) is a non-
negative mobility, 07 ¢ = Oy + Vi - v is the material derivative of ¢, and G = G(p(p))
denotes a body force which may depend on the density. The example we have in mind
refers to the gravitational force and reads:

G(¢) = p(¥)99, (2.2)

where the unit vector g indicates the direction of gravity and ¢ is the modulus.

The model consists of the Navier—Stokes equations coupled with a Cahn—Hilliard
system. The capillary forces due to surface tension are modeled by the term oediv (Ve ®
V), and the term 2252 div (m(¢)v ® Vi) accounts for the effects of non-matched fluid
densities. We point out that the simple form for continuity equation (2.1al) is due to the
choice of v as the volume-averaged velocity, when compared for instance to the approach
of Antanovskii [8] and Lowengrub and Truskinovsky [40], where a mass-averaged velocity
is used and leads to a more complex expression for the continuity equation.

Furthermore, satisfies the energy equality

d
Efg(glv|2+g\11(so)+%€lw\2) da +/Q(2nyDv|2+myvm2)dx :fQG'”d%



when we complement ([2.1)) with the boundary conditions
8V(P:V(P'V:O, 6UM:07 v=0

on the boundary I' of the bounded domain Q c R?, d = 1,2,3, under consideration. Here
§|'v|2 denotes the kinetic energy of the fluid mixture, %\Il(go) +5 IVg|? is the Ginzburg-
Landau energy density, and its product with o approximates the surface energy density in
the limit € - 0, cf. [42]. The total energy (consisting of the kinetic energy and the surface
energy) is dissipated by viscous stress and diffusion, given by the second integral on the
left-hand side. We also obtain energy contributions via the body force G in the form of
the right-hand side. For the existence of weak solutions to we refer to the work of
Abels, Depner and Garcke [T}, 2].

2.2 Nondimensionalization and the Hele-Shaw approximation

We now follow the procedure outlined in [43, Chapter 4], and consider the Navier—Stokes—
Cahn—Hilliard equations (|2.1) with the body force G given as in in a domain Q c R3
which occupies a region in between two rigid walls, one at {z3 = 0} and one at {3 = H},
for some H > 0. To be precise, we assume that Q = Q' x (0, H) with a domain Q' c R2.
We consider a characteristic length L and a characteristic velocity V. We denote by
6= % « 1 the ratio between the height H and the characteristic length L in the (x1,z2)-
directions. We set T = % as the characteristic time scale and, due to the geometry of the
domain under consideration, we rescale the third component of the spatial variable and

the third component of the velocity by 0. That is,

x;=Lx;, v, =Vv,, fori=1,2,

x3=0Lx3 4, v3=0VU3,,

where the variables with *-subscript denote nondimensionalized variables. In the following,
we use the notation 0; := 0, , for i = 1,2,3, and V. = (91, 02, 03)". Let us consider a
constant mobility m(¢) = m and define

o 2%

e=¢e.L, = —., Pe ,
H LM om

where Pe is the Pélect number. Then, the Cahn-Hilliard part (2.1c|)-(2.1d)) and the Neu-

mann boundary conditions become

1 1 .
O o+ Vi v, = Po (afu* + O3 + ﬁagu*) in Q, (2.3a)
1 1
pr = —U' () - e, (6%90 + 030+ 5832,(,0) in Q, (2.3b)
Ex
1
0= 01pv1 + O20p19 + 583<p1/3 onT, (2.3¢)
1
0= 01jux11 + Dopisro + gag,u*yg on I'. (2.3d)

Since v, @, and p, depend on § via the third spatial component, we assume that there
exists an asymptotic expansion in §, i.e.,
Vi« = U0+ 051 + (521)j’2 + h.o.t., forj=1,23,
@ =po+dp1 + 524,02 + h.o.t.,
Ly = o+ 0y + 52,“2 + h.o.t..



We will substitute these expansions into (2.3) and solve them order by order. On the

surfaces {x3 . = 0} and {z3. =1}, as v1 = v = 0 we obtain from (2.3c)-(2.3d) for all orders
j=0,1,2...,
8390]‘(%1,*7 x?,’w 0) = 83/11]‘(1'17*,(1327*,0) = 07

83903‘(1'1,*, T2 %, 1) = 83,”]‘(3}1,*;«%2,*, 1) =0.
Meanwhile, to orders (9(5%) and O(%), we obtain from ([2.3al)-(12.3b)),

(2.4)

O30 = D30 =0, O3 =31 =0.

Upon integrating with respect to x3 « and using the conditions (2.4]) we have that po, u1,
©o, and ¢ are independent of x3 .. Then, to order O(1) we obtain from ({2.3a))-(2.3b)),

1
0,00 + O10v1,0 + Oatpovo = e (0F 1o + 0310 + D312
1
o = 8—\11'(<po) — . (0700 + D300 + D3 ¢p2) .

Integrating the above equations with respect to 3, from 0 to 1, and using the condition

(2.4) leads to

- - 1
Ok, o + 0190010 + 0200020 = Pe (0F 10 + O3 p0) » (2.5a)
1
Ho = —¥' (o) — <. (870 + 03¢0) , (2.5b)
where
1 .
Uj0(x1,5, T2,x ) = fo vj0(T1,4,T2x,8)ds, j=1,2, (2.6)

denotes the components of the mean velocity ¥ = (v1,0,72,0)". In particular, in the limit
6 — 0, we obtain a two-dimensional Cahn—Hilliard system convected by the mean velocity
v and complemented with Neumann boundary conditions on 9’ from —.

For the Navier—Stokes part —, the continuity equation after the transfor-

mation becomes
01015 + D202« + 0303« = 0. (2.7)

From the above computation with the Cahn—Hilliard part, we expect that a scale factor
of 6% will appear from the term div (2n(¢)Dv) in (2.1b). Thus, in order to retain the
pressure, the body force and the capillary term in the limit § - 0, we set

_ 2V _ .
p(©) = Pap< (), n(p) =mn(p), p= T5abe G = D90+ ()G,
and define
— 2— 2
Caz V2 Re-P2VL g 9Pgl”
620 P %4

where the capillary number Ca is the ratio between viscous forces and surface tension,
the Reynolds number Re is the ratio between inertial forces and viscous forces, and the



Bond number Bo is the ratio between gravitational forces and viscous forces. We now
nondimensionalize the first component of the momentum equation ([2.1b)):

Bo
0=Re (0, (psv1,+) + (Vs - V)(P*UU)H 3117* Sz P+

¢ s (01(@10010) + Ba(O1500) + —33(31<p(93s0))

1
—'(31(2U*31UL*)-Féb(n*(31v1*-FBQUL*)4-83(n*(81v&* 526hv1*)))

Rel- A,

e 2 (31(01 <01ty ) + O2(V1,4 0244 ) + — 33(01 *33%«))
e 2

(2.8)

where A, z L denotes the density ratio. We point out that, in the case py > py, i.e., fluid

1-),
1+, "

2 is the heavier fluid, then the Atwood number A := Z 2 +Z L can be expressed as A =

Similarly, for the second component of the momentum equation (2.1b)) we obtain

B .
0 =Re (1, (pevae) + (Vs - T4)(pavan)) + aZp*—(s—Sp*gz

¢ e (01(@a0010) + Ba(P2000) + 5 83(32<p8390))

- (31(77*(82111,* +0102.4)) + 02(21:02v2 4 ) + O3 (77* (3203,* 52 — 0302, *)))

Rel-A,
Pe 2

(2.9)

(31(02 <011ty ) + 0o (V2,4 O2ptx ) + — 83(7)2 *33u*)) .

Meanwhile, for the third component of the momentum equation (2.1b|) we have

Bo

0 =0Re (01, (psv3.4) + (Vu - Vi) (psv3.4)) 5 3317* - 5—2P*g3

530 (31(33<P8190)+32(339032<P)+ 33(33<P(9390))

- (31 (Tl* (533111,* + 55103,*)) + 0 (77* (53302,* + 53203,*)) + %33 (2?7*33113,*))
Rel-A,
" Pe 2

(2.10)

(531(03 «O1t5) + 00 (V3 5 O2ptx ) + 33(1)3 *33/1*)) :

The no-slip boundary condition becomes
V=0, v2.=0, w3.=0onl,
and thus on the surfaces {x3 . =0} and {z3. =1} we have
03,0(21,%, 72,4, 0) = v3,0(21,4,T2,4,1) = 0. (2.11)

The procedure to obtain a set of equations from the Navier—Stokes part in the limit § — 0
is similar to what we have performed for the Cahn—Hilliard part. In the following, we will
only sketch the details. Let p. = pg + 0p1 + 62p2 + h.o.t. denote an asymptotic expansion
of the pressure. Due to the fact that ¢ and ¢ are independent of z3 ., to order (’)(5%)
we find that yields

O3po =0



and thus py is independent of 3 . Similarly, thanks to the fact that dspg = 93¢1 = O30 =
0, to order 0(6%) we obtain from (2.8 and (2.9)),

. Es
0= 0;po — Bo p.gi + Ca (D1(D1000ip0) + 02 (Dap00i0) + O3(3020i00) ) + N« O3vi0

for i = 1,2. Integrating the above equation with respect to x3 . from 0 to 1, and using the

conditions (2.4)) and (2.11)) leads to
1 . Ex
NxV5,0(L1,5, T2,4,5) = 58(5 -1) (@‘po - Bop.gi + Ca (01(0100;500) + 32(32<P03i900))) ,

for ¢ = 1,2. Dividing by 7. and integrating over s from 0 to 1 leads to the equation for the
mean velocity v = (01,0,72,), (recall (2.6))):

1
127,

. Ex
Uio=— (az'po ~-Bop.gi + Ca (01(01900i0) + 32(32@0@'900)))

for i = 1,2. Furthermore, thanks to (2.7) and the condition (2.11]), we obtain
1 1
0= fo 0303,0(Z1,4, T2 4,8) ds = — [0 > 0ii0(@1,x, Tae, 8) ds = —O1T19 — OaTz0.
i=1,2
Thus, from the Navier—Stokes part (2.7)-(2.10) we obtain
divo =0, (2.12a)

1 (— o Ex —— (= —
——— (¥py-Bop. + 0y (Voo © ¥ ) 2.12b
RO p+(P0)g+ (Vo ® Vo) ( )

where Vf = (01 f,0of)" denotes the two-dimensional gradient of a scalar function f, and
div f = 01 f1 + 02 f2 denotes the two-dimensional divergence of a vector function f. Here,
we reuse the notation g = (g1,4G2)".

Dropping the subscripts and combining (2.5)) and (2.12)) leads to the following nondi-
mensionalized Hele-Shaw—Cahn—Hilliard model:

6:

div = 0, (2.13a)
125()% = —Vp + Bop()g - édiv(Vg@@ Vo), (2.13b)
Op+Vp- 0= PieA,u, (2.13c¢)
W= E\II'(@) —-e.Ap, (2.13d)

where div-, V-, and A- are to be interpreted as the two-dimensional divergence, gradient
and Laplace operators, respectively. Using the identity

1 1
v(20e)+ 51V = (¥ (9) - etp) Vi ediv (Vo 8 V)

and defining the modified pressures

1 9 2 1 9 2
Q=P+E‘I’(90)+§|VSD| ; 7“=p+g‘1’(90)+§|v‘70| + e,



we obtain two variants of (2.13b):

_ . 1
12n(p)v = -Va+Bop()g + & 1Ve, (2.14a)
1
12n(p)v =-Vr+Bop(p)g - agov,u. (2.14b)

In the case where there is no density contrast, i.e., p; = py, and the gravitational forces
are neglected, the model (2.13]) with (2.14b)) has been studied by Wang and Zhang in [55]
concerning strong well-posedness globally in time for two dimensions and locally in time
for three dimensions, and by Wang and Wu in [54] concerning long-time behavior and
well-posedness in three dimensions with well-prepared data.

If, in addition, there is no viscosity contrast, i.e., 1 = 12, then Feng and Wise es-
tablished the global existence of weak solutions in two and three dimensions via the
convergence of a fully discrete and energy stable implicit finite element scheme in [21].
Uniqueness of weak solutions can be shown if additional regularity assumptions on the
solutions are imposed, see [21, Thm. 2.4], and the error analysis of the numerical scheme
is performed in [39]. For the convergence analysis of finite difference schemes, we refer the
reader to [13, [14], 56].

Meanwhile, Bosia, Conti and Grasselli proved that weak solutions to the Cahn—Hilliard—
Brinkman model converge to a weak solution of the Hele-Shaw—Cahn—Hilliard model in
[11I]. The Cahn-Hilliard-Brinkman model is a related system where an addition term of
the form — div (vD®) is added to the left-hand side of (2.14B)). Here, D¥ := (Vo+(VD)T) is
the rate of deformation tensor and v > 0 is the approximation parameter. Error estimates
in terms of v between the Cahn—Hilliard—Brinkman model and the Hele-Shaw—Cahn—
Hilliard have also been derived in two dimensions. A nonlocal version of the results of [11]
has been recently established in [I§].

Recently, the asymptotic behavior € - 0 of global weak solutions [*|to the Hele-Shaw—
Cahn—Hilliard model with , and the particular scaling ﬁ =e“for0<a<l
and Bo = 0 has been studied by Fei in [20], which employs the varifold approach of Chen
[15]; see also [4, 24] 41] and [5, Appendix A]. In Section below we will establish the
global in time existence of weak solutions to (with the variant and a general
body force G(¢) replacing Bo p(p)g) for two and three dimensions.

2.3 Comparison with the Lee-Lowengrub—Goodman model

In this section, we compare the model with the model of Lee, Lowengrub and
Goodman [36]. In the sequel, we will denote the mass-averaged velocity by w. Let ¢
denote an order parameter distinguishing the two fluid phases, with Q; := {¢ = 1} and
Qs = {c = 0}. Recalling p; and v; as the actual mass density and individual velocity of
fluid 4, ¢ = 1,2, the total density p(c) and mass-averaged velocity w are defined as

1

p(e) = ———
pite+pyt(1-c)

» ple)w = p1v1 + pavs.

Let n(c) =nic+n2(1—c) denote the interpolation of the two viscosities. We introduce the
coeflicient

11 /
qe L 1 _ A

T o, (p(0)?

(2.15)

*We point out that the L? temporal regularity for the time derivative 9y (written as d;c®) in [20] may
be a typo, cf. Theorem below.



and let g denote the modulus of the gravity vector g = gg with unit vector g. Then, the
nondimensionalized Hele-Shaw—Cahn—Hilliard equations of [36, Equ. (2.18)-(2.21)] are

divew — —Ap =0, (2.16a)
Pe
() (Dre+ Ve w) - PieAM -0, (2.16b)
+ 12771( ) (Vp + % div (p(c)Ve® Ve) - p(c)g) =0, (2.16¢)
= fole) + — d1V (p(c)Ve) -=Maap =0, (2.16d)

()

where fo = ¢2(1-¢?) has two minima at ¢ = 0 and ¢ = 1, and the dimensionless constants Pe,
Ch and Ma are the Pélect number, the Cahn number and the Mach number, respectively.

Here we point out that the continuity equation and the equation for the chem-
ical potential in the volume-averaged model are considerably simpler than
their counterparts (2.16a) and (2.16d)) in the mass-averaged model (2.16)). In particular,
the pressure appears explicitly in and compressibility effects may be introduced as
the mass-averaged velocity w need not be solenoidal. In contrast, these features are not

present in ([2.13]).

3 Analysis of the volume-averaged model

3.1 Sharp interface asymptotics

We now consider the sharp interface asymptotics of the nondimensional model ([2.13))
(using v to denote the averaged velocity © and o to denote the reciprocal of the capillary
number Ca) in the following setting:

Assumption 3.1.

o We set Pe = % and consider a more general function G replacing the term Bo p(¢)g,
where G depends only on ¢ but not high order derivatives.

e We assume that there is a family (pe,Ve,Pe, e )es0 0f solutions to , which
are sufficiently smooth. For small €, the domain €1 can be divided into two open
subdomains Q*(g), separated by an interface (&), given as the zero-level set of e,
that does not intersect with 02 =T,

o We assume that (@e, Ve, Pe, e )es0 have an asymptotic expansion in € in the bulk re-
gions away from 3(g) (the outer expansion), and another expansion in the interfacial
region close to X(e) (the inner expansion).

o We assume that the zero level sets of . converge to a limiting hypersurface > moving
with normal velocity V as € - 0.

o We rescale the potential ¥ such that

[11 V2U(s)ds = 1. (3.1)

For example, the classical quartic double-well potential U(s) = }1(1 - 5%)% is rescaled
to U(s) = 2\/54(1 s2)2.
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The equations we study are

dive =0, (3.2a)
12n(p)v =-Vp+G(p) —oediv(Ve ® Vi), (3.2b)
Orp+ V- -v=cApu, (3.2¢)
= 1\Il'(cp) —eAop. (3.2d)

€

The idea of the method is to plug the outer and inner expansions in the model equations
and solve them order by order, and in addition we have to define a suitable region where
these expansions should match up. For o =-2,-1,0,1,..., we will use the notation 1)
and ([3.2a))7 to denote the terms resulting from the order « outer and inner expansions of

(3.24)), respectively.
3.1.1 OQuter expansion

We assume that (ve, pe, @e, pte) have the following outer expansions

Ve =vg+evy + hot., pe= ép,l +po + h.o.t.,
Ye =0 +ep1 + hoot., pe=po+eur+ hot..
To leading order E)l we obtain
0=Vp_1, (3.3)
and so p_p is constant in the bulk regions. Meanwhile 51 gives

(o) = 0.

The stable solutions to the above equation are the minima of ¥, which yields that g = +1.
This allows us to define the bulk fluid domains Q; := {¢(z) = -1} and Q9 := {p(x) = 1}.
To leading order we obtain from |i

div Vo = 0,
and to first order we obtain from 1)
12n(o)vo = =Vpo + G(o).

3.1.2 Inner expansions

By assumption, ¥ is the limiting hypersurface of the zero level sets of ¢.. In order to study
the limiting behavior close to ¥ we introduce a new coordinate system, which involves the
signed distance function d(z) to X. Setting z = g as the rescaled distance variable to
Y, and using the convention that d(z) < 0 in 2, and d(x) > 0 in Q9, we see that the
gradient Vd points from 2y to {22, and we may use Vd on ¥ to denote the unit normal of
Y., pointing from €4 to Qs.

Let a(t,s) denote a parametrization of ¥ with tangential coordinates s, and let v
denote the unit normal of 3, pointing into €25. Then, in a tubular neighborhood of 3, for

a sufficiently smooth function f(z), we have

f(x) = fla(t,s) +ezv(a(t,s))) = F(t,s,2).

11



In this new (t, s, z)-coordinate system, the following change of variables apply, see [29],
1
3tf = ——V82F+ h.O.t.,
€
1
Vof = -0, Fv+VsF + h.o.t.,
€

where V is the normal velocity of X, Vs g denotes the surface gradient of g on 3 and h.o.t.
denotes higher order terms with respect to €. In particular, we have

1 1
Af=div,(Vef) = —2822F+ — divy(0,Fv) + h.o.t.,
€ e—— - °
=—k0, F
where kK = —divyr is the mean curvature of X. If v is a vector-valued function with
V(t,s,z) =v(z) for x in a tubular neighborhood of ¥, then we obtain

1
divy,v=-9,V-v+divyV + h.o.t..
€
The inner variables of (ve, pe, @., pte) are denoted as (Vz, P, ., =.) with the inner expan-

sion
F.(t,s,2) = Fo(t,s,z) +eFi(t,s,2z) + hot., for F. e {V,, &, E.},

1 (3.4)
P.(t,s,z) = —P_1(t,s,z) + Py(t,s,z) + h.o.t..
€
Since the zero level sets of . converge to 3, we additionally impose that
Oy(t,s,2=0)=0. (3.5)

In order to match the inner expansions valid in the interfacial region to the outer expan-
sions of Section we employ the matching conditions, see [29],

fim_ Fo(ts.2) = fi (t.0). (36)
lirin 0, Fy(t,s,z) =0, (3.7)
lirin 0. F1(t,s,2) =0y [ (t,x), (3.8)

where fj(t,x) = limso fo(t,z + 0v) for x € ¥. For the pressure, we have

hl’in Py(t,s,2) =pf1(t,x), (3.9)
liril (Po(t,s,2) — 20up%1 (¢, x)) = p§ (L, 7). (3.10)

We will employ the following notation: Let 6 > 0 and for z € ¥ with = — dv € 27 and
x + 0v € (o, we denote the jump of a quantity f across the interface by

[f]? = lim f(t, 2+ 0v) = lim f (1, 2 = 6v). (3.11)

Then, the expansions of (3.2a), (3.2c) and (3.2d]) in terms of the inner variables are

1
-0,V -v+divyV + h.o.t. =0, (3.12a)
€
1
-(-V+V.-v)0,9-0..E+ h.o.t.=0, (3.12b)
€
1 1
E--U(®)+-0,,® - k0, P+ h.o.t.=0. (3.12¢)
€ €
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For the tensor product ediv (Ve ® V) we obtain the formula
1 1 1
div (eVp ® V) = E—Qaz((azé)zu) + 282(6Z<I>VE<I>) o divy((9.9)*v @ v)
+divy(0,2(r @ Vy®+ VP ®v))+ ho.t.,

so that the expansion of (3.2b) becomes
1
120(D)V + (—azpy " VEP) _G(d)
£

1 1 1
+ =0.(0(0:9)*v) + =00.(0.2V5®) + - divy(c(0.9)*v o v) (3.13)
€ € €
+divy(00,2(r @ VP +0VyP®r)) + hot. =0.
3.1.3 Expansions to leading order
To leading order we obtain from }1
U'(®g) - 9,,P9 = 0. (3.14)

This is a second order equation in z and together with the conditions lim,_, 0 ®o(t,s,2) =
+1, and ®y(t,5,0) = 0 we obtain a unique solution ®y(z) to (3.14]) that is independent
of s and t, i.e., (3.14) can be viewed as an ordinary differential equation in z. For the

double-well potential ¥(s) = }1(1 -52)2, the unique solution is given by ®(z) = tanh (%)
Furthermore, multiplying (3.14) by ®{,, integrating and applying matching conditions ({3.6)

and to ®g leads to the so-called equipartition of energy
% 5(2)| = U(Dg(2)) VzeR.
By , we see that
fR|<I>6(z)|2 dz = fRQ\II(CI)g(z))dz - /j@ds -1 (3.15)
Then, to leading order }1, we obtain

0.Vy-v =0, (3.16)

which implies that V; - v is independent of z. Integrating and applying the matching
condition (3.6)) to Vj yields

[’Uo]? v =0.
Meanwhile, from }2 we have
d.P_1v + 00, (9})*v = 0.
Taking the scalar product with v and upon integrating with respect to z leads to
Py(t,s,2) = P(t,s) - 0 (24(2))%,

for some function P independent of z. Sending z — +oo and applying the matching

condition (3.9) to P-1 and (3.7)) to @, we see that

P2y = P(t,s) =p’y.
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In particular, the constant values of p_; in the bulk phase (see (3.3))) should match. We
take p*; =0 so that P_; is a function only in z and

P.1(2) = —a(®)(2))>. (3.17)
To leading order }1 gives
(-V+Vpyv) ) = 0..5,.

By (3.16)), Vo-v is independent of z, and so upon integrating and apply matching conditions
(3.6) to g and (3.7)) to =y, we obtain

2(-V+wvg-v)= (—V+v0-u)/H;<I>6dz = fR@zzEgdz =0.
This implies that
V= VoV, 8z50 =0. (3.18)

3.1.4 Expansions to first order
To first order, we obtain from l)
EO = \I/”(q)o)q)l - a@ZZCDI + /{@6

Multiplying by @, integrating over R with respect to z leads to
f Zo(t,8)P)(2) dz = f (W' (D)) Dy — 0. @, 8 + |0 dz. (3.19)

Integration by parts, applying the matching conditions (3.6]) and (3.7)) applied to ®q, and
using that U'(+1) = 0, we see that

/ (W'(D0))'®1 - 0. 1) dz = [W'(Pg) Dy — 9, D1 B)]% - [ 0., (V' (Dg) - ®Y) dz,

oo —00 [N
oty 696D S0y

and so the first two terms on the right-hand side of (3.19) are zero. Then, using (3.15)

and (3.18)), we obtain from (3.19)),

2ug = K. (3.20)
Next, using that P_; and ®( depend only on z, to first order we obtain from }1
0=0.Pyv +00,(200,0.P1)v + o divs ((2))*v @ V).

Taking the scalar product with v, integrating and applying the matching condition (3.10)

and using (3.15)) leads to
0= [po]f +0 [2<I>6@(I>1]io +odivy(rev)v = [po]f - OK,

where we used that divy(rv ® v) = —kv. Hence, the sharp interface limit of (3.2)) is

divyg =0 in (Qu)\X, (3.21a)
12n(po)vo = -Vpo + G(po) in (21 UQ2) N X, (3.21b)
[vo]?-v=0 on X, (3.21c)
[po]? = ok on X, (3.21d)
V=vy-v on X. (3.21e)
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Remark 3.1. We point out that the formal asymptotic analysis performed with the de-
generate mobility

m(p) = (1-¢?).
will yield the same sharp interface limit . For more details, we refer to [3, [28].
Remark 3.2. If we use the variant of the velocity equation instead of , i.€e.,
12n(p)v = -Vg+ G(p) + ouVe, (3.22)

then the outer and inner expansions of the pressure q do not require a term scaling with

%. That is, we can consider

e =qo+eq + h.ot., q=Qp+ecQ1+ h.o.tl.

as the corresponding outer and inner expansions, respectively. While the analysis for the
outer expansions remains unchanged, from the leading order inner exrpansion }1 we

obtain after taking the scalar product with v and integrating, and using (3.19)) and (3.20)),
0= [~ 0.Qo- 0= dz =[]} - 240 = [ao]} - o,
which is the nondimensionalized Young—Laplace law (3.21d|) for the modified pressure q.

3.2 Sharp interface limit for the mass-averaged model

It turns out that in choosing

1 hy 1
Pe==, Ch=¢2, Ma=—"le¢ X, := fo V2p()V fo(s) ds,
o

13

and the rescaling u — % i in the mass-averaged model (2.16|), that is,

divaw — ag?Ap = 0, (3.23a)

p(c) (e + Ve-w) -2 Ap =0, (3.23b)

w + 12n(0) (Vp + 2%6 div (p(c)Ve® Ve) - p(c)g) =0, (3.23¢)
L, € . Y

n=—fole) + ——= div (p(c)Ve) —a—p =0, (3.23d)
€ p(c) o

will result in a sharp interface limit that coincides with (3.21)) when we consider G(p) =
p(p)g. We will briefly sketch the details below.

e We consider an outer expansion for the pressure p = pg + €p1 + ..., that is, p_1 =
0. Then, one obtains to leading order 3.23d51 that fj(co) = 0, which yields the
solutions ¢y = 0 or 1, and the bulk domains can be defined as Q; = {¢p = 1} and

Q9 ={co =0}. Then, from |D and 1} we obtain

divwg =0, wg= (Vpo—p(co)g) in (U)X,

1
12n(co)
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e For the inner expansions, we denote the inner variable of ¢ and w by C and W,
respectively, and assume that the %—level sets of ¢, converges to X, which implies
that

1
Co(t,s,2=0) = 3

Furthermore, we assume that the inner expansion for the pressure P. is given as in

(3.4), and we alter the matching conditions (3.9)), (3.10) to

lim Py(t,s,2)=0, lim Py(t,s,z)=p;(t,x).
Z—>+00 Z—>+00

e To leading order }1 we obtain [wo]% -v =0, and to leading order 3.23b}1 we
obtain V = wq - v whenever p >0 and 9,Cj # 0.

e To leading order }2 we obtain

0.1+ Z-0.(p(Co) (0:Co)?) =0,

Integrating and applying the matching conditions for P_; and 0,Cy yields that
P_(t,s,2) = —Eir(p(Co)(BZCO)2)(t,s,z). Then, substituting this into 3.23d}1 gives

1
p(Co)

Together with the conditions lim,_. Cy(t,s,2) = 0, lim,_« Co(t,s,2) = 1, and
Co(t,s,0) = % this yields a second order ODE in z, which implies that we can
choose Cjy to be a function depending only on z, and thus P_; only depends on z.
Multiplying by C{, applying the product rule to the second term and using
the definition of a leads to 0 = (fo(Co) - 2 |C'(']|2)', and upon integrating yields the
equipartition of energy

0= fo(Co) - 9 (p(C0)d-Co) — ap(Co)(9-Co)?. (3.24)

% \C(')(Z)|2 = fo(Co(z)) VzeR. (3.25)

e Lastly, using the fact that Cy, P_1 are independent of s and ¢, we obtain from

B-239;

8, Pov + Eiaz (20(Co)C0-Cy + p'(Co) C1(CH)?) - Eim(p(oo)(qg)?),/ - 0.

Taking the scalar product with v, integrating with respect to z and applying the
matching conditions for C{, we obtain with the help of the equiparition of energy
(3.25) and a change of variables s = Cj(2),

ol = 2 [ oG dz =5 [ Vaps) Tl ds = on:

3.3 Global existence of weak solutions

In this section, we investigate the existence of weak solutions to the Hele-Shaw—Cahn—
Hilliard model (3.2)) with the parameters € = o = 1, and rescaling the viscosity by a factor
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of 1—12 For a bounded domain Q c R¢, d = 2,3, with boundary I" and an arbitrary but fixed
terminal time T > 0, we consider

divo =0 in Qx(0,7)=0Q, (3.26a)

n(p)v =-Vg+G(p) +pvy in Q, (3.26b)

Opp + div (pv) = Ap in Q, (3.26¢)
p=9"(p)-Ap in Q, (3.26d)
0=0,p=0u on I'x (0,7), (3.26¢)
O=v-v+b(h-aq) onIx(0,7), (3.26f)

©(0) = ¢o in €. (3.26g)

Here a > 0,b > 0 are constants, h is a prescribed boundary function. Although is
derived as a model in two dimensions, we include in our analysis the existence theory for
three dimensions, which is applicable to the situation of fluid flow in a porous medium.
We also point out that, in the case b = 0, the pressure ¢ is determined up to a constant,
and therefore we prescribe in addition that /Q qdx =0 for the case b = 0. Before presenting
the existence result we introduce the notation and useful preliminaries for this section.

Notation. We set H := L?(Q), V := HY(Q), Hr := L?*(T"). For a (real) Banach space
X its dual is denoted as X’ and (-,-)x denotes the duality pairing between X and X'.
The L*inner product on € and on I' will be denoted by (-,-) and (-,-)r, respectively.
For convenience, we use the notation LP := LP(Q) and W*P := W¥P(Q) for any p € [1, 00],
k > 0 to denote the standard Lebesgue spaces and Sobolev spaces equipped with the norms
|-Iz» and |- [yyr.p. In the case p = 2 we use notation |- g = |- |2, [ [ my = |- [ 2¢ry, and
I-[v = ||| ;2. We denote R-valued functions and spaces consisting of R%-valued functions
in boldface, that is H := (L2(Q))? and V := (H'(22))¢. The mean of an integrable function
f:Q - Ris defined as f := ﬁ Jo fdz, and we denote

Li={feH:f=0), Vi={feV' :(f,1)y=0}, Hi:={feH?*:9,f=00nT}.

For the velocity, we introduce the space

oy = {f € (CR(@))T: div f=0m 0} ',

i.e., H g, is the closure of the space of all divergence free vector fields in (C§° (2))? in the
L2-norm. Integration with respect to the Hausdorff measure on I" will be denoted by dI.

Useful preliminaries. We have the Sobolev embedding V' c L" for any r € [1,00) in
two dimensions and r € [1,6] in three dimensions, and the following compact embeddings
in dimension d (see [6, Thm. 6.3] and [23, Thm. 11.2, p. 31])

H = Wit cc Wit vj>0,j €7,

for any ¢ € [1,00) in two dimensions and ¢ € [1,6) in three dimensions. We state the
Gagliardo—Nirenberg interpolation inequality in dimension d (see [23, Thm. 10.1, p. 27],
[19, Thm. 2.1] and [6l, Thm. 5.8]): Let £ be a bounded domain with Lipschitz boundary,
and f e W™"(Q)n LY2), 1 < q,r < co. For any integer j, 0 < j < m, suppose there is
a € R such that

-«

+(———)a+—, iScysl.
r d q m
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If re(1l,00) and m—j— % is a nonnegative integer, we in addition assume « # 1. Under
these assumptions, there exists a positive constant C' depending only on 2, m, j, ¢, r, and
« such that

ID? e < Clf§ymr | FI (3.27)

We recall the Poincaré inequalities (see for instance [51, Equ. (1.35), (1.37a) and (1.37¢))]):
There exist positive constants ), depending only on €2 such that, for all f eV,

|/ _THH <G| Vfla, (3.28)
[l < Co (Ve + 11 ) - (3.29)

For fixed b > 0 and a given function ¢, we introduce the operators Ny, : V - V' and
NO#,:VOL(Z)%VH by

Woo$): Qv = [ 5V -V¢da + [ bagcar,

(3.30)
Noo(D): v = [ 5595 - V¢ da.

Under a boundedness assumption on 7 (see |(A2)| below), the Lax-Milgram theorem and
the Poincaré inequality (3.29) yield that the inverse operator ./\fl;é is well-defined and
stable under perturbations. Le., for any g € V', there exists a unique u € V such that

u =Ny (g) with [uly < Clglv,

for some positive constant C' not depending on g and u. Furthermore, given g;,g2 € V'
and the corresponding unique solution ui,us € V' it holds that

lur —uzlv < C|g1 - g2]v-

Similarly, using the Poincaré inequality (3.28) with zero mean, the inverse operator /\/(i }p :
Vg —-Vn Lg is also well-defined and stable under perturbations.

Assumption 3.2.
(A1) We assume that Q c R, d = 2,3, is a bounded domain with C®-boundary T.
(A2) We assume that ne C°(R), G ¢ CO(R;R?) and
m<n(s)<m, |G(s)|<Gols|+G1 VseR,

for some positive constants ng, n, Go and G.
(A3) We assume that h e L*(0,T; Hr) and @g e V.
(A4) The potential U e C*(R) is nonnegative and satisfies

U(s)>colsf —ci, |U(s)|<ca®(s) +es, |U7(s)|<eals| 405

for positive constants cy, c1, co, c3, c4, c5, and exponent r > 2 for two dimensions
and r € [2,6) for three dimensions.
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Theorem 3.1 (Existence of weak solutions). Under Assumption for
. . . 8 . . .
3 <p<2in two dimensions, p= 5 in three dimensions,

there exists a quadruple of functions (p, u,q,v) with
©e L2(0,T; H*) n L™ (0,T;V) nWhP(0,T; V"),
peL(0,1:V), wel’(0,T; Hay),
q € LP(0,T; V) with a trace in L*(0,T; Hy) for b> 0,
qe LP(0,T;V nLE) forb=0

such that (0) = o and

(n(p)v+Vq-G(p) - nve,Q) =0, (3.31a)

(1(#) (Vg - G(¥) - nV), V) +b(ag - h, $)r =0, (3.31D)
(Orp, ) + (Y, V) + (v Vi, ¢) =0, (3.31c¢)

(11, ) = (¥'(0),0) = (Vep, V) = 0 (3.31d)

for a.e. t€(0,T), and for all eV and ¢ € H.

Note that by the compact embedding
L=(0,T;V) nWhH(0,T; V') cc C°([0,T]; H),

the initial value ¢(0) makes sense as a function in H and thus the initial condition g
is attained. Furthermore, the boundary condition (3.26f) can be attained by choosing

¢=n(p) Ve in (3-314), leading to
(v,V9) = (Vg + G(p) + uVep,n(p) V) = bag - h, d)r.

We further point out that the temporal regularity for d;¢ and the pressure ¢ have been
similarly observed in the work of [I11 [26] 35].

Proof. The proof is based on a Galerkin approximation. We consider the set of eigen-
functions of the Neumann-Laplacian {w; };en which forms an orthonormal basis of H. In
[26, §3] it has been shown that {w;};en is also a basis of HJQV Let Wy, := span{wy, ..., wg}
denote the finite dimensional subspace spanned by the first & eigenfunctions, and let IT; de-
note the orthogonal projection into Wy. We consider a Galerkin ansatz (g, ik, Qk, Uk ) keN
which satisfy ¢p = Zi-“:l ik (t)w; € Wy,

Orpr = Apy = T (v - Vor,) ,  ¢r(0) = i (¢o), (3.32)
pi = —App + g, (¥ (), (3.33)
v = -ni" (Vae - G(or) - e Ver) (3.34)

where n, := n(pr), and g satisfies an elliptic problem whose weak formulation reads as

(0 Var, V) +balgr, Or = (1" (G(or) + e Ver) , V) +b(h,Or VeV (3.35)

Let us define the linear functionals Fy ,, , Fo,,, € V' by

<Fb,<pk7C>V = (77/;1 (G(@k) + Nkzv@k) ) VC) + b(h‘a C)F)
(Foups Qv = (" (G(ok) + 1k Vepx) , VC)
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for all ( € V|, where puy is as defined in (3.33)). Then, we may express g as
G =Ny, (Fo,) 10> 0, or g = Ny, (Fop,) if b=0, (3.36)

where the operators N, and Ny, are defined in (3.30). Taking the inner product of
with wj, j = 1,...,k, and substituting , and leads to a system
of nonlinear ODEs for the coefficients {;i(t)}1<i<k. The right-hand side depends con-
tinuously on the coefficients {cx(t)}1<ick- Applying the theory of ordinary differential
equations yields the existence of t; € (0,7] such that the resulting ODE system has a
solution ay = (avix)1<i<k € CO([0,%x); R¥) that is absolutely continuous. We may define s
by the equation , then g is defined by and vy, is defined by .

We now derive a priori estimates for the Galerkin ansatz (g, fk, ¢k, Vi ). In the follow-
ing, the constant C > 0 may vary line to line, but it is independent of k. For convenience,
we denote

Et) = [ Wpn(t) + 5 IV de.

Note that by the assumption ¢g € V, the growth assumptions [(A4) on ¥ and the Sobolev
embedding V' c LP for p > 2 in two dimensions and p € [1,6] for three dimensions, there
exists a constant C' such that

£:(0) < C (ol +1).
First estimate. Substituting ¢ = ¢x in (3.35)), and taking the inner product of (3.32)

with pg, the inner product of (3.33) with dypk, and the inner product of (3.34)) with vy,
summing and integrating from 0 to s € (0,7'] leads to

S
E(s)+ [ "1 raelh + |/wonl e + balan B, at

; (3.37)
= [0 (G(#k),vk) + b(h, qi)r dt + E,(0).
By the growth conditions for G in [(A2)| we see that
S S 1
| [ @emat| < [T Gilpiduloda + Galof fola di
s1
< [ gmolonliy + C . G, Gl (ol +1) at.
Using the lower bound for ¥ in [(A4)| we have
1
[ o) dz > el ool el
and thus, by the lower bound on the viscosity 7, we obtain from ([3.37))
1 C1 2 1 2
§||‘1’(90k(5))”L1 + EHSOk(S)”H + §Hv90k(5)”H
"o
+ [V ”iQ(O,S;H) + 3||’Uk ||%2(0,3;H) + bal|gy, H%z(o,s;Hr) (3.38)

< Cllgnliagom +C+ [ blhlm sl ds.
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Applying Young’s inequality to the last term on the right-hand side of (3.38]), and then
applying Gronwall’s inequality (see [27, Lem. 3.1]) leads to

19 i) 11+ () 3+ 1Ven(s) 3
+ C (191l 20,00y *+ 1061320 o) + bl k] 320 501 (3.39)
b
<C (1 + ;”huiaomm)) Vs e (0,T].

For the case b = 0, we obtain (3.38) without the terms in the Hp-norm. Furthermore, the
a priori estimate (3.39) guarantees that we can extend the Galerkin ansatz to the whole
of [0,T], and thus t; =T for all k € N.

Second estimate. Integrating (3.33) and using [(A4)|leads to

‘/Qﬂkdl’

By (3.39) we have that the mean 7z is bounded uniformly in L*(0,7), and thus by the
Poincaré inequality (3.28) and the boundedness of ||V k| 2¢0,r,m), We have

< [ o) dz < ol (o) + el

|kl 220,71y < C-
Third estimate. We may view (3.33)) as an elliptic equation for ¢y:

A+ @r = i~ (U (@1)) + @ in Q, (3.40a)
Ovpr =0 onT. (3.40b)

Then, the argument in [26], §4.2] yields that {¢p }ren is bounded uniformly in L2(0,T; H?).
We will omit the details and refer the reader to [26].

Fourth estimate. Substituting ¢ = g in (3.35)) leads to

1 1
[ val? da +ballacly, = [ —(G(or) + T00) - Vapdo + [ bhaydr
Q N Q Nk r
1 2 1 2 2
Sf—VQk + -— (|G(er)" + | Veerl”) dz +b|h| ay [ gx ] mr-
[ 5 170 4 5= (G + i) dar -+ bl i

Case (i) b > 0. For this case, Young’s inequality gives b|h|m, |qr|m, < %a”qk”%(r N
%Hhﬂlzqr, which leads to

1 1 b
allv%ﬂfq +bal g, < p” (IG(or) 7 + IV eonlr) + EHh”%’F' (3.41)
Case (ii) b=0. For this case, we obtain
Mo
EHV%H%{ <G 7 + | Veorl - (3.42)

For both cases, we obtain an a priori estimate of the form

1Vailer < C (1G o) o + |V ok o + VB R ). (3.43)
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By [(A2)| and [(A3)| we have that G(¢y) € L*=°(0,T; H) and h € L?>(0,T; Hr). Thus, we
expect that the temporal regularity of Vg will be no greater than the temporal regularity
of the product ppVey. Let s € [1,00) for two dimensions, then by the Gagliardo—Nirenberg

inequality (3.27]), we see that

1 1-L
IVorl, 25 <C|Ver| 2| Verl g for two dimensions,
L He H (3.44)

1 3
IVerlLs < ClVerl g2 Vorl g for three dimensions.

By Holder’s inequality and Sobolev embedding, we obtain for two dimensions,

T _4s T _4s _4s
Ll a < | el Iwenl 5, o

-1
< cusoku;.:gg vy | el ET el T at

< CHQOk HLioE(l) T;V) ”Nk ”z;(lo V) ”90143 ”2526) T;H3)

and so upVer € L7(0,T; H) for % < r < 2 in two dimensions. For three dimensions, we
obtain analogously

T 8 T 8 8 6 8 2
[ lmveulgdt < [l 5ol 9onl g dt < Cloel oz il oy |96 oo sy

and so urVy € L%(O,T; H). Thus, from (3.43)), and using the Poincaré inequality ((3.29))
for the case b > 0 or the condition g = 0 and the Poincaré inequality (3.28) for the case
b =0, we obtain that

LP(0,T; V) 5 <p<2 in two dimensions,

«N is bounded in
{ar}en { Ls 0,T;V) in three dimensions.

Fifth estimate. Using (3.44), in three dimensions, for an arbitrary test function ( €
Lg(O,T; V') we have

T
‘fQﬂk(Uk'V%)Cdl‘ dt‘ = ‘vak'Vwka(C)de dt| < fo lvr] L2 Veor | s [T ()| L6 dt

3 1
< Clloul 2oz 9oy |98 2 0 2ty €15 oy

This implies that {IIx(vk - Vi) reny is bounded in L%(O,T; V'). Then, from (3.32) we
have that {0,k }ken is bounded in L%(O,T :V'). For two dimensions, we have for any
s €[1,00),

T
| o vt (@ da dt| < [ ol el Voul 25 11040 o dt

1-L 1
< Clloel g-Zio v loel c2omen 6] B oy I oy

and so {ITx(vi - Vi) b ken and {9¢px tren are bounded in LP(0,T; V") for % <p<2.
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Compactness. The above a priori estimates and the application of [49, §8, Corollary 4]
yield the existence of a relabelled subsequence (v, Gk, Pk, ik ) ken Such that

o > ¢ weakly-x in L*(0,T;V)n L%(0,T; H*) n WYP(0,T; V"),
o — ¢ strongly in C°([0,T];L*) n L?(0,T; W?*) and a.e. in Q,
pur — p - weakly in L*(0,T;V),
qr —>q  weakly in LP(0,T;V) and also in L?(0,T; Hr) if b > 0,
v, > v weakly in LQ(O,T; H g, ),

My (v - Ver) > & weakly in LP(0,T;V"),

for some function & € LP(0,T;V") and

4 . . . 8 . . .
3 <p<2, 1<s<oointwo dimensions, p= ot 1< s <6 in three dimensions.

To deduce that (¢, i, g, v) is a weak solution of (2.13)) that satisfies (3.31]), we argue as

follows: Fix j e N and 6 € C°(0,T), multiplying (3.32)), (3.33)) with dw;, and integrating
in time leads to
T
0= / 6(2) [(Depr, wy) + (Vg V) + (g (wg - Vepr), wy) ] dt.
0 (3.45)
0= [ 8 [ns0s) = (Vou, V) = (W' (1), w))]

where we used (It (V' (¢r)), w;) = (¥'(pr),w;). On one hand we see that

T T T
[0 ok Von gyt = [ 80 @oi Ver)wg)dt > [ 5@ wihvdt. (3.46)

On the other hand, the strong convergence of Viy, to Vi in L2(0,T; W'#¥) and the fact
that w; € H? shows that

2
[ 0Tk = Tyl da dt < 101y 1906 = Vel Fagorm sl =0,

and so dw; Ve, — 6w; Ve strongly in L2(0,T; H). Together with the weak convergence of
vy in L2(0,T; H), we obtain

T T
[0 5(t)('vk'V<pk,wj)dt—>fO d(t)(v-Ve,wj)dt. (3.47)

Equating (3.46) and (3.47) leads to

T T
[ omie vt = [ o) vowy)dr.

Passing to the limit k£ — oo in (3.45]), using the above weak/weak™ convergences yields

0= foT 5(t) [(Brp, wj)v + (Y, Vw;) + (v - Vep,w;)] dt, (3.48)

0= /OT(S(t)[(N,wj)_(VSD;ij)—(\I/’(go),wj)] dt. (3.49)
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We refer to [25, §3.1.2] for the details on how to pass to the limit in the term with ¥'.
Meanwhile, substituting ¢ = w; in (3.35)), then multiplying with ¢ and integrating over
time, we obtain

0= /OT 5(t) [(Var — G( k) = 1tk Vir, 15 - Vaw;) + b(agy — hyw;)r] dt. (3.50)

Due to the a.e. convergence of ¢ to ¢ in ), and the continuity of n and G, we have that
n(or)™t = n(p)™t and G(pr) - G(p) a.e. in Q. Furthermore, by the boundedness of 7,
applying Lebesgue’s dominated convergence theorem yields

n(er) " tovw; - n(e) 1 dVw; strongly in L™(0,T; L™) for m € [1,6]. (3.51)
Meanwhile, from the strong convergence ¢y — ¢ in L?(0,T; H) we find that
Golor? + G1 = Golg|* + Gy strongly in LY(Q).

Then, using the growth assumption [(A2)|for G and the generalized Lebesgue dominated
convergence theorem ([47, Thm. 1.9, p. 89], [7, Thm. 3.25, p. 60]), it holds that

G(¢r) = G(yp) strongly in L*(0,T; H). (3.52)
By the Gagliardo—Nirenberg inequality (3.27) we find that

L'2(0,T;L?) in two dimensions,

L2(0, T H)n L*(0, s H?) e 4 0 o N
L®(0,T;L%)  in three dimensions.

Thus, from the boundedness of {¢ }xey in L (0, T; VINL2(0,T; H?), we see that { Vo }pen
is bounded in L3(0,T;L?). Furthermore, using the strong convergence of ¢ to ¢ in
L2(0,T;W?%) for s €[1,6), and (3.51)) for m = 6, we obtain

/;g 5[ (n(or) ™" = () YV - Vg + 1(e0) "V, V(r = ) ][ da it
<[6(n(er) ™ = () ) vw; ”%G(O,T;LG) IVer ”%3(0,T;L3)
: niguanim(o,m 1905 261901~ )22 0715 > 0.
This implies that

on(er) " Vw; - Vor, — on(p) " Vw, - Vo strongly in L*(0,T; H). (3.53)

Then, combining (3.51)), (3.52)), (3.53)) and the weak convergences for q; and py, after
passing to the limit k£ — oo in (3.50)) we obtain

0= fOT 3(t) [n() (Vg - G(p) - uVe), Vwy) + b(ag — h,w;)r] dt . (3.54)

Next, multiplying (3.34) by én(ek)(wj,, ..., wj,)" = dn(ex)¢j for 1 < ji,...,ja4 < k, passing
to the limit k — oo yields

T T
[ swaw.cra = [ 50(-Ta+Ge) +uve gyt (355)

Since (3.48]), (3.49), (3.54) and hold for arbitrary 0 € C°(0,7"), we infer that
(¢, 1, q,v) satisfies with ¢ = w; and ¢ = (wj,,...,wj,)". Using that {w;} ey is basis
of HJQV and H]2V is dense in V', we deduce that holds for arbitrary ¢ € V and ¢ € H.
This concludes the proof. O
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4 Numerical approximation

We briefly describe the numerical approximation of the Hele-Shaw—Cahn—Hilliard prob-
lem (2.13) with the variant (2.14a)). In particular, by recalling that p = u(p) = %\Il'(cp) -

eAyp from 213d) and v(q,¢) = ~15,55 (Va - Bop(¢)g - gu(0) V) from [@2.14a), we
reformulate the dimensionless problem (2.13) in terms of the (modified) pressure ¢ and
order parameter ¢ and endow it with suitable initial and boundary conditions as:

. 1 .1 .
—div (1277(80) (Vq -Bop(v)g - au(g@)Vgp)) =0 in Qx(0,7), (4.1a)
dp+v(q,9) Vo-eApu(p)=0  inQx(0,T), (4.1b)
G (Vv -Bos(@)av) = Iy onTwx (7). (110
q=0 on I'p x (0,7), (4.1d)
Vu(p) -v=0 on I'x (0,7), (4.1e)
Ve-v=0 on I'x (0,7), (4.1f)
p(t=0)=¢o inQ, (4.1g)

where Ty uTp =T = 99, fN N fD = @, and fy is a suitable function. We remark
that Problem (4.1)) is time-dependent, nonlinear, and it involves a fourth order differen-
tial operator in (4.1b)). Then, we rewrite for convenience the dimensionless density and

viscosity as p(¢) = O1¢ + Oz and 1(p) = A ¢ + Ag, respectively, where O := %(1 - %),

Oq = % (1 + %), Aq = % ( - Z—;), and Ay = % (1 + %) We recall that for ¢ = -1, we obtain

the pure phase labeled “1”, while ¢ = 1 refers instead to the pure phase “2”.

Let us now introduce the function spaces V = {w eHY () : w=0 on FD} and H :=
HZQV = {w e H*(Q) :9,w=0 on F}, then, by suitably using integration by parts, the weak
formulation of reads as follows: Find, for all t € (0,7"), g€V and ¢ € H, such that

1 . ply)
fﬂw’(mm@vq) o ~Bo [ v a5 05 do

o o () o= [ wivar,

[Qﬁ‘f)tapd:z +fﬂz9v(q,<,0)-Vg0d:c+v[QV19-(lIl"(<p)ch) dx
+52/QA19A<pdx =0, (4.2b)

hold for all ¢ € V and 9 € H with ¢(t =0) = ¢p in €.

4.1 Spatial approximation

For the spatial approximation of we use NURBS-based Isogeometric Analysis (IGA)
[16, 33]. Indeed, in we look for a solution ¢ € H c H?(Q) for all t € (0,T), i.e., we
need H?(Q)-conformal finite dimensional test and trial function spaces, say Hj,, which are
comprised of globally C'-continuous basis functions. This requirement can be straight-
forwardly fulfilled by using B-splines (or NURBS) basis functions [44] of degree p > 2;
we refer the interested reader to [9l [17, B1l, 38, [50] for an overview of high order PDEs —
including phase field problems — solved by means of NURBS-based I1GA.
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We introduce the bivariate B-splines basis {N4(x)}’,”; and we write the approximate
pressure and order parameter as

(et) = 3 Na(x) qa(t) and on(xet) = 3 Na) @alt),
A=1 A=1

respectively, with the control variables {g4(¢)}}"/, and {pa(t)}}”| being time-dependent.
By introducing the B-splines space N}, = span{N,, A=1,. nbf}, we define the finite
dimensional spaces V,, := VNN, and Hj, := HNN},. Then, the semi-discrete formulation
of reads as follows: Find, for all ¢ € (0,7"), qx € Vi, @n € Hp, such that

1 . p(en)
/vah'(Wth) dx—BOfVI/J 12 ( ) dx

1 1(en) f
dr = dlr', (4.3
" Ca Vb - (12( )V(Ph x Un fn (4.3a)
fgﬁhatsohdfv +_/Ql9h’U(Qh780h)'V90hd$+fQV19h' (U (¢n)Vepn) dx
+€2fQA19hA<phda: =0, (4.3b)

hold for all vy, € V), and 9, € Hyp, with ¢p(t = 0) = @op in Q, where g, is the L*(Q)
projection of the initial condition g onto the space Np,.

4.2 Time discretization

The time discretization of is based on Backward Differentiation Formulas (BDF)
[0, 45] with equal order temporal extrapolations based on Newton-Gregory backward
polynomials [12] 46]. Using this semi-implicit formulation yields a fully discrete problem
which can be solved in a computationally efficient and accurate manner; see for example
[22] and [10] for the use of the BDF scheme together with NURBS-based IGA spatial
approximations of the PDEs.

We partition the time interval [0, 7] into Ny subintervals of equal size At = Nlt yielding
the discrete time instances t, = n At for n = 0,...,N;. Then, we denote with ¢; and
¢, the approximations of the pressure g; and order parameter ¢ at the time t,. The

approximation of dypyp, in (4.3) by a o-order BDF scheme is

n+1 n,BDFo

Qo =@y
Orpp, ®
tPh ® At
For example for o = 1, we have a, = 1 and ¢}’ BDFo _ = ¢y for n > 0; instead, for o = 2,
Qo and oy BDFo = 2¢p — ESOh ~! for n > 1. Then, replacing the derivative 9y, in (4.3D)

Wlth the o-order BDF approximation, while the other time dependent terms are evaluated
at the time instance t,41 (i.e., terms involving ¢! and ¢7*!), yields a nonlinear fully
discrete problem at each time 1nstance (for example, for o = 1 we have the backward Euler
scheme).

In order to obtain a semi-implicit fully discrete problem, the nonlinear terms depending
on qﬁ*l and cp"” are replaced by extrapolations of order ¢ by means of the Newton—

Gregory backward polynomials, say qZH’U and QDZ+1’U respectively. For example, for o =1,

these are qZ 7 = ¢ and goZH 7 = o for n > 0; while, for o = 2, we have ¢, the - =247 g !
and gozﬂo =29y - op ~! for n > 1. For a BDF scheme of order o, the semi-implicit
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formulation of the fully discrete problem reads as follows: Find, for all n > o -1, q’“rl €V,
”*1 € Hp, such that

; _ ; n+1
[vah (12 ( nHJ)th) dx Bo@1/V¢h 12 ( n+1a)90h dx

—i[vw () N
Ca Ja h* 1277(()07'”10) Ph

1
- Bo®© f ——d f qr,

(4.4a)

n 1 n ea
fﬁw ”dx—fﬂﬁh(mvwhﬂ ) Vg do

1 1
+Bo© f’ﬁ — v g et da
Lo h(1277 (SDRH cr) “h, “h

h
1 M ((pn+l 0')
e M

[ vy, - \I/" n+1 U) chzﬂ) de +¢ f AYy, Aap’”l dx

19 nBDFod
T At f Zh v

1
—BO@g/ﬁhv n+lg'g

T nrlon dx, (44b)
121 (¢2,7)

hold for all ¢y, € Vy, and 9y, € Hj, with gp?l =@, in €.

5 Numerical results

We present some numerical results for the Hele-Shaw—Cahn-Hilliard model for incom-
pressible flows. Specifically, we solve two benchmark problems: the rising bubble test, for
which a less dense fluid rises into a more dense one in presence of a gravitational field as
e.g. in [34], [36], and the viscous fingering test, for which a less viscous fluid is injected into
a more viscous one [48].

For both the tests, we use the (dimensionless) computational domain €2 = (0,0.5) x
(0,1). For the spatial approximation, we consider NURBS-based IGA with globally C*-
continuous B-splines basis functions of degree p = 2 — as described in Section [4.1| — with
32,768 equally-sized mesh elements, yielding the dimensionless mesh size h = ﬁ and a
total of nyp = 33,540 B-splines basis functions. For the time discretization, we use the
semi-implicit formulation with the BDF scheme of order o = 2; the time step size At
and T are specified later for the two tests.

5.1 Test 1: rising bubble

For this test, we set I'p={(x,y) el : y=0} and 'y =T'\I'p by referring to the boundary
conditions in with fy = 0. Then, we set py = 1, n1 =12 = 0. 1 o =107°, g = 9.80665,
the characterlstlc length L=1,§=0.1, V =0.1, and € = 2h = m In this manner, we
have Ca = 10° and Bo = 0.980665. For the time discretization, we set At = 2.5-107°

27



NN
N B
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Figure 1: Test 1. Rising bubble for p; =5 and ps = 1. Phases evolution at different time
instances.
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t=2.520-10"1 t=2.530-10"1 t=2550-10""1

t=2.625-10"1 t=2.750-10"1 t=2.875-10"1

t=3.125-10"1 t=3.500-10""1 t=4.000-10""1

Figure 2: Test 1. Rising bubble for p; =5 and ps = 1. Phases evolution at different time
instances.
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Figure 3: Test 1. Rising bubble for p; = 5 and py = 1. Velocity field at different time
instances; the black contour lines highlight the interface among the phases.
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Figure 4: Test 1. Rising bubble for p; = 5 and py = 1. Velocity field at different time
instances; the black contour lines highlight the interface among the phases.
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Figure 5: Test 1. Rising bubble for p; = 20 and p2 = 1. Velocity field at different time
instances; the black contour lines highlight the interface among the phases.
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for T = 4.0-107'. As initial condition for the order parameter, we choose o(x,y) =
%<+(X7Y)C— (X7y) - 17 with

C(x,y) =1 itanh(;—6 (y i1 (1 N cos(227rx)))) |

which yields the set-up in Fig. (1| (top-left), where the blue color is associated to ¢ = -1
— the pure phase labeled “1” corresponding to the “heavy” fluid — while the red color is
associated to ¢ = +1 — the pure phase “2” corresponding to the “light” fluid.

We start by considering the case p; = 5, for which ©; = -2 and ©5 = 3. We report in
Figs. [Tl and [2]the time evolution of the order parameter, which highlights the formation
and rising of the bubble of light fluid, including topological changes. Correspondingly, we
report in Figs. 3| and |4 the evolution of the computed velocity field v(g;*!, p7*1); as we
can observe, relatively high magnitudes of the velocity occur at pinch-off and when the
curvature of the interface is significant.

We also consider the case where the density of the heavier fluid is larger, say p; = 20
(for which ©4 = —% and O9 = %) yielding the result highlighted in Fig. With the velocity
field.

5.2 Test 2: viscous fingering

We set I'y = T' with I'p = @ and, in order to enforce the injection of the fluid into the
domain, fy = -V on I'yp = {(x,y) €' : y=0}, fy =V on I'n; = {(x,y) el : y=1},
and fy =0 on I'y\ (FN,b UFN’t), for some injection velocity V > 0. In this case, in order
to obtain a well-posed problem, we prescribe the values of the control coefficients of the
pressure field (approximated by IGA) ¢32319 = ¢32,320 = 0 for all n > 1. Then, we choose
pr=p2=1,1m1=1,49g=0,L=16=0.1, V =50, and5:2h:ﬁ, for which Bo = 0. For
the time discretization, we set At =2.5-107% for 7' = 1073. The initial condition is

4 1 cos(16mx)
(pO(XaY) an (38 (y 10 + 100 ))a

which yields the set-up in Fig. |§| (top-left); we recall that the blue color is associated to
@ = —1 — the phase “1” indicating the more viscous fluid — while the red color is associated
to ¢ = +1 — the phase “2” indicating the less viscous fluid.

We set 71 = 50 and ¢ = 107°, for which Ca = 5.0-10%. The time evolution of the
computed order parameter and velocity are reported in Figs. [6] and [7], respectively, which
highlight the insurgency of the viscous fingering phenomenon.

In Fig. [§| we compare the order parameters at different time instances obtained for the
values of the viscosity n1 = 10, 20, and 50 for ¢ = 107°, thus yielding Ca = 10%, 2.0- 108,
and 5.0 - 10%, respectively. We remark that the more viscous the fluid “1”, the longer the
fingers.

Finally, in Fig. [9] we show the order parameter at different time instances obtained for
the viscosity 1 = 50 and values of the surface tension o = 104, 10, and 10~ thus yielding
Ca = 0.5, 5.0- 102, and 5.0 - 10%, respectively. We observe that, the smaller the surface
tension, the longer the fingers.
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