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AN OPTIMAL ADAPTIVE FICTITIOUS DOMAIN METHOD

STEFANO BERRONE, ANDREA BONITO, ROB STEVENSON, AND MARCO VERANI

ABSTRACT. We consider a Fictitious Domain formulation of an elliptic partial
differential equation and approximate the resulting saddle-point system using
an inexact preconditioned Uzawa iterative algorithm. Each iteration entails the
approximation of an elliptic problems performed using adaptive finite element
methods. We prove that the overall method converges with the best possible
rate and illustrate numerically our theoretical findings.

1. INTRODUCTION

In many engineering applications the efficient numerical solution of partial dif-
ferential equations on deformable or complex geometries is of paramount impor-
tance. In this respect, one crucial issue is the construction of the computational
grid. To face this problem, one can basically resort to two different types of ap-
proaches. In the first approach, a mesh is constructed on a sufficiently accurate
approximation of the exact physical domain (see, e.g., isoparametric finite ele-
ments [Cia02|, isogeometric analysis [CHBO09], or Arbitrary Lagrangian-Eulerian
formulation [DGH82, HAC97, HLZ81]), while in the second approach one embeds
the physical domain into a simpler computational mesh whose elements can in-
tersect the boundary of the given domain. Clearly, the mesh generation process
is extremely simplified in the second approach, while the imposition of boundary
conditions requires extra work. Among the huge variety of methods sharing the
philosophy of the second approach, let us mention here the Immersed Boundary
methods (see, e.g., [Pes02]), the Penalty Methods (see, e.g., [Bab73]), the Ficti-
tious Domain/Embedding Domain Methods (see, e.g., [BW90, BG03] ) and the cut
element method (see, e.g. [BH10, BH12]).

Following up on our earlier work [BBV16], we consider the Fictitious Domain
Method with Lagrange multiplier introduced in [Glo94, GG95] (see also [Bab72]
for the pioneering work inspiring this approach). In this approach, the physical
domain  with boundary ~ is embedded into a simpler and larger domain € (the
fictitious domain), the right-hand side is extended to the fictitious domain and the
boundary conditions on « are appended through the use of a Lagrange multiplier.
The Fictitious Domain Method gives rise to a saddle point problem whose exact
primary solution restricted to € corresponds to the solution of the original problem.
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Even for smooth data, generally the solution of this saddle point problem is
non-smooth. Indeed, when posed on a non-smooth, non-convex domain, generally
already the solution of the original PDE will be non-smooth. Depending on the
extension of the data, the solution of the extended problem might even be more
singular (cf. [Mom06]). To achieve nevertheless the best possible convergence rate
allowed by the polynomial orders of the applied trial spaces, we will apply an
adaptive solution method.

Convergence and optimality of adaptive methods has been demonstrated for el-
liptic problems, but much less is known for saddle point problems. In this work, we
focus on the case of having a two-dimensional domain and the application of piece-
wise constant trial spaces for the Lagrange multiplier A and continuous piecewise
linears for the primary variable u. At the end of this paper, we will discuss to which
extent our findings generalize to more dimensions and higher order spaces. We solve
the saddle-point problem with a nested inexact preconditioned Uzawa iteration. For
sufficiently smooth data, it holds that A € La(7). Therefore, in view of the orders
of the trial spaces there is no (qualitative) benefit in applying locally refined par-
titions on v for the approximation of A\. The arising ‘inner’ elliptic problems for
u will be solved with an adaptive finite element method (afem). A complication
is that the forcing functional for these problems involves a weighted integral on
meaning that the data is not in L2(Q2). We apply the recently developed afem from
[CDN12] that allows for data in H~!(Q). Since the Schur complement operator of
our saddle point problem is an operator of order —1, the Uzawa iteration requires
a preconditioner. We will apply a biorthogonal wavelet preconditioner. The overall
method will be proven to converge with the best possible rate.

The outline of the paper is as follows. In Sect. 2 we recall the Fictitious Domain
Method. In Sect. 3-6, we consider the solution of an abstract, infinite dimensional
saddle point problem by the Uzawa iteration. We discuss the reduction of the
saddle-point problem to its Schur complement (Sect. 3), preconditioning of this
Schur complement (Sect. 4), a posteriori error estimation (Sect. 5), and the in-
exact preconditioned Uzawa iteration combined with a nested iteration technique
(Sect. 6). In Sect. 7, we consider the afem from [CDN12] for solving Poisson’s
problem with H~!(Q) data. We show convergence and optimality of a variant
that avoids an inner loop for reducing data oscillation. In Sect. 8, we apply this
afem for solving the ‘inner’ elliptic problems in Uzawa, and show that the overall
method converges with the best possible rate. In Sect. 9, we report on numerical
experiments obtained with our adaptive Fictitious Domain solver. General space di-
mensions and/or higher order approximations will be discussed in Sect. 10. Finally,
in the appendix, we construct a wavelet preconditioner for the Schur complement
for our fictitious domain application.

In this work, by C' < D we will mean that C' can be bounded by a multiple of
D, independently of parameters which C and D may depend on. Obviously, C = D
is defined as D < C,and C = D as C < D and C 2 D.

For normed linear spaces A and B, £(A,B) will denote the space of bounded
linear mappings A — B endowed with the operator norm || - ||z(ag). The subset of
invertible operators in £(A, B) with inverses in £(B,A) will be denoted as Lis(A, B).
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2. FICTITIOUS DOMAIN METHOD

On a two-dimensional domain Q C R? with Lipschitz continuous boundary =,
and f e Ly(Q) — H-1(Q), g € H' () < H2(y), we consider the Poisson problem

(2.1) {—A? =/ oo
= g on~.

N

On a Lipschitz Q@ ¢ R?2 with Q € Q, f € L, (Q) being an Ls-bounded extension of
[, and the bilinear forms a(u, v) := [, Vu-Vvdz, b(v, ) := — f,y vAds, we consider

the problem of finding (u, \) € HZ () x H~2 () such that

a(u,v) +b(v,\) = / fvdr (ve Hy(Q)),
(2.2) @ 1
bu, p) = */guds (ne H2(y)).

It is well-known that this saddle-point defines a boundedly invertible mapping
between HE () x H™2(y) and its dual, the main ingredient being the fact that
inf{|lv||g1(q): v|, = pu} defines an equivalent norm on Hz(y) = (H 2(y)).
Setting Q := Q \6, and applying integration-by-parts to both terms in a(u,v) =
Ja Vu-Vodr+ [ Vu-Vudz, one infers that u|g = @, being the solution of (2.1),

that i := u|g solves —Aw = f on Q, it =gon~, and & = 0 on 99, and finally that

A= %H - %H, where 7 is the normal to  exterior to {).

Since these Poisson problems on both Lipschitz domains Q and Q) have forcing
terms in Lo and Dirichlet boundary data in H!, [Ne¢67, Ch. 5, Thm. 1.1]

(2.3) A€ La(v), with [|Al[, ) S I fllzac) + 9l )-

We are going to approximate the solution (u,\) of (2.2) by functions from fi-
nite element spaces, where we consider the lowest order case by taking continuous
piecewise linears for the approximation for u, and piecewise constants for the ap-
proximation for .

Taking into account the two-dimensional domain and the orders of the finite ele-
ment spaces, the error measured in H!(€2)-norm of the best approximation for u can
be expected to be generally at best of order N _%, where N denotes the dimension
of the finite element space on 2. Moreover, under the mild Besov smoothness con-
dition u € Biq(Q) for any 7 > 1, ¢ > 0, errors of order N2 will be obtained with
appropriately locally refined partitions as we will generate them with an adaptive
finite element method. In view of (2.3), the error measured in H~2(y)-norm of
the best approximation for A from the space of piecewise constants w.r.t. a quasi-
uniform partition of v into N pieces is of order N ~3. Since apparently no overall
(qualitative) advantage can be obtained from the application of locally refined par-
titions on ~, we will consider a sequence of uniform dyadically refined partitions
on 7.

3. SADDLE POINT PROBLEM

The variational problem that arises from the fictitious domain method is an
example of a saddle point problem, that in this and the following three sections will
be studied in an abstract setting.
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Let Uand Hilbert spaces. For a bilinear, bounded, symmetric, and coercive a :

UxU — R, a bilinear and bounded b : Ux — Rwith info,e supgsyeu m >0

/

(‘inf-sup’ condition), given (f,g) € U x ' we consider the problem of finding

(u,\) € U x | that satisfies
(3.1) a(u,v) +b(v, A) + b(u, p) = f(v) —g(p) ((v,pn) €Ux ).
It is well-known that under aforementioned conditions on a and b,
(s A) = (0, 1) = @, 0) + (v, A) + bu, ) € Lis(Ux ,(Ux )).

With A € Lis(U,U’), B € L(U, ') defined by (Au)(v) = a(u,v), (Bu)(\) =
b(u, A), equivalent formulations of (3.1) are given by

5 B[]

[é Z}R}:[BA{}+J’

where S := BA™'B’ € L( , ') is the Schur complement operator. Obviously
S =8, and furthermore, as demonstrated by the next lemma, S is coercive (so in
particular S € Lis( , ')).

and

v 2
Lemma 3.1. It holds that (Sp)(1) = supg ey a2 = |ull? (ne ).

Proof. Let Ry : U — U’ denote the Riesz map defined by (Ryv)(w) = (w,v)u.
Writing B’ = R;,' B', A= R'A, we have
2 B’ 2 B )2 A-3B')2

sup b(vvu) = sup ( IU/)(’U) = sup <’U, ~M>U = sup <w? M>U
0#veu a(v,v)  ozveu (Av)(v) 0#veU (v, Av)y  ozweu (W, w)u
=(A"2B'p, A2 B'pjy = (A7 B'p, RuB'pyu = (Sp) () (p€ ).
The second statement follows from the coercivity of a, the boundedness of b, and
the inf-sup condition. ([

As we reserved (u, A) to denote the exact solution of the saddle point problem,
next we fix some more notations that we use throughout this paper. For a finite

dimensional (or more generally, closed) subspace , C , where o runs over a
collection S, for x € let denote its Galerkin approximation defined by
(3.2) (Sxo) (1) = (SXx) (1) (e o)

This x, is the best approximation to y from , w.r.t. to the ‘energy-norm’ pu —
V/(Sp)(p). For a finite dimensional (or more generally, closed) subspace U, C U,

where 7 runs over a collection 7, for w € U let denote its Galerkin

approzimation defined by
(3.3) a(wr,v) = alw,v) (veU,;),

being the best approximation to w from U, w.r.t. v — y/a(v,v).
Given a y € , let denote the solution of

(34) CL(UX, ’U) = f(’l)) - b(”vX) (’U € U),
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i.e., uX = A71(f—B’x). Note that u* = u. Finally, let ‘ (ur,Ns) EUX ‘denote
the solution of the semi-discrete saddle point problem
(3.5) a(u?,v) +b(v, Ao) + b(u™, ) = f(v) —g(u) ((v,n) €U X o).

Note that well-posedness of the original saddle-point problem implies this for the
semi-discrete one, uniform in o € S. In other words,

(u, A) = (v, 1) = alu,v) + b(v, A) + blu, p)) € Lis(U x5, (Ux ,)),

with both the norm of the operator and that of its inverse being uniformly bounded.
Furthermore, the notations are consistent in the sense that the second component
of the solution (u*+, \,) of (3.5) satisfies (SA,)(1) = (SA) () (1 € ) (cf. (3.2)),
and that the first component satisfies a(u*=,v) = f(v) —b(v, \y) (v € U) (cf. (3.4)).

Finally, we note that well-posedness of any fully discrete saddle-point problem,
i.e. a Ladyzhenskaya-Babuska-Brezzi (LBB) condition, will never enter our consid-
erations.

4. PRECONDITIONED UZAWA ITERATION

With I, : , — being the trivial embedding, and I’ : ' — ! its adjoint, the
Galerkin approximation A, € , for A solves

(4.1) Syhe = I'(BA7'f +¢), where S, :=1I'SI, € Lis( o, ).

At some occasions, I, will be omitted from the notation. To solve this system
iteratively, we need a (uniform) ‘preconditioner’: Let M, € Lis( ,, /) be such
that M, = M/, and, for some constants r, R > 0

(4.2) rlull® < (Mop)(p) < Rllpl? (ne o, 0€8).

W.r.t. the scalar product (u,x) — (Myu)(x) on , X o, the operator M 1S, :
o — o is symmetric, coercive, and uniformly boundedly invertible.
For solving (4.1), we consider the damped, preconditioned Richardson iteration

that, for given )\5,—0) € 4, produces ()\ffj))jzo C  defined by

AGHD = A9 L M (BATYf + g — SILAD)
(4.3) = A9 4 BML(Bu + g)

(cf. (3.4)), in the latter form known as the (damped) preconditioned Uzawa itera-

tion. Taking a constant g € (07 WQ(M;%

on , associated to either S, or M, is reduced by at least the factor

(4.4) p:=supp(l —BM;'S,) <1
oeS

), the error measured in the norm

in each step. With the optimal choice
2
SUPges (Mo So) + (supyes P(MoSs )7t

it holds that p = :T__} where £ = sup,cg p(M;1S,) sup,cs p(MyS;1).=

Let ®, be a basis for ,. We set F, : RI™ « — _ :¢c— c'®,, so that,
equipping R1™ « < (RY™ <) with the standard Euclidean scalar product (, ), its

(4.5) B=
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adjoint F’. :  — RU™ « is the mapping f — f(®,). Setting AY) 1= F71AY) in
coordinates (4.3) reads as

AGHD = AD) 4 B(FL M, F,) " FLIL(Bu™ + g)
= A + M, (Bu o+ g)(®,).
with preconditioner M, := F, My F,.
Ezample 4.1. With R :  — / being the Riesz map defined by ( q)(r) ={(r,q) ,
the Riesz map R _: , — ! is given by I, RI,. For the choice M, = R (Whlch
obviously satisfies (4.2)), for x € , u € , we have
(MZULR o) = (IR x)(1) = (R x) (1) = (x. 1)

or M;'I! R = Q,, being the -orthogonal projector onto ,. So with this choice
of M,, the second line in (4.3) reads as

A =2 + QLR (Bul + g).
This choice of M, seems only practically feasible when is an Lo-space.

In the setting of a stationary Stokes problem, it holds that U = H}(Q)", =
Ly(Q)/R, and R™'B = div. So with M, = R _, and writing R~ 'g simply as g, the
second line in (4.3) reads as AGHD = AP + Qo (divuld) + g). From || div |z, @) <
IV -1l n2 on U, one infers that in this case one can take 3 =1, see [NPO4].

FEzample 4.2. In the case of the fictitious domain method introduced in Sect. 2, we
have = H~2(v) so that a non-trivial preconditioner is required. For the situation
that {0} = ,, C o C --- C is a sequence of spaces of piecewise constant
functions w.r.t. to a sequence uniform dyadically refined partitions o3 < o9 < - --
of v, with o1 = o being some fixed ‘bottom’ partition, in the appendix we describe
a multilevel preconditioner that satisfies (4.2) uniformly in o € S := (0;);en.

Relevant references for Uzawa iterations in possibly infinite dimensional settings
include [BPV97, DDU02, BMNO02, Bac06]. At some places in the literature, is
(implicitly) identified with its dual using the Riesz map. Although appropriate for
Lo type spaces, it may obscure the need for a preconditioner in other cases.

5. A POSTERIORI ERROR ESTIMATION

Having available a preconditioner M, and a basis ®, for , here we use them
to derive some first results on a posteriori error estimation.

Proposition 5.1. Foro € S, let x € , and u € U be approximations to A\, and
uX, respectively. Then it holds that
b(u*, ) +9(p)
Ao = xll = [lure —wXu~ sup ==
0#ue o ]

3

(&1) b, 1) + (1) 1

5 S 7 R
where r := (Ba + g)(®,), and
(5.2) A =Xl = flu—wlu~ [[But +g]|l -
| Bu* + gl + = |[(I = Py)(Ba+g)| - (1, et =y

forany P, € L( ', ") withker P, D S :={f€ ': f( ») =0}

S [[wX = llu,
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Proof. The validity of the first ~-symbol in the first line of (5.1) follows from

a(u)\a * UX7 ’U) b(X * )‘07 ’U)
sup ——————= = T
ozveu  [vllu ozveu vl
the boundedness and coercivity of a, and the boundedness and ‘inf-sup condition’
satisfied by b. The well-posedness, uniform in o € S, of the semi-discrete saddle-
point problem shows that

a(u = X, v) + b(v, Ay — ) + (" — u¥, 1)

Ao = xIl +lur —uX|u~  sup
0#£(v,p)EUX o ”UHU + ||/L||
bluX
e S0
0£uE o [l
The boundedness of b shows that
+ b UX, + b ﬂv ~
qup JW AN g @)
0£pe o ||.u|| 0#pE & ”MH

The proof of (5.1) is completed by
b( Bi
sup IW HO@ o Bit o))
0£1E & [l 0£ne o (Myp)(p)2
p=Fom (r,m)

sup

1
= ||M, %r||.
0£meRdim o (Mgm, m) 1Mo * x|

Using the same arguments one infers the first ~-symbol in the first line of (5.2)
and

IA=2oll +llu =t llu = [ Bu +gll + = [[(I = Po)(Bu +g)|| -,

o

where we used that b(u*~, u)+g(u) = 0 for all 4 € A, is equivalent to But>+g € 2.
Now the second line of (5.2) is obvious. O

The a posteriori estimators from Proposition 5.1 read as (M, 'r,r), where r :=
(B + g)(®,), and ||(I — P,)(Ba + g)| + where @ € U with @ ~ u?s or @ ~ uX.
To arrive at implementable estimators, @ will be a Galerkin approximation to the
solutions u*> or uX of the ‘inner’ elliptic problem. Now to evaluate the upper
bounds in the second lines of (5.1) and (5.2), for our fictitious domain application
an a posteriori error estimator for ||[uX — @|ju (modulo ‘data oscillation’) will be
given in Sect. 7.2.

6. NESTED INEXACT PRECONDITIONED UZAWA ITERATION

Returning to the preconditioned Uzawa iteration (4.3), in order to arrive at an
implementable method we will allow for ¢ to be replaced by an approximation.
Furthermore, eventually aiming at a method of optimal computational complexity,
we will combine the preconditioned Uzawa iteration with the concept of nested
iteration: Let {0} = 5, C 4, C --- C be such that for some constants ¢ > 1,

L= L(f,g) > 0 (with L(¢f,£g) = [¢|L(f, 9)), it holds that
(6.1) A= Ao | < LT
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We consider the nested inezact preconditioned Uzawa iteration that, with )\((,]0() =

Aoy =0, for i =1,2,--- produces (Ag))ongK defined by
(K) S
AG) — )‘”?711 - 7=0,
AT M (Bul Y +g) 1< <K,
where u(#7=1) € U is such that
AG-D

(6.2) Jutei " —uBT Y|y < LT

In the next two sections, such «(»7=1) will be found as Galerkin approximations
w.r.t. adaptively generated partitions.

Lemma 6.1. With 8 and p from (4.4), given a constant M > % let

K = K(M) be a sufficiently large constant such that \%[pK((l +¢) + M¢) +

ﬁlp%HB”L(u, n] < M. Then, assuming (6.1) and (6.2), we have
Mo = AP0 < Z [P (1 + O+ MO + 25 Bl e, H]L¢CT S L
(1 >0,0<j<K), and so in particular,
Ao =TSO < ML¢TH (i >0).
Furthermore,

lu =y < JAT Bllee 0y (I3 = A,

+ ||)\0'i - )\g{)

)+ L S LT

Proof. For i > 1, define ||uls, := (Mg, 11)(1)2 (1 € Ay,). Then, for 0 < j < K — 1,

As, — A+

i T

(=53 < P”)‘cn - )‘z(fj,)

o+ Bl e, HL¢T,

where to arrive at the last term we used (6.2) and that the norm on [ dual to
| - |lo; is at most a factor 1//r larger that the norm on [, dualto | -| . By (6.1)
and induction, we have

Ae: = A9 5, = Ay — AGO

<VR(Ao, = Al + 1A= 2ol + Aoy = AE )
<VR((1+¢) + ML,

and so for 0 < j < K,

o;

||A0'i - )‘g)” < #H)‘m - )\5—{-) g
< L+ + MO+ 5 N Bllew, »]L¢T,

which completes the proof of the first two statements by definition of M.
The second statement follows from

(6.3)

y ) () >
a2y < flu =y + ) - D]y
< AT Bllec wy(IX =2l + Ao = A2 ) + L
together with (6.1) and (6.3). O
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7. INNER ELLIPTIC SOLVER

Inside the nested inexact preconditioned Uzawa iteration, we need to find a
sufficiently accurate approximation w71 for u)‘g’jiil)7 cf. (6.2). This uAEfjiil) is the
solution in U of the elliptic problem a(uX,v) = f(v) — b(v,x) (v € U), cf. (3.4),
with x reading as )\E,J;fl). In the application of the fictitious domain method, this
problem reads as solving uX € Hg () that satisfies

(7.1) /QVuX~VvdJ;:/vadx+/XUds (v € H3(Q)).
¥

Recall that Q C R?, v C Q is a Lipschitz curve, and f € Ly(Q2). For the moment,
we consider this problem for some arbitrary, but fixed x € L2(€2). The discussion
how to deal with the fact that y = )\((ijl) varies with ¢ and j will be postponed to
Sect. 8.

For solving (7.1) we will apply an adaptive linear finite element method. The
adaptive triangulations will be generated by newest vertex bisection.

7.1. Newest vertex bisection. We recall some properties of newest vertex bisec-
tion. Proofs can be found on several places in the literature, e.g. in [BDD04, Ste07].
Let 71 be a fixed conforming ‘bottom’ triangulation of 2. Let the assignment of
the newest vertices in 7, be such that if for T, 7" € 7, the edge TNT" is opposite to
the newest vertex in T', then it is opposite to the newest vertex in 7”. In [BDDO04],
it was shown that such an assignment always exists.

The infinite family of triangulations that can be created from 7, by newest
vertex bisection is uniformly shape regular (only dependent on 7, ). The subset of
this family of triangulations that additionally is conforming will be denoted as T .
For 7,7 € T, we write 7 < 7* (7 < 7*) if 7* is a (strict) refinement of 7. For
7,7% € T, we will denote the smallest common refinement of 7 and 7* as 7 ® 7*. It
is a triangulation in 7, and

HT DT < 1+ H#TF — H#11.

For any collection w of triangles, let V' (w) the set of vertices of T € w. For 7 € T
and z € N(7), let ¢, = ¢, denote the continuous piecewise linear function w.r.t.
7 that satisfies ¢,(2") = 8., (2’ € N(7)). We denote by I'(7) the set of all edges
of 7 that are not on 9. We set w, = w, , := supp ¢, and let I'(w,) denote the
collection of edges of 7 that are not on dw,.

For 7 € T and M C N(1), we let

refine(r, M)

denote the procedure that produces the smallest triangulation in 7 in which for
any z € M any 7 3 T C w, has been replaced by at least four subtriangles. The
following theorem is an easy consequence of [BDD04, Thm. 2.4].

Theorem 7.1. Let (73)k>0 defined by 1o = 71 and Tpy1 = refine(ry, My) for
some My, C N(1i,). Then

e
I
—

#FTp —H#HTLS ) H#HM;.

<.
I
o
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7.2. A posteriori error estimation for the ‘inner’ elliptic problem. Stan-
dard a posteriori error estimation for the Poisson problem requires the forcing func-
tion to be in Ly(§2). Our problem (7.1) does not satisfy this condition because of its
second forcing term. We will therefore use results from [CDN12] about a posteriori
error estimation for general forcing functions in H~1(Q), and their implementable
specializations to forcing functions of types v — [, hvdz and v — f7 hv ds where,
for some p > 1, h € L,(Q) or h € L,(7), respectively. In view of our application,
however, for simplicity we consider the case p = 2 only.
For 7 € T, we set U, := {w € H}(Q): w|r € P1(T)}. We let

solve(T, f, X)

denote the procedure that computes the Galerkin approximation uX from U, to the
solution uX of (7.1) . For U € U, z € N (1), we set

WUz = (X 1ePIVU-nP)"

e€l(wr,2)

da(fm2) o= (ol [ 1FP60r)

W=

1
dy(x, 7, 2) = (|wT,Z|§ / |X|2<Z5T,z ds)2,
vy

=

(U, f,x:7,2) = (iU 7.2)° + dalf,72) +dy (7, 2)%)

where [VU - n.]] denotes the jump in the normal derivative of U over e, |e| :=

meas(e), and |w; .| ;= max,57c,. meas(T). For M C N () we set
JU M) = (Y (U, 2)%)
zEM
Dalf,m M) = (3 da(f.7.2))",
zEM
Dy(x, 7, M) = () dy(x,7,2)%) %,
zEM
D(f, 37 M) = (Dalf, 7, M) + Dy (.7, MP?)
(7.2) EWU, foxom M) = (Y eU, fox,m2)?) .
zeM

In the last five notations, we will sometimes drop the argument M from the left
hand side in case it is equal to N'(7). In the last notation, sometimes we drop the
argument U at both sides in case it is equal to uwX.

Finally, we set

1
EI‘I‘(f7 X5 T) = (|UX - u?l%—[l(ﬂ) + D(f7 X 7)2) 2 ’
which is sometimes called the total error.

Remark 7.2. Since neighboring triangles in 7 € 7 have uniformly comparable sizes,
and the valence of any z € N(7) is uniformly bounded, it holds that |w, .| ~
meas(wr »). In [CDN12] the last expression is taken as the definition of |w, ,|. We
have chosen for the current definition of |w, .| because of its property that for M C
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N(7), T > 7" = refine(r, M), z € M, and z* € N(7%) with wr+ .~ C wy ., it holds
that |we« 4| < i|w77z\, which will be used to demonstrate Lemma 7.8. (In contrast,
note that under these premises, for z € 0Q it is possible that meas(w,« .-) =
meas(wr,z))-

Given T € T,U € U, f € Ly(Q), and x € La(7), we let
estimate(U, f, x,7)

denote the procedure that computes (e(U, f, X, T, 2))zen(r)-

In view of (7.1) setting h(v) := [, fv dx—&—fy xv ds, from applications of Sobolev’s

embedding theorem and Poincaré’s inequality one may infer that
h(v)

(7.3) g1y = sup o S (dQ(f, 7,2)? +dy(x, T, 2)2)
0£veHL (w.) | VU H1 (w.)

[N

(cf. [CDN12, Sect. 7.1]).
With the forcing term in (7.1) reading as an arbitrary h € H=(Q), and denot-

ing the resulting solution simply by u, the following two lemmas were shown in
[CDN12J:

Lemma 7.3 ([CDN12, Lemma 3.2], localized upper bound). For 7 <X 7* € T, it
holds that

Nl

e =l S (2 @+ b))
2€N(T\7*)

and so in particular

N

|u — ’LL7—|H1(Q) 5 ( Z j(u7'77—7 2)2 + ”hH%I*l(wz))
2€N (1)

Lemma 7.4 ([CDN12, Lemma 3.3], local lower bound). For 7 € T, z € N (1),
U € U,, it holds that

JU,T,2) Slu—=Ulgiw,) + bl g-1(0.)-

Returning to our specific h(v) = [, fv d‘T—'_fv xv ds, from (7.3) and the previous
two lemmas we infer the following two results:

Lemma 7.5 (localized upper bound). There exists a constant Cypp such that for
T 7% €T, it holds that

|u7)f* — Uz‘Hl(Q) < Cuppg(fa X,T,N(T \ 7)),
and so in particular,
|UX — U¥|H1(Q) g Cuppg(fa X T)'

Lemma 7.6 (global lower and upper bounds). There exists a constant cioy > 0
such that for 7 € T

cow(f,x, ) < Err(f,x, 7) < \/(Clyp + 1) E(fix, 7).
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7.3. Contraction property. Further results about the a posteriori estimator es-
tablished in [CDN12] will be combined with standard arguments in adaptive finite
element theory to show that a weighted sum of the squared error in the Galerkin
solution and the squared error estimator contracts when employing bulk chasing.

Whereas the adaptive finite element method investigated in [CDN12] involves
an inner loop to reduce data oscillation, this loop will be avoided in our adaptive
method.

Lemma 7.7 (stability of the jump estimator). There exists a constant Cy such
that for T € T, U W € U, it holds that

|J(U,T) — J(VV,T” S Cst|U— W|H1(Q)

Proof. Application of triangle inequalities shows that |J(U,7) — J(W,7)| < J(U —
W, 7). Now the result follows from an application of Lemma 7.4 with ‘h’= 0, and
thus ‘v’=0, and ‘U’'=U — W. O

The next lemma shows reduction of the estimator when employing bulk chasing
under the unrealistic assumption that the discrete solution does not change. This
assumption will be removed later.

Lemma 7.8. Fort € T, M C N(7), U € U, and T > 7* = refine(r, M), it
holds that

1
EWU, fix. ) SEU, fx:7)° = SEU, f 7, M),
Furthermore, for T > 7 = 1, it holds that D(f,x,7*) < D(f,x, 7).

Proof. For convenience of the reader we collect the arguments for these statement
from the proofs of [CDN12, Lemmas 4.1, 7.1, and Theorem 7.5].

Since the normal derivative of U exhibits jumps only on inter-element boundaries
of 7, and the latter belong to exactly two w,’s for z € (1), we have

JUT? =23 ( 3 \e*\Z)[[VU-ne]]Q.

eel(r) {e*el(r*): e*Ce}

On the other hand, we have

JU,T?=2 > [e’[VU - n.]*.
eel(T)

For any e € I'(7) we have 35/ . cpiey. ocey l€*[? < [e|*. Since for e € I'(w;) for

some 2 € M, 3t ver(rn): exce} e*|? < Zle|?, one infers that

1
2

(7.4) JU, ) < = J(U, 7, M)* + J(U, 75, N (1) \ M)?.

DN | =

Next we consider the data oscillation estimators. Since ¢, . = Zz*eN(T*) Or 2 (25)Pre on,
ZZGN(T) ¢r(z*) =1 for any z*, ¢, , > 0, and ¢, ,(z*) # 0 only if W+ ,» C Wy 4,



AN OPTIMAL ADAPTIVE FICTITIOUS DOMAIN METHOD 13
we have
D *\2
o(f,77)° = |w‘r*72*

/ |f‘2¢r*,z* dx
z*eN(1*) Q

SY bl |w”\/|f|¢”*dx

z*eN(t*) zeN (1)

> Z Gra (2w o] / P de

zEN(T) {z*eN(T*): wrx 4+ Cwr 2}

(75) S DI RV SRR TNy

zEM z*eN(1*)

+ Z |w7'z| |f|2 Z ¢TZ ¢7’ ,z* dz
zeN(7)\M Q z*EN(T*)

" Z |w‘rz|/ ‘f| ¢‘rzdx+ Z |w‘r,z|/ ‘f|2¢‘r,zdx
4 2EN(T)\M @

:wa, 7, M)? + Do (f, 7. N (1) \ M)

Notice that we used our definition of |w,- ,«|, see Remark 7.2, to obtain the above
inequality.
Since exactly the same arguments show that

(7.6) D, (x,7%)? < %DV(X,TaM)Z + D, (6, 7 N (1) \ M)?,

and combining the latter with (7.4) and (7.5) completes the proof of the first state-
ment.
The second statement is an easy consequence of (7.5) and (7.6) for M =0. O

For (e.).en(r) C Rand 0 € (0, 1], we let
M = mark((e.).en(r), 0)

denote the procedure that outputs a bmallest M C N(7) that satisfies the bulk
chasing condition’y . \ €2 > 6> 2N () e?

Corollary 7.9 (contraction). Given a constant 8 € (0, 1], there exists constants
v >0 and a < 1 such that for 7 € T, M := mark((e(f, X, T, 2)zen(s),0), and
T > 7* = refine(r, M), it holds that

+uE(fx ) < ajuX = wXfn g + 0E(f 7))

Proof. This proof follows the arguments introduced in [CKNS08].
Applications of Lemma 7.7 and that of Young’s inequality show that for any
0 >0,

[uX —u

E(fixoT ) (L+O)EWX, fox,7)? + (14071 Ctlus — wtfinq)-
Using that E(u )2 < (1 - 16%)E(f,x,7)? by Lemma 7.8, choosing & such
that (1 4+ 9)(1 — ) (1 — 16?%), using that
|UX - : Q) = = [u¥ —u \HI(Q) luzs — U?ﬁp(g)a
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and taking v such that v(1 +6~1)Cy = 1, we find that

1
"LLX — u?ré* %{1(9)+Ug(f7 XaT*)z < ‘uX - u¥|§{1(ﬂ) + U(l - Zez)g(fv XaT)2

< (1= o) (b = i + €U0 )?)

by an application of Lemma 7.5. O

7.4. Convergence with the best possible rate. For s > 0 we define the ap-
proximation class A* as the collection of w € H} () for which

w| 45 := sup N° min w—w < 00.
wla Nen  {reT: ey rler o

Classical estimates show that for s < % , H}(Q) N H'*2(Q) C A® where it is
sufficient to consider uniform refinements of 7,. Obviously the class A° contains
many more functions, which is the reason to consider adaptive methods in the first
place. As shown in [BDDP02], for s € (0, 3], the Besov space BL}2%(Q) is contained
in A* for any ¢ >0, 7 > (s + 3)~'. Although A® is non-empty for any s > 0 as it
contains U, for any 7 € T, even for C*(Q)-functions only for s < 2 membership in
A® is guaranteed. For that reason, it is no real restriction to consider only s € (0, %}
in the following.

Besides the approximated classes A®, we need approximation classes for both
data terms of the inner elliptic problem (7.1). For f € Ly(Q2) and s > 0, we say
that f € B when

f

s = sup N° min D T) < 00.
Ba NEI,L {r€T: #7—#7. <N} olf7)

Similarly, for x € La(7), we say that x € B when

IX[Bs = ifup N* min D, (x,T) < 00.

€N {r€T: #r—#7. <N}
The approximation classes B, and B should not be confused with Besov spaces.
The next, crucial result shows that the data oscillation terms Dq(f,7) and
D, (x, ) can be reduced at rate % Knowing this result, standard arguments intro-
duced in [Ste07] will show that the usual adaptive finite element method driven by
bulk chasing on the estimator £ converges with the best possible rate s € (0, %]

Theorem 7.10 ([CDN12, Theorems 7.3 and 7.4]). Functions f € La(Q) and x €
1 1
Lot are in BY and B, respectively, with |1y < 1l aca and x| y < [xlaco)

1
2
5

Q
only dependent on 7, and, for the second case, the length of ~y.

The next lemma will be the key to bound the minimal number of nodes needed
to satisfy the bulk chasing criterion, as it is realized by the routine mark. It shows
that when 7* is a sufficiently deep refinement of 7 such that its total error is less
than or equal to a certain multiple of the total error on 7, then the set of vertices
of the triangles that were refined when going from 7 to 7* satisfies the bulk chasing
criterion.

Lemma 7.11 (bulk chasing property). Setting

g, := —Clow

V1+C2
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for 0 € (0,0.) and any T > 7* = 7 with
(7.7) Brr(f,x, 7)< [1 = &]Brr(f,x, 7)%,
it holds that

E(fix, o N(T\ 7)) = 0E(f, X, 7).

Proof. Noting that each T' € 7 that contains a z € N(7) \ N (7 \ 7*) is in 7%, one
infers that

Now from lemmas 7.5 and 7.6, and the assumption on 7%, we obtain that
2
0> (1+ Cop)E(f, X, 7)< G Err(f, x,7)?
< Err(f, x,7)% — Err(f, x, 7)?
< |ufe — u¥[H ) + DU X, N (T \ 7))
2 *\)2

< (L4 CLp)Ef, x, T N(T\ 7))

being the statement of the lemma. [

Corollary 7.12. For 6 € (0,0.), uX € A® for some s € (0,3], 7 € T, and
M = mark(e(f, X, T, 2)zen(s),0), it holds that

(7.8) HM S O, £ 0B (f,xm) 7%,
where
(7.9) Cs(uX, f,x) = ([0¥ e + £, 00) + XN 7, 0))-

1 1
Proof. Since uX € A®, f € B3, x € B}, there exist 7,,7¢, 7 € T such that
(7.10)

max (|UX - u-/)SulHl(Q)aDQ(.ﬂ Tf)vp'y(XaTx)) < %[1 - %] Err(f7XaT) = Ea
and

#Tu — #7L < |u

1 . g 1 A1 1 A1
B ey~ < |fE B g — 4 < R
B3 B

5

Since the left hand sides of the last two inequalities are either 0 or > 1, we also
have
(7.11) #r,—#71 < |u

N |
Sl Eig'
2
B

1A 1 A1
_;\bE Sa#Tfi#TlgLﬂle b’,#TX*#TLSb(
B3

From (7.10) and the monotonicity of D(f,x,7) and [uX — uX|g1(q) as function of
7, it follows that 7* := 7 & 7, & 7y & T, satisfies (7.7). In view of the bulk chasing
property given by Lemma 7.11, and because M is a set of minimal cardinality that
realizes the bulk chasing criterion, we infer that

HFMSHN(T\T™) SHTN\NT) S H°—H#7
S #HTu — HTL + HTp — FTL A FT — HTL

where the third inequality is a consequence of the fact that each T' € 7\ 7* has
been bisected at least once. Now from (7.11), Theorem 7.10, and

w =

(7.12) B = ( %[1 - %])_EE”(ﬂXaT)_% ~ Err(f,X,T)_%,
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the proof is completed. * O

The next result guarantees that the nested sequence (7); produced by this
adaptive finite element method reduces the total error at the best possible rate.

Theorem 7.13 (convergence with optimal rate). Let 8 € (0,0,), and uX € A®
for some s € (0, %] Then with 1, denoting the partition after k iterations of the
solve — estimate — mark — refine loop started with 1o = 7., it holds that

#7e — #7170 < Cs(uX, f,X)Ere(f, X, 76) " *
where Cs(uX, f,x) is given by (7.9).

Proof. With M; denoting the set of nodes that are marked in N (7;), applications
of Theorem 7.1 and Corollary 7.12 yield

k—1 k—1
Hre— H#rL S #M S Os(uX, £,30 D Err(f,x, )7 E
1=0 1=0

Hence, the equivalence between Err and £ provided by Lemma 7.6 together with
the contraction property from Corollary 7.9 imply
k—1 1

e — e SO, £00 Y (lox = B o) + e m)?)

i=0

w |-

= Colw, £,) (1o = B + VE (o e1)?)
Invoking Lemma 7.6 and Lemma 7.8, we arrive at
#ri — #r1 X O, £ 0B (f, X 1) TF < CowX, £ (fx, ) 7 O
8. THE ADAPTIVE FINITE ELEMENT METHOD AS AN INNER SOLVER IN UZAwWA

We have seen that for f € Lo(2), and fized x € La(7), the adaptive finite
element method for solving (7.1) converges with the best possible rate. That is,
whenever uX € A*® for some s € (0, %], the Galerkin approximations converge to uX
with rate s. Now we return to the sequence of problems (7.1) where y = )\271),
being the elliptic problems that have to be solved inside the Uzawa iteration. We
aim at showing that whenever u = u* € A%, the sequence of all approximations
that we generate inside the nested inexact preconditioned Uzawa iteration converge
to u with this rate s.

Therefore, it is needed to optimally bound the number of cells selected by any
call of mark in terms of |u|4s (and that of | f|z,«) and [|x|lz,(y)), but not in

terms of |uX|4s. Indeed with x running over the )\Ujfl , we do not know whether
these uX € A* (with uniformly bounded ||uX|| 4) for the same value of s for which
u € A®. In the following we will manage to do so for calls of mark (and thus of
refine, solve and estimate) that are made when the (total) error in the current
Galerkin approximation for uX is 2 |u — uX|giq) ~ ||A — XHH*%(V)’ cf. (8.1).

_1
INoting that (1 / %[ — %]) ® — oo if, and only if, § — 0. or s — 0, we conclude that the
constant ‘hidden’ in the <-symbol in (7.12), and thus in (7.8), depends on the value of 6 or s when
they tend to 0. or 0, respectively. Consequently, this holds true for all results that are going to

derived from Corollary 7.12.
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In view of the accuracy requirement on these Galerkin solutions inside the nested
inexact preconditioned Uzawa iteration (cf. (6.1)-(6.2)), fortunately there is no
need for another call of mark when this condition is violated. Finally we note that
in Lemma 8.5 it will be shown that for x running over all )\((yjfl), the norm || x|/, )
will be uniformly bounded.

Lemma 8.1. Let 6 € (0,0.), and u € A® for some s € (0,3]. Then for x € La()
and T € T with

(81) EI‘I‘(f,X,T) z ‘uiuX|H1(Q)7
for M = mark(e(f, X, T, 2).en(r),0) it holds that
(8:2) #M S Cylu, f,X)Brr(f,x,7) 7+

(Without the condition (8.1), Cs(u, f,x) in (8.2) would have to be read as the
undesirable factor Cs(uX, f, x), cf. Lemma 7.12.)

1 1
Proof. Since v € A%, f € B3, x € B, there exist 7,7, 7, € T such that

(8.3) max (Ju = tur, s (o), Da(f 77), Dy (7)) < Brr(fx,7),
and

#r = #7L < ful Enn(f7) 7
(8.4) o= < U1 B ),

1

[N

#1 — #7L < |x

° lErr(f? X7 T)7
B?

Let 7% := 7, ®7s®7y. Then by [uX — ul.|g1(0) < [ — Ur+| g1 () + [ — X[ g1 (q),
|u—uX| g1y S Err(f, x, 7) by assumption, and 7+ D(-, -, 7) being monotone non-
increasing by Lemma 7.8, we have Err(f, x,7*) < Err(f, x, 7).

Lemma 7.6 guarantees that

\/|uX —uX.

Hence, the contraction property (Corollary 7.9) indicates that the left hand side
reduces by a constant factor @ < 1 by each application of the cycle estimate —
mark — refine — solve. Therefore by applying a fixed, sufficiently large number of
those cycles shows that there exists a 7 € T with #7 < #7* and

EI‘I‘(f, X 7\1)2 S [1 - %] EI‘I‘(f, X T)2'

For 7 := 7 ® %, we have 7 = 7 and Err(f,x,7)*> < Err(f,x,7)? < [1 -
Z—z] Err(f, x,7)2, so that from the bulk chasing property given by Lemma 7.11 com-

%—II(Q) + Vg(vaaT*)z ~ EI‘I‘(f,X, T*)'

bined with the minimal cardinality property of the set M, it follows that
H#MSHN(T\T) SH#(T\T) S H#T —#7 S #7 —#71
S #ru = #TL Ty~ #TL+ e — #7L < Colus £X0B(f X, 1),
by (8.4), and Theorem 7.10. O
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Instead of adaptively solving the elliptic problems (7.1) for x = ,\E,{‘” for each i
and j starting from 7, we will use the final partition produced for the approxima-
. AW s i . . AG+D .
tion of u”i as the initial partition for the approximation for u”*: = when j < K,

(0)

and for u*i+1 otherwise.

We consider the following solve — estimate — mark — refine iteration, that
starts from some given initial triangulation 79 € T, thus not necessarily equal to
71, and that is completed by a stopping criterion.

Algorithm 8.2.
[Tk, uX, ] = afem(7o, f, X, €):

uX = solve(y, f, X)

(e(f, X, 70, 2))zen(ry) = estimate(uX , f, x)

k=0

while Cyupp&(f, X, k) > € do
Mk = mark((e(f7 X Tk Z))ZE./\/(Tk)) 9)
Tp+1 = refine(ry, My)
uy, = solve(gi1, f, X)
(e(fv X5 Tk+1, Z))ZEN(T]C+1) = estimate(u’T‘kH ) f» X)
k+—k+1

enddo

Lemma 8.3. Let 6 € (0,0.), u € A* for some s € (0,1], x € La(v), 70 € T, and
e >0 with

3 2 |u — uX|H1(Q).
Let 19 < -+ < 7 C T denote the sequence of triangulations that is produced by
the call atem(ro, f,x,¢€), and for 0 < k < m — 1, let My C N (1) denote the sets
of nodes that were marked. Then

m—1
> #My S Culu, ),

k=0
and |uX —uX |m1(q) <&, where Cy(u, f,x) is given by (7.9).

Proof. The last statement is valid by Lemma 7.5 because the algorithm terminates
as a consequence of Corollary 7.9.

For 0 < k < m, Err(f,x, k) =~ CuppE(f, X, k) > € 2 |u — uX|g1(q), where the
strict inequality holds for otherwise the algorithm would have stopped at iteration
k. By Lemma 8.1, we deduce that # My < Cs(u, f, X)EI‘I‘(f,X,Tk)_%. As in the

proof of Theorem 7.13, from Lemma 7.6 and Corollary 7.9 we infer that

m—1
_1 1o
> #My S Colu, fo)E(fo X 1) "7 < Culu, £, X)Cilppe >+ O
k=0
To use the results that were derived in the abstract setting discussed in Sect. 3,
recall that in our fictitious domain setting we have U = HL(Q), = H 2(y),
and {0} = ,, C o, C -+ C is the sequence of spaces of piecewise constant

functions w.r.t. to uniform dyadically refined partitions of v starting from the initial
partition that underlies ,,. Since A € La(y) with [|[A||z,) S I f o) + 19l a1 (),
(6.1) reads as

H)‘ - >‘01‘,

< L27i?
H™2(y) = ’
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Le., C = \/57 and L = L(fa g) ~ ||f||L2(Q) =+ ||g||H1('y)

We are now ready to use the routine afem as an inner solver in the nested inexact
preconditioned Uzawa iteration. With constants 5, M and K as in Lemma 6.1, it
reads as follows:

Algorithm 8.4.

nested-inexact-preconditioned-Uzawa(f,g)
(K)

Aoo =0, To,x =71

fori=1,2,... do

PYSUSSIPNCY)

Oi—19 Ti,O = Ti—l,K
for j=1to K do

AG-D) - .
[Ti,j7u7icf;' } = afem(Tm-_l,f, /\((,]1 1),LC7’L)
INONERNCEEY 1y (B
ol = Aoy +BMU,£ IUQ_(Bun,j +9)
endfor

endfor

In order to remove the dependence on x = )\S,{_l) of the upper bounds derived
in Lemmas 8.1 and 8.3, we need uniform boundedness of the H)\((T]i) (TS

Lemma 8.5. For the sequence (()\Eﬂ))lgg)izl produced by the above algorithm
it holds that |AY) ||y S L = L(f, ).
Proof. With Q,, denoting the La(y)-orthogonal projector onto ,, we estimate
N lra) < 1N za) + 1A = A s
<M zat) + 13 = Qo All o) + 11Qe A = A |z
< 2 Al Loty + QoA = AP |2

< 2||/\||L2("/) + 2i/2 QoA — AE,{)IIH_%(W

by the application of the inverse inequality || ||, ) < 22| - ||H,%(Q) on o, (eg.,

see [DFGT04, Thm. 4.6]). The proof is completed by [[A||r,) S L = L(f,g) and

e A= AP < (= Qo)A A=AP .y S L272, for th
Qo h =A%y ) < T = QoM g )+ IA= AL,y S L2772, for the
second term using Lemma 6.1 together with (6.1). O
AG-D)
We are ready to prove that the sequence ((ur, ! )i<j<k)i>1 converges to u with
the best possible rate:

Theorem 8.6. Let 0 € (0,6.), u € A for some s € (0, 3] and assume that K is
sufficiently large. Then for i > 1,
(-1

A /\(j) Asy )
max([|A — A, H—%(,Y)vnu_uﬂ,j HHl(Q))

(8.5)

~

£l o) + lgllzr (v

and

(-1

)

|u As 1/s ||u—u7f" ||H1(Q) —1/s

(8.6) #mij—#711L S (( ) +2)< - ) :
! £l o) + N9l a1y £l 2oy + gl a )
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. AG-D
Proof. The first statements follow from (6.1) and Lemma 6.1 with w7/ = w7/

and ¢ = V2. '
With the number of triangulations created inside the afem(7; ;_1, f, )\((,Jfl) L27/?)

denoted as m; ;_1, let M(i’j _1) ./\/l(m 1) 1 denote the sequence of marked cells
that is generated. Since ||Ag; G- 1)\|L2(7) <L by Lemma 8.5, and ||u—u A lm1) =

IA=A87Y) g S L27 /2 Lemma 8.3 shows that

mi’j71—1

B,j— 1/s 1/s s —1/s/0i s
ST #METTY S ([l + gy + L) LT @),
k=0

Now an application of Theorem 7.1 shows that

K m@i-1_1

Z #MIE;J 1)
k=0

§ oma—D_

1 i—1
#rig— #n<z > #METT 2

=1 k=0

¢

A

(E' ) ‘u|1/s ”le[/sQ .
( 2(Q) 1))(21/2)1/5
(G-1)

AG B
s (@ Huu AR ) [ R PHIES )
[

j—1
Remark 8.7. Theorem 8.6 shows that the sequence ((uig; ))1§j§ K)i>1 converges
to u with the best possible rate, or equivalently, that #7; ; is of the best possible
order. The latter even holds true if we read #7; ; as the sum of the cardinality of 7; ;
and that of all preceding ones starting from 7, . This follows from (8.7), 1 < j < K,
and sup;>; maxi<j<i M4 ;j—1 < 0o. The latter is a consequence of the fact that the

argument 7 = 7; ;_1 in the call afem(7; ;_1, f, A, L27%2) is such that for j > 1,
)\(] 2) AG—2) ) )\(K) )

juti =z ) < L2772 and for j = 0, |u it —uy T ) < L2707D/2)

AG=D)

and so, by the first inequality in (8.5), in both cases infycy, |u A

2—i/2

—Ulm) <
. As we have seen, this means that a uniformly bounded number of iterations
of solve — estimate — mark — refine suffices to obtain a Galerkin approximation

to u’\gjfl) that meets the tolerance L27%2.

The statement proven in this remark is the first step in a proof of optimal
computational complexity of a method in which the exact Galerkin solutions are
replaced by inexact ones, following the analysis given in [Ste07].

Remark 8.8. (Cost of subdividing «). For the overall computational cost of the
method, the costs of the repeated updates of the approximate Lagrange multiplier
as well as their evaluations when used as right hand sides of the afem algorithm
need to be accounted for. Both are proportional to the dimension of the spaces
dimA,, = 2¢ or equivalently to the cardinality of the underlying mesh #o;. In

)\(J 1)
view of (8.5), we deduce that dimAy, < L*|lu — ur! ||H1(Q), which is smaller

than the estimate (8.6) derived for #; ; (s € (0,1/2]). The overall computational
cost is therefore dominated by the approximation of u in afem.
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9. NUMERICAL ILLUSTRATIONS

9.1. A posteriori error estimation. To assess the performances of Algorithm 8.4,
we propose to derive and report the values of a-posteriori estimators for |u —

&Y (1) - ()
Ur e |ai(Q) and ||IX = Xg; ||H,%(A/). Notice that we expect Ay, ’ to be more

accurate than /\fff*” but we cannot get a computational estimate for the error in

the former.
AE-1)

We start with u — ur% . For any w € Li(vy), we define P,,w to be the
continuous piecewise linear function defined on each vertex v as the average of
the mean values of w on the elements in o; containing v. Note that when w €
Hz(v) with f,y w(s)u(s)ds = 0 for all p € ,, these mean values vanish, and so
P,,w = 0. As a consequence, P, satisfies the condition required to use (5.2) in
Proposition 5.1. For ¥ C o; a collection of consecutive elements, let ¥ denote
Y. augmented with the two neighboring elements in o; at both sides of ¥. The
Clément type quasi-interpolator Py, satisfies || Py, wl|L,z) S llwllp,s) and [[(I —

Py )wllpysy S 27wl (s, which implies that [Py, w| Using the

ahe) S Ulgt s
localization of the H 2 (7)-norm of an ‘oscillating argument’ shown by Faermann in
[Fae00, Lemma 2.3], one infers that

(9.1)
1= Payuly S IE=Boully
S ST =Pyl + 2700 = ol § 3 holy o =l e
I€o; I€a;
We now invoke formulas (5.2) in Proposition 5.1 to write |u — uti y ~ llg —
uri H ()’ and
llg =l gy~ I = Pr)g = My S o =i Lo,
(K1) (K-1)

and so |u — utvi

H(Q) < |g - uTz K ‘%,ahloc + |u)‘0i - ’U’T:f}( |H1(Q)'

Let M,, be a preconditioner as in (4.2) and ®,, be a basis for ,,. Proposition 5.1
(K-1)

A
with r:= (g —ur'%c ,Po,)1,(y), together with Lemma 7.5 leads to

9.2)
5’1_(71) A\ )\(K )
|U—Un,}< |H1 @ < |U —u"7 g + \u i un ) |H1(Q)
AE=D AE=D
5 ‘g u"’zK |77ab,loc+|u 7 _uT7K |H1(Q)
(K-D (K—1) AE-1) AE=D
Slg—urlic lio00ct [t — P gy et — e o)
(5.1) AGE=D) (K—1) P
S ‘g - UT K |1,cri,loc + \V (M;}r,r) + |u>\g7 - UTL K |H1(Q)
Lem. 7.5 \u<-1) 1 AK=D
/S ‘g_uﬂk |%,a,;,loc+ <M0'i r,r>—|—€(uﬂ}( afa Tz K)

Eouter:= Euzawa:= Einner:=
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Notice that when Eyzawa + Finner S Fouter, it even holds that

AE=D
|u - uﬂ}( |H1 (Q) ~ Louter + Euzawa + Einner-

Indeed, this follows from the estimate

ALE-D AU AZED
(9~3) Eouter = |9 — Ur; % |%,o’i,loc < 5”9 — Ur; % HH%('\/) < |u — Ur; |H1(Q)

and the trace theorem.

Remark 9.1. Concerning the names given to the different terms of the estima-
(K1)
tor, recall that in Lemma 7.6 we have seen that the inner Galerkin error |u)‘°'z: —

ALK=D . . N -
Ur i |H1(0) is equivalent to Einner up to the data oscillation term D( f, )\E,K 1), TiK)-

Furthermore, (5.1) shows that if Fipner/Euzawa is sufficiently small, then ||A,, —
)\S;If_l) ||H,%(’y) = Jutei — eV |#1(2) ~ Euzawa, which thus is properly called the

Uzawa error. Finally, (5.2) shows that if additionally Eysawa/Eouter is sufficiently
K—1)

Al
— Ao — _ _ 9
small, then ||A — A, Hd ey ™ |u —u | i) =~ |(I — Py,)(g — ur, i )|H%(7) <

Eouter, meaning that Fouer bounds (up to a multiplicative constant) the outer
Galerkin error.

(K-1)

Moving to the estimate of ||\ — Ag, , the Galerkin orthogonality w.r.t.

l-3o)
the energy inner product (x, p) — (Sp)(x) yields
A — A=

o~ IA =20 + A0, =AY

2 H73 () H3 ()

) . AE-D
=i o) + ot —utn )
5 Eoutcr + EUzawa + Einncr~
Recalling (9.3), we obtain

N =) (K1 (k-1 AUTD

5 ) ¢
FEouter S |'LL — Ur; % |H1(Q) < I'LL — uA“i |H1(Q) + |’U,A°'z‘ — Ur; x |H1(Q)
SJ ||A - Ag-]f_l)HH—%(’y) + Einner7

and infer that if Euzawa S Fouter a0d Einner/ Fouter is sufficiently small, then

”/\ - /\c(rlfil) H outer 1 EUzawa + Einner~

_1 ~
H™2(v)
Remark 9.2. It is tempting to circumvent the somewhat cumbersome computa-

tion of the localized Aronszajn-Slobodeckij-norm [ ||1 ;, 1o by estimating [|(1 —

Pgi)w||H%(7) < 272wl instead of (9.1). This approach, often used in the
AE-D)
BEM community, is not appropriate in our context. Indeed, for w = g —u;} |4,

it yields an estimator greatly overestimating the error and that even does not reduce
AE-1)

when the iterations proceed. The reason is that ur;j;  restricted to the boundary
~ is piecewise polynomial (possibly oscillating) w.r.t. an irregular partition of the
boundary (possibly locally much finer than o;).
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9.2. Setting. We explore the convergence and optimality properties of the nested
inexact preconditioned Uzawa algorithm (Algorithm 8.4). We consider the L-shaped
domain Q = (—1,1)2\ (=1,0)2, set ¢ = 0 and choose f € Ly(Q) such that the
solution u to (2.1) in polar coordinates (7, ¢) centered at (0,0) reads

a(r, ) = h(r)r?/3sin(2/3(¢ + 7 /2)),
where

r2 ifr>0

w(3/4—r) with  w(r) = { 0 else.

w(r—1/4) +w(3/4 —1)

The fictitious domain formulation (2.2) is obtained by embedding Q in the square
domain Q = (—1.5,1.5)2 and by letting f to be the zero extension of f € La(Q).
Note that in that case, the solution (u, A) of (2.2) satisfies u|g g = 0 and
A= % L= %h(r) r73 e H3(v), s < é

Recall that the approximations of u are continuous piecewise linear polyno-
mials w.r.t. locally refined partitions of €2 while the approximations of A con-
sist of piecewise constant polynomials w.r.t uniform dyadically refined partitions
0L =01 <09 < -+ of v, where #o0; = 2112,

h(r) =

9.3. Performances of the Wavelet Preconditioner. We start by assessing the
efficiency of the wavelet preconditioner M, ! developed in Appendix A. It is an
approximate inverse of S,, € Lis( o,, ,) and its quality is characterized by a
uniform bound on

(9.4) K 1= sup p(Mg_ingi) sup p(M(,,L,S;il) = sup /@(Mg_ingi),

1 3 1
where for an invertible C, £(C) is the spectral condition number defined by «(C') :=
p(C)p(C~1). The equality in (9.4) follows from the nesting ,, C o,,, and the
multi-level character of the preconditioner.

Unfortunately, the exact computation of x(M 1S,.) is impossible because the
evaluation of S,, requires the inverse of the infinite dimensional A € Lis(U,U’).
Instead, we monitor the computable quantity n(M;,lSm), where for a partition
7. € T of Q, S,,+, is an approximation of S,,. We propose to define Sy, =
By, AZ'BL ., where By,r, € L(U,, L) and A;, € Lis(U,,,U. ) are defined by
(Boyr0) () = b(w, ) (w0 € Uny, € ,) amd (Arw)(v) = a(w,v) (w,v € U,),
respectively. Given oy, we know that Sy, — Sy, € Lis( 4,, 5,) when the diameter
of the largest element in 7; tends to zero. Furthermore, S;,, is uniformly spectrally
equivalent to S,, under a uniform LBB condition. To achieve the latter, we perform
refinements until the triangles T € 7; intersecting the boundary ~ have diameters
smaller than 3 times the length of the elements in o;, see [GG95]. At this point,
we emphasize that the validity of the LBB condition is enforced only to assess
the performances of the wavelet preconditioner but is not required for the nested
inexact Uzawa algorithm.

The results are collected in Table 1. In the first two columns, we report the
number of elements in o; and 7;, while the third and fourth column show the
condition numbers of the Schur complement and its preconditioned version, respec-
tively. The last two columns contains the spectral radius of the preconditioned
Schur complement and that of its inverse. As predicted, the condition number of
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the unpreconditioned matrices increases by a factor 2 when the level ¢ of refine-
ment is increased by 1. In contrast, the efficiency of the wavelet preconditioner is
confirmed (fourth column) by the nearly constant values of the condition number
of the preconditioned Schur complements. The fact that these condition numbers
even decrease with an increasing #o; is an artifact caused by the replacement of
A=l by A L

It is worth noting that from the quantities p(M;'S,,.-,) and p(M,,S; L) re-
ported in Table 1, it is possible to obtain an estimate for the optimal parameter 3
defined by (4.5). In fact, we observe that p(M;'Ss7) + p(Ms, 571 ) 7! ~ 0.8 so
from now on we set 8 = 2/0.8.

TABLE 1. Spectral condition numbers of the preconditioned and
unpreconditioned approximate Schur complement. kg = £(So,,),
Kyp-1s = K’(Ma_ilsm‘ri)’ pPs = p(SUi)’ PM-1s = p(Mcr_ilsgi)v
ps-1 = p(Sz"), prs—1 = p(Mo,S71).

#oi | #Ti Ks Kpm-15 | PM-15 | PMS-1
8 1741 6.7095 | 6.7095 | 0.5628 | 11.9217
16 2010 13.5357 | 6.4439 | 0.5751 | 11.2051
24 4770 28.0230 | 6.0403 | 0.5867 | 10.2956
64 11326 | 57.8325 | 5.8276 | 0.5926 | 9.8335

128 | 23398 | 118.4710 | 5.7412 | 0.5955 | 9.6418

256 | 46134 | 237.9260 | 5.6913 | 0.5968 | 9.5357

512 | 85460 | 488.9130 | 5.6653 | 0.5975 | 9.4824

1024 | 156092 | 979.7390 | 5.6548 | 0.5978 | 9.4601

9.4. Performances of the Nested Inexact Uzawa Algorithm. We now in-
vestigated the performances of the nested inexact preconditioned Uzawa iteration
(Algorithm 8.4). The routine afem given in Algorithm 8.2 serves as an inner solver
in Algorithm 8.4 and is driven by the a posteriori error estimator &, see (7.2).
Apart from data oscillation terms, it consists of the square root of the sum of
weighted norms of jumps of normal derivatives of the current approximation for u
over the edges of the partition of . The numerical observations in [CV99] indicate
that, ignoring the data oscillations, £ is approximately a factor 3v/2 larger than
the error it estimates (the factor v/2 stems from the fact that unlike in [CV99)
our estimator each jump is counted twice). Therefore, in the following we scale £
by a factor v/2/6 and set the constant C,,, = 1. Note that the same scaling is
applied to the quantity FEinney defined in (9.2). In addition, we set the constant
L= L(f.9) = L(If | acey + 9l ) with L'= 0.1, K =6, ¢ = V2, 0 = 0.1 and
recall that 8 defined in (4.5) is set to 8 = 2/0.8 (see Section 9.3).

Figure 1 displays the initial mesh together with the adaptively refined meshes
obtained at the first, th(ir)d and fifth outer iteration of Algorithm 8.4. Figure 2 shows

5

the approximations ui”g at the third and sixth outer iterations, while Figure 3(a)
provides a comparison between the approximations )\,(;i) and the Ly(y)-projection
of the exact solution A onto ,, for ¢ = 1 and 3. In Figure 3(b)-(c) the traces of
the numerical solution on the boundary v are depicted in red and compared to the
(zero) trace of the exact solution.
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(b) Mesh at iteration ¢ = 3 (left) and ¢ = 5 (right)

FIGURE 1. Adaptive meshes produced with K = 6, ¢ = v/2, and
6 =0.1.

(K—1

In Figure 4, for i = 1,...,I := 10, we report the errors ||V(u — ui\fK ))”LQ(Q)
and |[A — )\((;-{{_1)||H—1/2(,y)7 and compare them to the estimators. We observe a
remarkable agreement between the errors and the estimators. In addition, note
that Fouter and Einner €xhibit rates of decay comparable with the ones of the errors,
whereas Fy,awa 1S in all cases much smaller than the other indicators, displaying
a plateau whenever K > 2 inner iterations are performed. For completeness, we

mention that the computation of the norm || - [ z-1/2(,y is approximated by first
building the Ly(v)-orthogonal projection p of the error A — )\Sfi{_l) onto ,,,, and

then employing (4.2) to get ||A — )\gffl)HHq/z(,Y) ~ (Mg, ) (pt)-
K—1)

AL
In Table 2, we report the rates of convergence for the errors | V(u—uric )1,

and ||\ — )xff_l)ﬂ H-1/2(y) With respect to #7; i and #o;, respectively. The rates
are computed after excluding the first three iterations of the algorithms. The
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FIGURE 2. Solutions produced with K =6, ( = /2, 6 = 0.1.

convergence rate of the H!(Q)-error for u is always close to the expected value 0.5
while the convergence rate of the H~1/2(v)-error for X is 0.69. The latter is also in
agreement with the theoretical rate % expected for A € H*(y) with s < %. Finally,
in the last two columns we report the number of elements of 77 x and o at the
last iteration I = 10.

In Table 3, we report the rates of convergence of the estimators FEouter, FUzawa
2

and Fipner- The rates observed for Eouier are closer to the theoretical value 3

when K increases. The rates obtained for Finner always matches (up to the third
(K1)

significant digit) the theoretical rate expected for ||V (u — u:” w o0 Finally,
the low rates exhibited by Euy,.wa are explained by the appearance of plateaux for
larger values of i when K > 2 inner iterations are performed.

We conclude this section with one additional table focusing on the behavior of the
inner adaptive solver. Recall that in Algorithm 8.4 a fixed number of inner iterations
j =1,.., K is performed within each outer iteration ¢ = 1, .., I. Each of these inner
iterations lead to bulk mesh refinement (Algorithm 8.2) whenever CyppE(f, X, Tk) >
L¢~%. In Table 4, we report for each outer iteration 4, the number of times that
the bulk mesh refinement is performed and observe that the refinements are never
performed after the second inner iteration.

10. GENERAL d-DIMENSIONAL DOMAINS AND/OR HIGHER FINITE ELEMENT
SPACES

So far we considered the case of d = 2 space dimensions, and lowest order
approximation, i.e., continuous piecewise linears for u, piecewise constants for .
We now discuss the case of general d > 2, and general polynomial orders.

First we address the question for which s > 0, membership of u in A® can be
expected when u is approximated from families of continuous piecewise polynomials
of order p > 2. Since generally A # 0, the normal derivative of v has a generally
non-zero jump over the (d — 1)-dimensional manifold 7, generally being not-aligned
with any mesh. Assuming that apart from this jump, the solution w is smooth,
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(a) Comparison between /\S,If) (blue) and the La(7)-projection of A on piecewise constants
onto o, (green) for i = 3 (left) and ¢ = 6 (right).

AGE-D
(b) Traces yur, 5  (red) and yu (magenta) at i = 1 (left) and ¢ = 3 (right)

x1073
15

T — 0 > o
05 T~ — s -05
-1

A=)
(¢) vur; i (red) and yu (magenta) at i =5 (left) and i = 6 (right).

FIGURE 3. Approximations obtained with K =6, ¢ = v/2, and § = 0.1.

the question of approximability of u in H'(f2) is equivalent to the question of
approximability in Ly(£2) of a piecewise smooth function, say a piecewise constant
one w.r.t. the partition of Q into Q and Q\ Q, from families of discontinuous
polynomials of order p—1. Taking cells of diameter h that intersect -y, regardless of
the order p the squared Lo(Q)-norm of the latter approximation error is =~ h¢ times
the number of those cells, being of the order (1/h)4~1. We infer that in terms of the
total number N of elements in the mesh, which satisfies N > (1/h)?~!, and with a
proper refinement towards -y, even N = (1/h)%!, it holds that the Lo(2)-norm of
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I=10,K=2,0=0.1

I1=10,K=26=01
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—— Einner —o— Einner
104 . . . 104 : . .
108 104 10° 108 107 10° 10! 102 108 104
#Ti.x H#A,,

AGED
(a) Error [[V(u—ur % )llLy(o) and indicators (left); error [|A —

indicators (right), K = 2.

>\((7€.{71) ||H_1/2('y) and

. I1=10,K=3,0=0.1 I1=10,K=360=0.1
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AK-D _
(b) Error ||[V(u —ur i )llL,(o) and indicators (left); error [|A — )\E,If 1)HH,1/2(,” and
indicators (right), K = 3.

I1=10, K=15,60=0.1 I=10,K=1560=0.1

10° T 10° T T
107" F 1 10k ]
102 ¢ 1 q02k J
1070 F 3 10%F
1074 Nl 1 104 F - 1
— X (K1)
[u—ur" |myo) = A=A )
10° ¢ T R \B_/B\B\ﬂ ] 5 [ Bouer w E
——Euvsawa 107 F) = Esawa
—— Einner —— Einner
10° : : : 106 ; . .
103 104 10° 108 107 10° 10' 102 108 104
#Ti #A,,

(K—1)
A Lo _
(¢) Error ||[V(u —ur %  )llL,(o) and indicators (left); error ||A — )\S,If I)HH’UQ(’Y) and

indicators (right), K = 15.

FIGURE 4. Errors and estimators trends (I = 10, ¢ = /2, = 0.1).

this error is vVh ~ N~ 2@ . We conclude that generally at best u € AT@T . In
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TABLE 2. Computed rates of convergence of e, = |[V(u —
(K—1)
o K—

ur e )lLa(0) and ex == [|A — )\,(,i 1)||H71/2(7) w.r.t. #7 x and

#0;, for different values of K (I =10, 6 = 0.1 and ¢ = v/2).

eu | ex | #1k | #or
K =2 |0.56]0.70 | 1344310 | 4096
K =3 |0.55|0.69 | 1372266 | 4096
K =6 [0.56]0.69 | 1411114 | 4096
K =9 |0.56|0.69 | 1411274 | 4096
K =15]0.56 | 0.69 | 1411254 | 4096

TABLE 3. Computed rates of convergence of the error estimators
Fouters Fuzawa and Finner, respectively, for different values of K
(I =10,60 =0.1 and ¢ = v/2).

Eouter EUzawa Einner
K =2, 0.58 0.70 0.50
K=3, | 059 0.71 0.50
K =6, 0.63 0.67 0.50
K=9, | 0.63 0.38 0.50
K =15, 0.63 0.10 0.50

TABLE 4. Number of inner iterations at which bulk mesh refine-
ment is activated, for different values of K (I = 10, § = 0.1 and

(=v2).

1 112(3]4]5(6|7(8]9]10
K=2 2|01 |1]1|1|1j1]1]1
K=3|2|0|1]1|1|1|2|0]|0]| 1
K=6 2|01 |1|1|1|1j1]1]1
K=9|2|0j1|1|1|1|1]|1]1]1
K=15|2j0|1|1|1]1]1)1|1]1

particular, this means that the approximation with higher order polynomials is of
no use.

On the other hand, if the solution @ of our original PDE posed on 2 is approxi-

mated from families of continuous piecewise polynomials of order p w.r.t. (isotropic)
partitions of ), then under appropriate (Besov) smoothness conditions, @ can be
approximated at rate %.
Remark 10.1. Other than for d = 2, for d > 2 and arbitrary Lipschitz domains these
Besov smoothness conditions are not automatically valid for sufficiently smooth
data, in which case this rate % can only be realized by proper anisotropic refine-
ments.

Since for d > 2 or p > 2, it holds that ﬁ < %, we conclude that for

those (d, p) a price to be paid for the application of the Fictitious Domain Method
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instead of the usual finite element method is that generally it results in a reduced
best approximation rate.

Remark 10.2. This deficit of the Fictitious Domain Method might possibly be tack-
led by considering anisotropic refinements allowing for a more accurate approxima-
tion of 7, by enriching the local finite element space on elements that intersect ~y, or
by constructing an extension of f on Q to f on Q that yields a multiplier A that is
small or preferably zero, and thus avoids the discontinuity in the normal derivative
of u over 7.

Knowing that the solution u of the Fictitious Domain Method is at best in
Aﬁ, the straightforward generalization to d-dimensions of the adaptive solution
method that we have developed for d = 2 yields the best possible approximation
rate. Indeed, assuming f € L2(Q) and g € H'(y), it holds that A € La(y) and
so its approximation in H *%(’y) by piecewise constants w.r.t. to uniform meshes
converges with rate m. A direct generalization of [CDN12, Thms. 7.3-4] from 2
to d dimensions shows that f € La(Q2) and x € La(y) are in the data approximation

1
classes Bé and B3“™7 | respectively (cf. Thm. 7.10). Now the generalization of
Thm. 7.13 to d-dimensions shows that whenever u € A® for some s € (0, ﬁ],
the sequence of approximations produced by our nested inexact preconditioned
Uzawa algorithm converges with this rate s.

Remark 10.3. Here we assumed that we have an optimal preconditioner for the
Schur complement available which currently in the appendix is constructed for
d = 2. In forthcoming work we will construct such preconditioners of multilevel type
whose application requires linear computational complexity in any space dimension

d.

Concluding we can say that in any dimension our adaptive method solves the
fictitious domain formulation with the best possible rate. On the other hand, for
d > 2 this rate is generally lower that the best possible rate with which the original
PDE can be solved with standard finite elements, i.e., w.r.t. to partitions of the
original domain.

APPENDIX A. AN OPTIMAL PRECONDITIONER FOR PIECEWISE CONSTANT TRIAL
1
SPACES W.R.T. THE H ™2 (y)-NORM

As in Example 4.2, let = H~2(~), and {0} = ,,C - C--C bea
sequence of spaces of piecewise constant functions w.r.t. to a sequence of uniform
dyadically refined partitions o; < o2 < .-+ of 7, with o1 = ¢ being some fixed

‘bottom’ partition. For ¢ € N, let ®; be a basis for ,,. We aim at constructing
M,, = M, € L( o,, L) with (Mg,pu)(n) = ||ull* (u € o,) such that, with
M,, = F, M,, F,,, the matrix M;il can be applied to a vector in linear complexity.

In view of the latter requirement, we consider multi-level preconditioners (i.e.
wavelet preconditioners, or ‘(generalized) BPX’ preconditioners as proposed in
[BPV00]). Other options include ‘Calderon preconditioning’ as discussed in [SW9S,
Hip06, BCO7].

Usually multilevel preconditioners are based on stability of the Ls(~y)-orthogonal
decomposition of  associated to the ‘multi-resolution analysis’ ( ,);. With the

current choice of ( ,,); this stability cannot hold because A,, ¢ ' = H %(’y).
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Therefore, instead using an orthogonal space decomposition, we (implicitly) will
resort on stability of a biorthogonal space decomposition in order to construct a
wavelet preconditioner.

Remark A.1. For ,, being the space of continuous piecewise linears, we could apply
e.g. orthogonal (pre-)wavelet preconditioners, the preconditioner from [BPV00] or
possibly a preconditioner based on the Dunford Taylor integral representation using
the tools developed in [BP15, BP16, BLPXX]. Since however even for piecewise

smooth u w.r.t. to the partition Q = Qu 5, generally the exact solution A\ will
not be smooth at corners of 7, the approximation of A by continuous piecewise
polynomials might be less attractive when the domain boundary is not smooth.

Besides ®;, let ¥; be another basis for ,, such that G,, : RI™ ¢« — ¢
¢ U; is uniformly bounded invertible. Then M,, := G, 'G ! satisfies (4.2) and
M;il = (‘F(/J‘iMO'i‘FUi)il = fc;ilgcn(}—a:lgm)-r'

Having for ®; and ¥; single- and wavelet bases in mind, the matrix T; := F_, 1G,.
is known as the wavelet-to-single scale transformation. A wavelet basis W¥; is of the
form W U ... U W where @®%_, span Uk = for £ > 1. Let ps (qr) denote
the representation of the embedding o, , = o, (span¥¥) — ) equipped with
®,_1 and Py, respectively (\I/(é) and ®;). Then ordering the wavelets ‘level’-wise
bottom-to-top, it holds that T; = [p;T;—1 q;] for i > 1, and T; = qy, so that

qiq; when ¢ =1,

-1 _7p.pml =
M, =TT, {Qiqz—'r + piTiflT;r_lpzT when ¢ > 1.

In order to describe a suitable wavelet basis, let k : R/Z — + be a continuous
parametrization of v that is piecewise C' w.r.t. some ‘bottom’ partition 7'1[0’1] of

[0,1] ~ R/Z. This covers the case of v being a polygon with ‘curved boundaries’.

With 71[0’1] =< 72[0’1] < -+ denoting the nested sequence of partitions of [0, 1] created
from 71[0’1] by recurrent uniform dyadic refinements, we set , ( ?l’l]) as the space

of piecewise constants w.r.t. H(T£071]) (Te[o’l]). We equip ?,;1] with the canonical

basis <I>LO’1] consisting of functions that are 1 on one element and zero on the others,
numbered from left-to-right, giving the first basis function index 0, and let &, =
n(@&o’”). With this choice, we have

(pél—t)Qn = (pl#)ZnJrl = Hn for n = 0,--- ,dim or_1 1.

Assuming compactly supported wavelets, as the matrices py the matrices q; are
uniformly sparse, so that the application of our preconditioner is of linear complex-
ity.

To continue, let Wy 1) = Ukzl\ll(k) be a Riesz basis for H_%(R/Z), such that

[0.1]
for ¢ > 1, ®%_, span \I/E(]i)l] = LU The property of Wo,1) being a Riesz basis for
H—3 (R/Z) is equivalent to the existence of a unique biorthogonal collection \i’[o,u,
ie. (W[0,1]7@[071]>L2(0,1) = I, which is a Riesz basis for H2(R/Z). Thanks to
being continuous and piecewise C!, the latter implies that H7*®[071] = @[071] )
1 is a Riesz basis for H2 (7). Using that (U, V) o (y) = fol u(k(t))v(k(t))w(t)dt,
where w(t) := \/Dx(t) T Dk(t), one infers that its unique dual collection is given by
K~ (Wjo,1)/w) which therefore is a Riesz basis for H™2(y).
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S . . " 0,1 .
In case k is piecewise contant w.r.t. the initial partition 7'1[ ’ ], as can be realized
when ~ is a polygon, then we are finished because the wavelets from the latter
collection up to ‘level’ 7 span exactly ,.

For handling the general case, writing 7'1[0’1] = Um[aﬂ17 bn] we make the assump-
tion that k is such that for each m,
Al li t)=1 t) =: W
(A1) Jim w(t) = lim w(t) =: wm

This assumption can always be satisfied by replacing the initial parametrization
][ br] Of the mth patch by £(s™(e(s(+|[a,n 5,01))))> With ¢ being an affine bijection
[@m,bm] — [0,1], and ¢ a suitable diffeomorphism [0,1] — [0,1]. Then the first
limit in (A.1) will be multiplied by ¢/(0) and the second one by ¢/(1). Choosing say

t(z) = ax? + (1 — a)z for a € (—1,1), Z:Eéi = 2L can attain any value in (0, c0)
needed to satisfy (A.1).

Now setting @ € [701’1] by @ = wy, on (@, by, we infer that

(A.2) U= 5 (U /)

is biorthogonal to n**(\il[ojl}(b/w). By the continuity of the additional factor w/w
and that of its reciprocal, thanks to assumption (A.1), and their piecewise smooth-
ness the latter collection is still a Riesz basis for H2 (y), meaning that U is a Riesz

basis for H_%(W). Its wavelets up to ‘level’ ¢ span the space ., as desired.
With the diagonal matrix D, defined by (D¢)n, = w;,,t, with m = m(n) such that

m
the nth canonical basis function for ,, is supported inside the patch ran |, 5,.]5

in view of (A.2) we have that q, = nggm], and so

0,1, [0,1
aca] =D} (q)"") Dy,
where qeo’l] is the representation of the embedding span \I'Eg)l] — ([102,1] equipped
with \I/Eé?l] and fbgo’l], respectively.

Remains to specify q&o’l] (qLO’”)T. By taking for W[g ;j the union of translates and

dilates of the ‘mother wavelet’ of type (1,3) from [CDF92] on levels > 2, properly

scaled to adapt to the H~2(R/Z)-norm, and complemented with the basis <I>[10’1]

for ?1’1], one obtains q[lo’l] (q[lo’l])—r =1, and for £ > 1,

£—1
(QLOJ] (QLO’I])TM)zn =4 (—M2n—a — P2n—3 + Opton—2 — 162, 1 + 662,

— 6209541 + Oppony2 + 16ton43 — Honta — Honts),
4271

(qLO,l] (qLO’l])TH)2n+1 = 5 (—t2n—a — pan—3 + 162, 2 + Opon 1 — 622, + 662,41
— 16p2n42 + Opt2n+3 — Monta — H2nts),

where 0 < n < dim ,, , —1, and indices at the right hand side are interpreted
modulo dim ,.
Alternatively, taking the 4-point mother wavelet from [Osw98], yields

-1

(qLO’” (qLO’”)Tu)zn = 45— (—p2n—3 + 3p2n—2 — 6pt2n—1 + 10p2s — ton+1 + 3H2n+2),

£—1
(CIEOJ] (qﬁo’l])Tu)an = 45— (3pan—1 — Ip2n + 1042011 — 6pant2 + 3pants — Monta),

where again 0 <n < dim ,, ,—1, and indices at the right hand side are interpreted
modulo dim ,,. Other than with the construction from [CDF92], the wavelet that
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is dual to this 4-point wavelet is not compactly supported, which for the present
wavelet application is, however, not relevant.

[

ool

ool

Wl

FIGURE 5. Mother wavelets from [CDF92] (left) and [Osw98] (right).
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