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A DG-VEM METHOD FOR THE DISSIPATIVE WAVE EQUATION
PAOLA FRANCESCA ANTONIETTI*, FRANCESCA BONIZZONI*, MARCO VERANT*

ABSTRACT. A novel space-time discretization for the (linear) scalar-valued dissipative
wave equation is presented. It is a structured approach, namely, the discretization space
is obtained tensorizing the Virtual Element (VE) discretization in space with the Dis-
continuous Galerkin (DG) method in time. As such, it combines the advantages of both
the VE and the DG methods. The proposed scheme is implicit and it is proved to be
unconditionally stable and accurate in space and time.
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discontinuous Galerkin method; stability and convergence analysis.

1. INTRODUCTION

In this paper we propose a space-time Virtual Element/Discontinuous Galerkin method
for the (linear) scalar-valued dissipative wave equation in two- and three-dimensions. The
method is based on Virtual Element (VE) for space discretization coupled with discon-
tinuous Galerkin (DG) finite element method for the time integration of the resulting
second-order ordinary differential system. The model problem considered in this paper
serves as a prototype model for the vector-valued (damped) elastic wave equation typically
encountered in geophysical applications.

The Virtual Element method (VEM) has been introduced in [15] for elliptic problems.
VEMs for linear and nonlinear elasticity have been developed in [16, 30, 18], whereas VEMs
for parabolic, plate bending, Cahn-Hilliard, Stokes, Helmholtz and Laplace-Beltrami prob-
lems have been addressed in [48, 20, 6, 5, 42, 29]. VEMs for the space discretization of
wave-type problems have been addressed in [47, 7, 8, 23].

Concerning time-integration of second-order differential systems stemming from space
discretization of wave-type problems, classically, time marching schemes are based on
(either implicit or explicit) finite differences approaches, e.g., we refer to [40, 21] for a a
general overview. On the other hand, space-time finite element methods for second-order
hyperbolic equations have been largely developed, thanks to their ability to achieve high-
order approximations in both space and time, to accurately capture steep fronts, and their
firm mathematical foundation, where stability and convergence can been proved.

Among space-time finite element methods, we can distinguish between “structured” and
“unstructured” numerical approaches. In “structured” approaches, the space-time grid is
obtained as tensor product of space and time meshes; a non-exhaustive list of approaches
includes [46, 44, 27, 13, 10]. For such formulations, h—, p— or hp— adaptive refinement
of the space-time domain can be developed and implemented, see, e.g., [31, 22]. On the
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other hand, “unstructured” techniques, see, e.g., the seminal works [36, 37] make use of
full space-time meshes, where time is treated as an additional dimension, see [51, 2, 25] for
examples, and the recent contribution [32]. Among unstructured methods, we also mention
Trefftz-type techniques [39, 12, 14, 41, 43], in which the numerical solution is looked for in
the Trefftz space, and the tent-pitching paradigm [34], in which the space-time elements
are progressively built on top of each other in order to grant stability of the numerical
scheme. Recently, in [41, 43] a combination of Trefftz and tent-pitching techniques has
been proposed with application to first order hyperbolic problems. A tent-pitching scheme
motivated by Friedrichs’ theory can be found in [33].

The DG approach has been extensively used to approximate initial-value problems,
where the DG paradigm shows certain advantages with respect to other implicit schemes
such as the Johnson’s method, see e.g. [38, 3]. Indeed, thanks to the DG paradigm, the
solution at time-slab [t,,t,+1] depends only on the solution at the time instant ¢, . The
use of DG methods in both space and time dimensions leads to a fully DG space-time
formulation such as e.g., [24, 49, 50, 10].

Finally, a typical approach for second order differential equations consists in reformu-
lating them as a system of first order hyperbolic equations. Thus, velocity is considered
as an additional problem’s unknown, yielding to doubling the dimension of the final linear
system, cf. [24, 36, 28, 38, 35, 11].

In this work we present a novel structured VEM /DG formulation that combines the VE
advantages for space discretization together with those of the DG methods for time inte-
gration. The obtained scheme is implicit, unconditionally stable and provides an accurate
approximation with respect to both space and time discretization errors. Throughout the
paper we will use the notation x < y with the meaning = < cy, with ¢ positive constant
independent of the discretization parameters.

The paper is organized as follows. In Section 2 we introduce the problem; its semi-
discrete VEM approximation is discussed in Section 3, and in Section 4 we present DG
discretization in time. Section 5 introduces the fully-discrete VEM-DG formulation and
studies its well-posedness and stability, whereas in Section 6 we prove a priori error esti-
mates in a suitable energy norm. Finally, in Section 7, the method is validated through
several numerical experiments in two dimensions (in space).

2. PROBLEM SETTING

Let Q C R% d = 2,3, be an open bounded convex polygonal domain. The problem we
are interested reads as follows: for 7' > 0, find u:  x (0,7] — R such that

Uy + vuy — Au = f, in Q x (0,77,
(2.1) u=0, on 90 x (0,71,
u(+,0) = ug, u(+,0) = zp, in Q,

where v € RT is the dissipation coefficient, f is the external force, uy and zy are the
initial data, and w;, us denote the first and second order time derivative of the unknown
function u, respectively. Note that, by little modifications, our analysis extends to the case
of (positive) bounded dissipation function v € L*°(2). By standard arguments, we derive
the variational formulation of (2.1): given f € L%(Q x (0,T)) and ug, 20 € H} (), find
ue CY(0,T; H)(Q))NC* (0,T; L*(2)) such that, for all v € H(2) and for a.e. t € (0,T)

(2.2) (uet(t),0) 2y + v (we(t), 0) 12(q) + alu(t), v) = (f(£),v) 20 -
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supplemented with the initial conditions u(-,0) = wug, u¢(-,0) = zp, where (o,o)LQ(Q)
denotes the L?(Q)-inner product, and a: H}(2) x H}(Q) — R is defined as a(w,v) =
(Vw, V) 2(q). Following [26] it is possible to prove existance and uniqueness of the
solution to problem (2.2).

3. SPACE DISCRETIZATION BASED ON THE VEM

In this section we apply the VEM to discretize problem (2.2) in space. In particular, we
follow [47], where the VE space discretization of (2.2) with damping v = 0 is introduced.
We start recalling the ingredients of the VEM that we will need, with focus on the two-
dimensional case (the three-dimensional case being analogous but more technical). For a
complete presentation, we refer to [15, 4, 17].

3.1. VE space. Let T, be a (not necessarily conforming) decomposition of € into np

non-overlapping (open) polygons E, with flat faces, i. e., Q = Up2, Ey with E,N Ep =0
for ¢ # 0. Let hg := diam(E) and h := maxge7, hp. In the following, we assume that (i)
each element E € Ty, is star-shaped with respect to a ball of radius v hg; (ii) the distance
between any two vertices of E is larger than chg, for v, ¢ > 0 constants independent of h
and F.

Let k& € N denote the polynomial degree of the method. For any fixed E € T, we
introduce the following notations:

(i) Pg(E) is the set of polynomials on E of total degree less or equal to k;
(i) B(OE) = {v € C°(9E) s.t. v|c € Pi(e) for all edge e C OE};
(iii) IV'¥: HY(E) — Py(E) is the energy projection operator defined by
(3.1) (g, w —TIVPw) =0 Ve € Pr(E),

where a”: HY(E) x H'(E) — R is the local counterpart of the bilinear form
a(e, ), namely, a”(v,w) = [, Vv - Vw dz for all v, w € H'(E), and a(v,w) =
> EeT, a®(v,w) for all v, w € H' (). To fix the constant in the definition (3.1)
of IIV-Fw, we further require fE IV-fw dz = 0;
(iv) TI%F: L2(E) — Py(E) is the L2-orthogonal projection operator defined by
(3.2) (g, w — HO’Ew)L2(E) =0 Vg € Py(E).

There exists a positive constant C such that, for all u € H*T}(E) with 0 < s < k,
there holds

(3.3) |u— HO’EUHLQ(E) < COhiHt Ul a1y »

where hp is the diameter of the element E. (See [19]).

We can now introduce the (local) enhanced VE space
(34) WE = {w €V st (w—T1"Fw,q) o =0 forall g € Pk(E)/IP’k_g(E)} ,
where V. denotes the (local) augmented VE space
ViF ={we HY(E) s.t. w e By(9E) and Aw € Py(E)},

and Pj(E)/Py_s(E) denotes the set of polynomials of total degree k on E that are L2-
orthogonal to all polynomials of total degree k — 2 on E (with the convention P_; := ().
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Note, in particular, that Px(E) C W/P(E). The space W is equipped with the following
set of (local) degrees of freedom (DOFs):

e nodal values at all ng vertices of the polygon FE;
e nodal values at k — 1 Gauss-Lobatto quadrature points of every edge e € OF;
e (for k > 2) moments up to order k — 2 in F, namely, for w € W,fj,

(W, @k—2) 2y for all gr—z € P—o.

In particular, dim(WF) = ngk + w It is important to notice that both the energy

projection and the L?-orthogonal projection operators are computable only on the basis
of degrees of freedom above.
The global enhanced VE space is given by

(3.5) Wy, = {v e Hj(Q) s.t. v|p € W for all E € T} .
It is equipped with the following set of (global) DOFs:

e nodal values at all ny vertices of Tp;
e nodal values at k — 1 Gauss-Lobatto quadrature points of all n. edges of Tp;
e (for k£ > 2) moments up to order k—2 in all np polygons of Ty, namely, for w € Wy,

(W, qk—2) 12y for all gp—s € Pr_o(E);

(k—1)(k—2)

and it has dimension dim(W3) = ny + (k — 1)n. + np 5

Nh = dlm(Wh)
Given a smooth enough function u, we define its VE interpolant u; as the function in
W), verifying, for all j =1,..., Ny

(3.6) dof;(u) = dof;(uy),

. In the following, we set

where dof; is the operator associating its argument to the j-th (global) DOF. In [15] it is
shown that there exists a positive constant C' such that, for all £ € T, there holds

(3.7) lu = wrll gy + hlu = ul g gy < OB ful s -

3.2. VE bilinear forms. Based on the classical observation that, given an arbitrary
pair of VE functions vy, wy, € W,f;, the quantities a” (vy,, wy,), (vh,wh)Lz(E) can not be

computed, we introduce computable approximations CLE , mﬁ: W,f; X W,’? — R, given by
af (v, wp) = o IV Py, IV Pay) + SF ((I1d - mY-Fyuy, (Id — HV’E)wh) ,

(3.8)
mf(vh, wy) = (HO’Evh, HO’Ewh)) + RE ((Id — 1%y, (Id — HO’E)wh) ,

L2(E)

where S¥, RF: W,f; X W,? — R are symmetric stabilizing bilinear forms fulfilling, for all
vp wy, € WE with IIV:-Fuy, = 0, II%Fw), =0,

(3.9) a” (wn, wy) SR (wn, wn) S a”(wp, wp),
' (wWhy wh) 2y ST (whywh) S (Why wh) L2 -

In particular, the local virtual bilinear forms defined in (3.8) fulfill the k-consistency and
stability properties, namely, for all ¢, € Px(E) and wy, € Wf

(3.10) a¥ (qn,wn) = o (qn,wr),  mE (qn, wn) = m (qn, w),
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and

(3.11) a® (wp, wn) Saf (wp,wy) S a (wp, wh),
' (Whswh) 2y ST, (Why wh) S (Why wh) 2 -

Remark 3.1. In the numerical experiments, we will approximate the stabilizing forms
SE (e, e), RE (e, e) with the computable bilinear forms S (e, ), RZ (e, e) defined as follows:

E (o 0n) Z DOF, ( HV’E)vh) DOF, ((Id - HV’E)wh>,

RE (vy,wp) = |E| Z DOF, ( (1d — HO’E)vh) DOF, ((Id - HO’E)wh),

where |E| is the area of the polygon E, Ng := dim(W}) and {DOFT},J,V:E1 denotes the set
of local DOFs introduced in Section 3.1.

The global virtual bilinear forms ay, my: Wy x Wj, — R are then defined, for all v, wy, €
Wf, as
an(vn,wp) =Y ay (vp,wn),  mp (v, wp) =Y mp (vp,wh).
EeTy, E€T,
From (3.11) it follows that the global virtual bilinear forms are continuous, namely,
(3.12) an(v,w) < HVUHLQ(Q) HVU’”LQ(Q) 5
' mp(v,w) S vl 20 1wl 220 -

We define the discrete H'-seminorm and the discrete L?-norm as follows

(3.13) (ol s, = an(e,0),  [lell5, = mn(s,e).
Combining (3.11) and (3.12), we find that, for all vy, wy € W}, there holds
(3.14) mp(v,w) S [[onllop lwallop -

3.3. VE semi-discrete variational problem. We define the VE approximation to the
loading term f(t) for all t € (0,7T) as

fu(t)| g =T"Ef(T) for all E € Tj,

and the VE approximated initial conditions wugp, 20 as the VE interpolants of ug, 2o,
specifically, up 0, 25,0 are piecewise polynomials of degree less than or equal to k, with
evaluations of DOF's coinciding with those of ug, 2z (see (3.6)).

The VE semi-discrete approximation to (2.2) reads: find u;, € C° (0, T; Wj,)NC* (0, T; Wp,)
such that, for all v, € W}, and for a.e. t € (0,7

(3.15) mp(un,te(t), va) + vmp(unt(t), vn) + an(un(t), vn) = (fr(t), va) 12(q) »

supplemented with the initial conditions up(-,0) = un0, up(-,0) = 2zp0. By classical
arguments, it is possible to show that problem (3.15) admits a unique solution uy(t) (see
Section A.1). Moreover, there holds the following stability result.

Theorem 3.2. Let f, € L*(0,T; L*(Y)). Then, the unique solution uy to problem (3.15)
fulfills the following inequality, for allt € (0,T")

2 2 2 2 2
(3.16) un (1Y p + lunsOlo ), S Tunolyy, + 1zn0llg , + 1 fallz20.4220)) -
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Proof. Choosing the test function v, = up+(t) in problem (3.15), and integrating in time
between 0 and ¢, we find

/ (s (s)s una(s)) ds + v / (), un (5)) ds + / " an(un(s), ung(s)) ds
S KRB

Observe that

| dmaona(s)un(s) s

2
0,h )
and, analogously,

| (o)) as = 5 [ Santuns) (o)) ds = 5 (@)~ anal?, )

Moreover, using (3.11) we find that

t t
| (o). una(s) ds 2 [ a9y s 2 a0 -

Finally, using the Cauchy-Schwarz and Young’s inequalities, we find

/ mh(uh,tt(5)7uh,t(5)) ds =
0

N = N

2
(e ()15 5 = 120

t
/0 (fh(s)vuh,t(s))L2(Q) ds < Hfh(t)HL2(0,t;L2(Q)) ”uhiHL?(OJ;L?(Q))

1 2 9
< 52 W22 0622 () + 5 luntll 2040200 -
Hence, (3.16) follows for ¢ sufficiently small. O
Remark 3.3. Let the further assumption w, € H9(0,T; H}(Q) for ¢ > 2 hold, and de-

note with 8fuh the ¢g-th time derivative of wy, (which still fulfills homogeneous Dirichlet
boundary conditions on 99Q). Then, wy, = dfuy, satisfies, for all v, € W), and for a.e.
te (0,7,

mp (Wt (t), vn) + vmp(wne(t), vn) + an(wa(t), va) = (Of fr(t), vn) 12y »
coupled with initial conditions wy,(0) = wp¢(0) = 0. Theorem 3.2 then states that

2
(3.17) [wn @I + lena@®llg, S Hf}f’)‘ L2(0.6L2(@)

3.4. Error analysis. To perform the error analysis for the semi-discrete problem, we need
to introduce the modified energy projection PV : H}(2) — Wy, where, for any u € H} (),
PVu € Wy, satisfies, for all v, € W),

(3.18) an(PVu,vp) = ap(u,vp).

Similarly, we define the the modified L?-projection P°: L?(2) — W), where, for any
u € L2(Q), POu € W), satisfies, for all v, € W},

(3.19) mp(PPu,vp) = mp (u, vp,).

We recall the following approximation results, whose proofs can be found in [48] and [47],
respectively.
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Lemma 3.4. For allu € H}(Q) N H*1(Q), there holds
(3.20) lu — Pvu\Hl(Q) < hE |ul 1) »
(3.21) [Ju — 7Dv“HL?(Q) < hH [ul sy -
Lemma 3.5. For all u € H*1(Q), there holds

(3.22) [ POUHLQ(Q) < h ] g g -

Let us denote

t t
o1 110, m5+1 () 2—/0 o griiiy ds, o200 4 m0+1(0) ‘—/O o[ Fks1(qy ds

We are now ready to state the following convergence result, which extends [47, Theorem
3.3] to the case v > 0.

Theorem 3.6. Let u, up, be the unique solutions of problems (2.2) and (3.15), respectively.
Assume that u € C? (O,T; H&(Q)), ug, 2o € H*1(Q) and ug, uy, f € L? (O,T; Hk“(Q)),
with k > 1 integer. Then, there holds

(3.23)
lean () — w(®)l| sy + e (t) = we(®) 2

S hk( w0l it () + Bl20l grrevr () + B f 20,0541 (@)
+ (el L1 (o4 mrvr )y + P e 20 a1 )) + P 1o e ) + Pl p200 450410 )
Proof. The proof follows the same steps as the proof of [47, Theorem 3.3]. We set
up(t) —u(t) = (up(t) — PYu(t)) + (PVu(t) — u(t)) = 0(t) + p(t).
We bound the [|p(t)]| 1(q) by using (3.20)

t
W@MMmShMMmemf”ﬁowmmmn+AMﬂﬁmwmn@>

= ht (\UOIHHI(Q) + ’Ut\Ll(o,t;HHl(Q))) :

Similarly, thanks to (3.21), we find

(3:25) o)l L2y S PP ue() ey = B <\Z0|Hk+1(n) + \utt\Ll(o,t;HHl(Q))) :

Note that we can use the estimate (3.21) since we are assuming 2 convex. In order to
bound the norm of 6(t), we note that, for all v, € W}, there holds

ma(0ue(t), on) + vma(0u(t), vn) + an(0(t), vn)
= (fnt) = F(8)0n) 2y + [ (ar(8)y00) 12 = (P Y wae(8), 1)
+ v | (ue(t) 0n) p20y — ma (P u(t), Uh)]
= (p(t), v8) pa(y + (1), 00 2y + (2(8), 00 12
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where 7:(t), n2(t) € Wy are the Riesz representation of the operators (us(t), )2 —
mp(PVug(t), o) and (us(t), ®)r2) — mp(PVue(t), ) on the dual space of Wj,. Then, 0(t)
is the unique solution of the following weak problem: for all v, € W), there holds

mp (0 (t), vn) + vmp(04(t), vn) + an(0(t), va) = (©(t) + mu(t) + n2(t), va) L2(0

9(0) = uh70 - PVUO

Qt(O) = Zh,0 — PVZO.

By applying Theorem 3.2 we find:
(3.26) 01T 5 + 101G 5
: 2 2 2 2 2
S 0olt + 100G, + lolT20.020)) T+ IMlT20.2202)) + M2l 2200,4502(02)) -
On the other hand, using (3.3), we find

112200200 = / [o(3)]2aqy ds = / 1a(s) — F(5)[2agqy ds
(3.27) / Z HHOEf (S)HLQ(E) ds
EeTy,

< h2(k+1 |f|i2(07t;Hk+1(Q)) )

To bound H771H%2(o,t;L2(Q)), we recall [47, equation (32)]: for all ¢ € (0,T), there holds

(m (1), 0n) 20y S W [uae ()] e @ lonll 2y

yielding
(m(t); vn) 20
Il = sup  — S B gy (8)] i g -
0£vR €W}, ||Uh||L2(Q)
Hence,
2 ! 2 (k+1)
(328) ||771||L2(0,t;L2(Q)) = /0 ||771(5)”L2(Q) ds 5 h +1) ‘utt’LQ (0,t; HE+1(Q)) -

Finally, to bound ’7’]2’%2(0725;[/2(9)), we observe that, for all v;, € W), there holds
(m2(1), vn) 120y = (ws(t), vn) p2(0y — M (P us(t), vn)

= 3 [t o)~ mE P, 00)

EeTy,

= [(ut(t) — TPy (), 00) oy — A PV ua(t) — TPy (1), uh)]
E€Ty,

<> <Hut(t) = TPy ()| o gy + PV () —HO’Eut(t)HLz(E)) lvall 22 (i)
EeTy,

where in the third equality we used that (HO’Eut(t),vh)LQ(E) = mE (I%Fu,(t),vp), and
the last inequality follows by the Cauchy Schwarz inequality and (3.12). Hence, by using
(3.3) and applying Lemma 3.4, we obtain

(m(t),vn) 20

< K |ut(t)|Hk+1(Q) )
0F#vp,eWp, ||Uh||L2(Q)

In2(8)ll 20
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hence

(3.29) 2l 20522 ()) S PFY (el T o g -

The norm of the initial data are derived in [47, equations (33)-(34)]:

2 k 2
|90|1,h S ‘u0|Hk+1(Q) )

(3.30)
16:0)1[5., < B2FHD |20[ 71y -

Combining (3.30), (3.27), (3.28) and (3.29), we obtain

(3.31) 0)13 1, + 162l S B | fuolFrusr (0 + B 20l 341 (g

+ 17 ( \f|2L2(o,t;Hk+1(Q)) + |Utt\%2(o,t;Hk+1(Q)) + ‘ut|i2(0,t;H’€+1(Q)) )]

Collecting (3.24), (3.25) and (3.31), we conclude (3.23). O

3.5. Algebraic formulation. Now, we introduce the algebraic formulation of (3.15) that
will be instrumental for the DG discretization in time (see Section 4). To this end, we
denote with Nj,: = dim(W},), and with {goi}i-v:”l the set of VE basis functions for W},. We
write, for all t € (0,7)

Np,

(3.32) un(t,x) =Y Uj(t)pi(x),

Jj=1

where Uj(t) is the j-th global DOF of u(t). Inserting (3.32) into (3.15) with vy, = ¢;, we
obtain the following system of second-order differential equations

(3.33) Mhﬁ(t) + Z/MhU(t) + AhU(t) = Fh<t)

where

e U(t) = [Ui(t),...,Un, ()T € RVr;

e U(t) = [U1(t),...,Un, (t)]F € R is the vector collecting the DOF of the first
temporal derivative of u, i.e., up(t, z) = Zjvzhl U;(t)p;(x);

o U(t) = [Ui(t),...,Un, )T € RNt is the vector collecting the DOF of the second
temporal derivative of u, i.e., up(t,z) = Z;V:hl U;(t)p;();

o Fii(t) = [Fi(t),..., Fn,(1)]" € RV with Fi(t) = (fu(t), i) p2(q) for all i =
1,..., Ng;

o My, A, € RV»*Nu are the mass and stiffness matrices with elements given as

(3.34) foralli,j=1,...,Np (My)ij =mn(pj,vi) (An)ij = an(ej, ¢i).

Equation (3.33) is supplemented with the initial conditions U(0) = Up g, U(0) = Zy,
where the vector Uy g € RVr (Zj, o € RV, respectively) collects the DOFs of up o (25,0,
respectively).
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-[71,71 [’n,

by s by ity ty
FIGURE 4.1. (Top) Example of time partition Z,. (Bottom) Zoom on the
time-slabs I,,_1 U I,.

4. DG DISCRETIZATION IN TIME

In this section we first recall the DG (in time) finite dimensional space introduced in
[9, 10], and then we apply the DG time integration scheme to (3.33). Let the time interval
(0,T] be partitioned into Nr time-slabs, i.e., (0,7] = Ufglfm with I, == (t,—1,t,] and
O=to<t1 < - <typ <--- <tn, =T. We denote with 7, the length of the n-th
time-slab 7, = t, — t,_1, and we collect the elements of the set {Tn}ﬁzl in the vector
7. Moreover, we denote with Z, the partition of the time interval. Given a sufficiently

regular function v, we define the time jump operator at t,, for any n > 0 as
(4.1) [ = v(ty) — v(t,),
where

(D) = lim v(t, +¢), wv(t,) = lim v(t, +¢).
e—0t e—0—
See Figure 4.1 for an example of time partition as well as the graphical representation of
to1s b1
Given 7, € N, we denote the space of polynomials on I,, of degree less than or equal
to r, as P, (I,,), and we define the functional space of piecewise polynomials of degree at

least 2 on Z, as
(4.2) Wy = {v e L*(0,T) such that v|;, € P (I,) withr, >2foralln=1,...,Np}.

Since the unknown of (3.33) is a vector with length N}, we need to introduce the multi-
variate version of W,. Given the multi-index r = (r,...,ry,.) € NV with components
rp,>2foralln=1,..., Np, we define

[W,—]Nh = { V = (’Ul,...,?}Nh) < [LZ(O,T)]Nh: v € WrVji=1,...,Ny }
Multiplying (3.33) by a test function V € [W,]¥» and integrating on I,,, we get

wy (MhU, V) o FY <Mh]j, V) vy (AhU, V) v

+ Mh[U]n . V(t:{) + Ah[U]n : V(t;t) = <Fh’ V) L2(I,,)

where the first two terms in the second row of (4.3) are zero since U(t) € C2(0,T), hence
they can be added to the equation. Summing over all time-slabs, we find the following
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problem: find U, € [W,]V such that, for all V € [W,]"» there holds
Nt

> [(Mhﬂﬂv) Ly (M"UT’V) ey <AhUT’ V> LQW]

+ Y0 [MaO) - V) + AU V()]
+ MU (07) - V(0F) + AU (0%) - V(0)
= [(Fh V) L2(In):| + MyZpo - V(07) + Ay Upo - V(0F),

with the initial conditions U, (0) = Uy, U5(0) = Zp .
Let [[o], : [Wr]¥» — R be defined as

9 Nt 1/2+(|2
IVIE =3 2],
1 1! 1
1/2¢ 1/2 1/2y —
(4.5) 5 (M09 4 5 37 (4 V1) + S (Y (1)
n=1
Nr—1

z::l (A2 [VIn)? + %(A}/ZV(T—))?

1
5 AV 00) +

3

In [10] it is shown that ||e||, is a norm on [W,]™» that, from now on, will be referred to
as energy norm.

Moreover, in [9, Proposition 3.1] it is proved the following stability result: if F €
L?(0,T), then the unique solution U, € [WE]Vr of (4.4) satisfies

1/2
(4.6) 101 S (IF 120 + (432 Uno)? + (M4, Z00)?)

In addition, the DG scheme is proved to be convergent, according to the following result
(see [9, Theorem 3.12]).

Theorem 4.1. If U is such that Ul;, € (H%(I,))™ with ¢, > 2 for alln =1,..., Ny,

then
) Nt 7_25n—3 )
n
(4.7) U — UTH* S m HUH(an([n))Nh )
n=1"'"

where By, == min{r, + 1,q,} and r,, > 2 for alln =1,..., Np.

Corollary 4.2. Let U be such that U|;, € (HI(I,))™ for alln =1,..., Ny, with ¢ > 2.
Moreover, let 7, = At > 0 and r, = v > 2 integer, for alln = 1,..., Np. Then, the
estimate (4.7) simplifies as follows:

Ap26-3 T
(4.8) U-U, 5 36 > HUH?H%(In))Nh ’
n=1

where 3 := min{r + 1,q}. In particular, ||[U — U,||, = O(At?=3/2) as At decreases to 0.
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In L LN\ 77
/
Inl// N 5/7

(a) Th
(®)

FIGURE 5.1. (A) Polygon E € T}, tensorized with the time-slab I,,. (B)
Polygonal mesh 7Tj, tensorized with I,,_1 U I,,, namely, Q,—1 U Q,. Darker
color encodes the increasing time instances.

5. VEM-DG DISCRETIZATION

In this section we present a tensor product-based space-time discretization of problem
(2.2) that combines the VEM presented in Section 3 for space discretization, with the
DG scheme presented in Section 4 for time integration. The mesh O for the space-time
domain Q2 x (0, T is constructed by tensorizing the polygonal grid 7;, with the time interval
partition Z,, namely, Q := 7} ® Z,. Each element of the space-time mesh Q is the tensor
product of the polygonal mesh 7; with I, i.e.,

(5.1) Q=UN Q,, with Q, =T, ®1I, foralln=1,..., Np.

We refer to Figure 5.1 for an example..
The tensor product of the VE space W}, defined in (3.5) with the DG space W, defined
in (4.2) gives the following finite-dimensional space

(5.2) Whr ={w(z,t) = wi(z)ws(t): Tp, x Ir — R such that w; € W), and wy € Wr}.

Note that, by definition, each w € W}, is continuous in the spatial domain but might
be discontinuous in the time domain, i.e., discontinuities are allowed along the interfaces
Tn @ {tn}, forn=1,...,Np — 1.

To derive the tensor product VEM-DG formulation of the problem of interest, we start
from equation (2.1) in Q,, multiplied by a test function w = wi(x)w2(t) € Wy » and we
integrate in space and time. Then, we integrate by parts with respect to the space variable
and we replace the L?(Q)-inner product (e, e);, () and the bilinear form a(e, ) with the
VE bilinear forms my, (e, ) and ay(e, e), respectively. Finally, we add the null terms

ma ([, w(t))) + an([uln, w(t)))

and we sum up over all time-slabs. As a result, we get the following problem: find
up,+ € Wh + such that, for all w € W), » there holds

(5.3) A(up,r,w) = F(w),
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where the bilinear form A: W) » x Wy, - — R and the linear form F: Wj, , — R are
respectively given by

Nr
Z [mh (v, w1) (U2, W2) 21, + vmn(vr, w1) (02, W2) 121,
+ ap(v1,w1) (U2,w2)L2(ln)}
Np—

1
+ D7 [mn(orwn)alwin(6) + an (o1, wn) oolwa (t)

n=1
+ my (v1, w1 )02(0 )2 (07) + ap (vr, wi)va (0)we (0),

and
Nt

F(w) =Y (fnw)r2(0x1,) + mn(2h,0, w1)2(07) + ap(uno, wi)wz(07),

n=1
for any v(z,t) = v1(x)ve(t) and w(x,t) = wy(z)wsa(t).
There holds the following results.

Lemma 5.1. The function ||e||: H?(0,T; H}(Q)) — R defined as

Nt
2 .12
mw:uzﬂuwmﬁ
n=1v""n

L Nr
(5.4) Lt 2, + L > i ol + 5 a2,
NT 1
\w (0*,) ‘1h+ Z’ ’1h } (T _")ﬁ,h

is a norm on H*(0,T; H}(2)).

Proof. Tt is clear that the function |[||e|| satisfies the homogeneity and subadditivity prop-
erties. Moreover, if w = 0, then it immediately follows that ||w]|| = 0. Therefore, ||o]| is a
seminorm on H2(0,T; H}(2)). We show that [|w|| = 0 implies w = 0 following the same
steps as in the proof of [10, Proposition 2].

The fact that [|w|| = 0 implies that all the terms at the right-hand side of (5.4) are
zero. In particular, for all n =1,..., Np, there holds

/nw&wzm

which, in turns, implies w = 0 in Q X I,,, that is, w = C,, in Q x I, for {C), } T, a collection
of constants. For n = 1, we have w = C7 in Q x I;. In addition, from

Hw(0+,-)H07h =0,

we get w(0F,-) =0 in Q. Hence, we conclude C; = 0, i.e., w=01in Q x ;.
We proceed now by induction, namely, we assume w = 0 in all Q x [, for m <n — 1,
and we show that w =0 in Q x [,,. From

|[wn-1]y =0
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we get [w],—1 = 0, ie., wt |, z) =w(t, ,,z) for a.e. x € Q. Since w(t, ;,-) =0in Q
by assumption, we get w(t.” |,-) =0 in , which in turns implies C,, = 0. O

Lemma 5.2. For all w(z,t) = wi(x)wa(t) € Wi there holds

(5.5) l[w|* = A(w, w).
Proof. Given w(z,t) = wi(x)wa(t) € W, we have
(5.6)
Nr
Alw,w) = [||w1||3,h (t2,12) 27,y + v w15 5 [W2ll727,) + [wnlT (w27w2)L2(In)}
n=1

Z (i1 liehtia () + w7, ol ()]

2
+ will g, (@2(0))% + hwr [, (wa(0F))?.
Integrating by parts, we get
. - . N2 . 2
(wQ,wZ)L2(1n) = - (wQ,wQ)L2(In) + (w2(tn) - (wQ(tifl) s

which implies

(ta(t)* — 5 (in(t 1)

| =

(5.7) (W2, w2) 2,y =

Analogously, we derive
. 1 v2 1 2
(58) (w2’w2)L2(In) = 5 (U)Q(tn) — 5 (U)Q(t;:il) .
Inserting (5.7) and (5.8) into (5.6), and performing simple computations, we derive

Nt

A(w,w) = v w3, > [lial 72,

n=1

45 ol [(m(o*)f £ 37 (i) + (2(T7))

) Np—1
3l (a0 3 4 o)

n=1

and we conclude by observing that

Nr Nt Nr
Junli 3 altagy =Y [ maivi) ae =3 [l at
n=1 n=1 In n=1 In
and
w3, (i2(07))* = [[(0F, )2,
will2, (a)n)? = [t ]12.,
lwnll3 , (ta(T7))* = (@, )3,



A DG-VEM METHOD FOR THE DISSIPATIVE WAVE EQUATION 15

as well as
2 +\) 2 + 2
’wlh,h (“’2(0 )) = Hw(O 7‘)Ho,h
il ([wln) = Nwlall2,
’wlﬁ,h (wQ(Tf))Z = Jlw(T", ‘>H§,h-
O

Theorem 5.3 (Well-posedness). There exists a unique solution to the VEM-DG prob-
lem (5.3).

Proof. Lemma 5.2 implies that the bilinear form .4(e,e) is coercive, with coercivity con-
stant 1. The continuity of F follows from Cauchy-Schwarz inequality and the continuity
of the global virtual bilinear forms (3.12). O

5.1. Algebraic formulation. In this section we derive the algebraic formulation of the
fully discrete problem (5.3). We start noticing that the use of DG in time allow us to
compute the discrete solution separately, one time-slab at a time. In particular, given
1 < n < Np, problem (5.3) restricted to I,, reads: find up . = upr|r, € Wi @ Py, (1)
such that, for all w € W), ® P, (I,) there holds
(5.9) An(uzﬂ-y w) = ]:n(w)’
where
Ap (v, w) = mp (v, wr) (Y2, W2) 121,y + vmn(vi, w1) (02,02) 121,
+ an(vi, w1) (v2, W2) 2,y + M (v1, w1 )oa (b, ) (t)_y)
+an(v1, wi)va(ty_y)wa(ty ),

and
Fn('UJ) = (fh7 w)Lz(QXIn) + mh(uz;-l(t;_h ')7 w(t;_p ) + ah(uz;l (t;_lv ')7 w(t;_lv ')7

for any v(x,t) = vi(x)ve(t) € Wi @ P, (I,) and w(x,t) = wi(x)ws(t) € W @ P, (I,,).
Note, in particular, that the solution computed for I,,_1 is used as initial condition for the
current time-slab.

Following the same notation as in Section 3.5, we write W), = span{y; ;-Vzhl. Moreover,
we denote with {¢m, };7_; a basis for P, (I,,). Then, the trial function uj _ can be expressed

as linear combination of the tensor product basis function {¢@;¢m, j = 1,..., Ny, m =
1,...,m + 1}, namely

Nh rn+1
(5.10) uh o (2,0) =Y a0 (@) (D),

j=1m=1

where of, € Rfor all j = 1,...,Np, m = 1,...,r, + 1. Inserting (5.10) into (5.9) and
taking w(x,1) = @i(x)e(t), we gt

A"a™ =F"
where

o o € RVe(m+1) ig the solution vector;
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o A" € RNu(rt+1)xNu(rnt1) hag the following structure:
A" = M}, ® (N1 +vNy + Ng) + Ap, ® (N3 + N3),

where My, Aj, € RN#XNh are the mass and stiffness matrices defined in (3.34), and
Ni, No, N3, Ny, Ny € Rn»tDx(n+1) gre defined as

(N em = Wm0 12,y (N2)em = Wy ¥) 121,y (Na)eam = ($ms 0) 121
(Na)en = Yt )et 1), (Ns)em = Ym(ti_1)de(t)_y);
o F? ¢ RNe(m+1) is the known vector with elements
(F")ie = (i) 12(x1,) + (Mp @ No)a" ™' + (A @ Ny)a 1,
where Ng, N7 € RUntD)x(ra+1) are defined as

(Ne)en = Um(tn_1)ve(ty_1),  (N7)eam = tm(t_1)tbe(t,_y)-

6. ERROR ANALYSIS

Before stating the convergence result for the tensor product VEM-DG method, we
introduce the following auxiliary lemma.

Lemma 6.1. Let upr € Wy, and U € [Wr]Nr be the solutions of problems (5.3)
and (4.4), respectively. Then,

llun I = O], -

Proof. We follow the same reasoning as in [10, Proposition 3]. We write up ,(z,t) =
up(x)ug(t), with ug € Wy and uy(x) = Z;V:hl Ujpj(x), {apj}é\]:hl being the VE basis func-
tions. We set U(t) = [Uy, ..., Un, | Twa(t) € [W,]Vr. By definition (5.4), we have

Nt
2 .12
llun el =3 / ]2, dt
n=1"1In

NTl

L. Ly oo
(6.1) b5 i 07,2, + 5 2 irlnll + 5 [lir (77 .
1 NT ! 2
+§ }Uh,f }lh—’_ Z |Uh1- |1h ‘uh‘T ')|1,h'

We observe that

/ Z Usua(t)) (My)i; (Ujua(t)) dt

"1j 1

:/ Ut M, U(t) dt = HMi/2
L
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NT NT
2
Hence, E / g, dt = E HM;/QUH . We now focus on the terms in the second
n=1"1n 7 n=1 L2(In)

line of (6.1). We have
Np
[|un+ (07, ~)H(2),h = [luallg , (22(07))* = Y (Ustia(07)) (Mn)i j (Ustia(07))

i =1
— (a00M)"

. 2
and, similarly, we find |lup (T, )Hg h = (M;/2U(T_)> . Moreover,

Np,

sl = el (ala)? = S Uilizha) (Madsg Uilizhe) = (M2[01)

We conclude observing that the terms in the third line of (6.1) can be treated analogously.
O

Remark 6.2. Lemma 6.1 extends to ej := up — up r, up being the solution to the semi-
discrete problem (3.15).

Theorem 6.3 (Error estimate). Let the assumptions of Theorem 3.6 and Theorem 4.1
hold. Then, there holds

Nt 28,-3

Tn
Z ,r2qn —6 |’U¢h,0

n=1"'"

v = un-ll ST

1/2
2 2
Ln T lznollg s + |fh|§{‘Zn(0,t;L2(Q))) ]

+ Thk |U0@{k+1(9) + h2 |ZO|?;[I@+1(Q) + h2 ’f|%2(07T;H’“+1(Q))

(6.2)

2 2
+ lutl 70 a1y + 12 el T2 0 1o+ )

1/2
2 2
+ B2 sl T o e oy + 17 (s 220 e (o) ] -

Proof. Let uy,(t) € C°(0,T; W;,) N C (0, T; W) be the solution to the semi-discrete prob-
lem (3.15). Then, we split the error e := u—up » = (u—up)~+(up—up ), where ej, == u—uy,
is the error due to the space approximation by means of the VEM, and er = uj, — up  is
the error due to the DG time discretization. By triangular inequality, we have

(6.3) llw = unzlll < lleall + llle-[l-
We start bounding the second contribution to the norm of the error. Applying Lemma 6.1
(and Remark 6.2) and Theorem 4.1, we find

) N T2,3n—3 5
n
[CHE 20,6 IO tran 1,0y

n=1"'"n
and by definition of the H9(I,,)-norm we get

N- 28, —
TTn,Bn 3

2 n 2
T | (Ol -+ 1 Olaay)

n=1"'mn n

2
lle-llI" <
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where 9/ uy, is the g,-th time derivative of uj. Applying the Poincaré inequality, (3.11)
and Theorem 3.2, we find

2 2
lun (120 S ln (Ol (@) S lun(l
2 2 2
< (lunol?  + lznolly, + 1l 20 o)

so that

s (®) 720y dt ST (luno

2 2 2
Lt llznollg s, + Hfh||L2(0,T,L2(Q))> :

In

Similarly, applying the Poincaré inequality, (3.11) and Remark 3.3, for all 1 < a < g,
integer, we obtain

n 2 n 2
/I 108 un (8)12( At S T 108 full 2o sz

Hence, we have shown that

Nr  283,-3
2 T 2 2
(6.4) llerl* ST ~555 (lunol?  + 2003, + 1l 0752200 ) -

n=1"'"

We consider now the error due to the VEM approximation in space. Recalling that
en, € CH0,T; W},), we have

Nt

. llenll® = Z / lenllon di+ % len()]I5 , + é lenT)]ls

5 1enOO, + 5 lenTI
Since up,o is the interpolant of degree k of ug, thanks to (3.7) there holds
(6.6) |en(01)], = luo = unoly , S B* [uol grsr oy
and similarly, since zj o is the interpolant of degree £ of zg
(6.7) 1€n(0) g, = l120 = 2n0llo.n S B 20l riss @) -
Using (3.11) and Theorem 3.6, we find:

(6.8)
len(T )], + len(@ )5, = [u(T™) = un(T)|], + [Ju(T7) = uno(T7)

S (™) = un ()3 + [e(T7) = wne(T7)[ [ 2

< th( ’u0|%1k+1(ﬂ) + h? ’ZO‘%IHI(Q) + 1 |f’%2(0:T?HH1(Q))

2
0,k

2 2 2 2
+ |U/t’L1(O7T;Hk+1(Q)) + h? |ut|L2(O7T;Hk+1(Q)) + h? ‘utt|L1(07T;Hk+1(Q)) + h? |utt|L2(07T;H’C+1(Q)) )



A DG-VEM METHOD FOR THE DISSIPATIVE WAVE EQUATION 19

Finally, thanks to (3.11) and Theorem 3.6, we find:

(6.9)
[ et as = [ ) = i@, ds s [ luts) = uno)lq, ds
N Tnh2k< [wolFs1 () + B2 20| Frerr ) + B2 |F 720,701 ()

2 2 2 2
+ ‘ut’Ll(O,T;H’“‘*‘l(Q)) +h? ’ut\m(o,T;HkH(ﬂ)) +h? \Utt’Ll(o,T;HHl(Q)) + 1 ’“tt|L2(o,T;Hk+1(Q)) )
Inserting (6.6), (6.7), (6.8) and (6.9) into (6.5), and using that Zﬁfil o = T, we obtain
(6.10)

llenll* < Th%( [wol i1 () + 17 [20[7701 0y + P2 117200710041 )

+ |ut’%1(0’T;Hk+l(Q)) + h? |ut|%2(0’T;Hk+1(Q)) + h? ‘Utt’%I(O’T;ijLl(Q)) + h? |utt|%2(07T;Hk+l(Q)) )
The final result (6.2) follows from (6.4) and (6.10). O

Corollary 6.4. Letu € C? (0,T; H} (), uo, 20 € H*1(Q) and ug, uy, f € L? (0,T; H*1(Q)),
with k > 1 integer. Moreover, let u € H? (In;H&(Q)) foralln=1,..., Np, with q > 2,
with 7, = At >0 and rp, =17 €N for allm=1,...,Np. Then,

Il = wn 7 | = O(A=32 4 1¥)

as At and h decrease to 0.

7. NUMERICAL TESTS

All the numerical tests are performed in Matlab, and make use of the VEM code avail-
able at [1] for spatial discretization. For DG in time, we refer to [10]. The meshes are
generated using the code Polymesher [45].

7.1. Verification test. As verification test, we consider equation (2.1) on Q x (0,7] =
(0, 1)2 x (0,1], where v = 1 and the loading term f as well as the initial conditions wg, 2o
are chosen so that

(7.1) Uee (L, 21, T2) = sin(t?) sin(mzy) sin(rzs)

is the unique solution of the problem (see Figure 7.1).

First, we verify the convergence of the VEM-DG error as the time discretization re-
fines. We compute the VEM-DG solution uy, » applying the VEM of degree k = 4 on the
Veronoi mesh represented in Figure 7.2(A), coupled with the DG method in time over
uniform partitions of [0, 1] with decreasing length At of the time-slabs and with varying
polynomial degree r = 1, 2, 3. Note that the case » = 1 is not covered by the theory
of Section 4. In Figure 7.2(B) we observe the expected decay of the error at final time,
namely, [|uez(T) — up+(T)|| = O(At"1/2) (see Corollary 4.2).

In the second experiment, we study the convergence of the VEM-DG error as the space
discretization refines. To this end, we consider the DG approximation of degree r = 6
over the uniform partition of [0,1] with At = 0.1, coupled with the VEM on different
Veronoi meshes (see Figure 7.3) and with increasing degree k = 1, 2, 3. In Figure 7.4(A)
the expected behavior [[ue,(T) — up+(T)|| = O(h¥) is observed (see Theorem 3.6).
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FIGURE 7.1. (a) ue, at final time T' = 1; (b) uey ¢ at final time T" = 1.

10°
0.8+

0.6

0.4+

0.2

FIGURE 7.2. (a) Veronoi mesh with 100 polygonal elements; (b)
[[tex(T) — up +(T)||, where up  is computed using VEM of degree k = 4
and DG of increasing degree r = 1,2, 3.

Finally, in the last experiment, we take r = k and h ~ At. The error decay is depicted
in Figure 7.4(B), and it is in agreement with (6.2).

7.2. Validation test. The second experiment deals with a more realistic scenario, and
aims at investigating the performances of the proposed numerical scheme in the non-
dissipative case, which is not covered by the theory here developed. In particular, we
consider problem (2.1) with v = 0, initial data ug = 0, zp = 0 and loading term

(7.2) ft.2) 0 for t < 0.1
. t, xTr) = (x—z, )4
100e 2 else

representing a smooth impulse centered at xg = (0.05,0.05), with s = 0.025 (see Figure 7.5
(A)). For such example, there is no analytical solution. Hence, we refer to an overkilled
solution computed by means of the VEM of degree 2 on a spatial mesh with 3200 elements
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FIGURE 7.3. Veronoi meshes with 50 (top left) 200 (top right) 800 (bottom
left) and 3200 (bottom right) elements.

coupled with DG for time discretization, with polynomial degree 2 and At = 1/320 (see
Figure 7.5 (B)).

In Figure 7.6 we represent the snapshots at final time 7' = 1 of the approximated
solution obtained by means of the proposed VEM-DG strategy (the parameters for time
integration are At = 1/20 and r = 2), compared with the approximations produced using
the Newmark method for increasing At. Note that the numerical scheme for the space
integration is the same as in the reference solution. We can observe that the discrete
solution computed with Newmark is affected by spurious oscillations. In Figure 7.7 we
report the computed time history of the displacement on a receiver located at (0.5,0.5).
It is clear that the DG-VEM approximation is more accurate than those computed with
the Newmark method.

APPENDIX A. REPRESENTATION FORMULA FOR THE SEMI-DISCRETE SOLUTION

Theorem A.1. The unique solution to problem (3.15) is given by

Np
(A.1) un(t) =Y yul(t)wy”,
n=1
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FIGURE 7.4. (a) [|tex(T) — up (1), where up, , is computed using DG
of degree r = 6 on a uniform partition of the time interval with At = 0.01
and VEM of increasing degree k =1, 2, 3. (b) |[|tex(T) — up(T)|||, where
up,+ is computed using DG on a uniform partition of the time interval with
At = 0.1 and VEM on the Veronoi mesh with 200 elements (see Figure 7.3
(B), with equal degree in time and space.
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FIGURE 7.5. (a) Loading term (7.2). (b) Reference solution.

where {wén)}gﬁl is the basis of Wy, orthonormal with respect to my(e, ) fulfilling, for all

vp € Wy and for alln=1,..., Ny

ah(w}(Ln),vh) = A%n)mh(w}(tn),vh),
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FIGURE 7.6. Fully discrete solution computed by means of the proposed
DG-VEM strategy with At = 1/20 and r = 2 (a) compared with the
numerical approximation obtained by means of VEM in space coupled with
Newmark for time integration, with At = 1/20 (b), At = 1/40 (c) and
At =1/80 (d).

with 0 < )\g) <... < A;LNh), and the n-th coefficient in the eigen-expansion of up(t) (A.1)
18 given by

n n 1 n . n
Y (t) == e/ mh(uhp,wé )) cos(w}(L )t) + W)mh(zhp,wé )) sm(w}(L )t)
(A.2) t “h
1 —-v —S) o n
+ (n)/ e~V )sm(w,(L )(t = 5)) (fn(s), wn) r2(q) ds
wy /o
where w,(Ln) = \/)\,(ln) - %2’ with v being small enough so that )\,(ln) — %2 > 0 for all n =

1,..., Ny. Moreover, for allt € (0,T), there holds

To prove Theorem A.1 we need two auxiliary results.
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FiGure 7.7. Computed time history of the displacement on a receiver
located at (0.5,0.5). The black line represents the reference solution. The
red line represents the DG-VEM solution. The dashed blue lines represent
the solutions computed with the Newmark method for increasing A.

Lemma A.2. Let

(A.3) F,(t) == e ¥/ (cn cos(w}(ln)t) + n sin(
N2

with cn, dn > 0. Then, there holds
(A.4) E(t) + vE () + AV EL (1) = 0,
where )\El ),w}(L ") have been defined in Theorem 3.2.

Proof. Equation (A.4) follows by observing that

_ 71//2t V (n) _ 567"
- [ 2 ) cos(w,, 't) + < 5 w}(Ln)

VZ —vd, (w,(ln))2> cos(w}(Ln)t)

—l//2t [

w,(ln)t)>,

s (V: " ven? - ) 51n<w,gn>t>].
Lemma A.3. Let
(A.5) Gn(t) = /Ot gn(t, s)ds,
with
(A.6) gn(t,s) = %e"’/w_s) sin(w™ (t — 5)) (fa(s), Wh)r2(0) -

W,
Then, there holds

(A7) Gin(t) + G () + MG (1) = (fa(t),wh) 12
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where Agn),wg ") have been defined in Theorem 3.2.

Proof. We note that

d [* G,

— [ g(s,t)ds = g(t,t) — g(0,t —I—/gs,t ds

3 [, 90 ds =9t.0) —90.0+ | Sgls0)

d? [ d 0 0 to?

5 | ats.0ds = 5 (00 = 90.0) + Fals.00 = Srats0) + [ Tats0yds

Equation (A.7) follows by choosing f(0) = 0 and observing that

t
G(t) :/ e_l//2(t—3) [ —_ 2 l/(n) Sln(w}(L”) (t —_ S)) + COS(WI(ZL) (t — 5))] (fh(S)7 wh)LQ(Q) dS,
0 W,

t
Gt) = (ult) wn)gzgoy + [ €2 (o)) gy

2
- Vcos(w}(Ln) (t—s))+ V( i w}L n) sm(wén) (t—s))| ds.
4whn

O

Proof of Theorem A.1. Since {wg }n | is the basis of W, it is enough to verify that (A.1)
fulfills problem (3.15) for all test functions vy, = w,(l ), with n = 1,..., Nj. Observe that

an(un Z% anp wh , ;(Ln))

0, if n # m,
- n n 2 n .
’yn(t))\g ) w,(Z ) - )\gL )’yn( t), ifn=m,

and, analogously, my,(up(t),w; ) = Yn(t). Then,

mon (g (), w3,”) + vim (un g (), w3™) + an (un (8), w}”)

d? n d " .
= @mh(uh(t), w,g )) + ud—mh(uh(t),wé )) + ap(up(t), w}(l ))
2 d .
(A8) = 2 (t) + v n(®) + N (2).

We conclude that (A.8) = (fi(t), wn) 2y by applying Lemma A.2, since yn(t) = Fa(t) +
Gn(t), where F),(t) is of the form (A.3) - the constants being fixed so that uy () fulfills the
initial conditions uy(0) = up0, unt(0) = 230, namely,

n 1 n
Cn = mh(uh,o,wé N, dy = Wmh(zh,mw;s M,
h

and by applying Lemma A.3, since G,,(t) is of the form (A.5)-(A.6). O
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