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INTERIOR PENALTY CONTINUOUS AND DISCONTINUOUS
FINITE ELEMENT APPROXIMATIONS OF HYPERBOLIC
EQUATIONS.

ERIK BURMAN, ALFIO QUARTERONI, AND BENJAMIN STAMM

ABSTRACT. In this paper we present the continuous and discontinuous Galerkin
methods in a unified setting for the numerical approximation of the transport
dominated advection-reaction equation. Both methods are stabilized by the
interior penalty method, more precisely by the jump of the gradient in the con-
tinuous case whereas in the discontinuous case the stabilization of the jump of
the solution and optionally of its gradient is required to achieve optimal con-
vergence. We prove that the solution in the case of the continuous Galerkin
approach can be considered as a limit of the discontinuous one when the stabi-
lization parameter associated with the penalization of the solution jump tends
to infinity. As a consequence, the limit of the numerical flux of the discontinu-
ous method yields a numerical flux for the continuous method too. Numerical
results will highlight the theoretical results that are proven in this paper.

1. INTRODUCTION

The discontinuous Galerkin finite element method (DGFEM) was introduced by
Reed and Hill in 1973 for the neutron transport equation [28]. They compared the
DGFEM with the continuous Galerkin finite element method (CGFEM) by means
of numerical experiments. In their examples they highlighted the good stability
properties of the DGFEM. The first analysis was performed a year later by Lesaint
and Raviart [23]. A sharpened analysis using the stronger stability of the DG-
method was proposed in the 1980s by Johnson et al [20]. More recently, Houston,
Schwab and Siili [17] presented an hp-analysis for the upwind DGFEM applied to
advection—diffusion-reaction equations, while Brezzi, Marini and Siili [5] general-
ized the upwind DGFEM by replacing the standard upwind flux by a consistency
term and a jump stabilization term. Finally, Burman and Stamm [11] proved that
optimal convergence still holds also for quadratic and higher polynomial degrees
when only the jump of the tangential part of the gradient is penalized.

In parallel to this development for hyperbolic problems, Continuous Interior Penalty
(CIP) finite element methods were introduced in the 1970s by Babuska and Zldmal [2]
for the biharmonic operator and by Douglas and Dupont [13] for second-order el-
liptic and parabolic problems. The idea behind CIP consists in penalizing the
jump of the gradient of the discrete solution at interfaces between elements, thus
weakly imposing C''-continuity. More recently, CIP-methods experienced a further
development. A priori error estimates that are uniform with respect to the diffu-
sion coefficient have been obtained for CIP linear finite element approximations to
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advection—diffusion equations by Burman and Hansbo [10]. A unified framework
for the convergence analysis of both conforming and nonconforming linear finite el-
ements with interior penalty (IP) has been proposed by Burman [7]. Finally, a CIP
linear finite element method with a nonlinear shock-capturing term that rigorously
guarantees a discrete maximum principle for advection—diffusion—reaction problems
has been investigated by Burman and Ern [8].

In this paper we will show that the CIP-method for the transport equation can
be seen as the asymptotic limit of the DG-method proposed in [5], provided the
DG-formulation is augmented with the interior penalty term acting on the gradient
jumps. Such a term was proposed as a stabilizing one for DG-methods in the
approximation of elliptic problems by Romkes, Prudhomme and Oden [29] and by
Brezzi, Cockburn, Marini and Siili [3] in a general framework focussing on stabilizing
mechanisms for DG-methods. It does not downgrade the convergence order of the
DG-method, rather it ensures more robustness with respect to variations in the
stabilization parameter vy acting on the solution jump. We prove that when g
tends to infinity then the solution of the standard DG-method (without stabilization
of the gradient jumps) converges to that of the unstabilized continuous Galerkin
method. Two relevant properties follow. On the one hand a numerical flux can be
defined for the continuous method as limit of the numerical flux of the discontinuous
method as 79 — oo and, on the other hand, the DG-method as proposed in [5] is not
stable if overstabilized (that is when o becomes too large) for advection dominated
problems. A similar phenomenon was observed by Brezzi, Houston, Marini and
Siili [4] for the subgrid viscosity method of Guermond [15] and is certainly true for
the CIP using low order polynomials.

The asymptotic analysis is inspired by that for the elliptic case by Larson and
Niklasson [22] and so is our discussion on the local fluxes in Section 5.

This paper is organized as follows. Section 2 introduces the two methods, the
DGFEM and CGFEM, for the scalar hyperbolic equation. Special emphasis will
be given to finding a uniform formalism for both methods. In Section 3 we recall
h-convergence results for the continuous interior penalty method and for the aug-
mented DG-method. In Section 4 we prove that the CIP-method can be considered
as a limit of the DG-method if the jump stabilization parameter ¢ tends to infinity.
In Section 5 we discuss the local fluxes for the DG-method and the CG-method.
Some numerical examples for interior penalty stabilized finite element methods
using continuous and discontinuous approximations are presented in Section 6,
highlighting the theoretical results of Section 3 and 4. Section 7 is left for the
conclusions.

2. DISCONTINUOUS AND CONTINUOUS FINITE ELEMENT APPROXIMATION WITH
INTERIOR PENALTY

Let © be an open bounded and connected set in R?, d = 2, 3 with Lipschitz bound-
ary 00 and outer normal n. Moreover let 3 € [W1°(Q)]¢ be a given vector
field, p € L>®(Q) and f € L%*(Q) two given functions and 9QF = {z € 9Q :
+0(x)-n(x) > 0} with QT and IQ~ well separated. Consider the problem: find
u : £ — R such that

) {,uu—l—ﬁ-Vu:f in Q,

ulpn- = 0.
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Define W = {w € L?(Q2) : f-Vw € L*(Q)} and observe that functions in W have
traces in

L*(09; fn) = {v € L*(09) : / 13- n|v? < oo}.
o9

Consider the operator A : W 3 w — pw+3-Vw € L?(£2). Henceforth, it is assumed
that there is pp > 0 such that

(2) p—3V-B>po, ae. inQ.

Then, letting V = {w € W : w|pg- =0}, A: V — L*(Q) is an isomorphism, i.e.,
(1) is well-posed; see, e.g., [14, 27].
Let K be a finite element mesh of ) into non-overlapping d-simplices. For k € IC, h,
denotes its diameter and set h = max,.cx h,. Assume that (i) K covers Q exactly,
(ii) K does not contain any hanging nodes, and (iii) K is locally quasi-uniform in
the sense that there exists a constant p > 0, independent of h, such that

th, = fc’rénj\l/’r(ln) hﬁl,
where N (k) denotes the set of elements sharing at least one node with x. Each
k € K is an affine image of the unit simplex &, i.e., kK = Fy;(K). Let F;,; denote the
set of interior faces ((d — 1)-manifolds) of the mesh, i.e., the set of faces that are
not included in the boundary 0€2. The sets F. denote the faces that are included
in 90F respectively and denote F = Fipy UF L UF_. For F € F, hp denotes its
diameter.
Let p > 1 and let P,(K) be the space of polynomials of total degree p. Introduce
the continuous and discontinuous finite element spaces

(3) VP ={vn € C°(Q) : Vi € K, vp|w 0 Fr. € Py(R) },

(4) WP ={wy, € L*(Q) : Vk € K, wp|s 0 Fl, € Py(R) }.

For a subset R C Q, (+,-)r denotes the L?(R)-scalar product, || - ||z = (-, -)}%/2 the
associated norm, and || - ||s,r the H*(R)-norm.

For s > 1, let H*(K) be the space of piecewise Sobolev H*—functions. Let S C F
and define the scalar product (-,-)s = > ,cs(-,-)s and norm || - |ls = (-,-)‘19/2.

For v € HQ(IC) and an interior face F' = k1 N ko, where k1 and ko are two distinct
elements of IC with respective outer normals ny and nz, introduce the jump [Vo]p =
Vg, n1 + Ve, ne (the subscript F' is dropped when there is no ambiguity).
Similarly, for v € H'(K), define the jump [v]F = v|.s;n1 + v|g,n2. The average
is defined for all functions v € H*(K) by {v} = $(v|s; + v|x,). On outer faces
F = 0k N 0N with outer normal n, the scalar-valued jump and the average are
defined as [v]p = v|n resp. {v} = v|,.

2.1. The discontinuous Galerkin approximation. On W x W define the dis-
continuous Galerkin bilinear form

(5) CL(U, w) = ((:u - V-B)v, w)Q - (Ua ﬂVUJ)Q + ({61}}’ [w])fin,tU-7:+’
and on H1(KC) x HI(K), ¢ > %, define the jump penalty and CIP bilinear form
(6) bo ('U, w) = (ﬂn ['U], [w])]:mtv

(7) bi(v,w) = (KEBa[V], [Vu))z,,
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where Gp|r = ||B1|co,r + €| X 1|0, r, with € > 0 and where || - ||oo,7 denotes
the L°—norm on the face F' € F. For the asymptotic analysis of Section 3.2 we
assume that either € > 0 or ||[3n]|c,r > 0 for all faces F' of the mesh. Since
Wh>(Q) c 0°Q), the field 3 is continuous by assumption and, therefore, the
quantity [, is single-valued on all faces F' € F.

The discontinuous finite element approximation of (1) consists of seeking uq € W}
such that

(8) a(ua,va) + Yobo(ua, va) + 7161 (ua, va) = (f,va)o, Yvq€ W}
for 79 > 0 and y; > 0.

Remark 2.1. If the parameters € and 7; are set equal to zero, then this method
coincides with the one proposed in [5].

2.2. The continuous Galerkin approximation. The continuous finite element
approximation with weakly imposed boundary condition is obtained by replacing
the discontinuous finite element space W} by the continuous finite element space
V. The problem becomes: find u. € V¥ such that

(9) a(uc, Uc) + ’Ylbl ('LI,C, Uc) = (fv vc)ﬂv Y, € V}?
Remark that the bilinear form a(-,-), defined in (5), simplifies to
a(v,w) = (1t = V-B)v,w), — (v, f-Vw)a + (Bnv, w)se+

and that by (ue, v.) = 0 since u,. is continuous.
2.3. Basic results. For v e HY(K), ¢ > 3, consider the norm

1 1
(10) olll* = lleg vl + 3187 vli3a + v0bo(v, v) +1b1(v, v).

The well-posedness of the approximate problems, (8) and (9), results from the
following lemma.

Lemma 2.2 (Coerciveness). For allv € HY(K), ¢ > %,
a(v,v) + yobo(v, ) + y1b1 (v, v) > [[v]*.

Proof. Straightforward verification using integration by parts and condition (2).
O

The next lemma shows the Galerkin orthogonality for both, the continuous and
discontinuous, problems.

Lemma 2.3 (Consistency). Let v € V) and w € W} and assume u € H1(Q), for
3
q> 3, then

(11) a(u—uc,v)+’ylb1(u—uc,v) = 0)
(12) a(u — ug, w) + Yyobo(u — ug, w) + 101 (u — ug,w) = 0,
where u, ug and u. denotes the solutions of (1), (8) resp. (9).

Proof. For the first equality, let v € V¥ and observe that

a(ue, v) +11b1(ue, v) = (f,v)a
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since u, is the solution of (9). In addition note that

a(u7 U) = ((/.L - Vﬁ)ua U)Q - (U'a ﬁV’U)Q + (6””7 ’U)}—+
(pu + B-Vu,v)a — (B-nu,v)sq + (8-nu,v) 7,
(/j’u + ﬁvua U)Q = (fv v)Q

having used integration by parts and the fact that up, =0. Moreover by (u,v) =0
and consequently (11) holds. For the second equality (12), let w € W} and thus

a(ud, w) +Yobo(ud, w) +y1b1(ua, w) = (f, w)a.

Finally, using integration by parts on each element, we have

CL(U, w) = ((/1‘ - Vﬁ)u, w)Q - (U, 5vw)9 + ({ﬂu}v [w])]:th]:Jr
(et BV wla — 3 (B w)on + ({Bul, [w]) i,
KEK

Observe that

Z (571“’ w)a,{ = ({5u}’ [w])]:

KEK
since u is continuous. Therefore still using u|, , = 0 we obtain

a(u,w) = (pu + B-Vu, w)a = (f, w)a.
As above, since u € H1(Q)), ¢ > %,
bo(u,w) =0 and by(u,w)=0.

Thus, we have consistency in both cases. O

The convergence analysis for the continuous and discontinuous method with weakly
imposed boundary conditions and interior penalty gives the following result:

Theorem 2.4 (Convergence of CIP, [7]). Let u € HPT1(Q), p > 1, solve (1) and
let u. solve (9). Then, there is a constant c, independent of h, such that

1
= welll < ch?*2 [ullpi1.0.

Theorem 2.5 (Convergence of DGFEM, [5, 17]). Assume that vo > 0, 11 > 0,
and that uw € HPTY(Q) with p > 1. Further assume that 3 € [W1*°(K)]4. Then,

1
llu = walll < kP72 [[uflpr1,0-

Remark 2.6. The proof of Theorem 2.5 in the case of v9 > 0, y3 = 0 is given in
[5, 17]. Adding the stabilization term b;(-,-) in their analysis is subject to some
minor changes and yields optimal convergence.

Remark 2.7. For polynomial degrees p > 2 and d = 2, stability of the discontinuous
Galerkin method can also be obtained by penalizing only the jump of the tangential
part of the gradient, for more details see [11].

Remark 2.8. Using a more involved analysis, but similar techniques, we may prove
an inf-sup condition in a norm containing the L?-norms of both the jumps of the
discrete solution over element boundaries and the elementwise streamline derivative.
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2.4. Combining continuous and discontinuous finite element spaces. The
above theory is not only limited to either continuous or discontinuous finite element
spaces. Let {€;}2Y, be a division of € into subregions (2;, i.e. UY  Q; = Q, and let
K; be a triangulation of €2;. Then, define on €2; the continuous finite element space

VE() = {vn, € COY) : YV € Ky, vplw o Fy € Py(R) }
and match the subregions in a discontinuous manner

WPy ={welLl*Q):Vi=1,...,N, v,

a, €V ()}
Observe that the bilinear form a(-, -), defined in (5), simplifies to
a(v,w) = ((n = V-B)v,w), — (v, 8-Vw)a + ({Bv}, W) zx, ur,
for functions v, w € W}’; ~ and where
FN, ={F € Fipy : F COVNOY, with 1 < j, k< N,j#k}.
The stabilizing terms are then defined by

bo(v,w) = (Ball, ) s
bi(v,w) = (h%ﬂn [Vl [Vw])]-'mt\f{\’m +0 (h%ﬁn V], [vw])}'imﬁ]—'ﬁlt’

with § > 0. A convergence analysis can be carried out combining the techniques of
DG-methods and the CIP-method, see [12].

3. THE CONTINUOUS GALERKIN METHOD AS A LIMIT OF THE DISCONTINUOUS
GALERKIN METHOD

Hereafter the constant ¢ is considered a generic constant independent of h and ~g.
Its actual value can change at each occurrence.

3.1. Preliminaries. We first recall an interpolation operator between discrete
spaces Zos : WP — VP endowed with a local interpolation property.

Let be k € K. For a node v in &, set K, = {x' € K; v € k'}; then, for w, € W},
define Zpswy, locally in k by the value it takes at all the Lagrangian nodes of x by
setting

(13) Towun(v) = g 3 wnle(v)
v KREK,

Clearly, Zosw;, € V}’. The operator Zos is sometimes referred to as the Oswald
interpolation operator; it has been considered in [7, 16, 21]. The next lemma points
out some approximation results.

Lemma 3.1. There exists ¢, independent of h,, but not of the local mesh geometry,
such that, for all k € IC, the following estimate holds:

1
(14) Vwy, € WY, |lwn, — Zoswal|s chi [|[walll #(x)»

IA

N

(15) Vwp € W, [V (wh — Zoswn)|le < chi 2 [[[wn]ll 7(x),
where F(k) ={F € Fint : F Nk #0}.
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3.2. Asymptotic limit vy — oo. Since we consider here consequences of an in-
creasing 7y, we may no longer use the triple norm defined in (10) since the parameter
7o is included in that definition. Instead a slightly modified norm is defined for this
section

1 1
(16) olll7, = llug vlle + 31183 vli3q + bo(v, v) + b1 (v, v).

Observe that if v € VP, then |[|v]|| = [||v]/[m- One can easily show coercivity of the
bilinear form a(-,-) + bo(-,-) + v1b1 (-, -) with respect to this norm as well.

Lemma 3.2 (Coerciveness). For allv € HY(K), ¢ > %,
a(v,v) + bo(v,v) +71b1(v,0) > [|[v][|7,-
Proof. The proof is similar to the one of Lemma 2.2. O

Theorem 3.3. Let ug and u. be the solutions of the discontinuous resp. continuous
problem (8) resp. (9). Let u € HPTL(Q), with p > 1, solve (1). Then ug converges
to u. as the parameter o tends to infinity provided the exact solution is sufficiently
reqular. Precisely, there exists a constant ¢ > 0, independent of vy and h, such that

C _1
e = valllm < —BP2 ||ul|ps1.0-
Yo

Proof. Let us denote n = u, — uq. Using coercivity, Lemma 3.2, and consistency
leads to

il < aln,m) +bo(n,m) +71b1 (1. 1)
= a(n,n+v)+bo(n,n+v) +mbi(n,n+v)
for all v € V. Indeed, subtracting (12) from (11) leads to
a(te — ug,v) + y1b1 (ue — ug,v) =0
since v is chosen to be continuous. For the same reason we have
bo(ue — ug,v) = 0.
Define for simplicity
Li=(n=V -Bmn+vie o= {Bn}, In+v])r

Iy = =0, 8-V (n +v))a Zs = bo(n, n +v)
Iz = ({An}; [n + o)) 7 Zs = mbi(n,n +v)
Hence [||n]|2, < Z?:1 Z;. Set v = —Zosn € VP. For the first four terms the

Cauchy-Schwarz inequality and Lemma 3.1 are used:

T < clugnllaln—Zosnllo < chlnllm [1l7..
T < |nllalBVe - Tomlle < ch™* g nllallillz. < il bl
T = 5> (8.0 —Tosm)omon < ch 2 > [nlllimlomon
KEK KEK
< ch™z|nllalnlll £, < ch™ 2l il 2,0,
Iy = Z(ﬂ'n 17,m — Zosn)axnon+ < ch™= Z |||ﬂ'"|%77||amaﬂ+||77 — Zos7|l
KEK KEK

IN

¢ [l )1l 7,0,
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where for the third term, the trace inequality and the fact that Zogn € V}P is used.
In a similar fashion we obtain

1
Zs = |16 [n]]
For Zg the trace inequality and Lemma 3.1 is used:
s < c|IBllsc.cllk[Valll7.,. RV (1 = Zos)]l 7.

1.1
< e bi(nm)ihz Y IV = Zosn) s < ¢ llnlllml ]l 7
KEK

Fone < C Ml 7

Respecting all six bounds yields

Fome < h™E || [1]]

since h < 1. Then, using coercivity, Lemma 2.2, and consistency leads to

(17) lnlllm < c(h® + 273 +3)| ]

Fint»

2 < a(n,m) +0bo(n,m) +y1bi(n,n)
= a(uec —u,n) + yobo(ue — u,n) + y1b1 (ue — u,n)
= a(uc —u,n) +y1b1(ue —u,n)
= a(uc —u,n —Zosn) + y1b1(ue — u,n — Zosn)

Yoll[n]l

since u. — u is continuous. Using analogous arguments as for bounding [[|9]||m, we
conclude that

o S (B2 2072 4 2)[lue — ul| |[1]l| 7,

int —

Yoll[n]]
and hence

11l

The convergence of the continuous approximation, proposition 2.4, leads to the
bound

c
(18) I Fine < —RP[[ullps1,0-
Yo

c,_1
Fime < —h7 2 |luc — ull].
Yo

Combining (17) and (18) yields

C oot
llllm < =272 {|ullp+1.0-

4. LocAL FLux CONSERVATION

In this section, we will study the behavior of the numerical flux of the DG-method
in the asymptotic limit and show how this may be used to define a conservative
numerical flux also for the continuous Galerkin method [18, 22].

Consider problem (1) with 4 = 0 and V-3 = 0, i.e. the pure transport problem, and
let A C © be a subdomain of €. We associate to A its outer normal na. Further
denote xa the characteristic function on A defined by yo =1 on A and A =0 on
OQ\A. Multiplying the first line of (1) by xa and integrating by parts on A yields

et
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since (3 is divergence free, Vx|, = 0 and where o (u) = 3-npu denotes the problem
flux. For the discontinuous Galerkin method the same relation is true on each
element x and for a numerical flux Eﬁﬁo defined by

ox({w}) +v06n[w] on Fine NOK
(19) Zi,'yo (’LU) = Ok ('lU) on .7:+ N Ok
0 on F_Nok

for all w € W}. Then, replacing the test function in (8) by the characteristic
function x, where k € IC, leads to

| == [ 1

Hence there is a local flux conservation for the discontinuous Galerkin method. Now
since the continuous Galerkin method can be considered as the limit of the discon-
tinuous Galerkin method, we define a numerical flux for the continuous Galerkin
method by

ox(ue) + Bnlp] on Fine NOK

(20) Y (ue) = ¢ oxlue) on Fy N0k
0 on F_NOk
where p is defined by the problem: find p € W\V} such that
(21) bo(p,w) = (f,w)a — a(uc, w) —y1bi(ue,w) Yw € Wy.

Lemma 4.1. The problem (21) is well posed.
Proof. Consider the following auxiliary problem: find p € WP\V}? such that
bO(pa 'lZ)) = (fa 'lIJ)Q - CL(UC, 'lZ)) - 71b1 (ucv QI}) YV € W}I;\V}f

Since the trial and test space are equal and since the kernel of by(,-) in WF\V}?
is zero, one can apply the standard theory to show the well posedness. Remember
that we assume that either € > 0 in the definition of 3, or ||5-n|/s,r > 0 on all
faces of the mesh. Then, observe that one can decompose every function w € W}
inw=w+v with w € W/\V} and v € VP. Then

bo(p,v) =0 and (f,v)q — altue,v) — 101 (ue,v) =0,

owing to the fact that v is continuous and to the consistency of the continuous
Galerkin method. Therefore this auxiliary problem is equivalent to the original one
and this implies the uniqueness of p. 1

Lemma 4.2. Let ug = ug(yo) be the solution of (8) corresponding to a given value

of vo; then
lim ’}/Qbo(U,d, w) = bO(pa w)

Yo—00

for all w € WI\VP.

Proof. Using the discrete formulation of the discontinuous Galerkin method and
the fact that the bilinear forms a(-,-) and by(-,-) are continuous with respect to
both variables yields

lim vobo(ua,w) = (f,w)o— lim a(ug,w)— lim ~1b;(ug,w)
Yo—00 Yo—00 Yo—00

= (f,w) — a(uc,w) — 1b1(uc, w) = bo(p, w)
for all w € WP\V}P since |lug — ucllo — 0 as v9 — oc. O
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Proposition 4.3. Let F' € F be an arbitrary face of an arbitrary element k € K.
Then the numerical fluz %¢ o (ua) converges to 3j (uc), i.e.

lim (3¢, (ua), [w])F = (35 (ue), [w])p

Y0 —00
for all w € WH\VP.

Proof. On faces contained in F_ the limit is obvious since both fluxes are zero.
Since the exact flux o (-) is continuous we have on faces contained in F, that
ox({ua}) — ox({uc}) = 0x(ue). On interior faces we use the same argument and
Lemma 4.2. ]

Corollary 4.4. For the continuous Galerkin method, we still have the local con-

servation property, i.e.
| == [ 1
Ok K

Proof. Choose w = x, in Proposition 4.3 and sum over all faces of . O

4.1. Behavior of the numerical flux as h — 0. Since all fluxes are equal on the
boundary of an element, i.e.

(22) | == [ st = [ o=

it is evident that
/6 (0 =B () =0 and /8 (o) = B, (1) = 0

for all h > 0. For what concerns the exact flux of the difference of the solutions
consider the following two lemmas.

Lemma 4.5. The difference of the fluz of the exact solution u and the flux of the

numerical solution ug converges to zero as h — 0 with a convergence rate of p, i.e.

Z ~/6/-; (s (u) — Un(ud))‘ < ch||luflpt1,0-

rEK

Proof. Applying equality (22) and the Cauchy-Schwarz inequality yields

S| ot —ontua)| = S| [ (21,00 - ()

KREK KEK

<Z,ch IS, (t4) — 0 (ua m) <Z,</a )

Observe that ), fa ¢ using the shape regularity of the mesh. By the
definition of the numerlcal ﬂux nd

the error estimate of Theorem 2.5 and since

K,Y0°
B-ne({uat — ua)lox = — % udllon VR EK
we get
1
3
_1 o1 _1 1

Z/ (0(u) — ou(uq))| < c(Z ||hn2ﬂﬁud||?)nmag+Z|hﬁ2ﬁﬁ[ud]|%ﬁ\aﬂ>

rek 1/ Ok KEK KEK

< cl|h72 (= ua)ll < ch?[lullpsr,0
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For the next lemma assume for simplicity that 3 € R? and u € R.

Lemma 4.6. Assume that f € HP(Q)) and that the mesh is globally quasi-uniform.
The difference of the flux of the exact solution w and the flux of the numerical
solution u. converges to zero as h — 0 with a convergence rate of p, i.e.

S| - muc))\ < oh? (|

KEK

p0 +[ullpr10)-

Proof. Applying again equality (22) and the Cauchy-Schwarz inequality yields

S| [ ot -atwn|= X | [ i) - outuo)

KEK KEK

< R 1356 () — o (ue) |13,
= SIS

Observe that >, fan h. < c using the shape regularity of the mesh. Using the
definition of the numerical flux ¢ yields

[N

Z / (00 (u) — aﬁ(uc))‘ < <Z 1w 25n“c||amaﬂ + Z ([ Zﬁn ||a,<\an>
rek 1/ 05 kEK KEK
(23) < e (h®lullpira +h bolp,p)?

Now, let m,p € VP denote the L2-projection of p onto the continuous space. By
equations (14) and (15) it follows that

(24)  lp = mnpll& + hllp = mnpllia- +hbi(p = wnp, p = 7hp) < chbo(p, p)-
On the other hand using integration by parts we have that
a(uc, p) = (pte + B+ Ve, p)o — (8 - nuc, p)ao--

By the definition of p, the Galerkin orthogonality and the orthogonality of the
L2?-projection we deduce that

bo(ps )
= ((fa ) (U'cwo) _71b1(u0ap))
= ((f —7nf,p—mhp)a — (B Vuec —Zos(B - Vue), p — mhp)a
+(B - nuc, p— mhp)oo- — Y101 (Ue, p — 77;,,,0))%

1 1
¢ (IF = 7nfllo+ 18- Ve = Tos(8 - Tue) o + h™H 1B ucllon + 7R~ Hbi (e, ue)? )

IA

(Hp —muplla + R p = muplloa- +1EhEbi(p — Tp, p — whp)%)

The inequality (24) leads to the following bound for
bolp,p) < hibolp,p)¥ (A7)
< nbo(p,p)t (W7)1f1

and therefore
(25) h™2bo(p, p)? < WP (|| f)

1 1
po+ (L9 )h 3o (e, ue)? + A8 uclon- )

e ()

p.0 T lullpr1.0)
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FIGURE 1. The exact solution.

by the estimate of Theorem 2.4. Inserting (25) into (23) leads to the desired result.
(]

5. NUMERICAL RESULTS

The following transport problem is considered. Let Q C R? be the domain defined
by Q = {(x,y) € RT xRT : 0.1 < /22 + 32 < 1}. The problem consists of seeking
u such that
pu+ G-Vu=0 in Q,
ulao- = g(y)-

where

Bz, y) = < —yx ) \/%Tyz and g(y) = arctan (y B?5> :

Then, the solution writes

1y/ 22 +y? arcsin(——f— : e
/72 y? Svrer arctan (\/3374'0—3/1>

u(z,y) =e

The reaction coefficient g = 0.01 is chosen sufficiently small such that the transport
is dominating the reaction. Figure 1 shows the exact solution u. We consider
sequences of unstructured triangular meshes for polynomial degrees p = 1,...,5.
For the computations the C++ library [life, a unified C4++ implementation of the
finite and spectral element methods in 1D, 2D and 3D, is used, see [25, 26].

5.1. Optimal choice of the stabilization parameter of continuous inte-
rior penalty method. For the continuous interior penalty method on rectangu-
lar meshes the optimal choice of the stabilization parameter v, with respect to the
polynomial degree is carried out yielding that v; ~ p=3° see [9] for more details.
Figure 2 shows the L2-error depending of v; for a fixed triangular mesh with size
h = 0.05 and for each polynomial degree. The optimal choice for this example is
illustrated in the following table:
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E Op=1
001 | ©OP=2
F Ap=3
F op=4

Vp=5
ooot | P

0.0001 |

0.00001 AMA
1x10°6 3 M—O——M

1x107 |

1x10-6 0.00001 0.0001 0.001 0.01 0.1 1

y1

FIGURE 2. Behavior of the error of the continuous interior penalty
method with respect to the stabilization parameter vy for different
polynomial degrees and fized h measured in the L?-norm.

» 1 2 3 1 5
Y1.0pt | 0.005 [ 0.005 | 0.001 | 0.0005 | 0.0005

These values will be the reference values for the following computations.

5.2. Convergence with respect to h and p. Since u € C*°(Q), u € H"(2) for
all » > 0. Hence the solution of continuous method satisfies

1
= el < b fullpr,0:
Similarly, for the discontinuous method, we get
1
llu = udlll < AP [[u]lpr1,0.

Observe that the L*-norm is controlled by the triple norm, i.e. ||v||q < |||v]||. Note
that the hp-analysis carried out in [9] for the continuous interior penalty method
and in [17] for the DG-method only hold on rectangular meshes, whereas an h-
analysis can be carried out for any polynomial degree p on triangular meshes for
both methods. Figure 3 shows the L2-norm of the error of the upwind discontinuous
method, i.e. v9 = 0.5, 73 = 0, in dashed line and the continuous interior penalty
method with optimal stabilization parameter y; according to section 5.1 in solid
line.

Observe the optimal convergence with respect to h and the exponential convergence
with respect to p.

5.3. CG-method as limit of the DG-method. Here we test the case when the
stabilization parameter vy of the DG-method increases to infinity for fixed mesh
size h = 0.05. The theoretical result tells us that the L?-norm of the difference
between the solutions of the discontinuous and continuous methods converges to
zero. The order of convergence is predicted as one. That is exactly what can be
observed for a sufficiently large vy in figure 4(a) for both cases y; = 0 (solid line)
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01 F 01 F

oot | 001 F

0.001 — 0.001 E

0.0001 = 0.0001 |

0.00001 | [
I 0.00001 |

1x10° | L
F 1x10°
1x107 | [
L 1107 F
1108 | [
[ 1x10°8 |
1x10°° | 3
[ 9L
1x10710 Lo 1x10° |

(a) (b)

FIGURE 3. Convergence behavior with respect to h (a) and p (b) of
the upwind discontinuous method (yo = 0.5, v1 = 0, dashed line)
and the continuous interior penalty method with optimal parameter
v (solid line).

and 1 > 0 (dashed line). The parameter 77 > 0 is chosen according to the optimal
criterion for the continuous method as illustrated in section 5.1.

Figure 4(b) shows the L?norm of the difference between the exact solution u
and the DG-approximation when vy tends to infinity. We see that the parameter
Yo = 0.5 corresponding to upwind stabilisation is a good choice for all polynomial
orders. Although it does not always correspond to the optimal choice for the error
in the L2-norm the difference is very small.

Figure 4(b) also shows that for a fixed h there exists a 7y such that the DG-
method is more precise than the continuous method without interior penalty. On
the other hand if the DG-method is augmented with the gradient jump stabilization
the solution is robust to overstabilization (that is when 7y becomes too large),
especially for high order approximations. Finally the results reported in Figure 3
and 4(b) show that the CIP-method yields similar accuracy as the upwind DG-
method. Indeed, in this numerical example, the CIP-method with the optimal
parameter 7, leads to an approximation with an accuracy very similar to that of
the upwind DG-method, but using much fewer degrees of freedom.

6. CONCLUSIONS

In this paper we have compared theoretically and numerically two methods which
are suitable for the approximation of transport dominated advection-reaction prob-
lems: the continuous Galerkin method stabilized by interior penalty on the jumps of
the gradients over interelement faces and the discontinuous Galerkin method with
parametrized interior penalty stabilization both of the jumps of the function itself
and of its gradients over interior faces. We have reviewed the h-convergence analysis
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0.01 r
I [ Op=1
0.001 [ op=2 W
[ 0001 | 4Ap=3
0.0001 = E op=4
F [ Vp=5 M—Q
o B -0 ——0-——0—-—0
0.00001 3 0.0001 |-
110 |
07 0.00001 [ Y N N N
1x10®
i x10° — e — 0
1x10° | F
-10 ; i
AT E x107 M
1101 IEFYITYY EEPTOT EEEETTYY, INRTITY EPEETITY RRETY T R E oo vovvnd vovvnd v ovnod vvind ol vvied vod 0y
0.01 0.1 1 10 100 1000 qx10% 1x10® 0.001 0.01 0.1 1 10 100 1000 1x10% 1x105
Y0 )
(a) llue — vallL2 (o) (0) [lu = uallL2(q)

FIGURE 4. Difference between the solutions of the discontinuous
method and of the continuous method (a) and between the exact
solution and the solution of the discontinuous method (b) for vari-
able vo and fized h. The solid line corresponds to the choice v1 = 0
and the dashed line to the optimal choice of v1 > 0 according to
figure 2.

for the continuous method with interior penalty and the augmented discontinuous
method. We proved that the solution of the discontinuous method converges to the
solution of the continuous method as the stabilization parameter of the interelement
solution jump increases to infinity. This is also showed numerically together with
some comparisons of the behavior of the interior penalty method using continuous
and discontinuous approximations.

The techniques that we have advocated here for the stabilization of transport dom-
inated advection-reaction problems can nowadays be regarded as efficient alterna-
tives to the more classical upwind-based finite element approximations dated back
to the pioneering work by Mitchell and Griffiths [24], the generalization and analy-
sis by Baba and Tabata [1] or the fully consistent SUPG- or GLS-methods, see the
pioneering work [6, 19] or the books [27, 30].
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