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A=∆≅, Η6 Η:== ∆Ε2Ε6 Ε96∆6 4≅>>ΦΕ2Ε≅Χ Ε96≅Χ6>∆ :? 2 7≅Χ> ∆Φ:Ε23=6 Ε≅ ΑΧ≅Γ6 Ε96
∆>2==?6∆∆ ≅7 Ε96 L% ?≅Χ> ≅7 Ε96 4≅>>ΦΕ2Ε≅Χ ≅? 2 ∆>2== 32==, Η96?6Γ6Χ Ε96 BM 
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7Φ?4Ε:≅? 24ΕΦ2==ϑ 36=≅?8∆ Ε≅ %M : )9:∆ =≅42=:Κ65 Γ6Χ∆:≅? ≅7 Ε96 4≅>>ΦΕ2Ε≅Χ
Ε96≅Χ6> 7≅Χ 2 %M 7Φ?4Ε:≅?, :? Ε96 ≅Χ:8:?2= EΦ4=:562? 42∆6 (6ΙΑ=≅:Ε65 :? 0141,
0151) Χ6=:6∆ ≅? Ε96 Α≅∆∆:3:=:Εϑ ≅7 2ΑΑΧ≅Ι:>2Ε:?8 2 %M 7Φ?4Ε:≅? 3ϑ 2 Φ?:7≅Χ>=ϑ
4≅?Ε:?Φ≅Φ∆ 7Φ?4Ε:≅? :? BM ?≅Χ>, 2?5 ≅? Ε96 Α≅∆∆:3:=:Εϑ ≅7 6ΙΕ6?5:?8 Ε≅ Ε96
Η9≅=6 ∆Α246 2 Φ?:7≅Χ>=ϑ 4≅?Ε:?Φ≅Φ∆ 7Φ?4Ε:≅? 56Λ?65 ≅? 2 32==, ΑΧ6∆6ΧΓ:?8 Ε96
4≅?Ε:?Φ:Εϑ >≅5Φ=Φ∆. H6Χ6 Η6 >2?286 Ε≅ 6∆Ε23=:∆9 5:Χ64Ε=ϑ Ε96 =≅42=:Κ65 Γ6Χ∆:≅? ≅7
Ε96 4≅>>ΦΕ2Ε≅Χ Ε96≅Χ6>∆ 7≅Χ 2 %M 7Φ?4Ε:≅?, Η:Ε9≅ΦΕ Ε96 ?646∆∆:Εϑ ≅7 ΑΧ≅Γ:?8
Ε96 27≅Χ6>6?Ε:≅?65 2ΑΑΧ≅Ι:>2Ε:≅? 2?5 6ΙΕ6?∆:≅? Χ6∆Φ=Ε∆. )96Χ67≅Χ6, Φ?56Χ Ε9:∆
Χ6∆Α64Ε, ≅ΦΧ 2ΑΑΧ≅249 4≅?46ΑΕΦ2==ϑ ∆:>Α=:Λ6∆ 2=∆≅ Ε96 EΦ4=:562? 42∆6. ,6 Η:==
2=∆≅ 562=, Γ6Χϑ 3Χ:6Μϑ, Η:Ε9 2 =≅42= Γ6Χ∆:≅? ≅7 Ε96 >2Ι:>2= 7Φ?4Ε:≅? 2?5 :Ε∆ L%

4≅?Ε:?Φ:Εϑ, 2?≅Ε96Χ Ε≅≅= Η9:49 :∆ Φ∆67Φ= :? Ε96 2==Φ565 2ΑΑ=:42Ε:≅?∆.
%ΦΧ >2:? Χ6∆Φ=Ε∆ 2Χ6: )96≅Χ6>∆ 21 2?5 24 :? (64Ε:≅? 5; )96≅Χ6>∆ 29, 30,

31 :? (64Ε:≅? 7; )96≅Χ6> 35 :? (64Ε:≅? 8. ,6 2=∆≅ Ε9:?< Ε92Ε Ε96 32∆:4 Ε96≅Χϑ
56Γ6=≅Α65 :? (64Ε:≅?∆ 2-3, Α2ΧΕ:4Φ=2Χ=ϑ )96≅Χ6>∆ 6 2?5 15, 4≅Φ=5 36 Φ∆67Φ= Ε≅
ΑΧ≅Γ6 7ΦΧΕ96Χ Χ6∆Φ=Ε∆ :? Ε96 ∆2>6 ∆Α:Χ:Ε.
A== Ε96 Χ6∆Φ=Ε∆ ΑΧ≅Γ65 :? Ε9:∆ Α2Α6Χ Η:== 36 Φ∆65 :? Ε96 ΑΧ≅≅7 ≅7 L% 2?5 C�

6∆Ε:>2Ε6∆ 7≅Χ ?≅?Γ2Χ:2Ε:≅?2= ≅Α6Χ2Ε≅Χ∆ ∆ΕΧΦ4ΕΦΧ65 ≅? HΨΧ>2?56ΧΝ∆ ≅Α6Χ2Ε≅Χ∆ ≅7
ΕϑΑ6 (4), Ε92Ε :∆ 7≅Χ ≅Α6Χ2Ε≅Χ∆ ≅7 Ε96 7≅Χ>

&X

i: =1

)i (9)∋i∋ + )0 (9)∋0

Η96Χ6 ∋0; ∋1; :::; ∋& 2Χ6 2 ∆ϑ∆Ε6> ≅7 ∆>≅≅Ε9 HΨΧ>2?56ΧΝ∆ Γ64Ε≅Χ Λ6=5∆ :? 2
3≅Φ?565 5≅>2:? ≅7 R# (3 > 5 + 1), f)i g :∆ 2 Φ?:7≅Χ>=ϑ Α≅∆:Ε:Γ6 >2ΕΧ:Ι Η:Ε9
3≅Φ?565 6?ΕΧ:6∆, )0 :∆ 3≅Φ?565 2?5 3≅Φ?565 2Η2ϑ 7Χ≅> Κ6Χ≅ 2?5 2== Ε96 4≅6Ρ -
4:6?Ε∆ )i ; )0 36=≅?8 Ε≅ Ε96 ∆Φ:Ε23=6 7Φ?4Ε:≅? ∆Α246 %M ≅Χ C� (Χ6∆Α64Ε:Γ6=ϑ, Ε≅
ΑΧ≅Γ6 L% 2?5 C� 6∆Ε:>2Ε6∆ ≅? ∋i∋ 8). )96∆6 6∆Ε:>2Ε6∆ 2Χ6 ΑΧ≅Γ65 :? 2 ∆6Α2Χ2Ε6
Α2Α6Χ 0111, 2?5 86?6Χ2=:Κ6 Ε96 Χ6∆Φ=Ε∆ ΑΧ≅Γ65 :? 031 2?5 051 Η96? Ε96 5Χ:7Ε ∋0 :∆
=24<:?8.

S31!3%∋8

)96 32∆:4 :562, :? ≅Χ56Χ Ε≅ 3ϑΑ2∆∆ Ε96 ?646∆∆:Εϑ ≅7 4964<:?8 4≅?5:Ε:≅? (1) :?∆Ε625
≅7 (2), :∆ Ε≅ 252ΑΕ Ε96 23∆ΕΧ24Ε 4≅?∆ΕΧΦ4Ε:≅? ≅7 5ϑ25:4 4Φ36∆ :? ∆Α246∆ ≅7 9≅>≅-
86?6≅Φ∆ ΕϑΑ6 42ΧΧ:65 ≅ΦΕ 3ϑ C9Χ:∆Ε :? 0161. I? Ε92Ε Α2Α6Χ, Ε96 AΦΕ9≅Χ ∆9≅Η∆ 9≅Η
:? 2?ϑ ∆Α246 ≅7 9≅>≅86?6≅Φ∆ ΕϑΑ6 ≅?6 42? 4≅?∆ΕΧΦ4Ε, 7≅Χ 2?ϑ 1 2 Z, 2 72>:=ϑ
≅7 Ο5ϑ25:4 4Φ36∆Π≅7 5:2>6Ε6Χ 4≅>Α2Χ23=6 Ε≅ �! (Η:Ε9 � 2 ∆>2== ΛΙ65 ?Φ>36Χ).
A4ΕΦ2==ϑ Ε96∆6 Ο4Φ36∆Π2Χ6 ≅Α6? ∆6Ε∆, 56Λ?65 3ϑ 2? 23∆ΕΧ24Ε 4≅?∆ΕΧΦ4Ε:≅?, Η9:49
?6Γ6ΧΕ96=6∆∆ ∆92Χ6 Η:Ε9 Ε96 4=2∆∆:42= 5ϑ25:4 4Φ36∆ 2== Ε96 32∆:4 ΑΧ≅Α6ΧΕ:6∆. )96
Χ6=6Γ2?Ε 724Ε 7≅Χ Φ∆ :∆ Ε92Ε 6249 ≅7 Ε96∆6 4Φ36∆ ! :∆, :? ΕΦΧ?, 2 ∆Α246 ≅7 9≅>≅86-
?6≅Φ∆ ΕϑΑ6, Ε92Ε :∆ :? 0161 Ε96 AΦΕ9≅Χ ΑΧ≅Γ6∆ Ε92Ε (1) 24ΕΦ2==ϑ 9≅=5∆ 7≅Χ 
 = !.
H6Χ6 Η6 252ΑΕ Ε96 ΑΧ6Γ:≅Φ∆ 4≅?∆ΕΧΦ4Ε:≅? :? 2 =≅42= ∆6ΕΕ:?8. G:Γ6? ≅ΦΧ ∆Α246 
;
Η9:49 :∆ ∆66? 2∆ Ε96 Φ?:≅? ≅7 2? :?4Χ62∆:?8 ∆6ΒΦ6?46 ≅7 3≅Φ?565 ∆Φ3∆6Ε∆ 
#;
Η6 4≅?∆ΕΧΦ4Ε 7≅Χ 6249 3 2?5 6249 ∆42=6 1 = 1; 2; 3:::, 2 72>:=ϑ ≅7 (∆>2==) 5ϑ25:4
4Φ36∆ 6∆∆6?Ε:2==ϑ 4≅Γ6Χ:?8 
# 2?5 4≅?Ε2:?65 :? 
#+1; 6249 ≅7 Ε96∆6 4Φ36∆ 42?
∆Ε:== 36 ΑΧ≅Γ65 Ε≅ 36 2 ∆Α246 ≅7 9≅>≅86?6≅Φ∆ ΕϑΑ6; >≅Χ6≅Γ6Χ, Ε96 ∆2>6 :∆ ΕΧΦ6
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7≅Χ 2?ϑ Λ?:Ε6 Φ?:≅? ≅7 5ϑ25:4 4Φ36∆ ≅7 Ε96 ∆2>6 ∆42=6 1. )96 :562 :∆ Ε96? Ε≅
2ΑΑ=ϑ <?≅Η? Χ6∆Φ=Ε∆ 7≅Χ ∆Α246∆ ≅7 9≅>≅86?6≅Φ∆ ΕϑΑ6 Ε≅ ∆Φ:Ε23=6 Φ?:≅?∆ ≅7 5ϑ25:4
4Φ36∆ Η9:49 4≅Γ6Χ 2 ΛΙ65 ∆>2== 32==, 2?5 56Χ:Γ6 Ε96 4≅ΧΧ6∆Α≅?5:?8 Χ6∆Φ=Ε ≅? Ε96
32==. (:?46 5ϑ25:4 4Φ36∆ 2Χ6 23∆ΕΧ24Ε ≅3;64Ε∆, Η9:49 :? 4≅?4Χ6Ε6 2ΑΑ=:42Ε:≅?∆ ≅7
Ε96 Ε96≅Χϑ 42??≅Ε 36 6ΙΑ=:4:Ε=ϑ 6Ι9:3:Ε65, ≅ΦΧ ;≅3 :∆ Ε≅ Φ∆6 5ϑ25:4 4Φ36∆ ;Φ∆Ε 2∆
2 Ε≅≅=, 3ΦΕ Ε≅ ∆Ε2Ε6 2?5 ΑΧ≅Γ6 2== ≅ΦΧ Χ6∆Φ=Ε∆ :? Ε96 =2?8Φ286 ≅7 32==∆, Ε≅ >2<6
Ε96> 62∆:=ϑ 2ΑΑ=:423=6.
)≅ >2<6 >≅Χ6 ΕΧ2?∆Α2Χ6?Ε Ε96 ∆ΕΧ2Ε68ϑ ≅7 ≅ΦΧ 4≅?∆ΕΧΦ4Ε:≅?, =6Ε Φ∆ Α≅:?Ε ≅ΦΕ

Η92Ε 7≅==≅Η∆.
,6 Η:== ∆9≅Η Ε92Ε 7≅Χ 2?ϑ 3 Η6 42? 4≅Γ6Χ 
# Η:Ε9 2 Λ?:Ε6 Φ?:≅? ≅7 32==∆ ≅7

2?ϑ ΑΧ6∆4Χ:365 ∆>2== ∆:Κ6, 2?5 7≅Χ 6249 ≅7 Ε96∆6 32==∆ Η6 42? 4≅?∆ΕΧΦ4Ε 2 ∆Α246
≅7 9≅>≅86?6≅Φ∆ ΕϑΑ6 F Η9:49 :∆ 4≅?Ε2:?65 :? 
#+1; Ο2=>≅∆Ε 4≅?Ε2:?∆ΠΕ9:∆ 32==
B, 2?5 :∆ 4≅>Α2Χ23=6 Ε≅ B, 3≅Ε9 :? >62∆ΦΧ6 2?5 :? 5:2>6Ε6Χ. )9:∆ Ο2=>≅∆Ε
:?4=Φ∆:≅?Π:∆ >256 ΑΧ64:∆6 :? ΕΗ≅ Η2ϑ∆:
1) F � B ∀ E Η96Χ6 E :∆ 2 Κ6Χ≅ >62∆ΦΧ6 ∆6Ε; Ε9:∆ :?4=Φ∆:≅? :∆ 6?≅Φ89 Ε≅

92?5=6 L% 6∆Ε:>2Ε6∆ ≅Χ >≅Χ6 86?6Χ2==ϑ 6∆Ε:>2Ε6∆ Η9:49 :?Γ≅=Γ6 :?Ε68Χ2= ?≅Χ>∆;
2) Ε96 4=≅∆ΦΧ6 ≅7 F 4≅?Ε2:?∆ B; Ε9:∆ :?4=Φ∆:≅? :∆ 6?≅Φ89 Ε≅ 92?5=6 C� 6∆Ε:-

>2Ε6∆, ≅Χ >≅Χ6 86?6Χ2==ϑ 6∆Ε:>2Ε6∆ Η9:49 :?Γ≅=Γ6 >≅5Φ=: ≅7 Φ?:7≅Χ> 4≅?Ε:?Φ:Εϑ
≅7 Ε96 7Φ?4Ε:≅?∆.
)96 :562 ≅7 6ΙΑ=≅:Ε:?8 C9Χ:∆ΕΝ∆ 4≅?∆ΕΧΦ4Ε:≅? ≅7 5ϑ25:4 4Φ36∆ Ε≅ ΑΧ≅Γ6 Χ6∆Φ=Ε∆

:? 2 =≅42==ϑ 5≅Φ3=:?8 4≅?Ε6ΙΕ 92∆ 366? 2=Χ625ϑ Φ∆65 3ϑ C2Χ3≅?2Χ≅, #2Φ46Χ:,
#652 :? 0121; Ε96:Χ 4≅?Ε6ΙΕ, 9≅Η6Γ6Χ, :∆ 5:Σ6Χ6?Ε 7Χ≅> ≅ΦΧ∆: :? Ε92Ε Α2Α6Χ Ε96
AΦΕ9≅Χ∆ 4≅?∆:56Χ 2 ∆:ΕΦ2Ε:≅? Η96Χ6 Ε96 >62∆ΦΧ6 ≅7 32==∆ 8Χ≅Η∆ 72∆Ε 2Ε :?Λ?:Εϑ,
∆≅ Ε92Ε Ε96 5≅Φ3=:?8 4≅?5:Ε:≅? 9≅=5∆ 7≅Χ 32==∆ ≅7 Χ25:Φ∆ 6 � 60; 7≅Χ 2?ϑ ΛΙ65
60; ≅? Ε96 ≅Ε96Χ 92?5, Ε96∆6 AΦΕ9≅Χ∆ 92Γ6 ?≅Ε ≅ΦΧ ΑΧ≅3=6> ≅7 <66Α:?8 72Χ 7Χ≅>
Ε96 3≅Φ?52Χϑ ≅7 2 3≅Φ?565 5≅>2:?, Ε≅ 2Γ≅:5 :?Ε6Χ∆64Ε:≅?∆. #≅Χ6≅Γ6Χ, Ε96ϑ Φ∆6
5ϑ25:4 4Φ36∆ Ε≅ 252ΑΕ Ε96 ΑΧ≅≅7∆ Η9:49 9≅=5 :? Ε96 5≅Φ3=:?8 42∆6, Η9:=6 ≅ΦΧ
∆ΕΧ2Ε68ϑ :∆ ?≅Ε Ε≅ 252ΑΕ Ε96 6Ι:∆Ε:?8 ΑΧ≅≅7∆ 3ΦΕ Ε≅ 2ΑΑ=ϑ Ε96 6Ι:∆Ε:?8 Χ6∆Φ=Ε∆
Η9:49 9≅=5 :? Ε96 5≅Φ3=:?8 42∆6.
)96 4≅?∆ΕΧΦ4Ε:≅? ≅7 2 ∆Φ:Ε23=6 72>:=ϑ ≅7 ∆Α246∆ ≅7 9≅>≅86?6≅Φ∆ ΕϑΑ6 :∆ ?≅Ε

Ε96 ≅?=ϑ ΑΧ≅3=6> Ε≅ ≅Γ6Χ4≅>6 :? ≅ΦΧ ∆:ΕΦ2Ε:≅?. )96 Α≅∆∆:3=6 ≅Γ6Χ=2ΑΑ:?8 ≅7
Ε96 32==∆ B (9; 6) Η:Ε9 Ε96 3≅Φ?52Χϑ ≅7 Ε96 4≅?∆:56Χ65 5≅>2:? 4Χ62Ε6∆ ΑΧ≅3=6>∆
Φ?56Χ 2Ε =62∆Ε ≅Ε96Χ ΕΗ≅ Χ682Χ5∆. )96 ΛΧ∆Ε :∆ Ε96 Γ2=:5:Εϑ ≅7 2 ∆Φ:Ε23=6 42?46=-
=2Ε:≅? ΑΧ≅Α6ΧΕϑ 7≅Χ Ε96 <6Χ?6= ≅7 ∆:?8Φ=2Χ :?Ε68Χ2= ≅Α6Χ2Ε≅Χ: :7 Η6 <?≅Η Ε92Ε 2
∆:?8Φ=2Χ <6Χ?6= 92∆ 2 3≅Φ?565 :?Ε68Χ2= ≅Γ6Χ ∆>2== ∆Α96Χ:42= ∆96==∆, Ε9:∆ 5≅6∆ ?≅Ε
:>Α=ϑ Ε96 Α6Χ∆:∆Ε6?46 ≅7 Ε9:∆ ΑΧ≅Α6ΧΕϑ Η96? Η6 :?Ε68Χ2Ε6 ≅Γ6Χ Ε96 :?Ε6Χ∆64Ε:≅? ≅7
Ε96 ∆Α96Χ:42= ∆96== Η:Ε9 ∆≅>6 ΛΙ65 5≅>2:?. )9:∆ ΑΧ≅3=6> Η:== 36 ∆≅=Γ65 Φ∆:?8
∆Φ:Ε23=6 4ΦΕ≅Σ 7Φ?4Ε:≅?∆. )96 ∆64≅?5 ΑΧ≅3=6> :∆ Ε≅ ∆Φ:Ε23=ϑ 56Λ?6 2?5 92?5=6
BM 2?5 %M ∆Α246∆, 2Γ≅:5:?8 Ε≅ Ε2<6 Ε96 2Γ6Χ286 ≅7 2 7Φ?4Ε:≅? ≅Γ6Χ Ε96
:?Ε6Χ∆64Ε:≅? ≅7 B (9; 6) Η:Ε9 2 ΛΙ65 5≅>2:?. )≅ Ε9:∆ 2:> Η6 Η:== :?ΕΧ≅5Φ46 2
BM ∀∃c ∆Α246 252ΑΕ65 Ε≅ 2 4≅ΦΑ=6 ≅7 5≅>2:?∆ 
# � 
#+1; Η9:49 :? ≅ΦΧ 4≅?-
Ε6ΙΕ :∆ 2 ?2ΕΦΧ2= ?≅Ε:≅?, 2?5 Η6 Η:== ∆9≅Η Η9:49 Χ6=2Ε:≅? Ε9:∆ ∆Α246 92∆ Η:Ε9 Ε96
∆Ε2?52Χ5 BM .
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I? (64Ε:≅? 2 Η6 ∆Ε2Ε6 ΑΧ64:∆6=ϑ ≅ΦΧ 56Λ?:Ε:≅? ≅7 =≅42==ϑ 9≅>≅86?6≅Φ∆ ∆Α246∆
2?5 5Χ2Η ∆≅>6 ΛΧ∆Ε 4≅?∆6ΒΦ6?46∆ ≅7 Ε96 56Λ?:Ε:≅?, :? Ε6Χ>∆ ≅7 Ε≅Α≅=≅8ϑ 2?5
>62∆ΦΧ6. (64Ε:≅? 3 4≅?Ε2:?∆ Ε96 4≅?∆ΕΧΦ4Ε:≅? ≅7 5ϑ25:4 4Φ36∆ 2?5 Ε96 ΑΧ≅≅7
≅7 Ε96:Χ Χ6=6Γ2?Ε ΑΧ≅Α6ΧΕ:6∆ Η9:49 Η:== 2==≅Η Ε≅ 2ΑΑ=ϑ Ε96 Ε96≅Χϑ ≅7 ∆Α246∆ ≅7
9≅>≅86?6≅Φ∆ ΕϑΑ6. I? (64Ε:≅? 4 Η6 3Φ:=5, :? 2 72:Χ=ϑ ∆Ε2?52Χ5 Η2ϑ, HΨ=56Χ
4≅?Ε:?Φ≅Φ∆ 4ΦΕ≅Σ 7Φ?4Ε:≅?∆, 2?≅Ε96Χ Ε≅≅= Η9:49 Η:== 36 Φ∆67Φ= :? Ε96 7≅==≅Η:?8.
I? (64Ε:≅? 5 Η6 ΑΧ≅Γ6 ≅ΦΧ =≅42= L% 2?5 C� 4≅?Ε:?Φ:Εϑ Χ6∆Φ=Ε∆ 7≅Χ ∆:?8Φ=2Χ 2?5
7Χ24Ε:≅?2= :?Ε68Χ2=∆. I? (64Ε:≅? 6 Η6 :?ΕΧ≅5Φ46 BM 2?5 %M ∆Α246∆, 3≅Ε9
:? Ε96 ∆Ε2?52Χ5 2?5 :? 2 =≅42= Γ6Χ∆:≅?, 2?5 ∆ΕΦ5ϑ Ε96 Χ6=2Ε:≅? 36ΕΗ66? Ε96 ΕΗ≅
4≅?46ΑΕ∆. I? (64Ε:≅? 7 Η6 ΑΧ≅Γ6 =≅42= L% 6∆Ε:>2Ε6∆ ≅? Ε96 4≅>>ΦΕ2Ε≅Χ ≅7 2
∆:?8Φ=2Χ ≅Χ 7Χ24Ε:≅?2= :?Ε68Χ2= Η:Ε9 2 BM ≅Χ %M 7Φ?4Ε:≅?. I? (64Ε:≅? 8 Η6
562= Η:Ε9 Ε96 =≅42= >2Ι:>2= ≅Α6Χ2Ε≅Χ 2?5 :Ε∆ L% 4≅?Ε:?Φ:Εϑ. F:?2==ϑ, :? (64Ε:≅?
9 Η6 6ΙΕ6?5 Ε96 Χ6∆Φ=Ε∆ ≅7 (64Ε:≅?∆ 5 Ε≅ 8 Ε≅ Ε96 >≅Χ6 86?6Χ2= ∆:ΕΦ2Ε:≅? Η96Χ6
Ε96 =≅42= ΒΦ2∆:5:∆Ε2?46 :∆ ΒΦ2∆:∆ϑ>>6ΕΧ:4 3ΦΕ ?≅Ε ∆ϑ>>6ΕΧ:4. A? AΑΑ6?5:Ι
4≅==64Ε∆ 2== Ε96 <?≅Η? Χ6∆Φ=Ε∆ 23≅ΦΕ ∆Α246∆ ≅7 9≅>≅86?6≅Φ∆ ΕϑΑ6 Η9:49 Η6 ?665
Ε9Χ≅Φ89≅ΦΕ Ε96 Α2Α6Χ.

A#∗−.6+%∃∋%,%−32. )9:∆ Χ6∆62Χ49 Η2∆ >2:?=ϑ 42ΧΧ:65 ≅ΦΕ Η9:=6 #2≅49Φ?
/9Φ Η2∆ Γ:∆:Ε:?8 Ε96 D6Α2ΧΕ>6?Ε ≅7 #2Ε96>2Ε:4∆ ≅7 &≅=:Ε64?:4≅ 5: #:=2?≅, Η9:49
Η6 Η:∆9 Ε≅ Ε92?< 7≅Χ Ε96 9≅∆Α:Ε2=:Εϑ. )96 ΑΧ≅;64Ε Η2∆ ∆ΦΑΑ≅ΧΕ65 3ϑ Ε96 ∃2Ε:≅?2=
∃2ΕΦΧ2= (4:6?46 F≅Φ?52Ε:≅? ≅7 C9:?2 (GΧ2?Ε ∃≅. 10871157), (Α64:2=:Κ65 ∋6-
∆62Χ49 FΦ?5 7≅Χ Ε96 D≅4Ε≅Χ2= &Χ≅8Χ2> ≅7 H:896Χ E5Φ42Ε:≅? (∃≅. 200806990032).

2  (% !∀231!#3 &1!,%6.1∗ .& +.#!++8 (.,.∋%-

−%.42 2/!#%2

,6 2Χ6 8≅:?8 Ε≅ ∆Ε2Ε6 Ε96 2∆∆Φ>ΑΕ:≅?∆ Η9:49 Η:== 56Λ?6 Ε96 ?≅Ε:≅? ≅7 =≅42==ϑ
9≅>≅86?6≅Φ∆ ∆Α246. (F≅Χ 4≅>Α2Χ:∆≅?, Ε96 ∆Ε2?52Χ5 56Λ?:Ε:≅? ≅7 ∆Α246 ≅7 9≅>≅-
86?6≅Φ∆ ΕϑΑ6 :∆ Χ642==65 :? Ε96 AΑΑ6?5:Ι, (64Ε:≅? 10).
(H1) ∀6Ε 
 36 2 ∆6Ε, 6?5≅Η65 Η:Ε9 2 7Φ?4Ε:≅? � : 
� 
! [0;1) ∆Φ49 Ε92Ε

7≅Χ 2?ϑ 9; : 2 
:
(2) � (9; :) = 0, 9 = :;
(3) � (9; :) = � (:; 9) :
F≅Χ 2?ϑ 9 2 
; 6 > 0; =6Ε Φ∆ 56Λ?6 Ε96 32==

B (9; 6) = f: 2 
 : � (9; :) < 6g :

)96∆6 32==∆ 42? 36 Φ∆65 Ε≅ 56Λ?6 2 Ε≅Α≅=≅8ϑ :? 
, ∆2ϑ:?8 Ε92Ε A � 
 :∆ ≅Α6? :7
7≅Χ 2?ϑ 9 2 A Ε96Χ6 6Ι:∆Ε∆ 6 > 0 ∆Φ49 Ε92Ε B (9; 6) � A. A=∆≅, Η6 Η:== ∆2ϑ Ε92Ε
E � 
 :∆ 3≅Φ?565 :7 E :∆ 4≅?Ε2:?65 :? ∆≅>6 32==.
∀6Ε Φ∆ 2∆∆Φ>6 Ε92Ε:
(H2) (2) Ε96 32==∆ 2Χ6 ≅Α6? Η:Ε9 Χ6∆Α64Ε Ε≅ Ε9:∆ Ε≅Α≅=≅8ϑ;
(H2) (3) 7≅Χ 2?ϑ 9 2 
 2?5 6 > 0 Ε96 4=≅∆ΦΧ6 ≅7 B (9; 6) :∆ 4≅?Ε2:?65 :?

f: 2 
 : � (9; :) � 6g :

6



,6 Η:== ΑΧ≅Γ6 :? 2 >≅>6?Ε Ε92Ε Ε96 Γ2=:5:Εϑ ≅7 4≅?5:Ε:≅?∆ (H2) (2) 2?5 (3)
:∆ 6ΒΦ:Γ2=6?Ε Ε≅ Ε96 7≅==≅Η:?8:
(H2Ν) � (9; :) :∆ 2 4≅?Ε:?Φ≅Φ∆ 7Φ?4Ε:≅? ≅7 9 7≅Χ 2?ϑ ΛΙ65 : 2 
:
(H3) ∀6Ε � 36 2 Α≅∆:Ε:Γ6 Χ68Φ=2Χ B≅Χ6= >62∆ΦΧ6 :? 
:
(H4) A∆∆Φ>6 Ε96Χ6 6Ι:∆Ε∆ 2? :?4Χ62∆:?8 ∆6ΒΦ6?46 f
#g

1
#=1 ≅7 3≅Φ?565 >62-

∆ΦΧ23=6 ∆Φ3∆6Ε∆ ≅7 
; ∆Φ49 Ε92Ε:

1[

#=1


# = 
 (5)

2?5 ∆Φ49 7≅Χ, 2?ϑ 3 = 1; 2; 3; ::::
(:) Ε96 4=≅∆ΦΧ6 ≅7 
# :? 
 :∆ 4≅>Α24Ε;
(::) Ε96Χ6 6Ι:∆Ε∆ "# > 0 ∆Φ49 Ε92Ε

f9 2 
 : � (9; :) < 2"# 7≅Χ ∆≅>6 : 2 
#g � 
#+1; (6)

(H5) Ε96Χ6 6Ι:∆Ε∆ B# � 1 ∆Φ49 Ε92Ε 7≅Χ 2?ϑ 9; :; ; 2 
#

� (9; :) � B# (� (9; ;) + � (;; :)) ; (7)

(H6) Ε96Χ6 6Ι:∆Ε∆ C# > 1 ∆Φ49 Ε92Ε 7≅Χ 2?ϑ 9 2 
#; 0 < 6 � "# Η6 92Γ6

0 < � (B (9; 26)) � C#� (B (9; 6)) <1: (8)

(∃≅Ε6 Ε92Ε 7≅Χ 9 2 
# 2?5 6 � "# Η6 2=∆≅ 92Γ6 B (9; 26) � 
#+1).

D%9−)3).− 1 ∃+ =/22 9∋? :.∋: (
; f
#g
1
#=1 ; �; �) /9 ∋ =≅42==ϑ 9≅>≅86?6≅Φ∆

∆Α246 /, ∋99;36:/549 (H1) :5 (H6) .52∗.

D%/%−∃%−#% .− 3(% #.−23!−32. )96 ?Φ>36Χ∆ "#; B#; C# Η:== 36 42==65
ΟΕ96 4≅?∆Ε2?Ε∆ ≅7 
#Π. IΕ :∆ ?≅Ε Χ6∆ΕΧ:4Ε:Γ6 Ε≅ 2∆∆Φ>6 Ε92Ε B#; C# 2Χ6 ?≅?56-
4Χ62∆:?8 ∆6ΒΦ6?46∆, 2?5 "# :∆ 2 ?≅?:?4Χ62∆:?8 ∆6ΒΦ6?46. )9Χ≅Φ89≅ΦΕ Ε96 Α2Α6Χ
≅ΦΧ 6∆Ε:>2Ε6∆, 7≅Χ 2 ΛΙ65 
#; Η:== ≅7Ε6? 56Α6?5 ?≅Ε ≅?=ϑ ≅? Ε96 4≅?∆Ε2?Ε∆ ≅7 
#;
3ΦΕ 2=∆≅ (Α≅∆∆:3=ϑ) ≅? Ε96 4≅?∆Ε2?Ε∆ ≅7 
#+1;
#+2;
#+3. ,6 Η:== 3Χ:6Μϑ ∆2ϑ
Ε92Ε Ο2 4≅?∆Ε2?Ε 56Α6?5∆ ≅? 3ΠΕ≅ >62? Ε9:∆ ΕϑΑ6 ≅7 56Α6?56?46.

I? Ε96 =2?8Φ286 ≅7 0191, � :∆ 2 7;∋9/∗/9:∋4)+ :? 6249 ∆6Ε 
#; Η6 42? 2=∆≅ ∆2ϑ
Ε92Ε :Ε :∆ 2 25)∋2 7;∋9/∗/9:∋4)+ /4 
:,6 ∆ΕΧ6∆∆ Ε92Ε Ε96 ΕΗ≅ 4≅?5:Ε:≅?∆ 2ΑΑ62Χ:?8
:? (H2) 2Χ6 =≅8:42==ϑ :?56Α6?56?Ε 6249 7Χ≅> Ε96 ≅Ε96Χ, 2?5 Ε96ϑ 5≅ ?≅Ε 7≅==≅Η
7Χ≅> (7), 6Γ6? Η96? � :∆ 2 ΒΦ2∆:5:∆Ε2?46 :? 
; Ε92Ε :∆ Η96? B# = B > 1 7≅Χ
2?ϑ 3. I7, 9≅Η6Γ6Χ, � :∆ 2 ∗/9:∋4)+ :? 
, Ε92Ε :∆ B# = 1 7≅Χ 2?ϑ 3, Ε96? (H2) :∆
2ΦΕ≅>2Ε:42==ϑ 7Φ=Λ==65.
)96 4≅?Ε:?Φ:Εϑ ≅7 � 2=∆≅ :>Α=:6∆ Ε92Ε (7) ∆Ε:== 9≅=5∆ 7≅Χ 9; :; ; 2 
#: ,6 Η:==

∆≅>6Ε:>6∆ 6ΙΑ=≅:Ε Ε9:∆ 724Ε.
A=∆≅, ?≅Ε6 Ε92Ε � (
#) <1 7≅Χ 6Γ6Χϑ 3, ∆:?46 
# :∆ 4≅>Α24Ε. ()9:∆ 7≅==≅Η∆

3ϑ Ε96 Χ68Φ=2Χ:Εϑ ≅7 �; ≅Χ 2=∆≅ 7Χ≅> Ε96 Λ?:Ε6?6∆∆ ≅7 Ε96 >62∆ΦΧ6 ≅7 32==∆, ∆66
(H6), ∆:?46 
# 42? 36 4≅Γ6Χ65 3ϑ 2 Λ?:Ε6 ?Φ>36Χ ≅7 ∆>2== 32==∆).
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,6 2=∆≅ Α≅:?Ε ≅ΦΕ Ε92Ε 2∆∆Φ>:?8 � 8+−;2∋8 (∆66 (H3)) :∆ ?≅Ε Χ62==ϑ ?646∆∆2Χϑ,
2∆ Η:== 36 6ΙΑ=2:?65 27Ε6Χ &Χ≅Α≅∆:Ε:≅? 18; 9≅Η6Γ6Χ, ∆:?46 Ε9:∆ 2∆∆Φ>ΑΕ:≅? :∆
92Χ>=6∆∆ :? Ε96 2ΑΑ=:42Ε:≅?∆ Η6 2Χ6 :?Ε6Χ6∆Ε65 :?, Η6 ΑΧ676Χ Ε≅ <66Α :Ε, :? ≅Χ56Χ
Ε≅ 2Γ≅:5 Ε96 ?646∆∆:Εϑ ≅7 6?Ε6Χ:?8 :?Ε≅ 2??≅ϑ:?8 56Ε2:=∆.

E7!,/+%2 2 (/) I, (
; �; ,�) /9 ∋ (5;4∗+∗ 96∋)+ 5, .535−+4+5;9 :?6+ /4 :.+
9+49+ 5, C5/,3∋4-∃+/99 %19& (:.+ ∗+Α4/:/54 =/22 (+ 8+)∋22+∗ /4 :.+ A66+4∗/>),
:.+ ∋(5<+ )54∗/:/549 ∋8+ ,;2Α22+∗ ).559/4− 
# � 
 ∋4∗ B# = B � 1 ,58 ∋4? 3.
(//) I4 :.+ ∋662/)∋:/549 :5 9;(+22/6:/) +7;∋:/549 :.∋: =+ .∋<+ /4 3/4∗, ∋4∗ =/22

(+ ∗+∋2: /4 %11&, 
 /9 ∋ (5;4∗+∗ ∗53∋/4 5, RN ∋4∗ 
# ∋4 /4)8+∋9/4− 9+7;+4)+
5, (5;4∗+∗ ∗53∋/49, =/:. 
# b 
#+1 b 
 ,58 ∋4? 3; � /9 :.+ N∋−+2-!:+/4-
∃∋/4−+8 ∗/9:∋4)+ /4∗;)+∗ (? ∋ ,∋3/2? ∋0; ∋1; ∋2; :::; ∋& 5, HΗ83∋4∗+8Χ9 <+):58
Α+2∗9, =.+8+ ∋0 .∋9 =+/−.: :=5, � :.+ L+(+9−;+ 3+∋9;8+ /4 R

N .
(///) ∀.+ 9∋3+ 9+::/4− 5, (//) Α:9 :.+ :.+58? 5, ?≅?∆>≅≅Ε9 HΨΧ>2?56ΧΝ∆

Γ64Ε≅Χ Λ6=5∆ , ∋9 ∗+∋2: /4 %6&, %7&.
N5:+ :.∋: /4 :.+ 9/:;∋:/549 (//)-(///) � /9 ∋):;∋22? ∋ ∗/9:∋4)+, =./). /4∗;)+9

:.+ E;)2/∗+∋4 :56525−?, ∋4∗ (H6) /9 ∋ 145=4 8+9;2:.
(/<) I4 :.+ 9/:;∋:/54 )549/∗+8+∗ /4 %10&, 
 = R

N � [�1; 1] ;
# = B# �
[�1; 1] =.+8+ B# /9 :.+ E;)2/∗+∋4 (∋22 5, )+4:+8 0 ∋4∗ 8∋∗/;9 3 /4 R

N ; � (;; �) =��1 � ;
 =.+8+ � /9 ∋ L/+ −85;6 56+8∋:/54 8+2∋:+∗ :5 :.+ ∗/Φ+8+4:/∋2 56+8∋:58

L =

%0X

i; =1

)i @
2
∗i∗j

+
NX

i; =1

∗i 9i@∗j � @( (=.+8+ 40 < N)

=./). /9 ;4∗+8 9:;∗?, =./2+ !�! /9 :.+ .535−+4+5;9 4583 ∗+Α4+∗ (? :.+ ,∋3/2? 5,
∗/2∋:/549 8+2∋:+∗ :5 ∋45:.+8 ∗/Φ+8+4:/∋2 56+8∋:58, =./). /9 :.+ ∆68/4)/6∋2 6∋8:Ε5,
L: ∀.+8+,58+ � /9 4+/:.+8 :.+ ;9;∋2 ∗/9:∋4)+ )549/∗+8+∗ /4 C∋845: −85;69, 458 /9
(+7;/<∋2+4: :5) :.+ C∋845:-C∋8∋:.Γ5∗58? ∗/9:∋4)+ /4∗;)+∗ (? :.+ <+):58 Α+2∗9; �
9∋:/9Α+9 (H5) ∋4∗ /4∗;)+9 :.+ E;)2/∗+∋4 :56525−?; ,853 /:9 ∋4∋2?:/)∋2 ∗+Α4/:/54
/: /9 )2+∋8 :.∋: � /9 )54:/4;5;9, .+4)+ (H2) /9 ,;2Α22+∗; ∋295 (H6) )∋4 (+ 685<+∗.
M58+ 68+)/9+2?, :.+ ,;4):/54 � )549/∗+8+∗ /4 %10& /9 45: 9?33+:8/) (;: 9∋:/9Α+9
∋ =+∋1+8 )54∗/:/54: ,58 ∋4? 3 :.+8+ +>/9:9 A# > 1 9;). :.∋:

� (9; :) � A#� (:; 9) ,58 ∋4? 9; : 2 
#: (9)

∀./9 35:/<∋:+9 ∋ ,;8:.+8 +>:+49/54 5, 5;8 :.+58?, ∋9 =+ =/22 +>62∋/4 /4 ∋ 353+4:.

R%,!1∗ 3 (E73%−2).− 3. 04!2)28,,%31)# &4−#3).−2) A9 ∋4:/)/6∋:+∗ /4 :.+
∋(5<+ E>∋362+ (/<), /4 </+= 5, 953+ ∋662/)∋:/549 /: /9 ∗+9/8∋(2+ :5 )549/∗+8 :.+
358+ −+4+8∋2 9+::/4− /4 =./). � /9 45: ∋99;3+∗ 9?33+:8/), (;: 9∋:/9Α+9 )54∗/-
:/54 (9). H5=+<+8, ∗+<+256/4− :.+ =.52+ :.+58? 5, !+):/54 3 ;4∗+8 :./9 =+∋1+8
∋99;36:/54 =5;2∗ 3∋1+ 5;8 )536;:∋:/549 )549/∗+8∋(2? .+∋</+8. I49:+∋∗, /: /9
3;). +∋9/+8 :5 ∗+<+256 Α89: :.+ :.+58? ;4∗+8 :.+ 9?33+:8? ∋99;36:/54, ∋4∗
:.+4 :5 9.5= :.∋: 5;8 3∋/4 8+9;2:9 ∋(5;: 9/4−;2∋8 ∋4∗ ,8∋):/54∋2 /4:+−8∋29 9:/22
.52∗ /, =+ 8+62∋)+ :.+ 9?33+:8? )54∗/:/54 =/:. (9). ∀./9 +>:+49/54 =/22 (+ ∗/9-
);99+∗ /4 !+):/54 9.
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I? Ε96 Χ6∆Ε ≅7 Ε9:∆ ∆64Ε:≅? Η6 Η:== >2<6 ∆≅>6 Χ6>2Χ<∆ 2?5 ΑΧ≅Γ6 ∆≅>6 62∆ϑ
724Ε∆ Χ6=2Ε65 Ε≅ Ε≅Α≅=≅8ϑ 2?5 >62∆ΦΧ6 :? 2 =≅42==ϑ 9≅>≅86?6≅Φ∆ ∆Α246.
(:?46, 3ϑ (H2) (2), Ε96 32==∆ 2Χ6 ≅Α6?, 7≅Χ 6249 9 2 
 Ε96 32==∆ B (9; 6) ∆2Ε:∆7ϑ

Ε96 2Ι:≅>∆ ≅7 4≅>Α=6Ε6 ∆ϑ∆Ε6> ≅7 ?6:893≅Χ9≅≅5∆ ≅7 9; 96?46 Ε96 Ε≅Α≅=≅8:42= ∆Α246

 :∆ ΛΧ∆Ε 4≅Φ?Ε23=6, 2?5 4≅?Ε:?Φ:Εϑ 2?5 4=≅∆65?6∆∆ 42? 36 5:∆4Φ∆∆65 3ϑ >62?∆
≅7 ∆6ΒΦ6?46∆ ≅7 Α≅:?Ε∆. ∀6Ε Φ∆ ΑΧ≅Γ6 Ε96 7≅==≅Η:?8 724Ε, Ε92Ε Η6 92Γ6 4=2:>65
367≅Χ6.

P1./.2)3).− 4 C54∗/:/549 (H2) ∋8+ +7;/<∋2+4: :5 )54∗/:/54 (H2Χ).

P1..&. A∆∆Φ>6 (H2), 2?5 =6Ε Φ∆ ΑΧ≅Γ6 Ε96 4≅?Ε:?Φ:Εϑ ≅7 9 7�! � (9; :). F:Ι 9 2 

2?5 Ε2<6 2 ∆6ΒΦ6?46 f9!g 4≅?Γ6Χ8:?8 Ε≅ 9. ∀6Ε Φ∆ ∆9≅Η Ε92Ε � (9!; :)! � (9; :)
7≅Χ 2?ϑ : 2 
. ∀6Ε 6 = � (9; :) 2?5 " > 0; ∆:?46 9 2 B (:; 6 + ") 2?5 Ε96 32==∆
2Χ6 ≅Α6?, Ε96Χ6 6Ι:∆Ε∆ B (9; �) � B (:; 6 + ") : )96? 9! 2 B (:; 6 + ") 56Λ?:Ε:Γ6=ϑ,
∆:?46 9! ! 9: )9:∆ :>Α=:6∆ Ε92Ε � (9!; :) < 6 + " 56Λ?:Ε:Γ6=ϑ, ∆≅ Ε92Ε

=:>∆ΦΑ!!1� (9!; :) � 6 + ":

)9:∆ 9≅=5∆ 7≅Χ 2?ϑ " > 0; 96?46

=:>∆ΦΑ!!1� (9!; :) � 6:

,6 ?≅Η Η2?Ε Ε≅ ∆9≅Η Ε92Ε

=:>:?7!!1� (9!; :) � 6; (10)

Η9:49 Η:== :>Α=ϑ � (9!; :) ! � (9; :). ∀6Ε 282:? 6 = � (9; :) 2?5 " > 0; Ε96?
9 =2 B

�
:; 6 � "

2

�
: Bϑ (H2) (3),

B (:; 6 � ") � B
�
:; 6 �

"

2

�
;

96?46 (56?≅Ε:?8 Ε96 4≅>Α=6>6?Ε ≅7 A Η:Ε9 Ac) 9 36=≅?8∆ Ε≅ B (:; 6 � ")
c
; ∆:?46

Ε9:∆ :∆ 2? ≅Α6? ∆6Ε, Ε96Χ6 6Ι:∆Ε∆ B (9; �) � B (:; 6 � ")
c
; 96?46 9! 2 B (:; 6 � ")

c

56Λ?:Ε:Γ6=ϑ, Η9:49 >62?∆ Ε92Ε � (9!; :) � 6 � " 56Λ?:Ε:Γ6=ϑ, 2?5

=:>:?7!!1� (9!; :) � 6 � ":

)9:∆ 9≅=5∆ 7≅Χ 2?ϑ " > 0; ∆≅ (10) 7≅==≅Η∆.
C≅?Γ6Χ∆6=ϑ, 2∆∆Φ>6 ?≅Η Ε96 4≅?Ε:?Φ:Εϑ ≅7 �; 2?5 =6Ε Φ∆ ΑΧ≅Γ6 (H2). ∀6Ε

: 2 B (9; 6) ; ∆≅ Ε92Ε � (9; :) < 6: (:?46 � :∆ 4≅?Ε:?Φ≅Φ∆, Ε96Χ6 6Ι:∆Ε∆ B (:; 60)
∆Φ49 Ε92Ε 7≅Χ 2?ϑ ; 2 B (:; 60) Η6 92Γ6 � (9; ;) < 6; 96?46 B (:; 60) � B (9; 6)
2?5 B (9; 6) :∆ ≅Α6?, Ε92Ε :∆ (H2) (2) 9≅=5∆.
∀6Ε ?≅Η : 2 B (9; 6); ∆:?46 Η6 2=Χ625ϑ <?≅Η Ε92Ε 32==∆ 2Χ6 ≅Α6?, 2∆ ?≅Ε65

23≅Γ6 Ε9:∆ >62?∆ Ε92Ε :! ! : 7≅Χ ∆≅>6 ∆6ΒΦ6?46 f:!g � B (9; 6) : H6?46
� (:!; 9) < 6 2?5 =:>∆ΦΑ!!1� (:!; 9) � 6: H≅Η6Γ6Χ, � :∆ 4≅?Ε:?Φ≅Φ∆, ∆≅

=:>∆ΦΑ!!1� (:!; 9) = � (:; 9) ;

Η9:49 >62?∆ Ε92Ε : 2 f; : � (;; 9) � 6g ; Η9:49 :∆ (H2) (3).
)96 ?6ΙΕ ΑΧ≅Α6ΧΕϑ, Η9:49 :?Γ≅=Γ6∆ 3≅Ε9 � 2?5 Ε96 >62∆ΦΧ6 �; Ε6==∆ Φ∆ Ε92Ε

2=∆≅ 6Γ6? Η96? 6∆Ε:>2Ε:?8 HΨ=56Χ ?≅Χ>∆, Κ6Χ≅ >62∆ΦΧ6 ∆6Ε∆ 2Χ6 ?68=:8:3=6.
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P1./.2)3).− 5 (/) L+: A;E � 
; A 56+4 ∋4∗ E 5, 3+∋9;8+ ≅+85. ∀.+4 A ∀ E =
A:
(//) L+: − : A∀E ! R =/:. A;E ∋9 ∋(5<+, ∋4∗ − 9;). :.∋:, ,58 953+ �;C > 0

 − (9)� − (:) � C� (9; :)
�

(11)

,58 ∋4? 9; : 2 A ∀ E: ∀.+4 − )∋4 (+ )54:/4;5;92? +>:+4∗+∗ :5 A /4 9;). ∋ =∋?
:.∋: (11) .52∗9 ,58 ∋4? 9; : 2 A:

P1..&. (:) ∀6Ε 9 2 A 2?5 f9!g � A ∆Φ49 Ε92Ε 9! ! 9: (:?46 A :∆ ≅Α6?, 7≅Χ 2?ϑ 1
Ε96Χ6 6Ι:∆Ε∆ 6! > 0 ∆Φ49 Ε92Ε B (9!; 6!) � A: IΕ :∆ ?≅Ε Χ6∆ΕΧ:4Ε:Γ6 Ε≅ 2∆∆Φ>6 Ε92Ε
6! ! 0: F≅Χ 2?ϑ 1 Ε96Χ6 6Ι:∆Ε∆ :! 2 B (9!; 6!) ∀ E; ≅Ε96ΧΗ:∆6 E Η≅Φ=5 4≅?Ε2:?
2 32==, Η9:49 3ϑ (H6) 92∆ Α≅∆:Ε:Γ6 >62∆ΦΧ6. Bϑ (5), 9 2 
# 7≅Χ ∆≅>6 3; Ε96?,
3ϑ (6) Ε96 ∆6ΒΦ6?46 f9!g :∆ 56Λ?:Ε:Γ6=ϑ 4≅?Ε2:?65 :? 
#+1; 7≅Χ Ε96 ∆2>6 Χ62∆≅?
Ε96 32==∆ B (9!; 6!) 2Χ6 56Λ?:Ε:Γ6=ϑ 4≅?Ε2:?65 :? 
#+2; 96?46 Η6 42? 2ΑΑ=ϑ Ε96
ΒΦ2∆:ΕΧ:2?8=6 :?6ΒΦ2=:Εϑ (7) ΗΧ:Ε:?8

� (:!; 9) � B#+2 (� (:!; 9!) + � (9!; 9)) � B#+2 (6! + � (9!; 9))! 0

7≅Χ 1 ! 1; ∆≅ :! ! 9: (:?46 :! 2 A ∀ E, Ε9:∆ :>Α=:6∆ 9 2 A ∀ E 2?5 Η6 2Χ6
5≅?6.
(::) (:?46 � :∆ 4≅?Ε:?Φ≅Φ∆, (11) :>Α=:6∆ Ε92Ε − :∆ Φ?:7≅Χ>=ϑ 4≅?Ε:?Φ≅Φ∆ ≅?

A ∀ E; 96?46 :Ε 42? 36 4≅?Ε:?Φ≅Φ∆=ϑ 6ΙΕ6?565 Ε≅ A ∀ E :? ∆Φ49 2 Η2ϑ Ε92Ε (11)
∆Ε:== 9≅=5∆. Bϑ Α≅:?Ε (:) A ∀ E = A, ∆≅ (::) :∆ ΑΧ≅Γ65.

3 D8!∃)# #4∀%2 )− ! +.#!++8 (.,.∋%−%.42 2/!#%

)9Χ≅Φ89≅ΦΕ Ε9:∆ Α2Α6Χ, Φ?Ε:= (64Ε:≅? 8, Η6 Η:== 2∆∆Φ>6 Ε92Ε (
; f
#g
1
#=1 ; �; �)

36 2 =≅42==ϑ 9≅>≅86?6≅Φ∆ ∆Α246.
)96 4≅?∆ΕΧΦ4Ε:≅? ≅7 5ϑ25:4 4Φ36∆, Η9:49 92∆ 366? 2?Ε:4:Α2Ε65 :? Ε96 :?ΕΧ≅-

5Φ4Ε:≅?, :∆ 4≅?Ε2:?65 :? Ε96 7≅==≅Η:?8:

 (%.1%, 6 F58 ∋4? 3 = 1; 2; 3; ::: :.+8+ +>/9:9 ∋ )522+):/54 5, 56+4 9+:9

�
!!� � 
; 1 = 1; 2; 3:::; � 2 I!

	

(=.+8+ I! /9 ∋ 9+: 5, /4∗/)+9), 659/:/<+ )549:∋4:9 )0; +0; +1; +2; � 2 (0; 1) ∋4∗ ∋ 9+:
E � 
# 5, ≅+85 3+∋9;8+, 9;). :.∋: ,58 ∋4? 1 = 1; 2; 3::: =+ .∋<+:
(∋) 8� 2 I!; +∋). !

!
� )54:∋/49 ∋ (∋22 B

�
;!�; )0�

!
�
;

(()
[

�2Ik

!!� � 
#+1;

()) 8� 2 I!; 1 � 2 � 1 :.+8+ +>/9:9 !∀� � !!�;

(∗) 8� 2 I!; ∗/∋3
�
!!�
�
< +1�

! ∋4∗ !!� � B
�
;!�; +1�

!
�
;

(+) ( � 1 =) 8� 2 I!; � 2 I∀; !
`
� � !!� 58 !

`
� \!

!
� = ;;

(,) 
# ∀
[

�2Ik

!!� � E;
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(−) 8� 2 I!; 9 2 !
!
� ∀ E; 0 � 1 :.+8+ +>/9:9 !

 
� 3 9;

(.) �
�
B (9; 26) \!!�

�
� +2�

�
B (9; 6) \!!�

�
,58 ∋4? 9 2 !!�∀E; 6 > 0: M58+

68+)/9+2?, ,58 :.+9+ 9 ∋4∗ 6 =+ .∋<+:

�
�
B (9; 6) \!!�

�
�

�
+0� (B (9; 6)) ,58 6 � �!

+0�
�
!!�
�

,58 6 > �!
(12)

∃≅Ε6 Ε92Ε Ε96 4Φ36∆ !!� 2?5 2== Ε96 4≅?∆Ε2?Ε∆ 56Α6?5 ≅? 3; ∆≅ Η6 ∆9≅Φ=5
ΗΧ:Ε6, >≅Χ6 ΑΧ64:∆6=ϑ

n
!(#);!�

o

�2I
(n)
k

; �(#); )0;(#); +0;(#); +1;(#); +2;(#):

H≅Η6Γ6Χ, :? ≅Χ56Χ Ε≅ ∆:>Α=:7ϑ ?≅Ε2Ε:≅?, Η6 Η:== ∆<:Α Ε96 :?56Ι (3) Η96?6Γ6Χ
5≅:?8 ∆≅ 5≅6∆ ?≅Ε 4Χ62Ε6 2>3:8Φ:Εϑ. A∆ Η:== 36 2ΑΑ2Χ6?Ε 7Χ≅> Ε96 ΑΧ≅≅7, Ε96
∆6ΒΦ6?46 ≅7 4≅?∆Ε2?Ε∆ �(#) 42? 36 2∆∆Φ>65 ?≅?:?4Χ62∆:?8.

)96 ∆6Ε∆ !!� 42? 36 Ε9≅Φ89Ε 2∆ 5ϑ25:4 4Φ36∆ ≅7 ∆:56=6?8Ε9 �
!. ∃≅Ε6 Ε92Ε 1

:∆ 2 659/:/<+ :?Ε686Χ, ∆≅ Η6 2Χ6 ≅?=ϑ 4≅?∆:56Χ:?8 93∋22 5ϑ25:4 4Φ36∆.
)96 ΑΧ≅≅7 ≅7 )96≅Χ6> 6 :∆ ?≅Ε >Φ49 >≅Χ6 Ε92? 2 42Χ67Φ= :?∆Α64Ε:≅? 2?5

252ΑΕ2Ε:≅? ≅7 ∆≅>6 ΑΧ≅≅7∆ 4≅?Ε2:?65 :? 0161. H≅Η6Γ6Χ, ≅ΦΧ :Ε6Χ2Ε:Γ6 4≅?∆ΕΧΦ4Ε:≅?
:∆ 2 3:Ε >≅Χ6 :?Γ≅=Γ65 3642Φ∆6 2Ε 6Γ6Χϑ ∆Ε6Α 3 Ε96 ΟΦ?:Γ6Χ∆6Π Ε92Ε Η6 Η2?Ε Ε≅
4≅Γ6Χ Η:Ε9 ≅ΦΧ 4Φ36∆ 6?=2Χ86∆. #≅Χ6≅Γ6Χ, :? ≅Χ56Χ Ε≅ Φ∆6 Ε96 ΒΦ2∆:ΕΧ:2?8=6
:?6ΒΦ2=:Εϑ, Η6 ?665 Ε≅ <?≅Η :? 25Γ2?46 Ε92Ε Ε96 Α≅:?Ε∆ 36=≅?8 Ε≅ ∆≅>6 5≅>2:?;
Ε9:∆ Η:== 36 ≅7Ε6? ΑΧ≅Γ65 3ϑ 2 ΕΧ:4<ϑ 4≅>3:?65 Φ∆6 ≅7 (6) 2?5 (7).
P1..& .&  (%.1%, 6, 9123 /!13. F≅Χ 2 ΛΙ65 
#; =6Ε � > 0 Ε≅ 36 ΛΙ65 =2Ε6Χ,
2?5 =6Ε Φ∆ Α6Χ7≅Χ> Ε96 7≅==≅Η:?8 :Ε6Χ2Ε:Γ6 4≅?∆ΕΧΦ4Ε:≅?.
F≅Χ 1 = 1, =6Ε Φ∆ ΛΙ 2 >2Ι:>2= 4≅==64Ε:≅? ≅7 Α≅:?Ε∆

�
;1�
	
�2I1

� 
# ∆Φ49 Ε92Ε

�
�
;!�; ;

!
�

�
� � 7≅Χ 2?ϑ � 6= �:

Bϑ Ε96 >2Ι:>2=:Εϑ, Η6 42? ∆2ϑ Ε92Ε 7≅Χ 9 2 
# Ε96Χ6 6Ι:∆Ε∆ ;
1
� ∆Φ49 Ε92Ε

�
�
;1�; 9

�
< �; 96?46

E1 � 
# �
[

�2I1

B
�
;1�; �

�
� E2:

F≅Χ 1 = 2; =6Ε Φ∆ ΛΙ 2 >2Ι:>2= 4≅==64Ε:≅? ≅7 Α≅:?Ε∆
�
;2�
	
�2I2

� E2 ∆Φ49 Ε92Ε

�
�
;2�; ;

2
�

�
� �2 7≅Χ 2?ϑ � 6= �:

Bϑ Ε96 >2Ι:>2=:Εϑ, Η6 42? ∆2ϑ Ε92Ε 7≅Χ 2?ϑ 9 2 E2 Ε96Χ6 6Ι:∆Ε∆ ;
2
� ∆Φ49 Ε92Ε

�
�
;1�; 9

�
< �2; 96?46

E2 �
[

�2I2

B
�
;2�; �

2
�
� E3:

C≅?Ε:?Φ:?8 Ε9:∆ Η2ϑ, Η6 3Φ:=5 2 72>:=ϑ ≅7 Α≅:?Ε∆
�
;!�
	
�2Ik

7≅Χ 1 = 1; 2; 3; :::; 2?5

2 72>:=ϑ ≅7 ∆6Ε∆ E1 � E2 � E3 � ::: . ,6 2Χ6 8≅:?8 Ε≅ ∆9≅Η Ε92Ε :Ε :∆ Α≅∆∆:3=6
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Ε≅ 49≅≅∆6 � ∆>2== 6?≅Φ89 ∆≅ Ε92Ε

1[

!=1

E! � 
#+1: (13)

∃2>6=ϑ: E1 = 
# � 
#+1 2?5, 3ϑ 56Λ?:Ε:≅? ≅7 E2 2?5 (6) E2 � 
#+1 2∆
∆≅≅? 2∆

� < 2"#: (14)

∀6Ε ?≅Η : 2 E3: )96? Ε96Χ6 6Ι:∆Ε∆ ;
2
� 2 E2 ∆Φ49 Ε92Ε �

�
:; ;2�

�
< �2 2?5 Ε96Χ6

6Ι:∆Ε∆ ;1� 2 
# ∆Φ49 Ε92Ε �
�
;2�; ;

1
�

�
< �: (:?46 E2 � 
#+1; Η6 92Γ6 : 2 
#+2

(Ε92Ε :∆ E3 � 
#+2) 2∆ ∆≅≅? 2∆

�2 < 2"#+1: (15)

∗?56Χ Ε9:∆ 2∆∆Φ>ΑΕ:≅? Η6 42? ΗΧ:Ε6

�
�
:; ;1�

�
� B#+2

�
�
�
:; ;2�

�
+ �

�
;2�; ;

1
�

��
� B#+2

�
�2 + �

�
:

)96?, Φ?56Χ Ε96 7ΦΧΕ96Χ 2∆∆Φ>ΑΕ:≅?

B#+2
�
�2 + �

�
� 2"# (16)

Η6 42? 4≅?4=Φ56 Ε92Ε E3 � 
#+1 (Η9:49 ∆ΕΧ6?8Ε96? Ε96 ΑΧ6Γ:≅Φ∆ 4≅?4=Φ∆:≅?
E3 � 
#+2).
)9:∆ :562 42? 36 :Ε6Χ2Ε65 ∆9≅Η:?8 Ε92Ε 7≅Χ 2?ϑ : 2 EN ; N = 2; 3; 4::: Ε96Χ6

6Ι:∆Ε∆ 9 2 
# ∆Φ49 Ε92Ε

� (9; :) � B#+2
�
� +B#+2

�
�2 +B#+2

�
�3 + :::+B#+2

�
�N�1 + �N

����
(17)

�
NX

!=1

(B#+2�)
! �

�B#+2
1� �B#+2

< 2�B#+2

ΑΧ≅Γ:565
� < 1= (2B#+2) : (18)

I7, >≅Χ6≅Γ6Χ,
� < "#=B#+2; (19)

Η6 42? 4≅?4=Φ56 (13). C9≅≅∆:?8 � ∆>2== 6?≅Φ89 Ε≅ 7Φ=Λ== 4≅?5:Ε:≅?∆ (14)-(19)
Η6 2Χ6 5≅?6.
∃≅Ε6 Ε92Ε, 7≅Χ 2?ϑ 1 = 2; 3:::; � 2 I!;

;!� 2 E! =
[

�2Ik�1

B
�
;!�1� ; �!�1

�
� E!�1 (20)

96?46 7≅Χ 2?ϑ ;!� Ε96Χ6 6Ι:∆Ε∆ � 2 I!�1 ∆Φ49 Ε92Ε

�
�
;!�; ;

!�1
�

�
< �!�1 (21)
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#≅Χ6≅Γ6Χ, 7≅Χ 2?ϑ 1 = 1; 2; 3:::;

�
�
;!�; ;

!
�

�
� �! 7≅Χ 2?ϑ � 6= �: (22)

A7Ε6Χ Ε9:∆ ΑΧ6=:>:?2Χϑ 4≅?∆ΕΧΦ4Ε:≅? Η6 Α2Φ∆6 7≅Χ 2 >≅>6?Ε ≅ΦΧ ΑΧ≅≅7, 2?5
8:Γ6 Ε96 7≅==≅Η:?8

D%9−)3).− 7 A ΕΧ66 /9 ∋ 6∋8:/∋2 58∗+8/4− � 5, :.+ 9+: 5, ∋22 58∗+8+∗ 6∋/89 (1; �)
(1 = 1; 2; 3; :::; � 2 I!) =./). 9∋:/9Α+9:

(∀1) (1; �) � (2; �)) 1 � 2:

(∀2) F58 +∋). (1; �) ∋4∗ 1 � 2 � 1 :.+8+ +>/9:9 ∋ ;4/7;+ � 9;). :.∋: (1; �) �
(2; �) :

(∀3) (1; �) � (1 � 1; �) =) �
�
;!�; ;

!�1
�

�
< �!�1:

(∀4) �
�
;!�; ;

!�1
�

�
< (2B#)

�1
�!�1 =) (1; �) � (1 � 1; �) :

IΕ :∆ ?≅Ε Χ6∆ΕΧ:4Ε:Γ6 Ε≅ 2∆∆Φ>6

B# � 2; (23)

2∆ Η6 Η:== 5≅ :? Ε96 7≅==≅Η:?8; 96?46 Ε96 4≅?∆Ε2?Ε (2B#)
�1

2ΑΑ62Χ:?8 :? Ε96
56Λ?:Ε:≅? :∆ � 1.
)9:∆ 56Λ?:Ε:≅? :∆ Ε96 ∆2>6 8:Γ6? :? 0161, 6Ι46ΑΕ 7≅Χ Ε96 Χ6∆ΕΧ:4Ε:≅? Ε92Ε ≅ΦΧ

:?Ε686Χ∆ 1; 2 2Χ6 Α≅∆:Ε:Γ6. #≅Χ6≅Γ6Χ, ≅ΦΧ ΕΧ66 2=∆≅ 56Α6?5∆ ≅? 3 (Ε9Χ≅Φ89 Ε96
Α≅:?Ε∆ ;!�). A∆ ΑΧ≅Γ65 :? 016, ∀6>>2 131, :.+8+ +>/9:9 ∋: 2+∋9: 54+ :8++ (7≅Χ 6249
:?Ε686Χ 3). A4ΕΦ2==ϑ, Ε96 ∆2>6 ΑΧ≅≅7 2ΑΑ=:6∆ :? Γ:6Η ≅7 (21), (22).
A∆ :? 0161, Η6 42? ?≅Η 56Λ?6 Ε96 5ϑ25:4 4Φ36∆:

D%9−)3).− 8 F58 ∋ Α>+∗ /4:+−+8 3, Α> ∋ :8++, ∋4∗ 2+: )0 2 (0; 1) (+ ∋ 93∋22
)549:∋4: :5 (+ ∗+:+83/4+∗. F58 1 = 1; 2; 3; :::; � 2 I!; 9+:

!!� =
[

(∀;�)�(!;�)

B
�
;∀� ; )0�

∀
�
: (24)

P1..& .&  (%.1%, 6, 2%#.−∃ /!13. Bϑ 56Λ?:Ε:≅?, 6249 !!� :∆ 2? ≅Α6? ∆6Ε
2?5 (2) 9≅=5∆. (:?46

B
�
;∀� ; )0�

∀
�
� B

�
;∀� ; )0�

�

Η6 92Γ6
!!� �

[

(∀;�)�(!;�)

B
�
;∀� ; )0�

�
:

(:?46 ;∀� 2
1[

!=1

E! � 
#+1; 49≅≅∆:?8 )0 ∆Φ49 Ε92Ε

)0� < "#+1 (25)
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Η6 Χ625 Ε92Ε !!� � 
#+2: ∀6Ε : 2 !
!
� 2?5 ;

∀
� ∆Φ49 Ε92Ε �

�
:; ;∀�

�
< )0�:Bϑ (17),

Ε96Χ6 6Ι:∆Ε∆ 9 2 
# ∆Φ49 Ε92Ε �
�
9; ;∀�

�
< 2�B#+2; 96?46

� (9; :) � B#+2
�
�
�
9; ;∀�

�
+ �

�
:; ;∀�

��
� B#+2 (2�B#+2 + )0�)

∆≅ Η6 42? 4≅?4=Φ56 Ε92Ε : 2 
#+1 ΑΧ≅Γ:565

�
�
2B2#+2 + )0B#+2

�
< 2"#: (26)

IΕ :∆ ?≅Η Φ∆67Φ= Ε≅ 49≅≅∆6 )0 = �; Ε9:∆ :>Α=:6∆ Ε92Ε 2== Ε96 4≅?5:Ε:≅?∆ Η6 Η:== ΗΧ:Ε6
≅? )0 2?5 � ∆:>Α=ϑ 2∆< Ε92Ε � 36 ∆>2== 6?≅Φ89 :? Ε6Χ>∆ ≅7 Ε96 4≅?∆Ε2?Ε∆ "#; B#,
∆≅ Ε92Ε 2== Ε96∆6 4≅?5:Ε:≅?∆ 42? 36 9/3;2:∋4+5;92? ∆2Ε:∆Λ65. ∃6Γ6ΧΕ96=6∆∆, Η6
Η:== <66Α Φ∆:?8 3≅Ε9 Ε96 ∆ϑ>3≅=∆ )0 2?5 �; Ε≅ ∆ΕΧ6∆∆ Ε96 5:Σ6Χ6?Ε Χ≅=6∆ ≅7 Ε96∆6
4≅?∆Ε2?Ε∆.
∗?56Χ 2∆∆Φ>ΑΕ:≅?∆ (25)-(26), Η6 4≅?4=Φ56 !!� � 
#+1; Ε92Ε :∆ (3) 9≅=5∆.
FΧ≅> Ε96 56Λ?:Ε:≅? (24) Η6 2=∆≅ 92Γ6 Ε96 >≅?≅Ε≅?:4:Εϑ ≅7 5ϑ25:4 4Φ36∆:

(2; �) � (1; �) =) !∀� � !!�: (27)

Bϑ ()2) 2?5 (27) Η6 :>>65:2Ε6=ϑ 92Γ6 (4).
A∆ :? 016, (3.13)1 Η6 42? ΑΧ≅Γ6 Ε92Ε

(2; �) � (1; �) =) �
�
;∀� ; ;

!
�

�
� 2B#+1�

! (28)

ΑΧ≅Γ:565
� < (2B#)

�1
: (29)

)9:∆ :>Α=:6∆ (5) ∆:?46, 7≅Χ 2?ϑ 9; : 2 !!�; 9 2 B
�
;∀� ; )0�

∀
�
; : 2 B

�
;h ; )0�

h
�
7≅Χ

∆≅>6 (2; �) � (1; �) ; (.; ) � (1; �) Η6 42? ΗΧ:Ε6

� (9; :) � B#+1
�
�
�
9; ;∀�

�
+ �

�
:; ;∀�

��

� B#+1
�
)0�

∀ +B#+1
�
�
�
:; ;h

�
+ �

�
;∀� ; ;

h


���

� B#+1
�
)0�

∀ +B#+1
�
)0�

h +B#+1
�
�
�
;∀� ; ;

!
�

�
+ �

�
;!�; ;

h


����

� B#+1
�
)0�

∀ +B#+1
�
)0�

h +B#+1
�
2B#+1�

! + 2B#+1�
!
���

Η96Χ6 Ε96 =2∆Ε :?6ΒΦ2=:Εϑ 7≅==≅Η∆ 3ϑ (28). (:?46 2; . � 1 Ε9:∆ :>Α=:6∆ (∆:?46
)0 < 1)

� (9; :) � �!
�
B#+1 +B

2
#+1 + 4B

4
#+1

�

Η9:49 8:Γ6∆ (5) Η:Ε9
+1 = 7B

4
#+1: (30)

∃≅Ε6 Ε92Ε Η:Ε9 Ε9:∆ 49≅:46 ≅7 +1 Η6 2=∆≅ 92Γ6 !!� � B
�
;!�; +1�

!
�
:

I? ≅Χ56Χ Ε≅ ΑΧ≅Γ6 (6), Η6 42? ?≅Η ΑΧ≅4665 ΑΧ≅Γ:?8, 2∆ 016, ∀6>>2 151:

I7 !!� \!
!
� 6= ; Ε96? � = �: (31)
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I?5665, Ε96 ∆2>6 ΑΧ≅≅7 ≅7 016, ∀6>>2 151 2ΑΑ=:6∆, :? Γ:6Η ≅7 (28), (3), (22).
#≅Χ6 ΑΧ64:∆6=ϑ, (31) 9≅=5∆ ΑΧ≅Γ:565 Η6 49≅≅∆6 )0 2?5 � ∆>2== 6?≅Φ89 ∆≅ Ε92Ε

� + )0 < (2B#+1)
�3
: (32)

,:Ε9 (31) :? 92?5 =6Ε Φ∆ ∆9≅Η Ε92Ε (6) 9≅=5∆. ∀6Ε 2 � 1 � 1; !`� \ !
!
� 6= ;;

2?5 49≅≅∆6  ∆Φ49 Ε92Ε (2; �) � (1; ) (Ε9:∆ :∆ Α≅∆∆:3=6 3ϑ ()2)); Ε96? !∀� � !!
Η9:49, Ε≅86Ε96Χ Η:Ε9 !`� \ !

!
� 6= ; :>Α=:6∆ !

!
� \ !

!
 6= ;: Bϑ (31) Ε96? � = ;

Ε92Ε :∆ !∀� � !!� Η9:49 8:Γ6∆ (6).
∀6Ε Φ∆ 4≅>6 Ε≅ Ε96 ΑΧ≅≅7 ≅7 (7). F:Ι 1 � 1 2?5 =6Ε

F! =
[

�2Ik

!!�:

F:Ι 9 2 
# = E1; ∆:?46 E1 � E2 � E3 � :::; 3ϑ (20),

8. � 1 9;h� ∆Φ49 Ε92Ε �
�
9; ;h�

�
< �h: (33)

Bϑ (3), 7≅Χ 2?ϑ . � 1 Η6 92Γ6

B
�
;h�; )0�

h
�
� !h�:

Bϑ (4) Ε96Χ6 6Ι:∆Ε∆ !!� � !h�; 96?46

B
�
;h�; )0�

h
�
� !h� � !!� � F! � 
#+1: (34)

Bϑ Ε96 ΕΧ:2?8=6 :?6ΒΦ2=:Εϑ,

B
�
;h�; )0�

h
�
� B

�
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� (F ) � � (B (9; 0#∀)) � +B (9;∀)
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)96 4ΦΕ≅Σ 7Φ?4Ε:≅? � 36=≅?8∆ Ε≅ Ε96 ∆Α246 C�0 (
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∀.+ )549:∋4: + ∗+6+4∗9 54 �; 3;∀; :.+ )549:∋4:9 /4<52<+∗ /4 :.+ ∋99;36:/549

54 K; ∋4∗ :.+ C 4583 5, e.:

P1..&. Bϑ )96≅Χ6> 15 Ε96Χ6 6Ι:∆Ε∆ 2 ∆Α246 ≅7 9≅>≅86?6≅Φ∆ ΕϑΑ6 F ∆Φ49 Ε92Ε

B (9;∀) ∀ E � F � 
#+1
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2?5 Ε96 5≅Φ3=:?8 4≅?∆Ε2?Ε ≅7 F ≅?=ϑ 56Α6?5∆ ≅? 3: Bϑ ≅ΦΧ 2∆∆Φ>ΑΕ:≅?∆ ≅? K
2?5 &Χ≅Α≅∆:Ε:≅? 19, Ε96 ≅Α6Χ2Ε≅Χ ∃ ∆2Ε:∆Λ6∆ 2== Ε96 2∆∆Φ>ΑΕ:≅?∆ ≅7 )96≅Χ6> 41
(23≅ΦΕ ∆:?8Φ=2Χ :?Ε68Χ2=∆ :? ∆Α246∆ ≅7 9≅>≅86?6≅Φ∆ ΕϑΑ6), ∆≅ Ε92Ε

!∃−!Lp(B(∗;R)) � !∃−!Lp(F ) � + !−!Lp(F )

Η:Ε9 + 56Α6?5:?8 ≅? 4; 3 2?5 Ε96 4≅?∆Ε2?Ε∆ :?Γ≅=Γ65 :? Ε96 2∆∆Φ>ΑΕ:≅?∆ 23≅ΦΕ
K. AΑΑ=ϑ:?8 Ε96 :?6ΒΦ2=:Εϑ Ε≅ − 2 L% (B (9;∀)) (92Γ:?8 ∆6Ε − = 0 ≅ΦΕ∆:56 Ε9:∆
32==), Η6 86Ε

!∃−!Lp(B(∗;R)) � + !−!Lp(B(∗;R)) :

)96 ∆2>6 2Χ8Φ>6?Ε 8:Γ6∆ Ε96 Η62< 1-1 6∆Ε:>2Ε6 7≅Χ ∃ .
F≅Χ Ε96 C� 42∆6 2 ∆:>:=2Χ 2Χ8Φ>6?Ε 2ΑΑ=:6∆; Η6 ?≅Η 2ΑΑ=ϑ )96≅Χ6> 42 2?5

86Ε
!∃−!C�(F ) � + !−!C�(F )

Η:Ε9 + 56Α6?5:?8 ≅? �; 3; Ε96 4≅?∆Ε2?Ε∆ :?Γ≅=Γ65 :? Ε96 2∆∆Φ>ΑΕ:≅?∆ 23≅ΦΕ K;
Ε96 C ?≅Χ> ≅7 e.; 2?5 2=∆≅ 5:2>F , Ε92Ε :∆ ∀. #≅Χ6≅Γ6Χ, B (9;∀) � F 96?46

!∃−!C�(B(∗;R)) � !∃−!C�(F) = !∃−!C�(F ) � + !−!C�(F ) :

A 5:Σ6Χ6?46 Η:Ε9 Ε96 L% 42∆6 :∆ Ε92Ε ?≅Η Η6 42??≅Ε ∆6Ε − = 0 ≅ΦΕ∆:56 Ε96 32==
B (9;∀) ΑΧ6∆6ΧΓ:?8 :Ε∆ HΨ=56Χ 4≅?Ε:?Φ:Εϑ, Ε96Χ67≅Χ6 Η6 42? ;Φ∆Ε ΗΧ:Ε6

!∃−!C�(B(∗;R)) � + !−!C�(B(∗;HR))

∆:?46, 7≅Χ ∆≅>6 H > 1 :?56Α6?56?Ε ≅7 ∀, Η6 92Γ6 F � B (9;H∀), 2∆ ∆66? :? Ε96
ΑΧ≅≅7 ≅7 )96≅Χ6> 15.

R%,!1∗ 22 (E23),!3%2 &.1 C�0 &4−#3).−2) I4 :.+ ∋662/)∋:/549 5, :./9 :.+-
58? :5 25)∋2 ∋ 68/58/ +9:/3∋:+9 ,58 PDE9, :.+ ,;4):/54 − /9 ;9;∋22? )536∋):2?
9;6658:+∗, 95 :.∋: =+ )∋4 ∋662? (55) :5 − 2 C�0 (B (9;∀)) ; −+::/4− :.+ 358+
∋66+∋2/4− /4+7;∋2/:?

!∃−!C�(B(∗;R)) � + !−!C�(B(∗;R)) :

M58+5<+8, ∋662?/4− :./9 /4+7;∋2/:? :5 ,;4):/549 − 2 C�0 (B (9; 6)) =/:. 6 < ∀ =+
)∋4 −+: ∋ ∋ (5;4∗

!∃−!C�(B(∗;∋)) � + !−!C�(B(∗;∋))

=/:. + ∗+6+4∗/4− 54 ∀ (;: 45: 54 6.

R%,!1∗ 23 (C(%#∗)−∋ !224,/3).− (54) ) A99;36:/54 (54) )∋4 (+ :.+ 359:
:85;(2+953+ :5 ).+)1 /4 )54)8+:+ ∋662/)∋:/549 (∋6∋8: ,853 )2∋99/)∋2 )∋9+9 /4 =./).
e. /9 ≅+85, 58 /9 )549:∋4:). I4 953+ ∋662/)∋:/549 :5 9;(+22/6:/) +7;∋:/549, :.+ 1+8-
4+2 eK(9; :) .∋66+49 :5 (+ ∋ 6+8:;8(∋:/54 5, ∋ 9/362+8 1+84+2 =./). .∋9 <∋4/9./4−
/4:+−8∋2 5<+8 96.+8/)∋2 9.+229; /4 :.+9+ )∋9+9, 54+ )∋4 685<+ :.∋: :.+ 2/3/:

lim
"!0

Z

�0(∗;+)>"

eK(9; :),�(:)
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+7;∋29 :5 :.+ /4:+−8∋2 5, ∋ 4549/4−;2∋8 1+84+2 9∋:/9,?/4− 9:∋4∗∋8∗ +9:/3∋:+9 (48)-
(49) ,58 953+ � > 0: I: /9 :.+4 .+26,;2 :5 8+)∋22 :.∋: 9;). ∋4 /4:+−8∋2 2=Η2ϑ∆
(+254−9 :5 ∋ HΗ2∗+8 96∋)+, ∋9 =/22 ,5225= ,853 ∀.+58+3 25, 9/4)+ /: )∋4 (+ 8+-
−∋8∗+∗ ∋9 ∃ (1), =.+8+ :.+ )549:∋4: 1 /9 HΗ2∗+8 )54:/4;5;9 ∋4∗ ∃ /9 ∋ ,8∋):/54∋2
/4:+−8∋2..

 (%.1%, 24 (L% � L& %23),!3% &.1 &1!#3).−!+ )−3%∋1!+2) L+: K; eK (+ ∋9
/4 A99;36:/54 (H7), =/:. K 9∋:/9,?/4− :.+ −85=:. )54∗/:/54

0 � K (9; :) �
+

� (B (9; � (9; :)))
1�� (56)

,58 953+ � 2 (0; 1) ; + > 0; ∋4? 9; : 2 B (9;∀0) ; 9 6= :: I,

I�− (9) =

Z

B(∗;R)

eK(9; :)− (:) ,�(:)

:.+4, ,58 ∋4? 4 2
�
1; 1

�

�
; 1
&
= 1

%
� � :.+8+ +>/9:9 + 9;). :.∋:

!I�−!Lq(B(∗;R)) � + !−!Lp(B(∗;R))

,58 ∋4? − 2 L% (B (9;∀)) :∀.+ )549:∋4: + ∗+6+4∗9 54 4; 3; ∋4∗ :.+ )549:∋4:9 5,
K /4<52<+∗ /4 :.+ ∋99;36:/549 ((;: 45: 54 ∀).

P1..&. )9:∆ Ε96≅Χ6> 7≅==≅Η∆ 7Χ≅> Ε96 2?2=≅8 Χ6∆Φ=Ε Η9:49 9≅=5∆ :? ∆Α246∆ ≅7
9≅>≅86?6≅Φ∆ ΕϑΑ6, Ε92Ε :∆ )96≅Χ6> 43, 3ϑ 2 ∆:>:=2Χ 2Χ8Φ>6?Ε Ε≅ Ε92Ε Φ∆65 :?
Ε96 ΑΧ≅≅7 ≅7 )96≅Χ6> 21.
)96 2?2=≅8 C� 6∆Ε:>2Ε6 7≅Χ 7Χ24Ε:≅?2= :?Ε68Χ2=∆ :∆ 36ΕΕ6Χ ∆Ε2Ε65 Φ?56Χ ∆=:89Ε=ϑ

5:Σ6Χ6?Ε 2∆∆Φ>ΑΕ:≅?∆ ≅? Ε96 <6Χ?6=. I? Ε96 2ΑΑ=:42Ε:≅?∆ ≅7 Ε96 Ε96≅Χϑ Ε92Ε Η6
92Γ6 :? >:?5, Η96Χ6 Ε96 >62∆ΦΧ6 ≅7 2 32== :∆ 6ΒΦ:Γ2=6?Ε Ε≅ 2 ΛΙ65 Α≅Η6Χ ≅7 Ε96
Χ25:Φ∆, 3≅Ε9 Ε96 Ε96≅Χ6>∆ Η:== 36 2ΑΑ=:423=6.

 (%.1%, 25 (C� %23),!3% &.1 &1!#3).−!+ )−3%∋1!+2) L+: K; eK (+ ∋9 /4 A9-
9;36:/54 (H7), =/:. K 9∋:/9,?/4− (48) ∋4∗ (49) ,58 953+ � 2 (0; 1) ; � > 0. I,

I�− (9) =

Z

B(∗;R)

eK(9; :)− (:) ,�(:);

:.+4, ,58 ∋4? � < min (�; � ; �)

!I�−!C�(B(∗;R)) � + !−!C�(B(∗;HR)) :

∀.+ )549:∋4: + ∗+6+4∗9 54 �; 3;∀ ∋4∗ :.+ )549:∋4:9 5, K /4<52<+∗ /4 :.+ ∋9-
9;36:/549; :.+ 4;3(+8 H 542? ∗+6+4∗9 54 3.

∋62∆≅?:?8 2∆ :? ∋6>2Χ< 22, Η6 42? 2=∆≅ ∆2ϑ Ε92Ε 7≅Χ 7Φ?4Ε:≅?∆ − 2 C�0 (B (9; 6))
Η:Ε9 6 < ∀ Ε96 7≅==≅Η:?8 3≅Φ?5 9≅=5∆

!I�−!C�(B(∗;∋)) � + !−!C�(B(∗;∋))

Η:Ε9 + 56Α6?5:?8 ≅? ∀ 3ΦΕ ?≅Ε ≅? 6.
P1..&. )9:∆ Ε96≅Χ6> 7≅==≅Η∆ 7Χ≅> &Χ≅Α≅∆:Ε:≅? 19 2?5 Ε96 2?2=≅8 Χ6∆Φ=Ε Η9:49
9≅=5∆ :? ∆Α246∆ ≅7 9≅>≅86?6≅Φ∆ ΕϑΑ6, Ε92Ε :∆ )96≅Χ6> 44, 3ϑ 2? 2Χ8Φ>6?Ε
∆:>:=2Χ Ε≅ Ε92Ε Φ∆65 :? Ε96 ΑΧ≅≅7 ≅7 Ε96 C� 42∆6 :? )96≅Χ6> 21.
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6 L.#!+ !−∃ ∋+.∀!+ BMO !−∃ VMO 2/!#%2

∀6Ε (
; f
#g
1
#=1 ; �; �) 36 2 =≅42==ϑ 9≅>≅86?6≅Φ∆ ∆Α246.

D%9−)3).− 26 (L.#!+ BM !−∃ %M 2/!#%2) F58 ∋4? ,;4):/54 8 2 L1 (
#+1),
∋4∗ 6 > 0, =/:. 6 � "#; 9+:

��);
n;
n+1(6) = sup
(�∋

sup
∗02
n

1

� (B (90; 7))

Z

B(∗0;()

 8(9)� 8B  ,� (9) ;

=.+8+ 8B = �(B (90; 7))
�1
R
B(∗0;()

8. ∃+ 9∋? :.∋: 8 2 BM ∀∃c (
#;
#+1) /,

!8!BMOloc(
n;
n+1)
= sup

∋�"n

��);
n;
n+1 (6) <1:

∃+ 9∋? :.∋: 8 2 %M ∀∃c (
#;
#+1) /, 8 2 BM ∀∃c (
#;
#+1) ∋4∗

��);
n;
n+1(6)! 0 ∋9 6 ! 0:

∀.+ ,;4):/54 ��);
n;
n+1 =/22 (+ )∋22+∗ %M 25)∋2 35∗;2;9 5, 8 /4 (
#;
#+1).

∃≅Ε6 Ε92Ε :? Ε96 ΑΧ6Γ:≅Φ∆ 56Λ?:Ε:≅? Η6 :?Ε68Χ2Ε6 8 ≅Γ6Χ 32==∆ 46?Ε6Χ65 2Ε
Α≅:?Ε∆ ≅7 
# 2?5 6?4=≅∆65 :? 
#+1. )9:∆ :∆ 2 72:Χ=ϑ ?2ΕΦΧ2= 56Λ?:Ε:≅? :7 Η6 Η2?Ε
Ε≅ 2Γ≅:5 :?Ε68Χ2Ε:?8 ≅Γ6Χ Ε96 /4:+89+):/54 B (90; 7) \ 
#: ,6 Η:== ?665 2=∆≅ Ε96
7≅==≅Η:?8 ∆Ε2?52Χ5

D%9−)3).− 27 (BM !−∃ %M 2/!#%2 .5%1 ! (.,.∋%−%.42 2/!#%) L+:
# (+ ∋ 9;(9+: 5, 
 =./). /9 ∋ 96∋)+ 5, .535−+4+5;9 :?6+ (# )∋4 (+ ∋ 9/4−2+ );(+

!!�; 58 :.+ 9+: F (;/2: /4 ∀.+58+3 15, 58 :.+ =.52+
[

�2Ik

!!�). F58 ∋4? ,;4):/54

8 2 L1 (#) ∋4∗ 6 > 0; 9+:

�);S(6) = sup
(�∋

sup
∗02S

1

� (B (90; 7) \ #)

Z

B(∗0;()\S

 8(9)� 8B\S  ,� (9) ;

=.+8+ 8B\S = �(B (90; 7) \ #)
�1
R
B(∗0;()\S

8. ∃+ 9∋? :.∋: 8 2 BM (#) /,

!8!BMO(S) = sup
∋>0

�);S (6) <1:

∃+ 9∋? :.∋: 8 2 %M (#) /, 8 2 BM (#) ∋4∗ �);S(6) ! 0 ∋9 6 ! 0. ∀.+
,;4):/54 �);S =/22 (+ )∋22+∗ %M 35∗;2;9 5, 8 /4 #.

)96 Φ∆67Φ= =:?< 36ΕΗ66? Ε96 ΕΗ≅ ?≅Ε:≅?∆ ≅7 BM :∆ 4≅?Ε2:?65 :? Ε96 ?6ΙΕ
&Χ≅Α≅∆:Ε:≅?. H6Χ6 Η6 92Γ6 Ε≅ 4≅?∆:56Χ 72>:=:6∆ ≅7 5ϑ25:4 4Φ36∆ 252ΑΕ65 Ε≅
5:Σ6Χ6?Ε ∆6Ε∆ 
#; 96?46 Η6 ?665 Ε≅ 255 2? 6ΙΕΧ2 :?56Ι Ε≅ ≅ΦΧ ∆ϑ>3≅=∆.

P1./.2)3).− 28 F58 Α>+∗ 3 ∋4∗ 9 2 
#; 2+: B (9;∀) ; F (+ ∋9 /4 ∀.+58+3 15
(8+)∋22 :.∋: F � 
#+2). L+: − 2 BM ∀∃c (
#+2;
#+3) ; :.+4

!−!BMO(F ) � +��f;
n+2;
n+3 (+∀) � + !−!BMOloc(
n+2;
n+3)
(57)

,58 ∋ )549:∋4: + ∗+6+4∗/4− 54 3 (;: /4∗+6+4∗+4: 5, ∀. I4 6∋8:/);2∋8, −/<+4
− 2 %M ∀∃c (
#+2;
#+3) ; :.+ 4583 !−!BMO(F ) )∋4 (+ :∋1+4 ∋9 93∋22 ∋9 =+
=∋4:, ,58 Α>+∗ 3 ∋4∗ ∀ 93∋22 +45;−..
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P1..&. )96 ∆64≅?5 :?6ΒΦ2=:Εϑ 9≅=5∆ 3ϑ 56Λ?:Ε:≅?, ∆≅ =6Ε Φ∆ ΑΧ≅Γ6 Ε96 ΛΧ∆Ε. ,:Ε9

Ε96 ?≅Ε2Ε:≅? Φ∆65 :? Ε96 ΑΧ≅≅7 ≅7 )96≅Χ6> 15, =6Ε 9 2 F; Ε92Ε :∆ 9 2 !
(#+1);!
� 7≅Χ

∆≅>6 !
(#+1);!
� :?Ε6Χ∆64Ε:?8 B

�
;
(#);!
� ; .#�

!
(#)

�
: I? Α2ΧΕ:4Φ=2Χ, 9 2 
#+2: ∋642==

Ε92Ε �!+1(#) < ∀ � �!(#): ,6 Η2?Ε Ε≅ 3≅Φ?5, 7≅Χ 2?ϑ 6 > 0;

I �
1

� (B (9; 6) \ F )

Z

B(∗;∋)\F

 − (:)� + ,� (:)

Η:Ε9 + Ε≅ 36 49≅∆6? =2Ε6Χ. ∀6Ε Φ∆ 5:∆Ε:?8Φ:∆9 Ε96 42∆6∆:
(:) 6 � �!(#+1). )96?

� (B (9; 6) \ F ) � �
�
B (9; 6) \!

(#+1);!
�

�
� +0;(#+1)� (B (9; 6))

(∆66 (12)), 96?46 49≅≅∆:?8 + = −B(∗;∋)

I �
+

� (B (9; 6))

Z

B(∗;∋)

��− (:)� −B(∗;∋)
�� ,� (:)

� +��f;
n+2;
n+3

�
�!(#+1)

�
� +��f;
n+2;
n+3 (+#∀)

∆:?46 �(#+1) � �(#) 2?5 �
!+1
(#) < ∀:

(::) 6 > �!(#+1): )96?

� (B (9; 6) \ F ) � �
�
B (9; 6) \!

(#+1);!
�

�
� +0;(#+1)�

�
!
(#+1);!
�

�

(∆66 (12)), Η9:49 :? ΕΦΧ? :∆ 6ΒΦ:Γ2=6?Ε Ε≅ � (F ) 3642Φ∆6 Ε96 ΕΗ≅ ∆6Ε∆ 92Γ6 4≅>-
Α2Χ23=6 5:2>6Ε6Χ∆ 2?5 Ε96 ΛΧ∆Ε :∆ 4≅?Ε2:?65 :? Ε96 ∆64≅?5. H6Χ6 Η6 42? 2ΑΑ=ϑ
Ε96 =≅42= 5≅Φ3=:?8 4≅?5:Ε:≅? 7≅Χ 32==∆ ≅7 Χ25:Φ∆ ' �!(#+1) 46?Ε6Χ65 :? 
#+1 2?5
4≅?Ε2:?65 :? 
#+2: H6?46

I �
+

� (F )

Z

F

 − (:)� + ,� (:) :

I? ΕΦΧ? (∆66 Ε96 =2∆Ε Α2ΧΕ ≅7 Ε96 ΑΧ≅≅7 ≅7 )96≅Χ6> 15), F � B (9; 0#∀) Η:Ε9
� (F ) 4≅>Α2Χ23=6 Ε≅ � (B (9; 0#∀)), Ε96Χ67≅Χ6 49≅≅∆:?8 + = −B(∗; nR) Η6 86Ε

I � +��f;
n+2;
n+3 (+#∀)

2?5 Η6 2Χ6 5≅?6.

7 C.,,43!3.12 .& +.#!+ 2)−∋4+!1 !−∃ &1!#3).−!+

)−3%∋1!+2 6)3( BMO &4−#3).−2

 (%.1%, 29 (C.,,43!3.12 .& +.#!+ 2)−∋4+!1 )−3%∋1!+2) L+: K; eK (+ ∋9
/4 A99;36:/54 (H7), =/:. K 9∋:/9,?/4− :.+ 9:∋4∗∋8∗ +9:/3∋:+9 (/) =/:. � = 0;
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:.+ )∋4)+22∋:/54 6856+8:? (//) ∋4∗ :.+ )54<+8−+4)+ )54∗/:/54 (///) (9++ P85659/:/54
19). I,

∃− (9) = lim
"!0

Z

B(∗;R);�0(∗;+)>"

eK(9; :)− (:) ,�(:)

∋4∗, ,58 ) 2 BM ∀∃c (
#+2;
#+3) ; =+ 9+:

Ca− (9) = ∃ ()−) (9)� ) (9)∃− (9) ;

:.+4 ,58 ∋4? 4 2 (1;1) :.+8+ +>/9:9 + > 0 9;). :.∋:

!Ca−!Lp(B(∗;R)) � + !)!BMOloc(
n+2;
n+3)
!−!Lp(B(∗;R)) :

M58+5<+8, /, ) 2 %M ∀∃c (
#+2;
#+3) ,58 ∋4? " > 0 :.+8+ +>/9:9 6 > 0 9;).
:.∋: ,58 ∋4? − 2 L% (B (9; 6)) =+ .∋<+

!Ca−!Lp(B(∗;∋)) � " !−!Lp(B(∗;∋)) :

∀.+ )549:∋4: + ∗+6+4∗9 54 4; 3 ∋4∗ :.+ )549:∋4:9 5, K /4<52<+∗ /4 :.+ ∋99;36-
:/549 ((;: 45: 54 ∀); :.+ )549:∋4: 6 ∋295 ∗+6+4∗9 54 :.+ %M ∀∃c (
#+2;
#+3)
35∗;2;9 5, ).

P1..&. &Χ≅4665:?8 =:<6 :? Ε96 ΑΧ≅≅7 ≅7 )96≅Χ6> 21, 2?5 Η:Ε9 Ε96 ∆2>6 >62?:?8
≅7 Ε96 ∆ϑ>3≅=∆, Η6 ΑΧ≅Γ6, 2ΑΑ=ϑ:?8 )96≅Χ6>∆ 45 2?5 41 Η9:49 9≅=5 :? ∆Α246∆ ≅7
9≅>≅86?6≅Φ∆ ΕϑΑ6, Ε92Ε

!Ca−!Lp(F ) � + !)!BMO(F ) !−!Lp(F )

7≅Χ ∆≅>6 4≅?∆Ε2?Ε + 56Α6?5:?8 ≅? 4; 3 2?5 Ε96 4≅?∆Ε2?Ε∆ :?Γ≅=Γ65 :? Ε96 2∆-
∆Φ>ΑΕ:≅?∆ ≅? K (3ΦΕ ?≅Ε ≅? ∀); :? ΕΦΧ?, 3ϑ &Χ≅Α≅∆:Ε:≅? 28 Ε96 =2∆Ε ΒΦ2?Ε:Εϑ :∆
3≅Φ?565 3ϑ

+ !)!BMOloc(
n+2;
n+3)
!−!Lp(F ) :

∋62∆≅?:?8 ≅? Ε96 ∆ΦΑΑ≅ΧΕ ≅7 − Η6 86Ε, =:<6 :? Ε96 ΑΧ≅≅7 ≅7 )96≅Χ6> 21,

!Ca−!Lp(B(∗;R)) � + !)!BMOloc(
n+2;
n+3)
!−!Lp(B(∗;R)) :

)≅ ΑΧ≅Γ6 Ε96 ∆64≅?5 2∆∆6ΧΕ:≅?, Η6 ?≅Η ≅3∆6ΧΓ6 Ε92Ε :7 Η6 2ΑΑ=ϑ Ε96 L% 4≅?Ε:?Φ:Εϑ
6∆Ε:>2Ε6

!∃−!Lp(B(∗;R)) � + !−!Lp(B(∗;R)) (58)

Ε≅ 7Φ?4Ε:≅?∆ − 2 L% (B (9; 6)) 7≅Χ 2?ϑ 6 < ∀; Η6 Λ?5

!∃−!Lp(B(∗;∋)) � + !−!Lp(B(∗;∋)) (59)

∆≅ Ε92Ε Ε96 ∆2>6 ≅Α6Χ2Ε≅Χ ∃ :∆ 4≅?Ε:?Φ≅Φ∆ ≅? L% (B (9; 6)) ; 7≅Χ 2?ϑ 6 < ∀;
Η:Ε9 2 4≅?∆Ε2?Ε :?56Α6?56?Ε ≅7 6. (∋642== Ε92Ε Ε96 ?Φ>36Χ ∀ :∆ :?Γ≅=Γ65 :? Ε96
56Λ?:Ε:≅? ≅7 ∃ (Ε9Χ≅Φ89 Ε96 4ΦΕ≅Σ 7Φ?4Ε:≅?∆), ∆≅ Ε92Ε (59) :∆ ?≅Ε Ε96 ∆2>6 2∆
Ο(58) 7≅Χ ∀ ∆>2==Π).
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)2<6 6 ∆≅ ∆>2== Ε92Ε 7≅Χ 9; : 2 B (9; 6) Η6 92Γ6 eK (9; :) = K (9; :) : )96? Ε96

<6Χ?6= eK ∆2Ε:∆Λ6∆ :? B (9; 6) 2∆∆Φ>ΑΕ:≅?∆ (:) :? &Χ≅Α≅∆:Ε:≅? 19, Η:Ε9 4≅?∆Ε2?Ε∆
:?56Α6?56?Ε ≅7 6. ,6 42? Ε96Χ67≅Χ6 2ΑΑ=ϑ 282:? Ε96 4≅>>ΦΕ2Ε≅Χ Ε96≅Χ6> ≅?
∆Α246∆ ≅7 9≅>≅86?6≅Φ∆ ΕϑΑ6 ()96≅Χ6> 45) Ε≅ Ε96 ≅Α6Χ2Ε≅Χ ∃ ≅? Ε96 ∆Α246 F 0

3Φ:=Ε 2∆ :? )96≅Χ6> 15 Η:Ε9 F 0 6∆∆6?Ε:2==ϑ 4≅?Ε2:?:?8 B (9; 6) 2?5 2?5 4≅>Α2-
Χ23=6 Η:Ε9 :Ε, 4≅?4=Φ5:?8 Ε92Ε, 7≅Χ 2?ϑ − 2 L% (B (9; 6)) ;

!Ca−!Lp(B(∗;∋)) � !Ca−!Lp(F 0) � + !)!BMO(F 0) !−!Lp(F 0)

� +��a;
n+2;
n+3 (+#6) !−!Lp(B(∗;∋)) (60)

Η96Χ6 Η6 92Γ6 2ΑΑ=:65 282:? &Χ≅Α≅∆:Ε:≅? 28. (:?46 :? Ε96 =2∆Ε :?6ΒΦ2=:Εϑ Ε96
4≅?∆Ε2?Ε∆ +; +# 2Χ6 :?56Α6?56?Ε ≅7 6, :7 ) 2 %M ∀∃c (
#+2;
#+3) ; 7≅Χ 2?ϑ " > 0
Η6 42? Λ?5 6 ∆>2== 6?≅Φ89 ∆≅ Ε92Ε +��a;
n+2;
n+3 (+16) < "; 2?5 Η6 2Χ6 5≅?6.

 (%.1%, 30 (P.2)3)5% #.,,43!3.12 .& +.#!+ &1!#3).−!+ )−3%∋1!+2) L+: K; eK
(+ ∋9 /4 A99;36:/54 (H7), =/:. K 9∋:/9,?/4− :.+ −85=:. )54∗/:/54 (56) ,58 953+
� > 0: I,

I�− (9) =

Z

B(∗;R)

eK(9; :)− (:) ,�(:)

∋4∗, ,58 ) 2 BM ∀∃c (
#+2;
#+3), =+ 9+:

C�;a− (9) =

Z

B(∗;R)

eK(9; :)  ) (9)� ) (:) − (:) ,�(:) (61)

:.+4, ,58 ∋4? 4 2
�
1; 1

�

�
; 1
&
= 1

%
� � :.+8+ +>/9:9 + 9;). :.∋:

!C�;a−!Lq(B(∗;R)) � + !)!BMOloc(
n+2;
n+3)
!−!Lp(B(∗;R))

,58 ∋4? − 2 L% (B (9;∀)) :
M58+5<+8, /, ) 2 %M ∀∃c (
#+2;
#+3) ,58 ∋4? " > 0 :.+8+ +>/9:9 6 > 0 9;).

:.∋: ,58 ∋4? − 2 L% (B (9; 6)) =+ .∋<+

!C�;a−!Lq(B(∗;∋)) � " !−!Lp(B(∗;∋)) :

∀.+ )549:∋4: + ∗+6+4∗9 54 4; �; 3 ∋4∗ :.+ )549:∋4:9 /4<52<+∗ /4 :.+ ∋99;36:/549
54 K ((;: 45: 54 ∀); :.+ )549:∋4: 6 ∋295 ∗+6+4∗9 54 :.+ %M ∀∃c (
#+2;
#+3)
35∗;2;9 5, ).

P1..&. &Χ≅4665:?8 =:<6 :? Ε96 ΑΧ≅≅7 ≅7 )96≅Χ6> 29, 2?5 Η:Ε9 Ε96 ∆2>6 >62?:?8
≅7 Ε96 ∆ϑ>3≅=∆, 2ΑΑ=ϑ:?8 )96≅Χ6> 46 Η9:49 9≅=5∆ :? ∆Α246∆ ≅7 9≅>≅86?6≅Φ∆
ΕϑΑ6, Η6 86Ε Ε92Ε

!C�;a−!Lq(F ) � + !)!BMO(F ) !−!Lp(F )

� + !)!BMOloc(
n+2;
n+3)
!−!Lp(F )

7≅Χ 2?ϑ 4 2
�
1; 1

�

�
; 1
&
= 1

%
� �. ∀:<6 :? Ε96 ΑΧ≅≅7 ≅7 )96≅Χ6> 29, Η6 92Γ6

!C�;a−!Lq(B(∗;R)) � + !)!BMOloc(
n+2;
n+3)
!−!Lp(B(∗;R)) :
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7≅Χ 2?ϑ − 2 L% (B (9;∀)). )96 ∆2>6 2Χ8Φ>6?Ε :? Ε96 ΑΧ≅≅7 ≅7 )96≅Χ6> 29 2=∆≅
8:Γ6∆

!C�;a−!Lp(B(∗;∋)) � +��a;
n+2;
n+3 (+16) !−!Lq(B(∗;∋))

� " !−!Lq(B(∗;∋))

7≅Χ ) 2 %M ∀∃c (
#+2;
#+3) ; 2?5 6 ∆>2== 6?≅Φ89 ∆≅ Ε92Ε +�
�
a;
n+2;
n+3

(+16) <
"; ∆≅ Η6 2Χ6 5≅?6.

 (%.1%, 31 (P.2)3)5% #.,,43!3.12 .& −.−2)−∋4+!1 )−3%∋1!+2) L+: K; eK
(+ ∋9 /4 A99;36:/54 (H7), =/:. K 9∋:/9,?/4− )54∗/:/54 (49) =/:. � = 0: A99;3+
:.∋: :.+ 56+8∋:58

∃− (9) =

Z

B(∗;R)

eK(9; :)− (:) ,�(:)

/9 )54:/4;5;9 54 L% (B (9;∀)) ,58 ∋4? 4 2 (1;1). F58 ) 2 BM ∀∃c (
#+2;
#+3) ;
9+:

Ca− (9) =

Z

B(∗;R)

eK(9; :)  ) (9)� ) (:) − (:) ,�(:); (62)

:.+4
!Ca−!Lp(B(∗;R)) � + !)!BMOloc(
n+2;
n+3)

!−!Lp(B(∗;R))

,58 ∋4? − 2 L% (B (9;∀)) ; 4 2 (1;1).
M58+5<+8, /, ) 2 %M ∀∃c (
#+2;
#+3) ,58 ∋4? " > 0 :.+8+ +>/9:9 6 > 0 9;).

:.∋: ,58 ∋4? − 2 L% (B (9; 6)) =+ .∋<+

!Ca−!Lp(B(∗;∋)) � " !−!Lp(B(∗;∋)) :

∀.+ )549:∋4: + ∗+6+4∗9 54 3; :.+ )549:∋4:9 /4<52<+∗ /4 :.+ ∋99;36:/549 54 K;
∋4∗ :.+ L%-L% 4583 5, :.+ 56+8∋:58 ∃ ((;: 45: +>62/)/:2? 54 ∀); :.+ )549:∋4: 6
∋295 ∗+6+4∗9 54 :.+ %M ∀∃c (
#+2;
#+3) 35∗;2;9 5, ).

P1..&. )96 ΑΧ≅≅7 :∆ Γ6Χϑ ∆:>:=2Χ Ε≅ Ε92Ε ≅7 )96≅Χ6> 30. H6Χ6 Η6 ?665 Ε≅ 2ΑΑ=ϑ
)96≅Χ6> 47 Η9:49 9≅=5∆ :? ∆Α246∆ ≅7 9≅>≅86?6≅Φ∆ ΕϑΑ6.

R%,!1∗ 32 ∀.+ 68+9+4)+ 5, ∋4 ∋(952;:+ <∋2;+ /49/∗+ :.+ /4:+−8∋2 /4 (61) ∋4∗
(62) 3∋1+ :.+ )588+9654∗/4− )533;:∋:58 :.+58+39 358+ Β+>/(2+ :.∋4 :.+ ∋4∋-
25−;+ ,58 9/4−;2∋8 /4:+−8∋29. N∋3+2?, /, ∀.+58+3 30 58 31 ∋662/+9 :5 ∋ 1+84+2 K;
/: ∋295 ∋662/+9 :5 ∋4? 5:.+8 659/:/<+ 1+84+2 +7;/<∋2+4: :5 K; ∗/Φ+8+4:2? ,853 =.∋:
.∋66+49 ,58 9/4−;2∋8 /4:+−8∋29, ,58 =./). :.+ )∋4)+22∋:/54 6856+8:? /9 )8;)/∋2.

8 L.#!+ ,!7),!+ ./%1!3.12

I? Ε9:∆ ∆64Ε:≅? Η6 3Χ:6Μϑ 562= Η:Ε9 Ε96 =≅42= >2Ι:>2= ≅Α6Χ2Ε≅Χ :? =≅42==ϑ 9≅-
>≅86?6≅Φ∆ ∆Α246∆. )96 Χ6∆Φ=Ε :∆ ∆Φ3∆Ε2?Ε:2==ϑ 2=Χ625ϑ <?≅Η? (∆66 7≅Χ :?∆Ε2?46
0241), 3ΦΕ 7≅Χ Ε96 ∆2<6 ≅7 4≅>Α=6Ε6?6∆∆ Η6 ∆Ε2Ε6 :Ε 6ΙΑ=:4:Ε=ϑ Η:Ε9 Ε96 =2?8Φ286
2?5 ?≅Ε2Ε:≅? ≅7 Ε9:∆ Α2Α6Χ.
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D%9−)3).− 33 F/> 
#;
#+1 ∋4∗, ,58 ∋4? − 2 L
1 (
#+1) ∗+Α4+ :.+ =≅42= >2Ι-

:>2= 7Φ?4Ε:≅?

M
n;
n+1− (9) = sup
∋�∋n

1

� (B (9; 6))

Z

B(∗;∋)

 − (:) ,� (:) ,58 9 2 
#

=.+8+ 6# = 2"#=
�
2B# + 3B

2
#

�
; =/:. B# ∋9 /4 (7).

)96 7≅==≅Η:?8 +:Ε2=: 4≅Γ6Χ:?8 =6>>2 9≅=5∆, Η:Ε9 Ε96 Φ∆Φ2= ΑΧ≅≅7 (∆66 6.8.
019, C92Α. 31), Ε92?<∆ Ε≅ Ε96 724Ε Ε92Ε 3ϑ ≅ΦΧ Χ6∆ΕΧ:4Ε:≅? ≅? 9 2?5 6 Η6 42?
2ΑΑ=ϑ Ε96 =≅42= 5≅Φ3=:?8 4≅?5:Ε:≅? Ε≅ Ε96 :?Γ≅=Γ65 32==∆:

L%,,! 34 L+: E (+ ∋ 3+∋9;8∋(2+ 9;(9+: 5, 
# :.∋: /9 )5<+8+∗ (? :.+ ;4/54
5, ∋ ,∋3/2? 5, (∋229 B (9�; 6�) )+4:+8+∗ ∋: 65/4:9 5, 
# ∋4∗ =/:. 8∋∗// 6� � 6#:
∀.+4 54+ )∋4 9+2+): ∋ ∗/905/4: )5;4:∋(2+ 9;()522+):/54

�
B
�
9�j ; 6�j

�	1
 =1

95 :.∋:

E �
1[

 =1

B
�
9�j ;K6�j

�
=/:. K =

�
2B# + 3B

2
#

�
;

∋4∗, ,58 953+ )549:∋4: + ∗+6+4∗/4− 54 3;

1X

 =1

�
�
B
�
9�j ; 6�j

��
� +� (E) :

)96?, 282:? Χ6Α62Ε:?8 Ε96 ∆Ε2?52Χ5 ΑΧ≅≅7, ≅?6 42? 6∆Ε23=:∆9 Ε96 7≅==≅Η:?8:

 (%.1%, 35 L+: − (+ ∋ 3+∋9;8∋(2+ ,;4):/54 ∗+Α4+∗ 54 
#+1: ∀.+ ,5225=/4−
.52∗:
(∋) I, − 2 L% (
#+1) ,58 953+ 4 2 [1;1], :.+4 M
n;
n+1− /9 Α4/:+ ∋2359:

+<+8?=.+8+ /4 
#;
(() /, − 2 L1 (
#+1), :.+4 ,58 +<+8? 7 > 0,

�
��
9 2 
# :

�
M
n;
n+1−

�
(9) > 7

	�
�
+#
7

Z


n+1

 − (:) ,� (:) ;

()) /, − 2 L% (
#+1), 1 < 4 � 1, :.+4 M
n;
n+1− 2 L
% (
#) ∋4∗

M
n;
n+1−

Lp(
n)

� +#;% !−!Lp(
n+1) :

9 Q4!2)28,,%31)# 04!2)∃)23!−#%2

I? Ε9:∆ ∆64Ε:≅? Η6 Η2?Ε Ε≅ 6ΙΕ6?5 Ε96 >2:? Χ6∆Φ=Ε∆ ≅7 Ε96 ΑΧ6Γ:≅Φ∆ Ε96≅Χϑ Ε≅ Ε96
>≅Χ6 86?6Χ2= 42∆6 ≅7 2 ΒΦ2∆:∆ϑ>>6ΕΧ:4 �: ,6 ∆ΕΧ6∆∆ Ε96 724Ε Ε92Ε Ε96 Χ6∆Φ=Ε∆ Η6
2Χ6 8≅:?8 Ε≅ 6ΙΕ6?5 2Χ6 Ε9≅∆6 ≅7 (64Ε:≅?∆ 5 Ε≅ 8, 3ΦΕ ?≅Ε Ε96 4≅?∆ΕΧΦ4Ε:≅? ≅7
5ϑ25:4 4Φ36∆ ≅7 (64Ε:≅? 3.
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D%9−)3).− 36 (Q4!2)28,,%31)# +.#!++8 (.,.∋%−%.42 2/!#%) ∃+ 3∋1+ :.+
,5225=/4− ∋99;36:/549.
(K1) L+: 
 (+ ∋ 9+:, +4∗5=+∗ =/:. ∋ ,;4):/54 � : 
� 
 ! [0;1) 9;). :.∋:

,58 ∋4? 9; : 2 
 � (9; :) = 0, 9 = ::
F58 ∋4? 9 2 
; 6 > 0; 2+: ;9 ∗+Α4+ :.+ (∋22

B (9; 6) = f: 2 
 : � (9; :) < 6g

∋4∗ :.+ )5(∋22
B0 (9; 6) = f: 2 
 : � (:; 9) < 6g :

L+: ;9 ∗+Α4+ ∋ :56525−? /4 
 9∋?/4− :.∋: A � 
 /9 56+4 /, ,58 ∋4? 9 2 A :.+8+
+>/9:9 6 > 0 9;). :.∋: B (9; 6) � A. A295, =+ =/22 9∋? :.∋: E � 
 /9 (5;4∗+∗ /,
E /9 )54:∋/4+∗ /4 953+ (∋22. L+: ;9 ∋99;3+ :.∋::
(K2Χ) � (9; :) /9 ∋ )54:/4;5;9 ,;4):/54 5, 9 ,58 ∋4? Α>+∗ : 2 
 ∋4∗ ∋ )54-

:/4;5;9 ,;4):/54 5, : ,58 ∋4? Α>+∗ 9 2 
.
(H3) L+: � (+ ∋ 659/:/<+ 8+−;2∋8 B58+2 3+∋9;8+ /4 
:
(K4) A99;3+ :.+8+ +>/9:9 ∋4 /4)8+∋9/4− 9+7;+4)+ f
#g

1
#=1 5, (5;4∗+∗ 3+∋-

9;8∋(2+ 9;(9+:9 5, 
; 9;). :.∋::

1[

#=1


# = 


∋4∗ 9;). ,58, ∋4? 3 = 1; 2; 3; ::::
(/) :.+ )259;8+ 5, 
# /4 
 /9 )536∋):;
(//) :.+8+ +>/9:9 "# > 0 9;). :.∋:

f9 2 
 : � (9; :) < 2"# ,58 953+ : 2 
#g � 
#+1;

f9 2 
 : � (:; 9) < 2"# ,58 953+ : 2 
#g � 
#+1;

(K5) :.+8+ +>/9: A#; B# � 1 9;). :.∋: ,58 ∋4? 9; :; ; 2 
#

� (9; :) � A#� (:; 9) ;

� (9; :) � B# (� (9; ;) + � (;; :)) ;

(H6) :.+8+ +>/9:9 C# > 1 9;). :.∋: ,58 ∋4? 9 2 
#; 0 < 6 � "# =+ .∋<+

0 < � (B (9; 26)) � C#� (B (9; 6)) <1:

(N5:+ :.∋: ,58 9 2 
# ∋4∗ 6 � "# =+ ∋295 .∋<+ B (9; 26) � 
#+1).
∃+ =/22 9∋? :.∋: (
; f
#g

1
#=1 ; �; �) /9 ∋ ΒΦ2∆:∆ϑ>>6ΕΧ:4 =≅42==ϑ 9≅>≅86?6≅Φ∆

∆Α246 /, ∋99;36:/549 (K1), (K2Χ), (H3), (K4), (K5), (H6) .52∗.

,:Ε9 2 ΑΧ≅≅7 Γ6Χϑ ∆:>:=2Χ Ε≅ Ε92Ε ≅7 &Χ≅Α≅∆:Ε:≅? 4 :? (64Ε:≅? 2 Η6 42? ΑΧ≅Γ6
Ε96 7≅==≅Η:?8:
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P1./.2)3).− 37 C54∗/:/54 (K2Χ) /9 +7;/<∋2+4: :5 :.+ <∋2/∗/:? 5, (5:. :.+ ,52-
25=/4−
(K2) (∋) :.+ (∋229 ∋4∗ )5(∋229 ∋8+ 56+4 =/:. 8+96+): :5 :./9 :56525−?;
(K2) (() ,58 ∋4? 9 2 
 ∋4∗ 6 > 0 :.+ )259;8+ 5, B (9; 6) /9 )54:∋/4+∗ /4

f: 2 
 : � (9; :) � 6g ∋4∗ :.+ )259;8+ 5, B0 (9; 6) /9 )54:∋/4+∗ /4 f: 2 
 : � (:; 9) � 6g :

IΕ :∆ 2=∆≅ :>>65:2Ε6 Ε≅ 4964< Ε96 7≅==≅Η:?8

P1./.2)3).− 38 I, (
; f
#g
1
#=1 ; �; �) /9 ∋ 7;∋9/9?33+:8/) 25)∋22? .535−+4+5;9

96∋)+ ∋4∗
�� (9; :) = � (9; :) + � (:; 9) ;

:.+4 (
; f
#g
1
#=1 ; �

�; �) /9 ∋ 25)∋22? .535−+4+5;9 96∋)+, ∋4∗ /:9 )549:∋4:9 )∋4
(+ (5;4∗+∗ /4 :+839 5, :.+ )549:∋4:9 5, (
; f
#g

1
#=1 ; �; �) :

,6 ?≅Η Η2?Ε Ε≅ 2ΑΑ=ϑ Ε96 Χ6∆Φ=Ε∆ Η6 92Γ6 ΑΧ≅Γ65 :? (64Ε:≅?∆ 5 Ε≅ 8 Ε≅ ∆9≅Η
Ε92Ε ∆:>:=2Χ Χ6∆Φ=Ε∆ 9≅=5 :? 2 ΒΦ2∆:∆ϑ>>6ΕΧ:4 =≅42==ϑ 9≅>≅86?6≅Φ∆ ∆Α246. ∀6Ε
Φ∆ 5:∆4Φ∆∆ :? 56Ε2:= ≅?6 ≅7 Ε96∆6 Χ6∆Φ=Ε∆, Ε96 ≅Ε96Χ∆ 36:?8 ∆:>:=2Χ.

 (%.1%, 39 (L% !−∃ C� %23),!3%2 &.1 2)−∋4+!1 )−3%∋1!+2) ∀.+58+3 21 9:/22
.52∗9 /, (
; f
#g

1
#=1 ; �; �) /9 ∋ 7;∋9/9?33+:8/) 25)∋22? .535−+4+5;9 96∋)+.

P1..&. )96 <6ϑ ≅3∆6ΧΓ2Ε:≅? :∆ Ε92Ε :7 Ε96 <6Χ?6= K ∆2Ε:∆Λ6∆ 4≅?5:Ε:≅?∆ (:), (::),
(:::) :? &Χ≅Α≅∆:Ε:≅? 19 Η:Ε9 Χ6∆Α64Ε Ε≅ �; :Ε 2=∆≅ ∆2Ε:∆Λ6∆ Ε96> Η:Ε9 Χ6∆Α64Ε Ε≅ 2?ϑ
6ΒΦ:Γ2=6?Ε 7Φ?4Ε:≅?, :? Α2ΧΕ:4Φ=2Χ Η:Ε9 Χ6∆Α64Ε Ε≅ ��; Ε9:∆ 7≅==≅Η∆ 3ϑ 2 ∆Ε2?52Χ5
4≅>ΑΦΕ2Ε:≅?, 2?5 :>Α=:6∆ Ε96 Γ2=:5:Εϑ ≅7 L% 6∆Ε:>2Ε6∆, 3ϑ )96≅Χ6> 21. A∆ Ε≅
C� 6∆Ε:>2Ε6∆, =6Ε Φ∆ ΛΧ∆Ε ?≅Ε6 Ε92Ε � 2?5 �� 56Λ?6 Ε96 ∆2>6 ∆Α246 C�; Η:Ε9
6ΒΦ:Γ2=6?Ε ?≅Χ>∆. #≅Χ6≅Γ6Χ, :7 K ∆2Ε:∆Λ6∆ Ε96 4≅?5:Ε:≅?

e. (9) � lim
"!0

Z

�0(∗;+)>"

eK(9; :),�(:) 2 C (
#+1)

7≅Χ ∆≅>6  > 0 2?5 ∆≅>6 �0 6ΒΦ:Γ2=6?Ε Ε≅ �; Ε9:∆ �0 :∆ 2=∆≅ 6ΒΦ:Γ2=6?Ε Ε≅ ��;
∆≅ e. ∆2Ε:∆Λ6∆ Ε96 HΨ=56Χ 4≅?Ε:?Φ:Εϑ 2∆∆Φ>ΑΕ:≅? Χ6ΒΦ:Χ65 3ϑ )96≅Χ6> 21, 96?46
HΨ=56Χ 6∆Ε:>2Ε6∆ 9≅=5.
A ∆:>:=2Χ 2Χ8Φ>6?Ε ∆9≅Η∆ Ε92Ε )96≅Χ6>∆ 24 2?5 25 ∆Ε:== 9≅=5∆ :7 (
; f
#g

1
#=1 ; �; �)

:∆ 2 ΒΦ2∆:∆ϑ>>6ΕΧ:4 =≅42==ϑ 9≅>≅86?6≅Φ∆ ∆Α246.
)≅ 562= Η:Ε9 4≅>>ΦΕ2Ε≅Χ∆ Η6 ΛΧ∆Ε ?665 Ε≅ >2<6 Ε96 7≅==≅Η:?8 Χ6>2Χ< 23≅ΦΕ

BM ∆Α246∆.
∀6Ε Φ∆ 56?≅Ε6 3ϑ B∋; eB∋ Ε96 32==∆ Η:Ε9 Χ6∆Α64Ε Ε≅ 2?ϑ ΕΗ≅ 6ΒΦ:Γ2=6?Ε 7Φ?4Ε:≅?∆

�; e� ∆2Ε:∆7ϑ:?8 Ε96 2Ι:≅>∆ ≅7 ΒΦ2∆:∆ϑ>>6ΕΧ:4 =≅42==ϑ 5≅Φ3=:?8 ∆Α246∆. )96? 7≅Χ
2?ϑ 90 2 
#; 6 � "#; 2?ϑ � 2 R; Η6 42? ΗΧ:Ε6, 3ϑ Ε96 6ΒΦ:Γ2=6?46 ≅7 �; e�

1

 B∋ (90) 

Z

Br(∗0)

 8 (9)� �  ,� (9) �
1��� eBc1∋ (90)

���

Z

eBc2r
(∗0)

 8 (9)� �  ,� (9)

3ϑ Ε96 =≅42= 5≅Φ3=:?8 4≅?5:Ε:≅?

�
+3��� eBc2∋ (90)

���

Z

eBc2r(∗0)

 8 (9)� �  ,� (9) :
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C9≅≅∆:?8 � = 1

 eBc2r
(∗0) 

R
eBc2r

(∗0)
8 (9) ,� (9) 2?5 Χ642==:?8 Ε92Ε 7≅Χ 2?ϑ � Η6

92Γ6

1

 B∋ (90) 

Z

Br(∗0)

��8 (9)� 8Br(∗0)

�� ,� (9) � 2 � 1

 B∋ (90) 

Z

Br(∗0)

 8 (9)� �  ,� (9)

Η6 86Ε Ε96 6ΒΦ:Γ2=6?46 36ΕΗ66? Ε96 ?≅Χ>∆ !8!BMOloc(
n;
n+1)
Η:Ε9 Χ6∆Α64Ε Ε≅

� 2?5 e�; 2?5 2? 2?2=≅8≅Φ∆ 6ΒΦ:Γ2=6?46 36ΕΗ66? %M ∀∃c >≅5Φ=:. AΑΑ=ϑ:?8
Ε9:∆ 2Χ8Φ>6?Ε Ε≅ Ε96 ΒΦ2∆:∆ϑ>>6ΕΧ:4 7Φ?4Ε:≅? � 2?5 :Ε∆ ∆ϑ>>6ΕΧ:Κ65 �� Η6
:>>65:2Ε6=ϑ 86Ε Ε92Ε 2=∆≅ Ε96 4≅>>ΦΕ2Ε≅Χ Ε96≅Χ6>∆ 29, 30, 31 ∆Ε:== 9≅=5 :7
(
; f
#g

1
#=1 ; �; �) :∆ 2 ΒΦ2∆:∆ϑ>>6ΕΧ:4 =≅42==ϑ 9≅>≅86?6≅Φ∆ ∆Α246.

F:?2==ϑ, Ε96 6ΙΕ6?∆:≅? ≅7 )96≅Χ6> 35 Ε≅ Ε96 ∆6ΕΕ:?8 ≅7 ΒΦ2∆:∆ϑ>>6ΕΧ:4 =≅42==ϑ
9≅>≅86?6≅Φ∆ ∆Α246∆ :∆ :>>65:2Ε6, ∆:?46 Ε96 >2Ι:>2= 7Φ?4Ε:≅?∆ 56Λ?65 Η:Ε9
Χ6∆Α64Ε Ε≅ 6ΒΦ:Γ2=6?Ε ΒΦ2∆:∆ϑ>>6ΕΧ:4 ΒΦ2∆:5:∆Ε2?46∆ 2Χ6 6ΒΦ:Γ2=6?Ε, 96?46 Ε96
Χ6∆Φ=Ε :? Ε96 ∆ϑ>>6ΕΧ:4 42∆6 :>Α=:6∆ Ε92Ε 7≅Χ Ε96 ΒΦ2∆:∆ϑ>>6ΕΧ:4 42∆6.

10 A//%−∃)7. K−.6− 1%24+32 &.1 2/!#%2 .& (.-

,.∋%−%.42 38/%

I? Ε9:∆ AΑΑ6?5:Ι Η6 4≅==64Ε 2== Ε96 Χ6∆Φ=Ε∆ 23≅ΦΕ ∆Α246∆ ≅7 9≅>≅86?6≅Φ∆ ΕϑΑ6
Η9:49 Η6 92Γ6 2ΑΑ=:65 Ε9Χ≅Φ89≅ΦΕ Ε96 Α2Α6Χ. ,6 ΛΧ∆Ε Χ642== Ε96 32∆:4

D%9−)3).− 40 L+: ∋ (+ ∋ 9+: +4∗5=+∗ =/:. ∋ ,;4):/54 � : ∋ � ∋ ! [0;1)
9;). :.∋: ,58 953+ )549:∋4: B � 1, ∋4? 9; :; ; 2 ∋:

� (9; :) = 0() 9 = :;
� (9; :) = � (:; 9) ;
� (9; :) � B (� (9; ;) + � (;; :)) :
A99;3+ :.∋: :.+ �-(∋229 ∋8+ 56+4 =/:. 8+96+): :5 :.+ :56525−? :.+? /4∗;)+.

L+: � (+ ∋ 659/:/<+ B58+2 3+∋9;8+ 54 ∋, 9∋:/9,?/4− :.+ ∗5;(2/4− )54∗/:/54

0 < � (B (9; 26)) � C� (B (9; 6)) <1

,58 ∋4? 9 2 ∋; 6 > 0: ∀.+4 =+ 9∋? :.∋: (∋; �; �) /9 ∋ 96∋)+ 5, .535−+4+5;9 :?6+.

D%/%−∃%−#% .& 3(% #.−23!−32. ,6 Η:== ∆2ϑ Ε92Ε ∆≅>6 4≅?∆Ε2?Ε 56Α6?5∆
≅? ∋ Ε≅ ∆2ϑ Ε92Ε :Ε 56Α6?5∆ ≅? Ε96 4≅?∆Ε2?Ε∆ B;C:

10.1 L
p !−∃ C� %23),!3%2 &.1 2)−∋4+!1 )−3%∋1!+2 .− 2/!#%2
.& (.,.∋%−%.42 38/%

 (%.1%, 41 (L% #.−3)−4)38 .& 2)−∋4+!1 )−3%∋1!+2) L+: (∋; �; �) (+ ∋ .5-
35−+4+5;9 96∋)+, � ∋ 8+−;2∋8 3+∋9;8+. L+: K : ∋ �∋∀ f9 = :g ! R ∋ 1+84+2
9∋:/9,?/4− :.+ ,5225=/4− )54∗/:/549:
:.+ 9:∋4∗∋8∗ +9:/3∋:+9 (48) =/:. � = 0, ,58 ∋4? 9; : 2 ∋, ∋4∗ (49), ,58 ∋4?

90; 9; : 2 ∋; =/:. � (90; :) �M� (90; 9) ;M > 1; � = 0; � > 0;
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:.+ )∋4)+22∋:/54 6856+8:?
�����

Z

∋��0(∗;+)�R

K (:; 9) ,� (:)

�����+
�����

Z

∋��0(∗;+)�R

K (9; :) ,� (:)

����� � C

,58 ∋4? ∀ > 6 > 0; 9 2 ∋; =.+8+ �0 /9 ∋4? 7;∋9/∗/9:∋4)+ +7;/<∋2+4: :5 �. L+: ∃"
(+ :.+ :8;4)∋:+∗ 56+8∋:58 ∗+Α4+∗ ∋9

∃"− =

Z

�0(∗;+)�"

K (9; :) − (:) ,� (:)

,58 ∋4? − 2 C�0 (∋) (=/:. � 93∋22 +45;−. 95 :.∋: C
�
0 (∋) /9 ∗+49+ /4 L% ,58

4 2 [1;1)). ∀.+4 ∃" )∋4 (+ +>:+4∗+∗ :5 ∋ 2/4+∋8 )54:/4;5;9 56+8∋:58 ,853 L%

/4:5 L% ,58 +<+8? 4 2 (1;1), ∋4∗

!∃"−!Lp � + !−!Lp

=.+8+ :.+ )549:∋4: + ∗+6+4∗9 54 ∋, 4 ∋4∗ ∋22 :.+ )549:∋4:9 /4<52<+∗ /4 :.+
∋99;36:/549, (;: 45: 54 ". M58+5<+8, /, ,58 ∋.+. 9 2 ∋ :.+8+ +>/9:9 :.+ 2/3/:

lim
"!0

Z

�0(∗;+)�"

K (9; :) ,� (:) ;

:.+4 :.+ ∋(5<+ L% +9:/3∋:+ .52∗9 ∋295 ,58 :.+ 56+8∋:58

∃− (9) = lim
"!0

Z

�0(∗;+)�"

K (9; :) − (:) ,� (:) :

F/4∋22?, :.+ 56+8∋:58 ∃ 9∋:/9Α+9 ∋ =+∋1 (1; 1)-+9:/3∋:+:

� (f9 2 ∋ :  ∃− (9) > 7g) �
+

7
!−!L1(X) :

)96 23≅Γ6 Χ6∆Φ=Ε 7≅==≅Η∆, 7≅Χ :?∆Ε2?46, 7Χ≅> Ε96 Χ6∆Φ=Ε∆ 4≅?Ε2:?65 :? 0161 2?5
0191; ∆66 2=∆≅ 08, )9>. 4.1, )9>. 4.51 Η96Χ6 Ε9:∆ Ε96≅Χ6> :∆ 6ΙΑ=:4:Ε=ϑ 56Χ:Γ65
7Χ≅> Ε96 27≅Χ6>6?Ε:≅?65 Χ6∆Φ=Ε∆.

 (%.1%, 42 (C� #.−3)−4)38 .& 2)−∋4+!1 )−3%∋1!+2) (!++ %5, ∀.3. 2.7&).
L+: (∋; �; �) (+ ∋ (5;4∗+∗ .535−+4+5;9 96∋)+, ∋4∗ 2+: K : ∋�∋∀ f9 = :g ! R

∋ 1+84+2 9∋:/9,?/4− :.+ ,5225=/4− )54∗/:/549:
:.+ 9:∋4∗∋8∗ +9:/3∋:+ (48) =/:. � = 0; ∋4? 9; : 2 ∋; ∋4∗ (49) =/:. � = 0,

,58 ∋4? 90; 9; : 2 ∋; =/:. � (90; :) �M� (90; 9) ;M > 1; � > 0;
:.+ )∋4)+22∋:/54 6856+8:?: ,58 ∋4? 6 > 0

�����

Z

�0(∗;+)�∋

K (:; 9) ,� (:)

�����+
�����

Z

�0(∗;+)�∋

K (9; :) ,� (:)

����� � C;

=.+8+ �0 /9 ∋4? 7;∋9/∗/9:∋4)+ 54 ∋, +7;/<∋2+4: :5 �. A99;3+ :.∋: ,58 +<+8?
− 2 C�(∋) ∋4∗ 9 2 ∋ :.+ ,5225=/4− 2/3/: +>/9:9:

∃− (9) = lim
"!0

∃"− (9) = lim
"!0

Z

�0(∗;+)�"

K (9; :) − (:) ,:
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∋4∗ ∃ (1) (9) 2 C�(∋), ,58 953+ � 2 (0; 1] ∀.+4 :.+ 56+8∋:58 ∃ /9 )54:/4;5;9
54 C�(∋); 358+ 68+)/9+2?:

 ∃−  C�(X) � + !−!C�(X) ,58 +<+8? � < �; � � �

,58 953+ )549:∋4: + ∗+6+4∗/4− 54 ∋;�; ∋4∗ ∋22 :.+ )549:∋4:9 /4<52<+∗ /4 :.+
∋99;36:/549 (8+)∋22 � /9 :.+ +>654+4: ∋66+∋8/4− /4 ∋99;36:/54 (49)). M58+5<+8,

!∃−!L1 � + !−!C�(X) ;

=.+8+ + ∋295 ∗+6+4∗/4− 54 ∗/∋3∋.

10.2 L
p !−∃ C� %23),!3%2 &.1 &1!#3).−!+ )−3%∋1!+2 .− 2/!#%2
.& (.,.∋%−%.42 38/%

 (%.1%, 43 (L% %23),!3% &.1 &1!#3).−!+ )−3%∋1!+2) L+: (∋; �; �) (+ ∋ 96∋)+
5, .535−+4+5;9 :?6+, ∋4∗ ,58 � 2 (0; 1) ; 2+:

0 � K� (9; :) �
C

� (B (9; � (9; :)))
1�� ,58 9 6= :;K� (9; 9) = 0

I�− (9) =

Z

X

K� (9; :) − (:) ,� (:)

,58 ∋4? 3+∋9;8∋(2+ − : ∋ ! R ,58 =./). :.+ /4:+−8∋2 3∋1+9 9+49+. ∀.+4, ,58
∋4? 4 2

�
1; 1

�

�
; 1
&
= 1

%
� � :.+8+ +>/9:9 ∋ )549:∋4: ∗+6+4∗/4− 54 ∋;�; 4 ∋4∗ :.+

)549:∋4: C /4 :.+ ∋99;36:/549 54 K�; 9;). :.∋:

!I�−!Lq(X) � + !−!Lp(X)

,58 ∋4? − 2 L% (∋) :

)96 23≅Γ6 Χ6∆Φ=Ε :∆ 5Φ6 Ε≅ G2ΕΕ≅-+28:, ∆66 0221, 0231.

 (%.1%, 44 (C� %23),!3% &.1 &1!#3).−!+ )−3%∋1!+2) (!++ %5, ∀.3 2.11&).
L+: (∋; �; �) (+ ∋ (5;4∗+∗ 96∋)+ 5, .535−+4+5;9 :?6+, ∋4∗ 2+: K (9; :) (+ ∋ 1+84+2
9∋:/9,?/4− ,58 953+ � 2 (0; 1) :.+ 9:∋4∗∋8∗ +9:/3∋:+9 (48) ,58 ∋4? 9; : 2 ∋, ∋4∗
(49), ,58 ∋4? 90; 9; : 2 ∋; =/:. � (90; :) �M� (90; 9) ;M > 1; � > 0; 2+:

I�− (9) =

Z

X

K� (9; :) − (:) ,� (:) :

∀.+4, ,58 ∋4? � < min (� ; �) =+ .∋<+

!I�−!C�(X) � + !−!C�(X) :

∀.+ )549:∋4: + ∗+6+4∗9 54 ∋;�;∗/∋3∋; ∋4∗ :.+ )549:∋4:9 /4<52<+∗ /4 :.+ ∋9-
9;36:/549 54 K:

)96 23≅Γ6 ΕΗ≅ Χ6∆Φ=Ε∆ 23≅ΦΕ 7Χ24Ε:≅?2= :?Ε68Χ2=∆ 2Χ6 ΑΧ≅Γ65 :? Ε96 ΒΦ≅Ε65
Α2Α6Χ∆ Φ?56Χ ∆≅>6 255:Ε:≅?2= 2∆∆Φ>ΑΕ:≅?∆ ≅? Ε96 ∆Α246 (6.8., Ε96 23∆6?46 ≅7
Ο2Ε≅>∆Π, Ε92Ε :∆ Α≅:?Ε∆ ≅7 Α≅∆:Ε:Γ6 >62∆ΦΧ6); 9≅Η6Γ6Χ, Ε96∆6 ∆Ε2Ε6>6?Ε∆ 42? 36
62∆:=ϑ ΑΧ≅Γ65 :? 7Φ== 86?6Χ2=:Εϑ.
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10.3 C.,,43!3.1 3(%.1%,2

)96 ≅Χ:8:?2= 4≅>>ΦΕ2Ε≅Χ Ε96≅Χ6> Η6 2Χ6 :?Ε6Χ6∆Ε65 :? :∆ Ε96 ≅?6 ΑΧ≅Γ65 3ϑ
C≅:7>2?-∋≅4936Χ8-,6:∆∆ 0181 7≅Χ 4=2∆∆:42= C2=56ΧΞ?-/ϑ8>Φ?5 ≅Α6Χ2Ε≅Χ∆. )96
6ΙΕ6?∆:≅? ≅7 Ε9:∆ Χ6∆Φ=Ε Ε≅ ∆Α246∆ ≅7 9≅>≅86?6≅Φ∆ ΕϑΑ6, 3≅Ε9 3≅Φ?565 2?5 Φ?-
3≅Φ?565, 92∆ 366? ΑΧ≅Γ65 :? 08, )9> 2.5, )9>. 3.11:

 (%.1%, 45 (C.,,43!3.12 .& 2)−∋4+!1 )−3%∋1!+2) L+: (∋; �; �) (+ ∋ .5-
35−+4+5;9 96∋)+ ∋4∗ 2+: ∋22 :.+ ∋99;36:/549 5, ∀.+58+3 41 (+ /4 ,58)+. L+:

∃− (9) = lim
"!0

Z

X;�0(∗;+)>"

K(9; :)− (:) ,�(:)

∋4∗, ,58 ) 2 BM (∋) 2+:

Ca− (9) = ∃ ()−) (9)� ) (9)∃− (9) :

∀.+4, ,58 ∋4? 4 2 (1;1)

!Ca−!Lp(X) � + !)!BMO(X) !−!Lp(X)

,58 953+ )549:∋4: + ∗+6+4∗/4− 54 ∋; 4; ∋4∗ :.+ )549:∋4:9 /4<52<+∗ /4 :.+ ∋9-
9;36:/549 54 K; (;: 45: 54 −; ):

∃6ΙΕ, =6Ε Φ∆ Χ642== Ε96 2?2=≅8 Χ6∆Φ=Ε∆ 7≅Χ 7Χ24Ε:≅?2= ≅Χ >≅Χ6 86?6Χ2= ΕϑΑ6 ≅7
?≅?∆:?8Φ=2Χ :?Ε68Χ2= ≅Α6Χ2Ε≅Χ∆. A <6ϑ Α≅:?Ε :? Ε96 7≅==≅Η:?8 Χ6∆Φ=Ε :∆ Ε96 ΑΧ6∆6?46
≅7 2? 23∆≅=ΦΕ6 Γ2=Φ6 :?∆:56 Ε96 :?Ε68Χ2=, Η9:49 :∆ 2==≅Η65 3ϑ Ε96 Α≅∆:Ε:Γ:Εϑ ≅7 Ε96
<6Χ?6=:

 (%.1%, 46 (C.,,43!3.12 .& &1!#3).−!+ )−3%∋1!+2) L+: (∋; �; �) (+ ∋ .5-
35−+4+5;9 96∋)+ ∋4∗ 2+: K�; I� (+ ∋9 /4 ∀.+58+3 43. F58 ∋4? ,;4):/54 ) 2
BM (∋) ; 2+:

Ca− (9) =

Z

X

K� (9; :)  ) (9)� ) (:) − (:) ,� (:)

(+ :.+ ∆659/:/<+ )533;:∋:58Ε5, I� =/:. ). ∀.+4 ,58 ∋4? 4 2
�
1; 1

�

�
; 1
&
= 1

%
� �

:.+8+ +>/9:9 + = + (∋;�; 4) 9;). :.∋:

!Ca−!Lq(X) � + !)!BMO(X) !−!Lp(X) :

)96 23≅Γ6 Ε96≅Χ6> 92∆ 366? ΛΧ∆Ε ΑΧ≅Γ65 :? 09, )9>. 2.111 Φ?56Χ 2? 6ΙΕΧ2
2∆∆Φ>ΑΕ:≅? ≅? Ε96 ∆Α246 (∋; �) 2?5 Ε96?, :? Ε9:∆ 7Φ== 86?6Χ2=:Εϑ, :? 01, )9>. 3.3,
)9>. 3.71.
A? 2?2=≅8 Χ6∆Φ=Ε 9≅=5∆ 7≅Χ 2?ϑ 23∆ΕΧ24Ε ≅Α6Χ2Ε≅Χ Η:Ε9 Α≅∆:Ε:Γ6 <6Χ?6=, Η9:49

Η6 2=Χ625ϑ <?≅Η Ε≅ 36 L% 4≅?Ε:?Φ≅Φ∆:
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 (%.1%, 47 (!++ %1, ∀.3. 0.1&). L+: (∋; �; �) (+ ∋ .535−+4+5;9 96∋)+ ∋4∗
K (9; :) (+ ∋ 4544+−∋:/<+ 1+84+2 9;). :.∋: :.+ 56+8∋:58

∃− (9) =

Z

Xnf∗g

K (9; :) − (:) ,� (:)

3∋69 L% (∋) /4:5 L% (∋) ,58 4 2 (1;1) : A295, ∋99;3+ K 9∋:/9Α+9 :.+ 9:∋4∗∋8∗
+9:/3∋:+ (49) ,58 � = 0; 953+ � > 0;M > 1, ∋4? 90; 9; : 2 ∋ =/:. �(90; :) >
M�(90; 9): F58 ) 2 BM (∋), 2+:

Ca− (9) =

Z

X

K (9; :)  ) (9)� ) (:) − (:) ,� (:) :

∀.+4 :.+8+ +>/9:9 + = + (∋; 4) 9;). :.∋:

!Ca−!Lp(X) � + !)!BMO(X) !−!Lp(X) :

R%&%1%−#%2

011 #. BΧ2>2?Ε:: C≅>>ΦΕ2Ε≅Χ∆ ≅7 :?Ε68Χ2= ≅Α6Χ2Ε≅Χ∆ Η:Ε9 Α≅∆:Ε:Γ6 <6Χ?6=∆. ∀6
#2Ε6>2Ε:496 (C2Ε2?:2) 49 (1994), ?≅. 1, 149-168 (1995).

021 #. BΧ2>2?Ε:: (:?8Φ=2Χ :?Ε68Χ2=∆ :? ?≅?9≅>≅86?6≅Φ∆ ∆Α246∆: L2 2?5 L%

4≅?Ε:?Φ:Εϑ 7Χ≅> HΨ=56Χ 6∆Ε:>2Ε6∆. ∋6Γ. #2Ε. I36Χ≅2>. 26 (2010), ?≅. 1,
347Θ366.

031 #. BΧ2>2?Ε:, ∀. BΧ2?5≅=:?:: L%-6∆Ε:>2Ε6∆ 7≅Χ ?≅?Γ2Χ:2Ε:≅?2= 9ϑΑ≅6==:ΑΕ:4
≅Α6Χ2Ε≅Χ∆ Η:Ε9 +#% 4≅6Ρ 4:6?Ε∆. )Χ2?∆. A>6Χ. #2Ε9. (≅4. 352 (2000), ?≅.
2, 781-822.

041 #. BΧ2>2?Ε:-∀. BΧ2?5≅=:?:: E∆Ε:>2Ε6∆ ≅7 B#% ΕϑΑ6 7≅Χ ∆:?8Φ=2Χ :?Ε68Χ2=∆
≅? ∆Α246∆ ≅7 9≅>≅86?6≅Φ∆ ΕϑΑ6 2?5 2ΑΑ=:42Ε:≅?∆ Ε≅ 9ϑΑ≅6==:ΑΕ:4 &DE(.
∋6Γ:∆Ε2 #2Ε6>2Ε:42 I36Χ≅2>6Χ:42?2, 21 (2005), ?≅. 2, 511Θ556.

051 #. BΧ2>2?Ε:, ∀. BΧ2?5≅=:?:: (492Φ56Χ 6∆Ε:>2Ε6∆ 7≅Χ Α2Χ23≅=:4 ?≅?5:Γ6Χ-
86?46 ≅Α6Χ2Ε≅Χ∆ ≅7 HΨΧ>2?56Χ ΕϑΑ6.  . D:Σ6Χ6?Ε:2= EΒΦ2Ε:≅?∆ 234 (2007),
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