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Abstract

In this paper we introduce a generalization of theta series in the context of the slice mono-
genic function theory in R**! where me make use of the so-called *-exponential function in a
hypercomplex variable. Together with the Eisenstein and Poincaré series that we introduced
in a previous paper, the theta series construction in this paper completes the fundament of
the basic theory of modular forms in the slice monogenic setting. We introduce a suitable
generalized Poisson summation formula in this framework and we apply an properly adapted
Fourier transform. As a direct application we prove a transformation formula for slice mono-
genic theta series. Then we introduce a family of conjugated theta functions. These are used
to construct a slice monogenic generalization of the third power of the Dedekind eta function
and of the modular discriminant. We also investigate their transformation behavior. Finally,
we show that these theta series are special solutions to a generalization of the heat equation
associated with the slice derivative. We round off by discussing the monogenic case.

Keywords: slice monogenic functions, generalized exponential functions, generalized theta se-
ries, theta transformation formula, theta functions, generalized quasi-modular forms
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1 Introduction

There are several different ways to generalize classical complex function theory together with
its related toolkit for tackling classical applications in the two-dimensional framework to higher
dimensional settings. One possibility is offered by complex analysis in several complex vari-
ables. Another important line of investigation considers functions that take values in (non-
commutative) Clifford algebras.



In classical Clifford analysis one considers null solutions to the higher dimensional generalized
Cauchy-Riemann operator, see for instance [7, 30]. The associated functions are often called
monogenic functions or hyperholomorphic functions. Their related function theory provides a
lot of powerful tools like a Cauchy integral formula to successfully tackle many boundary value
problems of harmonic functions in higher dimensional Euclidean spaces.

Additionally, up from the 1990s one also started to intensively consider versions of the
Cauchy-Riemann or Dirac operator equipped with the hyperbolic metric [34], and more generally,
classes of holomorphic Cliffordian functions which all satisfy a homogeneous or an inhomogeneous
Weinstein type equation [15]. The latter function classes can also be related to eigensolutions
of the Laplace-Beltrami operator.

Apart from these versions of monogenic function theories, more recently, a rapidly growing
attention has also been paid to the class of slice hyperholomorphic functions, see for instance
[3, 12, 13, 27], which has become a counterpart theory to the above mentioned function theories.
Slice hyperholomorphic functions offer different applications to operator theory, in particular
to spectral theory for several operators as well as to quaternionic operators. See for example
(3, 13].

In this paper we deal with slice monogenic functions, namely with slice hyperholomorphic
functions with values in a Clifford algebra, which were introduced in [14]. The quaternionic case
has been studied and introduced before, see [28]. For more details, see again the aforementioned
books.

Both monogenic and slice monogenic function theories are natural generalizations of classical
complex function theory but they are quite different from each other. Possible relations between
the two theories were developed in the context of the Fueter-Sce mapping theorem, cf. [24,
35, 37]. The Fueter-Sce mapping allows us to construct monogenic functions starting from
holomorphic functions and its inversion [11] generates slice monogenic functions from axially
monogenic functions.

In our previous paper [10] we described the invariance behavior of slice monogenic functions
under arithmetic subgroups of the Ahlfors-Vahlen group that take axially symmetric domains
into each other. We also explained how one can construct slice monogenic Eisenstein and
Poincaré series that serve as examples of slice monogenic modular forms on these arithmetic
groups.

This also provides a nice analogy to similar constructions in higher dimensional function
theories in Clifford algebras, in which one also could successfully introduce monogenic and more
in general holomorphic Cliffordian Eisenstein and Poincaré series, cf. [15, 31]. These in turn
could also be connected to particular Maaf forms on the Ahlfors-Vahlen group, [15, 20].

While in complex analysis of one and several complex variables there also exists the possibility
to construct modular forms by theta series and theta functions (see for example [32, 22, 23, 38]), a
similar analogue of theta series could not be introduced in the classical Clifford analysis setting
so far. A main obstacle consisted in the fact, that one was not able to find an appropriate
monogenic generalization of the exponential function that on the one hand should be periodic
and that additionally should have the property exp(z + w) = exp(z) exp(w) at the same time.
In general, monogenic functions do not remain monogenic when forming their product. This is
consequence of the non-commutativity.

Now, the great advantage of the slice monogenic function theory consists in the fact that one
has a product construction in terms of the so-called *-product which elegantly compensates the



non-commutativity by a suitable construction that amazingly respects slice monogenicity. This
additional product structure admits the construction of the so-called *-exponential function, cf.
[5, 12].

In this paper we use this x-exponential function to introduce two kinds of generalizations of
the theta series in the context of slice monogenic function theory in R"*!. Together with the
Eisenstein and Poincaré series that we introduced in [10], the theta series constructions in this
paper nicely complete the fundament of the basic theory of modular forms in the classical slice
monogenic setting. We first show that each of these two series actually converges on an axially
symmetric domain that canonically generalizes upper half-plane to the slice monogenic setting
in higher dimensions.

We introduce a properly adapted generalized Poisson summation for the slice monogenic
framework. To this end, we consider an intrinsic Fourier transform.

As a direct application we are in position to prove a transformation formula for slice mono-
genic theta series relating the theta series at a point € R"*! with its value at the inverted point
+2~!. Additionally to their invariance under the inversion (up to a scaling factor) these series
also exhibit a periodicity (either radial or translation periodicity) in the paravector variable.
In this sense, the slice monogenic theta series are quasi-modular forms with respect to these
transformations.

Furthermore, we introduce a family of conjugated theta functions and study their transfor-
mation behavior. These functions then in turn serve as building blocks to construct further
examples of slice monogenic quasi-modular forms in terms of the star product of slice mono-
genic functions. In particular, we use them to introduce a slice monogenic generalization of the
modular discriminant. This provides a key ingredient for further research in the development of
the basic theory of automorphic forms in the slice monogenic context.

Next we also show that these theta series are solutions to a generalization of the heat equa-
tion associated to the slice derivative, hence providing us also with an application to partial
differential equations.

Finally, we use the Fueter-Sce theorem to introduce the monogenic generalization of the
theta series and prove a transformation formula in the quaternionic setting. The transformation
behavior however is much more complicated than in the slice monogenic setting, involving a sum
of several terms and derivatives.

As a future perspective we hope that the new constructions given in this paper will enable
us to tackle a series of number theoretical problems arising recently in the context of generalized
theta series, functions and integrals. Particularly harmonic theta series and applications to
generalized error functions currently represent an important topic of interest in the number
theory community, see for example [2, 18, 25], just to mention a few of an impressively large
amount of papers that have appeared over years in this direction. In this sense we hope that the
toolkit of slice monogenic function theory could also provide us with some input for the further
development in the future.

2 Preliminaries

In this section we introduce some preliminary results on Mobius transformations in R”+! and
recall the related analyticity concepts within classes of Clifford algebra valued monogenic and
slice monogenic functions.



2.1 Basics on Clifford algebras and notations

A basis for the real Clifford algebra R,,, considered as a vector space, is given by the element
ep = 1, the canonical basis elements e1, €2, ..., e, which satisfy e;e; + eje; = —20;5, as well as
all their possible products ej,es,...,e,,€1€2,...,€1€60,...,€n_1€n,...,€1€2 - €,. In compact
form, the set containing the products is described by {e4 | A C {1,...,n}} where ey = 1. Thus,

an arbitrary element of R,, has the form a = > aasey with real components a4. Here we
AC{1,...,n}
have set e4 := e, - - - e;, where A = (I1,...,[;) is a multi-index and the integers l1, ..., [, satisfy
1<l <--- <l <n. Next we introduce the Clifford conjugation by @ := > as€a where
A

A =€ €, € = —ej, 7J=0,....n, egg =¢p=1.

Furthermore, the Clifford reversion is defined by a := > a €4 where
A

ea=e, €y, €g=¢€j, j=1,...,n, €g=¢ep=1.
We also have @ = >~ , (—1)I41041=1)/2¢ ye 4. Furthermore, we consider the main involution defined
by
ed =e, e e =—ej, j=1,....n, ¢ =¢p=1.

One has the relation @ = o/ = @.

We will identify the set of paravectors, i.e. elements of the form xy + z1e1 + -+ + xpen
with elements in the Euclidean space R™*! by the isomorphism g + xzie; + -+ + xpen —
(zo,21,...,2Tn). We use the set

Sn_lz{w:a161+---+anen : a%—i—...—l—ai:l}

which can be identified with a sphere in the reduced vector space R™ and whose elements w all
satisfy w? = —1. In the complex case addressed by n = 1 this set simply reduces to the discrete

set {e1,—e1}. As soon as n > 1 this set gets a connected sphere.
n 1/2
The norm ||z|| of a paravector x is ||z|| = (Z xf) namely the usual Euclidean norm. This
i=0
norm can be extended to a pseudo-norm on the whole Clifford algebra by defining |ja| :=
/> 4 laa]?. Each non-zero paravector is invertible with inverse 27! = .

lll

2.2 Modbius transformations in R*H!

As it is broadly well-known, in dimension n > 3 the set of conformal maps coincides with that of
Moébius transformations. Using Clifford algebras, Mdbius transformations can be written very

elegantly in terms of the action of (2 x 2) Clifford algebra valued matrices < CCL Z > whose

coefficients satisfy special conditions which will be listed below. The associated group is the
general Ahlfors-Vahlen group, cf. [1, 19].

Definition 2.1. The group GAV (R"1) is the set of matrices b ) equipped with the prod-

d
uct of matrices, whose coefficients a, b, c,d € R, satisfy the so-called Ahlfors-Vahlen conditions:
(i) a,b,c,d are products of paravectors from R™""1 (including 0);

(i) ad —bé e R\ {0};



(iii) ab,cd € R

Following for example [19], M&bius transformations are defined as action of GAV (R"*!) on
R7+1 by

(( CCL Z ) ,x) — M(z) = (ax + b)(cx + d)~' € R"L,

In the case where a,b,c,d are products of vectors from R"™ the associated group GAV(R")
acts transitively on right half-space xg > 0, or, respectively, the group GAV (R & R"~1) acts
transitively on upper half-space z,, > 0.

Following [19] and others, the whole group GAV (R"*!) can be generated by four different
types of matrices each inducing particularly elementary translations, the Kelvin inversion, ro-
tations and dilatations. For details we also refer the interested reader to our recent paper [10]
which treats particular applications to the slice monogenic framework.

2.3 Two classes of hypercomplex functions

In this subsection we briefly recall two different basic concepts that generalize holomorphic
function theory to higher dimensional real vector spaces. Concretely speaking, we look at
Clifford algebra valued monogenic functions and at Clifford algebra valued slice monogenic
functions; the latter function class stands in the main focus of this paper. We briefly explain
the connections between these two function classes as well as some of their important properties
concerning this paper. In particular, we recall Fueter’s theorem that provides us with a key
link between holomorphic and slice monogenic functions including a constructive method to
obtain slice monogenic functions from holomorphic ones. We start by recalling the definition of
monogenic functions, cf. for instance [7, 30]:

Monogenic functions. Let U C R"! be an open set. Then a real differentiable function
f U — R,y that satisfies Df = 0 (respectively fD = 0), where D := 8%0 + 618%1 + -+
en% is the generalized Cauchy-Riemann operator, is called left monogenic (respectively right
monogenic), see [7, 30]. Due to the non-commutativity of R, 41 for n > 1, the two classes of
functions do not coincide. However f is left monogenic if and only if f is right monogenic. The
generalized Cauchy-Riemann operator factorizes the Euclidean Laplacian A = Z;L:() 5.2 since
DD = DD = A. Every real component of a monogenic function hence is harmonic. ’

An important property of the D-operator is its quasi-invariance under Mobius transforma-
tions acting on the complete Euclidean space R™*1.

Theorem 2.2. (cf. [36]). Let M € GAV(R"*) and let f be a left monogenic function in the
variable y = M (z) = (ax + b)(cx + d)~L. Then

_cx+d .
ola) = [ (M ) (1)

is left monogenic in the variable x for any M € GAV (R"t1).

Notice that the transformation (1) is up to a constant the most general transformation that
sends a monogenic function again to a monogenic one by applying a Mdébius transformation in
the argument. It requires the particular exponent n 4 1 in the expression of the denominator.



Slice monogenic functions.

As we mentioned in the Introduction, the class of slice monogenic functions is also widely
studied nowadays, see for example the aforementioned books and the references therein for more
details.

Definition 2.3. Let U be an open set in R"!, f:U = R,. Let w € S"' and let f, be the
restriction of f to the complex plane C, = {u + wv, | u,v € R}. We say that f is a (left) slice
monogenic function if for every w € SP1

D, fo(u+ wv) := % <66u —Huai) fulu+ wv) =0, (2)

for u+wv € U. The set of slice monogenic functions on U is denoted by SM(U).

Slice monogenic functions such that f: UNC, — C, for all I € C,, are called intrinsic.
For our purposes, it is convenient to put restrictions on the open sets U that may be considered,
namely we shall consider azially symmetric sets. Let wy € S*~!. U is axially symmetric if
u~+wov € U implies that u 4+ wv € U holds for all w € U. Moreover, a domain U is called a slice
domain, if U N C,, is connected for all w € U.

As it is well known, on axially symmetric slice domains a function is slice monogenic in the
standard sense if and only if it of the form f(u + wv) = a(u,v) + wp(u,v), cf. [14].

So, we consider the following adapted definition, see [29]:

Definition 2.4. Let U C R™"*! be an azially symmetric domain, let D C R? be an open set such
that u + wv € U whenever (u,v) € D and let f : U — R,,. The function f is a slice function
if there exist two functions o, 3 : D C R? — R, satisfying the following even-odd conditions
a(u,v) = a(u, —v), B(u,v) = —B(u, —v) such that

fu+wv) = a(u,v) + wB(u,v). (3)
If, in addition, the functions o and 8 are differentiable and satisfy the Cauchy-Riemann system
Oy — 0,8 =0

the function f is called slice monogenic. The class of slice monogenic functions defined on U
will be denoted by SM(U).

We note that slice monogenic intrinsic functions are characterized by the condition that «
and [ are real-valued functions.
More generally, let U be an axially symmetric open set. Furthermore, let f: U — R, be a
function of the form f(u+wv) = a(u,v)+wpf(u, v) with a(u,v) = a(u, —v), (u,v) = —B(u, —v).
We say that the slice function f belongs to the class C* on U if a, 3 belong to the class C* on
D.

As in the monogenic case, the pointwise multiplication of two slice monogenic functions
does not give a slice monogenic function in general. However, in the slice monogenic context
it is possible to define a suitable product, called the *-product, which is an inner operation
in the set of slice monogenic functions. It is defined as follows. Let U C R"*! be an axially
symmetric and let f,g € SM(U) with f(z2) = f(u+wv) = a(u,v)+wB(u,v), g(z) = glu+wv) =
v(u,v) + wd(u,v). Then one defines, see [13, 29|

(f*g)(z) = (f*g)(u+wv) = (O‘(uﬂ U)’Y(“? ’U) _/B(uv v)é(u, U)) +w(/8(u7 ’U)"y(’u,, U) +a(u7 v)é(uv U()))
)



This multiplication coincides with the standard notion of multiplication of two polynomials
or of two converging power series in a non-commutative ring, see [21]. Specifically, if f(z) =

> k>0 ZFay and g(z) = > k>0 2Fby,, then

f * g Z z (Z akbnk> .
k=0

n>0

It is also possible to define an inverse with respect to the *-product. For further information on
slice monogenic functions we refer the reader to [13]. We note that the definition in (5) works,
more in general, for slice functions (see [29]).

Remark 2.5. As we discussed in the Introduction, the class of slice monogenic functions and
the class of monogenic functions can be related.

Let U be an axially symmetric open set in R"*! and let f be slice monogenic in U. By the
Fueter-Sce mapping theorem, the function A"~1/2f is monogenic, see [1 1]. To be more precise,
A""1/2f is axially monogenic. Given an axially monogenic function f it makes sense to ask
whether it is possible to construct a so-called Fueter primitive, that is a slice monogenic function
f such that A"~1/2f = f . The answer is positive and the construction of the Fueter primitive
is given in [11]. This result can be further generalized to monogenic functions.

2.4 Mobius transformations preserving axial symmetry

In this section we briefly recall which concrete subgroup of Mdébius transformations leaves the
axial symmetry property of a set invariant. The direct analogue of the general Ahlfors-Vahlen
group in this particular context is the set stabilizer of the xg-axis. The latter is generated by
the inversion, dilations, translations in the xg-direction only, and by modified rotations. From
[10] we recall:

Definition 2.6. The group GRAV (R"11) is defined by

GRAV(R”+1)::<<(1) ’;)(g agl),(_ol é)(é A91>>. (6)

where b € R, a € "1 and A € R\{0}.

Proposition 2.7. (See [10], Prop. 2.13) The elements in the group GRAV (R™Y) take azially
symmetric sets into axially symmetric sets.

Remark 2.8. Notice that the other transformations, for example rotations not preserving the
real axis, are clearly not preserving the axial symmetry of a set.

In this context the natural analogue of the special Ahlfors-Vahlen group, consisting of the
sense-preserving matrices, is the group

SRAV (R := {M € GRAV(R" 1) | det(M) = 1}

which is generated only by the first three types of matrices listed in (6). Dilations are not
needed.



Remark 2.9. A crucial question for the topic of our paper is to understand what are the
appropriate generalizations of upper half-space in the axial symmetric setting. Let us write
naively a paravector x = zg + e1x1 + ... + e o, from R+l \ R in the form x = xy + wr with
w:@,xoeR,r>O.

One possible generalization of complex upper half-plane in the slice monogenic setting is the
set

H:= [J C}=R"MR
wesn—1

Here, by C/ we mean the complex upper half-plane associated to the imaginary unit w and
where the zg-axis is excluded. By construction, the groups GRAV (R"*1) and SRAV (R"1)
leave H invariant. In particular, this set is invariant under the usual translations x — x + b,
beR.

We note that while working in H given a function of the form (3), there is no need to impose
the even-odd conditions on « and 3, since v > 0.

Another axially symmetric domain that can be considered is the right half-space

H" = {z e R"™ |z > 0},

which can also be seen as H" = [ esn 1 Cl, = { = zo +wy | 20 > 0, y € R} where
Cl, ={z =29 +wy € C, | o > 0}. This half-space is also axially symmetric with respect
to the xg-axis. But note that translations of the form z — z + b with b € R do not leave H"
invariant.

Next we want to understand what are the analogues of the ordinary translations in the H”
setting.

An important axial symmetric transformation that leaves the set H" invariant is radial
periodicity in the reduced 1-vector variable z := zie; + --- + xpe,. As we already pointed
out, any element 2 € R™*! can be written in polar form & = 29 + rw where r > 0 and where

W This representation is not unique when = € R since x = z¢ + 0 - w for any
1 n

we s
For any x € H we shall also write © = xg+wr, thus identifying it with xg,w, r i.e. identifying
H with R x S"~1 x RT.

w =

Remark 2.10. Motivated by [6] and other papers, in H we can consider the notion of radial
periodicity also in the slice monogenic setting. A function f slice monogenic function in the
variable x = xg + x1€1 4+ - + xpen, = 29 + 1w, r € H, v > 0, is called radial periodic in its
vector part with period T > 0 if it satisfies f(xo +rw) = f(xo + (r +T)w) for all v > 0.

In the complex case radial periodicity in the reduced variable (which is the imaginary vari-
able) is nothing else than ordinary one-fold periodicity in the imaginary variable. Actually in
the complex case the consideration of the right half-space z = x + iy with x > 0 and upper
half-space z = x + iy with y > 0 is identical. In higher dimensions the geometry is different.
In C (n = 1) the set S" ! reduced to two isolated points i and —i. If n > 1 then S" ! is a
connected set. Therefore, H and H" are essentially different sets.

3 Slice monogenic exponentials

A crucial aim of this paper is to introduce an appropriate generalization of the famous theta
series from the classical complex analysis setting to the slice monogenic setting in a real vector
space of general dimension n + 1, attached to a general n + 1-dimensional lattice.



To this end we will also be in need of the definition of a suitable exponential function and to
define the composition of the exponential function with some slice monogenic functions f. To
proceed in this direction let f(x) be a function that is slice monogenic on the whole R"*!, namely
an entire slice monogenic function. Following [12], which is based on [26], one can consider, at
least formally, the series

> )™ (7)

We have:

Proposition 3.1. The series (7) converges uniformly over the compact sets of R™ and defines
a slice monogenic function.

Proof. The proof of the first statement is immediate since, for any fixed compact set C' in R*+!
and setting Mc = max¢ | f(z)], we have

n+1\k 7 1k
Z%(f(x))*k < 2(2;‘]\40 < 00.

E>0 k>0

To prove the second part, we use the fact that f(x) is a slice monogenic function and, by
its definition, so is (f(z))**, ie. (f(u+ wv)))* = ap(u,v) + wPBk(u,v), with (ag,Br) which
form an even-odd pair satisfying the Cauchy—Riemann system By fixing a basis of the Clifford
algebra R, 11 we can write oy, = Z|A| 0 Ok, ACA, B = ZIA\ —0 Br,aea, with the pairs (ag 4, Br,4)
satisfying the Cauchy-Riemann system, namely oy, 4 +wf, 4 are holomorphic for all multi-indices
A. We deduce that

n+1
Z Z > (k4 +wBra)ea
=" =0 ™ A

converges to a function satisfying the Cauchy-Riemann system and so it is slice monogenic (see
Definition 2.3). O

The definition of the x-exponential and the proposition can obviously be considered on axially
symmetric open sets U C R"! (see also [5]):

Definition 3.2. Let U C R"*! be an azially symmetric open set. We set
exp, (f(z)) =) E(f(:r))*’“, (8)
E>0
and we call this function *-exponential.

In particular, when f(xz) = a+ xb, a,b € R,11, we have

exp,(a + xb) :Zk:' (a+ zb)* Z Z( ) m=kgkpm=k,

k>0 k>0

Remark 3.3. Definition 3.2 implies that when f is an intrinsic function, then exp, (f) = exp(f)
the classical exponential function.

In the quaternionic case, the properties of the x-exponential function have been studied in
[5], where the authors carefully discuss, in particular, in which cases the equality exp,(f +¢g) =
exp, (f)*exp,(g) holds, see Theorem 4.14 in [5]. We follow the lines of the proof of that theorem
to prove the result below which is enough for our purposes.



Theorem 3.4. Let f,g € SM(R" ) be commuting with respect to the x-product. Then

exp,(f + g9) = exp,(f) * exp,(g). 9)

Proof. By definition and using the fact that f x g = g * f we have:

- 1 *n
exp(f+9) =) G +9)
n=0
n! k
n=0 k<n
> 1
| — |
n=0k<n k (n k)
_ = Lok 1 *(n—k)
=2l (n— k)’
k=0n>k
- 1 *k - 1 *m
=2l
k=0 m=0
and the statement follows. ]

4 Slice monogenic theta series and their transformation formula

4.1 Definition and convergence

In the sequel, let L C R™"! be an arbitrary (n + 1)-dimensional lattice from R**! namely
L={qg=moQo+ - +mnQy | mo,...,m, € Z}

where Qo, ..., Q, are R-linearly independent elements in R™*! and |q|? € Ny = NU {0}, for all
q € L. A general element ¢ in the lattice L can be written with respect to the canonical basis
of R"! as ¢ = "% e;q;. As it is very well-known, see for instance [16], the determinant of
the lattice L is defined as the determinant of the Gram matrix (L), built by the Euclidean
n
R™*Linner products of the lattice generators, i.e. . Q;;Qum;.
i=0
The dual lattice also called reciprocal lattice of L will be denote by L! and is explicitly
defined by

n
L= {y e R | zoyo + - - 2nyn € Z for all 2 = xg —i—inei € L}.
i=1
Every lattice satisfies det(L¥) = ﬁ(L)' Note that a lattice L is integral if and only if L C L. A
lattice is called unimodular if L# = L which is equivalent to | det(L)| = 1.

The slice monogenic *-exponential function is appropriate to serve as building blocks for
the construction of slice monogenic theta series and and a properly on R"*! intrinsicly defined
Fourier transform serves as fundamental tool to establish their functional equation. We may
introduce theta series in two ways, one associated with H and the another one associated with
H". We start by discussing the model H. In this framework we introduce:

10



Definition 4.1. (Slice monogenic theta series associated with H )

Letx € H={x =x0+x11+" - +apne, = xo+x |z # 0} written as x = xo+rw withr > 0 and
. Let w € R™! be of the form w = Yo eilui +vw) = >0 eiw;, u;, v; € R, where
w = The slice monogenic theta series attached to L with characteristic w (depending on

w) is defined by

w:|

&

E‘\R

= ex 2./17 i w
=S exp. ((rlao + 27 < gw>) ). (10)

qeL

where exp, 1is the x-exponential function defined by (8) and where < q,w >= > qw; is a
i=0
Cy-valued bilinear form.

Remark 4.2. We point out that < g,w > is a bilinear form, but it is not a hermitian inner
product. Moreover, we note that one can also define < q,w > as < q,w >= ¢'Iw'’, where
¢ = (q0,---,qn) € R" W' = (wg,...,w,) € C¥! [ is the n + 1-dimensional unit matrix,
moreover one could replace I by a matrix S symmetric and positive definite with real entries,
since a general lattice L can be obtained by AZ"*! with an invertible matrix A.

Remark 4.3. Note that < w,w >= Y"1 jw? so it does not coincide with |w|?>. On the other
hand, < ¢,¢ >= Y1 1 ¢? = |q|* since ¢; ER, i =0,...,n

Proposition 4.4. The series O (z,w) converges normally on H x (C%1)

Proof. We note that H has no intersection with the zg-axis, since H = (R"*!)\ R - 1. Thus,

n
as before, we write x = g + wr € H, and w = Z e;w; where each w; € C,, attached to the
=0
specific w := Hzll’ ie. w; = u; + v;w with u; € R and v; > 0 for all ¢« = 0,...,n. Note that
in contrast to the several complex variable case the second variable w actually belongs to R+
since C*! c R™*! so it is intrinsically contained in R™*!. We point out, one more time, that
w = w(x), and so also w, depend thus on the choice of z, in contrast to the classical complex
case.
Let us next consider the functions f(z) = xﬂ\qPi g(z) =27 < q,w > H;;H
that

First we note

f(zo +wr) = (zo + wr)m|q/*w, g(xo +wr) =271 < q,w > w.

The restrictions f|g+m®n+1)nc,, s 9)H+®R+1)nC, are in the kernel of the Cauchy-Riemann operator
1/2(0y, + w0,) and so they are slice monogenic. In particular, g is locally constant (constant on
every C,). For any fixed w € S"*!, both the functions have coefficients in the complex plane
Cw, w = z/||z]|]. Thus thus they are commuting with respect to the % product so (9) holds.
This is crucial. Applying the Clifford norm introduced in Section 2 we get

j0rt,w)l < 1+ 3 |lexpurla @ +wrlw + 2m{g, w)w)| (11)
q€L\{0}
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Now, again in the Clifford norm we have

n
exp, (ww(IQ\Q(l’o +rw)+2) qz‘wz‘)) H
=0

= | exp, (W(ICJIQ(»’EO +rw) +2 i ai(wi + ”i“’))> H
1=0

n n
= || exp, (7rw(]q\2xo+22qiui) —W(\q|2r+22qivi)>H
i=0

=0

n —n(|q|?r+2 Zn: q;v;)
= || exputmotlazo + 2" qui))| - e =
=0

where we explicitly use the commutation property of the x-exponential in Theorem 3.4. Now,
in view of the Euler formula, which follows by the definition (8) of - exponentlal we also have
in our case that || exp, (rw(|q|?zo + 2 Z qiui))|| = 1, because |q|>zq + 2 Z giu; is real-valued.

=0 =0
Now, consider w (for any fixed w) in a compact set covered by a ball of radius < r. About

the exponent of the second term we can now say that
i 1 1
2 2 2
r+2 Ui > =|q|“r > <|g|°r
gl Eﬁ i 2 Slal*r = Slalro

holds for a fixed real positive ro < r, excepted for finitely many lattice points gq.
So, the whole series can be majorized by a multidimensional convergent geometric series of

the form
D (emameyl
qeL

which in the particular case where |g|?> € Ny can also be directly expressed in terms of classical
geometric series. In the other cases, one can consider ||g|?| where |-| denotes the floor function.
Notice that the presence of the imaginary unit w with w? = —1 is crucial here for this whole

argumentation.
O

Remark 4.5. To perform our calculations on the right hand side of (11), it is crucial that in
the exponential exp, (a(zp + wr)w’) the multiplications of two imaginary units w and w’ (which
coincide) gives a real number. If &’ is any imaginary unit which does not belong to C,, then we
do not obtain any real part.

Let us now turn to the appropriate definition of the theta series in the setting of the right
half-space H" = {z = 29 + x € R"™ | 29 > 0}. We recall that w := ”—2‘ when z # 0 and

r = xg + wr € C, while this representation is not unique when x € R since x = xy + 0 - w for
any w € S"71,

Bl

Definition 4.6. (Slice monogenic theta series associated with right half-space H")
Let x € H" and w € R"™ be of the form w = Y"1 s ew; = Y g ei(ui + viw), ui, v; € R, where
w:= H%II if t € R or w is any element in S"! if x € R.

Then the slice monogenic theta series associated with H" attached to L with characteristic
w (depending on w) is defined by

O (z,w) = Zexp*(—ﬂq|2x +271 < q,w > w). (12)
qeL

12



The convergence proof on H" can be done in formal analogy to the one presented for H. For
completeness we present it in detail:

Proposition 4.7. The series O (x,w) converges normally on H" x (C%t1).

Proof. We have

n
105, w)| < Y ||expu(—mlalzo + rw) + 27> ailui + view)e) |
qeLl i=0

n n
= || exp(=mlal?zo — 27 Y qun)| - || exp((=rlalr + 273" quui))w)|
=0 1=0

=1

n
—m(|ql?@o+2 3 qivi)
g [ =0 .

Now, considering w in a compact set for any fixed w, we can again argue that for except of
finitely many ¢ we can estimate

n
1 1
lq|? + QZ%’U@' > 5!61\2960 > §\Q|2Xo
i=0
for a p(l)sitive Xy < xg. So the series can be majorized by the multidimensional geometric series
S (e72™%)l4* and so it converges. [
qeL

Remark 4.8. Alternatively one might think to define a hypercomplex theta series in the fol-
lowing four ways but below we explain why these alternative definitions cannot work in the slice
monogenic setting.

1. Choose a k € {1,...,n} and define

0(z,w) = Zexp*(w\ql%ek + 2mey, < q,w >)
qgeL
Problem: This series convergence on the space H := {x € R"*! | 2;, > 0}, but this is
not axially symmetric with respect to the real line, so we cannot apply the classical tools
in slice monogenic analysis.

2. One may define
O(x,w) = Zexp*(ﬂ|ql2xi + 270 < q,w >)
qeL
where 4 is the imaginary unit of the complexified Clifford algebra C,, = R,, ®r C.
Problem: How to define slice monogenicity in C,, and to cope with the convergence domain
(we do not have a direction in which the function exponentially decreases since xi does
not have a nonzero real part).

3. In the same spirit we can consider
O(z,w) = Zexp*(w]q\gaceo +2mep < q,w >)
qeL

with an extra element ey outside the space R™, see [9]. But, as in the previous case, also
here the convergence property is spoiled and we do not get an exponential decrease on a
domain that is axially symmetric.
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4. We now define
O(x,w) = Zexp*(—ﬂ|q]2x + 2mey, < q,w >)
qeL
Problem: The expression exp(2m < ¢q,q >) that will appear in the quadratic extension in
the theta transformation formula is not equal to 1, so the quadratic extension that will be
applied in the transformation formula will not work; see the comment in the proof of the
transformation formula in the next section.

Remark 4.9. Our definition fits canonically with the definition of Poincaré series that we
worked out in our previous paper [10] to which we refer for the notations. For any positive
integer N > 3 the slice monogenic Poincaré series is defined by

P(z) = > (cx +d) " F (M (z)),

MR,y [N\Crav[N]

where F(x) := exp, (zw).

4.2 Poisson summation and the transformation law

In this subsection we give a proof for the theta transformation formula in the slice monogenic
setting. The interested reader may consult Freitag’s book [23] for the complex case version of the
result. Due to a number of important peculiarities that have been used in the two appropriate
definitions of the theta series, as well as special properties of the x-exponential function, we can
prove a transformation formula also in the slice monogenic case. First we prove the formula in
the setting of H = R"™\R = (J_cgn-1 Cf . In this context it is important to note that since
(CJr is simply connected for any w € S"~! we can uniquely select one specific branch of the root
" (being the same for all w € S"~1) so that all the expressions appearing in the following
statement are well-defined.

Theorem 4.10. (Theta transformation formula in the setting of H ).

For all z € H and all w € R™ of the form w = Y jew; = Yo gei(u; + viw), ui, v; € R,
where w := @ we have the following generalization of the Jacobian theta series identity for the
slice monogenic setting:

1 (n+1)/2 1
Zexp* T<qtw,qt+tw>T—0 (:cw ) x| det(L)|Ops(—z™, w).

qeL

\LII
In particular for w = 0 we have

or(z) = (m—l)_("“)/ ® | det ()0, (V).

Here, |det(L)| = | det(Qo,...,Q,)| = vol(R ® R"/L) and 01(x) := Or(x,0) is the theta-null
function.

Proof. Consider the following auxiliary function:
fz(w) = f(w,z) : Zexp*<7r<q+w qg+w>r— >
2 fz]
It is slice monogenic in x by its definition. Per construction we have f,(w + 1) = fy(w) for all

l € L, so f is L-periodic and we also note that f belongs to the class C? and that the expression
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is integrable over R™*!1. We can write, using < ¢ +w, ¢+ w >= (g, ¢) +2{q, w) + (w, w) and the
fact that all the summand have coefficients in C,:

flw,z) = Zexp*(ﬂ <qgtw,q+w> (rg+wrw) = Z aq(x) exp(2m(q, w)w),
qeL qeLt

where a4(x) is Cy-valued and slice monogenic. We note that f(w,z) is a multivariate Fourier-
type series in the complex plane C,, with the commuting property:

ag(@) = |det(L)| F(w, 7) exp(—2r{g, w)w)du (13)
[071}n+1
= |det(L)] exp(—2m (g, w)w) f (w, x)du,
[071}n+1
where w = u + wv. The expression a4(z) in formula (13) is the Fourier transform F,(f)

performed on the complex plane C, where w € S*~! (and it is fixed by x that here works as
a parameter). It is the classical Fourier transform where the imaginary unit i of the complex
numbers is here replaced by w. The w € S"~! is an element in the algebra and this is what makes
the Fourier transform fully intrinsic (compare with Remark 4.8, point 2). Since the function
fw, x) exp(—27(q, w)w) is slice monogenic and so, if © = xg + wr it is in the kernel of the
Cauchy-Riemann operator of the complex plane C,, the equality

f(w, z)e 200 = o200 f ()

ag(@) = |det(L) f(w, )e 2@ gy
[0,1]7+1

= |det(L / Zexp* T<q+w,q+w > (xo+ wr)w)exp(—2m{q, w)w)du.
[0,1]7+1 2

Due to the normal convergence of the series, see Proposition 4.4, one may interchange the
integration process with the summation process so that the latter expression can be rewritten
as:

aq(x) = | det(L)| Z/ exp(—2m(q, w)w) exp, (7 < ¢+ w,q +w > (xg + wr)w)du.
qEL 0 1 n+1

Next we apply a linear change of variable of the form w — w—gq, leaving the differential invariant.
This leads to

n

ag(xo+wr) = |det(L)] Z/ exp(—27m{q,w — q)w) eXp*(ﬂ'(Z w?)(zo + wr)w)du
ger /01" =g i—0
= |det(L)| Z / exp(—2m (g, w)w) 2™ PV exp, (71'(2 w?) (zo + wr)w)du
geL 701" =g =1 =0
= |det(L ]Z/ exp(—2m(q, w)w) exp, (7 Zw (xo + wr)w)du.
geL /01" —q

To apply this argument it was important (see Remark 3.9 Point 3) that w is present in the
definition, to make exp(27 < ¢,q > w) = 1 Without the w this would not be true. Moreover it is
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crucial that |g|?> € Ng. Note also that, although the standard exp(—27 (g, w)w) is in fact equal to
exp, (—2m (g, w)w), for the computations below we need to compute the *-product and thus we use
the first notations to emphasise that we work in the slice monogenic setting. Next, we note that

the functions f(z) = —27(q, w)w = —27(q, w>”—§H and g(z) = m1(> 1 w?)aw =7(3 1, w?)x@
are commuting with respect to the #-product so, by Theorem 3.4, we have

exp.(~2(g. w)e) exp(m zw (a0 + wrw)
= exp,(—2m(q, w)w) * exp, (7 Zw (xo + wr)w)

= exp,((m(zo + wr)(z w?) — 2m (g, w))w)

=0

= exp*(ﬂz((z w?) — 2(wo + wr) g, w))w)
=0

Hence we get

n

ag(zo + wr) = | det(L)| / exp, (re((3 w?) — 20 g, w))w)duo - - - duy

]—o00,+o0[?t1 =0

= | det(L)] / exp, (mz Zw 22~ (g, w) + 272|q|? — 2 2|q*)w)duo - - - duy,

J—o0,+oo[+1
n

= | det(L)| exp,(—mz ™" |g|*w) / exp, (m2(()_w?) — 227 g, w) + 27%q*)w)duq - - - dun,

]—o00,4o0[t1 =0

= | det(L)| exp, (—mz ™" |q[*w)

n n
X / exp, (mc(z w? — 271 Z qiw; + x> Z a?)w)dug - - - duy,.
=0 =0

]—o0,+oo[+1 =0

Notice here that x is a general paravector from R"*!1\R, so we here really deal with a hyper-
complex expression. Next, the latter expression can be written as

n +oo
aq(zo +wr) = |det(L)| exp, (—mzt|q|?w) x (H / exp, (mz(w? — 2o gw; + x_qu)w)dui).
i=0_"%

(14)
Now put x = rw, g = 0. Then the latter equation becomes

2 1
= | det(L)| exp, (—m(rw) " |g[*w) H(/exp* mrw(w; + quwz—rzqf)w)dui)

o0

Let us now decompose each w; € C,, in the form

w; = U;j + Viw.
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Using this decomposition we can rewrite each term

-1
wp — & Qi:wiJr;WQi

in the form wu; + v;w + %wa- for all i = 0,...,n. If we choose the w-part of each w; in the way
v; = —%qi then the expression t; := w; + %wqi turn out to be real positive. So we can rewrite
each term

2 1 1
(wi2 + Wi — rjqz')Q = (w; + ;w%’)z = t?

with a positive real parameter t; > 0. So the expression for the Fourier coefficient can be
re-expressed as

n T
a; = | det(L)| exp, (—m(rw) ™Y q|?w) x (H/exp((ﬂrwt?)w)dti>
i=0_"%

n T
= | det(L)| exp,(—7(rw) tg[*w) x (H/exp(—ﬂ'rt?)dti>.
=07

_ 1
= |det(L)] exp.(~(rw) ' aPw) -
r2

So, for x = wr we have obtained that

Zew<q+w,q+w>(wr)w _ ,r_—(n+1)/2| det(L)] Z 67r|q‘2(_r)—1w+27r<q,w>w‘

qeL qEL

In view of 2 = rw we may identify r by zw™!. In order to proceed further, we need to apply now
a particular argument from slice monogenic function theory. The particular identity theorem
for slice monogenic functions from [4] allows us to conclude from the previous line that we can
then substitute rw by zo + rw so that actually

Zexp*(w <gtw,gt+w>aw) = (mwil)*(”+1)/2*| det(L)| Z exp(m|q|?(—z) " tw + 27 (g, w)w)
qeL qeLt

is true for all x € H. It is clear that the left hand-side is slice monogenic. Also the right hand-
side is slice monogenic by construction. The version of the identity theorem from [4] allows us
to conclude the equality. We actually may observe that the x-product on the right-hand side is
not necessary, hence we omit it in all that follows.

Note further that particularly, putting 0 (x) := ©1(z,0), we get

01 (x) = | det(L)|(zw™ 1)~ (D29, (271,
This completes the proof. ]

We recall that in the case of a general lattice we could alternatively also re-define < ¢ +
w,q+w > as (¢+w)' S(¢g+w) where S is an (n+1)xz(n+ 1) positive symmetric matrix with real
entries. In the case S = I one then again obtains < ¢+w,¢+w >= Z (gi+w;)? = E (q+w)?.

=0
In the setting of the right half-space we may establish by snmlar hnes of arguments
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Theorem 4.11. (Theta transformation formula in the setting of H” ).
For all x € H" = {z € R" | 29 > 0} and all w € C," where w := %I if € R and where w

can be chosen freely if v € R>° we have that

Zexp*(—ﬂ <g+tw,g+w>zx)= x*("+1)/2|det(L)\®2u (z7 1 w),
qeL

and particularly for w = 0 we have, setting 07 (z) := O (z,0), 0] (z) = :c_("+1)/2|det(L)|0£ﬁ(:v_l).

Note that to ensure the invariance of the right half-space H” we have to consider as suggested
by A. Krieg in [33] the modified inversion z — x =1, because the usual Kelvin inversion z — —z 1
does not preserve H'.

Proof. In this setting we now define analogously

fo(w) = f(w,z) : Zexp* -1 <qg+w,q+w>zx).
qeL

Again here we have f(w +1) = f(w) for all | € L, so also f can be expanded in a Fourier series

of the form Y ag(z)exp(2m < q,w > w) with ay(z) = |det(L)| [ f(w,z)e ?7<3*>* By
q€eLt [0,1]n+1

applying the same argumentation with the shift w +— w —q as in Theorem 4.10 we get using the

decomposition w = u + wv:

ag(z) = |det(L)] Z / exp(—2m < q,w > w) exp, (— Zw xo + rw))du.
qe[’[O,l]"“—q

Now in the setting of H" the exponential expressions can be rewritten in the form

exp. (~ (o +wr)(3w?) — 21 < g0 > w)
=0

n
= exp,(—m(zo + wr)(Zw? +2(x +rw) " < g w > w))
i=0

n
= exp*(—wx(z +227 < qw > w))
i=0

= exp,(m <Z -2z~ <q,w>w>w2)

n

= exm(wx(Zw? 2 <qw>w+a3g? - x_Z\q|2)w2)
i=0
n

= exp,(mx(z2|q|*)w?) exp(ﬂx(Zw? 27 < qw>w— x*2|q\2)w2)
=0
n

= exp, (@ gP)) exp(ra( Do w} - 207! < gw > w+ (aw)gl?)w?).
=0

Now take again x = rw. Then we can again adjust the v-part of w such that wf —2(rw) ~tgw;w+
r~2|q|? is a real positive entity that can be identified by t? with #; € R. So, finally one may
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obtain in this setting that

1

aq(rw) = exp, (~7((rw)*|q*)) / exp(—mrwt?)dt = exp, (—m((rw) gl (—)"*,

]—00,+00[ 1
from which the stated identity follows after the application of the version of the identity theorem

presented in [13, 14]. O

Remark 4.12. Note that in the monogenic setting, in general the transformation
z -1
f(=277)

"z

F(z):

only preserves the monogenicity property if particularly a = n + 1. Now in the slice monogenic

case the expression
(e )~V ()

remains slice monogenic for any integer n. This allows us to associate to every lattice a slice
monogenic theta series. A monogenic or k-hypermonogenic automorphic form with a transforma-
tion behavior of the form f(x) = (zw™')~(*1/2f(—z=1) can probably not be found. Among all
existing hypercomplex function theories the slice monogenic setting seems to be the only setting
in which the construction of direct generalizations of theta series is possible. Notice also that the
identity theorem offered by the theory of slice monogenic functions is much stronger than the
identity theorem of monogenic functions. In the slice monogenic setting the coincidence of func-
tion values of two functions along one line already yields the identity over the whole space while
in monogenic function theory one requires the coincidence on an n-dimensional submanifold.

An interesting question arises around the periodicity of the theta series. While the slice
monogenic theta series ©(z,w) associated with H = R"™\R are 1-fold periodic in = with
respect to the xg-part, in association with its version for the right half-space H” we do not have
the usual periodicity but a radial periodicity in the reduced vector part xie; + - - -+ x,e,. This
will be explained in the following proposition. More precisely, we can say

Proposition 4.13. (Periodicity properties). Both theta series ©r(z,w) and O (z,w) are n+1-
fold periodic with respect to the lattice L in the second variable w; we have

Or(z,w+1) =0Or(r,w) foralll € L.

and
O (x,w+1) = O (z,w) foralll € L.

Furthermore, O (z,w) satisfies O (r + 2,w) = Or(z,w) for all x,w.

Writing the reduced vector part of x in polar form, i.e. writing x = xo + rw where as usual
w = ﬁ with a positive r > 0, then for the other kind of theta series O (x,w) we observe the
following radial periodicity concerning the first variable of the form

07 (zo + rw, w) = O (xo + (1 + 2)w, w).

To the proof, one observes the L-periodicity in the variable w by a direct rearrangement
argument. In the case of ©p(z,w) the periodicity in the xg-direction is also readily seen from
its definition.

The radial periodicity in the reduced vector part of the first variable of © (z,w) is inherited
by the radial periodic property of the slice monogenic *-exponential function exp,.
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Remark 4.14. In summary, our slice monogenic theta series are examples of 1-fold-periodic
or radially periodic quasi-modular forms on H or H" , respectively. They are quasi-invariant

under the inversion © — —x~ %, or the modified inversion © — x~' up to the automorphic

_n+l

-1 2 n
factor | x (”%O or xf%l, respectively, and exhibit the above stated periodic or radially

periodic behavior, respectively. The slice monogenic Eisenstein and Poincaré series that we
discussed in [10] were also quasi-invariant under the inversion (but with a different automorphy
factor) and they were invariant under translations in the xo-direction like the theta series in the
context of H.

4.3 The conjugated theta functions

For simplicity we now focus on the setting of H from now on. All results presented in the sequel
can be directly translated to the setting of H” when replacing the correspondent theta functions.

As previously introduced, we defined the slice monogenic theta-null function associated to
an n + l-dimensional lattice L as

o) == Or(,0) = 3 exp, (mqﬁx”ﬁu) ,

qeL

where we consider the same conditions on L as in the beginning of Section 4.1. In particular we
assumed that |g|> € Ny which means that L is supposed to be integral. To leave it simple we
furthermore assume that L is unimodular in all that follows in this subsection and the following
one. We could perform the following considerations more generally, but then one has to use the
dual lattice. In the case of unimodularity we simply have L# = L.

Now we introduce the following conjugated theta functions and study their invariance be-
havior. In turn these functions can be used as building blocks to construct slice monogenic
quasi-modular forms.

To introduce them, consider a system of representatives denoted by V(%L /L) of the quotient
lattice %L /L. A canonical choice is to take these representatives out of the set

1
{moQo+ ...+ mpQ,} with0 <mgy < 1, miE{O,g}, 1=0,...,n.

For a fixed element ¢ € V(3L/L) we define the first conjugated theta function 0:(z) as

f:(x) = Or(z,q)

= Zexp*((ﬂ'\qFLU + 2m(q, 4))w)
qel

= Y exp. (g - 2 0)
qeL

= > x(q) exp,(rg*aw),

qeL

where o
1 ,if |g|® even
x(4) _{ ~1 ,if |g[2 odd
The definition of the second conjugated theta function éq(:c) is formally motivated by the theta
transformation formula that we proved in the previous subsection.
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We have o
D expRrtwatuSe — (= 1)* "0 det(L)|Op(—z !, w).
qeL

Notice that in contrast to the classical complex case, we cannot choose w completely freely,
because in our case w = w(z) since we have to choose w € C**1. However, making nevertheless
formally the substitution w = ¢ with § € V(3L/L) motivates the definition:

ZOED D
qeL

By construction this function then satisfies the relation:

184

a(@) = (2w ™) 7" | det(L)|0z(—2 ). (15)

1

If we replace by —z~" in equation (15) then we also get

n

_n+41

a(—a™h) = (=2~ lw™) 7 | det(L)|6;(x)

which is equivalent to

Di(z) = (2~ (—w ™! nTH;i —z ).
GQ( ) ( ( )) |det(lﬂ)9q( )
So, we arrived at . )
bg(z) = (qu)me (=27t (16)

We end this subsection by giving the following more general definition of the conjugated theta
functions (where we involve the general parameter w, which however in contrast to the classical
complex variable case is fixely related to w depending on ).

Definition 4.15. Let L be a general (n+ 1) dimensional integral lattice in R™ L.
For all x € H and w € C**1 we define

Or(z,w) =Y x(q) exp,(m|q|*zwe™(4)w)

qeL
and ~
Orrw) = 3 exp,(nlgPaw)erans
qE%L\L
where )
|1 if |g|* even
x(4) _{ —1 ,if g2 0dd
Notice that whenever |g|? is even then we have e™l7"® = 1. If |¢|? is odd then e™*» = —1.

For w = 0 we re-obtain the particular conjugated theta functions éq(z) and éq(z).

Proof. In view of |x(q)| = 1 we can majorize the series O (z,w) by the series of the moduli of
the theta series O (x,w). Concretely speaking, we have

161 (z, w)|| <D |l exp,(wlglaw) - 74| < C < o0,
qeL
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for any pair (z,w) belonging to a compact subset of H x C**! where we use the convergence
argument applied in Proposition 4.4.

Similarly, we may argue that G) r(z,w) converges normally on H x C7, since this series is
majorized by the theta series

G)%L(a:,w) = Z exp, (|q|?zwe?™eww)
qG%L

which is nothing else than the slice monogenic theta series for the larger lattice %L. This series
over the larger lattice is still convergent according to the statement of Proposition 4.4, because
it guarantees the convergence for any arbitrary n + 1-dimensional lattice, so in particular for
ir O
5 L.

4.4 Slice monogenic generalization of the Dedekind eta function and the
modular discriminant

In this section, we apply the slice monogenic conjugated theta functions that we defined in the
previous section to introduce a slice monogenic generalization of the third power of the Dedekind
n-function and a generalization of the modular discriminant A which also represented a central
missing piece in the hypercomplex setting of automorphic forms.

Definition 4.16. Let x € H and L be an n + 1-dimensional unimodular lattice. Furthermore,
fix a representative § from %L/L.
Now we define the function

ng(z) == 6(x) * éq(x) * éq(:v), (17)
where * again is the star product of slice monogenic functions.

This function generalizes up to a constant the third power of the Dedekind eta function which
is a quasi-modular form of weight 1/2. In our case we shall see that 75(x) is a slice monogenic

(n+1)

quasi-modular form of weight . More precisely we will show:

Theorem 4.17. Let L be an n+ 1-dimensional unimodular lattice in R"! and § be a represen-
tative from %L/L. Then the above defined function 14(x) satisfies for each x € H the following
transformation formula

73(z) = (zw™") (L)lg(—271). (18)

Proof. To show this transformation behavior we apply the transformation formulas (15) and
(16) in the definition (17). Precisely speaking, we have

o) = 6(x)*by(x) * O(x)
= (aw )7 |det(L)]0(~2 ")
i~

n 1 =
*(zw™H)” i p———

i)
(=27

| det(L)
#(aw™) 75| det(1)|0

= (zw™H)~ o | det(L)| (9(—96_1) * 0:(;(—35_1) * ~q(—l‘_1))
= (aw ) det(L)(0(—a 1) # g~ 1) # By(—a )
= (aw )T det(L)]g(—2 ),
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In the proof we used the property

n
n

(=27 * 0g(—a™Y) = Og(—a ") x Og(—a )

which follows from the fact that the two theta functions do commute on the complex plane
Cy,. O

Remark 4.18. In the case of a one-dimensional lattice, i.e. n = 0, this function satisfies the
transformation behavior

~ —1y—3 ~ _

fg(x) = (zw™) 72| det(L)|ig(—2 ")
If we take L = Z, then we get the usual transformation behavior of the third power of the
Dedekind eta function of the form

P () = (=) PP,

With these tools in hand we can finally define the slice monogenic modular discriminant
function:

Definition 4.19. Let x € H and L be an n + 1-dimensional unimodular lattice. Furthermore,
fix a representative ¢ from %L/L. Then the slice monogenic associated modular discriminant
can be defined as

Apg(z) = (ﬁq(ﬂf))*s = (9(:1;) % 05(x) * :q(:z:)>*8.

In view of the transformation formulas (15) and (16) we can directly establish that the slice
monogenic discriminant transforms like

- *8

Drgle) = (aw™) PO det(D)(0(~a") * By~ ") fg(—a7"))
= (o) 2D et (L)[AA  g(—a ).

In the complex case with n = 0 and det(L) = 1 we have as usual

Az) =220 - 1).

z

4.5 Differential equations

The next theorem shows that the theta series ©p(x,w) satisfies the following heat equation
which involves the slice derivative:

[Ay — cOs 5] f(x,w) = 0.

n
Here A, stands for the Euclidean Laplacian A, := ) 66—;_2 and O, for the slice derivative with
i=0 "
respect to x, denoted for short Js, (for the definition see for example [13]). However, in contrast
to the usual heat equation, this version here involves the slice monogenic derivative instead of

the usual temporal partial derivative 0;. Precisely, we have

Theorem 4.20. The theta series O (x,w) satisfy the differential equation

[Ay — 47mwds|OL(z,w) =0
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Proof. The proof can be done by a direct computation. Clearly, for any ¢ = 0,...,n we have:

32
WGL(:C: U)) = Z(QW("JQi)Q €XPy (W‘Q|2xw + 27T<q7 ’UJ>L«))7

v geL

so that in summary one gets that

DO L(z,w) = (27w)?|q|? exp, (wlq*vw + 27 (g, w)w).
qeL

On the other hand one obtains by applying the slice monogenic derivative the expression

0:0(x,w) =Y _(mw)|q|* exp,.(m|q|*2w + 27 (g, w)w)
qeL

which coincides with the expression in the preceding line after multiplying it with the constant
(4mw). The stated result is proven.

Remark 4.21. By a similar direct computation we obtain that also the other slice monogenic
theta series are solutions to the slice heat equation.

4.6 A monogenic generalized theta function

When we apply Fueter’s theorem to the slice monogenic theta series that we introduced before
then we obtain a generalization of theta series in the monogenic setting. To leave it simple we
explain this procedure explicitly in the quaternionic case looking at the right half-space model
working with H" = {x € H | 9 > 0} since in this setting Fueter’s theorem can be applied
directly. Again for simplicity we discuss the case w = 0 addressing monogenic generalizations
of the theta null series.

Before we can give the definition we first need to recall the definition of the following axially
monogenic exponential function.

For any integer k£ > 2 consider the monogenic functions

-~ k—1 ‘ '
felw) = A(zh) = fi(z) = =4 (k—j)a" 712,
j=1

and then, for any n € Ny define

fn+2(x)
= € Np.
@) = ymery "N
In more explicit terms, we have
k
Qu(x) =) Tja 7w (19)
§=0

where

G (k=) (k+1)(k+2)
and (a), = a(a+1)...(a +n — 1) is the Pochhammer symbol.

Tgk — T]k(?)) _ k! (2)k*j(1)j 2(k—j+1)
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For x € H let

Exp(z) := Z Ql;{('ﬂf)
k=0

be the generalized Cauchy-Fueter regular exponential function, see [8].
In this setting we can now define

Definition 4.22. Let v € H" = {z € H | zy > 0} and let L C H be an arbitrary lattice with
lq|? € Ny for all ¢ € L. Then the attached monogenic theta function is defined by

03 (@) = A | D exp.(—rla*0)| = 3 Exp(—rlala),

qeL q€EL
where Exp(z) is the azially monogenic exponential function introduced before.

The theta transformation formula that we derived in Theorem 4.11 for the slice monogenic
theta series will provide us with a functional equation for the monogenic theta function when
applying Fueter’s theorem to both sides of the equation. We prove:

Theorem 4.23. (Functional equation for the monogenic theta function).
For each z € H" = {x € H | 29 > 0} the monogenic theta function 03 (x) satisfies the functional
equation

oM (z) = |det(L)|<x—TAm[eLu(x—1)}+Am[x—"¥1]em(x—1)> (20)

+ 2| det(L)| ( Yo (grad o7 |4 grad [0 (fﬁ_l)]B>€A€B>,

A,BC{1,2,...n}

where a Clifford algebra valued expression f is represented in its real components according to

f= S faea and where (-,-) stands for the standard scalar product on R"*1. The term
AC{1,2,...,n}

(ALOL(z71)) can be explicitly expressed by the monogenic theta series,

3

Aclprs™)] = o (@% (271) — dao[ ) (w1) + 4Zmi[8§;”]<m—1>>. (21)

ox
0 i—1

Proof. To prove the formula we apply the Laplacian on both sides of the equation 0 (z) =

\det(L)|x_nT+16Lu(x*1). It is well known that the Laplacian applied to a product of two real-
valued functions fa,gp : R"*! — R satisfies the product rule

A(fa-gB) = fa(Agp) + (Afa)gs + 2(grad fa,gradgs).

Now suppose that f and g are R,,-valued functions, represented in the form f(z) = >  fa(x)ea
AC{1,...,n}
and g(x) = >,  gp(x)ep. Since A is a scalar-valued operator the previous formula gets the
BC{1,...,n}

following form in the Clifford algebra valued case:

A(f-9)=f(Ag)+(ANg+2 > (grad fa,gradgp)eaep.
A,BC{1,2,...,n}
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_n+l1

Setting f(z) =2~ 2 and g(z) = 0:(z 1) leads to the formula (20). Applying next the formula

z! 5
Adlfeh) = S ( —agb @ty L <x—1>>
i=1 "

which can be verified by a direct computation, leads to (21) since ©M (z) = A0 (z). O
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