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RUMOR PROCESSES IN RANDOM ENVIRONMENT ON N
AND ON GALTON-WATSON TREES

DANIELA BERTACCHI AND FABIO ZUCCA

ABSTRACT. The aim of this paper is to study rumor processes in random environment. In a rumor
process a signal starts from the stations of a fixed vertex (the root) and travels on a graph from
vertex to vertex. We consider two rumor processes. In the firework process each station, when
reached by the signal, transmits it up to a random distance. In the reverse firework process, on the
other hand, stations do not send any signal but they “listen” for it up to a random distance. The
first random environment that we consider is the deterministic 1-dimensional tree N with a random
number of stations on each vertex; in this case the root is the origin of N. We give conditions for
the survival/extinction on almost every realization of the sequence of stations. Later on, we study
the processes on Galton-Watson trees with random number of stations on each vertex. We show
that if the probability of survival is positive, then there is survival on almost every realization of
the infinite tree such that there is at least one station at the root. We characterize the survival of
the process in some cases and we give sufficient conditions for survival/extinction.

Keywords: rumor process, random environment, labelled Galton-Watson tree, multitype Galton-
Watson tree, inherited event.
AMS subject classification: 60K35, 60G50.

1. INTRODUCTION

Rumor processes are models for the propagation of signals or information on a net of stations.
There is a large literature on these processes, which takes into account deterministic and stochastic
variants both in space with no structure or on graphs, complex networks and grids (see e.g. [11,
13, 14, 17] or [7] and the references therein). More variants include competing rumors and rumors
spreading in a moving population (see [8, 9, 10]). So far, up to our knowledge, no rumor models on
random environment have been studied. In this paper we study two kinds of discrete-time rumor
processes (the firework and reverse firework processes, introduced in [7]) with a random number
of stations at each vertex of a graph X := (X, E(X)) which can be either N or a Galton-Watson
tree (briefly, GW tree). The use of a Galton-Watson tree (see for instance [15]) allows to study a
random process on a random and heterogeneous graph structure still retaining some probabilistic
homogeneity. The main question about this model is to understand under which conditions, the
signal, starting from one vertex of the graph, will spread indefinitely with positive probability or die
out almost surely in a finite number of steps. It is worth noting that rumor processes can describe
the behavior of other models such as the frog model (see [2, 12]): for instance the firework process
on N can describe the local survival of a frog model with immortal particles with left drift (where
the radius of a “station” or “frog” at x is the distance between z and the rightmost vertex ever
reached by the frog).



Let (2, F,P) be a probability space and consider two families of random variables {N,}.cx
and {Ry;}ien+ zex such that {Ng, Ry ;}ien+ zex are independent and {R, ;}ien- are identically
distributed for all x € X, that is R,; ~ R, (where N* := N\ {0}). We choose an origin 0 € X
(which is the origin of N or the root of the GW-tree) and we suppose that P(N, > 0) > 0. If N, ~ N
and R; ~ R for all z € X (resp. for all z € X \ {o}) then the firework (resp. reverse firework)
process is called homogeneous; heterogeneous otherwise. N, represents the random number of radio
stations at xz and {Rm}f\f1 are the operating radii of the stations. In order to avoid trivial cases,
we assume that P(R, < 1) € (0,1). By N = {N,}.ex we denote the random sequence of the
numbers of stations.

We describe now the firework process starting from the root o on a tree (X, E(X)), with deter-
ministic number of stations {n,},ex and radii {ry;}icn+zex. If either the number of stations or
the radii are random (or the tree itself is a random graph), then this evolution applies to every
fixed configuration w € Q. At time O only the stations at o, if any, are active. At time 1 all the
stations at x such that the distance between o and z is less than or equal to max;—1 . p, 70, are
activated. Given the set A, of active stations at time n then x € A, if and only if there exists
y € A, such that

(a) x belongs to the subtree branching from y

(b) the distance between y and z is less than or equal to max;—1,...n, 7y,i-

Clearly if n, = 0 the process does not start at all. We say that the process survives if and only if
the stations on an infinite number of vertices are activated. When the number of stations and the
radii are random variables and the tree X is a random graph, we say that there is survival if the

event
V ={w € Q: the firework process on X(w) with radii {R,i(w)} and {N,(w)} stations survives}

has positive probability. We call this annealed survival (see Section 2.3 for the definition of the
annealed counterpart of the process). We are mainly interested in the quenched survival, that is,
P(V|(X,N) = (T,n)) > 0 for almost every tree T and almost every sequence n of stations in a
fixed set (see Section 2 for details).

The reverse firework process starting from the root o on a tree (X, E(X)), with {n,},cx stations
and radii {rz;}ien+zex evolves in a slightly different way. We consider o as an active vertex at
time 0 disregarding its number of stations. The number of stations at o is not important because,
while in the firework process the stations are actively sending and passively listening, in the reverse
firework process it is the other way around. More precisely, at time 1 all the stations at z such
that the distance between o and x is less than or equal to max;—1 ... », 72, are activated. Given the

set A, of active stations at time n then xz € A,y if and only if there exists y € A,, such that

(a) x belongs to the subtree branching from y

(b) the distance between y and x is less than or equal to max;=1,.n, "'z,
2



When the number of stations and the radii are random variables (or the tree is a random graph),
the annealed and quenched survival for the reverse firework process are defined analogously to the
firework case.

It has been shown in [7] that, on N with a deterministic number of stations, even if the two
processes look similar, they behave differently. The same phenomenon can be observed in random
environment.

There is a simple way to describe the survival of our processes by using an auxiliary graph.
Consider a tree (X, E(X)), a root o and the sequence of annealed radii {Ry}zex where Ry =
Iy, >1y - max{Ry;: j = 1,...,N;}. We associate a new graph, that we call F-graph, with the
firework process as follows: the set of vertices is X and we draw an edge (w,w’) if and only if w’
belongs to the subtree branching from w and the distance between w and w’ is less than or equal
to Ew; the F-graph is the connected component containing o. A similar graph, the RF-graph, can
be constructed for the reverse firework process: we draw and edge (w,w’) if and only if w’ belongs
to the subtree branching from w and the distance between w and w’ is less than or equal to fiwr; as
before, we consider just the connected component containing o. It is clear that there is survival for
the firework (resp. reverse firework) process if and only if the F-graph (resp. RF-graph) is infinite.
In Section 5 the tree and the sequence {éw }wer are both random, thus the F-graph and RF-graph
are random as well.

Here is a brief outline of the paper. Section 2 is devoted primarily to the construction of the prob-
ability space, starting with the space of labelled GW-trees, where our processes live (Section 2.1).
The main result of this section, Lemma 2.2, is the key to obtain quenched results from the annealed
ones for the processes on GW-trees. In Section 2.2 we discuss the important case where the GW-
tree is the deterministic 1-dimensional tree N. In Section 2.3 we introduce the notion of annealed
counterpart of the firework and reverse firework processes. The results on survival and extinction
for the firework process and the reverse firework process on N with random number of stations can
be found in Sections 3 and 4 respectively. Theorem 3.1 gives a characterization for the extinction
of the homogeneous firework process. More explicit conditions for survival/extinction can be found
in Proposition 3.2 and Corollary 3.3: these are conditions on the tails of the distributions R and
N. In Remark 3.4 we show that, given any law R for the radii (resp. N for the number of sta-
tions) there exist a law N for the number of stations (resp. R for the radii) such that the firework
process survives. In particular, unlike the deterministic case, survival is possible even if the ex-
pected value of R is finite. The possible behaviors of the firework process when E[R] and E[N] are
finite/infinite are discussed in Remark 3.5. Theorem 3.6 gives a sufficient condition for the survival
of the heterogeneous firework process. A characterization of survival for the homogeneous reverse
firework process is given by Theorem 4.1 while some sufficient conditions for survival/extinction
(on the tails of the distributions R and N) can be found in Corollary 5.5. Remark 4.4 is the re-

verse firework counterpart of Remark 3.4. Theorem 4.5 gives a sufficient condition for the survival
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of the heterogeneous firework process. Section 5 is devoted to homogeneous firework and reverse
firework processes on GW-trees. Lemma 5.1 derives quenched results from annealed ones by using
Lemma 2.2. Conditions for survival/extinction can be found in Theorem 5.2 and Corollary 5.3
for the firework process and in Theorem 5.4 and Corollary 5.5 for the reverse firework process.
In Example 5.7 we apply all these results to the case where, independently, at each vertex of the
GW-tree there is a station according to a Bernoulli distribution. All the proofs, along with some
technical lemmas, can be found in Section 6.

Finally it is worth noting that some results extend by coupling. Suppose that we have two
families of random variables {Ny, Ry ;}iens zex and {Ny, R} ;}iens zex such that N, = N, and
R.; = R;,i for all i € N*,z € X. By coupling, if the (firework or reverse firework) process

associated with {N, Ry i }ien+ zcx dies out almost surely then so does the process associated with
{Ng, R, Yienr zex-

2. PRELIMINARIES AND CONSTRUCTION OF THE PROCESS

In this section we construct the space of the processes and we establish the notation that we
use in the paper. This section is organized as follows. We start in Section 2.1 by constructing a
random labelled GW-tree or multiytype GW-tree (which generalizes the well-known GW-tree) and
the probability space of our processes. Section 2.2 is devoted to the special case where the GW-tree
is simply N; this is all we need in Sections 3 and 4. In Section 2.3 we introduce the annealed

counterpart or our processes which is used throughout the whole paper.

2.1. Random labelled Galton-Watson trees. The idea is to construct a probability space for
our processes on GW-trees with random radii and random number of stations. To this aim we
construct the space of labelled GW-trees which can be seen as the genealogy tree associated with
a generic discrete-time multitype branching process (or MBP). Even though it can be constructed
for a generic MBP (or a generic branching random walk as described in [3, 4, 5, 19]), for sake of
simplicity we write the explicit construction for the particular case that we need. Here the labels
of the vertices are the number of stations.

The reader who is just interested in firework and reversed firework processes on a random envi-
ronment on N can skip this section and go to Section 2.2.

Let us define the space of unlabelled GW-trees (the usual GW-trees). Consider a GW-process,
with offspring distribution p. We denote by ¢(z) := >, cyp(n)z" the generating function of the
GW-process and we write m := > _ynp(n). We consider the set of finite words W (including
the empty word, (), which is the root) on the infinite alphabet N* := N\ {0}. Given two words
w,w’ € W we denote by ww’ the extension of w obtained by attaching w’ to the right. A tree T on
W is a tree with vertices in W such that every child of a vertex w € W is in the set {wi: i € N}.

We denote by T the set of these trees. The length of a word w € W will be denoted by |w|.
4



Let {T}wew be a sequence of independent random variables with law p. For every realization of
{Tw}wew we draw an edge from a word w to the word wi (where ¢ € N*) if and only if i < Ty,.
This is a forest; we denote by 7 the random GW-tree, that is the connected component of the
forest containing the root (). Consider the space T endowed with the minimal o-algebra containing
all sets A := {T/ € W: T/ O T} where T is a finite tree. The GW-tree 7 is a T-valued random
variable; we denote by [ its law and we call it GW-measure. The probability that 7 is a finite tree
is the smallest fixed point a of ¢ in [0,1]. Moreover, if p(1) = 1 then 7% is the 1-dimensional tree
Nand a = 0. If p(1) < 1 then a = 1 (that is, 7% is a finite tree a.s.) if and only if m < 1.

The set of vertices of a generic labelled tree is V := W x J, where J is the at most countable
set of labels. We consider only those trees T on V such that (1) every child of (w,j) € T is in
the set {(wi,j"): i € N*, 5" € J}, (2) if (w,j), (w,j’) € T then j = 5/, (3) the root of T belongs to
{(@,7): j € J}. Denote by LT the set of all these trees on V. The natural projection 7 of V onto
W extends to a projection from LT onto T.

Given a probability space where we have a realization of the GW-tree 7 and, independently,
a family of independent J-valued random variables { Ny }weywy, we define an LT-valued random
variable 75(w) == {(w,j) € V: w € 7(w),j = Ny(w)} that we call labelled GW-tree. Its law,
which is uniquely determined by p and by the laws of {Ny}wew, will be denoted by pc (where
¢ = Py, is the law of Ny) or simply by p. Roughly speaking, in this special case, the random
labelled GW-tree can be obtained by generating a GW-tree in the first place and then by placing
a random type (in our case, a random number of stations) on each vertex w independently with
law N,,. The projected random variable 7 o 7% is the unlabelled GW-tree 7 and 7i(-) = (7 ~1(-)).
Hence, given a measurable set A C T, the measure of the set 7~ 1(A4) C LT does not depend on
{Nuy }wew. In particular if F is the set of finite labelled trees then pc(E) = « for every law ¢, since
it is independent of { Ny }wew-

On the probability space (LT, i) there is a canonical process: given YT € LT, define Z, (7T, j) as
the total number of vertices (w,j) € T for all words w € W of length n > 0. If {Ny }wew\ (o} are
i.i.d. then {Z,}nen is a discrete-time MBP starting from one particle of random type Ny and 7% is
its genealogy tree.

We denote by [(T) the label of the root of Y; [ is a random variable on LT with law ¢. By

construction [ and 7 = rork

are independent. The measure pc depends on the initial distribution ¢;
a particular case is ¢ := d; where we denote the measure 15, simply by ;. Clearly ug = ZjeJ S(7) 1y
and, for every measurable set A C LT, E[A|l = j] = u;(A) = E[rl € A|Zy = 1;]. The supports
LT; :={Y € LT: I(Y) = j} of the measures y; induces a natural partition LT = J;.; LT;.

We note that given a labelled tree T and a vertex (w,j) € T there is a natural identification of
the subtree branching from (w, j) and a labelled tree in LT;. Analogously, every branching random

subtree of a random labelled GW-tree 7L can be identified with a random labelled GW-tree.



Definition 2.1. Given J C J, a couple (A,g) of measurable sets of trees A,g C LT is called
inherited with respect to J if and only if

(1) i (E\ A) = i (ADA) = 0 for all j € T;

(2) if Y € A then all subtrees branching from the children of the root belong to A.

For instance, the first condition is satisfied if £ C A = g; in this case, being inherited is just
a set property which does not depend on j € J. When A = Aand J = J we simply say that A
is inherited (when J is a singleton this is the usual definition, see e.g. [16]). The following lemma
holds.

Lemma 2.2. Let {Ny}wew be an independent family of random variables such that Ny, ~ N for
all w e W\ {0} and define Jy := {j € J: P(N = j) > 0}. Suppose that Jy C J C J. If (A, A) is
inherited w.r. to J then either uj(AAE) = uj(ﬁAE) =0 forallj € J or u(4) = ,uj(g) =1 for
all j € Jy. Moreover, in the first case if supp(s) C J, we have u (AAE) = ug(ZAE) =0, while

in the second case if supp(s) C Jn, we have puc(A) = pc(A) = 1.

Note that in general, given an inherited set A, it is not true that if for some j € J, p1;(A) > p;(E)
then p1;(A) =1 for all j € J. Indeed, suppose that J = {1,2} and N = 2 almost surely. If m > 1
then the smallest fixed point « of ¢ is strictly smaller than 1. Let A be the collection of all trees
which are either finite or with root of type 2. Then A is inherited and p;(A) = «a, p2(A) = 1.
When J is a singleton, Lemma 2.2 applies to classical (unlabelled) GW-trees.

From now on, J = N and the environment is a realization of the labelled GW-tree 77, that is, a
choice of the random GW-tree 7 along with the number of stations at each vertex.

After the construction of the environment, we construct the probability space for our pro-
cesses. Let (LT, u) be as before and v = Hwew,z‘eN* Pg,; be the product measure of the laws

WxN" © Henceforth we do not

of {Ruw,i}wew,icn+ on the canonical product space O := [0, +00)
need the original probability space (2, F,P) and we consider Q := LT x O endowed with the
usual product o-algebra and P := p x v. With a slight abuse of notation we denote again by
71, N, and R, the natural counterparts of the original random variables which are now defined
on the “new” space (). For every w € () the processes evolve according to the sequence of radii
{maxtens R, i(w) 1 v, ) (P) fzex (see also Section 2.3). Extinction and survival are measurable

sets with respect to the product o-algebra. By standard measure theory, for every event A we have

P(A) = /M P(A|TE = 1)pu(dT) (2.1)

where P(A|7l = T) = v(r € O: (T,r) € A) since 7%(Y,r) = Y. Using equation (2.1), we have
that P(A) = 0 (resp. P(A) = 1) if and only if P(A|7Y = T) = 0 (resp. P(A|7" = T) = 1) p-almost
surely. It is clear that P(A) > 0 if and only if u(Y: P(A|7% = T) > 0) > 0. Quenched results, when

A is the event “the process survives”, can be obtained from Lemma 2.2 as shown by Lemma 5.1.
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2.2. Random environment on N. We discuss here the case where p(1) = 1. The projection of
the resulting labelled GW-tree is the set of words (empty word included) where 1 is the only letter.
We identify this projected tree with N. To stress the fact that we are dealing with this special case,
we adopt a different notation. The tree 7% can be identified with NN-valued random variable A/
(representing the sequence of labels of 77) where N (w) := {N;(w)}ien. Remember that {N; };en is
a family of independent random variables (possibly with different distributions).

In this case the environment is represented by every fixed realization of N. Instead of (LT, p),
here we use the space (NV, ;) and p is the law of A/, that is, the product measure [LienPw, of
the laws of {N;};eny on NY. The measure P = p x v is defined on @ = N¥ x O. Equation (2.1)
becomes P(A) = [ P(AIN = n)u(dn). With a slight abuse of notation we denote by {N;}rex

the realization of the sequence A" on NN x O.

2.3. The annealed counterpart. On a deterministic graph or on any given realization of a
random graph, we associate with our (firework or reverse firework) process with random numbers
of stations, a (firework or reverse firework) process with one station per vertex. Indeed, consider
the process with one station on each vertex x and radius ]5% =iy, >1) -max{R;;j:j=1,...,N;}
at x € X. We call this process, the deterministic counterpart or annealed counterpart of the
original process. The annealed counterpart does not retain any information about the environment,
nevertheless the probability of annealed survival of the processes are the same. In the following
we use extensively the cumulative distribution function of Ew which can be easily computed as
19 +00) ()G, (B(Rz < t))) where Gy, (t) := E[t""] = d e PNy = J)t/. As a consequence we
have P(R, < t) = N 4o0)(t)GN, (P(R; < t)). Since we assumed that P(R, < 1) € (0,1) then
P(R, < 1) € (0,1).

3. FIREWORK PROCESS ON N

According to Section 2.2, the environment is the random sequence N (where J = N), its law
is u and P is the probability measure on Q = NN x O. We denote by V the event “the firework
process survives”, that is, “all the vertices are reached by a signal”. P(V') is also the probability of
survival of the annealed counterpart of the reverse firework process; on the other hand P(V|N = n)
is the probability of survival of the firework process conditioned on a specific realization n of the
sequence of numbers of stations. Results for the deterministic case with k stations per site can be

retrieved by using Gy (t) = t*.

Theorem 3.1. In the homogeneous case (R; ; ~ R and N; ~ N for alli € N, j € N*),
(1) if
S TIGv®R < i+1)) = +o0 (3.2)

n=0¢=0
then there is extinction for p-almost all N';
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(2) if .
T Gv®R <i+1)) < +o0 (3.3)

then P(V)) > 0 and p(n: IE;(YO/T./\/(3 =n)>0)=P(N >0).

Since there is no survival if there are no stations at the origin, then the probability that the
environment N can sustain a surviving firework process cannot exceed P(N > 0). The previous
theorem tells us that when the above probability is not 0 then it attains its maximum value.

A function L : (0,4+00) — R is slowly varying if and only if for all z > 0 (<= for all z > 1)
limy 400 L(2t)/L(t) = 1. It is clear that if a slowly varying function L does not vanish on (0, +00)
then 1/L is a slowly varying function. Examples of slowly varying functions are (Inp(-))® where
p(+) is a polinomial and a € R.

The following proposition gives sufficient conditions for extinction or survival.

Proposition 3.2. Suppose that R; ; ~ R and N; ~ N for all i € N, j € N*.

(1) If liminf, oo n(l — GN(P(R < n))) > 1 then P(V) > 0 and p(n: P(VIN = n) > 0) =
P(N > 0).

(2) If limsup,,_,.on(l — GN(P(R < n))) <1 then P(V) =0 and P(VIN =n) =0 for u-almost
all configurations n.

(3) If E[N] < 400 and limsup,,_,o, nP(R > n) < 1/E[N] then P(V) =0 and P(VIN =n) =0
for u-almost all configurations n.

(4) If E[N] < 400 and E[R] < 400 then P(V) = 0 and P(VIN = n) = 0 for p-almost all
configurations n.

(5) If liminf, o nP(R > n)G'\(P(R < n)) > 1 then P(V) > 0 and p(n: P(VIN =n) > 0) =
P(N > 0). In particular this holds if liminf, .o nP(R > n) > 1/E[N] (where 1/E[N] :=0
if E[N] = 400).

The following corollary gives sufficient conditions for extinction or survival where N and R play

disjoint roles.

Corollary 3.3. Suppose that R; j ~ R and N; ~ N for alli € N, j € N*.
IfP(N >n) ~n~*L(n) (as n — oo) for some o € (0,1) and a slowly varying function L then
(1) liminf,, oo nP(R > n)*L(1/P(R > n))I'(1 — «) > 1 implies P(V) > 0 and p(n: P(VIN =
n) > 0) =P(N > 0);
(2) limsup,,_,.o nP(R > n)*L(1/P(R > n))I'(1—a) < 1 impliesP(V) =0 and P(VIN =n) =0
for u-almost all configurations n.
IfP(N > n) ~cen~t (for some ¢ > 0) then
(3) liminf, oo n1In(1/P(R > n))P(R > n) > 1/c implies P(V) > 0 and p(n: P(VIN = n) >
0) = P(N > 0);



(4) limsup,,_,,,nIn(1/P(R > n))P(R > n) < 1/c implies P(V) = 0 and P(VIN =n) =0 for

w-almost all configurations n.

Observe that, by coupling, if P(N > n) > n=*L(n) (resp. P(N > n) <n~*L(n)) when a € (0,1)
then the conclusion of Corollary 3.3(1) (resp. Corollary 3.3(2)) still holds. An analogous result

holds for the case o« = 1.

Remark 3.4. (i) For every fixred unbounded random variable R (with finite or infinite expected
value), there exists a random variable N such that the firework process (with R;j ~ R and
N; ~ N foralli € N and j € N*) survives. Let us fir e > 0, § € (0,1) and choose a variable
N such that

In(1 — §) 1+e
P(N = In(P(R < n))) = no

for every sufficiently large n. Such N ezists since P(R < n) < 1 for alln € N. Indeed consider
n(l — Gn(P(R < n))) = nE[l — P(R < n)V]
_ In(1 —9)
. In(1-6)/ In(P(R<n)) >
n(l P(R <n) )P(N ~ In(P(R < n)))
In(1 —9)

= nsB(N > Wm(P(R < n))

)21+5

thus Proposition 3.2(1) applies.
(i) For every fized (bounded or unbounded) N such that P(N = 0) < 1, there exists R such that
the firework process (with R; j ~ R and N; ~ N for alli € N and j € N*) survives.

Indeed, define py, :=inf{t > 0: Gn(1—t) <1—-2/n}. Since Gy(1—1t) <1 forallt >0 we
have that p, | 0 as n — oco; moreover, by continuity, Gn(1 —pn) < 1—2/n. By construction
liminf,, oo n(1 — GN(1 = py)) > 2, hence if P(R > n) = py, then Proposition 3.2(1) applies.

Another proof can be derived by coupling from the following example. Let N be a Bernoulli
random variable with parameter p > 0. In this case n(1 — Gn(P(R < n))) = npP(R > n),
hence if, for instance, P(R > n) = 2/(pn) then according to Proposition 3.2(1) there is sur-
vival. Since every nontrivial N stochastically dominates a Bernoulli variable with parameter
p =P(N > 0), by coupling, we have survival of the homogeneous firework process associated

with N and R (where P(R > n) = 2/(pn)).

We note that if P(N = 0) € (0,1) in almost every realization there are connected sequences of
empty vertices of arbitrarily large length and nevertheless the process may survive with positive
probability. This happens in particular in the Bernoulli case where we have at most one station per

site. This proves, for instance, that the sufficient conditions of [7, Theorem 2.2] are not necessary.

Remark 3.5. Here we consider the possible behaviors of the system depending on the conver-

gence/divergence of the expected values E[N] and E[R].
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IfE[N] < 400 and E[R] < +oco then there is a.s. extinction for almost every configuration
n (see Proposition 3.2(4)).

If E[N] = 400 and E[R] < +o0o then both survival and extinction are possible. Indeed
Remark 3.4 proves that survival for almost every configuration n is possible. On the other
hand if P(N > n) ~ n=% (for some a € (0,1)) and P(R > n) ~ n_é_e, according to
Corollary 3.3(2), we have a.s. extinction for almost every configuration n.

If E[N] < 400 and E[R] = 400 then both survival and extinction are possible. Indeed fix
any N such that 0 < E[N] < 400 and suppose that P(R > n) ~ «/n; then, according to
Proposition 3.2, if a > 1/E[N] there is survival for almost every configuration n while if
a < 1/E[N] there is extinction for almost every configuration n.

If E[N] = +o0 and E[R] = 400 then, again, both survival and extinction are possible.
Survival is easy: take P(R > n) = p, V 1/n (where p,, is defined as in Remark 3.4(ii)) and
apply Proposition 3.2(1).

As for the extinction consider N and R such that P(N > n) ~ 1/n as n — oo and
P(R > n) = 1/(nln(n) In(In(n))) for every sufficiently large n. Clearly ¥, .yP(R > n) =
> nen P(N > n) = +o00; moreover

1 In(n) + In(In(n In(In(In(n
Bs Pz m =

as n — oo, hence Corollary 3.3(4) applies and there is extinction for almost every configu-

—0

n In(

ration n.

The previous remark is summarized by the following table.

E[N] < 400 E[N] = +o00
E[R] < 400 extinction extinction/survival
E[R] = +o0 | extinction/survival | extinction/survival

In the heterogeneous case we have a sufficient condition for survival.

Theorem 3.6. In the heterogeneous case, if

iﬁGNi(P(Ri <n—i+1)<+oo (3.4)

n=01:=0

then P(V') > 0. Moreover P(V|IN =n) > 0 for p-almost all configurations n.

4. REVERSE FIREWORK PROCESS ON N

We use the same notation as in Section 3. We denote by S the event “the reverse process

survives”. Here we suppose that there is always one station at 0. In the general case of a random

number Ny of station at 0 we can condition on the events {/Ng = 0} and { Ny > 0}: in the first case

we have extinction, in the second one we apply the results of this section. As before, the results

for the deterministic case with one station per site can be retrieved by using Gy (t) = t.
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Theorem 4.1. Let {R;;}ijen+ and {N;i}ien< be two i.i.d. families. Define W := 3 (1 —
Gn(P(R < n))) (or W := [[Z(1 - Gn(P(R < t)))dt).

(1) If W = +oo then P(S|N =n) =1 for p-almost all configurations n.

(2) If W < +oo then P(S|IN =n) =0 for p-almost all configurations n.

Remark 4.2. (i) If the homogeneous reverse firework process associated with N and R dies out
almost surely, so does the homogeneous firework process. Indeed, in this case Y, (1 —
GN(P(R < n))) < 400, hence lim,_oon(l — GN(P(R < n))) = 0 (see Lemma 6.3) and
Proposition 3.2(ii) applies. Hence if there is survival for the firework process then there is
survival for the reverse firework process.

(ii) For every fized unbounded random variable R (with finite or infinite expected value), there
exists a random variable N such that the reverse firework process (with R; j ~ R and Nj ~ N
for alli € N and j € N*) survives. Take the example in Remark 3.4(i).

(iii) For every fized (bounded or unbounded) N such that P(N = 0) < 1, there exists R such that
the reverse firework process (with R; j ~ R and N; ~ N for all i € N and j € N*) survives.
Consider the example in Remark 3.4 (ii).

Theorem 4.1 gives a necessary and sufficient condition for (almost sure) survival for the homo-
geneous reverse firework process in RE, that is, W = 4o00. This condition, implicitly involves both

N and R. What we want to do now, is to find conditions involving separately N and R.

Theorem 4.3. Let {R; ;}i jen+ and {N;}ien be two i.i.d. families (R; j ~ R and N; ~ N ) and L
a positive slowly varying function. Define W as in Theorem 4.1.
(1) If E[N] < 400 then W < 400 if and only if E[R] < 4o0.
(2) If there exists € > 0, a € (0,1) such that n®P(N > n)/L(n) > € for allm > 1 and
JOP(R > t)*L(1/P(R > t))dt = +oo then W = +c0.
(8) If there exists M > 0, o € (0,1) such that n®P(N > n)/L(n) < M for alln > 1 and
o OP(R > t)*L(1/P(R > t))dt < +oo then W < +00.
(4) If there exists M > 0 such that P(N > n) < M/n for all n > 1 and f0+oo P(R >
t)In(1/P(R > t))dt < +o00 then W < 4o0.
(5) If there exists € > 0 such that P(N > n) > e/n for alln > 1 and f0+oo P(R > t)In(1/P(R >
t))dt = 400 then W = 4o0.

We note that, according to Theorem 4.3(2-3), if there exists a € (0,1) such that P(N > n) <
L(n)/n® then f0+°° P(R > t)*L(1/P(R > t))dt < +oo if and only if W < 4o00. Analogously, using
Theorem 4.3(4-5), if P(N > n) < 1/n then 0+O° P(R > t)In(1/P(R > t))dt < +oo if and only if
W < +o0.

Remark 4.4. As in Remark 3.5, we consider the possible behaviors of the reverse firework process

depending on the convergence/divergence of the expected values E[N] and E[R)].
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e IfE[N] < 400 and E[R] < +oco then there is a.s. extinction for almost every configuration
n (see Theorem 4.3(1)).

o If E[N] = 400 and E[R] < +oo then both survival and extinction are possible. Indeed
suppose that P(N > n) < n~% (for some a € (0,1)) and P(R > n) < n=? (where by
an < by, we mean that there exist m,M € (0,400) such that an/b, € [n,M] for every
sufficiently large n). According to the discussion after Theorem 4.3, if § € (1,1/a] then
there is survival for almost every configuration n, while if B > 1/« there is a.s. extinction
for almost every configuration n.

e IfE[N] < 400 and E[R] = 400 then there is survival for almost every configuration n (see
Theorem 4.3(1)).

o If E[N] = +o0o and E[R] = 400 then, due to a coupling with the case E[N]| < +oo and

E[R] = 400, only survival is possible.

The previous remark is summarized by the following table.

E[N] < 400 | E[N] = 400
E[R] < 400 | extinction | extinction/survival
E[R] = +o00 | survival survival

In the heterogeneous case we have the following result.

Theorem 4.5. Consider the heterogeneous reversed firework process on N.

(1) > k51 (1 =GN, (P(Rpyk < k))) = +o0 for all n € N if and only if P(SIN = n) = 1 for
w-almost all configurations n.
(2) If 3 en i1 GN, oy (P(Rpgk < k)) < 400 then P(SIN =mn) > 0 for p-almost all configu-

rations n.

5. FIREWORK AND REVERSE FIREWORK PROCESSES ON GALTON-WATSON TREES

Let us consider a GW-process with offspring distribution p. We know that if p(1) = 1 then the
resulting random tree is N. This particular case has been studied in Sections 3 and 4. In the rest
of the paper we assume that p(1) < 1 and we suppose that m := ) _ynp(n) > 1. The underlying
random graph will be a GW-tree generated by this process. Henceforth, to avoid a cumbersome
notation, we use the same symbol to denote a tree (as a graph) and its set of vertices. Let
©(2) = ,en P(n)2" be the generating function of p and let o € [0, 1] be the smallest nonnegative
fixed point of p. When Z,’;O p(i) = 1 for some k we say that the GW-tree has maximum degree k
or that it is k-bounded.

In this section we consider just the homogeneous case: the set of labels J is N and the random
number of stations {Ny }wew are independent N-valued random variables, N, ~ N for all w €
W\ {0}. We also assume that, in the case of the firework process, Ny ~ N, while in the case of the

reverse firework process the number of stations at the root does not matter as long as it is positive,
12



hence we take a deterministic Ny = min{n € N*: P(N = n) > 0} (the minimum positive value of
N). In both cases the support of the law of Ny is a subset of the support of N. The environment
is a random labelled GW-tree 7% defined in Section 2.1 where the label of each vertex w is the
number of stations at w. As in Section 2.1, the law of 7% is denoted by u and P is the probability
measure on (2 = LT x O. Remember that P(r is finite) = P(7 is finite) = u(E) = p;(E) = a < 1
for all j € N. The radii {R;}wew,ien= of the stations are independent and identically distributed
(with distribution R).

Two interesting particular cases are when there is one station per site (N = 1 a.s.) and when
N is a Bernoulli variable. The first case can be easily retrieved from the general results by taking
Gn(t) =t (see the comments along this section), while the second case is discussed in Example 5.7.

The strategy is to study the annealed counterpart of the process on a GW-tree, with one station
per site and radii ]:’Lw = Iy, >1max{Ry;:i=1,..., Ny} (see Section 2.3). We prove that under
suitable conditions the probability of survival of the annealed counterpart is 0 (resp. > 0). This
implies that the annealed probability of survival of the original process is 0 (resp. > 0): quenched
results then follow as we explain in the following lemma (remember the definition of u, i as the

laws of 7% and 7 respectively and recall that I(Y) is the number of stations at the root of Y € LLT).

Lemma 5.1. Consider a homogeneous firework process or a homogeneous reverse firework process.

(1) If P(survival) = 0 then P(survival|t® = Y) = 0 for almost every Y € LT (that is, for almost
every tree and every sequence of stations).

(2) If P(survival|T is infinite) = 1 then P(survival|t® = Y) = 1 for almost every infinite T €
LT.

(3) If P(survival) > 0 and P(N = 0) = 0 then P(survival|t? = T) > 0 for almost every infinite
Y € LT such that [(Y) > 1 (that is, for almost every realization of the environment such
that the underlying tree is infinite and there is at least one station at the root).

(4) If P(survival) > 0 and P(N = 0) > 0 then P(survival|r = T, Ny = n) > 0 for almost every
(T,n) € T x N such that the tree T is infinite and n > 1.

Moreover, (Y : P(survival|r® = Y) > 0) and i x Py, ((T,n): P(survival|r = T, Ny = n) > 0) are
both either 0 or (1 — a)P(Ny > 1).

The third case of the previous lemma applies, for instance, to any annealed counterpart of a
process (since in the annealed counterpart there is one station per vertex).

Note the difference between “P(survival|r? = T) > 0 for almost every T € LT such that the
underlying tree is infinite and [(T) > 1”7 and “P(survival|r = T, Ny = n) > 0 for almost every
infinite tree T € T and for Py,-almost all n > 17. In both cases there is at least one station at
the root, but the second assertion is weaker than the first one since in the former the tree and

the number of stations at each vertex are fixed while in the latter just the tree and the number of
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stations at the root are fixed. Indeed we show that, when P(N = 0) > 0, the second assertion may
hold while the first does not (see Example 5.8).

Finally, since there is no survival if there are no stations at the root or the tree is finite, then
the probability that the environment can sustain a surviving process cannot exceed the probability
of the event “the tree is infinite and there are stations at the root”, that is, (1 — a)P(Ny > 1).
Lemma 5.1 tells us that when the probability that the environment can sustain a surviving process

is not 0 then it attains the maximum admissible value.

Theorem 5.2. Consider a homogeneous firework process. Define ®(t) := Gy(P(R < 1)) +
Yo ((GN(P(R<n+1)) — GNP(R < n)))t" € [0,+00] (t €[0,+0c0)).

(1) If ®(m) — 1> ®(0) = GN(P(R < 1)) and P(N = 0) = 0 then for the firework process there
18 survival with positive probability for almost every realization of the environment such that
the underlying tree is infinite and there is at least one station at the root.

(2) If ®(m) —1 > ®(0) = GN(P(R < 1)) and P(N = 0) > 0 then for the firework process
P(survival|r = T, Ny = n) > 0 for almost every (T,n) € T x N such that T is an infinite
(unlabelled) tree and n > 1.

(3) If the GW-tree is k-bounded and ®(k) —1 < 1 — 1/k then the firework process becomes

extinct a.s. for almost every realization of the environment.

It is clear, from the previous theorem, that the radius of convergence of ® will play an important
role. Elementary computations show that limsup,,_,., ¥/GnN(P(R<n+1)) — Gy(P(R <n)) =
lim sup,, o /1 — GN(P(R < n)). Moreover, in the case N = 1 a.s., ®(t) := E[t1H] = 3% [ P(n <
R <n+1)t"

Corollary 5.3. Define m. := sup{m > 0: the firework process dies out a.s.}. We have that
limsup,, o, V1 —Gn(P(R < n)) =1 implies m. = 1.

Consider the case N = 1 almost surely. In this case, if E[R*] = +oo for some a > 0 we
have m. = 1. An example where E[R| < 400 and . = 1 is given by any law R such that
Pn<R<n+1)=xn®(a>2).

The next result deals with the behavior of the reverse homogeneous firework process. By defini-

tion, H?:1 ay, =1 for every sequence {ay, nen.

Theorem 5.4. Consider a homogeneous reverse firework process. Let ¢p1(m) :=> o2 | (1-Gn(P(R <
n)))m" and ga(m) = 372, (1 — Gy (P(R < i)))m! [[/Z}) G (P(R < j)). The following hold
(1) if 1(m) = 400 then there is survival with probability 1 for the reverse firework process for
almost all realizations of the environment such that the underlying tree is infinite;
(2) if P(N =0) =0, ¢1(m) < +00 and ¢2(m) > 1 then there is survival with positive probability
(strictly smaller than 1) for the reverse firework process for almost all realizations of the

environment such that the underlying tree is infinite;
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(3) if P(N =0) >0, ¢1(m) < +00 and ¢a(m) > 1 then P(survival|r = T) € (0,1) for almost
every infinite (unlabelled) tree T € T;
(4) if p1(m) < 400 and pa(m) < 1 then there is a.s. extinction for the reverse firework process

for almost all realizations of the environment;

We note that when N = 1 a.s. then ¢ (m) and ¢2(m) become Y2 | m"P(R > n)and > | m"P(R >
n) H?;ll P(R < j) respectively.

Corollary 5.5. Define M. := 1/limsup,_,o, /1 — Gn(P(R < n)). There exists a critical value
me € [1,400), m. < M, such that
(1) m < m. implies a.s. extinction for almost all realizations of the environment;
(2) me < m < M, and P(N = 0) = 0 implies survival with positive probability for almost all
realizations of the environment such that the underlying tree is infinite;
(3) me <m < M, and P(N = 0) > 0 implies survival with positive probability for almost every
infinite (unlabelled) tree;
(4) M. < m implies survival with probability 1 for almost all realizations of the environment

such that the underlying tree is infinite.

Moreover, if m = m. < M. then there is a.s. extinction for almost all realizations of the environ-

ment.

Again the previous corollary applies, in particular, in the case N = 1 a.s. by using P(R > n)
instead of 1 — Gy (P(R < n).

Remark 5.6. If ¢1(1) = +oo, (that is, E[R] = +0c0 if N =1 a.s.) then M, = m. =1 and there is
survival with probability 1 for every realization of the environment such that the underlying tree is
infinite (when m > 1).

If M. = 400 then the probability of survival is smaller than 1 for almost every infinite (unlabelled)
tree (it might be O of course).

If M. € (1,400] and ¢1(M.) = +oo then m. < M., thus there is a.s. extinction for almost all

realizations of the environment when m = m. (see the details in Section 6).

Note that according to Theorems 5.2 and 5.4 the firework and reverse firework processes on a
non-trivial GW-tree can survive even if the radius R is bounded. Indeed, if P(N =0) < 1—1/m
and P(R < 1) is sufficiently small then we have 1 — Gn(P(R < 1)) > 1/m and the conditions for
survival given in Theorems 5.2 and 5.4 hold. According to Theorems 3.1(1) and 4.1(2), this is not

possible on N. As an example we discuss the Bernoulli case.

Example 5.7. We consider N ~ B(p), a Bernoulli variable with parameter p € (0,1). In this
framework, each vertex is occupied by one station independently with probability p and unoccupied

with probability 1 — p. Let Ry, ~ R for all vertices w € W. Clearly Gn(t) =pt + 1 — p.
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Consider the firework process. Applying Theorem 5.2, we have that

(1) 302 P(n < R <n+1)m" > 1/p implies survival with positive probability for almost every
infinite (unlabelled) tree if there is at least one station at the root;
(2) GW-tree k-bounded and Y > | P(n < R < n+1)k" —P(R > 1) < (k—1)/(kp) implies

a.s. extinction for almost every realization of the environment.

Consider the reverse firework process. According to Theorem 5.4, there is survival with proba-
bility 1 (for almost all realizations of the environment such that the underlying tree is infinite) if
and only if > o2 m"P(R > n) = 400 (note that this condition does not depend on p > 0). If
Yo m"P(R > n) < 400 then the probability of survival is strictly less than 1 for every (unla-
belled) tree. In particular there is a.s. extinction for almost all realizations of the environment if
and only if Y. m"P(R > n) H?;ll(l—pIP)(R >4)) <1/p. We observe that M. does not depend on
p. As for the critical value m. = mc(p) it is not difficult to show that p — m.(p) is nonincreasing
and continuous. In particular lim,_,ome(p) = M. Indeed, if M. = 1 there is nothing to prove.
Otherwise, suppose that 1 < r < M,; since limp_op» -oy m"P(R > n) H?:_ll(l —pP(R>75))=0
according to Theorem 5.4 and Corollary 5.5 we have that liminf,_,o m.(p) > r.

When P(N = 0) > 0 and P(survival) > 0 it could happen that the firework and reverse firework
processes die out almost surely on a p-positive set of infinite labelled trees with at least one station
at the root. This implies that, even when the probability of survival is positive, it is not possible,
in general, to have positive probability of survival for almost every realization of the environment

(but only for almost every realization of the unlabelled GW-tree) as the following example shows.

Example 5.8. Suppose that P(N = 0) € (0,1), m > 1 and P(R < M) =1 (for some M € N*).
Under these conditions, it is an easy exercise to prove that the set of infinite labelled trees Y with
[(T) > 1 such that every vertex between distance 1 and M from the root has label 0, has always
u-positive measure. On this set the firework and reverse firework processes die out almost surely.
Newvertheless, according to Theorem 5.2 for every sufficiently large m the firework process survives
with (strictly) positive probability, Similarly, according to Theorem 5.4 there is a positive (strictly
smaller than 1) probability of survival for the reverse firework process (note that, if P(R < M) =1,
then ¢1(m) < +oo for all m). This happens, for instance, in the Bernoulli model described in

Example 5.7.

6. PROOFS

Proof of Lemma 2.2. In the following we consider the canonical MBP {Z,},en defined on the
probability space LT endowed with the probability measure u.. Hence 7%(Y) = T for all T € LT.
Remember the definition of the generating function ¢(z) = > _yp(n)2z" and its smallest fixed

point a € [0,1]. Define Sy := {g € N/: |g| := >_jes9(j) < +oo} and denote by Py the common
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law of { Ny }wew\ oy Given an inherited couple (4, A) where A, A C LT, if the expected value m
of the law p satisfies m < 1 then u;(A) > p;(E) =a =1 for all j € J, and the conclusion follows.

Suppose that m > 1. By conditioning on Z;, using the conditional independence and the Markov
property for labelled GW-trees we have, for all j € J,

11 (A) = pj(A) = BF [14] = B [ (T € A|Z)] < BR[0T YW e A, 104D ¢ 4)7,)]
=> > u(r:rWed . YW e A2y = g)u;(Z1 = g)
neN geSy: |g|=n
lgl

=2 > wZi=g[[m(r: 1V e Ajz) =)

neN geSy: |g|l=n

i=1
=> Y wZi=g) [ n(r e A

neN geSy: |g|l=n j'eJ
! . -/ ~ -/
= Z Z P(’gf)rm H P (599" H e (A)94)
neN geS;: |gl=n jes 9\ ) gy jred
=3 o) (3 mp(APn () = 3w (DPN()),
neN j'eJ j'edn

where |Z1| := 3, ; Z1(j) is the total number of descendants of the root.
Take a generic i € [0,1]7 and suppose that a < h(j) < ¢( > h(5")Pn(j")) for all j € J.
Define h := Y h(j")YPn(j"). Hence

j'€In

j'e€JIN

h < suph(j) < o(h).
jeJ

Thus, either h = a or h = 1. This implies h < sup;7 h(j) < @(h) = h. Since h(j) € [a, 1] for all
j € J, then h = « implies h(j) = o = p;(E) for all j € J, while h = 1 implies h(j) = 1 for all
jeJn.

By Definition 2.1, 11;(A) = p;(A), p;(E\ A) = uj(E\ A) = 0 and (A \ E) = pj(A\ E) for all
jeJ. Ifh(j) = ,uj(g) for all j € J then we have that either uj(ﬁ) = p;j(A) =1forall j € Jy or
,uj(g) = pj(A) = p;j(E) for all j € J and the conclusion follows.

If ¢ (the law of Np) satisfies supp(s) C J' then puc = 37 ;v <(j)p;, whence, for every measurable
B CLT, ue(B) = ;e s(4)1j(B) which yields the conclusion (by taking J' = J, B := AAE and

J = Jy, B:= A). =

Lemma 6.1. If {t;n}ineNi<n i an arbitrary nonnegative sequence and

i ﬁ GNi (ti,n) < 400 (6.5)

n=01i=0
then
o0 n
P (Znt;ﬁ; < +oo> 1

n=0i=0
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In particular if equation (6.5) holds
oo n
PSS < v =n)
n=0i=0

for p-almost all n = {n;};eny € NN,

Remark 6.2. Suppose that t;, — 1 as n — oo for all © € N. We observe that the event
o0 o I tNi < 400} is a tail event with respect to {o(N;:i < n)},. Hence its probability

zOzn

is either 0 or 1. Indeed, for all ip € N, [ty ~ TTiss, tZN;l as n — oo hence {307 o [ tiy, <

+oo} = {302 Hi:io i < oo}

Proof of Lemma 6.1. Let & :=> > T, th;L Note that, by the Monotone Convergence Theorem
and using the independence of {N;}ien,

E[¢ /ZHtmdu ZE

n=01i=0

= Z H G, (tin) < 400

n=01i=0

[1

thus P(§ < 400) = u(§ < +00) = 1. The last equality is an easy consequence of equation (2.1). [

Proof of Theorem 3.1. We investigate the behavior of the deterministic counterpart of our process.
Since R; j ~ R and N; ~ N for all 4, j then EZ ~ R where
P(R <i)=Y P(R<iyP(N =j)=Gn(P(R <i)).
jEN
By [7, Theorem 2.1] the a.s. extinction of the deterministic counterpart is equivalent to
00
I <i+1)=
n=1i=0
Hence equation (3.3) is equivalent to P(V) = 0 which, in turn, is equivalent to P(V|N =mn) =0
for p-almost all configurations n
We are left to prove that P(V) > 0 implies u(n € N¥: P(V|N = n) > 0) = P(N > 0). Note
that P(V) = P(V|Ng > 0)P(Ny > 0) since P(V|Ny = 0) = 0; moreover P(V|Ny > 0) > 0 if
and only if P(V) > 0. We condition now on the event {Ny > 0}. We denote by NN the space
{n: ng > 0} and by 7 the measure y conditioned on NN (clearly u(NN) = P(Ny > 0)). Observe
that p(n: limsup;n; > 0) = 1, u(n: ng > 0) = P(Ny > 0) and that the variables {N;};>1 are
independent with respect to the conditioned probability P(:|Ng > 0). Denote by

Wi, := {n € NNV: P(“V starting from n(k) stations at k”|N" = n) > 0}

the set of realizations of the environment such that the firework process starting from vertex k (and

moving rightwards) survives with positive probability. Note that u(Wy) = u(n € NV: P(V|IN =
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n) > 0). Clearly Wy € o(N;: i > k) where, in this case, {N; };cn is the canonical realization of N/
on NN,

If for a fixed sequence in NN there is survival for the firework process starting from n;, stations
at ig then, by the FKG inequality, there is survival starting from every i < iy (note that if equa-
tion (3.2) holds then the radii are unbounded variables, hence the event {Ry > ip} has a positive
probability). Whence Wy, O Wy for all k € N.

Moreover, if there is survival for a sequence n then for all j € N there exists ig > j such
that there is survival starting from n(ig) particles at ig. Hence Wy C lim sup;, W) which implies
that Wy = limsup, Wi = W; for all ¢« € N. Hence Wy is a tail event, namely it belongs to
Mien @(Ni: i > k). Thus fi(Wo) is either 0 or 1. This implies that p(Wp) is either 0 or P(Ny > 0).

Equation (3.2) implies P(V) > 0 or, equivalently, u(n € NY: P(VIN = n) > 0) > 0. Since
w(Wo) = p(n € NN: P(V|N = n) > 0) we have that u(n € NY: (VN =n) > 0) = P(Nyg > 0). O

Before proving Proposition 3.2 we need another lemma.

Lemma 6.3. (1) Consider a sequence {x;}icn of nonnegative real numbers. If {y;}ien is a

nondecreasing sequence such that yo > 0 and limsup,, > 7" ; x;/yn > 0 then

[ee] o0 .
Z:ci:+oo<:>2ﬂ:+oo
i—1 im0 Ji

In particular, if g > 0,

ixz +00 <— Z +00.
i=1

j Oxﬂ
(2) If {c;}ien is a nondecreasing sequence of strictly positive real numbers such that lim inf, n/co, >
0 then for every nonincreasing, nonnegative sequence {z;}ien such that Z,ofzo Zp < +00 we

have lim,, oo 2no, = 0.

Proof. (1) Observe that x;/y; < x;/yo, thisimplies > 2, xi/y; < > 724 xi/yo. Whence > "2 xi/y; =
+o00 implies Y o2, x; = +00.
Conversely, suppose that > -2, z; = +o00. Fix § € (0,limsup, > .. ,xi/yn). For all
m € N there exists n > m such that > x;/y, > ¢. By induction we can find a strictly

increasing sequence {n;};en of natural numbers such that >, ;1 41 %i/Yn;yy > 0. Clearly
o 41 nj+1
(2
2 - > 0z > ;
i:[) j=01i= n7+1 §=0i=n;41 “Ti+1

(2) By contradiction, suppose that, for some increasing sequence {n;};eny and § > 0, we have
2,0, > 0 for all j € N. Then for all n € (nj,n;41] we have z, > 2, > 0/ap, ;. Thus,

Ym0 2n = D ig(njs1 — nj)d/an,, . If we define x; := nj11 — n; and y; = an,,, then
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> jenTj = +oo and limsup;_, Zgzo xi/y; > liminf, .o n/a, > 0. Thus, according to
(1), we have

o0 o0

Zz > Z (41 —n5)6/am; :5Zﬁ = +oo
5=0

j=0 Y

which contradicts > (2, < 400.

A particular case in Lemma 6.3 is oy, = n.

Proof of Proposition 3.2. (1) In order to prove that equation (3.3) holds we use the Kummer’s
test. According to Kummer’s result, if {a,}nren and {py,}nen are two positive sequences,
a := liminf, (ppan/ant1 — pny1) and B := limsup,, (pnan/an+1 — Pnt1) then a > 0 implies
>, an < 400, while Y 1/p, = 400 and < 0 implies ), a, = +oo.
If we take p, =n+2 and a, = [[;  GN(P(R < i+ 1)) then o > 0 hence P(V) > 0 (and
pn: P(VIN =n) > 0) > 0).

(2) As in the previous case, it follows immediately from Theorem 3.1 and Kummer’s Test with
Pn =n+ 2.

(3) If E[N] < 400 then 1 — Gy(P(R < n)) ~ E[N]P(R > n) as n — oo. The result follows
from (2).

(4) Trivially, E[R] < 400 if and only if . P(R > n) < 4+00. From Lemma 6.3(2) with o, =
n and z, = P(R > n) we have that E[R] < 400 implies lim,,_,oc nP(R > n) = 0 < 1/E[N]
and the previous part of the theorem applies.

(5) In this case, since G’ is a power series with nonnegative coefficients, 1 — G (P(R < n)) >
P(R > n)G'y(P(R < n)). Thus, the result follows from (1).

U

Proof of Corollary 3.3. The main idea of the proof is to compute a suitable asymptotic estimate
1-Gny(x)~(1—2z)f(x)asz — 1.

(1) Note that, using the Cauchy product of power series, (1 — Gn(z))/(1 —xz) = 7 (P(N >
n)z™ for all |z| < 1. From a well-known Tauberian theorem (see e.g. [1, Theorem 9] or [6,
Sec. XIIL5, Theorem 5]), we have that P(N > n) ~ n~*L(n) if and only if > 7 jP(N >
n)a" ~T(1—a)L(1/(1-x))/(1—2)!"* as x — 1. Hence n(1—-Gn(P(R < n))) ~ nP(R >
n)*L(1/P(R > n))I'(1 — «) and Proposition 3.2(1) yields the result.

(2) It follows analogously from Proposition 3.2(2).

(3) If P(N > n) ~ cn™!, since > o2 \P(N > n) is divergent, then Y 2 P(

cln(1/(1 — x)). Indeed, for any € > 0, there exists 7 such that for all n
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P(N >n) € (¢(1 —¢)/n,c(1 4+ ¢€)/n). Hence, eventually as ¢ — 17,
S LRIV > n)zt 3 (P(N >n)a" SR P(N > n)a” + 300 JP(N > n)a”
m(1/(-2) e, an/n ST it €S
> onem P(N > n)a”
€Yot T/
This implies immediately that n(1 — Gy(P(R < n))) ~ nec In(1/P(R > n))P(R > n) and,
again, Proposition 3.2(1) yields the result.

€e(l—g1+e).

(4) It follows analogously from Proposition 3.2(2).
O

Proof of Theorem 3.6. We study the behavior of the deterministic counterpart. Note that IP’(EZ <
n—i+1) = Gn,(P(R; < n—1i+ 1)) is the probability that the n + 1-vertex does not belong to
the radius of influence of the i-th vertex. Hence [[;" ,Gn,(P(R; < n — i+ 1)) is the probability
that the n 4+ 1-vertex does not belong to the radius of influence of any vertex to its left. Denote
this event by E,,: by Borel-Cantelli P(limsup,, £,,) = 1. Whence, there exists ng such that for all
P (ﬂanD E,E) > 0. Since P(V,,,) > 0, where V,,, is the event “all the stations at 0,1,...,nq are
activated”, we have (using the FKG inequality)

P(V)>P | () EEVay | P(Vig) =P | () EEN Vi | 2P| () EE | P(Vi) > 0.

k>ng k>ng k>ng

In particular if we have a deterministic environment, say IN; := m; € N for all ¢ € N, and

o0 n
S TIP@Ri <n—i+1)™ < +o0 (6.6)
n=01:=0
then, since Gy, (z) = 2™, equation (3.4) holds and P(V') > 0.
Finally, by Lemma 6.1 (using ¢; := P(R; < n — i + 1)) we see that equation (6.6) holds for

p-almost all configurations n and this yields the result. O

Proof of Theorem 4.1. Apply [7, Theorem 2.8] to the deterministic annealed process. Trivially
E[R] < 4oc if and only if W < +o00. The results follow immediately from the equivalence between
P(S) = 1 (resp. P(S) = 0) and P(S|]N = n) = 1 (resp. P(S|]N = n) = 0) for p-almost all

configurations n. O
In the following, by f 2 g as * — z¢ we mean that liminf,_,,, f(x)/g(x) > 1.

Proof of Theorem 4.3. (1) We start by noting that, given any N-valued random variable N such
that 0 < E[N] < 400 and an arbitrary sequence {t, }nen in [0, 1], then ) (1-Gn(tn)) <
400 if and only if > (1 —t,) < +oo. This follows easily from (a) lim, y0o(1 —t,) = 0
< lim,,00(1 — Gn(t)) = 0 and (b) 1 — Gy (x) ~ E[N](1 — z) as x — 17. The result

follows by taking ¢,, :== P(R < n).
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(2) Note that W < +oc if and only if E[R] < +oco where R is the law of the radius of the

deterministic annealed counterpart of the reverse firework process. Moreover

“+o0o +0o0
/ (1-Gn(P(R < t))dt = / > (1-PR<t)")P(N =n)dt
0

neN

/+m§:1— P(R < t)) Z P(R < t)'P(N = n)dt

- / P(R > t) ZIP’(R < t)'P(N >i+1)dt
0 i=0

- / o Fnr(OP(R > t)dt
0

where fngr(t) := > 2 P(R < t)'P(N > i+ 1). By the Monotone Convergence Theorem
fnr(t) TE[N] as ¢ 1 4o0.
Since {P(N > n)},en is a nonincreasing sequence, then from [6, Sec. XIII.5, Theorem
5], if P(N > n) > eL(n)/n“ we have that
'l —a)

Inr(t >E§P (R<t)'L(i+1)/(i+1)* ~ TR < t))l_aL(l/(l ~P(R < t))

as t — 4o00. This, in turn, implies
INrRE)P(R>1t) 2 el'(1 — a)P(R > t)*L(1/P(R > t))

(remember that P(R < t) — 1 as t — c0). Hence [["°P(R > t)*L(1/P(R > t))dt =
implies W = +o0.
(3) Analogously

FnrMPR > 1) <M -T(1—a)P(R > 1)°L(1/P(R > t)),

Hence f P(R > t)*L(1/P(R > t))dt < +oc implies W < +00.
(4) In this case we have P(N >n+1) < M/(n+ 1) for all n € N, whence

Inr(OP(R 2 1) S M -P(R > t)In(1/P(R > t)).

Thus, [["P(R > t)In(1/P(R > t))dt < +oo implies W < +o0.
(5) Finally IP’(N >n+1)>¢e/(n+1) for all n € N, whence

INrR(OP(R>1) 2 e P(R > t)In(1/P(R > t)).

Thus, [,"°P(R > t)In(1/P(R > t))dt = +oo implies W = +o0.

Proof of Theorem 4.5. If we define

o= (1=P(Ruyp, <k)Vir), (o= [ P(Ragk < k)Nret
k>1 neN k=1
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then, by the Monotone Convergence Theorem and the Bounded Convergence Theorem,

Eulén] =Y (1= Gnp oy (PR < 8)), Euld] =Y [ G PRk < k).

k>1 neN k=1
According to [7, Theorem 2.4(i)], E,[§,] = 400 if and only if P(S) = 1 (almost sure survival of
the deterministic annealed counterpart) which is equivalent to P(S|A = n) = 1 for p-almost all
configurations n. Moreover, E,[(] < 400 implies ( < 400 for p-almost all configurations n and

then, according to [7, Theorem 2.4(ii)], P(S|AV =n) > 0 for p-almost all configurations n. O

Before proving the results of Section 5 we discuss again the role of the annealed counterpart
introduced in Section 2.3. By using the equality P(R < t) = L0, 400) () GN(P(R < t)) we have that
if the original process satisfies the assumptions in one of the results of of Section 5 (Theorems 5.2
and 5.4 or Corollaries 5.3 and 5.5) then the annealed counterpart satisfies the same conditions by
taking N = 1 a.s. and R instead of R (observe that, in this case, Gn(t) = t). This means that
proving these results in the special case N = 1 a.s. is equivalent to proving them for every annealed

counterpart of a generic process.

Proof of Lemma 5.1. (1) and (2) are consequences of equation (2.1) (in the second case one applies
equation (2.1) to P(-|7 is infinite)).

Let us prove (3) and (4). Given {Ry,;}wew.ien+, denote by ¢(Y) = P(extinction|rL = T) the
probability of extinction of the firework (resp. reverse firework) process on a fixed labelled tree
T € LT (observe that, when conditioning on {7 = T}, the radii are still random variables).
Remember that p (defined in Section 2.1) is the law of 7 depending on N (the law of the random
label I of the root). By hypothesis, the support of the law of Ny is a subset of Jy (the support of
the law of N).

Denote by O the set {Y: ¢(Y) = 1} of labelled trees where the process dies out almost surely.
Clearly if A := {Y: ¢(Y) = 1,{(Y) > 1} then O = AULTy (where [(T) is the label of the
root of T and LTy are the trees with no stations at the root). Note that OF = {¢(T) < 1} C
{T is infinite, [(Y) > 1}.

On a finite labelled tree YT the firework and the reverse firework processes become extinct almost
surely, hence £ C O. Using the notation p;(-) = u(-|l = j) (see Section 2.1), we have p;j(E\ A) =
pi(AAO) = 0 for all j € N*. If a process becomes extinct on a labelled tree T € A (since there
is a positive probability that it reaches each child of the root) then it becomes extinct on every
labelled subtree branching from a child of the root. Since each subtree can be identified with a
labelled tree and the sequence of radii is i.i.d., we have that (A, O) is inherited with respect to
J = N*. To be precise, for the above identification, in the case of the reverse firework, we just need
that {Ru.i}wew\(0},ien+ s an i.i.d. family. If the annealed probability of survival is positive then
by equation (2.1) we have that u(O) = P(¢(7%) = 1) < 1 which implies P(¢(7%) = 1|Ny > 1) < 1,

where () = P(extinction|7X). Note that {q(7%) =1} = O° x O.
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(3) Suppose that P(N = 0) = 0. Thus, Jy C J and, applying Lemma 2.2, we have that either
pi(OAE) =0 for all j € N* or p1;(0) =1 for all j € Jy. Whence 1;(0) € {a,1} for all j € Jy.
In particular, recalling that p(l = j) = P(Nyg = j), if 5(¢) :== p(l =il > 1) = P(Ny = i|Ny > 1)
then we have uz(-) = > ,enS()i () = ey Sui(-) = p(|l > 1). From Lemma 2.2 either
pe(OAE) = 0 or pue(O) = 1. This implies pic(O) = p(O|l > 1) € {a, 1} (since a = p;(E) =
w(E) = pe(E) for all j € N). Observe that u(O) < 1 if and only if ue(O) = «; in this case
wON{l>1}) =au(l > 1) = u(EN{l > 1}), since the label of the root and the finiteness of the
tree are independent by construction. Hence, when p(0O) < 1 we have ON{l > 1} = En{l > 1}
except for a p-null set (since O O E, that is, there is no survival on a finite tree). Thus either
uw(O) =1 or O = LTy U E except for a p-null set (in this case pu(O) = P(Ny = 0) + P(Ny >
1)a). Equivalently, either (OF) = 0 or OY = {Y is infinite, {(Y) > 1} except for a p-null set.
Equivalently, {q(7%) < 1} = {7% is infinite, Ny > 1} except for a P-null set. This means that there
is a positive probability of survival for the process for p-almost every realization of the environment
(that is, the labelled GW-tree) such that the underlying tree is infinite and there is at least one
station at the root. Easy computations shows that P(r7 is infinite, Ny > 1) = P(Ny > 1)(1 — a).
This completes the proof of (3).

(4) If P(N = 0) > 0 then consider the annealed process with one station per site and radii
{Ru}wew (see Section 2.3). The environment of this process can be identified with the unlabelled
tree 7. Define ¢2(T) = P(extinction|r = T') the probability of extinction of the annealed process
on T € T. By reasoning as in Section 2.3, for every fixed realization T of 7, ¢2(T) is the same for
the annealed or the original process. Since the annealed process has one station per site, we apply
(3) obtaining that P(survival) > 0 implies {g2(7) < 1} = {7 is infinite} except for a P-null set.

Denote now by ¢1(T,n) = P(extinction|r = T, Ny = n) the probability of extinction of the
firework (resp. reverse firework) process on a fixed unlabelled tree T € T with n € N stations at
the root (observe that, when conditioning on {7 = T, Ny = n} the radii of all stations and the
numbers of stations outside the root are still random variables). Clearly, in the firework process,
the probability of survival starting from n stations at the root is less than or equal to n times the
probability of survival starting from 1 station (since it is necessary and sufficient that at least one
of the n stations triggers a surviving process). Hence 1 — ¢1(7,1) <1 — qi(7,n) < n(l — q1(7,1))
for all n > 1. For the reverse firework process the first inequality turns into an equality, since the
behavior of the process does not depend on the number of stations at the root as long as they
are positive. Since 1 — q2(7) = >, cn+(1 — q1(7,1))Pn, (n) then, using the previous inequalities,
@2(17) < 1 <= q(r,n) < 1for some n € supp(Ny) <= qi(7,n) < 1, Vn € supp(NVy). This
implies that {q1(7, Np) < 1,Np = n} = {7 is infinite, Ny = n} for all n > 1 except for a P-null
set. This means that P(survival|r = T,Ny = n) > 0 for g-almost every infinite (unlabelled)
tree T € T and for Py,-almost all n > 1. Observe that qi(7, Ny) = P(extinction|r, Ny); again

P(7 is infinite, Ny > 1) = P(Np > 1)(1 — «). O
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Proof of Theorem 5.2. The proof is divided into two main parts. We start in part (a) by proving
the results in the case N =1 a.s.: the general case will be considered in (b).

(a). Here the environment 7% can be identified with a realization of the GW-tree 7 (with no
labels) and the generating function of N is Gy (t) = t. As in Section 1 we denote by fi the law of
Ton T.

(1-2). Consider at each step and for each station at a vertex w the border of the signal 0,,, that
is, the vertices at distance n from the source such that n < R, < n + 1. Define a new process
where at each step we activate only the stations in 9,, where w is the site of a station activated in
the previous step. This process is stochastically dominated by the original Firework process. The
generating function of the law of #0,, can be computed as ¥(z) := > yP(n < R <n+ 1)(,0,(0”)(2)
where gpf,n) is the generating function of the convolution p *...* p (and apf,o)(z) = 1), that is, of

R

n times
the law of the number of descendants in the n-th generation. The number of activated stations at

each step is a GW-process with generating function ¥ hence it survives if and only if ¥/(1) > 1
which is > 77 P(n < R < n+1)m™ > 1. This inequality is clearly equivalent to ®(m) —1 > ®(0).
Since the (annealed) probability of survival is positive then P(¢(7) = 1) < 1 hence, according to
Lemma 5.1(3), {¢(7) = 1} = {7 is finite} except for a P-null set.

(3). By using a coupling argument it is enough to prove the result for the process on the deter-
ministic tree Ty where each vertex has k children. Consider the following random tree constructed
on the vertices of Tx. We connect by a blue edge the root () with each vertex w € Ty such that
the length |w| < Ry. This is the first generation. Suppose we have defined the n-th generation
H,. Take the vertices of H,, one at the time, in lexicographic order and connect w € H,, to every
vertex ww’ in the subtree of Ty branching from w which has not been previously connected and
such that the length |w'| < R,,. The connected vertices ww’ are the n + 1-th generation. The ver-
tices of this random tree are exactly the vertices of Ty which are activated in the firework process.
More precisely, this is a spanning tree of the (random) F-graph described in Section 1. Hence, by
coupling, the firework process survives on Ty if and only if the blue tree is infinite.

But the blue random tree is a subtree of a new GW-tree whose (random) number of offsprings
has the same law as the number of descendants of any vertex of Ty, say the root for instance, up to
the random generation R (included). It is easy to check that the expected number of descendants
up to the (random) R-th generation is > o0 ;P(n < R < n + 1)(k"*! — k)/(k — 1); thus if this
expected value is less or equal than 1 the blue tree is finite almost surely and the probability of
survival of the firework process is 0. The extinction for almost all the realizations of the GW-tree
follows easily from equation (2.1). The proof is complete in the case where N = 1 almost surely.

(b). We consider now the general case. Let us denote by 7% the labelled GW-tree and by 7 the
projection of 77 on W, that is, the underlying (unlabelled) GW-tree. Let u be the law of 77 on
LT. Given {Ry;}wew,i>1 and {Ny }ywew, we consider, along with the firework process n on the
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labelled GW-tree, the annealed counterpart, that is, the firework process 77 with one station per
vertex and radii éw = max(Ry1,...,Ryn,) for all w € W. If n satisfies the conditions of the
theorem then 7] is a process with one station per site satisfying again the condition of the theorem
(in the case studied in the previous part of the proof).

(1). Since P(R, < t) = Gy(P(R < t)) according to (1-2) we have that if ®(m) — 1 > ®(0)
(or equivalently > > (Gn(P(R < n+ 1)) — Gn(P(R < n)))m™ > 1) then the process 7] survives
with positive probability on almost every infinite GW-tree, that is, E(T: ]P’(g T = T) > O) =
E(T: T is inﬁnite) (where S is the event “n survives” and @ is the GW-probability measure on
the space T of unlabelled trees). This implies that P(S) > 0. Since P(S) = P(S) (where S is the
event “n survives”) then we have p(T: P(S|7% = T) > 0) > 0. Since p(T: P(S|7* =7T) >0) >0
then, according to Lemma 5.1 (remember that the support of the law Ny is equal to Jy), since
P(N = 0) = 0, we have {P(S|7%) > 0} = {r! & E,i(7*) > 0} except for a P-null measure set
(where E is the set of all finite labelled trees).

(2). As in (1) of part (b) we have that P(S) = P(S) > 0 which implies, according to Lemma 5.1,
{P(S|1, Ny) > 0} = {7 is infinite, Ny > 1} except for a P-null set.

(3). If ®(k) — 1 < 1 — 1/k then @(T: P(S|t = T) = 0) = 1 which implies 0 = P(S) = P(S).
This, in turn, is equivalent to p(Y: P(S|7% =7T) =0) = 1. O

Proof of Corollary 5.3. Since P(R < 1) < 1 then ®(m) > ®(0) + 1 eventually as m — oc;
thus, according to Theorem 5.2, M, < 4o0o0. Since the GW-tree is a.s. finite when m < 1,
we have that m. > 1. Moreover, if m > 1/limsup,_,. /1 — Gn(P(R <n)) (the latter being

the radius of convergence of ® according to the discussion before Corollary 5.3) then, by Theo-

rem 5.2, there is survival with positive probability for the firework process. This implies that if

limsup,,_,~, ¥/1 — Gn(P(R < n)) = 1 we have positive survival if and only if m > 1. Thus 7, = 1.
O

Proof of Theorem 5.4. As in the proof of Theorem 5.2 we start with the case where NV =1 almost
surely. In the first part of the proof, the environment 7% is identified with the GW-tree 7 (since
we have one station per vertex).

After the construction of the GW-tree 7, we construct a new tree (which is not in general a
subtree of 7) iteratively as follows: starting from the origin, (1) for every word i of length 1 of
the tree draw a purple edge from () to ¢ if and only if R; > 1, (2) for all n > 1 suppose we
finished connecting words of length n, take all words w’ of length n + 1 such that there are no
ancestors already connected to the root and connect them to the root if and only if R, > n + 1.
This is the construction of the first purple generation. Now we construct the second generation
applying (1) and (2) to the subtrees branching from each vertex of the 1st purple generation (in
the construction, these vertices become the roots of the branching subtrees). The constructions

on these subtrees are independent since the subtrees are pairwise disjoint. The construction of the
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subsequent generations follows by iteration. Using this construction, if a vertex is able to listen to
more than one station which can broadcast the signal then we are connecting it to the closest one.
This is a spanning tree of the (random) RF-graph described in Section 1.

This new purple tree is a GW-tree and there is survival if and only if this tree is infinite. The
expected number of purple edges from the origin is ¢o(m) = >.00, mP(R > i) H;;ﬁ P(R < j)
where m is the expected number of children in the original GW-tree. Hence, the purple GW-tree
is finite if and only if the probability that a vertex has at least one child is strictly smaller than 1
and the expected number of children of a vertex is smaller or equal than 1.

Given the original GW-process {Z,, },¢n, the probability (conditioned on {Z, },en) that the root
has no children in the purple process is [[52; P(R < n)?". Clearly [[°°; P(R < n)%" = 0 if and

n=1
only if >, Z,P(R > n) = +o0. For almost every realization of {Z, },ecn such that the GW-tree
is infinite, we have Z,, ~ m"™ (where m > 1), thus > >, Z,P(R > n) = +oo is equivalent to
61(m) = Y30, m"B(R > n) = +oc,

Hence there is annealed a.s. extinction if and only if ¢1(m) < 400 and ¢2(m) < 1; equation (2.1)
implies a.s. extinction on almost every realization of the GW-tree. Moreover the annealed proba-
bility of survival conditioned of the event “ the GW-tree is infinite” is 1 if and only if ¢1(m) = 400;
again equation (2.1) implies survival with probability 1 on almost every realization of the GW-tree.
When ¢1(m) < +o00 and ¢2(m) > 1 we apply Lemma 5.1 to obtain the quenched results.

As in the proof of Theorem 5.2, the results in the general case come from the first part of the
proof and from Lemma 5.1 by using the reverse firework process 7 (associated with { Ry ; }wew,i>1
and {Ny}wew) and its annealed counterpart 77 (with one station per vertex and radii Ry =

max(Ry.1,...,Rwn,) for all w e W). O

Proof of Corollary 5.5. Recall ¢1 and ¢2 defined in Theorem 5.4 From the probabilistic inter-
pretation of ¢1(m) and ¢2(m) given in the proof of Theorem 5.4 we have that ¢2(m) < 1 im-
plies ¢1(m) < +oo. Moreover, ¢1 > ¢2. Since we assumed that P(R < 1) € (0,1) we have
GN(P(R < 1)) € (0,1) as well. In particular, Gy(P(R < 1)) < 1, implies that ¢y is strictly

increasing and lim,,, oo ¢2(m) = 4+00. Define

M, :=sup{m > 0: ¢1(m) < +o0}, m,:=sup{m > 0: ¢2(m) < 1} =sup{m > 0: ¢a(m) < 1}.

By the discussion above, m, < M. and m. < +o00. Observe that, in general, > >° | (1—ay,) H;:ll aj =
1 — limp o0 [[7-; @j when the limit exists. Hence ¢2(1) = 1 —[[;2; Gn(P(R < j)) which implies
me > 1 (note that ¢2(1) < 1 if and only if ¢1(1) < +00).

Since ¢ is a series with nonnegative coefficients, we have that ¢2(m.) < 1; thus if m, < M, then
¢1(m¢) < 400 and for m = m, there is almost sure extinction for almost every realization of the

environment. |
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Details on Remark 5.6. Recall the definition of ¢; and ¢o given in the proof of Corollary 5.5.
If M. = +oo there is nothing to prove since, according to Corollary 5.5, m, < 4o0o. On the
other hand, suppose that 1 < M, < 4o0o. This implies immediately that ¢;(1) < 400 hence
[[7Z,P(R < j) =6 > 0. Thus, ¢1(m) > ¢2(m) > d¢1(m). Since ¢ is a series with nonnegative
coefficients, we have that ¢o(m.) < 1, whence ¢1(m.) < 1/0 < +o0. If, in addition, ¢;(M.) = +o0
then we have that M, > m.. O
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