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Abstract. The purpose of this paper is to prove local upper and lower
bounds for weak solutions of semilinear elliptic equations of the form
—Au = cuP, with 0 < p < ps = (d + 2)/(d — 2), defined on bounded
domains of R?, d > 3, without reference to the boundary behaviour. We
give an explicit expression for all the involved constants. As a conse-
quence, we obtain local Harnack inequalities with explicit constants, as
well as gradient bounds.
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1. Introduction

In this paper we obtain local upper and lower estimates for the weak solutions
of semilinear elliptic equations of the form

—Au = f(u) (1.1)

posed in a bounded domain  C R?. The choice of right-hand side we have
in mind is f(u) = Au? with A\, p > 0. The range of exponents of interest will
bel<p<ps:=(d+2)/(d—2)ifd>3,or p>1ifd=1,2. This problem
is one of the most popular problems in nonlinear elliptic theory and enjoys
a large bibliography [1, 7, 8, 12, 13, 14, 18, 19, 20, 21, 22, 23, 24, 26, 27, 32,
33, 34, 35, 36, 37 for different p, and [6, 10] for the limit case p = ps.!

We focus our attention on obtaining local estimates for solutions that are
defined inside the domain without reference to their boundary behaviour.
This is the notion of solution we use.

Definition 1.1. A local weak solution to equation —Au = f(u) in 2 is defined
as a function w € W2 (Q) with f(u) € L, (Q) which satisfies
/ [Vu-Ve— f(u)p] de =0 (1.2)
K
for any subdomain with compact closure K C Q and all bounded ¢ € C3(K).

Our aim is to contribute quantitative estimates in the form of upper bounds
for solutions of any sign, lower bounds for positive solutions, and also local
Harnack inequalities and gradient bounds. By quantitative estimates we mean
keeping track of all the constants during the proofs. As far as we know, there
does not exist in literature a systematic set of quantitative estimates of local
upper and lower bounds, nor of the Harnack constant, in the explicit form
we provide here. We recall that the quantitative control of the constants of
such inequalities may have an important role in the applications; it is needed
for instance in the results of [2] on the asymptotic properties of solutions of
the fast diffusion equation in bounded domains.

Contents and main results. We start with a section devoted to basic energy
estimates. We then consider in Section 3 the upper estimates for nonnegative
solutions of the equation —Awu = AuP. The exponent range is 0 < p < ps;
this is a main restriction of the theory, as it is already well known. See also
[9] for L*°-bounds of different type for Equation (1.1) with more general
nonlinearities.

Our first main result, Theorem 3.1, can be considered as a smoothing ef-
fect with very precise constants; it is much simpler for p < 1, but we also
obtain the more complicated and novel estimates for 1 < p < ps. Next, we
obtain local upper estimates for —Au = b(x)u with unbounded coefficient b
in Theorem 3.8 and we apply them to the case b(x) = uP~! in Theorem 3.9.

1We refrain from attempting to give a complete bibliography for this nowadays classical
problem.
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In Section 4 we prove quantitative lower estimates, Theorems 4.6, 4.8. We
prove Harnack inequalities in Theorems 5.1, 5.2 and 5.3. All of these results
appear to be well known from a qualitative point of view. Let us mention
that, as far as we know, the Harnack inequality for solutions to (1.2) when
p > 1 is not stated explicitly in the literature. The fact that the “constant”
involved has to depend on v when p. < p < ps is confirmed by the results
of [4], [16] applied to separation of variable solutions of parabolic problems,
see also the very recent monograph [17]. This is also related to the fact that,
in the range p. < p < ps, there exist (very weak) singular solutions. Notice
also that in such a range the notion of weak and very weak solution is really
different, cf. [15, 25, 28, 29, 30, 31].

In Section 6 we derive quantitative absolute upper (for 1 < p < p.) and
lower bounds (for 0 < p < 1) which are new as far as we know, at least from
a quantitative point of view, cf. Theorem 6.1. Universal (or absolute) upper
bounds for weak solutions defined in an open subset of R? in the whole range
(1,ps) follow as a consequence of the works of Dancer [11, 12] on classical
solutions, and from the fact that weak solutions are indeed classical as can be
proved by a standard bootstrap argument. Weak solutions are classical also
when p = py, as proved by Brezis and Kato [5]. We do not obtain quantitative
versions of these absolute upper bounds in the intermediate range [p., ps) with
our methods.

The last section is devoted to quantitative gradient estimates, cf. Theorem
7.2, and absolute upper bounds for the gradient when 1 < p < p,, cf. Theorem
7.3.

Much of the known theory takes into account boundary conditions of dif-
ferent types: Dirichlet, Neumann, Robin, or other. Our results apply to all
those cases. We will study the precise estimates for the Dirichlet problem in
an upcoming paper [3].

Finally, the authors are grateful to A. Farina for relevant information on
the topic of absolute bounds.

2. Preliminaries. Local energy estimate

We shall pursue in the sequel the well-known idea that local weak solutions
satisfy reverse Sobolev or Poincaré inequalities. Such local reverse inequalities
are the key to prove local upper and lower estimates in the next sections, and
indeed they imply that such functions are Holder continuous.

Lemma 2.1 (Energy Estimates). Let Q C R? be a bounded domain, and let
p >0 and A > 0. Let u be a local nonnegative weak solution in 2 to —Au =

AuP. Then the following energy equality holds true for any § > 0, o # —1
and any positive test function ¢ € C?(Q) that is compactly supported in §):

4o /Q A% ((u—i—&)%l) ‘ZL,Od.’L‘ = Ma+ 1)2/Qup(u+6)agodx o
+ (a+ 1)/§l(u+5)a+1Ag@dm.
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Moreover, for any d > 0 we have the Caccioppoli estimates

[Vel?
A 5cpdx—|— |Vlog (u+9) ’ pdx < " dz. (2.2)
Q

Local subsolutions u of —Au < \uP satisfy, for a % —1 and 6 > 0:

404/Q v ((g+5)a7+1> |2g0d:r <AMa+ l)z/gzﬂp(ﬂ+§)o‘cpdx 03
+(a+1)/(g+6)““A<pdx,
Q

while local supersolution —Aw > A\u® satisfy, for any a # —1 and 6 > 0:

(a+1 /’V u+5 )’ <pdx>)\/upu—|—5) ‘pdr

(2.4)
/ @+ 0)*MApde,
Q

+a+1

and the Caccioppoli (2.2) estimates also work.

Remark. Notice that when a > —1, we can let § = 0 in the energy identity
(2.1) to get

4a/ A% (u%l) |230dx=/\(oz—|—1)2/up+°‘g0dx+(a+1)/ua+1Ag0dx.
Q Q

Q
(2.5)
The same remark applies to subsolutions:
4a/ ’V ’ pdr < Ma+1)2 /gp+atpdw+(a+1)/g°‘+lA<pda:
Q Q
(2.6)

Proof. Let ¢ € C%(Q) N CE(Q) and & > 0. Multiply —Au by (u + §)%p, with
a # —1 and integrate by parts to get

7/ SD(U+5)O‘Aud:c:/ch~ (Vu)(u+0)*dz
Q Q

+ a/ o(u+ 6)0‘*1|Vu|2 dz
Q

X . 2.7)

For local weak solutions of —Au = AuP, the above equality immediately
gives the energy identity (2.1) for « # —1. Similar considerations hold, in
the stated range of «, for sub and supersolutions. To derive the Cacciopoli
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estimate we use the test function ¢/(u + §) to get

14
< ——A
0 )\/ 5god /Qu+5 udx

:—/7|Vu|d—|— Ve Vufx

2 1
7/¢|V10g(u+5)|2dz+7/ Vel dl"i’*/ }Vlog(u+§)|2<pda:
Q 2/a ¢ 2 Ja

1 1 2
§—7/¢’V10g(u+5)’2dx+7/ &dx,
2 Ja 2Ja ¢

where we have used the inequality a-b < (|a|> + |b]?)/2. [

IN

We shall also need the following particular computation.

Lemma 2.2. Fiz two balls Br, C Br, CC ). Then there exists a test function
© € C¢(BRr,), with Vo = 0 on 9Q, which is radially symmetric and piecewise
C? as a function of r, satisfies supp(p) = Bg, and ¢ = 1 on Bg,, and
moreover satisfies the bounds

4 4d
Voloo £ 5— d APl < ———. 2.8
IVele < 7ogr od 180l < o (28)
Proof. Consider the radial test function defined on Bg,
1 if0< || <Ry
ol B2 )
1-— 72(%T)L1§1))2 if Ry < |z| < L’;Rl
o(lz]) = iah? , (2.9)
Ty if St < faf < Ry
0 if |$| > Ry
for any 0 < Ry < Ry. We have
0 if 0 < |z| < R;orif |x| > Ry
4(|z[=R1) = : Ro+R;
Vo(la]) = ~ Ro—R)? Ta] iRy <o) < 57
e e i<,
and, recalling that Ap(|z|) = ¢"(|z]) + (d — )¢’ (|x]) /|2,
0 if 0 < |z| < Ry orif |z| > Ry
4 d—1 4(|z|—Ry) : Ro+R
Ap(lz]) = ¢~ Bo—R1)? — T - )? if Ry <laf < S5
4 d—1 4(Ro—|z|) i¢ Ro+R
— ey T(ROO—Rl)Z if fotFr < 2| < R

As a consequence we easily obtain the bounds (2.8). []
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Corollary 2.3 (Quantitative Caccioppoli Estimates). Let § > 0. Let Q C R?
be a bounded domain, and let p > 0 and A > 0. Let u be a local positive weak
solution in Q to —Au = \uP. For any Br C Br, CC {2 we have

uP 2 8wa R4
)\/ d;v+/ Vieg(u+9)| dax < ———— 2.10
BRU+5 BR} g( )| (RO—R)2 ( )

where wy denotes the volume of the unit ball in R? .

Proof. We use (2.2), using the test function ¢ of Lemma 2.2 with R replacing
Rli

uP 2
/\/ d:ﬂ—f—/ |Vlog(u+6)|" dz
B +(5 BR

R U

uP

dz + Vlog(u +8)|°d
il /Qsol og(u +0)|" dz

2 d
§/ Vol® 4, < 8lsupp(p)] _ 8waRy
Q ¢

<A

= Ro-R?  (Ro-R2 U

Note that the case § > 0 follows immediately from the case § = 0 since u > 0.
Remark. Letting 6 = 0 in the Caccioppoli estimates (2.10) shows that

A uP~tdr < 7&%}%3

Bnr (Ro — R)?

When p > 1 this yields a local absolute upper bound for the local LP~!-norm,
a fact that will allow to conclude an absolute local L*°-bound in the range
1< p<p.:=dj(d-2), as we shall see in Section 6. This absolute upper
bound represents a novelty both because it is quantitative and because it
is local: to our knowledge this is the first absolute local bound for elliptic
equations. When p = 1 such absolute bound is easily seen to be impossible,
while in the case 0 < p < 1 we get an absolute lower bound for the local
LP~l-integral, which is new, at least as far as we know. It will be used below.

(2.11)

2.1. More general nonlinearities
As long as we deal with local estimates, we can apply the method to a larger
class of operators and nonlinearities. (i) First of all, namely we can treat local
solutions of:
-V A(z,u, Vu) = AuP, (2.12)
where A is a Carathéodory function such that
nléf? < Az, u,€) - € <wlél? and Az, u, )P < vl

for suitable constants 0 < v; < vo. The proofs of the inequalities are the
same, and the results contain vy (resp. v5) depending on whether you consider
subsolutions (resp. supersolutions).

(ii) Second we can consider supersolutions of the problem

-V A(z,u,Vu) = f(z,u), (2.13)

as long as f(u) > apuP with ag > 0, since they are supersolutions of
-V - A(x,u, Vu) = ag uP.
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(iii) We can consider subsolutions of (2.13) with f(u) < ai(u + b1)?, and
a1,b; > 0. Then we can obtain an estimate for v = u + b.

The only thing that changes a bit are the energy estimates, and it is not so

difficult to keep track of the new constants throughout the proof. We have
decided here to consider the model case, to simplify the presentation and to
focus on the main ideas.
(iv) Other semilinear problems of this type are treated in the literature.
Thus, Ambrosetti and Prodi’s book [1] discusses right-hand sides of the form
f(z,u) = Mu+c(u)+h(z), witha € R, ¢(-) € C°(R)NL>®(R) and h € C%*(Q),
for some o € (0,1). Such nonlinearities can be treated with the methods
presented here as well. We refrain from dealing with it in this work.

3. Local Upper Bounds

This section is devoted to the proof of the upper bounds and we will pro-
vide two kinds of estimates. We prove local upper bounds for nonnegative
subsolutions, then by Kato’s inequality it is easy to extend such results to
solutions with any sign.

3.1. Local upper bounds I. The upper Moser iteration

The local upper bounds follow from the local Sobolev imbedding theorem on
balls Bp ¢ R¢

1
A (TR 1 ey (3.)

where Sy = S3(Bj) is the best constant and 2* = 2d/(d — 2). We are re-
quiring hereafter without any further comment that d > 3. The Sobolev
inequality combines with the energy inequalities of Lemma 2.1 which can
be considered as local reverse Sobolev (or Poincaré) inequalities. The proof
of the local upper bounds goes though the celebrated Moser iteration. We
adopt the notation || f||Las,) = | fllq.r, we recall that |Bg| = wgR? and
that f, f(z)dz = [y f(x)dz/|X]|. Throughout this section we are consid-
ering nonnegative subsolutions u to —Au = AuP, unless otherwise explicitly
stated.

Theorem 3.1 (Local Upper Estimates). Let Q C R? and let A > 0. (i) Let
u > 0 be a local weak subsolution to —Au = AuP in Q, with 1 < p < ps =
2" —1=(d+2)/(d—2). Then, for any ¢ > G := d(p — 1)+/2 and for any
Br., C Br, €, the following bound holds true

1+(p—1)p

q —H
ullLee (Bry) < Lo ][ uldz ][ uP~t da (3.2)
Bry Br.,

where p =d/(2¢—d(p—1)) =d/2(¢—7) , and the constant I, 4 > 0 depends
on d,p,q, Ry, Rso, but not on .
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(ii) For 0 < p <1 the estimate simplifies into

1/q
llullLos (Br.) < Ioog (7[ u? d:r) . (3.3)
Br,

valid for all ¢ > 0. I 4 > 0 has the same dependence as before, and it also
depends on A when p = 1, but not otherwise.

Smoothing Zone No Smoothing Zone

dip—1) g < d=1)

1> 2

— A PP
0,5 1 15 2 Py 25
P

Ezxponents of the local upper estimates.

Remarks on the result. (i) Inequality (3.2) is a kind of reverse Hélder in-
equality, indeed we can rewrite it as:

—1 1+ —1
a7 B el () < €l D (3.4)

Written in this form, it is clear from Holder’s inequality that a constant which
makes (3.4) true for a ¢ > g, make the same inequality true also for all ¢ > q.
The same applies to (3.3).

(ii) The linear case p = 1 is well known, cf. [18, 22, 23].

Remarks on the constant. (i) The proof below allows to find the following
expression for the constant:

Iooq =

X

d
2(p—1)4 2q—d(p—1) 4

01822wd
(1-

A, +

| @)

R (R0 M
(3.5)
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where p = Ry /Ro < 1 and we have used the convention z4/z = 0 when
z = 0 and, moreover, we have set A, =2if p# 1, A, =\/4if p =1, with

(d(f;fq)fd if g > 3%
_ —1+4 d(p—1)4 d—2
c = (diz)ko t 2 +(p—1)+ 2 . d
max — — if0<qg< %.
=011 |(7%5)" " [o- T [+ 0- 1)1 521 d=2

(3.6)
(iii) When ¢ also satisfies 0 < g < d/(d — 2), we will require in the proof the
additional condition

log —d(p—1)4 1Og —d(p—1) 4
%51)* is not an integer, and kg := i.p. M , (3.7)

IOg a— IOg a—2
(i.p. is the integer part of a real number). Notice that taking ¢ = p+ 1 >
d(p —1)/2 is possible if and only if p < ps = (d+2)/(d — 2).

(iv) Of course, condition (3.7) is not essential, in view of the remark after
2¥—d(p—1)4

log = —¢P7 )+
formula (3.4). In fact, let ¢ > dp— 1)+ be such that that A(q) := %

is an integer. Take ¢ € (d(p— 1)+/2, q) such that A(§) is not an integer. Then
(3.2) is valid with ¢ instead of g.

Proof. We are going to use the energy identity (2.1) for any o > —1, o # 0,
in the form (2.3) valid for subsolution, to prove LY — L*° local estimates via
Moser iteration, keeping track of all the constants. We divide the proof in
several steps.

e STEP 1. Let u as in Lemma 2.1 and ¢ the test function of Lemma 2.2,
which is supported in Bpr, and such that ¢ = 1 on Bpg,. The local Sobolev
inequality (3.1) on the ball Bg, applied to f = u(®T1/2 together with the
energy inequality (2.3) (we can take 6 = 0 as in (2.6)), gives

2
Z
l/ wz (et dx] <82 (/ ’VUQH ’ dz + R2 / uott dx)
BRI BRI BRl

1
<82 (/ ’Vu 2 ?/ uott dx)
BRO 1 BRI
a+1)2 a—+1

2 7/ uPtode + ——— u* T Apdr
4lal Br, 4lal Br,

A
s (X
L[ e
+—= u* " dx
7 I, )
<53 (A

)
2
CH [ gy [@ Wl L) [ ey,
fal  Jpe, ol 7 /s,
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Mo+ 1)2 dla+1) 1
< 82 — / up—i—a dz + |: + = / uo‘+1 dx
R ( 4ol B, al(Ro — R1)* R3] Jpy,

(3.8)

in the last step we have used the inequality ||Ap|le < 4d/(Ro — R1)? of
Lemma 2.2.

e STEP 2. Caccioppoli estimates and the first iteration step. Now we need to
split two cases, namely 0 < p < 1 and 1 < p < ps, and in both cases we will
use the Caccioppoli estimate (2.10) with 6 = 0 which holds for any p > 0 and
reads

/\HUHp 1,Reo 8
[Bro| ~ (Ro— R)?

Superlinear case: 1 < p < ps. We continue estimate (3.8) as follows:

2
2
/ u%((”'l) dz
Br,

a+1
g2 Ma +1)2 N { dla+1) N 1} fBRO wetl de / e gy
R T lal(Ro — R1)? * RE] [y, wteds ) Jp,,

Ao +1)? [ d(a+1) 1 ] |Br, |
< a 82 + + = - / up+a dz
(@ =2 ( 4o ol (Ro = R1)? * RE] [, wtdz ) Jp,,

_ S2|BROI <)\(a+1)2 [ullb5 g, J{ d(a+1) 1 D

(3.9)

+7
Il \ Aol 1Bl Lal(Ro— )2 TR
X/ Up+ad:L'
BRO
82‘BR0| ( 2(0&+1)2 |: d(a+1) 1 :|)
< + T
O L \al(Ro— 27 |JalBo— R 2

X / uPT dx
Br,

2
_ 3| Br,| {1 (2(a+ 1) + d(a+ 1)) +
(Ro — Ry)?[[ul[P7 s,

al
X / uPT dx
Br,

where in (a) we have used the convexity in the variable r > 0 of the function
N(r) = log |lu||l, the incremental quotient is increasing, hence choosing o +
1> @ > 0, we obtain

(Bo ]—%%Rl)Q]

(3.10)

— . —1+a a
Np—1+8) -N@ _ Notp)-Not+D) lullp=iis _ luller
p—1 = p—1 ’ lulls  ~ fullgts
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Then we have
p—1l4+a

lellay o Wpods ol e
lullst = Tulig g 1l
. ulnz
> | B | T B | 75l = T
Ry
since by Holder inequality:
Ullp—1+a —(p=1) 1 1
Wlooism o g @52 and fulporim > Bl 77T ful .

[ull=
In (b) we have used the Caccioppoli estimate (3.9).

Sublinear case: 0 < p < 1. We first assume 0 < p < 1, we discuss the case
p = 1 separately. We continue estimate (3.8) as follows:

s
/ u’z (@D qg
Br,

o [ Ma+1)2 fBRO uP T da dla+1) 1 atl
<85 o + 5+ 53 u dx
4| fBRo urttdz  |o|(Ro— R1)?  Ri ) Jpg,,

2(a+ 1)? dla+1) 1
<S2( + + = / u* T da
?\lal(Ro — Rc)? * |a|(Ro — R1)? * R?) Jp,,

:(ROSQR)L; (2(a+1)? +d(a+1))+(R<JI—%%Rl)] /BR w0+ da

(3.11)

which follows by the convexity in the variable r > 0 of the function N(r) =
log ||u||, which implies that the incremental quotient is increasing, hence
choosing a +1 > @ := fy > 0, we obtain

_ _ —14a
N(p—1+a@)— N(a) < N(a+p)— N(a+1) namely H“Hﬁ-y—% < ||UHZiZ
p—1 - p—1 lullg ~ flullaf
hence
1—
S Ao it lGh )
S urttde ||U\|§ﬂ Tl
|BRO‘1;TP < ”qu 1,Rg 8
lulls” = [Brol = ARy — Reo)?

again by Holder inequalities, we just stress on the last step in which we have
used that

1—p

L L O o L= .. N
[Br,|7T ~ 1Br,[d lulle? = 1Brl = Ao~ Re)

which is true since p — 1 < 0 < @, and in the last step we have used the
Caccioppoli estimate (3.9).
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Notice that when p = 1, we obtain directly that

/ u%(‘”l) dx

Ao+ 1)? dla+1) 1
<S; < + + = / u* ! da
2\ 4ol la[(Ro = R1)? * R?) /gy,

2
PE3

82 [ 1 ()\ (Ro — Ry)? 1
=R R (a+1)*+da+1)) + ———~ / u*t da
(Bo — R |al = s,
(3.12)
The first iteration step. We can write the first iteration step for all p > 0 in

the following way: let 3 = o +1 > By > 0 and recall that we are requiring
B # 1 as well, then inequalities (3.10) and (3.11) can be written as

2%
/ uTPdx sI(p,ﬁ,Rl,Ro)/ PP+ g (3.13)
BRl BRO
where
S2 |Bg,| AyB%+dB  (Ro— Ry)?
I Ri,Ro) = 2 2 4
.0 B Ro) = 1 R e Ty u@=D+ da { B —1] R}
0
(3.14)

where Ay =2ifp#land A, =A/4ifp=1.
e STEP 3. The Moser iteration. Let us define the sequence of exponents
Br, > 0 so that

2% . 2%
ﬁn + (p - 1)+ = Eﬁnfl that is 577, = Eﬂnfl - (p - 1)+

it turns out that, for any given §y and all n > 1:

wefa] oo B
:22*n Bo—(p _1+i(22*) (3.15)
5] [peoet3 (- ()
::22*:”[&)_(])_1)+ _2]+(p_1>+d;2

since Z§=1 57 = (1 —s%)s/(1 — s). Moreover we have that for all p > 1,

*\ —N d—
<22) Bn m Bo — TZ(p_ D4
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Requiring that 8y > (p — 1)4+(d — 2)/2, which will be assumed from now on,
then implies that 8, — +00 as n — 4+00. We shall also require that 3,, # 1
for all n.

We will explicitly choose a decreasing sequence of radii 0 < Ry < ... <
R, < R,—1 < ... < Ry in the next step, in order to estimate explicitly the
constants. The first iteration step then reads:

2
2 B,
2%
2% = wzhndy
5 BnysRn
Br
1

Bn
3.16
I(p, By Ry Rn1) 7 l / W14+ dx} (3.16)
Br,,

[[ul

Btr-1y 2t ooy
/3 B ﬁ 2 B
=00 lullg, oy, may = D0 Hlull e g7

where the constants I(p, 8, R1, Ry) are defined in (3.14). Hence
I, = I(p7 Brn, R, Rn—l)

_ 822 ‘BRn 1| |:25721 +dfBn (Rnfl - Rn)2:|
e N A v W e TR
(3.17)
Iterating the above inequality yields
A A A (F)
||un||ggn,g < Iy gl 25, ﬁl Ro1 < Iyt L2 [l 2, ;%n .
-
S F A R ) " lunl 260 Ry (3.18)
n * \ M — *\n
()" 7y, ()8
<114 a5, 2
j=1
with
d—2 2 dip—1)4
>——Z(p—-1 Ti=fo> ——2F,
Taking the limit as n — co we obtain
n *\n—k ﬁio
= i 3 (27) ﬁ Bo— 2 2(p— IONN
ol =l [0, < Jim ] ol 22,
- (3.19)
)T T ey Tty
Bn 0o-"g- (p=D4 a—d(p—1 4
S ’I’Lh~>ngok 1I || | %ﬂo,Ro - IOO”“’H@,RQ

notice that the penultimate passage follows because we shall see below that
n—k

"
ITh, I,ET) P has a limit I, as n — 400.
As a consequence of the above estimates u € L.°°, so that the above bounds
holds for any § > d(p — 1)+ /2 as stated, provided we show that the constant
I is finite and can be estimated as in (3.5).
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e STEP 4. Estimating all the constants. Now it remains to estimate I,. We
will prove later that

(3.20)

%12k
)]

I, < Io(p) {

where Ip(p) will have the explicit form given in formula (3.25). Using such
bound we show that

n

. ()" A - (%) (%) 5
nh_,H;oHIk —nlggoexp Zlog I

k=1

Is

= lim exp
n—oo

)

< s [(5) 35 (2) (o [5])
)
(

= lim exp
n—oo

=09 |y (oo T 2 (5) 42 )

o d—2 ) d(d —2) o
= pbmum@mﬂg%“dmwm@nﬂg(2”

a2 e\ =2 N m
2B0—(d-2)(p-1)1 2 28p—(d—2)(p—1) 4 2
=1 b} = |1y 5

We shall now obtain an explicit estimate for I in order to finally obtain (3.5).
Estimating I.. We want to obtain estimates (3.20), and to this end we choose
a decreasing sequence of radii 0 < Ry, < ... < Rp < Rip—1 < ... < Rg such
that

2 o -1
(Rg—1 — Rk)2 = (Ro — R ) ;(; with co = (Z \/Z> < 400

k=1

so that

[ee)
> (Ri—1—Ry) = Ro — Roo
k=1
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We now estimate Ij:

822 |BRk—1| |:Ap5]% + dﬁk (kal - Rk)2
(Ri-1 = By)? [, w®Dede [ |6 —1] R?

— ngﬁ;% |BR1¢71|
1Bk — 1|(Rp—1 — Ri)? [, ulP=D+da
k—1

" [ d | (Re-1— Bi)? B — 1|}

I, =

A+~ +
P B R? Bz

Bk |BR0|
=) 215, ~1[(Ro — Boo)? S w0+ da

d (Ro— Rx)? |Bo—1] 1
X [Ap—kﬁo—!-Rgo max{ 52 ,4}}

< 01822513 |BR0|
=® C(Q)(Ro — Ru)? fBRDQ w@—D+ dx

X [Aer 4 + 7(]%0 ~ Ro)* max{ B0 —1] 1”

Bo RZ, g 4
20183 [Bo — (p — 1)+ 452] |BR,|
=) (R — Roo)? S u@=D+ dz
2 «12n
) [AP " % # st) max{ woﬁ% . iH m
- 2(d — 2)01822|BRO|
(Vd—Va=2)"(Ry - 0o)? [, uP~H+ de

d  (Ro— Rso) |60—1| 1 212"
<[ gt Rzoma"{ 7)) 2]

in (a) we have used that

Br — 1 fo—1] 1
| 2 | < max | Oﬁg a1 (3.21)
In (b) we have also used the inequality
Bo if By > 1
b =4 . (3.22)
Iﬁk—ll max o — if0< By <1,

i=0,1 Bro+i—1

)
log 1—(p—1)4 2
Bo—(p— 1)+ 2

ith kg = ko = @.p.
with Ko 0 p log 745

. The inequality is stated in the general

case p # 1 for later use and we shall now prove it. First notice that the

numerical inequality
L a b
maxq ——, ——
|s —1] = l—a’b—1
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holds true forall0 < a <1 < b < 400 and all s € [0,a]U[b, c0). When Sy > 1
(3.22) follows applying such numerical inequality to s = i and noticing that
Br > Bo = b > 1 and that the function x/|x — 1] is decreasing when x > 1.
Suppose instead that 0 < By < 1. Notice that, since we are also requiring that
Bo > (p—1)4+(d—2)/2, this is possible only when 0 < p < p. = d/(d—2) < ps.
We define kg to be the greatest integer for which S < 1, so that Sr,+1 > 1,
so that

Bro <1< Bry+1 with ko = i.p.

log ﬁ
and we shall take Sy € (0,1) such that
1-(p—1)4 452
o8 Go— -1+ 557 . :
is not an integer. (3.23)

log ﬁfQ
The elementary properties of the function z/|x — 1| then show that, for all k:

ﬁk maX ﬁko-‘rl
Bk — 1] 7 =01 | Byy4s — 1]

a ) d—2 d—2
(ﬁ) Bo— -1+ 2]+ -1+ %2
ko-+i
(d%» [BO_(p_1)+d22]+(p—1)+d22_1‘
ko—1+1
) ) |7 250 ] 4 (p— 1), 452

ko—1+1 _ _
(%) [ +<p—1)+d22—1‘

= max
i=0,1

as claimed, where we have put 8y = 2%@ = dTQ and g has to be chosen such

that (3.23) holds.
In (c) we have used that 8, = 8p(2*/2)F > 33

(=)

B = m o= 0- 0252+ - 1

<2 {22*}” [50(P1)+d22}

Finally in (d) we estimate 1/c2 as follows:

(G5 < Cagam @)
1

d—2
B (Bo—(p—1)+42) (Vd - \/d—2)2

(3.24)
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since the explicit expression of §; shows that

Br > (50-(?-1)+d;2) (22*>k

10 s g \F/2 T g g\ /2 7=9
Y(x) -2(F) -t
We conclude that we can take Iy(p) as follows for any p > 0:
2(d — 2) 01822 |BR,|
(Vi VT 2)" (Ro R [, _uv~ 7+ da
X {Ap-i-go—i—(RoR;m) max{ﬂoﬁg 17111”

and ¢; given by (3.22) and we recall that A, = 2if p # 1 and A, = \/4
if p = 1. The proof is concluded once we let Sy = 2g/2* as in the previous

step. []

3.2. Local upper bounds II. Linear case with unbounded coefficients

and

Io(p) =

(3.25)

The local upper bounds for nonnegative subsolutions to
—Au="0b(z)u

with b € L"(Bg) eventually unbounded, follow from the local Sobolev imbed-
ding theorem on balls B C R?

1
11 oy < 82 (IV s + gl M) 320)

where Sy = S3(Bj) is the best constant and 2* = 2d/(d — 2). In the case
f € Wy (Bg), we have

112 3y < S3 IV - (3.27)
We are requiring hereafter without any further comment that d > 3. We
adopt the notation || f||La(5x) = || fllg,r and |Br| = waR?.

3.2.1. Energy Estimates and Reverse Poincaré inequalities.

Lemma 3.2. Let v € L? (Bg) and b € L"(Bgr) for some r > d/2. Then for
any & > 0 the following inequality holds

b(x)v*(x)dz < 6§ {/ v? dx]
Br Br
(1)

K, =a ,
+W|BR‘2* [/ bT(x)dx] / v*(x) da
1) Br Br
(3.28)

where
d+r(d—2)

K(l) . 2r —d rd 2r—d
nd T rd | d4-r(d —2)

(3.29)
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Proof. Let us estimate for any 0 < e < 2:

A 3
/ bu@—a)+e qnp <() [/ U@%)% dx} [/ b%Usz dx]
Br Br Br
22—*8 %
7= [/ v dx} {/ by dx]
BR BR

/9

<@ |Br
5o (2 * i
<o 2CE [ ad T st | [ et
2 Br 2(50T Br
2

<, N6 w 02" dx ’
<(a) % d .

R

d

2(2r — d 2 2r—d
+(27+m)m|BR\F U brdx] / v dx
ordsy 7 B Bn

<(e) 0 [/ v? dx}
Br

n 1 2r —d rd
57“2";@;2) rd |d+r(d-2)

d+r(d—2)
2r—d

} Br

2% {/ b" dx} / v2dz
BR BR

where in the step (a) we have used Holder inequality with the conjugate
exponents s = 2*/2 = d/(d —2) and ¢ = s/(s — 1) = d/2. In (b) we have
2

used the inequality
[/ 22O dx} < |Bg|?T {/ 02 dm]
Br Br

In (¢) we have applied the Young inequality, valid for every o > 1, §g > 0,
a,b>0:

S , o—1bo1
—a + 1
o g 55—1

with o = 2/(2—¢), so that 0 /(0 — 1) = 2/¢. In (d) we have used the estimate
= 5 ds T
[ byt dx} < [/ b" dx} {/ Ve Tsa dx]
Br Br Br
_d
2r—d
= [/ b" dx} / vidx
Br Br

where in the first step we have used Holder inequality with the conjugate
exponents s = 2r/d and s’ = s/(s — 1) = 2r/(2r — d) (notice that we are
assuming r > d/2, hence s > 1), while in the second step we have chosen
0<e=2(2r—d)/(rd) <2.In (e) we have put

d+r(d—2)
0 rd

ab <

d=24
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notice that § > 0 is in fact arbitrary since for every fixed r we can choose
appropriately Jp to get any given value of § by the above definition of §. []

Theorem 3.3 (Reverse Poincaré inequality for subsolutions). Consider a non-
negative weak subsolution u to —Au = b(z)u on Br with b € L"(Bgr) with
r > d/2. Suppose that u € L1 (Bgr). Then for any positive test function
¢ € C3(BR) with V| =0 on 0Bgr we have that for any R >0 and a > 0:

/ ‘VuaTH|2g02dx§K(2)[b]/ ut dx (3.30)
Br Br

with
K®[b] = KP (bR, o, 0,7, d)

a+1
= —— [2lgllol Aplloo + [ VelIZ

rd
2[d+r(d—2)] Oz—i-l 2\ 2r—d
ts, (()) Krallol’

(3.31)

2c

|2r d‘|

Remark. The requirement u € L'T%(Bp) will be dispensed with later, with-
out further comment by using a Moser iteration technique.
Proof. It will divided into several steps.

e STEP 1. Energy estimates. Proceeding as in (2.3), one shows that subsolu-
tions to —Awu < b(x)u, satisfy, even for any o # —1:

da / atl 2 9 1 / 1A 2 / 1 2

—_— Vu 2 doe < —— w* T A% da + bu™t dz.

(a+1)? BR’ "o a+1 /g, v Br v
(3.32)

e STEP 2. Sobolev inequality in W&’Z(BR). We apply inequality (3.28) of
Lemma 3.2 to v = u(*t1)/2p € W(Bg) so that for any § > 0:

2
3

atl 2% 2
/ bua+1<p2 der <6 [/ (u%ap) d:v]
Br Br

Ko =
+ d+r(d 2) |BR‘ 3 |:/ b dx] / Ua—HgDQ dx
0 2r—a Br Br

where K, 4 is given in (3.29). We notice that v = u(*+t1/2p € W, *(Bg), so
that the Sobolev inequality (3.27) reads

(3.33)

2
2%

{/BR (u%“@)y dx} <s / Va3 o) da

1
2822 |:/ |VUT 2802dl'+/ |v(p’ ua-i—l dz + 7/ V@Q 'VUOH_l dx
Br 2 Br

=52 [/ |VUQT+1’2<,02dx—/ @(A(p)uaﬂdx]
Br Br
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since Ap? = 2pAp + 2|V¢|?. We combine the above Sobolev inequality with
(3.33) to get

/ butp? do < 6852 {/ |Vu“T+1 ‘2¢2 dr — / p(Ap)ut? dm}
B B B
" " . (3.34)

where K, 4 is given in (3.29).

e STEP 3. Putting the pieces together, i.e. combining inequalities (3.34) and
(3.32) we obtain

4o atl 12 o 1
- \v4 o dz < a+1A 2d ba+1 2d
(04+1)2/BR| U ’go x_a_’_l/;%u p dx + u - dx

Br
uo‘“Agaz dz + 5522 {/ |VUQT+1 ’2<p2 dz — /
Br

Br
_d
2 2r—d
bal [/ b dx} / utp? de
Br Br

which thus implies

40& atl 2
e X / Vi "2 d
<<a+1>2 ) BR’ v [etde

<
a+1l /g,

Kr,d B
+ dtr(d—2) | R
6 2r—d

%) (Ago) uott dx]

1 atl A, 2 2/ 1
< u* " Ap®da — 08 o(Ap)utt dz
OZ+1 Br 2 Br ( )
d
K, . r—a
+ —ry | Brl* [/ b dx} / utttp? da
o 2r—a Br Br

2 2
< e 5 2 - A - e 2
< (537 +98) Wolall Ol + 21901

d
+Kr,d||g0||go|B ‘2% b'r‘dx arod ua—‘,—l d.T
rd__| R
J2r—d Br Br

Letting S35 = (a%)z gives the following reverse Poincaré inequality:

/ ’VuaTH|2g02da:§Ao/ wtlde
Br

Br
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with the constant that we can estimate as follows
(a+1)? {2(201 +1)
Ao =

2
A ——||Vy)2
lellocllAplloo + -7 IVelS

2a (a+1)2
rd
2[d4r(d—2)] 20 (a + 1)2 2r—d 5 dr
S 2r—d K’r 2 Bpl|z b Tgr—d
+ 2 (CV+1)2 ( 20 7d|<pHoo| R ||

a—+1
< 2 RlellcllAeloe + 19611

rd

2[d+:(:l—2)] (()4+1)2 Zr—d 2 %

w8y o ()T Kl
1+i

(a+1) 2r—d

. 2llellcolAPllo0 + IVell5
rd

Q[dtz(jfm] a+1 2r—d o %d,ii

o ( 20 ) Kralloll3| BrI=" [[b]|7 d] = K. [

In fact, the last bound in the above formula for K () [b] could be avoided, but
will make the following calculations somewhat easier.

The next calculus lemma, whose proof is straightforward, will be of great
help in performing explicitly the Moser iteration.

Lemma 3.4 (Numerical Iteration). LetY,, > 0 be a sequence of numbers such
that )

Y, <I Y,.1  with I, <I,C"! (3.35)
for some 0,15,C > 0, 6 € (0,1). Then {Y,} is a bounded sequence and one
has . Y

Yoo :=limsup ¥, < I ° CG-07% Y. (3.36)
n—-+oo
Now we are ready to perform the Moser iteration, by combining a local
Sobolev inequality with the reverse Poincaré inequality of Theorem 3.3 and
then using the above numerical Lemma.

Theorem 3.5 (Moser Iteration). Let u > 0 be a weak subsolution to —Au =
bu on Br with b € L"(Bgr) with r > d/2, and let ¢ > 1, Roo < Ry < R.

K3
llloope < —20 L (3.37)
0 — oo) a
with constant
2

rd
d\ 2(2r—d)q
3 _ qd
Kb = (Qd>

2
8q(d+2) n Ry — Ry
q_l Roo

“(3) T (v 2>]>1+2:Ed o

d

(o ~ R P|B | #1015, |
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Notice that in the case of bounded coefficients b(z) € L°°(Bg,) we can pass
to the limit as r — oo in the above expression of Kég) [b] to get

d
N d RO - R 212
x(Ro — Roo)?|Br, |7 ||b||f°C(BRO) + (ROO>

(3.39)

q
o0

Proof. The proof is divided in several steps.

e STEP 1. Sobolev and Reverse Poincaré inequalities. We start choosing radii
r1,79 with Roo < 71 < 19 < Ry and use the test function of Lemma 2.2 on
the balls By, By,. We use the Reverse Poincaré inequality (3.30) on the ball
By, and the fact that ¢ =1 on B,, to get

/ ’Vu%rlfdx < / |VUQT+1 2(,02 dr < K@ [b]/ uetlde
B

" v By

so that the local Sobolev inequality in W12(B,,) applied to f = v “+ for

any « > 0 yields
< §2 ‘V afl a+1
<S8, U | dx + ) u dz
B 1 Brl

y ﬁ
< 82 (K<2>[b] :%) /B ut de

70

2
PE3

G dac)

1

(3.40)

where the constant K(®[b] is given by (3.30), and we can estimate it as
follows:

(o + 1)1+2:d

K@) = [2||¢|WT0||A¢|MTO +IVellZe r,

2t r(d—2)] g 1+ 574
82;7_01 a+1\?42r—d rd Zr—d
+o2 2« rd d+r(d-2)

<Uole B F IS,

a—+1

<(a) (a+1)77

8(d+2) n 872[‘”2:@;2” a+1\77 2 —d
(rog —r1)? 2 20 rd

rd It =
X (d+T(d— 2)) |BT0| HbHLT(BTO)
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(a+1)>77 atl &TFT o —d
<) L |8(d +2 2 —
=® (7“0 —7“1)2 (d+2) « 22r a rd
rd
(a+1)rd =g 2 arh
(apbraszy) o R Bl

where in (a) we have used the fact that the test function of Lemma 2.2 satisfies
lelloorg =1 [Vlloory < 4/(ro = 1) and [[Ap|oo,r, < 4d/(ro —11)?, and in
(b) the fact that 0 < Roo < 71 < 19 < Rg. Finally we get:

_rd r(d—
S2( K@)+ L) <s2 (@+1)* 7 8(d+2)2 t1_ 5 T or —d
T% - (7'0_7“1>2 22r a rd

rd

(a+ )rd =g PR—. 1 1 (ro—r1)?
X <)] (Ro — Roo)?|Br, |7~ ||b] ET(]‘;,RO) + s

ald+r(d—2 ] (a_i_l)zfﬁ
<82(a+1)% 8(d+2)a+1 Sgw%—d
=72 (7”0—7“1)2 [0} 227 4 rd
(a4 1)rd \'FT7 . S Ro— R\’
_ e ore — R.)?B — 210 7 oo
X<a[d+r(d—2)] (Ro = Roo)"| Bro | Bll () + | — R
(3.41)

we have also used the fact that a > 0.
e STEP 2. The Moser iteration. We now fix By = a+ 1 > 1, and we define

the sequence
2* 2* n
Bn = 567171 = (2) Bo

Next we pick a sequence of radii Rog = 700 < oo < Ty < Tp_1 < ...<7Tg=
Ry, such that

rdn

2r—d
(Tn—l - Tn)Q == 0(2) (RO - ROO)2 <2>

2*

with

o 79\ ok - o\ TET 9% ber=rl
=(Z(2) ) -(5)7 -2 (5

9 \ @5 H
(i)

where the inequality in the above formula is easily shown to hold when d > 3
and r > d/2 as assumed, so that

(3.42)

oo

> (rk-1—7k) = Ry — Ruo

k=1



24 Matteo Bonforte, Gabriele Grillo and Juan Luis Vazquez

the above series being convergent. With these choices, inequality (3.40) in
which « + 1 is replaced by S,_1, this being allowable since 3, > 1 for all n,
and 71, rg replaced by r,,r,_1 reads, noticing in addition that 8,/(8, —1) <

Bo/(Bo — 1) for all n,
2 (72 1 B
<S8 (KW + — u dz
Th B,

/ u%m‘l dx
By, n—1
Bo

rd
Bo—1

2
o%

82 2r—d
e AL
2[d+r(d—2)]

S, 5T 9 _ g ( Bord )“w a
97 4a rd \ (Bo—1)[d+7r(d—2)]

2
iy +<R()Rjoo) /B WPt da

Tn—1

<

+

X(Ro — Roo)?|Bro|

= n_l/ w1 da
B

Tn—1

Letting Y;, := ||u

Bn.R,» We have obtained

1 l* n—1
Y = lulls, r, < 173 ullgysmns = 103 Yoy = 105) v,

— fn—-1 n—1 n—

O_en—l
= Infl Yn—l

where we have set ¢ = 1/8y and 6 = 2/2* € (0,1). We shall prove that
1, < I,C™. Indeed:

S 21 d ﬁO
b= =5 {8”* D51
. Szz[d;(jd—z)] o d < Bord )1+2Zfdd
97l rd \ (Bo—1)[d+r(d—2)]
27 RO B ROO ?
(o = R P B F 10ER + (P )
DT Bo
-0 |8(d +2
_ﬁ&—R)[( -1
ST o _ 4

< ﬁ(ﬂ’d )1+27 d
95ta rd  \(Bo—1)[d+r(d—2)]

2rd
T RO B ROO 2 9% 2r—d
x(Ro — ) |BRD| ||bHE"‘(gR + (R) <2>

o0
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rd

d—2\¥3 pF? B
S( 2 ) (Ro — Roo)? [8(“2)/30—1

| s (— )H"”
Py (Bo — 1)[d + r(d - 2)]
2rd
2T7d = RofRoo 2* it
X d (Ro — ) |BR0 e bHIi’(gR + (Roo) <2>
— Iocn—l

(3.43)

where in the last inequality we estimated ¢y as in (3.42). Finally we use
Lemma 3.4 with the above choices of o and 6, thus proving that

a o6
Yoo <I,7" CO-97Y,
namely

% d(d—2) (3)
[ulloo,ree < Lo™" €50 [|ullgo,ry = K™ 8] [lullgo, mo
which is exactly (3.37) with

rd?
) d—2 ﬁ 502(%11)%
Ky [b] = ( D) ) R
(RO - ROO) Po

2[d+r(d—2)]
~2r—a

ﬁ So 507‘(1 HsZa
(d+2)ﬂo— 1 93 a ((60—1)[d+r(d—2)]>

280

2r—d 2 |7 By — R\’
% rd (Ro — Roo)”|Br, 2 ||b L’(BR)+ " R

(oo}

rd2(d—2

rd? )
d @r—d)By d 2B (2r—d)
>< [ [
(d — 2) (d — 2>

a2

rd3 ___ra-
d\ 2@r=d)Bo 2(2r=d)Bo
2 (Ro — Roo)%0 ﬁo 1

2[d+r(d—2)]

Sy =4 < Bord >1+2, a
25 (Bo = V)[d + r(d - 2)]

2 —d ) s Ro— R\’
X (Ro — Roo)?|Br,|* (Brg) +<R>

(oo}

+

—d_
280

as in (3.38). The proof is concluded once we let Sy = ¢ > 1. ]

3.2.2. Extending local upper bounds. A lemma by De Giorgi. In this section
extend the local upper bound of the previous section. More precisely we show
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that a bound of the type

A
[ullso,r < —— llullg,r
(R—r)a
which is valid for any ¢ > 1 and any a < r < R < b indeed implies that
[ullso,e £ ——— llullgop
— a) 0

for all go > 0 and and any a < r < R < b maybe with a different constant
A. The proof relies on the following lemma, originally due to E. De Giorgi,
whose proof is contained in several books and papers, see for example [23],
Lemma 6.1.

Lemma 3.6 (De Giorgi). Let Z(t) be a bounded non-negative function in the
interval [to,t1]. Assume that for tg <t < s < t; we have

A

Zt)<0Z .44
(0 <020) + (3.4
with A>0, a>0and 0< 0 < 1. Then
Ac(a, A, 0)
Z(ty) < ————2~= 3.45
(0)— (tl_to)a ( )
where
1 1
cla, N\, 0) = for any A€ (0=,1).
(1=Ne(1-55) (#4:)

The above Lemma has important consequences, indeed it allows to prove
that if a reverse Holder inequality holds for some 0 < g < g, then it holds for
any 0 < gp < q.

Lemma 3.7 (Extending Local Upper Bounds). Assume that the following
bounds holds true:

lullgr < (3.46)

K
m HUHQ,R

for some 0 < q <q, v >0 and for any R <17 < R < Rg. Then we have
that for all 0 < qo < q <7q

a(@a—qop)

La—g0) q(q - qo))” K w00
ull= < 3-.2w@-9 4~y= u .
Julg . < [(7%@_q) Ve e R P
(3.47)
Proof. Define, for t < Ry, the bounded nonnegative function
Z(t) = ulluas,) = llullq.:
then (3.46) reads, for s > ¢,
K 1-0o o
Z(t) = |ullg: < G0 ullg,s < G0 lullgo.s llullgs (3.48)
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where in the last step we have used that for all 0 < ¢p < ¢ <gq < 400

ap(@—a) q(a—ap)

o _ a(@a—aqgp) a(@—q ) q(g
lullg,s < llullgpellullg,s = lullgols ™ Nullzs ™, o= PCErD) ) €[0,1)
Inequality (3.48) gives then
1
K l—0o o 1 (QUK)170
20) = e < = Wi 220607 < 520+ = Nl
1
1 (2°K) ==
<-Z -
=9 (5) + (s —t)ﬁ ”u”quo
(3.49)
where we have used Young’s inequality valid for any v > 1, a,b > 0, ¢ > O:
€ —1bvt b1
ab < <ea” +
14 gu—l 61/—1
with the choices
- 1
6:1/2 (],:Z(S), I/:;>1 and b= ( )|||fIOR0

Inequality (3.49) is of the form appearing in Lemma 3.6 with « = v/(1-0) >
0,0=1/2and A= (2°K)™ ||ullg.r,- Thus we get
clay A, 0) (2‘7K)ﬁ

(
[ullg. R = Z(Roo) < (Ro— Ro) ™ 1%l g0, Ro
0~ flx) 77

ol 1

4,), -0 (2UK)17<7

<3 (1) el
l1-0 (Rp — Roo) T4

q(g—a - ~
:3.2qff(a-§§ (47(1@ qo)> K
w0(@—q)) (Ro— Rx)

a(@—a0)
a0(@—q)

[l g, Ro

noticing that

o q(q — qo0) 0% q(7 — qo)
= —— , and o= ==
l—0  q(@—9) -0 "q(@—9
which is the desired bound, once we notice that whenever § < A% < 1,
1 2(1
c(a, \,0) = - = — ( +10)a
(1= (1-57) [22-(1—}—9)2 (1-6)

12 4% o
<12—2 = 3(4a)°

CEESi

since we can choose 1/2 =60 < A\* = (14+6)/2 < 1, and since « = v/(1 —0) >
1, (41« — 31/“)(l > A, since we know that a'/*—b'/® > a/*(a—b)/(ava),
foralla>b>0and a>1. []
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The above lemma can be used to extend the local upper bounds (3.50) of
Theorem 3.5.

Theorem 3.8 (Local Upper bounds, unbounded coefficient). Consider a non-
negative weak subsolution u to —Au = bu in Bgr with b € L"(Bg) and
r > d/2. Let 0 < Row < Ry < R. Then, for any qo > 0 the following bound
holds true

d

Ay Q b S
||u||oo,Roo S m A A Hb LT(BRO) ”U”qo,R (350)
with
a2
A\ TEr—da0 .
ao ) ()T Fo>1,
q0 = 2d+1 % ( +1)dd ﬁ
3o2% ()" (leppt) . f0<a <1,
(3.51)
(d+2) .
AR = S ( ) Yo =1, (3.52)
do 8(‘10+1)(d+2) 4 ( i ) , if0<qo <1,
rd rd
53 2r=d gp_g rd =g
A(3) — (7) . rd ((QU 1)[1(1)+7'(d 2)]) ) (R_ R ) y qo > 1,
o - 83\ gpq (_(qolra \'TEa &
(%) rd (qo[gir(d72)]) (R - ROO)2|BR|2 , 0<qg <1.
(3.53)

Remark. In other words, we have the interior estimate u(x) = O(d(x)” %),
where d(z) is distance to the boundary.

Proof. The upper bounds (3.50) of Theorem 3.5 can be rewritten as
3
K0
(R—r7)
for any ¢ > 1 and R <r < R < Ry, where Ké3) [b] is given by (3.38). It is
clear that inequality (3.54) guarantees that we can use Lemma 3.7 with 0 <

g=q<+oo=§,7=d/q>1,K:K(§3)[b] and for any Ro, <7 < R < Rjy.
Then we have that for all 0 < ¢ <7 =¢q

d
a—qa d q K(B) b

HUHOO,Roo <3-2 o <4q> q qi[]d

q 90 (Ro — Roo) @

qo+1

2avs (d\ w0 KO [0]
=320 (—) ———— |ullg.ro
q0 (RO — ROO)QO

Hu”oom <

[ullg,r (3.54)

Ql

€
0

Hu”qo,Ro

=9
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since we can always choose ¢ = ¢p + 1 > 1. Finally we notice that we can
rewrite the upper bound for all ¢y > 0 in the following form:

1
Ay
d
(RO - Roo)%

7y 290
L7 (Br,) ||qu0,R

[uloo,r <

2 3
AL+ ABp|
where Agj) are as in (3.51), (3.52) and (3.53) respectively. []

The above Theorem has the following important consequence, when applied
to the equation —Au = AuP.

Theorem 3.9 (Local Upper bounds, second form). Consider a nonnegative
weak subsolution u to —Au = AP on Br, with A > 0,1 <p<p;,=2*—1=
(d+2)/(d—2). Let0 < Roo < Ry < R. Ifu € L"(Bpg,) withT > d(p—1)/2 :=7q
then the following bound holds true for any gy > 0
A(l) d(p—1) Fdip—l)j %

= AR + ADNT=I ||u| T D l[ullgo. 7

[ulloc,r < =
0 — oo)qo

(3.55)
where A((f) are as in (3.51), (3.52) and (3.53) respectively.

Proof. Since u is a subsolution to —Au = \uP = bu with b = Au”~!, we need
to assume that u?~! € L" with r > d/2, which amounts to require v € L”
with 7 =7r(p —1) > d(p — 1)/2, so that

d
2r—d a(p d(p—1)T
E: = A ur(pfl) dz — \T—d d(p 1> ”qur d(p—1)
(Bry) — B
o

Finally, we can apply the bounds of Theorem 3.8 to get the bounds (3.55)
with the constants written above. []

16

4. Lower bounds

The lower bounds for nonnegative supersolutions can be obtained in two
steps: first we perform a Moser iteration, then we need reverse Holder in-
equalities, which are a consequence of the celebrated John-Nirenberg Lemma.

4.1. A short reminder about the spaces MP?(().
We recall here some basic definitions and properties of suitable functional
spaces, that will be used in the sequel. We omit the proofs, but we give
appropriate references.

We say that a measurable function on 2 C R? belong to the space MP(Q)
if and only if there exists a constant K > 0 such that

LﬂBn(mo)

for all Bg(xo),
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and we define the norm on MP?(2) as follows

d(p—1

Ilfllar (o) = inf § K >0 : / |[flde < KR » b for all Br(zg) ¢ .
QNBr(zo)

One can easily check the strict inclusion LP(Q2) € MP(Q) for all 1 < p <
oo, and when Q is bounded, the equalities L'(Q) = M*(Q2) and L*>°(Q2) =
M®°(€2). Moreover it is easy to check that when € is bounded one has:
. d(p—1)
1fllLr ) < diam(Q) 7 || fllare () (4.1)
We now proceed with a series of results that relate the MP norm with the
Riesz potential

Vulfl(z) == /Q S dy with p € (0, 1]. (4.2)

|z — y|dd-r)
We collect hereafter some well known results, whose proof can be found for

instance in [22].

Lemma 4.1. Let V, be defined as above. Then the following holds.
(i) The operator V,, maps continuously L*(Q) into L™ (Q) for any 1 <r < oo
satisfying

1 1
0<———-—<yp.
s r
Moreover, for any f € LP(£2),
( 1) s(r4+1)—r
s(r+1)—r T 1—ju)y Serth=r

< Q= = .
Wl < (SEEDET) T ey g,

(ii) Let f € MP(Q), with p > 1/u > 1. Then

p—1
Valfle) <

. 4 (pu—
diam () » P~V || arv () -
(i4i) A “potential” version of the Morrey inequality. Let Q be a convex bounded

subset of R%. Then for all f € W11(Q) the following inequality holds

diam(Q)?

1£@) — forl < S

V4 [191)() (4.3)
for any measurable Q' C Q with

dx
fQ/—/Q,fW

Proof. Part (i) is exactly Lemma 7.12 of [22], part (ii) is exactly Lemma 7.18
of [22] and part (iii) is exactly Lemma 7.16 of [22]. ]
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4.2. The John-Nirenberg Lemma and reverse Holder inequalities.

The Caccioppoli estimates proved in Corollary 2.3 show that the gradient of
the logarithm of the solution belongs to the space M9(Q), see Proposition
4.5 below. Such M?—regularity then guarantees the validity of the celebrated
John-Nirenberg lemma which as a consequence give a reverse Holder inequal-
ity of the form

||u||q7Ro < ?/q
ull-g,re —

for some 0 < ¢ < 1 and some constant ;. We recall that | f|, o, =

1/r
( f @ |f ()| dy) also for negative values of r, provided the integral is finite.

We need a lemma concerning estimates on the Riesz potential V,, defined
in (4.2). It is a quantified version of Lemma 7.20 of [22].

Lemma 4.2 (A “potential” version of the Moser-Trudinger imbedding.). Let
f € MP(Q) with p > 1 and suppose || f||apr) < K. Then there exist two
constants ko and k3 such that

AnE]
/Qexp T K dz < k3. (4.4)

One can take

diam()? pewq

ke >(p—1)e and k3 = |Q| + .
2> (p—1) 3 =9 e ma—(p— 1)

Proof. Let ¢ > 1, p=1/p and g = V,[f]. Then
|x — y|d(“_1) = |£L' — y|%(%_1)|;p — y|d(1_%)(%+“_l)

and by Holder inequality we obtain

1—1

) < [Vl Psstr] @)

Applying now estimates (i) of Lemma 4.1 with s = r = 1, to V% [f], we
obtain,

1 &

quwg, ¢

da(p

n 1--L a1, 1)
Q17 flly S pgwy P 1QfPadiam(Q) "7 || fllare)

Ve fll <
< pawadiam(@)!07 555 fllarn() < pgwadiam(Q)*C 34 r) K

where we have used inequality (4.1) together with the fact that |Q < wy
diam(Q2)?. Next we apply estimates (ii) of Lemma 4.1 to VMJF%[f} (the op-

erator V, is well-defined on L!, if Q is bounded, for v > 1 as well) and we
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obtain

Vs 1)) £ =2

— T diam()5 PO £
< q(p— 1) diam(Q) 71 K

for all z € , hence the same bound is valid for the L°°(2)-norm, provided
p(p+p/q) > 1 which indeed holds true since x = 1/p. Joining now inequalities
(4.5), (4.6) and (4.7), we obtain

Vg < Ve A Plrie)]

Letting now 1 < g = k € N we get, for ky as in the statement,

lg/* pwa .. i [(p— 1) K &)
Sde < diam(Q w2
/Q RnpR)F 0% < = dlam(©) Kl (1K)

k=1 k
p—1]1" k"
K2 k"
k
—1 1
de dlam(Q)d |:(p )e:|
p—1 1 K2 2rk
pwg diam(Q)?  (p—1)e
p—1 Vor kKa—(p—1)e

_ diam(Q)? pewy

Vor  re—(p—1e

< Pwd
L@~ p—1

[(p— 1) K q)* diam ()

oo

(]

Il
—

< dla Q)4

WK

p—1 k

Il
-

<

]2

e
Il

we have used Stirling’s formula:

nl=+v2rn [ﬁrea" with #<a < L 0 (4.8)
T e 12n+1~- "~ 12n° ’

We prove hereafter a simplified but quantitative version of the celebrated
John-Nirenberg Lemma, which holds in convex domains. Indeed we will use
it only on balls and in such case the constants simplify a bit.

Lemma 4.3 (John-Nirenberg). Let f € WH1(Q) where Q is convez, and sup-
pose there exists a constant K such that

/ |Vf|dz < K R for all balls Bg
BrNQ

Then the following inequality holds true

/Qexp [fﬁ;lj("szq dz < kg (4.9)

where for any ko > (d—1)e
a9  wadiam(Q)? (kz + €)
_7diam(9)dﬁ2 K1 = o (d_De and fﬂ—/f|Q.
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Proof. The proof relies on the previous Lemma 4.2 in the special case p = d.
Indeed inequality (4.4) in that case takes the form

[ V4 (19/1)()
exp | ————
Q

< diam(2)¢ dewy

Q| < 4.1
KoK . Vor ng—(d—l)e+|| ry (410)
where
Ko > (d—1)e,
. de wq diam ()4 (k2 + €)
d
= _ 1| =
k3 = wgq diam(Q) [HQ @ 1)e+ S (d—1)e

We combine this latter inequality with inequality (4.3) (which requires con-
vexity of the domain) with Q' = Q and |V f| € M4(Q). [

The John-Nirenberg Lemma has an important consequence when applied to
f =log(u+9):

Proposition 4.4 (Reverse Holder inequalities). Let § > 0 and u be a positive
measurable function such that log(u + &) € WH1(Q), where Q is conver, and
suppose there exists a constant K such that

/ |Vlog(u +6)|dz < K R%1 for all balls Bg. (4.11)
BRrN2

Then the following inequality

0
M < nf/q holds true for any 0<g<
l[u+ 6]l -q.0 Ko

(4.12)

where the constants k; are given in Lemma 4.3.

Proof. Let § > 0. The validity of (4.11) for u entails the validity of the same
inequality for u + §. Notice now that

wgm = (/(u—l—é)qu) (/(u+5)_qu>§mq
[[u+6[|-q.0 Q o
Then, letting f = log(u + ¢):

(u+9)!dx (u+6) %dz
Q Q
= (/ elalog(u+d)] dz) (/ el—alog(u+0)] dx>
Q Q
- (/ﬂ etf dz) </Q e~ 4f dx) - </Q eq(ffﬂ)dx> </§; eq(ffﬂ)da:)
< (/Q ot f—fal dx>2 <2

where we used (4.9) for f = log(u + J), and have assumed ¢ < 1/(koK) in
order to ensure its validity. The case § = 0 is also true, just by taking the
limit § — 0. ]
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We conclude this section by showing that reverse Hélder inequalities holds
for local supersolutions to our problem, as a consequence of Caccioppoli es-
timates.

Proposition 4.5 (Reverse Holder inequalities for supersolutions). Let Q C R?
and let A > 0. Let u be a local weak supersolution to —Au = AuP, with
1<p<ps=2"=1=(d+2)/(d—2). Then for any £ > 0 the following
inequality holds true for any 6 >0

d—3

2 4-3
[ £ ]/" ot Ol ot oll gy 2 ,
24 (ed +¢) Br,|® ~ |Br|v = dwlle(d — 1) + €]

Proof. The Caccioppoli estimates (2.2) with Ry replaced by 2r and R re-
placed by r imply the hypothesis of the above Lemma, in fact:

/ ’Vlog(u—l—é)‘dxg/ |V log(u + )| da
BrmBRO B,

1
§ 2
<|B,|2 {/ |V10g(u+5)|2dac < 2% it
B,

= K it
(4.13)

Therefore putting K = Q#wd, taking an e > 0 and choosing ko = e(d—1)+e¢,
we obtain that
d—3
1 27z e+ed
= , Ky = 2%, RY
koK dwile(d —1) +¢] i wato T

d
_ |BRO‘2d€+e

O

4.3. Lower Moser iteration

Now we are ready to run the Moser iteration to obtain quantitative local
lower bounds in the form:

Theorem 4.6 (Local Lower Estimates). Let Q@ C R? and let A > 0. Let u
be a nonnegative local weak supersolution in Br, C Q to —Au = \uP, with
0<p<ps=2"—1=(d+2)/(d—2). Then for any € > 0 and for any

d—3

273
0<g< = 4.14
1= 02leld—1) +4 * (4.14)

the following bound holds true
u
inf u(@) = [ull o > Ioonq ” Hﬂ’Rj. (4.15)
floe - ‘BRO |g

where

dR2 RZ\] % e
I oo, = 2982 —%0 4 % ¢ |7 @1
2 [52<<RO—RW>2+R20>} [Zd(edﬂ)\fwtj (4.16)

I o
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ap 14
L3
B 22 2
0,5 a=—
dw? (e(d—1)+0.1)
0 + T T T T - T T
2 4 6 8 10 12 14 16
0,020 9
0,015
4y 0,010 1

0,005 1

Upper figure: Plot of qo(d) defined in (4.14), for 1 < d < 16, with ¢ = 0.1.
Lower figure: Zoom for the plot of the same qo(x) near its minimum that
lies in (5, 6).

Remark. One can see that when the dimension d is sufficiently low one has

qo < 1 whereas gy > 1 in higher dimensions. Notice also that the equality
igf u(z) = ||u|| =00, R, holds since u is nonnegative.

rcBRr

oo

Proof. The proof is divided in two steps. We always consider a local super-
solution u of —Awu > A\uP.

e STEP 1. In this step we consider a < 0, and we want to prove L7 — L™°
local estimates via Moser iteration. The the energy inequality (2.4) for a <
—1 and 6 > 0 gives the estimate

2
/|V ((u+5)a7+1> ‘dexé M/u”(u—i—é)agodm
Q 4 Q

o
a+1
4o

a+1 1
< i /Q(u—l—é)o”r ‘Aap’dx

/ (u+0)*T Apda (4.17)
Q
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Applying now the Sobolev inequality (3.1) on the ball Bg, and the properties
of the test function ¢ defined in Lemma 2.2, one gets

2

l/ (u+ 5)%(0‘“) dx]
BRl
L

<83 (/ ‘V(u—i—&)%lfdm—&- Rz/ (u+5)°‘+1dx>
Br 1 BRI

1

at

1 1
(/ ’V(u—&—é)T‘Q@dx—F?/ (u—|—5)°‘+1dx>
Q 1 JBgr,
1 1
<82 ot /(u+5)a+1‘A¢|dx+7/
« Q Rl BRl

1 o
1o 1Al + Rl) /B (u+6)**H da

‘0

(u +6)>T! dx)
(4.18)

d 1
<82 (- 4 - 5o+l g
‘82<(R0—Rl)2+R%)/BRO(“+) !

* n *
Let, for a given vy < 0, v, = [%} Yo so that v, = 277”,1. Notice that

Yn — —oo monotonically. Consider the above inequality for o = o, and let
an + 1 =",_1 so that

w 2% Y1
8l = lutOllz o = [ | g dx]
B

Rp
1

d 1\]7+ e
> 2 B ——— _ TYn—1
> 8 (o Tr )] VB erd) dx] (4.19)
d 1\]% =
2
2 [52 (M + Riﬂ w6l 1R s

1
= IT—LYn71 HU’ + 6||’Y71717Rn71

Hence, iterating the above inequality:

1 1 a1 nooo_ 1
[+ 8l > T L L w4 6l o = [T 05" M+ 8ll0, 50

k=1
(4.20)
where have chosen 0 < Roo < ... < Rp11 < R, < ... < Ry such that
= Ro — Roo
> (Ri-1—Ri)=Ry—Rs and Ry —Ry= OT
k=1
so that

d 1 d 1
L=8 (s u5+tss) <S35+ 55 ) 4 1= 12"
- SQ((Rn_l—RnV*R%)S?((RO—ROJ”R%O) 0
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and

k=1
2 & k log 4 21"
= exp B) |:2*:| 10g[0+ o8 |:2*:|
70 21 0 k=1
* n k
> o Tl

Taking limits we obtain

d—2

ad 1 25 42 _d_
[T 2 5ty .
k=1

We can now take the limit in (4.20) to get for any v < O:

[e'e] 1 a4
[+ 6l —core = [T 1 w8l 0 = (27 10) 0 ||t + 6]l
k=1 (4.21)

d
d e
= |:2d522 (W + 1” [ 4 810, o

Now we need some Reverse Holder inequalities, which is the subject of the
next step.

e STEP 2. Reverse Hoélder inequalities. The John-Nirenberg lemma implies
reverse Holder inequalities for super-solutions, in the form of Proposition 4.5:
for any € > 0 the following inequality holds true

€ ¢ fJu+6llg.m 2%7"
5— < |lu+0[-gr, 0<g< .
{2d(ed+5)} 1B, : Lo =7 dwile(d—1) +¢]
(4.22)
Joining inequality (4.21) and (4.22) and letting 7o = —q with ¢ as in (4.22)
we obtain

_d
ot Sl > |25 (e + )| ol
d 1
> lods2(— % 4
[ (e

0§
- [2d822 ((ng + RE)}“

3
Ro—ROO)Q Rgo |:2d (ed—l—s),/wd] |BR0|é
R R
— t-oogT 1
‘BR0|2

(4.23)

Finally we observe that we can let § — 0%, and obtain the desired result. []
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4.4. Reverse Holder inequalities and lower bounds when 1 < p < p.

In this section we will first prove more quantitative reverse Hélder inequal-
ities, when p > 1. We have obtained a reverse smoothing effect from L4 to
L™, for a suitable explicit ¢ which may be close to zero, if we seek for a
bound valid for any dimension. In order to be able to join local upper and
lower estimates to get a clean form of Harnack inequality, we need to reach
those values of ¢ which are above d(p — 1)/2, and this is possible only when
1<p<p.=d/(d-2).

Proposition 4.7 (Reverse Holder inequalities for 1 < p < p.). Let Q C R? and
let A > 0. Let u be a nonnegative local weak supersolution in Q to —Au = AuP,
with 1 <p < p.=d/(d—2). Let By C Br, C Q2. Then we have that

o
Wlar g Melaoto vy e 0.9, ap-1)2<a<dia-2 @)
| Brl® | BRo| %

L [24383 | o (Ro—R)?*|7 wi'Ro| ™ [Ro]7
q,90 (2* o 27) 2 —2 RO iy R
. d—2—
whereas if 0 < qo < “57q
@—237_a | 2dgS2 R T
o T 2 2
Ig,q, :=3-2 70 l(2* —29) (Ry — R)? + S5

4 _
1q—qp\ % R
(W) R

Proof. Consider the energy identity for supersolutions with —1 < a < 0 (we
can take ¢ = 0 in such a range of «), which gives the following estimate for
any positive test function ¢ € CZ(Q) with Vi = 0 on 9Q:

4lal at1 2 1
—_— \% d A Prasd <7/ o+l Apld
(a+1)2/ﬂ|“2|¢x+ /QU pr*|a+1| Qu |Ap|dz

(4.25)
that implies, using the test function ¢ of Lemma 2.2 with R, < Ry
atl 2 d\a + ].| / 1
Vuz "de < —ri——F— utdz (4.26)
/BRoo ’ | |a| (RO - ROO)2 BRO

Applying now the Sobolev inequality (3.26) on the ball Br_ we arrive at

2* dla+ 1 1
5 (at1) q < 82 [ + } / atl g
u T u T
[/BRw ] = 72 Ll (Ro — Rx)®* ' R, B,

2
¥
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Letting now 0 < a4+ 1= < 1 we get

2

2% 3 2 1
% S ][ )’
UBRW ' dx} |l (005 M

B
X / u? dx
BRO

Choosing 8 > (d — 2)(p — 1)/2 is compatible with 8 < 1, if and only if
p < d/(d —2) = p. and this is the point where the well known Serrin’s
exponent p. enters. We now let d(p —1)/2 < § = 2*5/2 < 2*/2 and we see
that (4.27) implies

(4.27)

2dq S? R—7)2]1% ull zqr
lullr < | 2%y g3 il
(2 2q) (Rf 7‘) q (4 28)
_ [ 2dqS2 82( ROO)TM ||u||2l*§,lz
~L(2r—21g) i3 (R—7)7

for any R, <r < R < Ro. Let ¢ = 2g/2* < g. We consider separately the
case ¢ < qo < g and the case 0 < go < ¢ < @. In the first case we can use
Holder inequality in (4.28):

o*

2dq 83 o (Ro — Rso)?1 7 24.R
< 2*
< [ 50y + s 2 (R
< |: 2d6822 S (R ROO)2:|§(I wrll/d 7 ‘BR|7 || H
> (2* — 95 ) 2 R2 R—r |BR|‘10 qo0,R

which is (4.24) when g < g9 < g, once we let R = Ry and r = R. On the
other hand, when 0 < gp < ¢ <@, we can use inequality (4.28) rewritten as

2dq 83
(2* —2q)

(Ro — Rx)?17 R K

+ 83 T —
2 RZ, (R—r)7 (R—r)T

FaR

(4.29)
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so that Lemma 3.7 with v = 2* /g gives that for all 0 < ¢o < ¢ < g (recall
that ¢ = 2g/2*)

a(@d—aqp)
A q(G—q0)\” K 40(@—q)
lullg.re < 3-2%0@0 (47 a sl n
|ullg 0@ —q)) (Ro—Rx)Y |2l go, Ro
a(@d—agp)
o — q— K 90(@—9)
_ 3.9 4 KZL 20_d-2 (g 2q0)> % ] ¢
(d—2)g d Qo039 (Rop — Roo)?Y
X [|ullgo, o
(@—a0) 1 72(?(*%;
(d=2)q _ 4 a(@—a0) q —q L
:3.2 2q 2 qu(qu) 4d L
O < qoq Ro — Roo) HUHQO,RO
(d=2)g _d _ d—d0 d—2 7—qo wl/dRO %
=3.-2 200 2 K > Ad 7d7
q0¢ Ro— R
1
|BRr, |7
X |B O‘L Hu”qo,Ro
Ro| %
: 783
_ 3ot [ 24385 | oo (Fo— Foo)7) T
(2 —29) RZ,
_ ViR a—4 R a B |%
X 4dq do Yq "o s LHUH
q Ro—R R L q0,Ro
q04 0 oo 0 |Bg__ |70 (130)
—2)q = Q2 2 ?ﬁ—qqg%
_ 3.9t [ 298 R, | 522} .
(2* —27g) (Ro — Roo)

d
T

d d 1

1G— o % Rmro |Bg, |7
X 4dwd77 —— — |[|U R,
( d 70 ) [RO |BR°O|% H ”qo, 0

whence the statement follows upon relabeling Ro, as R. []

As a first consequence of the above inequalities, we can improve the local
lower bounds of Theorem 4.6 in this good supercritical range.

Theorem 4.8 (Local Lower Estimates when 1 < p < p.). Let Q C RY and
let A > 0. Let u be a nonnegative local weak supersolution in Br, C € to
—Au =X uP, with1 <p <p.=d/(d—2).

. I soq ||U’H§,§ ) _
el}glf u(z) = ||ul| oo, ray = — withd(p—1)/2<g<d/(d—2)

Roo Iiq |Bgl|a

(4.31)
for any 0 < Rew < R < Ry, where q € (0,q0 A, qo and I_w,q are given in
(4.33) and I3 4 is given by (4.35), (4.36).
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Proof. We use the local lower bounds of Theorem 4.6 for ¢ € (0, qq], € = e,
with the definition of ¢y to be recalled below, so that

[l

inf u() = ul o, > Iooog— e (4.32)
‘ = - BRO|2
where
2%5°
< = —_—
4= 4o d*wie
) (4.33)
dR? R2\1 2 e a
[y 2052 (R0 Ho e "
= (Ro — Rx)?  RZ, 2%e(d+1) /g
Recall the reverse Holder inequalities of Proposition 4.7
u ull- %
fulyr, s wa

IBr|®  Iq4|Bgl7
valid whenever 0 < R < Ry g € (0,q] d(p —1)/2 < g < d/(d — 2), where

Sv\21 %= [ 1/d = d

ja {qu‘% g2 (Bo R)z]zq wy"Ro | * {Ro]q (4.35)

4.9 (2* _ 27) 2 —=2 Ry — R R :

if 225 < ¢ <7,

(d—2)7_d 2dqS3 R %% 1q—q TR
=32t | 2R gl T () [
- (2* = 27) (Ro — R) qq R
36

—
=

if 0 < ¢ < 427, with go as in (4.33). Combining inequalities (4.32) and (4.34)
we obtain (4.31). [

Remark. The above lower bounds turn our to be important when applied to
solutions, since they will imply directly a clean form of Harnack inequality
when 1 < p < p. and then local absolute bounds, which is a novelty and
a typical feature of the “good” superlinear case 1 < p < p.. We stress the
fact that in the upper range p. < p < ps such absolute bounds can not be
true, as explicit counter-examples show. We will give more details on these
counterexamples in the next section.

5. Harnack inequalities

In this section we will show in a quantitative way how upper and lower bounds
can be joined to form Harnack inequalities for solutions, and to obtain as a
consequence absolute local upper (1 < p < p.) and absolute local lower
bounds (0 < p < 1), which are new, as far as we know. We first join local
bounds of Theorems 3.1, 3.9 (upper) and (4.6) (lower), to obtain a general
form for Harnack inequalities, which at a first sight appear to be weaker
than what expected, because its constant depends on local L?-norms of the

Qlla
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solution itself. This is the only form of Harnack inequality that can hold
for all 0 < p < ps = (d 4 2)/(d — 2). To eliminate this quotient and to
obtain Harnack inequalities in a more classical form one has to assume that
O<p<p.=d/(d—2).

This fact might seem puzzling, but there are very weak (distributional) so-
lutions in the range p. < p < ps that are not bounded, cf. [25, 28, 29, 30, 31],
even when one prescribes zero Dirichlet boundary conditions. According to
Mazzeo and Pacard [25], in this range there are solutions with a singularity
of the type |z — x| 72/(P~1) at a point ¢ € . Such solutions are not locally
in L? with ¢ > d(p — 1)+ /2 if p > p., hence the local upper estimate fails for
them when applied to a ball that contains the singularity. In this range there
appears in a clear form the difference between weak and very weak solutions,
which helps understanding these critical exponents. Regarding boundary be-
haviour, the range to consider is p; < p < ps, where p; = (d+1)/(d — 1)
is the exponent introduced by Brezis and Turner [7]. In this range there ex-
ist very weak solutions which are not weak (energy) solutions and can have
a singularity at some points of the boundary and satisfy elsewhere on the
boundary the prescribed condition in a suitable trace sense, not necessarily
in a continuous fashion, cf. del Pino et al. [15].

Theorem 5.1 (Harnack inequality for 0 < p < p;). Let Q C R? and let A > 0.
Let u be a nonnegative local weak solution in Br, C Q to —Au = \uP, with
0<p<ps=(d+2)/(d—2). Given R < Ry and € > 0 we assume

d—3

277 __dlp—1)4

0 < = .
ST G ed—1) 1 1T 2

(5.1)

If0 < g <d/(d—2) we also assume

2* —d(p—1)
log s7=atr-1)-

log ﬁfz

not integer.

Then the following bound holds true

sup u(z) < Hplu] inf wu(x) (5.2)
TEBR ZEBRo

where Hylu] depends on u through some local norms as follows

HP[U] = Hp[u](dv a7ga€7 R07Roo)

d
(p—1)4 2g—d(p—1)1

Cdeq | (g urde) T (fp,, )" (53)
Loy | fp, uVrde m
Ro

Qll=

I =

with Icq given by (3.5), I_oc g is given by (4.16).
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Proof. We recall the local upper bounds of Theorem 3.1: for any Br, C
Bgr, CQ

(r-14 \ TEA=T
q q
(g, v do) ellg, 2,

fBRoc u®P-D+ dz |BRD|%

(5.4)

1ulloo, Roe < Toog

for any g > %, where I, 7 is given by (3.5) and when 0 < ¢ < d/(d—2)

we require the additional condition (3.7) on g. We also recall the lower bounds
of Theorem 4.6: for any € > 0 and for any ¢ as in (5.1), the following bound
holds true

1
ianEBROO u(x) |BRo|g
I—oo,g ”U”g,Ro

where I_ 4 is given by (4.16). Joining (5.4) and (5.5) gives (5.2). [J

> 1. (5.5)

Theorem 5.2 (Harnack inequality, 0 < p < 1). Let Q C R? and let A > 0.
Let u be a nonnegative local weak solution in Br, C Q) to —Au = AuP, with
0<p<1. For all Ry < Ry the following bound holds true

sup u(z) < H, ei}glf u(x)

TEBR LTEDL R
where ‘H,, does not depend on u, and is given by

21SIR? A3 R3\1%0
M, = + =L
_(RO - Roo)2 (RO - ROO)Q R<2>o

with

d_2\""% log (e(d—l) ﬁ)
qo = < ) and 22

ng = 1.p.
0 p logd%'lQ

d

2l e

Proof. The goal of the proof is to simplify the quotient of L¢-norms in the
expression of the constant #,[u] of the Harnack inequality (5.2). Since we
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are dealing with the range 0 < p < 1, we can choose
d—3

_ 27"
0<@=a=w=wl):=gorg—11

. log 2= . . .
where § > 0 with [1 c;g 2| not an integer. In fact, we shall arrive, with a
—2

suitable choice of the parameter ¢, to a value of gy smaller than d/(d — 2),
so that the requirement [log % /log ﬁg} not being integer is necessary. The

latter condition means qo(g) # [(d —2)/d]™ for all n € N, and this is possible
since we can always choose ¢

1

d \"7? 2% d—2\""2
O<e= (d—2> dwg — e(d — 1) so that qo = (d)

where ng is the first integer n such that e(n) > 0, which is

log (e(d—l) ﬁ) 1
=g L

ng = 1.p.
0 D logﬁg

The constants become in this case
;[ asiR ] < d >d 20-2)
0,q _(RO_Roo)2 d—2 (\/Zl— d—2)2

d
d—2 (Ry—Rs)? d—2 1 200
X |Ap + +< 0 5 )max{ |dq0—(d—2)|,H}
L q0 Roo

[ ()

d—2 (Ry— Re)? d—2 117) 2

A - - —(d—2)]. =

o % T R (dgo)? ldao = (d=2). 7 ’
(5.8)

[

where A, =2ifp#1, A, = A/4if p=1 and, since gy < d/(d — 2),
ko—1+1

d

4o (ﬁ)

PGS
~ I G D
crim i T i =
% (m) (m) -1

(5.9)
since kg is given by:

log 2 log - 1
ko = i.p. 20 | = ip. |1+ ©_| =ip. [1 + g — } =ng+ 1
log 7% log 355 2
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and the last step in (5.9) follows by an explicit calculation. Moreover I 4
given by formula (4.16) takes the form

dR? R2\] 7 e W
(Ry — Rx)? RZ 24 (ed + €) \/wq

- __ad_
_ 2d82< dR(% + R% ):l 240

(RO - ]%oo)2 @

[—00,110 = 2d‘s‘22

d—3

a \"07z 9%
(ﬁ) oz —eld—1)
d 4 \"073 %
2 (m) awz te | v

Hence we get the expression of H, = I qo/I—00,q, given in (5.6). ]

When p > 1 we can not join the upper and the lower bound so easily, we
need the improved lower bounds of Theorem 4.8, valid only when p < p..

Theorem 5.3 (Harnack Inequalities when 1 < p < p.). Let Q C R? and let
A > 0. Let u be a nonnegative local weak solution to —Au = AuP in Bg, C (2,
with 1 < p < p. = d/(d —2). Then for any 0 < Ry, < R < Ry there exists
an explicit constant H, > 0 such that

sup u(z) <H, inf wu(z) (5.10)
TEBR TEBR,

where H,, does not depend on u, and is given by

g \ T dlp—1 d
Hp = Ioo@ < i1 > 5 with % <g< m (511)

where the constants q € (0,q0 NG|, go and I_oc 4 are given in (4.33), Igq is
given by (4.35), (4.36), Ig is given by (3.5); moreover, since ¢ < d/(d — 2)
we require the additional condition (3.7).

Proof. We first consider the lower bounds of Theorem 4.8. Let © C R¢ and
let A > 0. Let v be a nonnegative local weak supersolution in Br, C {2 to
—Au = uP, with 1 < p < p.=d/(d—2). Then

ul|l- = I
w <2 inf u(x) (5.12)
|B§|? Ifoo,g TEBR

for any 0 < Roo < R < Ry, where d(p —1)/2 <g < d/(d—2), ¢ € (0,q0 A7),
qo and I_ 4 are given in (4.33) and I3, is given by (4.35), (4.36). Then we
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recall the upper bounds of Theorem 3.1 which we rewrite as

d
(p—1)+ Z7—d(p—1)}
el .
T A R Il
Bl T S, w0 de Bl
lgr 1 \T fulg (513
S—[oo,ﬁ ’ ’1

\B§|% infyep,  u(z) |Br|7

IN

d(p—1)
I F—dp-1) T
Iz +d inf  u(x)
I—oo,q TEBRo,

for any g > %7 where I g is given by (3.5) and since 0 < g < d/(d—2)
we require the additional condition (3.7). In the third step we have used the
lower bound (5.12). [

Remark. Notice that the constant H, does not depend on wu in the range
0 < p < pc, and it does not depend on A > 0 when moreover p # 1.

6. Local Absolute bounds

In this section we will prove local absolute lower bounds when 0 < p < 1
and local absolute upper bounds when 1 < p < p. as a consequence of the
Harnack inequalities of the previous section together with the Caccioppoli
estimates (2.11).

Theorem 6.1 (Local Absolute bounds). Let Q) C R and let A > 0. Let u be
a local nonnegative weak solution to —Au = AP in Br, C Q, with 0 < p <
pe = d/(d —2). Then for any 0 < Ro < R < Ry there exists a constant
H, > 0 that does not depend on u, such that

sup  u(x) <H (8Rg> " when 1 < p <p.=-—
ety = TP\ N(Ro — R)2R? P=be=g =2
(6.1)
and, if u# 0 on Bp,
1
MRy — R)?R*\ 7
(0)> when0<p<1l. (6.2)

inf u(w)Z’le( SRA
0

rE€BR(x0)
The constant H, is given by (5.6) when 0 < p < 1 and by (5.11) when
1<p<pe.

Remark. The way the estimate blows up as R — Ry is (Rg — R)~%/(P=1)
which is natural from scaling considerations and is predicted by Dancer in
the papers [11, 12].



Semilinear Elliptic Equations 47

Proof. We combine the quantitative Harnack inequalities of Theorems 5.2
and 5.3 together with the quantitative Caccioppoli estimates (2.11)

d
A wP~1de < SLRoz
Bnr (Ro — R)
which implies, when p > 1,

1

1 S
1 Pt 8R¢ P
inf <[ — p—14 <(—270 6.3
nf u(@) < <|BR| B z) = (A(Ro —R)2Rd) (6.3)
and when 0 < p <1 as

1

1 . 7
A(Ro — RPRI\ T _ Brl  \77 1 1
8RY “\Jp, v tda — \ sup u(z)p—?! (6.4)

z€EBR
= sup u(x)
rEBR

The above inequalities can be now combined with the corresponding Harnack
inequalities of Theorems 5.2 and 5.3, which have the form

sup u(z) < H, inf wu(z)

xEBR rEBR
to obtain the desired bounds in both cases. The constant #,, is given by (5.6)
when 0 < p < 1landby (5.11) 1 <p < p.. [

7. Regularity. Local bounds for the gradients

In this section we will prove L>° bounds for the gradients, to conclude that
solutions to —Awu = AuP are indeed local Lipschitz functions. The strategy
to prove such results is to show that the incremental quotients uy, ; satisfy
the equation —Awuy, ; < b(x)uy,; for a suitable b(z), so that we can apply the
local L*° bounds of Theorem 3.8. We start with a numerical Lemma.

Lemma 7.1. The following inequality holds for any a,b > 0

(a—=Db)(a? —bP) < (pV 1) max {apfl, bpfl}(a —b)?, and for any p > 0.
(7.1)
Moreover the following inequality holds for any a,b >0 and p > 1:

a? — b > pbP~ (a —b). (7.2)

Proof. Tf a > b the validity of (7.1) is equivalent, setting 2 = %, to the validity
of (1—x)(1—2P) < p(1—x)? for all z € [0, 1], that is to 1—2P < p(1—=z) for all
x € [0, 1], which does in fact hold if p > 1 by the concavity of g(z) := 1 — 2P,
since the line h(z) := p(1 — z) is the tangent to g at = 1. The case a < b
follows as well by interchanging the role of a and b. The case 0 < p < 1 can be
proven analogously: if fact the stated inequality is equivalent to 1 —2P < 1—=x
for any x € [0, 1], which holds true by the convexity of h(z) = 1 — P for any

p € (0,1).
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The second inequality (7.2) follows by the inequality 2P — 1 > p(z — 1) for
all x > 0 which is valid since zP — 1 is convex so that its graph lies above its
tangent at x = 1. [

Short reminder about incremental quotients in 1W 9. Here we follow Giusti
[23]. Tt is well known that if u € W9(Q) then its incremental quotients is
defined as

u(x + he;) — u(x)

Up,i = h

where e; denotes the unit vector in the direction z; , cf. [18, 23] . Let us recall
some properties of the incremental quotients:
(i) If w € W9(Q), then its incremental quotient uy, ; is defined in the set

Q= {z € Q| dist(z,09) > ||} , moreover  up; € WHI(Qp)) .

(i) If u € Whe(Q) for 1 < ¢ < o0 and ¥ CC Q, then for any |h| <
dist(%, ©2)/(10v/d) we have

d
lun,illLas) < 59 [|0ullLa(q) - (7.3)

for a proof of the latter fact we refer to Lemma 8.1 of [23].

(iii) Let uw € LI(f2), 1 < ¢ < 00, and assume that there is a constant K such
that for every i small enough we have ||up;[|La(o,) < K. Then d;u € LI(2)
and [|9;ul| (o) < K . Moreover up, ; — dju in LE (Q) as h — 0. For a proof
of this fact we refer to Lemma 8.2 of [23].

We can now state and prove the following theorem.

Theorem 7.2 (Local upper bounds for the gradient). Let @ C R? and let
A > 0. Let u be a local nonnegative weak solution to —Au = AP in Br, C €,
with 0 < p < p. =d/(d —2). Then for any 0 < Ry, < Ry we have

Vulloo,ree < K[u][lull2,r, (7.4)
where
15 \? 180 1% f240\ ¥
Klul = ———— b - =
[u] <RO — Roo) { P,Ro[u] + (RO — Roo)2:| < 9d )
Ro — R)?
dS2(pV 1)\ ? 4(Ro — Roo)? i
2 \P 0 — o -2 d
B 2
+< d—2 > o=z [Pl (ol ]
with
17 pr = 17
SRy HYP ,
0< e andp#1,
bp.rolu] < § N(Ry — Ro)?RL FO<p<pcandp# (7.6)
p—1

||u||oo7R0 ’ prc S p < Ds
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where the constant Hy is given by (5.6) when 0 < p < 1 and by (5.11) when
1<p<pe.

Proof. The proof is divided into several steps. We start fixing hg > 0 small
enough.

e STEP 1. The equation satisfied by the incremental quotients. First we deduce
formally the equation for the positive and negative part, then we justify it
rigorously at the end of this step, using Kato’s inequality. If u is a solution
to —Awu = AP, then the equation satisfied by utl is

—Au;i =b"(x,h) utl <X(pVv1)b, u;i, for all |h| < hg, (7.7)
where
sup uP~! if1<p<ps
Br,

by = by ry U] := (7.8)

-1
{inf ul_p} ifo<p<1

and we observe that b, g[u] < b, ry[u] for any 0 < R < Ry. Indeed, when
Up,; > 0:

At — /\up(x + he;) —uP(z) /\up(x + he;) — uP(z) u(x + he;) — u(z)
Yhyi = h 7 u(x 4 hey) — u(x) h
= bt (z,h) “Zz

< A(p V1) max {u’~"(z + he;), upfl(x)}u;;i

by using the numerical inequality (7.1), namely (a — ¢)(a? — c?) < (p V

1) max {a?~!,c?~1}(a — ¢)? valid for any p > 0 and all a,c > 0 to estimate

uP(z + he;) — uP(x)
u(z + he;) — u(x)

bt (z,h) = A <ApV1) max{upfl(x—khei),up*l(x)}
we have used the fact that uP(z + he;) — uP(z) and u(z + he;) — u(x) have
the same sign.
When p > 1 we have

—Au;i =bt(z,h) uzl <XAjpVv1) sup (up_l) u;

71”

BR+hy
while when 0 < p < 1 we have
Alp V1)
+ ot + +
_Auh’i =b (m, h) uh,i < W uh,i
Br+ng

On the other hand, if u is a solution to —Au = AuP, then the equation
satisfied by u, , is

—Auy =0 (v, h)u, ; <A(pV1)byu,,, foralllh] <h, (7.9)
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where by, is given by (7.8). Indeed when u;, ; < 0 we have that
uP(x + he;) — uP(x) uP(x + he;) — uP(z) u(z + he;) — u(x)

i A h A u(z + he;) — u(x) h

=b"(x,h)

< A(p V1) max {uP~(z + he;), v’ (2) }uy,
for the same arguments as above. Now it remains to justify the formal calcu-
lations made above. First we recall Kato’s inequality: if j : R — R is a convex
function such that j(0) =0, j'(v) > 0 if v > 0, then Aj(v) > j'(v)Awv, in the
weak sense, whenever Av € L. (£2). Consider a sequence of convex function
Je that approximate j(up;) = U;Z and such that j5.(0) = 0, jL(up;) > 0 if
up,; > 0. Then by Kato’s inequality, we have that indeed u™ satisfy the weak
formulation

/ V- Vie(up,)de = —/ ©Aje(up,;) dr < —/ 0l (uni)Aup,; do
K K %
= [ @il b @i
K
< / ¥ (ja(uh,i) + €)b+(aj) dz
K

for any subdomain with compact closure K C €2, and all bounded 0 < ¢ €
C}(K). Passing to the limit as € — 0 proves that u;{ is a weak subsolution
to —Aut < bt (x ) - A similar procedure can be applied to w,, ;, therefore
all the formal calculatlonb made above are justified.

e STEP 2. L™-bounds for the gradients. Since |uy ;| = u;l + uy,; 1s a weak
nonnegative subsolution to —A|uh,i| < A(pV1)b,
apply the upper bounds of Theorem 3.5 that read

K§3> B

= b(x) |un,i|, we can

[un,illoo,r < lun,ill2, R+no (7.10)
;

with ¢ = 2 and the expression of the constant obtained by letting r — oo,

since b(z) € L®(BRih,):

2

2dd 8 h2
Kz(?’)[b]—() {16(d+2)+R(;

Qd
dS2\ % 42 i
7)) 2 |BR+ho|b||ooR+h0]
p (7.11)
2dd 8 h2
< | — _0
(2 > [16(d+2)+R2
dS2(pv1)\? 4h2 as e
() 2 B ()
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since
d d
||b||;o,R+ho = ()\(p\/ 1) bp) .

Next we observe that by inequality (7.3) it follows that for any ¢ > 0 and
any |h| < 6/(10v/d) we have

d
2. R+ho < 52 [|0iull2, Rihots-

l[wn,i

Finally, since

llunills,r
|Br|*

< Nlun,illoo,r < K

holds for any |h| < hg with K that do not depend on s, then by remark (iii)
above we have that

||3z'u||s1,R <K
|Br|*

Letting now s — oo in the above expression gives ||0ju||oo,r < K. Therefore
we have proven that

(3)
K57[b] _a
105l < =2 g[ L5 05ul|2, R+ho+ » (7.12)
2

hg

with Kég) [b] as in (7.11) which implies

(3)

K57 [b

[Vulloo.r < =25 J )
2

0

52| Vu

2, Rtho+5 ; (7.13)

e STEP 3. Energy inequalities. We now need the energy inequalities (2.3) to
estimate the L2 norm of the gradient of u in terms of u itself. We choose
« =1 there so that the choice § = 0 is admissible.

1
/ |Vu|2g0dz§/ |Vu}2<pdx§)\/up+1<pdx+f/u2A<pdx
Bringis Q Q 2 Ja

2d
S)\/ WP de + = u?dx
BRr+ho+26

2
0 BRr4hg+26

2
g()\bp—i—;i)/ u?de
Y BRr+hg+26

2d
< (A 55 ) Wil s

(7.14)

since we have used the fact that uP~1 < b, for any 0 < p < ps and the test
function ¢ of Lemma 2.2 with the choice of balls Brin,+s C Brihg+26-
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e STEP 4. Putting all the pieces together, we have obtained

K3 u
e

0
1
KP[b) 2d\ * (719
<2052 (Aby+ = ) lu
5 g2
hO

We finally choose hg = 6 > 0 and we let R, = R, Ry = R+ho+26 = R+36,
so that § = (Ryp — R )/3 and we have obtained

d 1
15 2 18d 2
Vuloon, <KD ([ —2—) (Abp+ —
IVulne < K0 (=) (Moot o)

= Klulllull2,r,

wla.

|2, Rt-ho+26-

2,Ro

(7.16)

where we recall that, with the above choices of hg,d we have (see (7.11))
a2
3) 24\ ® (Ry — Roo)?

d

. (17
. (dsg(pv 1))2 A(Ry — Roc)

4
2

2 d—2

Br,/ 7 (Ab
Finally we observe that b, can be bounded depending on the values of p as
follows:
(i) If 0 < p < 1 we can use the absolute bounds (6.2) to get

1 8R{
by = ——— < HLP o 1
P inf ul-p — y ARy — Ro)2R4.’ (7.18)
Br,
the constant H,, being given in this case by (5.6).
(ii) If p=1then b, = 1.
(iii) If 1 < p < p. we can use the absolute bounds (6.1)
8R{
b, = sup uPl(z)<HE! 0 , 7.19
p xEBR(atU) ( ) §4 )\(RO o ROO)QRgO ( )

the constant #,, being given in this case by (5.11).

(iv) If p. < p < ps, we just leave b, = Hu||£o_}30 . O

When 1 < p < p. we have local absolute bounds for the gradients, which
seem to be new.

Theorem 7.3 (Local absolute bounds for the gradient when 1 < p < p.).
Let Q C R? and let A > 0. Let u be a local nonnegative weak solution to
—Au = AP in Br, C Q, with 1 < p < p. = d/(d — 2). Then for any
0 < Rso < Ry we have

IVlloo,r. < K (7.20)
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where
2 4 d 1 3
K- d 5 (15)2 ’prd Roo S8Ry HD™ L 18d
o\ (Ro — Roo) T EH7 R
(RO - ROO)2
d
dS3p LR e R;TZ-Hd_Q) oo |
(5 o
472/ 9(d—2)(Ry — Ru)?@ VR

S8R
AR4,
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_1_
)pl

(7.21)

where the constant H, is given by (5.11) and depends on Ry, R as well.

8. Table of results
Let us resume the main results of this paper: recall that d > 3 and
d—3
d d+2 _ dlp—1)4 27z Ve > 0
— = ———--- = g .
Pe=g =g T 1 2 T dZe(d—1)+ e
Upper 1 Upper I1 Lower Harnack | Absolute | Gradient
0<p<1|0<qg— o0 qo >0, 0<¢g<qo Hp lower upper
r>0
Thm. 3.1 Thm. 3.9 Thm. 4.6 [Thm. 5.2 | Thm. 6.1 | Thm. 7.2
p=1 0<qg— q >0, 0<qg<qo Hi No upper
belr,
r> %
Thm. 3.1 Thm. 3.8 Thm. 4.6 | Thm. 5.2 Thm. 7.2
1<p<pc|g<qg—o0 q0 >0, q<q<pec Hp upper absolute
b= AP lelr
r>q
Thm. 3.1 Thm. 3.9 Thm. 4.8 | Thm. 5.3| Thm. 6.1 | Thm. 7.3
pe <p<pdg<gqg— o0 q0 >0, 0<g<aqo| Hplu No upper
b= uPleLr
r>q
Thm. 3.1 Thm. 3.9 Thm. 4.6 | Thm. 5.1 Thm. 7.2
Recall the bounds:
( ) ”uHPru(P*l)Jr
pulp—1)+ L4(BRy) _ d
Upper T [ulli (s, [ultZ 505, ) < T T
|Brg |
_d_
(2) PR 240
Upper T [uflac.ne < AL + A BIE R el
(R—Roc)“0
. lullLa (g, )
Lower  infep u(2) = [l () > Loy 2,
IBRo‘q
Harnack SUPgep, W) < Hplulinfoep,  u(z)
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where H,[u] depends on u only when p. < p < p, through some local norms
as follows

HP [u} = HP [U] (dv q, Q7 g, ROa Roo)

d
(pP—1)4 2q—d(p—1) 4

_toa [ (o) (Fon, 702)°
—I_oovg fBRoo w7 dz (fB ugdx)
Ro

whereas H,[u] can be taken to be independent of u if p € [0,p.), see (5.6),
(5.11).

Q=

I =

Gradient IVulloo,r < Klu] ||ul

2Ry -
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