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Stratified Groups and sub-Laplacians

1.1 Vector fields in RV . Exponential maps. Lie algebras
of vector fields

Given an N-tuple of scalar functions aq,...,an,
. RN ;
aj.]R —>]R, ]E{l,...,N},
the linear first order differential operator

N
X = Ej:l aj 6j, 8]' = 8%. = %, (11)

will be called a vector field in RN with components a1, ...,an. We shall
always deal with smooth vector fields, i.e., with vector fields whose components
ai,...,ay are functions of class C*. We shall denote by T(R") the set of all
smooth vector fields in RV . Equipped with the natural operations, T (RY) is
a vector space over R. We shall adopt the following notation: I will denote
the identity map on R and, if X is the vector field in (1.1), then

XI:=(ay,...,an)" (1.2)

will be the column vector of the components of X. By consistency of notation,
we may write

X =V-XI,

where V = (84, ...,0n) is the gradient operator in RV .

A path v : D = RN, D = interval of R, will be said an integral curve of
X if 4(t) = XI(y(t)) for every t € D. If X is a smooth vector field, then, for
every € RV, the Cauchy problem

¥ =XI(v),
{7(0) X (13)
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has a unique solution v(-,z) : D(X,z) — RY. We agree to denote by D(X,z)
the greatest open interval of R on which (-, z) exists.

Since X is smooth, ¢t — (¢, z) is a C* function whose n-th Taylor expan-
sion in a neighborhood of ¢t = 0 is given by

vt z) =2+t XDI(@)+ £ XO () + -+ & X [(2)

n!

t A4
+ i' (t —s)" XD ((s,2)) ds. (14)
n- 0

Hereafter we denote by X *) the vector field
; N _
x (k) — Ej:l(Xk La;) Os,,
being X° = X and X", h > 1, the h-th order iterated of X, i.e.,

XP:=Xo..-0X.
h

We remark that X" is a differential operator of order at most h, whereas
X is a differential operator of order at most 1. To check (1.4) we use (1.3).
Writing ~(t) instead of (¢, z), (1.3) gives: v(0) = z, (d/dt)|t=0y(t) = XI(x)
and

L] io¥® = &|,_ (XD (1) = Tx1(4(0)) - 7(0) = Tx1 () - XI(x)
Vai(z) - XI(z) Xai(x)

: = : = XII(a).
Van(z) - XI(x) Xan(x)

By iterating this argument, we obtain
: k :
Y®(0) := L], _v() = XBI(x), k>2.
Replacing this identity in the Taylor formula

(1) =2+ S p_ BB 0) + L [t — s)m A () ds,

we obtain (1.4). We observe that, since the identity map I is linear and since
the first order part of X" coincides with X then X(®J = X"J. Thus
formula (1.4) can be rewritten as
Y(t,z) =z +t XI(x) + gXQI(m) +-t %X"I(x)
1 [t (1.5)
+ o/ (t—s)" X" I(vy(s,z)) ds.

This last expansion suggests to put
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exp(tX)(z) := v(t, ). (1.6)

Then, for every n € N,

n

1

exp(tX)(z) = i X’”I(a:) + o /0 (t —s)" X" (exp(sX)(z)) ds. (1.7)

k=0

In particular, for n =1,

exp(tX)(z) =z +t XI(z) + /0 (t — s) X*I(exp(sX)(z)) ds. (1.8)

If we define
U = {(t,l’) e R x ]RN | T € RN, t ED(X,Z’) }7

from the basic theory of ordinary differential equations we know that U is
open and the map
U (t,x) = exp(tX)(z) € RY

is smooth. Moreover, from the unique solvability of the Cauchy problem re-

lated to smooth vector fields we get: t € D(—X, ) iff —¢t € D(X,x) and
exp(—tX)(x) = exp(t(=X )( ); (1.9)
exp(—tX) (exp(tX)(z)) = (1.10)
exp((t + 7)X)(z) = exp tX)(exp (), (1.11)

when all the terms are defined. If D(X, z) = R, identities (1.9)-(1.11) hold for
every t, T € R.

Remark 1.1.1. For our aims the vector fields of the following type
X :E;y:1 a;j(1,. ., Tj-1) O; (1.12)

will play a crucial role. In (1.12) the function a; only depends on the variables
z1,...,¢;—1 and we agree to let a;(z1,...,x;j—1) = constant when j = 1.
For any smooth vector field X of the form (1.12), the map

(x,t) — exp(tX)(x)
is well defined for every x € RN and t € R.

Indeed, if v = (y1,...,7n) is the solution to the Cauchy problem

{7 = XI(y)

vO0)=z, x=(x1,...,2N),

then 41 = a1 and 4; = a;(y1,...,7v;-1) for j =2,...,N. As a consequence
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t
(@, t) =21 +tay, v;(z,t) ==; +/ aj(n(z,s),...,v-1(z,s))ds
0

and v;(z,t) is defined for every z € RV and t € R. Moreover, 7, (-, t) only
depends on z1, whereas for j = 2,..., N, v;(-,t) only depends on z1,...,z;.
Let us put Ay (z,t) = A1 (x1,t) = &1 + ta; and, for j =2,..., N,

t
Aj(x,t) = Aj(z1,...,xj_1,t) == / a;(v(z,s),...,vj—1(x,s))ds.
0
Then, for every z € RV, t € R,
exp(tX)(:n) = (.Tl +tay, xo +A2(£E1,t), . ,$N+AN(561, ... ,ZUN_l,t)) (113)

and the map z — exp(tX)(x) is a global diffeomorphism of RN onto RV, for
every fixed ¢t € R. Its inverse map y — L(y, t) is given by

y = L(y,t) = exp(—tX)(y)- (1.14)

This last statement follows from identity (1.10).
Let us now consider a smooth function v : RY — R and the vector field
n (1.1). Then

Xu(z) = lim LXREX)(@) ~ u(@)

t—50 t ’

VzeRY. (1.15)

Indeed, since exp(tX)(z) = z + tXI(x) + O(t?), the limit on the right-hand
side of (1.15) is equal to the following one:

lim u(z +tX1(x)) — u(x)
t—0 t

= Vu(z) - XI(z) = Xu(z).

Given two smooth vector fields X and Y, we define the Lie-bracket [X, Y]
as follows
[X,Y]:= XY - VX,

Then, if X = E;VZI a;j0; and Y = Ejvzl b;0;, the Lie bracket [X,Y] is the
vector field
[X,Y] = S0, (Xb; - Ya;)d;.

i=1

AS a consequence
[X,Y]I = (Xby,...,Xon)" = (Yar,...,Yan)T = Fyr- XTI = Jxr- Y1

It is quite trivial to check that (X,Y") — [X,Y] is a bilinear map on the vector
space T(RV) satisfying the Jacobi identity

(XY, Z)] + [V, [Z, X]| + 2, [X, Y]] =0
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for every X,Y, Z € T(RV). We shall refer to T'(R") (equipped with the above
Lie-bracket) as the Lie algebra of the vector fields on RY. Any sub-algebra
a of T(RY) will be called a Lie algebra of vector fields. More explicitly, a is
a Lie algebra of vector fields if a is a vector subspace of T(RY), closed with
respect to [, |, i.e., [X,Y] € a for every X,V € a.

We now fix some other notation on algebras of vector fields. Given a set
of vector fields Zi, ..., Z,, € T(RV), and given a multi-index

J= 01,y ik) €{1,...,m}*

we set

Zy = [Zju v [ij—1>ij] .- ]

We say that Z; is a commutator of length k of Zy,...,Z,,. If J = j1, we also
say that Zy := Z;, is a commutator of length 1 of Z;,..., Z,,.

If U is any subset of T(RY), we denote by Lie{U} the least sub-algebra of
T(RN) containing U, i.e.,

Lie{U} := ﬂh where b is a sub-algebra of T(RY) with U C b.

We define
rank (Lie{U}(z)) = dim{ZI(z) | Z € Lie{U} }.
The following result holds.

Proposition 1.1.2. Let U C T(RN). We set
U, = span{U}, Un :=span{[u,v] |ue U, velU,1}, n>2

Then, we have
Lie{U} = span{U, |n € N}.

We explicitly remark that the very vector fields in U, are linear combination
of “nested” brackets, i.e., brackets of the following type

[uluzus]- - - [un—1,un] - -]l

with uy,...,u, € U. The above proposition then states that whatever element
of Lie{U} is a linear combination of nested brackets. To show the idea of
the proof, let us take uy,us, v1,v2 € U and prove that [[u1,us],[vi,v2]] is a
linear combination of nested brackets. By the Jacobi identity, [X,[Y, Z]] =
—[Y,[Z,X]] - [Z,[X,Y]] one has

[[ur,uz], [ v1 , v ]| = —[v1, [v2, [ur, us]]] — [ve, [[u1, ua], v1]]
e

—[v1, [va, [ur, ua]]] + [v2, [v1, [u1, u2]]] € Us.
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Proof. (of Proposition 1.1.2.) We set U* := span{U, |n € N}. Obviously, U*
contains U and is contained in any algebra of vector fields which contains U.
Hence, we are left to prove that U™ is closed under the bracket operation.

Obviously, it is enough to show that, for any i, j € N and for any wuy,...,u;,
v1,...,v; € U we have
[ [wa]- - - [wioy, w] - ]]Js [or [va[- - [oj 1, 05] - ']]]] € Uiy

We argue by induction on k := i+ j > 2. For £k = 2 and 3 the assertion is
obvious. Let us now suppose the thesis holds for every i + j < k, with & > 4,
and prove it also holds when i+ j = k+1. We can suppose, by skew-symmetry,
j > 3. Exploiting repeatedly the induction hypothesis and the Jacobi identity,
we have

w; [v1 [va[- - [vj—1,v5] - -+ ]]]
= _[Ula [[U27 [’U3, o ]]7u]] - [[UQv [U37 n ]]7 [U,Ul]]
length k
= {element of Uy41} — [[v1,u], [v2, [vs,---]]]
= {element of Up41} + [v2,[[vs, -], [v1, u]]] + [[vs, - - -], [[v1, u]vz]]
length &
= {element of Ujy1} + [[va, [v1,u]], [vs, - -]]
(after finitely many steps)

= {element of Uyy1} + (—1)3:71[[1)3'7@', [Vj—2,- - [v1, u]]], v)]
= {element of Ugt1} + (—1)![vj, [vj—i, [vj—2, - [v1, u]]]
€ Up1-

This ends the proof. OThe following notation will be used when dealing with
“stratified” Lie algebras. If Vi, V5 are subsets of T'(R"), we denote

Vi, V2] := span{[vi,va] |v; €V;, i =1, 2}

From Proposition 1.1.2 it follows that, if Zi,...,Z,, € T(RM), then a
system of generators spanning Lie{Zi,...,Zy,} is given by the Z;’s with
J = (j1,.-,jr) € {1,...,m}* k € N. This (non-trivial) fact will be used
throughout the next sections.

1.2 Lie groups on RV

Let o be a given group law on RY and suppose that the map (z,y) — y ' ox

is smooth. Then G = (R, o) is called a Lie group. We shall assume that the
origin 0 is the identity of G.

We denote by 7, () = a oz the left-translations on G. A (smooth) vector
field X on RV is called left-invariant on G if
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X(poTta) = (X¢)ora,

for every a@ € G and for every smooth function p. We denote by g the set
of left-invariant vector fields on G. It is quite obvious to recognize that, for
every X,V € g and for every A\,p € R, AX 4+ Y € g and [X,Y] € g. Then,
g is a Lie algebra of vector fields , sub-algebra of T'(RV). It will be called the
Lie algebra of G.

From the Theorem of differentiation of composite functions, we easily get
the following characterization of left-invariant vector fields on G.

Proposition 1.2.1. The vector field X belongs to g if and only if
(X)(aoz)=J; (z) - (XD)(z), Va,zeG (1.16)

Proof. For every smooth function ¢ on RN we have

(X(p 0 72)) (@) = V(p 0 ma)(@) - XI(2) = ((V9)(7u(®)) - T (¢)) - XI(x)
and
(X) (7a () = (V)(7a (1)) - XI(r0(a).
Then, X € g if and only if

(V) (ra(@)) - (T (@) - X1(2)) = (Vo) (ra(@)) - X[ (ral@)),  (117)

for every a,z € RY and for every ¢ € C®(C*,R). By choosing op(z) =
SN\ hyxj, with hj € R for 1 < j < N, (1.17) gives hT - 7 (z) - XI(z) =
hY . XI(r,(z)) for every h € RN | which obviously implies (1.16). OSwapping
a with z in (1.16), we obtain (XI)(zoa) = Jr, (o) - (XI)(a) for all a, z € G,
so that, when a = 0,

(XI)(z) = T, (0) (XI)(0), Yz€G. (1.18)

This identity says that a left-invariant vector field on G is determined by
its value at the origin and by the Jacobian matrix at the origin of the left-
translation. The following result shows that (1.18) characterizes the vector
fields in g.

Proposition 1.2.2. Let 1) be a fized vector of RN and define the vector field
X as follows
XI(z) =T, (0)-n, zeRV. (1.19)

Then X € g.
Proof. Definition (1.19) gives

XI(aox) =T, (007, o zcRV. (1.20)
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On the other hand, since the composition law on G is associative, we have
Taow = Ta © Tz, S0 that ... (0) = J.. () - Jr, (0). Replacing this identity
in (1.20) we get XI(aoz) = J., (z) - Jr, (0) - n which implies, by (1.19),
XI(aozx) = Jr (z) - XI(z). Then, by Proposition 1.2.1, X € g. OFrom
Proposition 1.2.1 and identity (1.18) it follows that g is a vector space of
dimension N. Indeed, the following proposition holds.

Proposition 1.2.3. The map
J:RY g, ne J(n)
with J(n) defined by
J(mI(x) = T, (0) -,

is an isomorphism of vector spaces. In particular,
dimg = N.

Proof. We first observe that J is well defined since, by Proposition 1.2.2,
J(n) € g for every n € RY. Moreover, by identity (1.18), J(RY) = g. The
linearity of J is obvious. Then. it remains to prove that .J is injective. Suppose
J(n) = 0. This means that J,,(0) -5 = 0 for every x € RV . In particular
Jr(0) - n = 0. On the other hand, since the left-translation 7 is the identity
map, J-,(0)-n =n. Then n = 0 and J is one-to-one. OFor what follows, the
next remarks will be useful.

Remark 1.2.4. Let X € g and denote by n the value of XTI at ¢t = 0, i.e.,
n = X1(0). Then, by the identity (1.18), X I(z) = J, (0)-n. As a consequence,
for every smooth function ¢ on RY,

% |t:090(x otn) = it |t:g‘P(Tx (tn))

=Vo(@) - J7,(0) - n = Vo) XI(z).
Then
(Xo)(2) = §|,_op(xotn), n=XI0). (1.21)

Identity (1.21) characterizes the left-invariant vector fields on G. This follows
from the next remark.

Remark 1.2.5. Let X be a vector field on RY. Assume that, for every ¢ €
C=(RY,R),
(Xo)(@) = &|,_op(zotn), VaeRY, (1.22)

where n = XI(0). Then X € g.
Indeed, (1.22) and the associativity of o imply
(Xp)(aoz) = gl,_op((aoz)otn) = g,_o(pora)(zotn
= X(poma)(),

for every a,z € G. Then X is left-invariant on G.
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Remark 1.2.6. For every x € RN and X € g the following expansion holds
exp(tX)(z) =z otn+o(t) ast — 0, n=XI(0). (1.23)
Indeed, since X1(z) = J,,(0) - 7,
zotn=T1,(tn) = 15(0) + 1T, (0) - n + o(t) = x + tXI(z) + o(t).
Then (1.23) follows from (1.8).

Remark 1.2.7. From Proposition 1.2.3 it follows that any basis of g is the
image via J of a basis of RV .

If {e1,...,en}, is the canonical basis of R | we call
{Zla"'va}) Z]:J(e])

the Jacobian basis of g. From the very definition of J, we obtain

Z;I(x) = J,,(0) - e; = j-th column of J,,(0), V€ RN, (1.24)
so that, since Jr, (0) = Ip,
ZJI(O) = €j.
Form Remark 1.2.5 we also have
0
Z; = — tej) = —
(Zi0)(e) = g _yplaote) = 5-| _wlzo),

for every ¢ € C*°(RY) and every z € G.

Then, collecting these results: the Jacobian basis {Z1, ..., Zx} of g is given
by the N column of the Jacobian matrix J;, (0) (whence the name). Moreover
Z](O) = 8/85[7] and

(Zjp)(x) = (0/9y))ly=op(z 0y), V€ CRY), z€G.

In the sequel, to endow g with a differentiable structure, we shall fix a system
of coordinates on g by choosing the Jacobian basis, then identifying g with
RV,

We remark that two vector fields can be linearly independent in T'(RV)
without being linearly independent at every point. Take, for example, 9,, and
z1 0, in R?. Moreover, two vector fields can be linearly dependent at every
point without being linearly dependent in T'(RY). Take, for example, 9,, and
71 0,, in R?. The following result shows that neither of the previous situations
can occur for left-invariant vector fields on a Lie group. Indeed, given a family
of vector fields Xi,...,X,, € g, the rank of the subset of RN spanned by
{X1I(z),...,XnI(z)} is independent of z. More precisely we have:

Proposition 1.2.8. Let X1,...,X,, € g. Then the following statements are
equivalent:
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(i) X1,..., X are linearly independent (in g);

(ii) X11(0), ..., X I(0) are linearly independent (in RN );

(iii there exists xo € RN such that X11(xg),..., XmI(zo) are linearly inde-
pendent (in RY );

(iv)X1I(x),...,XnI(z) are linearly independent (in RY ), for every x € RV .

Proof. We first recall that, by identity (1.18),
X][(CE) :sz(O)nja with nj :X]I(O)a

for every z € RV. On the other hand, since 7,1 07, = I, 7, _, (z) - J-,(0) =
In. Hence 7, (0) is non singular for every z € RY. Then (ii), (iii) and (iv)
are equivalent. The equivalence between (i) and (ii) follows from Proposition
1.2.3. Indeed, with the notation of that proposition, for every j € {1,...,m},
X; = J(n;) with n; = X;I(0) and J is an isomorphism of RV onto g. O

The next Lemma will be useful to define the notion of exponential map of g
in G, one of the most important tools in Lie group theory.

Lemma 1.2.9. Let X € g and let 7 : [to,to + T] — RY be an integral curve
of X. Then

(i) acory is an integral curve of X, for every a € G.
(ii)7y can be continued to an integral curve of X on the interval [to—T,to+2T).

Proof. (i): For every t € [to, to + T] we have (by (1.16))
gr(aor(®) = G (v(®)) = Tr (v(1) - 4(2)
= Tr (7(1) - XI(7(1)) = X (a0 7(1)).
(ii): Define I': [t — T, to + 2T] — R as follows:
Y(to) o (Y(to + T)) Loyt +T), iftg—T <t< to,

I'(t) := < y(), ifto <t <ty +7T,
Y(to+T)o (y(to) oyt =T), ifto+T <t <to+2T.
Then, by (i), I" is an integral curve of X and, obviously, I'|j¢, to+7] = 7-

OFrom assertion (i) of this Lemma, we immediately obtain the following
statement: for every X € g, the map

(z,t) = exp(tX)(x)

is well-defined for every x € RN and every t € R.
From the assertion (i) of Lemma 1.2.9, the next important corollary easily
follows.
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Corollary 1.2.10. Let X € g and x,y € G. Then
xzoexp(tX)(y) = exp(tX)(z oy), (1.25)
for every t € R. In particular, for y =0,
exp(tX)(x) = x o exp(tX)(0).

Proof. By Lemma 1.2.9-(i), t — x o exp(tX)(y) is an integral curve of X.
Moreover
(z 0 exp(tX)(y))le=0 = z 0 y.

Then (1.25) follows. O
The exponential map of g in G is defined as
Exp :g = G, Exp(X) =-exp(X)(0).
From Corollary 1.2.10 and identity (1.10) (with 7 = —t), we get
Exp (—X) o Exp (X) = 0.
Indeed,

Exp (=X) o Exp (X) = Exp (=X) 0 exp(X)(0) = exp(X)(Exp (- X))
= exp(X)(exp(—X)(0)) = 0.

Then we have
(Exp (X)) ! = Exp (- X). (1.26)

Let {X1,...,Xn} be a basis of g. Then, for every X € g,

X=X, 6%, €= (6, 6n) €RY,
so that v
Exp (X) = eXp(Zj:l £ X;)(0).
From the classical theory of ODE’s, we know that the map
(€10 En) o exp(37, €.X5)(0)

is smooth. Then, we can say that X +— Exp (X) is smooth. From the Taylor
expansion (1.8), we get

Exp (X) = 300, & + O(P), as [¢] =0,

where n; = X,;I(0). It follows that, denoting by E the matrix whose column
vectors are 71,...,NN,
Jexp (0) = E.

In particular, if {Xy,..., Xy} = {Z1,...,Zn} is the Jacobian basis of g, then
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Tixp (0) = Iy (1.27)

As a consequence, Exp is a diffeomorphism from a neighborhood of 0 € g onto
a neighborhood of 0 € G. Where defined, we denote by Log the inverse map
of Exp. The next proposition is an easy consequence of Corollary 1.2.10 and
shows an important link between the composition law in G and the exponential
map.

Proposition 1.2.11. Let z,y € G. Assume Log (y) is defined. Then

z oy = exp(Log (y))(z). (1.28)
Proof. Let X = Log (y). This means that y = Exp (X) = exp(X)(0). Then,
by Corollary 1.2.10, z oy = x o exp(X)(0) = exp(X)(z). This is (1.28). O
We end this section with the following important remark.

Remark 1.2.12. Let G = (R, 0) be a Lie group on RY and let Z,..., Zx be
the Jacobian basis of the Lie algebra g of G. For any differentiable function u
defined on an open set £2 C RY | we consider a sort of intrinsic gradient of u
given by (Zu,...,Zyu). Then, from (1.24) it follows that

(Zyu(x),- .., Znu(z)) = Vu(z) - Tr, (0) Yz €. (1.29)

On the other hand, since 7., (0) is non-singular and its inverse is given by
Jr._,(0), we can write the Euclidean gradient of u in terms of its intrinsic
gradient in the following way

Vu(z) = (Ziu(z), ..., Znu(z)) - Tr,,(0) Vz e (1.30)

From (1.30), we immediately obtain the following result. We shall follow the
notation of Remark 1.2.12.

Proposition 1.2.13. Let 2 C RY be an open connected set. A function u €
CL(92,R) is constant in 2 if and only if its intrinsic gradient (Zyu, ..., Zyu)
vanishes identically on (2.

Proof. From (1.29) and (1.30), it follows that the intrinsic gradient of u van-
ishes at x € 2 if and only if Vu(z) =0. O

1.3 Homogeneous Lie groups on RY

A Lie group G = (RV,0) is a homogeneous group if the following property
holds:

(H.1) There exists an N-tuple of real numbers o = (01,...,0N), with
1<o0y <...<o0opn, such that the dilation
(5)\:]RN—)]RN, (5)\(371,...,561\{):()\lel,...,AUNHZN)

is an automorphism of the group G, for every A > 0.
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The family of dilations {d)}a>0 forms a group whose identity is §; = I, the
identity of RY. Moreover, (6,)~! = dy-1. In the sequel, {6)}r>0 Will be re-
ferred to as the dilation group of G.

We shall denote by G = (RV,0,6,) a homogeneous Lie group with com-
position law o and dilation group {dx}r>o0. From (H.1) it follows that

ox(zoy)=(0rz)0o (dry), Vz,yeG (1.31)

and, if e denotes the identity of G, d)(e) = e for every A > 0. This obviously
implies that e = 0. This is consistent with our previous assumption that the
origin is the identity of G.

Before we continue the analysis of homogeneous Lie groups, we show some
basic properties of homogeneous functions and homogeneous differential op-
erators.

A real function a defined on RY is called 6y -homogeneous of degree m € R
if, for every z € RY and A > 0, it holds

a(ox (z)) = A"a(z).

A linear differential operator X is called dy-homogeneous of degree m € R
if, for every ¢ € C*®°(RV), x € RN and A > 0, it holds

X (p(0r(2))) = A" (X ) (x(2))-

Let a be a smooth d)-homogeneous function of degree m and X be a dif-
ferential operator d)-homogeneous of degree n. Then Xa is a §y-homogeneous
function of degree m — n. Indeed, for every z € RN and X > 0, we have

A" (Xa)(0r(2)) = X(a(0x(2))) = X (A"a(2)) = A" (Xa)(2).

Given a multi-index o € (NU {0})N, a = (a1,...,an), we define the
G-length of o as N
lale = (a,0) =322, @io.

Then, since x — z; and 0/0z;, j € {1,..., N}, are dx-homogeneous of de-
gree o, the function  — z® and the differential operator D® are both dj-
homogeneous of degree |a|g.
If a is a continuous function §y-homogeneous of degree m and a(xg) # 0
for some 7o € RY, then m > 0. Indeed, from a(8x(7o)) = A™a(zo) we get
a(0x(z0)) _ a(0)

lim A™ = 1i = .
A0 A0 a(xg) a(zo)

Let us now consider a smooth function a §y-homogeneous of degree m and
a multi-index «a, and assume D%a is not identically zero. Then, since D%a is
smooth and dy-homogeneous of degree m — |alg, it has to be m — |a|g > 0,
i.e., |alg < m. This result can be restated as follows:
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D% =0 Ya: |alg>m.

Thus a is a polynomial function. Let a(x) = ) 4 @a %, where A is a finite
set of multi-indices and a, € R for every a € A. Since a is dy-homogeneous
of degree m, we have

Y aea A" a0 2% = X" a(z) = a(6r(2)) = 3 4eq Ga AVE 22

Hence A™ a, = A®l¢ q,, for every X > 0, so that |a|g = m if ay # 0. Then

a(z) = Z Qo . (1.32)

|lale=m

It is quite obvious that every polynomial function of the form (1.32) is §\-ho-
mogeneous of degree m. Thus, we have proved the following proposition.

Proposition 1.3.1. Let a € C*®° (RN ,R). Then a is 6x-homogeneous of degree
m iff a takes the form (1.32).

From the proposition above one easily obtains the following characterization
of the smooth d)-homogeneous vector fields.

Proposition 1.3.2. Let X be a smooth vector field on RN :
N
X =311 a(2) 0.

Then X is dx-homogeneous of degree n iff a; is a polynomial function éx-ho-
mogeneous of degree o; —n.

[154

Proof. A direct computation shows the “if” part of the proposition. Vicev-
ersa, if X (podx) = A" (X ) o 8y, the choice p(z) = z; yields A% a;(z) =
A" aj(6x(z)), whence a; is a (smooth) dx-homogeneous function of degree
oj —n. By Proposition 1.3.1, a; is a polynomial function. O

Corollary 1.3.3. Let X be a smooth vector field. Then X is dx-homogeneous
of degree n iff
o (XI(z)) = \" XI(0r(2)).

Proof. Let X = E;V:1 a;j Oz;. By Proposition 1.3.2, X is d-homogeneous of
degree n iff a;(dx(x)) = A7 " a;(x) for any j € {1,..., N}. This is equivalent
to say that

SNXT(2)) = b (ar(2),...,an(x))" = (A ar(@),..., AV an (@)

= A" (a1(8r(2)), - ., an(Br (@) = A" XI(6x(2)).
This ends the proof. O

As a straightforward consequence we have the following simple fact.
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Remark 1.3.4. With the notation of the previous proposition, if a; is not iden-
tically zero, then n < ¢;. As a consequence, if X # 0, it has to be n < on

and
X = Z a;(x)0/0z;.
J<N,o;2n
Since a; is a polynomial function of degree o; — n, if n > 0 then a; does not
depend on zj,...,TN:
(lj(iL‘) = a‘j(xl) s )1.]'*1)
(we agree to let a;(x1,...,2;-1) = constant when j = 1).
From this remark the next proposition straightforwardly follows.

Proposition 1.3.5. Let X = Ejvzl aj(x) 0y, be a smooth vector field dx-

homogeneous of degree n > 0. Then its adjoint X* = —X and
X% =div(A-VT), (1.33)
where A is the square matriz (a; a;j);j<n-

Proof. By the previous remark, the coeflicient a; does not depend on z;.
Then, for every smooth function ¢,

" N N
Xt'p==32_,0i(ajp) = =3, a; 00 = —Xo.
Moreover
)(2 = Egj:l aiai(aj 8]) = Ezlil Bl(zjvzl a; aj 6]) = le(A . VT),
where A is in the assertion. 0O

Vector fields with different degree of homogeneity are linearly independent, if
they do not vanish at the origin. Indeed, the following proposition holds.

Proposition 1.3.6. Let X1,..., X} € T(RY) be §\-homogeneous vector fields
of degree nq,...,ny, respectively. If n; # n; for i # j and if X;1(0) # 0 for
every j € {1,...,k}, then Xy,..., X}, are linearly independent.

Proof. Let ¢q,...,¢; € R be such that 25:1 ¢j Xj; = 0. Then, for every
smooth function ¢

0=30jm1 ¢ Xi(0(0a)) = iy ¢ A% (Xj)(aa), V@ € RY.
If we take p(z) = (h,z) = E;VZI hj z;, this identity at £ = 0 gives

0= cjx% (n;,h), VheERY, VA>0,
where 7; = X;I(0). Then 25:1 cj A" n; = 0 for all A > 0, so that, since
n; #njif i # j, ¢;jn; = 0 for any j € {1,...,k}. This implies ¢; = 0 since
n; #0 (for j =1,...,k) by hypothesis. O
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Corollary 1.3.7. Let g be the Lie algebra of G and let X1, ..., X € g be not-
identically vanishing and dx-homogeneous of degree ny, . ..,ny, respectively. If
ng #nj fori # j, then Xq,..., Xy are linearly independent.

Proof. Since X;I(z) = Jr, X;I(0) for every z € RV, and X is not-identically
vanishing, then X;1(0) # 0 for any j € {1,...,k}. Hence the assertion follows
from the previous proposition. O

The following simple proposition will be useful in the sequel.

Proposition 1.3.8. Let X1, X5 € g be §)-homogeneous vector fields of degree
ny, na, respectively. Then [X1, Xs] is x-homogeneous of degree ny + no.

Proof. Tt suffices to note that, for every smooth function ¢ on RY, one has
(X1X2)(0(6x (2))) = A™ X1 ((X20) (62 (2))) = A" (X1 X2) (0 (0r(2))).
This ends the proof. O

By using the elementary properties of the homogeneous functions showed
above, we shall obtain a structure theorem for the composition law in
(RN, 0,8y). We first prove two lemmas.

Lemma 1.3.9. Let P : RY x RV — R be a smooth function such that
P(6x(x),02(y)) = X7 P(z,y), VYa,yeRY, VA>0,
where 1 < j < N. Assume also that
P(z,0) =z;, P(0,y)=y;, (1.34)
where 1 < j < N. Then
P(z,y) =z +y; +ﬁ(xl,...,xj_l,yl,...,yj_l),

where P is a polynomial sum of mized monomials inx1,...,Tj—1,Y1,-.-,Yj—1-
Moreover, P(0x(x),0x(y)) = A% P(z,y).

Proof. By Proposition 1.3.1, P is a polynomial function of the following type:

P(z,y) = Z CapT®YP>, ca3 €R
lalc+|Ble=0;

On the other hand, by (1.34),
zj = P(x,0) = ) 4=, Ca0 T”

and
yi = P0.9) = X 5).=0, 05"
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Then
P(z,y) =z; +y; + > Cap 7 y°.
|a|c+|B|c=0j, a,B#0

We can complete the proof by noticing that the condition |a|¢ + |B|¢ = 0y,
a, B # 0 is empty when j = 1, whereas it implies a = (a1, ..., @j-1,0,...,0),
ﬂ:(ﬂl,...,b’j,l,O,...,O)Whenj22. O

Lemma 1.3.10. Let Q : RV x RV — R be a smooth function such that
QUA(x),0A(y) = X" Q(z,y),  Va,y eRY, VA >0,

where m > 0. Then

2Q
s =2 (2,0
v o0

is 0x-homogeneous of degree m — o;.

Proof. By Proposition 1.3.9, @) is a polynomial of the following type

Qlz,y)= Y capr™y’.

lalct+|Ble=m
Then, if we denote by e; the j-th element of the canonical basis of RV, we

have 90
%(Z’,y) = Z Ca,p3 B] z“ yﬁ_ej)

J ol c+]8la=m

so that, since |ejlec = o3,

2Q
—(x,0) = Ca.3T®.
6yj( ) > B

lalgc=m—o0j, B=¢e;

This completes the proof. O

Now, we are in the position to prove the previously mentioned structure the-
orem for the composition law.

Theorem 1.3.11. Let (RV ,0,8y) be a homogeneous Lie group. Then o has
polynomial component functions. Furthermore we have

(zoyh =21 +y1, (zoy)j=z;+y;+Q;(z,y), 2<j<N
where

1. Qj only depends on x1,...,xj—1 and y1,...,Yj—1;
2. Q; is a sum of mized monomials in x, y;

3. Qj(0w,0ny) = A7 Qj(x,y).
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Proof. Let j € {1,..., N} and define
P :RY xRN & R, Pj(z,y) = (v oy);.
Since 60 is an automorphism of G, we have
P;(0x(x),0x(y)) = (0r(z 0 y)); = A7 (z 0 y); = A7 Pj(x,y).
Moreover, since £z 00 =z, 0 oy = y, we have
Pj(x,0) =z, F;(0,y) =y;.
Then, the proof follows from Lemma 1.3.9. 0O

Corollary 1.3.12. Let (RV,0,6,) be a homogeneous Lie group. Then, we
have

1 0 --- 0
(1) . :
a 1 . :
J.o=" " (1.35)
: - .0
ag\l,) a%v_l) 1

where agj) is a polynomial function 6x-homogeneous of degree o; — 0;. As a

consequence, if we let
Z;i =0, + YN a8y, for1<j<N—1and Zy=0,,,
then Z; is a left-invariant vector field §x-homogeneous of degree o;. Moreover
T (0) = (Z1(2) -+ Zn(2)).
Proof. By Theorem 1.3.11, the Jacobian matrix 7, (0) takes the form (1.35)

with
_0Q;
0y,

al? (x)

(2 (:I’.7 0) N

Then, by Lemma 1.3.10, agj) (z) is a polynomial function dx-homogeneous of
degree o; — 0. This proves the first part of the corollary. The second one
follows from Proposition 1.3.2. O

The structure theorem of the composition law in (RY,0,§y) implies that the
Lebesgue measure on RY is invariant under left and right translations on G.
Indeed, by Theorem 1.3.11, the Jacobian matrices of the functions z — a oz
and z — z o a have the following lower triangular form

* 1
S0
* - % 1

Then, we can state the following proposition.
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Proposition 1.3.13. The Lebesgue measure on RN is invariant with respect
to the left and the right translations on G.

If we denote by |E| the Lebesgue measure of a measurable set £ C RV, we
then have
loaoE|=|E|=|Eoa| VaceG.

We also have that the Lebesgue measure is homogeneous with respect to the
dilations {dx}r>o0. More precisely, as a trivial computation shows,
6A(E)| = A? | E],
where N
Q= Ej:l o;j. (1.36)
The positive number @ is called the homogeneous dimension of the group
G = (RN, 0,6,).

Remark 1.8.14. From Corollary 1.3.12, we easily obtain the splitting of g as
direct sum of linear spaces spanned by vector fields of constant degree of
homogeneity.

Let us denote by ni,...,n, and Np,..., N, real and natural numbers,
respectively, such that

ng <ng <...<np, N1+N2++NTZN,
defined by

ny =o0; forl<j< Ny,
Ny = 0j for NV; <j<Ni+ N>,

Ny =0j for Ny +---+ N1 <j<Ny+:--+N,_1+ N,.
Let Zy,...,Zn be the Jacobian basis of g, and define
g1 =span{Z; |1 <j <Ny}, and, fori =2,...,r
gi=span{Z;| N1+ -+ Ni1 <j < N1+ +Ni1 + N; }.
By Corollary 1.3.12, the generators of g; are §x-homogeneous vector fields of
degree n;, 1 < i <r. Moreover, we obviously have
g=01D---Dg,.

We also explicitly notice that, by Proposition 1.3.6, a vector field X € g is §y-
homogeneous of degree n iff, for a suitable i € {1,...,r}, n =n; and X € g;.

In the next section, we shall deal with homogeneous groups in which n; =+
for 1 < i < r, and the layer g;, i € {1,...,r}, is generated by commutators
of length i of vector fields in g;.
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The Exp map on the Lie algebra g has some remarkable properties, due to
the homogeneous structure of G. We prove them in what follows.

Let Zi,...,Zn be the Jacobian basis of g. By Corollary 1.3.12, Z; is dx-
homogeneous of degree o; and takes the form

Zj = Z;gv:j agcj)(xly"kafl)azk) (137)
where a,(j ) is a polynomial function dy-homogeneous of degree oy — 0; and
a;]) = 1. We now introduce on g a dilation group, again denoted by {dx}r>o0,
defining

or:g—g
as follows: v v
6>\(Ej:1 fj Z]) = Zj:l )\Jj é.j Z]’. (138)

Remark 1.3.15. The dilation (1.38) is consistent with the one in RY. More
precisely, if Z € g then

ox(ZI(z)) = (6x2)I(6x()), Vo e RN, (1.39)

We first check this identity in the case Z = Z;, j = 1,...,N. Since Z;
is homogeneous of degree o, by Corollary 1.3.3, we have 6,(Z;I(x)) =
A9 (Z;I)(0x(z)) so that dx(Z;I(z)) = (0rxZ;)I(dx(x)). Then, given Z =
E;.V:l & Z; € g, we have
AZI(@) = 7L, & 0N (ZiI(@) = 75, & ((0325)1(5x()))
= (X356 (A Z)I(0x(x)) = (02 Z) (3 (x))-
From the previous remark, we easily obtain the following lemma.

Lemma 1.3.16. Let v : [0,T] — RN be an integral curve of Z, with Z € g.
Then I' := 0x(v) is an integral curve of 6x(Z).

Proof. Identity (1.39) gives
I'=0x(%) = 6\(Z1(7)) = (A Z)1(6x(7)) = (BAZ)I(D).
This ends the proof. 0O

We are now in the position to prove the following important theorem.

Theorem 1.3.17. Let G = (RN ,0,8y) be a homogeneous Lie group. Then
Exp : g > G and Log : G — g are globally defined diffeomorphisms with
polynomial components. Moreover, for every Z € g and z € G

Exp (0x(2)) = 6(Exp(2)) and Log (4x(2)) = r(Log (). (1.40)
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Proof. Let Z € g, Z = Zjvzl & Z;. From (1.37) we obtain

Z=Y 0 (Ch ga (@1, 201)) 00, (1.41)

Then, the first part of the theorem follows from Remark 1.1.1. In order to
prove the first identity in (1.40), we consider the solution 7 to the Cauchy
problem

Y =2ZI(y), ~(0)=0.

By the very definition of Exp (Z), we have (1) = Exp (Z). Let us put I' =
0x(7). By Lemma (1.3.16), I' is an integral curve of d5(Z). Moreover I'(0) =
0x(7(0)) = 0x(0) = 0. Then I'(1) = Exp (6A(Z)), so that

Exp (07(2)) = I'(1) = 0A(v(1)) = ox(Exp (2)).

This proves the first identity in (1.40). The second one is trivially equivalent
to the first one. O

The first part of this theorem together with (1.26) and Proposition 1.2.11 give
the following corollary.

Corollary 1.3.18. For every z, y € G we have
zoy=exp(Log(y))(z) and z~' =Exp (- Log(z)).
Remark 1.3.19. If Z is the vector field (1.41), then

ZI(I‘) = (61762 +£1 agl)(xl))"')gN + Z;V:_ll a%)(mla"'amel))'
This implies (see (1.13))
EXp (Z) = exp(Z)(O) = (61761 +B2(£1)7"'7£N +BN(£17"')£N71)),

where the Bj’s are suitable polynomial functions. Then, the Jacobian matrix
of the map
(€1, EN)— Exp(& Z1 +---+ &N ZN)

takes the following form

10 -0
* 1

S0
* - % 1

Thus, with respect to the Jacobian basis of g and the canonical basis of G,
Exp preserves the Lebesque measure. The same property holds for the map
Log since Log = (Exp)~!.



