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We consider a class of quasilinear parabolic equations whose model is the heat
equation corresponding to the p-Laplacian operator, 1= A,u:=>¢_, 0,(|Vu|?~2 0,u)
with pe[2,d), on a domain D c R? of finite measure. We prove that |u(z, x)| <
¢ |D|*t7# |lup||? for all £>0,x e D and for all initial data u, € L'(D), provided r is
not smaller than a suitable r,, where a, f, y are positive constants explicitly
computed in terms of d, p, r. The nonlinear cases associated with the case p =2
display exactly the same contractivity properties which hold for the linear heat
equation. We also show that the nonlinear evolution considered is contractive on
any L7 space for any g € [2, +00].  ©2001 Elsevier Science
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1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

The purpose of the present paper is to prove global quantitative estimates
for weak solutions to quasilinear parabolic equations of the form

(1.1 u(t, x) =div a(z, x, u(z, x), Vu(t, x)), t>0

on a domain D c R? having finite measure. We consider initial data u
belonging to some L%(D) space and solutions to (1.1) corresponding to
Dirichlet boundary conditions.
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Concerning the structure function a: (0, +00) x Dx RxR?Y— RY, d >3,
we assume that it satisfies a Caratheodory condition, that is that
a(t, x, s, &) is measurable in (¢, x) and continuous in (s, ¢), and that suit-
able structure conditions, of uniform elliptic type, hold true (see (1.9)
below). The first model case is

a®(t, x,5,&) =1¢77* ¢

which corresponds to the nonlinear heat equation associated with the
p-Laplacian operator

(1.2) u=A,u:=div (|Vu|"~> Vu)
with 2 < p < d. The second model case corresponds to the choice:

(1.3) a®(t,x,5,) = (161772 &y, oo Eal"72 E0).

The conditions required will be sufficiently general to consider, as a further
example, the case

(1.4 a®(t, x, 5, &) =b(t, x,5, &) |E]777 ¢

with b Caratheodory and satisfying the pointwise conditions c¢™'<
b(t, x, s, £) < ¢ for a suitable positive constant ¢ or similar modifications
of a®.

By weak solution to Eq. (1.1) corresponding to the initial datum
u, € LA(D) we mean that ue L?((0,T); Wy?(D)) n C([0, T]; LA(D)) for
any 7' > 0 and that, for any positive and bounded test function

@ e W0, T; LA(D)) nLY((0, T); Wy?(D)),  @(T)=0,
one has:
(1.5)
[ ) (0, x) dv =— jOT [ ut, ) @'t %) dx di

+ " [ a2, x, u(t, x), Vu(z, %) Vo(e, x) dx dr.

Let u be a weak solution to (1.1) corresponding to an initial datum
u, =u(0). We aim at proving explicit global bounds for |u(?)|,, depending
on time ¢, on the Lebesgue measure of the domain D, on suitable L"-norms
of u,, on d, on p and on the ellipticity constants involved.
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The resulting bounds will be of the form

(1.6) ()l < Vt>0

and will be referred to, following the terminology of [ DS], as ultracontrac-
tive bounds. Notice that similar smoothing properties are well-known for the
linear heat equation. We find it remarkable that the ultracontractive
bounds valid for the nonlinear cases associated with the choice p =2 (but
with a(-,-,-,-) depending on all its variables) are identical to the bounds
valid for the linear heat equations corresponding to uniformly elliptic
second order operators in divergence form, that is to

C
NeO)loe < 75 14O)l, -

To the best of our knowledge no such bound seems to be present in the
literature, although it is well-known (and will be used in the proofs) that,
for the class of equations considered, the solutions corresponding to L®
data belong to L® as well (see [CP]), no quantitatively precise bounds on
the L®-norms of the solutions being known. Some Jlocal space-time bounds
of a somewhat similar nature are given in [Di].

The basic idea is to show that, for any C! function r(-): [0, ¢) —
[2,+00), the function y(s) :=log(|lu(s, - )|,) is differentiable and satisfies
a suitable first order differential inequality whose coefficients depend only
on r(s), on the Lebesgue measure of the domain D, on d, on p and on the
ellipticity constants. It will then be possible to integrate such a differential
inequality so that, by an appropriate choice of r(s), the above mentioned
bounds will follow.

To arrive at such a differential inequality, the fundamental step
(Proposition 2.1) will consist in showing that the usual Sobolev inequality

”f”pd/(d _p S¢ ”Vf”p’

valid for any f € Wy?(D), implies the validity of a new family of energy-
entropy inequalities similar to the well-known Gross’ logarithmic Sobolev
inequalities (see [ Gr] and the book of E. B. Davies [ Da]) but involving the
p-energy functional

(1.7) Q,(u) := jD IVu?dx  ue W2(D)

naturally associated with the p-Laplacian operator: Q,(u) = —L, u d,udx.
We notice that an application of logarithmic Sobolev inequalities to the
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smoothing properties of solutions of nonlinear parabolic equations of
Burgers’s and Navier—Stokes type has been given by [ CL].

We shall then prove that y(s):=log(|lu(s,-)|.) is differentiable for
L*(D) initial data and compute explicitly the derivative using the differen-
tial equation satisfied by u (Lemma 3.3); the derivative involves the
p-energy and a (convex) entropy functional. By combining the ellipticity
and growth assumptions, the logarithmic Sobolev inequalities and con-
vexity arguments, we arrive at the above mentioned differential inequality
(Lemma 3.7). These steps will use the fact (cf. [Di], [CP] and references
quoted therein) that the solutions corresponding to L* initial data are
bounded as functions of space and time. The boundedness assumption on
the initial datum is then removed by using the known space-time Holder
continuity for locally bounded solutions to Eq. (1.1) (cf. [ Di] and references
quoted therein) and standard results on the weak™ topology of L*®.

We want to stress that the proof of similar results in the linear case,
for parabolic equations associated to uniformly elliptic linear operators
in divergence form, relies heavily on the Spectral Theorem, on complex
interpolation and on the theory of Markovian semigroups. None of these
tools is presently available in the nonlinear setting, causing several technical
problems and somewhat involved calculations. It should also be mentioned
that, while the assumption 2 < d < p makes the discussion of the present
paper close in some sense to the linear case, it will be shown elsewhere that
results of a completely similar nature also hold when p > d.

We also stress that our bounds have an a-priori nature and in particular
do not rely either upon existence results and monotonicity assumptions on
the generator of the evolution considered or on the theory of nonlinear
semigroups ([B2], [Sh], [BMP]).

Our second main result will concern, under the same assumptions of
Theorem 1.1, some other contractivity properties for the evolution equa-
tions considered. In fact we prove that, for any g€ [2,+00] and ¢ > 0, the
L%norm of the solution u(?) is not greater than the corresponding L%-norm
of the initial datum wu(0). It is remarkable that the result for ¢ =+o0
follows straight from Theorem 1.1, thus reversing the usual method of
proof valid in the linear case.

We shall discuss in a companion paper, in the framework of nonlinear
semigroups associated with convex, lower semicontinuous functionals on
Hilbert spaces ([ B2], [Sh]), a definition of Markovianity and ultracontract-
ivity for nonlinear semigroups and shall show there that such properties
are related to contractivity properties of the generating functional.

It is a pleasure to thank M. Porzio for an interesting discussion and the
referee for the very careful reading of the manuscript.

We now state our main results.
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THEOREM 1.1. Let D = R? d = 3, be a domain of finite measure, 2 < p < d,
andry:=2v[p(p—2)/(d—p)]. Let also u be a weak solution to the equation

(1.8) u(t, x) =div a(z, x, u(t, x), Vu(t, x)),
belonging to the space
L?((0, T); Wy ?(D)) n C(0, T; LX(D))
for all T>0 and corresponding to the initial datum u(0) e L*(D), with
go =1,, where the Caratheodory function a: (0,4+00)xDxRxR?— R? is

assumed to satisfy the following ellipticity and growth conditions

a(t’ X, U, é) é = C |é|1J

la(z, x, u, )| < ¢, |ul”™

(1.9)

almost everywhere, for some positive costants c, , c,.
Then u belongs to the space L ((g,+00); L*(D)) for all ¢ >0, and the
following ultracontractive bound holds true,

D o
(1.10) ol <2 o
for all t > 0 and for a suitable constant C = C(d, p, q,), where, if p # 2,
-G
o= LT _
d go+p—2
1

(1.11) B=

and, if p=2:
C
(1.12) lulloo < 72355 11Ol

THEOREM 1.2. Under the assumptions of Theorem 1.1, the nonlinear
evolution under discussion is L? contractive in the sense that

(113) ”u(t’)"q < ”u(oa)”q for any t>0’ q€ [2,"1‘@]
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2. SOBOLEV AND LOGARITHMIC SOBOLEV INEQUALITIES

In this section we first collect some known results concerning the con-
nection between Sobolev inequalities, logarithmic Sobolev inequalities and
L* bounds for solutions to linear parabolic equations. Then we prove that
the classical Sobolev inequality

@1 1A pasa-p < VA, — @<p<d),

valid for feWy?(D), D< R’ being an open domain, also implies the
validity of a family of logarithmic Sobolev inequalities which will be crucial
in the proof of our main result

It has been shown by E.B. Davies [Da] that a family of Gross
logarithmic Sobolev inequalities of the form [ Gr]

1/2
@y [ IfPPlogls] dx—< [ i dx) log < [ 1 dx)

<e| IVfPdx+pG) [ If17dx,
D D
valid for all ¢ >0 and for all f belonging to the Sobolev space W (D),
with

d d cd
2.3) P(e) .=Zlog s+Zlog <Z> (c>0)
is equivalent to the ordinary Sobolev inequality

24 1 ll2aa—2) < € IV A2

for all such functions f, with the same value of the constant ¢ > 0.
E. B. Davies also showed that the above inequalities also imply the validity
of a different family of logarithmic Sobolev inequalities, namely,

@3 riosisiax—([ 171vax g [, 1717ax)

<o (H.f)f,dx+28() g™ [ If1*dx,

where f, :=sgn f|f|?"'. The above inequality holds for any f belonging
to the domain of the operator H, obtained by closure, in the Banach space
L%(D), of the operator —Af =—Y?_, 02f /0x?, initially defined on smooth
compactly supported functions in D.
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In turn, any of the above inequalities has been shown again by
E. B. Davies and B. Simon [DS] to be equivalent to the ultracontractive
bound for the heat semigroup generated by the Dirichlet Laplacian A,,.

y const.
(2.6) e flle < prien) 171,

for all f e L™(D), t>0,r, > 1. A final result which is of special importance
is the fact that each of the above inequalities is equivalent to a Gaussian,
off-diagonal bounds for the Dirichlet heat kernel K, associated to the heat
semigroup on D, in the form

Cx=yP?
41

1
(27) KD(t, X, y) < (47U)d/2 €xp |:

for all (¢, x, y) in Rt x Dx D. It is remarkable that similar estimates also
hold for the solutions to parabolic equations associated to uniformly
elliptic, second order, differential operators with measurable coefficients. In
particular, bounds similar to (2.7) (with different constants) still hold.

Our goal in the present section will be to show that Sobolev inequalities
in Wy?(D) imply a new family of logarithmic Sobolev inequalities
involving the W7 norm. In fact we have

ProrosiTION 2.1.  The logarithmic Sobolev inequality

e8] irioelsia—([ L7 ax )iog ([ 17 ax)

d
<—[—||f||;1oga+acj |Vf|1’dx]
P D

holds true for any ¢ >0 and for all f e W§?, where 2< p<d, and c is the
constant appearing in the Sobolev inequality (2.1).

Proof. By homogeneity and because |Vf]|,=[(V|[f]DIl, for all fe
W P(D), it suffices to prove the claim for nonnegative functions f e
Wy?(D) such that |f],=1. Define the probability measure n(x)=
f(x)? dx. Then

d
L) f?log f dx g;log 11 a-p)

d
< o (—loge+e | fllfp/@-p)

d
< ? (—loge+ec |Vf]2),
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where the first inequality follows from Jensen’s inequality (since log is
concave), the second one from the numerical inequality log¢ <¢ and the
last one from the Sobolev inequality. [J

We remark that in the following it will be crucial that the constant ¢
appearing in the above lemma does not depend upon the domain.

3. PROOF OF THE MAIN RESULTS

Our strategy will be to consider first essentially bounded initial data wu,.
The cut-off will be removed in the last steps. We comment that the follow-
ing results will be first proved in the case p > 2: the simpler case p = 2 will
be discussed at the end of the section.

LemMma 3.1. Let u be a weak solution of (1.1), corresponding to an
essentially bounded initial datum. For any r>=2 consider the function
f.: (0, 0) —> (0, o0) defined by

/@) =] e, )" dx.
Then f, is differentiable and
3.D f,(z) =—r(r—1) j lu(z, x)|" "2 a(¢, x, u(t, x), Vu(z, x)) - Vu(t) dx.

Proof. We first notice that f, is well-defined because the solution u is
bounded in D x (0,+o0) ([CP], [Di]), and because D has finite measure.
Let us then recall the definition of the Lebesgue—Steklov average u;, of the
solution u, for 2> 0:

1 rt+n
u,(t, x) = 7 L " u(s, x) ds.

This function is well-defined by definition of weak solution and takes
values in the Sobolev space W ?(D). Moreover, it is differentiable in time
for all 2> 0, and its derivative equals [u(z + /) —u(z)]/h. Define now

) =] (.0l dx,
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which exists by the above mentioned boundedness properties of the
solution and since |D| < + co0. Then, for all positive s, &,

(3.2)
s+e s+e d
aGto—g® =" a@d=]"d g [ )l dx

s+e d
=£ dtL)aluh(t,x)l dx
s+e 1.
=r [t (e 0l (@ %)) sgnlu(t, )] dx

-7 f ™t L) (a(t, x, u(t, x) Vu(t, x))), V |u,(t, x)|"~1)
x sgn u,(t, x) dx,

where we have used the fact [ Di] that u, satisfies the equation

L) o {u, (¢, x) o(t, x)+[a(t, x, u(t, x), Vu(t, x))], - Vo(t, x)} dx =0

for all ¢ and for all non-negative ¢ € Wy?(D) n L (D)). We have there-
fore chosen @(t) = |u,(¢)|"~' sgn u,(¢), which satisfies the above require-
ments because, as a function of the spatial variable, u is essentially
bounded, it belongs to W?(D), it vanishes in the sense of traces on 0D by
definition and so, by [B1], it also belongs to W ?(D). We have also used
the fact that

% L) luy (2, x)|’dx=L) %m,,(z, x)|" dx
because
1, (2, x) |, (2, x)|" " sgn[u,(z, x)]
=% [u(t+h, x)—u(t, x)] |u,(2, x)|" " sgnlu,(z, x)]
for almost all #z, x, and the absolute value of the r.h.s. is bounded by an
integrable function of x, locally uniformly in ¢, by the above mentioned

boundedness properties of u# and because |D| < co. Finally, the last term in
the r.h.s. of (3.2) makes sense because

JD (a(t, x, u(t, x), Vu(t, x))), -V |u,(z, x)|"~") sgn[u,(z, x)] dx
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is locally integrable in time. In fact, by using the convexity of the norm
function, Jensen’s and Holder inequalities, we obtain

], a0 %0, 0, Ve, )V, 0T sl )] 0

=(r-1) UD (a(z, x, u(t, x), Vu(t, x))), - V(u,(2, X)) |u, (¢, x)|" "2 dx

= (r_ 1) ’-[D (a(ta X, u(t’ X), Vu(ta x)))h : (Vu(t’ x))h (X) |uh(t9 x)lr_z dx

S (r_ 1) J.D |(a(la X, u(t’ X), Vu(ta x)))hl |(Vu(t’ x))hl |uh(t’ x)lr—Z dX
<@r—1) fD (a(t, x, u(t, x), Vi, (¢, x)))| [Vult, x)|,, (2, x)" 2 dx

<=1 Wl [ 1aCt, x, u(t, ), Vu(t, )y [(Vult, ), dx

<C ||(|Vu(t)|p71)hl|p/(p71) (V) Dall,
<IVuOIP N,y NIV,
= IVu()I5,

where C depends on r, on the constant appearing in the growth condition
la(z, x, u, )| <c, |€]?7! and on the L*(D x (0, T))-norm of u. The latter
function of ¢ is locally integrable in ¢ by the very definition of weak
solution of the equation at hand.

Next we notice that u,(s) > u(s) ash—> 0in L?(D) forall p> 1, s-a.e.. In
fact, u is also locally integrable in time with values in L?(D) and, by
Lebesgue theorem, the statement follows.

We want to prove that f, is differentiable and that its derivative has the
form given by (3.1). To this end we have proved that g, is differentiable
and

(3.3)
&) =—r J (a(t, x, u(t, x), Vu(t, x));, V(lu, (2, x)I"~") sgn[u,(2, x)] dx

=—r(r=1) [ (alt, x, u(t, ), Vu(t, %)), Viy(t, %) (8, )] dx.

Next we shall prove that, as 4 — 0, g, — f so that g, — f in the sense of
distributions. Moreover, since the convergence in the sense of distributions
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restricted to locally integrable functions coincides with the usual conver-
gence in Lj_, the convergence in Lj_ of both sides of (3.3) to the
corresponding quantities in (3.1) implies the thesis.

We prove that g, — f, in the sense of distributions as 2 — 0. In fact we
have proved above that u,(¢) —» u(¢) in L?(D) a.e. in ¢ and, by Jensen’s
inequality

r

. 1 re+n ds
0 = [ s,

1 rt+h
< j lu(s, x)|” ds

< Jlull ;.,°°(Dx(t,t+1))

for A sufficiently small. Dominated convergence can therefore be used to
obtain that g,(z) — f,(¢) for almost all z. Moreover, using again Jensen’s
inequality in the third step:

&)= lu(t, %)l dx

=fD dx

1 pet+n
<fDde£ lu(s, x)|” ds

r

1 rt+n
; f, u(s, x) ds

1 pe+n
= [ Il ds

<|DI" ||“||L°°(D x(t, t+1))

so that g,(¢) is locally uniformly bounded as a function of ¢ for % suffi-
ciently small. Dominated convergence can therefore be used again to prove
that, as 7 — 0,

[, 8@ o ds—  1(s)p(s)ds

for every test function belonging to 2(R*). This means that g, — f, in the
sense of distributions, as claimed. Then g, — £, in the sense of distributions
as well.

Next we shall identify the limit, as # — 0 of the r.h.s. of (3.3), as a func-
tion of ¢, for a.e. . We first observe that Vu, = (Vu), for almost all ¢, x by
dominated convergence, because Vu is locally essentially bounded in (¢, x)
by [Di].
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We want to prove that the r.h.s. of (3.3) converges as 4 — 0, for almost
all ¢, to

(3.4) —r(r—1) f a(t, x, u(t, x), Va(t, x)) - Vu(t, x)) Ju(t, )|~ dx.

First notice that the last integral exists since u(s) € L*(D) for almost all s
and, by definition of weak solution, u(s) € W?(D) for almost all 5. More-
over, since Vu, = (Vu),, we have, for almost all s:

V(Ju(s, )" = (r=1) Juy (s, )"V fuuy (s, X))
= (r—1) [u,(s, )% (Vu(s, x)), sgn[u,(s, x)].

Thus, we have to consider the following quantity (as a function of time):

ky(s) 1= L) (a(s, x, u(s, x), Vu(s, x))), (Vu(s, x)), [u(s, x)|;~2 dx.

By the growth assumption |a(x,u, &) <c, |é|P~' and by the fact that
ueW"'? we can observe that the factor a belongs to L#?*~D(D; R%); in
addition Vu(s) belongs to L?(D;R?) and u(s) is essentially bounded.
Notice that ¢ = p/(p—1) is the conjugate exponent of p. Since the Steklov
average of an L* function g converges in L* to g, an application of Holder
inequality implies that, for almost all s, one has, as 4 — 0:

ki(s) —>f a(s, x, u(s, x), Vu(s, x)) - Vu(s, x) |u(s, x)|"~2 dx.
D
Thus £,(s) is a locally integrable function of time and equals, a.e.:

—r(r—1) j a(s, x, u(s, x), Vu(s, x)) - Vu(s, x) |u(s, x)|""*dx. |

LemMma 3.2. Let u be a weak solution to uw= div a(t, x, u, Vu), under the
running assumptions on a, corresponding to an essentially bounded initial
datum. Let also r: [0, +00) — [2, +00) be a nondecreasing C' function. Then

d
G () ls))") = F(s) L) lu(s, )" log [u(s, x)| dx

—r(s)(r(s)—1) JD a(s, x, u(s, x), Vu(s, x))

-Vu(s, x) |u(s, x)|"9~* dx.
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Proof. For any fixed r > 2 define g(r, s) := ||u(s)||. for all s > 0. By the
previous lemma we have:

aig(r, s)=—r(r—1) J a(s, x, u(s, x), Vu(s, x)) - Vu(s, x) |u(s, x)|"~2 dx.
s D
Moreover

a _ a r _ a rlog |u(s, x)|
3 g(r,s)= p L) lu(s, x)|" dx = L’ o e dx

= [ luts, x)l" log lu(s, )| d.
D

Since [[u(s)|) = g(r(s), s) we have:
d
s ((le()ll)) ™)
.0 0
=F(s) EP g(r(s), 5)) +o g(r(s), s)
=F(s) L |u(s, x)|" log [u(s, x)| dx—r(s)(r(s)—1)
X L) a(s, x, u(s, x), Vu(s, x)) - Vu(s, x) |u(s, x)|"@2dx. |

LemmA 3.3.  Under the same assumptions of the previous lemma:
d
(36 3 logu(s)le

_H9) [ 0 s 0] () =1)

= g
r(s) Yo Nu(HIE T lu()l ()17

xf a(s, x, u(s, x), Vu(s, x)) - Vu(s, x) |u(s, x)|"@~2 dx.
D
Proof.

d
g 108 [14()ll

d - r(s
=3’ ! log [lu(s)II)

r(s) r(s — d r(s
=) log [lu(s)l6) +7(s) ™" 35 oglul o
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Hs) @ o
=—ﬁ log [Ju(s)l,¢) + I r(s)":Eg ds ||M(S)||r8
#(s) r(s)”!
= 1
( ) og [u(s )"r(s) ||u(S)||:8

x <f(s) j [u(s, x)|"® log |u(s, x)| dx —r(s)(r(s)—1)

xf a(s, x, u(s, x), Vu(s, x)) - Vu(s, x) |u(s, x)|"® 2 dx>

) o uds, x)|'(s)1 luts, ¥)| o ()1

-2 x—
r(s) Jo IS lu®)lhe )17

xf a(s, x, u(s, x), Vu(s, x)) - Vu(s, x) |u(s, x)|"@2dx. |
D
LeMMA 3.4. Let us define, for any p=1, ve W-?(D),

(3.7) Q,(v) := L) IVo]? dx.

Then, for any function u(s, x) which, for almost all s belongs to L*(D) n
WL2(D), the following inequality holds true, for all r > 2,

p
r+p—2

(3.8) C1< )1’ 0, (lu(s)| e +7=217)
SI a(s, x, u(s, x), Vu(s, x)) - Vu(s, x) |u(s, x)|"~* dx,

where ¢, is the constant of strict ellipticity appearing in the Assumption.

Proof. We compute

f a(s, x, u(s, x), Vu(s, x)) - Vu(s, x) |u(s, x)|" "2 dx

> L) [Vu(s, x)|? |u(s, x)|"~2 dx

— (r+p—2)/p|p
I <r+p 2> j [Vu(s, x) |? dx

which is the above statement. []
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LemMmA 3.5.  Under the assumption of Lemma 3.2 the inequality

d ) ¢ JuCs 0O Ju(s, )|
69 glog o < 5 |, I & T
1
- <r+5—2> (Ilru(gs))lligg) Qp(|u(s)|(r(s)+p72)/p)

holds true.
Proof. It suffices to combine Lemmata 3.2 and 3.4. ||

Let us define X :=(,, L”. Then, let us consider the Young functional
J:[1,+00)x X — [0, +00] as follows:

e (1
J = 1 .
0= far 2 (fa;

From the previous lemma and from the logarithmic Sobolev inequalities
proved above starting from ordinary Sobolev inequalities we obtain the
following result.

LemMA 3.6.  Under the assumptions of Lemma 3.2 the following inequality
holds true, for any ¢ > 0:

d
610) < log Ju(w)lo
E;Jv@)mn)
N PR O et
() D<d@+p—2> )

p’ p loge
X <7‘,8J(r(s)+p—2, u(S))+m e >

Proof. The lemma is proved by combining Lemma 3.5 with Proposition
2.1, which is used choosing f = |u(s)|"®*?~%; this is possible because p and
r are not smaller then 2 and because u(s) is both bounded and belonging
towyr. |}
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LemmA 3.7. Under the assumptions of Lemma 3.2, define ry,:=2v
[p(p—2)/(d—p)]. Suppose also that r is a C' function from [0, +x0) to
[ro,+0). Then, for any s > 0, the inequality

(3.11)
d
< log [u(s)l
d F(s -2
<47 P2 sl

P 7(5) &)+ p—2
F(s) p—2 d
® r(s)+p—2<5_1>l°g o

(O N [clpz r(s)(r(s)—1)< P )1]
p r(s) r(s)+p—2 cd #(s) () +p—2

holds true.

Proof. In inequality (3.10), let us choose

&(s)

_apr’ F(S)(F(S)—1)< p >P1||u(S)IIZ§§§i§_§
cd 7(s) r(s)+p-2 [OTE.

The above mentioned inequality then becomes

(.12)
; |
SIOE Oy < ) Ly U6 = Ty )]

P VI log es)
_cl(r(s)_1)<r(s)+p—2> WO cels)

Consider the funcion N: [1,4+ o) x X - R by
N(q, u) :=log ||ull§.

For every fixed u € X this is a convex function of g so that its derivative
exists a.e. and

|ual?

ledZ

d
i N(gq,u) = JD log [u| dx = J, () +log ||u],
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a.e. By convexity, the above derivative is a monotonically nondecreasing
function. Thus, for any ¢; < ¢,:

d d
J(ql > u) J(qZ > u) 1. N(q: u)lql log ”u"ql _<@ N(q: u)|q2 _log ”u"q2 >

ledly,
%l

Using this inequality in (3.12) yields, by recalling that p>2 so that
r(s)+ p—2 is not smaller than r(s) for all s:

<log

d F(s) "u”r(s)+ -2
3.13)  —log |lu(s)|,,, < —=log ——2== ¢/ (r(s)—1
G13)  Glog Il <5 lo M=, () )

y < b4 >” lu() 171523 log &(s)
r(s)+p=2) uGI)  cels)
The last term in (3.13) becomes, with the present choice of &(s):
)4 >1’ ()7 1023 log &(s)
r(s)+p—2 lu()Ile)  cels)
_ b4 ? ()l 1523 cdr(s)
=c (r(s)—1) (s) 2
r(s)+p—2) |u@ls ceipr(s)r(s)—1)
y <7(S) er—2>’"1 ()17

p [ZOER:;

_4 Q<L>
P r(s) \r(s)+p—2

o @)=/  p O\ g
ng[cd #(s) <d®+p—2> BOIES }

qv@y—n<

log &(s)

From the latter formulas we get:

d (S) "u”r(s)+ -2
(.14)  —log u(9)ll. < —— log —==—
ds © = r(s) loell sy
RO N W V0 11
p r(s) r(s)+p—2 ()76
d F(s) 1

“pr(s) r(s)+p—2

C1P2 r(s)(r(s)—l) P p—1
xlog[ od #(s) (r(s)+p_2> }
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Now we proceed estimating the logarithm of the ratio of L? norms
appearing above. In fact, since

(3.15) Net($)llr 4 p—2 = [ D]~ D/LOCOT2=DT g (5),
the following calculations hold:
)53

lu)I)

W [||u(s>||:5;;+,,2
()17

”u(s)”r(s)+p—2

llee($)lc)

(3.16)  log
(%, ]

=r(s) log +(p—2) log [|u(s)lly+p—2 -

From (3.14), (3.15) and (3.16) we get, recalling also that r is nondecreasing
and that r(0) > r, with r, as in the statement

(3.17)

d
a log "u(s)”r(s)

CI LU O P
~r(s) pr(s)+p—2 lle()lrs)
d i) p-2
_1_7 @ mlog (||u(s)||r(s)+p—2)
O B [p r(s)(r(s)—1)< P >]
p r(s) r(s)+p—2 cd F(s) r(s)+p—2

@[l_i’ _re
Srol -2

] 10g(|D| —(p—2)/(r(s)+p—2))

d i) p-2
_eny log(|D|~(#~2/¢6)+p-2)
p r(s) r(s)+p—2 og(ID| lee()lls))

a1 10g[clp2 0D (p Y]

_1_) @ r(s)+p—2 cd F(s) r(s)+p—2
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di(s) p=2
S_; @ mlog("u(s)"r(s))

F(s) L(‘_i_1>1og |D|
p

r(s) r(s)+p—-2

A [c1p2 r(s)(r(s)—1)< » )}
pr(s) rs)+p—2 2| ed #(s) () +p—2

as stated. ||
From the previous lemma and from elementary calculus considerations it

is easy to obtain our next result.

ProrosiTION 3.8.  Define the following functions of the time variable s > 0:

y(s) = log [[u(s)ll s

(=270 P22 .
pes ~p r(s) r(s)+p=2

(3.18) is) p-2 [d d i(s) 1
1="1% r(s)+p—2<5_1>l°g I+, v6) o p—2

0 -  p
><1"g[cd ) <r(s>+p—2> ]

Then y satisfies the following differential inequality:

Y()+p(s) y()+9(s) <O Vs=>0.
Thus y(s) < y(s), provided y(0) < 7(0), where
619 50 =exp| - [ pw du |50 [ qw exp| [ pior av )
is a solution of the ordinary differential equation

Z2(s)+ p(s) z(s) +q(s) =0 Vs = 0.

LemmA 3.9. Let us fix t >0, g, = r, where ry is as in Lemma 3.7. Then
the solution 7 to Eq. (3.19) with the choice r(s) = qyt/(t —s) satisfies
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(3.20)  w(f):= lim (s)

d/p 1 —2\d/p
=(q +q107 2) [ﬂo)_p 2<<q0+qp > _1>logt
0 - - 0

— —2\d/p
4 p[<q0+p > —l}log |D|+K],
d 9o

where K depends only upon r,, p and d.

Proof. We apply the above Proposition with the choice r(s)=
qot/(t—s) for all se[0,¢), so that we also have 7(s)/r(s) =1/(¢—s). By
the explicit expression for p(s) and ¢(s) and by the present choice of the
function r(s), we have

(p—2) 1
P tg+(E—v)(p—2)

q(v) = 'Zl q;(v),

d
p(v) =

where
0(0) =" L1+ (=0)(p=2)] " tox (“2)
P c
d
0:0) = (p=Dltgy-+(t=0)(p=2)]" log(t—v)
d
(0) =" Ltan +(t=0)(p=2)] " logl 1y~ (1))
q4(v)=—§(p—1)[rqo+(t—v)(p—2)]1
xlogl g+ (1= v)(p—2)]
_p—d p—
B0 = et =0 (=2 P
Thus:
: L d(p-2) 1
(3.21) jo p(v) do= p tho+(t_v)(p_2)dv

_4, 1((90+p—2)

7 Blgt(t—s)(p—2)
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We then have
Jt dv g(v) exp [Jv p(w) dw]
0 0

(3.22) , t o
=J0 dvq(v)[ (40 +p—2) } =2 I

tqo+(t—v)(p—2)

where

1= a0 =201 og | L] [ doltan + 1 =0)(p=2)1 749
L= i +p=21 (p=1) [ doltay + 1= 0)(p=2]* 7 log(r—0)
= Ui+ p=21%" [ doltay +(t=0)(p~2)] " logltgy— (1-0)]
d 4/
Li== [ +p=2]7 (p=1)
x [ deltgo+(1—0)(p=2)]" /" logltgy +(t—v)(p—2)]

d
I =—[(p—2) (;—l>log IDI] [#(q+p—2)]""

x jt do[tg,+ (t—v)(p—2)]"'~@/P.

By elementary calculation this yields the following results

1 ((q+p=2\"" e pt!
I, = —1)1
! p—2<< o > 8\
—1 —2\d/r
12=<1’ )((‘10“’ ) —1>logt+R2
p—2 9
1 2\d4/p
( )((‘10“’ ) 1>logt+R3
d/
AR s
p—2
2
- [(q"“’ > 1]log|D|,
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where the terms R,, R;, R, depend only upon d,p and ¢, and are
independent from ¢ and |D|. In fact their explicit values are:

d 1

Ry =2 (p=Dao+p=2)"" [ delao+u(p=2]""" log
d 1

Ry =" (@o+p=2)"" [ dolgo+0(p=2)]"""“" log(go—v)

d 1
Ro==" (p=Day+p=2)" | dolgo-+0(p=2)]7 "
0
xlog(qo +v(p—2)).

One can therefore conclude that

= 90 awf_ 1 ro+p—2\"”
0= (arhm) Propn () e

d— +p—2\?
—<— d"[("" qp > —1]10g|DI+Il+R2+R3+R4>}. 1
0

Proof of Theorem 1.1. 1If u is a solution corresponding to a bounded
initial datum, we notice that, by Lemma 3.1, the following contractivity
property holds true for all 0 < s <7 and for all r > 2:

lle(Oll, < M), -
Therefore, by Proposition 3.8 and Lemma 3.9, one has, for all such s and ¢,
”u(t)"r(s) ”u(s)"r(s)

= exp[log [u(s)ll.y ] = €’ < ™,

whence, letting s — ¢~ and recalling that r(s) > +00 as s > 7, we deduce,
by also using the explicit form of j,

le(®)lloo = limze(O)]l )

< lim &7 = e*®

s>t

= C(d’ D 90

110’
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where the values of «, f,y are those appearing in the statement of the
theorem. Therefore, the claimed L"®—L*® contractivity property holds true
for the solutions which correspond to bounded initial data.

We conclude the proof of the present theorem by removing the bounded-
ness assumption on the initial datum.

Consider an initial datum u(0) e L*(D) with g, >r,. Let u,(0) be a
sequence of L* functions on D, converging to u(0) in L% as k —» +o0. Let
also u,(¢) be the solution to the equation at hand corresponding to the
essentially bounded initial datum %, (0). By the previous calculations:

|on

D
(L. < (. 2. g0) "0 1 OV

By letting k tend to infinity, we notice that the r.h.s. converges to

|DI*
Cd. . 40) - IO,

Hence, u, is a bounded sequence in L*((¢, T'); L®(D)). Possibly by passing
to a subsequence we can suppose that u, converges to a suitable function v
in the weak™ topology of the above space. Hence, it also converges to v in
the weak™® topology of the space L*((e, T); L*(D)), since D has finite
measure and thus L3(D) = LY(D). We claim that v(¢) coincides with the
solution u(z) corresponding to the initial datum %(0), for almost all ¢ > 0.
In fact, by [Li, p. 159], one knows that u, converges, in the weak™ topol-
ogy of L®((¢,T); L*(D)) to u. Thus, u=v as functions of L*((¢, T);
L*(D)). We can conclude that, at least for almost all # > 0 (because ¢ and
T are arbitrary):

D o
(3.23)  |u®dl. <CWd,p, q) 'tﬂl lu(0)[7,  for almostall ¢>0.

We now show that the latter estimate holds for all positive ¢. To this end,
first notice that, since u is a solution to the equation at hand, it is locally
bounded above as a function of x and ¢ by [Di, Chap. 5]. Moreover, the
function v = —u satisfies the parabolic equation

v =div(b(z, x, v, Vv))

with b(z, x, s, £) =—a(¢, x, —s, — &). The function b satisfies, by elementary
calculations, the same ellipticity and growth bounds satisfied by the func-
tion a, so that v =—u is locally bounded above as a function of x and ¢ as
well. Thus u is locally bounded. We can therefore apply the results of
[Di, Chap. 2] to prove the local Holder continuity of « in space and time,
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so that in particular, for any compact set K = D, u( -) is continuous in time
with values in L*(K). The validity of the bound (3.23) obviously implies
the validity of a similar bound with |- || =, replacing ||-[lL=p, in the left-
hand side. By using this fact, the above mentioned continuity property of
u(-) and the lower semicontinuity of the norm |- [| =, with respect to the
weak™ topology, we arrive at proving that

|D|*
IOl < €, p, 40) — 5~ [uO)llg, ~ forall >0

and for all compact sets K — D. The thesis is thus proven for the case p > 2.
If p =2 we return to the calculations which led to to Lemma 3.9. It can be
shown by an identical procedure that the function j(¢) appearing in that
Lemma takes the form

d
w(t) := lim y(s) = f(O)—glog 1+K,
s>t 0

where K depends only on d since p = 2 implies r, = 2. The thesis follows as
above. ||

Proof of Theorem 1.2. We start by proving the contractivity property
on L®. In fact, consider the ultracontractive estimate proven in Theorem
1.1. The constants «, f, y involved depend on ¢, and satisfy:

lim a(gy)= lim pB(g,)=0; lim y(gy) =1.
qo > +© g0 = +oo qo > +©

Moreover, the explicit expression of the constants 7, R,, R;, R, appearing

in the proof of Theorem 1.1 show that all of them converge to zero as

qo — +oo. Therefore, the bound

|DI*
lee(®)llor < expLLy + Ry + Ry + Ry ] - [lu(O)llg,

appearing in the proof of Theorem 1.1 implies, when u(0) € L*(D) and,
thus, to all L4(D) spaces, that

lle(Olles < N122(0) 1o

for all £ > 0, since || - ||, = || - ||., as g = oo. The contraction property on L* is
thus proven.

To prove the analogous statement on L? with 2 < ¢ < 400, we use an
approximation argument similar to the one used in the final part of the
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proof of Theorem 1.1. In fact, let u, € LY(D) for 2 < g < +o0. Consider a
sequence of essentially bounded functions #,(0) converging to u(0) in
L4(D). We denote by u,(¢) the solutions to the equation at hand corre-
sponding to the initial data #,(0). Then

d
= O === [ et %)/ a(t, x, 1.8, %), Vi (1, )

X Vu, (¢, x) dx

<—a(g=1) [ (e, )17 [Vu(t, x)|7 dx
D
<0
by the ellipticity conditions, since all the above integrals make sense. Then

e (DN, < Nl (0l

for any t > 0, k € N. Let now k — + o0; since #,(0) converges to #(0) in L7,
the sequence {u,} is bounded in L*((0, +c0); LY(D)). Possibly by choosing
a subsequence u,,, we can suppose that it is weakly™ convergent in such a
space to a function v. Since L*(D) = L7(D), where ¢ '4+4'' =1, we can
conclude that is also weakly™ convergent to v in the space L®((0, 4+ 0);
L*(D)). By the above mentioned Lions’s result it follows that u = v in such
space and

l[u(ll, < lu(O)l,

at least for almost all positive ¢. The passage from this to the analogous
statement for all positive ¢ is accomplished exactly as in the final part of the
proof of Theorem 1.1. ||
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